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There is tentative evidence for a mismatch between the rest frames of matter and the cosmic microwave
background, the “quasar dipole anomaly.” We consider such a dipole in tilted anisotropic models, for a
range of scenarios and sources: spatial curvature, cosmic heat flux, large scale electromagnetic fields, and a
Khronon field. Crucially, we determine the ancillary effects on other cosmological observables in each of
these models, and we show that, apart from the case of the Khronon field, it is unlikely that one can obtain a
dipole with the amplitude that is being observed unless one considers additional exotica.
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I. INTRODUCTION

Our current standard model of the Universe assumes that
spacetime is, on the largest scales, homogeneous and
isotropic. It relies on a few key, extra assumptions: a
period of superluminal expansion in the early universe
(dubbed inflation) and the existence of dark matter and dark
energy (in the form of a cosmological constant, Λ). This
model, theΛ cold dark matter model (ΛCDM), is extremely
successful, accurately predicting observable phenomena on
a wide range of scales [1].
Intriguing anomalies, or tensions, have emerged as

cosmological data have improved. One such tension is
the existence of an anomalous dipole in the number counts
of distant sources across the sky, as indicated by both
quasar catalogues and radio galaxy data. This is the “Ellis-
Baldwin test” [2], which, if the anomalous dipole is
genuine, therefore appears to fail. The most precise of
such inferences are [3,4], although the test has a history
dating back to the early 2000s [5]; for a review of the test
and its current observational status see [6]. This dipole may
derive from the special-relativistic transformation of source
counts due to our motion with respect to them (brightening,
increase in frequency and aberration), or alternatively from
intrinsic clustering. Assuming a ΛCDM-like power spec-
trum the latter is extremely unlikely [3] because the sources
are at too high redshift for clustering to contribute

significantly, suggesting the kinematic effect that the rest
frame of these objects differs from that of the cosmic
microwave background (CMB).
In this interpretation, our velocity with respect to these

objects is at least around twice as large as our velocity with
respect to the CMB (although roughly aligned in direction),
and the heliocentric frame velocities of the matter and CMB
differ from each other at ∼5σ significance [4,7,8].
According to these analyses, the statistical evidence for
this anomaly is therefore unambiguous and calls into
question the assumption of isotropy underpinning the
cosmological principle and hence ΛCDM. The Ellis-
Baldwin test has developed into a cottage industry in the
past couple of years, with a flurry of activity concerning its
robustness to systematic effects, statistical methodology,
and datasets used (e.g. [9–17]). While the jury is still out,
there has been no convincing demonstration of a flaw in the
claimed 5σ detection.
Only a limited number of works have attempted to build

cosmological models that realize such a dipole in number
count phenomenology. These typically work by relaxing
the assumption of isotropy in the cosmological model
[18,19], introducing super-horizon matter perturbations to
alter the distribution of distant sources across the
sky [20,21], or introducing an intrinsic dipole into the
CMB so that the measured and kinematic dipoles do not
coincide [21–23]. Once one considers more general mod-
els, one expects that there will be other observational
consequences which might be constrained with current
data. So far there has been little attempt at studying the
interplay between an anomalous dipole and other observ-
ables and how these might be used to constrain the former
within the context of a specific mathematical model. It is
the purpose of this paper to do so for a particular suite of
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models. Although there are hints of intrinsic number count
dipole contributions in addition to a global kinematic
effect [11], we focus here on the kinematic interpretation
of a difference in the rest frames of matter and the CMB.
This is compatible with the current data. We thus restrict
our attention to modeling the β≡ Δv=c ≈ 10−3 difference
between the velocities of the matter and CMB frames.
In this paper, we consider a simplified version of the

problem. We construct a universe in which the matter
frame, in which the quasars live, is boosted relative to the
CMB frame. We do not concern ourselves with the addi-
tional problem that the observation of the dipole throws up:
that the observers (us) are boosted relative to the matter
frame and the CMB frame along approximately the same
direction as the relative boost between the matter and the
cosmic rest frame. This fact brings additional complica-
tions and makes any attempt at building such a model even
more difficult. Thus, for our simplified model, we will
focus on tilted, anisotropic models.
Tilted anisotropicmodels are an extension of the standard,

globally anisotropic, or Bianchi, models [24–26]. The
matter component is given a boost, relative to the Bianchi
background frame (which we take to be the CMB frame),
along the direction of the global anisotropy. It is, in some
sense, themost economicalway of supporting an anomalous
dipole within a homogeneous cosmology. There are strin-
gent conditions that the spacetime, or the energymomentum
of the constituents of such a universe, must obey but, as a
result, there are clear knock on effects between the existence,
and amplitude, of an anomalous dipole and other degrees of
freedom, such as, for example, shear, curvature or the
presence of extra fields. Shear plays a prominent role in
anisotropic models as it is always nonzero and can be
constrained through a variety of methods, most notably with
the CMB [27,28].
This paper looks at a handful of universes which support

an anomalous dipole. Given that the claimed anomalous
dipole is observed to be small, β ∼ few × 10−3, we consider
weakly anisotropic models and, in all cases we find a direct
relationship between the dipole and other observables. We
find that, for these models, it is difficult to have such an
anomalous dipole, even of such small amplitude.
The paper is structured as follows. In Sec. II we present

the mathematical formalism of tilted anisotropic models
which underpins our results. In Sec. III we derive expres-
sions for the dipole in terms of other potential observables
for four model universes: an open universe, one with large
scale heat flow, one with large electromagnetic fields, and
one with a Khronon field. In Sec. IV we show how other
cosmological constraints impact the amplitude of the
dipole. In Sec. V we discuss our findings.
Throughout the paper we adopt a ð−;þ;þ;þÞ metric

signature and assume c ¼ 1. An overdot denotes differ-
entiation with respect to cosmic time t, and a prime denotes
differentiation with respect to the spatial coordinate z.

We use the symmetrization and antisymmetrization con-
vention of tensor indices such that 2XðμνÞ ¼ Xμν þ Xνμ and
2X½μν� ¼ Xμν − Xνμ, respectively. We will use Ω0 for the
fractional energy density in all matter today.

II. THE FORMALISM

Our starting point is to consider globally homogeneous
but anisotropic models. These can be described in terms of
the Bianchi metrics. We will focus on the anisotropic,
Bianchi V metric:

ds2 ¼ −dt2 þ a2½e−2ðbþαzÞðdx2 þ dy2Þ þ e4bdz2�; ð1Þ

where a and b are functions of cosmic time and α is a
constant [24,26]. The Bianchi V model is spatially hyper-
bolic (i.e. it is open), and in the limit α → 0 we obtain a
spatially flat, Bianchi I metric. We can define a Hubble
expansion rate H ≡ ȧ=a and a shear σ ≡ 3ḃ.
The dynamics of such a universe are given by the

Einstein field equations (note that T11 ¼ T22)

3H2 −
σ2

3
−
3α2e−4b

a2
¼ κT00; ð2Þ

2ασ ¼ −κT03; ð3Þ

σ̇ þ 3Hσ ¼ κ

a2
ðe−4bT33 − e2αzþ2bT22Þ; ð4Þ

Ḣ þ 3H2 − 2
α2e−4b

a2
¼ κ

2
T00 −

κe2αzþ2b

3a2
T22

−
κe−4b

6a2
T33; ð5Þ

where κ ≡ 8πG and Tμν is the energy-momentum tensor.
For a perfect fluid the energy-momentum tensor takes the
form

TðfÞ
μν ¼ ðρþ PÞuμuν þ Pgμν; ð6Þ

where ρ is the volumetric energy density and P is the

pressure of the fluid. Here the TðfÞ
μν is the energy-momentum

tensor of standard matter components. The vector field uμ is
the fluid four velocity that has components

uμ ¼
�
cosh β; 0; 0;

sinh β
ae2b

�
≈
�
1; 0; 0;

β

ae2b

�
; ð7Þ

which defines the boost parameter β through the fluid
velocity along the z-direction. This parameter, β ≃ v ≪ 1,
is the dipole we are interested in.
Thus, TðfÞ

μν has components

TðfÞ
00 ¼ ρ; ð8Þ
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TðfÞ
22 ¼ TðfÞ

11 ¼ Pe−2αza2e−2b; ð9Þ

TðfÞ
33 ¼ Pa2e4b; ð10Þ

TðfÞ
03 ¼ −ðρþ PÞae2bβ; ð11Þ

plus corrections of Oðβ2Þ. From the covariant conservation
of the perfect fluid energy-momentum tensor ∇μTðfÞμν ¼ 0

we obtain two independent equations:

ρ̇þ ðρþ PÞ
�
3H − 2

αe−2b

a
β

�
¼ 0þOðβ2Þ; ð12Þ

β̇ þ ð1 − 3c2adÞHβ þ 2αc2ade
−2b

a
β2 þ 2

3
σβ ¼ 0þOðβ3Þ;

ð13Þ

which govern the evolution of ρ and β. The pressure is
commonly given in terms of the equation of state parameter
w≡ P=ρ, and the adiabatic sound speed is defined via
c2ad ≡ Ṗ=ρ̇ ¼ w − ẇ

3Hð1þwÞ. If ẇ ¼ 0, then c2ad ¼ w.

We will be considering a universe in which
β ≃ few × 10−3. This means that it will have a negligible
impact on the background evolution, and thus we are free to
work with the standard Friedman equations for the Hubble
rate and the background energy density. The dipole is,
nevertheless, much larger than cosmological perturbations
on large scales (which are of order 10−5) which means we
will not unleash the full machinery of linear cosmological
perturbation theory apart from when they include the
anisotropic degrees of freedom or when they are useful
to identify the nature of key, small quantities (as in the case
of the Khronon field). Thus, in what follows, we will focus
on the off-diagonal Einstein field equation (the “03”
equation) and the traceless part of the spatial part of the
equation (which gives us the evolution of the shear, σ).
Furthermore, we take the worldlines constant ðx; y; zÞ in the
Bianchi metric to define the CMB frame but note that this
assumption is unverified, which means that at zeroth order
in the tilt parameter β this identification is exact by
construction. At first order in β, the CMB dipole arises
purely from the relative bulk motion between matter and
this background frame, while metric anisotropies contribute
only at higher order in the shear amplitude σ. Since
throughout we work consistently to linear order in β and
assume σ=H ≪ 1, the identification of the Bianchi frame
with the CMB rest frame is self-consistent to the order
considered.

III. SOURCES OF TILT

We are now interested in finding ways of generating a
(or constructing a self-consistent) universe with a dipole.
From the “03” Einstein field equation, in the β ≪ 1 case

we have that

2ασ ≃ −κ½T03 − ae2bðρþ PÞβ�; ð14Þ

where Tμν is any of the additional sources of energy
momentum to the boosted matter energy momentum tensor.
From (14) we see that there are two distinct ways of
maintaining a dipole. We either have α ≠ 0 and no addi-
tional energy momentum or, for α ¼ 0, an additional
source, T03 ≠ 0 to compensate for the dipole in the boosted
matter component.
It is intriguing to note that the presence of curvature

allows for the presence of a preferred direction (the boost
direction) in a way that the flat universe does not [18,26].
One possible way of seeing this is in the fact that the
isometry algebra of Bianchi V is parametrized by an
additional vector compared to that of Bianchi I and thus
has less symmetry between the orthonormal basis.1

Another way of seeing this is that one can foliate the
hyperbolic space in terms of flat two-surfaces, R2, leaving
the additional dimension to soak up the curvature.
While we could consider superpositions of these vari-

ous effects—curvature and the additional sources of
anisotropy—we will now look at each one in turn.

A. Curvature

Consider a Bianchi V model with α ≠ 0 and the energy

tensor given by the perfect fluid energy tensor, Tμν ¼ TðfÞ
μν

[18]. The relevant Einstein equations become

2ασ ¼ ae2bκðρþ PÞβ; ð15Þ

σ̇ þ 3Hσ ¼ κðρþ PÞβ2; ð16Þ

plus higher β corrections. If σ ¼ 0, the equations reduce to
those of a usual open homogeneous and isotropic universe
with untilted matter.
Since β ≪ 1we can attempt to solve the equations where

the anisotropic terms are small perturbations around a
homogeneous and isotropic universe. The five unknowns
are ρ, P, β, a, σ, and we will assume that P ¼ wρ where w
is a time dependent equation of state. We can solve for ρ
and P to get

ρ ¼ ρ0
a3

e−3
R

HðtÞwðtÞdt; ð17Þ

and solving for β we have

1To be specific, while the structure constants for the (Euclidean)
Bianchi I model take the form Ccab ¼ 0 while for the (open)
Bianchi V we have that Ccab ¼ δcbAa − δcaAb where A⃗ is a
constant vector.
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β ≃
2α

ð1þ wÞ
σ

aκρ
: ð18Þ

Note that the curvature parameter α can be reexpressed
as α ¼ k1=2 ¼ H0Ω

1=2
k , whereΩk > 0 is the usual fractional

energy density in curvature, or curvature parameter, of a
homogeneous and isotropic universe. We can also use
the Friedman equations to get 3H2Ω ¼ κρ, and let
Ω0 ¼ Ωðz ¼ 0Þ, to find an expression for the dipole today:

β ≃
2

3

1

1þ w
Ω1=2

k

Ω0

σ0
H0

: ð19Þ

Thus, we have obtained an expression for the dipole in
terms of other cosmological observables: the normalized
shear today σ0=H0 and the curvature parameter Ωk.
It is instructive to see how the shear will evolve. Again,

considering the case where β ≪ 1, we have that

σ̇ þ 3Hσ −
4ΩkH2

0

3a2Ωð1þ wÞH2
σ2 ¼ 0; ð20Þ

which has a formal solution

σ ¼ 1

a3

�
C −

4ΩkH2
0

3

Z
d ln a

a5ð1þ wÞH2Ω

�−1
; ð21Þ

where C is an integration constant. There are, therefore,
corrections to the standard shear evolution (σ ∝ a−3) due to
the presence of the dipole which may be relevant, depend-
ing on the amount of curvature and size of β.

B. Heat flow

An interesting possibility is to have heat flow due to one
or more particle species or fields. Relativistic nonequili-
brium thermodynamics has a long history, starting from the
pioneering work of Eckart [29] and of Landau and
Lifshitz [30]. These early approaches were plagued by
instantaneous propagation of heat, and as was shown later,
also of instability of fluctuations [31]. Based on relativistic
kinetic theory, Israel and Stewart [32–34] developed a
phenomenological model describing heat and dissipation
which brought into play several additional coefficients into
the resulting equations. As shown in [31], the Israel-Stewart
theory is causal, is stable, and has a well-posed initial value
problem. Further formulations were later proposed [35,36]
based on a two-component Lagrangian which brings in
entropy as a further dynamical component to the fluid
number density. The reader is referred to [37] for a
thorough review of all approaches.
Here we take as a starting point the Israel-Stewart theory

and work within the so-called Eckart frame. In this frame,
the energy-momentum tensor for ordinary matter including
the heat flux contribution takes the form

Tðf;QÞ
μν ¼ ðρþ PÞuμuν þ Pgμν þ 2qðμuνÞ ð22Þ

and differs from (6) through the last term 2qðμuνÞ, where the
vector field qμ represents the heat flux in the frame of uν
and obeys uμqμ ¼ 0. The Eckart frame is also called the
particle frame, as the fluid four-velocity uμ is proportional
to the fluid particle flux. We work within the small dipole
approximation and so frame transformations leave ρ and P
invariant to lowest order in β; however, qμ is not (see [38]
for an exposition). We ignore viscous stresses as we can
consistently set them to zero within the Israel-Stewart
theory, and moreover, they are invariant under a frame
transformation to lowest order in β. Note that the for-
mulations of [35,36] also introduce a term proportional to
qμqν in (22); however, this term is necessarily of higher
order in β and will not play a role in our discussion. To
summarize, to lowest order in β all approaches converge to
the case we consider here.
In this case, as in all subsequent cases, we set α ¼ 0 in

(1). Furthermore, as β is small, it is sufficient to work in the
Friedmann-Lemaître-Robertson-Walker (FLRW) back-
ground approximation, that is, b ¼ 0 in (1). It is possible
to check that b is of order β2, and so does not contribute to
lowest order; see (29) below.
In an FLRW universe with a single fluid, one can always

choose a frame where qμ vanishes. However, in the real
universe, we deal with several species, and thus we choose
a nonzero qμ for at least one of them. Within our metric
ansatz (1) we align the spatial part of qμ with the z-
direction, such that qμ ¼ ðq0; 0; 0; QÞ. Imposing uμqμ ¼ 0

and working in the small dipole approximation on a pure
FLRW background so that b ¼ 0, this implies that

q0 ¼ −Qβ=a, where Q ¼ QðaÞ. Letting Tðf;QÞ
03 ¼ 0 to

maintain an FLRW solution, we find that

Q ¼ −aðρþ PÞβ; ð23Þ

and hence Q is of order β. It turns out that the remaining
components of the term 2qðμuνÞ are of order β2 or higher and
so we can safely set them to zero. This means that standard
energy-momentumconservationholds, ρ̇þ 3Hðρþ PÞ ¼ 0.
The Israel-Stewart theory supplies us with a heat trans-

port equation, which is a general relativistic version of the
Maxwell-Cattaneo equation [37]. From [34] we have that

qμ ¼ −kqμνð∇νT þ Taν þ β̄1Tuρ∇ρqνÞ; ð24Þ

where qμν ≡ uμuν þ gμν is the usual tensor projecting
orthogonal to uμ, aμ ≡ uν∇νuν is the acceleration, k is
thermal conductivity, and T is the temperature. The
coefficient β̄1 is a phenomenological quantity and a
function of ρ and P in general [34]. Considering the
μ ¼ 0 and μ ¼ 3 components of (24) we find, respectively,
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Q ¼ −k½T 0 þ aTðβ̇ þHβÞ þ β̄1TðQ̇ −HQÞ�; ð25Þ

Q¼−akβṪ−k½T 0 þaTðβ̇þHβÞþ β̄1TðQ̇−HQÞ�; ð26Þ

where a prime denotes differentiation with respect to z.
Now letting β → 0 and given (23), we would obtain T 0 ¼ 0;
that is, if there were no dipole and heat flow, then there
would not be any temperature difference. Thus, consistency
requires that we assume that T 0 is of order β, and to lowest
order we obtain the simple relation

aðρþ PÞβ ≈ kT 0; ð27Þ

which relates the dipole to the temperature gradient along
its axis. Thus, to lowest β order, the coefficient β̄1 plays no
role. Note that (27) is identical to what we would have
obtained directly from the Eckart theory [29]; this is
consistent within our small β approximation.
Before closing this subsection, we consider the shear σ

which will be generated as a correction to FLRW dynamics
produced by β. We now find that

σ̇ þ 3Hσ ¼ −κρð1þ wÞβ2; ð28Þ

where the leading-order contribution is now Oðβ2Þ.
Although we neglected Oðβ2Þ corrections in previous
equations [because those quantities already had nonzero
OðβÞ terms] here the shear is sourced only at second order,
so the Oðβ2Þ term is the leading nonvanishing contribution
and must be retained. This can be formally integrated to
give

σ ¼ 1

a3

�
C − κ

Z
dta3ρð1þ wÞβ2

�
: ð29Þ

Note that we now have a correction which is heavily
suppressed relative to the homogenous term and which can
decay but may grow depending on the behavior of ρ
(through the choice of w).

C. Electromagnetic field

We now extend the case of a universe containing a
perfect fluid, such that it also contains an electromagnetic
(EM) field, which will be responsible for the dipole. We set
α ¼ 0 (the Bianchi I limit). The Maxwell tensor, Fμν the
EM field will have an energy momentum tensor of the form

TEM
μν ¼ 1

μ0

�
FαμFα

ν −
1

4
gμνFαβFαβ

�
; ð30Þ

where μ0 is the permeability of the vacuum. The EM tensor
Fμν may be written in terms of electric Ei and magnetic Bi

fields by identifying F0i ¼ gijEj and Fij ¼ ϵijkBk. The
vectorial nature of the electromagnetic field makes it

particularly suitable for supporting global anisotropy
[39–41].
Computing the components TðEMÞ

0A and TðEMÞ
3A (with

A ¼ 1; 2) and ensuring that they vanish as required by
our metric ansatz is possible if, and only if, E3 ¼ B3 ¼ 0.
This allows us, without loss of generality, to choose the
electric field to be solely in the x-direction: Ei ¼ ðE; 0; 0Þ.
Computing now the TðEMÞ

03 that is required for having a
dipole, we find that only the B2 component of the magnetic
field may contribute. This means B1, if present, will play no
role in having a dipole. Furthermore, from the Maxwell
equation ∇½0F23� ¼ 0 we find that B1 decoupled from the
other variables, and hence, without loss of generality, we
may set it to zero so that Bi ¼ ð0; B; 0Þ.
Computing the remaining spatial components TðEMÞ

AB with
A;B ¼ 1; 2, which should be diagonal, as required by our
metric ansatz, gives the additional constraint E ¼ �B.

Incidentally, this leads to TðEMÞ
11 ¼ TðEMÞ

22 ¼ 0. The remain-
ingMaxwell equations,∇½μFνρ� ¼ 0 and∇μFμν ¼ μ0Jν, for
current Jμ imply that Jμ ¼ 0 (this setup is not supported by
a current) and that

B ¼ B0

a3
; ð31Þ

where B0 is a constant.
Having found the solution for the electric and magnetic

field in our setup and assuming once more that β is small
[and that σ ∼OðβÞ or higher] we find the dipole

β ¼ 1

μ0a4ðρþ PÞB0E0: ð32Þ

Today, this gives the explicit expression

β ¼ 1

μ0ð1þ wÞρ0
B0E0; ð33Þ

where E0 ¼ B0, but we have kept the dependence on each
field component separate so that we can capitalize on
bounds on either, when looking at the ancillary constraints.
We stress that it is not possible to source a dipole without
having both an electric and a magnetic field.
The remaining nonzero components of the EM energy

momentum tensor are a2e4bT00 ¼ 1
μ0
a4e2bB2 ¼ −T33 so

the EM energy density scales as a−4, as expected. We note,
in particular, that the EM field will contribute to the
Friedmann equation. As in the previous examples, we
finally look at the shear. We find that, to leading order in β,
we have

σ̇ þ 3Hσ ¼ −κ
1

μ0

B2
0

a4
; ð34Þ

which we can integrate to get
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σ ¼ 1

a3

�
C −

κB2
0

μ0

Z
t dt0

a

�
: ð35Þ

In this case, we have an additional term which decays more
slowly than the homogeneous term, albeit suppressed by
factors of B2

0.

D. Khronon field

One possible source of anisotropy is a Khronon field, i.e.
a scalar field which is used to define a preferred timelike
spatial foliation of the spacetime. Khronons have been
invoked to construct nonrelativistic theories of quantum
gravity and, more recently, as ingredients in relativistic
formulations of modified Newtonian dynamics [42] due to
their ability to emulate cosmological dynamics of dust [43].
They also form an integral part of ghost condensates [44]
(which contain additional terms as dictated by effective
field theory) which have also been considered in the context
of dark matter [45].
We will, now, consider a theory with a Khronon field as

well as the normal matter fluid. The action for the Khronon
scalar field ϕ has the form

S ¼ 1

8πG

Z
d4x

ffiffiffiffiffiffi
−g

p
FðXÞ; ð36Þ

where X ¼ −gμν∇μϕ∇νϕ. We set the function FðXÞ ¼
μ2ðX − 1Þ2 þ � � �, where the ellipsis denotes higher order
terms in this Taylor expansion that play a role in the early
universe. In the late universe, the lowest order term of this
specific form leads to dark matter behaviour for the
Khronon. The Khronon field ϕ is assumed to have units
of time so that X is dimensionless and μ has units of inverse
length. Note that we have defined X such that it is
manifestly positive on a Friedman background.
The Khronon contributes an energy momentum tensor of

the form

TðKÞ
μν ¼ 1

κ
½2FX∇μϕ∇νϕþ Fgμν�; ð37Þ

where FX ≡ ∂F=∂X. The similarity of (37) to that of the
energy-momentum tensor of a perfect fluid is suggestive.
Indeed, we may define a Khronon velocity by

Uμ ≡∇μϕffiffiffiffi
X

p ; ð38Þ

so that TðKÞ
μν ¼ ðρK þ PKÞUμUν þ PKgμν. This allows

us to identify the energy density κρK ≡ 2XFX − F,
pressure κPK ≡ F, and adiabatic speed of sound c2ad ¼
FX=ðFX þ 2XFXXÞ, such that dP=dρ ¼ δP=δρ ¼ c2ad.
For our choice of function F, the scalar field equation of

motion is ∇μ½ðX − 1Þ∇μϕ� ¼ 0, and on FLRW we find

∂t½a3ðX − 1Þϕ̇� ¼ a∂z½ðX − 1Þϕ0�: ð39Þ

The task is now to solve the above equation, and in the

FLRW case where ϕ ¼ ϕ̄ðtÞ and X ¼ ˙̄ϕ2 this can be done
exactly. However, in the late universe it may be shown that
˙̄ϕ ≈ 1þ I0=ð2a3Þ þ � � � for an initial condition I0, while the
energy density and equation of state of the Khronon
approximate to κρ̄K ≈ 4μ2I0=a3 þ � � � and wK ¼ P̄K=ρ̄K ≈
I0=ð4a3Þ þ � � �, respectively, where a “bar” denotes FLRW
background quantities. This is the well-known result that
the Khronon approximately contributes a dust (or dark
matter) component in the Universe. It is thus sufficient to
set wK ¼ c2ad ≈ 0 in the late universe.
To have a dipole, we need a z-dependence in the Khronon,

and we do this perturbatively as ϕðt; zÞ ¼ ϕ̄ðtÞ þ φðt; zÞ,
whereφ ≪ ϕ̄. In the limitwK ¼ c2ad ≈ 0, the energy-momen-
tum tensor of the Khronon including the perturbations is

TðKÞ
00 ¼ ρK ¼ ρ̄Kð1þ δKÞ; ð40Þ

TðKÞ
03 ¼ ρ̄Kφ

0; ð41Þ

TðKÞ
33 ¼ φ02ρ̄K; ð42Þ

while TðKÞ
11 ¼ TðKÞ

22 ≈ 0. Since for FLRW Tμν cannot depend
on z, this implies that neither δK nor φ0 can depend on z. We
relate δK to φ using the exact equation

X ¼ ϕ̇2 −
1

a2
ðφ0Þ2; ð43Þ

and δK ¼ δρK=ρ̄K ¼ ðFX þ 2XFXXÞδX=ρ̄K to get

δK ¼ 2ð3X − 1Þ
ðX − 1Þð3X þ 1Þ

�
2 ˙̄ϕ φ̇ þ φ̇2 −

1

a2
ðφ0Þ2

�
: ð44Þ

Notice that it would seem that δK blows up as X → 1;
however, this only means that φ̇ and φ0 should vanish in that
limit to keep δK finite. Importantly, requiring that δK is a
function of t only, and that φ0 is independent of z, then (44)
results in φ̇ also being independent of z. Hence, the only
possibility is thatφ ¼ φ0ðtÞ þ φ1zwhereφ1 is a constant and
we may further absorb φ0ðtÞ into the background ϕ̄ðtÞ
without loss of generality. To conclude, we seek solutions
of the form ϕ ¼ ϕ̄þ φ1z to generate a dipole.
With the above ansatz for ϕ the rhs of (39) vanishes and

we get

∂0½a3ðX − 1Þϕ̇� ¼ 0: ð45Þ

Integrating and using (43) leads to the cubic equation

ðϕ̇2 − 1 − v2Þϕ̇ ¼ I0
a3

; ð46Þ
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where I0 is an initial condition and v≡ φ1=a. We can solve
the above equation exactly as

ϕ̇ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

3

r
cosh

�
1

3
arccosh

�
3

ffiffiffi
3

p
I0

2a3ð1þ v2Þ3=2
��

; ð47Þ

where we have taken the positive solution. If v ¼ 0,
we recover the exact FLRW solution for ϕ̄ðtÞ, and more-

over, expanding around ˙̄ϕ ¼ 1 recovers the late universe
solution discussed above. For nonzero v, we see that
δX ≈ − I0

2a3 v
2 and

δK ≈ −
1

2
v2 þOðI0=a3Þ: ð48Þ

Considering now the dipole and setting TðKÞ
03 þ TðfÞ

03 ¼ 0,
we find

β ¼ ρ̄K
að1þ wÞρ̄ φ1; ð49Þ

to the lowest order approximation. Using our solution to
write β in terms of δK gives β ¼ ρ̄K

ð1þwÞρ̄
ffiffiffiffiffiffiffiffiffiffi
2jδKj

p
, so that in

the late universe

β ¼ Ω0;K

ð1þ wÞΩ0;f

ffiffiffiffiffiffiffiffiffiffi
2jδKj

p
: ð50Þ

Finally, the evolution of shear is given by

σ̇ þ 3Hσ ¼ κ½ρ̄ð1þ wÞβ2 þ ρ̄Kv2�; ð51Þ

and thus, in the late universe, for a matter component
w ¼ 0,

σ̇ þ 3Hσ ¼ 3H2
0Ω0;KðΩ0;K þ Ω0;fÞ

Ω0;f

φ2
1

a5
; ð52Þ

which has the solution

σ ¼ 1

a3

�
Cþ 3H2

0Ω0;KðΩ0;K þ Ω0;fÞ
Ω0;f

φ2
1

Z
t dt0

a2

�
; ð53Þ

where Ω0;K and Ω0;f are the relative densities of the
Khronon and fluid today, respectively. The additional term
now decays more quickly than the a−3 of the conventional,
homogeneous solution.

IV. ANCILLARY CONSTRAINTS

All of the expressions found so far in the case of a small
dipole show that β is directly related to other, potentially
observable, quantities. The exercise is now to look at how
these other quantities are constrained by observations and
how that impacts constraints on β.

A. Curvature

In an a curved anisotropic universe, we found that the
dipole is related to the curvature and shear of the Universe
through

β ∼
2

1þ w
Ω1=2

k
σ0
H0

; ð54Þ

where we assume Ω0 ¼ Ω0;f ∼ 0.3 and H0 ¼
100h km s−1 Mpc−1. Over the past two decades, constraints
on the geometry of the Universe have improved dramati-
cally. The main constraint comes from the positions of the
peaks in the angular power spectrum of the CMB—they
serve as a measurement of the angular diameter distance at
last scattering—combined with late time distance measure-
ments from, for example, type-IA supernovae or baryon
acoustic oscillations (BAOs) [1].
Current constraints from the CMB, using the 2018 data

release of temperature and polarization data taken by the
Planck space observatory [46], Ωk ¼ −0.044þ0.018

−0.015 , indi-
cating a very mild preference for curvature. Once CMB
weak lensing is added, one finds Ωk ¼ −0.0106� 0.0065
and including the (then) best measurements of the BAOs
leads to Ωk ¼ −0.0007� 0.0019. Thus, we have a
conservative upper bound on curvature, jΩkj ≲ few × 10−3.
These constraints are obtained under the assumption that

the Universe is homogeneous and isotropic and one might,
therefore, be concerned about self-consistency and apply-
ing them in this situation. But, given that we are interested
in a scenario where deviations from isotropy are small—
recall that β ≃ few × 10−3—we expect the effects on the
parameter constraints to also be small compared to the
overall effect of the background evolution. In other words,
we expect percent level effects on the cosmological
parameters.
Global shear will also affect the CMB. As originally

shown in [27], different Bianchi models will lead to
additional patterns on the CMB which will be superposed
on the imprint of primordial perturbations: Bianchi I will
lead to an additional quadrupole (but no additional dipole)
while Bianchi V will lead to a hot spot (with its size set by
the curvature scale) and an additional dipole. In [28] it was
shown that this could be used to place constraints on
shear today, of order σ0=H0 < few × 10−9. Subsequently,
this work was extended to include polarization [47]
and the constraints from the Planck 2013 data on vorticity,
ω=H0 translate to a vastly improved constraint on
shear σ0=H0 < few × 10−12.
The application of isotropic CMB curvature constraints

to Bianchi models is justified only if deviations from
isotropy are parametrically smaller than deviations
from flatness. In the regime of interest we impose
σ0=H0 ≪ jΩkj, and current observational limits satisfy this
hierarchy. Under this assumption, the dominant impact on
the CMB peak structure arises from curvature rather than
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shear, allowing the use of standard curvature bounds as a
first approximation.
One might also worry that the modified shear evolution

in Eq. (21) alters the CMB constraints on σ used above.
However, the additional terms entering Eq. (21) are propor-
tional to either Ωk or β2 and are therefore parametrically
suppressed relative to the homogeneous solution for the
range of parameters considered. In particular, given that
observational limits require σ0=H0 ≲ 10−12 while
jΩkj≲ 10−3, the induced corrections to σ at recombination
remain subdominant. A full recomputation of the CMB
anisotropy pattern in each model would be required for
complete consistency, but the hierarchy of scales involved
makes it unlikely that such corrections would relax the
bounds sufficiently to permit β ∼ 10−3.
Combining the constraints on curvature and shear we

have that, at best, we can have

β ∼
1

1þ w
× 10−13: ð55Þ

As we can see, we do not have much leeway to increase the
amplitude of the dipole. Recall that w is the equation of
state of the boosted matter component. If we accept the
observations, this means that we are talking about galaxies
which are tied to the dark matter. Thus, w ¼ 0 and
β ∼ 10−13, approximately 10 orders of magnitude different
from the observed dipole.
An alternative is to be more lax about what the boosted

matter component is and relax our assumptions about its
equation of state [18]. By picking an equation of state that,
very rapidly, approaches w ≃ −1 it is possible to enhance
the dipole. One proposal has been to assume that 1þ w ∼
e−λt which approaches 0 for large t [18]. This will have,
again, knock on effects on other observables: the luminos-
ity and angular diameter distances as a function of redshift
constraints on the expansion rate of the Universe can, in
turn, be used to place constraints on how rapidly the
equation of state of the matter can deviate from that of
nonrelativistic matter [48,49] in the presence of an addi-
tional, dark energy component. An interesting aspect of this
proposal is that, the more quickly w transitions to −1, the
more effective it will be at generating the dipole and the less
constrained it will be by distance measurements (as it will
only deviate from the conventional ΛCDM evolution very
rapidly at very late times). Whether it is possible to
construct a bona-fide physical model for such an equation
of state is an open question. Furthermore, we emphasize
that the apparent enhancement of β as 1þ w → 0 formally
lies outside the strict regime of validity of our linearized
treatment. As P → −ρ, higher-order terms in β neglected in
Eq. (11) become comparable to the leading contributions.
A consistent treatment of this limit would require retaining
the exact β contributions and solving the full nonlinear
system without resorting to any small β approximation.

We therefore regard the w → −1 enhancement as indicative
rather than definitive.
We note that models such as those of [18] which exploit

spatial curvature to support a relative matter–CMB velocity
fall within the class considered here. Under current CMB
constraints on shear and curvature, such curvature-
supported dipoles are therefore severely constrained unless
additional ingredients are introduced to suppress shear
growth or modify the early-time dynamics.

B. Heat flow

In the setup we are considering, we took one species “A”
to have velocity misaligned from the usual FLRW cosmic
flow and assumed that this is balanced by heat flow. This is
a statement independent of which frame we may choose.
We may indeed boost to a new frame (keeping always small
β) such that the energy-momentum tensor of “A” becomes
standard without any qμ term. However, in that frame a
dipole will be generated in the other species and, moreover,
the heat flow vector will remain invariant; see [34,38].
If, indeed, there is a heat flow, it will be generated by a

temperature difference along the dipole axis. From (27) and
assuming Ωf0 ∼ 0.3, we find that, for a temperature differ-
ence ΔT across a distance ΔL,

β

2.5 × 10−3
∼

2

ð1þ wÞh2 × 10−18
�

k
115 Wcm−1 K−1

�

×

�
ΔT
3 K

��
3000 Mpc

ΔL

�
; ð56Þ

where k ¼ 115 Wcm−1K−1 is the thermal conductivity of
silver at a temperature of 3 K.2

We can use (56) to speculate on the consequences of a
large scale heat flow which would be required to generate a
dipole. To begin with, if we assume that the flow is in the
standard model sector, then the temperature gradient
required will be imprinted on one, or all its ingredients.
We have remarkably strict constraints on large scale
temperature gradients in the CMB, either in the form of
a constraint on its dipole or the strict upper bounds on
spectral distortions over a range of frequencies [51]. This
leaves us with a few options. If the heat flow is being
sourced by a CMB dipole which is subdominant to the
kinematic dipole, and of Oð10−3 KÞ, then one can only
have a large enough heat flow if k is ∼1021 larger than that
of silver. The challenge is then to find a microphysical
explanation for such a high thermal conductivity and what
the subsidiary consequences might be. Another possibility
is that the gradient is in the temperature of one of the other,
standard model, cosmological fluids. Such fluids would

2For reference, the thermal conductivity of silver at 3 K is
115 Wcm−1 K−1 and after a peak around ∼7 K it falls to
∼4.29 Wcm−1 K−1 around room temperature [50].
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have been coupled to the photon fluid (and radiation, more
generally) but might have decoupled at very early times.
The challenge then is to explain how such a gradient would
have persisted in the decoupled fluid but would have been
suppressed or erased in the CMB. This is not impossible—
causality limits the ability to generate large scale correla-
tions but not to destroy them—but a viable mechanism
remains to be proposed.
The alternative is to consider the dark sector. It has been

argued that the dark sector is far richer than had previously
been considered with the possible existence of multiple,
interacting species mirroring, in some sense, the standard
model [52]. In that scenario, there is far more freedom in
the microphysics, and we cannot apply the usual lens to
select “viable” scenarios. Nevertheless, the question
remains of how one might imprint a large scale temperature
gradient, or large thermal conductivity. Overall, regardless
of the mechanism, the thermal conductivities required are
several orders of magnitude larger than thermal conduc-
tivities of known materials or states of matter.
Finally, we note that the evolution of shear differs from

that in an untilted Bianchi model; there is a correction which
depends on the time evolution of βðaÞ. Depending on this
time evolution there might be tighter constraints coming
from, for example, the CMB. Lacking a complete micro-
physical discussion of βðaÞ and a more specific underlying
heat flow model, we refrain from using these constraints.

C. Electromagnetic field

We have that, in a universe with large-scale electric and
magnetic fields, we can express the resulting dipole in a
convenient form

β ∼
15

h2
1

1þ w

�
B0

10−3 Gauss

��
E0

10−3 Statvolt=cm

�
; ð57Þ

where the fields are in CGS units.
The first thing to note is the dependence on the

electric field, which is usually absent in any cosmological
setting. First, if we assume that the electrical field is the
one arising in the electromagnetic sector of the standard
model, one then has to take into account the value of the
conductivity, σc, of the Universe. At very early times
(before electron-positron annihilation) one has that
σc ∼ T; i.e. it decays with time [53]. During the radiation
era, σc ¼ ð2πme=e2Þðne=nγÞ ∼ 1013 s−1, where me is the
mass of the electron and ne=nγ is the ratio of the electron to
photon density. In the matter era, one is left with a residual
distribution of photons and, through Thomson scattering
with CMB photons, one is left with σc ∼ 1010 s−1. Thus, σc
is very large and, in the ideal magnetohydrodynamic limit,
assuming finite currents and Ohm’s law, J⃗ ¼ σcE⃗, the
electric field will go to zero. Thus, the usual electromag-
netic field cannot support a dipole.

As mentioned above, it has been conjectured that the
dark sector may be richer than had previously been
considered. One aspect of this is that a whole “dark gauge”
universe might exist with associated gauge fields and
charged dark matter that would interact under these gauge
fields. In that case, if one relaxes any assumptions about the
conductivity of the dark sector, it is possible to support
large, dark electrical fields. Nevertheless, it is still possible
to obtain constraints on large-scale, dark magnetic fields
through their impact on the anisotropic expansion of the
Universe. As was shown in [54], in the case of no electric
field, one has that σ=H ∼ ρB=ρ where ρB is the energy
density in the magnetic field and ρ is the energy density in
the remaining, dominant components. Note that, for this
particular case there is an additional, steeply decaying
mode for the shear which may enhance the anisotropy at
early times. Thus, using current bounds on ðσ=H0Þwe have
a conservative bound of B0 < Ω010

−10h2. Saturating this
bound, and recalling that E0 ¼ B0, we have that

β ∼
Ω0

1þ w
× 10−8: ð58Þ

Thus, it would seem challenging to generate a dipole of the
desired amplitude using large-scale electromagnetic fields.

D. Khronon

In a universe that supports a Khronon field, we found
that the dipole today is related to the Khronon density
perturbations via

β ¼ ΩK

ð1þ wÞΩf

ffiffiffiffiffiffiffiffiffiffi
2jδKj

p
; ð59Þ

where, again, we have relaxed the assumption that matter is
nonrelativistic, allowing w ≠ 0. We also assume that Ωf is
composed of baryons and part of dark matter and so it
cannot vanish fully; however, it could be as small as the
baryon relative density if no dark matter follows the dipole.
As in the previous cases, w → −1 will boost the dipole but
it will clash with the abundance of evidence for non-
relativistic matter in a number of cosmological observables,
most notably, in measurements of the expansion rate [49].
It is difficult to estimate the magnitude of δK, and it will

depend on the nature and source of perturbations. Yet, if
one assumes adiabatic initial conditions, one has δK ∼ δM,
and thus, on horizon scales, we expect δK ≃ 10−5. If
ΩK ∼ Ωf, then the amplitude of the dipole in a Khronon
universe is tantalizingly close to the reported observed
value. If Ωf is just the baryon fraction of matter, then
ΩK=Ωf can be as large as a factor of 5 if the Khronon
provides the totality of dark matter, which would seem to
make this possibility stronger. However, in this extreme
case, during matter domination, one can boost into a frame
where there is no dipole; hence, the Khronon can only
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constitute part of dark matter if this is to work. A natural
choice would be equipartition, such that the baryon plus
Khronon densities constitute roughly half of the matter
density, so that ΩK=Ωf ∼ 2. The issue then shifts to
explaining why this ratio takes such values. Having much
smaller values leads to β ≪ 10−3.
Alternately, one can assume isocurvature fluctuations,

with ρfδf þ ρKδK ∼ 0 on large scales, and assume that
ΩK ≪ Ωf. We are then in a situation in which we can
have δK ≫ 10−5 which might compensate for the smallΩK .
We then have

βiso ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ΩK

Ωf
jδfj

s
∼ 10−2 ×

ffiffiffiffiffiffiffi
ΩK

Ωf

s
: ð60Þ

If ΩK is subdominant, then the dipole will be suppressed.
Having a larger ΩK would then lead to substantial matter
isocurvature contribution to the CMB angular power
spectrum, on which we have strong constraints [55–57].
Constraints on the shear can play a role here. For

simplicity, if we assume matter domination, we have
that the correction to the shear will be of the form
σ ≃ 2δKH0a−7=2, plus the homogeneous solution ∼a−3.
This means that we can place, from constraints on σ0=H0,
tight constraints on δK where δK ≪ 10−5. This would,
again, void the possibility of having a large enough
anomalous dipole. We leave a more detailed exploration
of the role of shear in Khronon cosmologies for later work.

V. DISCUSSION

In this paper we have constructed models of the Universe
with relative bulk motion of matter in the CMB frame, as
suggested by the quasar dipole anomaly under a purely
kinematic interpretation. We have picked a particular class
of models—tilted Bianchi models—which are, to some
extent, manageable and in which we can find explicit
expressions for the kinematic dipole as a function of other
physical properties. This has allowed us to illustrate what
we believe to be a key aspect of any attempt to construct a
theoretical understanding of an anomalous cosmological
dipole: that there should be ancillary observational conse-
quences which may be probed by a variety of different
techniques. This makes such models testable, and we find
that they all fail.
We have picked four scenarioswhich, intuitively, can lead

to a dipole: curvature, heat flow, electromagnetic field, and
the Khronon field. Of these scenarios, three will all lead to
egregious anomalous observational effects in other probes.
Thus, it is possible to place bounds on the dipole via other
means which make the current observed value prohibitively
large. In the case of the Khronon field, one is tantalizingly
close: a more detailed modeling of the linearly perturbed
Khronon universe is required before we can make definitive
statements about the viability of such a large dipole.

One aspect that we have (partially) explored is that the
presence of the dipole, at least in homogeneous anisotropic
models, leads to a modification in global shear which itself
can be constrained by other means. An interesting question
is whether this symbiotic relationship between dipole and
shear will be present more generally in other models with
even less symmetry than the ones we considered here.
Away of addressing this would be the covariant formalism
of [26] to extract general constitutive relations between the
dipole, shear, and any other relevant degrees of freedom.
An important aspect that we have not explored here is the

role of the very early universe in these models. It is well
known that inflation is endowed with a “no-hair” theorem
that precludes the existence of large global anisotropies at
early times [58]. Given that these anisotropies generally
decay in time, it means that it would be practically
impossible to have large effects of the size we need to
support such a large observed dipole. Thus, if the observed
dipole is real, and we can describe the large scale structure
of the Universe as (roughly) a globally anisotropic model,
then have we uncovered a profound new insight on the
early universe and the death knell for inflation? This
remains to be seen, given existing attempts at incorporating
anisotropic expansion into inflationary model building.
Does the fact that almost all the models we have

considered fail other observational tests mean that attempts
at constructing a theoretical model for the cosmological
dipole are doomed? Not necessarily. We have picked a
restricted class of models, the simplest extensions to FLRW
that one might consider but in which one can incorporate a
dipole. The fact that they are so simple is why they are so
constraining. The lack of freedom to accommodate any type
of observation is a desirable property in a predictive model
but it may happen that slightly more complex models will be
observationally viable. For example, it may be possible to
tailor simple inhomogeneous models, such as the Lemaître-
Tolman-Bondimodel [59–61], to accommodate a dipole. But
there is a concern that, once one starts constructing evermore
elaborate models, one begins to lose much of the predictive
power of contemporary cosmology. And if that is the case, it
becomes unclear where one should stop, or how successful
the cosmological program has been. The role of an anoma-
lous dipole in the future of cosmology remains to be seen.
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