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We develop a localized particle detector model formulated as a massive quantum field on Minkowski
spacetime with the spatial origin excised. To render the problem well-posed at the puncture, we impose
boundary conditions at the excised point, which we take to be of Robin type. This setup yields a discrete
sector, given by bound-state solutions of the radial equation with real, positive frequencies, which
characterizes the detector. We construct the full two-point function and show its decomposition into; (i) the
discrete radial bound-state sector, (ii) the boundary condition modified continuous sector, and (iii) the
unmodified Dirichlet sector. We then compute the detector field’s stress-energy tensor and prove its
covariant conservation. For the specific localized modes in this setup, the discrete-sector contribution
cancels in the complete stress-energy tensor, leaving only boundary-condition induced terms. Notably, the
discrete modes crucial to localized field-based detectors emerge naturally from the boundary conditions,
without ad hoc confining potentials, providing a covariant framework that extends the traditional Unruh-
DeWitt paradigm. This mechanism is not restricted to Minkowski spacetime; the same construction can be
applied to massive fields on backgrounds with naked singularities, such as conical and global monopole
spacetimes, offering a unified route to detector localization in a broad class of geometries.

DOI: 10.1103/83rj-s4pt

I. INTRODUCTION

Particle detectors play a fundamental role in quantum
field theory as operational tools for probing field states and
extracting physical information from quantum systems.
The theoretical study of detector models has been primarily
dominated by the Unruh-DeWitt (UDW) approach [1,2],
where pointlike detectors are modeled as two-level quan-
tum systems coupled locally to quantum fields. This
framework has proven invaluable for understanding phe-
nomena such as the Unruh effect [3], Hawking radiation,
and entanglement harvesting protocols [4–6]. However,
despite its widespread success, the UDW model suffers
from certain conceptual limitations. The detector itself is
described nonrelativistically, and a breakdown of causality
and covariance is reveled at length scales smaller than the
detector size [7–10].

In recent years, there has been growing interest in
developing covariant detector models based on quantum
field theory. One approach involves the Fewster-Verch (FV)
measurement framework [11,12], which provides a rigor-
ous scheme for measurements in algebraic quantum field
theory through dynamical coupling between a system field
and a probe field within bounded spacetime regions. While
the FV framework offers mathematical rigor and resolves
covariance and causality issues in quantum measurements,
it is not yet clear how to adapt this framework to concretely
model spatially localized detector systems with prescribed
internal structure, particularly when one aims at explicit
mode decompositions and calculable response functions. A
particularly promising alternative approach involves the use
of localized quantum field theories, where the detector
degrees of freedom are themselves described by quantum
fields confined to specific spatial regions through confining
potentials [13–15]. This approach addresses several short-
comings of traditional UDW detector models by providing
a manifestly covariant description that naturally incorpo-
rates the detector’s internal structure and backreaction
effects, while remaining computationally accessible for
explicit calculations of detector responses and correlations.
In this work, we present a covariant detector model

formulated as a quantum field in Minkowski spacetime
with the spatial origin excised, in which Robin-type
boundary conditions at the removed point naturally
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generate a discrete sector associated with radial bound
modes of real, positive frequency. This spectral structure
provides localized detector degrees of freedom without
introducing ad hoc confining potentials, reconciling local-
ity and covariance and offering an operationally transparent
avenue for comparison with Unruh-DeWitt-type detectors.
We construct the full two-point function and show its
decomposition into three physically distinct contributions;
(i) the discrete bound-state sector, (ii) the spherically
symmetric continuous sector modified by the Robin boun-
dary condition, and (iii) the unmodified Dirichlet sector.
From this decomposition, we compute the renormalized
stress-energy tensor of the detector field by Hadamard
subtraction and demonstrate its covariant conservation. A
notable result is that the discrete-sector contribution cancels
exactly, in the complete observable, against the correspond-
ing pole in the modified continuum, so that the remaining
effects are purely induced by the boundary condition. Thus,
the discrete modes that characterize localized detectors
emerge intrinsically from the self-adjoint extensions of the
radial operator, while the semiclassical gravitational
response is entirely encoded in boundary terms.
We remark that punctured Minkowski spacetime serves

as a convenient toy model for more physically relevant
scenarios. In particular, the same construction extends
naturally to spacetimes with naked singularities, provided
that the boundary condition induces a localized sector. This
occurs, for instance, in the (1þ 2)-dimensional spacetime
of a point source [16] (the conical spacetime) and in the
spacetime surrounding a global monopole [17].
The paper is organized as follows. In Sec. II we establish

the dynamics of the scalar field in punctured Minkowski
spacetime, classify the relevant self-adjoint extensions, and
identify the Robin conditions that generate the spherically
symmetric bound mode. In Sec. III we construct the mode
expansion, derive the two-point function, and make explicit
its decomposition into discrete, modified continuous, and
Dirichlet sectors. We then formulate the coupling of the
localized detector field to an external scalar field and
discuss the leading-order correspondence with the
Unruh-DeWitt model. In Sec. III B we compute the
renormalized hΨ2i and the stress-energy tensor via
Hadamard subtraction, demonstrating covariant conserva-
tion and the absence of a net contribution from the discrete
mode to the full tensor. We conclude in Sec. IV with
remarks on natural extensions, including couplings with
compact support, nonvacuum states, and generalizations to
curved spacetimes.

II. FIELD THEORY IN PUNCTURED MINKOWSKI

We consider a real massive scalar field Ψ propagating in
four-dimensional Minkowski spacetime in spherical coor-
dinates with the spatial point r ¼ 0 removed. This “punc-
tured” Minkowski spacetime allows a broader class of
admissible boundary conditions at the excised point. Our

objective is to analyze how these boundary conditions
affect the spectrum of the field and, in particular, to show
that positive-frequency discrete modes, corresponding to
bound states in the radial equation, can emerge.

A. Scalar field dynamics and boundary conditions

To analyze the dynamics of a scalar field, we now study
the solutions to the Klein-Gordon equation. We employ
standard spherical coordinates ðt; r; θ;ϕÞ, with r > 0 and
the origin r ¼ 0 removed. The spacetime line element takes
the form

ds2 ¼ −dt2 þ dr2 þ r2ðdθ2 þ sin2 θdϕ2Þ; ð1Þ

The field satisfies the Klein-Gordon equation,

�
−
∂
2

∂t2
þ ∂

2

∂r2
þ2

r
∂

∂r
þ 1

r2
ΔS2 −m2

0

�
Ψðt;r;θ;ϕÞ¼0; ð2Þ

where ΔS2 denotes the Laplacian on the unit 2-sphere,

ΔS2 ¼ 1

sin θ
∂

∂θ

�
sin θ

∂

∂θ

�
þ 1

sin2 θ
∂
2

∂ϕ2
: ð3Þ

We seek separable solutions of the form

Ψωlmðt; r; θ;ϕÞ ¼ e−iωtRωlðrÞYlmðθ;ϕÞ; ð4Þ

where Ylmðθ;ϕÞ are the standard spherical harmonics,

ΔS2Ylm¼−lðlþ1ÞYlm; l∈N0; m∈f−l;…;lg: ð5Þ

Inserting this ansatz into the field equation yields the
following radial equation for uωlðrÞ ¼ rRωlðrÞ:

Auωl ≔
�
−

d2

dr2
þ lðlþ 1Þ

r2

�
uωl ¼ p2uωl; ð6Þ

where p2 ¼ ω2 −m2
0 is the spectral parameter. Therefore,

the analysis of the scalar field reduces to a Calogero-type
quantum mechanical problem on the positive real axis.
Since the associated differential operator is singular at the
origin, a well-defined and unitary time evolution requires
that the operator be self-adjoint. This, in turn, demands the
specification of suitable boundary conditions at r ¼ 0,
which correspond to choosing a particular self-adjoint
extension of the operator A. A thorough classification
of the self-adjoint extensions of the Calogero operator
AC ¼ − d2

dr2 þ a
r2 is presented in [18], where the domains

associated with each extension characterize the most
general square-integrable solutions consistent with the
boundary behavior at r ¼ 0. The classification depends
on whether − 1

4
< a < 3

4
or a ≥ 3

4
. In our case, identifying

a ¼ lðlþ 1Þ, this corresponds to analyzing separately the
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cases l ¼ 0 and l > 0. We shall elaborate on each of
these cases.

1. l > 0

In this case, which corresponds to the nonspherically
symmetric modes, the operator A defined on the domain of
test functions C∞

0 ðRþÞ is essentially self-adjoint.
Therefore, only the Dirichlet boundary condition is admis-
sible at r ¼ 0 and the eigenfunctions of A with eigenvalue
p2 > 0 are

uωlðrÞ ¼
ffiffiffiffiffiffi
pr
2

r
Jlþ1=2ðprÞ; ð7Þ

where Jlþ1=2 are the Bessel functions of order lþ 1=2.
Furthermore, these radial solutions are normalized in
L2ðRþ; r2drÞ, implying the normalization of (4) with
respect to the Klein-Gordon product, i.e.,

ðΨωlm;Ψω0l0m0 ÞK:G: ¼ δðω − ω0Þδll0δmm0 : ð8Þ
2. l= 0

In this sector, the operator A is not self-adjoint in the
domain C∞

0 ðRþÞ, but there is a one-parameter Uð1Þ-family
of self-adjoint extensions. In fact, for each parameter β∈R,
there is a self-adjoint extension Aβ, whose domain includes
solutions of the eigenvalue problem (6) satisfying [17]

lim
r→0þ

½rRðβÞ
ω ðrÞ þ βðrRðβÞ

ω ðrÞÞ0� ¼ 0; ð9Þ

where the prime denotes the derivative with respect to r.
Hence, the self-adjoint extensions are characterized by
Robin boundary conditions at the excised point. Assuming
p2 > 0, the general solution takes the form,

RðβÞ
ω ðrÞ ¼ pβ cos ðprÞ − sin ðprÞ

2πr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1þ p2β2Þ

p : ð10Þ

This solution is normalized with respect to (8), and it
encodes the choice of boundary condition through the
parameter β.
While the solution discussed above correspond to the

continuous part of the spectrum, the possibility of discrete
modes also arises due to boundary conditions. These are
associated with negative values of p2 ¼ −μ2, where
μ2 ¼ 1=β2 is fixed by the boundary condition (9) and it is
related to the bound mode positive frequency ωb ≡ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

0 − 1=β2
p

given that βm0 > 1 (in the following analysis,
the latter will always be assumed). Hence, the general
solutions satisfying Robin boundary conditions at r ¼ 0
are of the form

RðβÞ
boundðrÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4πβωb

s
e−

r
β

r
: ð11Þ

Given the singular character of the punctured Minkowski
spacetime, the boundary condition (9) models the interaction
between the field and the excised point. This interaction
introduces a new physical scale β to the system which is
responsible for the existence of a localized mode. The choice
for this particular interaction (characterized by Robin boun-
dary conditions) is due to the fact that the dynamics of the
resulting field is physically sensible [19].

B. The quantum field

The existence of bound states in the radial equation
directly translates into the presence of discrete modes in the
quantum field expansion, which takes the form,

Ψ̂βðxÞ ¼ ΨboundðxÞâbound þΨ�
boundðxÞâ†bound

þ
X∞
l¼1

Xl
m¼−l

Z
∞

m0

dωðΨωlmðxÞb̂ωlm

þΨ�
ωlmðxÞb̂†ωlmÞ; ð12Þ

where ΨωlmðxÞ is given by Eq. (4) with the respective
radial solutions (7) and (10). Additionally, the discrete
mode solution takes the form

ΨboundðxÞ ¼
e−iωbtffiffiffiffiffiffi

4π
p RboundðrÞ; ð13Þ

and the creation and annihilation operators âbound, â
†
bound,

b̂ωlm, b̂
†
ωlm satisfy the canonical commutation relations,

½âbound; â†bound� ¼ 1; ð14Þ

½b̂ωlm; b̂†ω0l0m0 � ¼ δðω − ω0Þδll0δmm0 : ð15Þ

The annihilation operators define the vacuum state j0i via
âboundj0i ¼ 0 and b̂ωlmj0i ¼ 0 for all ω, l, m. They
additionally specify no excitation states of each sector,
i.e., the state j0boundi such that âboundj0boundi ¼ 0 defines
the vacuum of the discrete mode, and j0conti such that
b̂ωlmj0conti ¼ 0 for all ω, l, m defines the unexcited state
associated to the continuum modes. Hence, the vacuum
decomposes to j0i ¼ j0boundi ⊗ j0conti and the Fock space
reads

F ¼ Hbound ⊗ F cont; ð16Þ

where each space is expressed as

Hbound ¼ spanðfðâ†boundÞnj0boundi∶n∈NgÞ; ð17Þ
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F cont ¼ spanðfðb̂†ωlmÞnj0conti∶n∈N; ðω;l; mÞ∈ΩgÞ;
ð18Þ

with the space of parameters given by Ω ¼
fðω;l;mÞ∶ω∈ ðm0;∞Þ;l∈N0;m∈f−l;…;lgg.

III. THE DETECTOR

In this section we review the modeling of a particle
detector by a localized quantum field ϕ̂DðxÞ presenting a
discrete set of modes, and acting as a probe for a free
massless Klein-Gordon field ϕ̂ðxÞ. By identifying the
detector’s field degrees of freedom with the field Ψ̂β

prescribed in Sec. II, which is naturally equipped with a
discrete mode sector, we obtain a detector model that is
localized. This setting allows us to investigate the detector’s
vacuum polarization hΨ̂2

βi and stress-energy content from
first principles, taking into account the full quantum field-
theoretic structure of Ψ̂β.

A. Localized detector

The development of particle detector models in quantum
field theory has evolved significantly since the introduction
of the paradigmatic Unruh-DeWitt detector [1,2].
Traditionally, it describes a detector as an harmonic
oscillator of frequency Ω that couples locally to a quantum
field ϕ̂ through an interaction prescribed by the
Hamiltonian

ĥI ¼ λΛðxÞðe−iΩtâþ eiΩtâ†Þϕ̂ðxÞ: ð19Þ

Within this framework, the oscillator system is prescribed
by the creation and annihilation operators â, â† which
couples linearly with the local quantum field by the
interaction parameter λ in a spacetime region specified
by the smearing function ΛðxÞ. The profile of the later
guarantees the localization of the model interaction.
While the Unruh-DeWitt model provides a conceptually

simple prescription for particle detection, it relies on
introducing a nonrelativistic degree of freedom. An alter-
native and covariant approach consists in modeling the
detector itself as a localized quantum field coupled to the
field of interest. In this framework, the detector’s degrees of
freedom are those of a quantum field with discrete spectrum
that interacts locally with a free field. This formulation
inherently ensures covariance and allows for the construc-
tion of observables such as the detector’s stress-energy
tensor [20]. Interestingly, it has been shown that localized
quantum field detectors reproduce the same response as
Unruh-DeWitt detectors at leading order in perturbation
theory. This equivalence, discussed in detail in [13],
provides a deeper interpretation of the Unruh-DeWitt

prescription as an effective model arising from a more
fundamental field-theoretic description of detectors.
In what follows, we reconsider the analogy between

Unruh-DeWitt detectors and localized quantum field detec-
tors, now focusing on the specific field-theoretic degrees of
freedom introduced in Sec. II. In particular, we interpret the
field Ψ̂β as providing a concrete realization of a localized
detector. This perspective allows us to establish a direct
comparison between the behavior of the field’s bound
mode and that of a conventional Unruh-DeWitt detector,
with both acting as quantized subsystems locally coupled to
an external quantum field. The interaction between the
localized detector and an external massless scalar field ϕ on
the punctured Minkowski background is described by the
Lagrangian density,

L ¼ −
1

2
∂μϕD∂

μϕD −
1

2
∂μϕ∂

μϕ −
m2

D

2
ϕ2
D − λζðxÞϕDϕ;

ð20Þ

where λ is the coupling real constant and ζðxÞ is the
smearing function such that its profile define the spacetime
region where the interaction takes place.1 Hence, in the
quantum setup of Sec. II B, we can determine the time
evolution of a state ρ̂0 ¼ ρ̂D ⊗ ρ̂ϕ, where ρ̂ϕ represents the
state of the field ϕ̂ðxÞ and ρ̂D ¼ ρ̂cont ⊗ ρ̂bound with ρ̂cont a
state in F cont and ρ̂bound a state in Hbound. The time
evolution follows from the Hamiltonian density,

HI ¼ λζðxÞϕ̂DðxÞϕ̂ðxÞ; ð21Þ

which generates a unitary time evolution operator ÛI. In
this scenario, we obtain to leading order in λ that the final
state has the form [13]

ρ̂ ¼ trϕ;F cont
ðÛIρ̂0Û

†
I Þ: ð22Þ

Moreover, by identifying the replacements â → âbound,
ΛðxÞe−iΩt → ζðxÞΨboundðxÞ, ΛðxÞeiΩt → ζðxÞΨ�

boundðxÞ in
Eq. (19) and evolving ρ̂0 accordingly, the results of [13]
confirm that the evolved state matches exactly (22).
In fact, having defined the detection quantum field

ϕ̂DðxÞ, the process of detection is operationally defined
as follows. First, the detector field interacts with a separate
“target”-free field ϕ̂ðxÞ, which is the system being probed,
through the Hamiltonian in Eq. (21). The detector field
ϕ̂DðxÞ, due to the excised point r ¼ 0 in its definition,
possesses a discrete energy mode (the bound mode). The

1The field ϕ should, in principle, satisfy arbitrary Robin
boundary condition at the excised point as well. If we consider
Dirichlet boundary condition, we will be effectively modeling a
target field ϕ in full Minkowski spacetime interacting with a
detector “centered” at r ¼ 0.
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crucial step, which constitutes the “detection,” occurs when
an observer is assumed to have access to only this single
bound mode. To find the state of this accessible mode, the
system’s evolution is calculated, and then all inaccessible
degrees of freedom—namely, the entire target field ϕ̂ðxÞ
and all other modes of the detector field—are traced out.
The resulting final state of this mode, given by Eq. (22),
contains information about the target field and, to leading
order, behaves as an Unruh-DeWitt detector [13].
These results establish a direct correspondence between

the bound-mode sector of a quantum field with Robin
boundary conditions and the Unruh-DeWitt detector
model. The approach we presented describes a relativistic
detector, and provides a clear mechanism through which
localized, discrete detector modes arise naturally from the
structure of the field and its boundary conditions.

B. Quantum expectation values

In this subsection, we focus on the quantum field-
theoretic aspects of the localized detector, specifically
analyzing its two-point correlation function and stress-
energy tensor only for the detector model, i.e., without the
target field ϕ̂. These observables, while not directly related
to the detection procedure, provide a straightforward
characterization of the detector’s microscopic degrees of
freedom and offer insight into both its quantum fluctuations
and its backreaction on the surrounding spacetime.
The analysis of the detector’s quantum fluctuations and

mean energy-momentum content naturally begins with the
explicit form of its two-point correlation function.
Accordingly, we now proceed to derive and discuss the
Green’s function associated with the detector field, focus-
ing on how it reflects the discrete spectral features

introduced previously. In fact, the solutions in Eq. (4),
with the associated radial solutions (7) and (10), along with
the discrete mode solutions in Eq. (13) form a complete set
of normalized mode functions, which allows to evaluate the
Green’s function as

Gðx; x0Þ ¼ ΨboundðxÞΨ�
boundðx0Þ

þ
X∞
l¼0

Xl
m¼−l

Z
∞

m0

dωΨωlmðxÞΨ�
ωlmðx0Þ: ð23Þ

Since the boundary conditions affect exclusively the
spherically symmetric sector (l ¼ 0), the Green’s function
can be naturally decomposed into three distinct contribu-
tions; (i) the discrete bound state modes arising from the
self-adjoint extension of the radial operator [Gboundðx; x0Þ],
(ii) the continuous mode in the l ¼ 0 sector modified
by the Robin boundary conditions [Gβðx; x0Þ], and (iii)
the modes corresponding to Dirichlet boundary condi-
tion which remain unaffected by the chosen extension
[GDirichletðx; x0Þ]. This separation aligns with the spectral
structure of the problem and facilitates the detailed analysis
of each component’s role. Therefore,

Gðx;x0Þ¼Gboundðx;x0ÞþGβðx;x0ÞþGDirichletðx;x0Þ; ð24Þ

where each contribution takes the form

Gboundðx; x0Þ ¼
1

4πβωb

e−
rþr0
β e−iωbðt−t0Þ

rr0
; ð25Þ

Gβðx; x0Þ ¼
1

4π2rr0

Z
∞

0

dp

�
e−i

ffiffiffiffiffiffiffiffiffiffiffi
p2þm2

0

p
ðt−t0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þm2
0

p �
pβðpβ cos ðpðrþ r0ÞÞ − sin ðpðrþ r0ÞÞÞ

1þ p2β2

��
; ð26Þ

GDirichletðx; x0Þ ¼
1

4π2
X∞
l¼0

Xl
m¼−l

Z
∞

0

dp

�
pe−i

ffiffiffiffiffiffiffiffiffiffiffi
p2þm2

0

p
ðt−t0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þm2
0

p jlðprÞjlðpr0ÞYlmðθ;ϕÞYlmðθ0;ϕ0Þ
�
: ð27Þ

The contribution to the Green’s function arising from the Robin boundary condition smoothly vanishes as β → 0, thereby
recovering the standard Dirichlet case. In order to make the analytic structure of Gβðx; x0Þmore transparent and to facilitate
its analysis, it is useful to rewrite it in a form that isolates the pole structure and separates it from the contributions associated
with the branch cut of the square root. To this end, we employ an integral contour into the complex p-plane. The contour is
chosen so as to avoid both the branch cut of the square root in the integrand and the simple poles arising from the rational
part of the integrand. This procedure allows us to express the original integral as the sum of the contributions from the
enclosed poles and an integral over the branch cut discontinuity. In the latter, additional poles emerge, which are handled
using partial fraction decomposition and rewritten via the identity,

1

p� i
β

¼
Z

∞

0

ds e−sðp�
i
βÞ: ð28Þ

The resulting integral leads to the expression,
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Gβðx; x0Þ ¼ −
1

4πβωb

e−
rþr0
β e−iωbΔt

rr0
þ 1

4βπ2rr0

Z
∞

0

ds cosh

�
s
β

�Z
∞

m0

dp
e−pðsþrþr0Þ cosh ððt − t0Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 −m2
0

p Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 −m2

0

p : ð29Þ

The first contribution arises from the poles of the integrand
and coincides, up to a sign difference, with Gboundðx; x0Þ.
Consequently, in the full Green’s function Gðx; x0Þ, the
discrete mode contribution corresponding to the detector’s
sector, exactly cancels out. On the other hand, the second
contribution is regular and have a well-defined coincidence
limit ðt0; r0Þ → ðt; rÞ given by

hΨ2iβ ¼
1

4βπ2r2

Z
∞

0

ds cosh

�
s
β

�
K0ðm0ðsþ 2rÞÞ; ð30Þ

where the integral over p in Eq. (29) is rewritten by a
standard integral representation of the Bessel K0.
We now address the Dirichlet sector, GDirichletðx; x0Þ.

Physically, it describes the behavior of the quantum field in
the region unaffected by the modified boundary, and it
coincides with the canonical expression for the Green’s
function for a massive scalar field propagating in
Minkowski spacetime. Indeed, upon application of the
addition theorems for both spherical harmonics and Bessel
functions, the resulting integral matches the standard
representation of the modified Bessel function K1, thus
yielding

GDirichletðx; x0Þ ¼
m0

4π2σ
K1ðm0σÞ; ð31Þ

where σ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðt − t0Þ2 þ r2 þ r02 − 2rr0 cos γ

p
is the

square root of the geodesic distance, and cos γ ¼
cos θ cos θ0 þ sin θ sin θ0 cos ðϕ − ϕ0Þ. Its singular behavior
around the null singularity becomes explicit by the follow-
ing representation:

GDirichletðx; x0Þ ¼
1

4π2σ2
þ lnðσÞ I1ðm0σÞ

σ

þ m0

8π2
ln

�
m2

0

2

�
I1ðm0σÞ

σ

þ −
m2

0

16π2
X∞
k¼0

ðψðkþ 1Þ þ ψðkþ 2ÞÞ

×
ð1
2
m0σÞ2k

k!ðkþ 1Þ! ; ð32Þ

where ψðxÞ is the polygamma function, and the series
representation of K1ðxÞ was employed [21]. After perform-
ing the Hadamard subtraction, the coincidence limit gives
the vacuum expectation value of the field square,

hΨ2i ¼ hΨ2iβ þ hΨ2iDirichlet; ð33Þ

where the Dirichlet contribution takes expected the form,

hΨ2iDirichlet ¼
m2

0

16π2
lnm2

0; ð34Þ

vanishing in the m0 → 0 limit. To illustrate this result, in
Fig. 1 we display the behavior of the renormalized vacuum
expectation value hΨ2i for the illustrative choice m0 ¼ 2
and β ¼ 1. In this case the Dirichlet term contributes solely
as a constant shift, while all the r-dependent behavior
originates from the boundary contribution. This provides a
clear picture of how the boundary conditions modify the
field fluctuations; the boundary-induced term is dominant
in the vicinity of the excised point r ¼ 0, whereas it rapidly
decays with increasing r, leaving the constant Dirichlet part
as the leading contribution at large distances.
In summary, the proposed decomposition clarifies that

the Dirichlet contribution alone reproduces the expected
local Hadamard behavior prescribed by quantum field
theory, while any modifications arising from nontrivial
boundary conditions are fully captured by the additional
terms. Remarkably, these terms exhibit a cancellation of the
radial bound-state contribution by the poles associated with
the boundary condition sector, a phenomenon analogous to
that observed in the one-dimensional δ-function potential
[22] and in the Coulomb potential [23,24].

1. Stress-energy tensor

A fundamental observable in quantum field theory on
curved spacetimes is the expectation value of the stress-
energy tensor operator, which characterizes the energy-
momentum distribution of quantum fields and serves as the
source term in the semiclassical Einstein equations. In the
present context, although the nontrivial boundary

0.0 0.5 1.0 1.5 2.0
0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

FIG. 1. Renormalized vacuum expectation value hΨ2i for
m0 ¼ 2 and β ¼ 1. The Dirichlet term acts as a constant
contribution, while the r-dependence is entirely due to the
boundary conditions.
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conditions induce measurable modifications to this tensor,
remarkably, the discrete bound state mode provides no
contribution to its expectation value. This can be verified
directly from the Green’s function in Eq. (24), where the
discrete mode contribution is exactly canceled by the
corresponding pole arising from the continuous sector with
Robin boundary conditions. Consequently, the resulting
stress-energy tensor captures precisely how the detector’s
presence affects the spacetime geometry through the semi-
classical backreaction, while the bound state associated
with the detector itself remains dynamically decoupled
from the backreaction effects.
The evaluation of the renormalized stress-energy tensor

proceeds via the point-splitting regularization procedure
[25]. In this approach, the expectation value of the stress-
energy tensor operator for a massive and minimally couple

scalar field is defined through the regularized expression,

hTμνiren ¼ lim
x→x0

��
gν

0
ν ∇μ∇ν0 −

1

2
gμνgρσ

0∇ρ∇σ0þ

−
1

2
gμνm2

�
Grenðx; x0Þ

�
; ð35Þ

where Grenðx; x0Þ corresponds to the complete Green’s
function after the Hadamard subtraction. The bivector of
parallel transport from x to x0 is denoted by gμν0 and it is
defined by the differential equation ∇ρgμν0∇ρσ ¼ 0

and the condition gμν0 ðx; x0Þ ¼ gμνðxÞ when x0 → x.
Hence, by direct computation, the resulting nonvanishing
components are

hTttiren ¼
m0

4π2r3

Z
∞

0

ds
β
cosh

�
s
β

�
K1ðm0ð2rþ sÞÞ þ

�
1

8π2r4
þ m2

0

4π2r2

�Z
∞

0

ds
β
cosh

�
s
β

�
K0ðm0ð2rþ sÞÞ; ð36Þ

hTrriren ¼
1

8π2r4

Z
∞

0

ds
β
cosh

�
s
β

�
K0ðm0ð2rþ sÞÞ þ m0

4π2r3

Z
∞

0

ds
β
cosh

�
s
β

�
K1ðm0ð2rþ sÞÞ; ð37Þ

hTθθiren ¼ −
m0

4π2r

Z
∞

0

ds
β
cosh

�
s
β

�
K1ðm0ð2rþ sÞÞ − m2

0

8π2

Z
∞

0

ds
β
cosh

�
s
β

�
K2ðm0ð2rþ sÞÞ

−
�

1

8π2r2
þ m2

0

8π2

�Z
∞

0

ds
β
cosh

�
s
β

�
K0ðm0ð2rþ sÞÞ; ð38Þ

and hTϕϕiren ¼ sin2ðθÞhTθθiren. It is important to note
that the contributions to the stress-energy tensor arise
exclusively from Gboundðx; x0Þ þ Gβðx; x0Þ, as the Dirichlet
sector leads to a vanishing contribution. Furthermore, since
the bound-state mode is exactly canceled in the total
Green’s function, the detector itself does not contribute
to the energy-density content of the quantum field for the
vacuum state.2 A crucial property of the obtained tensor is
that it satisfies the conservation law ∇μhTμνiren ¼ 0, as
guaranteed by the point-splitting regularization procedure
when properly implemented.
To complement this analysis, in Figs. 2–4 we show the

behavior of the nonvanishing components of the renormal-
ized stress-energy tensor for the illustrative choice m0 ¼ 2
and β ¼ 1. As discussed above, the Dirichlet sector does
not contribute, and the entire result comes from the
boundary-dependent part. The plots reveal that all compo-
nents are strongly influenced by the presence of the excised

point r ¼ 0; near this region, the boundary-induced con-
tributions dominate, while for increasing r they decay
rapidly, leaving no residual contribution at large distances.
This behavior highlights the fact that the effect of the
boundary conditions is highly localized around r ¼ 0, in
contrast with the constant role played by the Dirichlet term
in hΨ2i.

FIG. 2. Renormalized energy density hTttiren for m0 ¼ 2 and
β ¼ 1. The boundary contribution dominates near r ¼ 0 and
rapidly decays as r increases.

2We stress that we have verified this cancellation of the bound
state contribution only in the vacuum state. One could, in
principle, consider the contributions of the detector exited states
to hTμνi and its correspondent backreaction effects on spacetime,
but these investigations are beyond the scope of this manuscript.
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IV. CONCLUDING REMARKS

In this work we have introduced a fully relativistic
detector model formulated as a quantum field in
Minkowski spacetime with the spatial origin excised. By
imposing Robin-type boundary conditions at the puncture,
we showed that the resulting spectral structure naturally
contains discrete bound modes, which play the role of
localized detector degrees of freedom. Unlike models that
require ad hoc confining potentials, here the detector’s
internal structure emerges intrinsically from the self-adjoint
extensions of the radial operator.
We constructed the two-point function of the detector

field and demonstrated its decomposition into three distinct

contributions: the discrete bound-state sector, the modified
continuum, and the Dirichlet sector. A remarkable feature
of this decomposition is the exact cancellation of the
discrete contribution in the renormalized observables,
leaving only boundary-induced effects. The evaluation of
the stress–energy tensor confirmed this result, showing that
the detector itself carries no net stress-energy, while the
boundary conditions are solely responsible for the localized
modifications of the vacuum.
Our formulation provides a covariant, field-theoretic

framework that reproduces the Unruh-DeWitt detector
response at leading order, but without the conceptual
limitations of introducing nonrelativistic degrees of free-
dom. This establishes a direct bridge between traditional
detector models and localized field-based detectors, clar-
ifying the physical origin of discrete localized modes.
We stress that the artificial singularity at r ¼ 0 in our

model acquires a genuine physical interpretation when a
quantum field is considered in the background of a global
monopole [17]. In that setting, r ¼ 0 corresponds to a true
curvature singularity, and the self-adjoint extension frame-
work developed here applies in close analogy except that,
in contrast to the present case, the Dirichlet sector yields a
nonvanishing contribution.
Natural extensions of this work include the analysis of

detectors coupled through compactly supported inter-
actions, the study of responses in nonvacuum states, and
generalizations to curved backgrounds. In particular, apply-
ing this framework to spacetimes with horizons may
provide new insights into particle detection in gravitational
settings, while maintaining a covariant and self-consistent
description.
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FIG. 4. Angular component hTθθiren for m0 ¼ 2 and β ¼ 1. It
also exhibits the localized enhancement close to r ¼ 0 and tends
to vanish quickly away from the excised point. The relation
hTϕϕiren ¼ sin2ðθÞhTθθiren follows straightforwardly.

FIG. 3. Radial component hTrriren for m0 ¼ 2 and β ¼ 1. The
same localized boundary effect near r ¼ 0 is observed, with fast
decay at larger distances.
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