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The physics of gravitational waves and other classical fields on specifically four-dimensional back-
grounds of black holes exhibits electric-magnetic-like dualities. In this paper, we discuss the structure of
such dualities in terms of geometrical quantities with a physically intuitive interpretation. In turn, we
explain the interplay between the algebraic structure of black hole spacetimes and their associated dualities.
For large classes of black hole geometries, explicit constructions are presented. We then use these results
and apply them to the holographic study of three-dimensional conformal field theories (CFTs), discussing
how such dualities place stringent constraints on the thermal spectra of correlators. In particular, the

dualities enforce the recently developed spectral duality relation along with a multitude of implications for

the physics of thermal CFTs. A number of numerical results supporting our conclusions is also presented,

including a demonstration of how the longitudinal spectrum of quasinormal modes determines the

transverse spectrum, and vice versa.
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I. INTRODUCTION

The physics of black holes in 3+ 1 dimensions is
interesting and important from a theoretical, observational,
and experimental point of view. One reason is the over-
whelming evidence for their existence in our 4d universe
(see e.g. [1-3]). Another is the intricate connection that 4d
gravity has to quantum field theory in 34 as a result of the
gauge-gravity duality or holography (see e.g. [4—6]). Four-
dimensional gravity is not only relevant and essential for
understanding the physics in our universe, it is also special.
In pure gravity, it is the lowest dimension that supports the
existence of propagating gravitational spin-2 degrees of
freedom. Moreover, in 4d, gravitational fluctuations (gravi-
tational waves) enjoy special symmetries absent in higher
dimensions. Such symmetries are most easily understood as
being analogous to the electric-magnetic duality of pure
Maxwell theory in 4d. This is related to the fact that, in 44,
spin-1 and spin-2 gauge fields have exactly two polar-
izations each.

In this paper, we continue the exploration of constraints
of such 4d symmetries on the physics of gravitational and
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Maxwell fields, expanding on the results of Ref. [7], which
focused on their holographic interpretation and implica-
tions for the thermal spectra of dual 3d conformal field
theories. As already mentioned, such dualities are remi-
niscent of the Maxwell electric-magnetic duality where the
vacuum equations of motion and the Bianchi identities
exhibit the same form—they are dual to each other. In the
context explored here, such dualities were originally dis-
covered by Chandrasekhar and Detweiler [8] (see also
Ref. [9]) to demonstrate the isospectrality of the quasi-
normal modes (QNMs) between the even and the odd
channels of gravitational waves on Schwarzschild back-
grounds. Notably, such dualities act only on the linearized
perturbations of the fields rather than on the background
fields themselves. As such, their structure is much more
subtle, and, in standard formulations, parallels the formal-
ism of supersymmetric quantum mechanics through the
structure of Darboux transformations [10-13]. Such dual-
ities are also related to integrable structures used, for
example, to compute the black hole graybody factors
[14-16].

In this paper, we focus on the geometric interpretation of
such dualities and formulate them in a way which lends
itself to a physical interpretation both in terms of the
physics of gravitational waves and in their dual holographic
settings. We focus on the neutral Schwarzschild black hole
and black brane, and generalize our discussion to a charged
(Reissner-Nordstrom) black hole as well as the linear axion
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model in asymptotically anti—de Sitter space [17]. We
present, in detail, how dualities act in these cases, and
comment on the extent of generality of the results.
Furthermore, we discuss the ‘“self-dual” limit, in which
the dualities reduce to the standard electric-magnetic
self-duality, be it for the Maxwell field (also known as
the S-duality) or the linearized metric (see e.g. Ref. [18]).
An essential part of this story is the realization that the
duality maps between different channels of linearized
perturbations are not always invertible. This fact is related
to the existence of the algebraically special solutions of
perturbed Einstein’s equations (see e.g. [9,19]). We elabo-
rate on this interplay and offer a pedagogical introduction to
the algebraic classification of spacetimes. We recap the
main well-known results, and apply them to the theory of
linearized perturbations. In that setting, the algebraic
classification is a subtle problem that has, to our knowl-
edge, been seldom addressed in literature (though discus-
sions have appeared for example in Refs. [20-24]). We
comment on these subtleties at length and present a simple
method for computing the so-called algebraically special
frequencies, which parametrize and fix the duality equa-
tions. We present closed-form expressions for all discussed
examples, which we also believe should be useful to future
explorations. On the way, we discuss the relation between
the algebraically special frequencies and pole skipping
[25-29]. The pole-skipping discussion is both an elabora-
tion and a generalization of our results from Ref. [13].
In asymptotically anti—de Sitter space, the dualities do
not yield the isospectrality of the QNMs. Instead, a more
subtle structure is present, manifest in the spectral duality
relation, introduced in our recent work [7]. Here, we
expand on and utilize the structures imposed by this
relation in 4d theories of gravity, electromagnetism, and
other fields in spaces with black holes and a negative
cosmological constant, as well as their dual 3d conformal
field theories (CFTs). From the holographic point of view,
we study the thermal (quasinormal mode) spectra [30] of
both the energy-momentum and conserved current corre-
lators. The best understood example of such a CFT is the
worldvolume theory of a large stack of M2 branes [31].
With our construction, we then focus on the manifestation
of the bulk dualities on boundary retarded correlators and
comment on their universal form in CFTs with a large
number of colors or a large central charge—the so-called
large-N theories. Using the thermal product formula
recently developed in Ref. [32], we rederive the spectral
duality relation [7] and show how it precisely relates the
longitudinal (even) and transverse (odd) spectra. In par-
ticular, we present explicit constructions that can be used to
compute the entire spectrum of the transverse channel only
from the knowledge of the longitudinal spectrum. In an
analogous manner, the longitudinal spectrum follows from
the transverse spectrum and a single wave vector—depen-
dent function, which must be determined by other means.

On the way, we rearticulate several well-known older
results [33-36], which can all be understood from the
self-dual limits of our results. In all of the non-self-dual
cases, the central role is played by the algebraically special
frequencies, which are the main input from the bulk
physics. We also discuss the role of the algebraically
special solutions on the boundary and remark on the
“universal” way in which they control the dualities.
Moreover, we present several numerical results, including
a simple approximation for the (all-order) dispersion
relation of the diffusive mode through the knowledge of
the hydrodynamic sound mode, the algebraically special
frequency, and the asymptotic large-frequency data. The
discussion of thermal spectra in this paper is complemen-
tary to the one present in Ref. [37], where we discuss the
spectral duality relation in a more general setting of large-N
field theories in any number of dimensions.

This paper is structured as follows: in Sec. II, we
introduce the general 4d geometrical setup and introduce
the relevant notation. We discuss the linearization of the
metric and the Maxwell field around the set of maximally
symmetric black hole backgrounds with no reference to a
specific action. We introduce convenient electric and
magnetic variables and offer their physical interpretation.
In Sec. III, we then present a pedagogical summary of the
important aspects of the algebraic classification of space-
times and discuss various subtleties that arise in linearized
theories. We also present an ansatz that is particularly
convenient for the analysis of the algebraically special
solutions on black hole backgrounds. In Sec. IV, we
consider the Finstein-Maxwell action and present the
general structure of dualities with concrete examples. We
demonstrate how, in the case of a Schwarzschild black hole,
the “meaning” of dualities can be understood in a rather
transparent way when expressed in terms of variables that
have a direct physical interpretation. Finally, in Sec. V, we
discuss a number of applications of our results to the
holographic analysis of the spectra of thermal two-point
correlation functions.

II. THE SETUP

A. Curvature tensors and their decomposition

In this section, we introduce the necessary machinery
that will allow us to treat both the physics of gravitational
waves and holography in a way that is naturally suited to
the dualities considered in this work. Although we will
ultimately be interested in linearized perturbations around
maximally symmetric black hole backgrounds, we leave
the construction of this section general by not restricting
ourselves to linearized gravity or specific geometries.
This is to encourage possible future generalizations of
the contents of this paper. Note that, however, most of
our present discussion is only applicable to 4d (bulk)
spacetimes.
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The main object of interest will be the Weyl tensor. This
is because, in the context of dualities discussed here, it can
be thought of as the gravitational analog of the Maxwell
field strength tensor. The discussion will rely heavily on the
spacetime having two preferred null directions, or equiv-
alently, a preferred timelike direction (such as the timelike
Killing vector of a stationary spacetime), and a preferred
spacelike direction (such as the radial direction). We work
with a mostly plus metric signature and with the Riemann
tensor defined as [V, V,,]V¢ = R, V. We mostly follow
the discussion of Ref. [19].

We begin by introducing a pair of orthogonal vectors: a
normalized spacelike vector n* and a normalized timelike
vector u%, so that

n,n® =1, (1a)
uu = —1, (1b)
nu® = 0. (Lc)

This allows us to introduce two null vectors 4,

1
£ = st ), 2)

normalized to 747 ® 9. = —1. The induced metric on the
n-orthogonal hypersurface is then

hab = Yab — NgNyp, (3)

and the projector to the space orthogonal to both u, and n,
is

Aab = hah + Usup = Gap + ZKsz[:) (4)

A, 1s traceless with respect to the metric and the induced
metric (3), and is orthogonal to u,, n,, and also £ . Using
this projector, we can define the projection of a vector onto
the submanifold orthogonal to u, and n, as

A(a) = AabAlﬂ (5)

and the traceless projection of a tensor as
1
A(ub) = AacAbdA(cd) - EAabACdAcd’ (6)

with A, traceless and orthogonal to both u, and n,. As
such, it can effectively be represented by a 2 x 2 matrix
with two independent elements.

Consider first the familiar case of the electromagnetic
field strength tensor F,, defined in terms of the Maxwell
field A, as

Fop = za[aAb]v (7)
with its Hodge dual

- 1

Fap =75 €apeaF?, (8)
where €., 1s the Levi-Civita tensor. We decompose F
into its electric and magnetic parts with respect to the
spacelike vector n“ by defining

Ea = Fabnb, (9&)
Ba = Fabl’lb, (9b)

where both E, and B, have three independent components
each, accounting for the six independent components of the
field strength tensor, which can be expressed as

Fab = 2E[anb] - €abchcnd' (10)

The dual tensor F,, is acquired by substituting F — F,
E — B, and B — —E in the equation above.

An analogous situation in gravity can be constructed in
terms of the curvature tensors, in particular, the Weyl tensor
C.peq defined as the traceless part of the Riemann tensor

Cabcd = Rabcd - 4S[a[céb]d]’ (11)

where S, is the Schouten tensor

1 1
Sap = E Ry, — gRgab . (12)

The Weyl tensor contains the information about the
Riemann tensor that is not directly determined by the
Ricci tensor. This makes it a relevant quantity in the study
of gravitational waves. We can also introduce the dual Weyl
tensor

~ 1
Cabcd = Eeabefcefcd’ (13)

where we note that e***/C,;.4 = C*/e,.4. The Weyl
tensor can be decomposed into its electric and magnetic
components by defining

Eab = Cacbdncnd’ ( 1421)

Bab = Cacbdncnd, (14b)
where E,;, and B, are both symmetric, traceless, and have
five independent components each, together accounting for
the ten independent components of the Weyl tensor, which
can now be written as
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1
- 5 Cahcd = 4’1[”Eh] [ci’ld] + 26[11[ch](1]

+ eabefnen[ch]f + ecdefnen[“Bb]f. (15)

The expression for the dual Weyl tensor is acquired by
substituting C — C, E - B, and B — —E, which is analo-
gous to the situation in electromagnetism.

We have chosen to define the electric and magnetic
tensors with respect to an n-orthogonal foliation, which is
to be contrasted with the more usual case of choosing a
timelike vector for that role. This, it turns out, is more
convenient for the holographic analysis in Sec. V. For all
other purposes, n® can be replaced with u“, with only
differences appearing in possible minus signs.

It is important to note that the decomposition of the
curvature tensor into its electric and magnetic components
has a direct interpretation in terms of gravitational waves
(see Sec. II D), holography (see Sec. V), as well as the
nonlinear notions of tidal forces and frame dragging [38].

B. The background

In this paper, we will focus on the geometries of
maximally symmetric (i.e., nonrotating) black holes in
four spacetime dimensions. More concretely, we consider a
product manifold M x I, where M is two-dimensional
Lorentzian space described by coordinates (7, r), and K is a
two-dimensional Riemannian maximally symmetric space
described by coordinates (y, ¢). This means that the slices
of constant ¢ and r are maximally symmetric spaces. A
class of such spacetimes is described by the metric

d 2
ds? = —f(rde® + - 1 P2y pditdx®,  (16)
f(r)
where
dy?
dx*dxB = 243, 17
Yapdx"dx I_szﬂL)( ¢ (17)

with the capital Latin letters representing the coordinates of
IC. Here, K is the normalized sectional curvature that
parametrizes the geometry of the horizon(s): K = 1 yields
the standard spherical horizon, K = 0 yields a planar
horizon (i.e., a black brane), and K = —1 yields a hyper-
bolic horizon. The space is equipped with the Levi-Civita
tensor, which we define to obey

Ctryp = \/__g (18)

The solutions to f(r) = 0 indicate a horizon. We limit
our discussion to the region of spacetime outside the outer
event horizon (which we denote by ry), and, possibly,
within the cosmological horizon, where f(r) > 0. In this
region, we introduce the tortoise coordinate r, through

S (19)

The Hawking temperature associated with the event hori-
zon is

_ J'(ro)
T= 4;. (20)

We also define the timelike Killing and the spacelike radial
vectors from Eq. (1) as

(21a)

(21b)

This gives rise to the outgoing ¢4 and ingoing ¢ null
vectors through the definition (2), pointing from and toward
the black hole, respectively. The projector A, as defined
in Eq. (4), then projects onto the slices of constant
tand r.

The class of metrics (16) has a nonzero electric part of
the Weyl tensor E,;,, while the magnetic part B, vanishes.
Specifically, the trace A“E,,, which represents the
“Coloumb-like” component of the gravitational field, is
finite, while the off-diagonal parts vanish (see Appendix A).

One can define the (scalar) eigenfunctions of the
Laplace-Beltrami operator on K as

(DAD* + 1) YW (y, ) = 0. (22)

where D, is the covariant derivative compatible with the
metric y,5. In the K = 1 case, Y are the standard spherical
harmonics, with 4 = [(I + 1), where [ is the representation
index of SO(3). In the K =0 case, u = k>, with k the
Euclidean wave vector, and Y are plane waves expressed in
polar coordinates. The K = —1 is similar to the K = 1 case,
and the corresponding eigenfunctions Y are hyperbolic
harmonics (see e.g. Ref. [39]). We will henceforth suppress
the superscript u. The eigenfunction Y is parity-even and
allows us to introduce a parity-even vector and a parity-
even symmetric traceless tensor on :

YA :DAY, (238_)

1
Yup = DsDgY + - pyagY.

5 (23b)

Analogously, we can introduce a parity-odd vector and a
parity-odd symmetric traceless tensor A:
XA = €ABYB, (243)

XAB - D(AXB) (24b)
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We have the identity X,z = €4,€Y 5 relating the traceless
tensors of both parities. Here, €45 is the Levi-Civita tensor
on K. We will also use the trivial extension of those vectors
and tensors on the entire 4d space, e.g., Y dx* = Y ,dx".

C. The perturbations

We now linearly perturb the metric (16) as
Gab = Gap + 094, and decompose it with respect to the
complete set of scalar, vector, and tensor harmonics (see
Appendix B). We also consider similar linearized pertur-
bations of the Maxwell field A, — A, + A, and any other
present fields, appropriately decomposed in a similar sense.
We further exploit the static nature of the geometry (16) and
decompose all fields into temporal Fourier modes e~

The linearized theory enjoys the linearized diffeomor-
phism invariance of the metric g,;, = 9., + Viép + Viéas
as well as the gauge invariance of the Maxwell field
A, - A, + d,a. Note that while the field strength tensor
F,, is invariant under the electromagnetic gauge trans-
formations, the Weyl tensor C,,., iS not invariant under
linearized diffeomorphisms in curved spacetimes. We also
perturb the normalized timelike and spacelike vectors
u® — u® + éu®, n* - n® + 6n?, so that the normalization
and orthogonality conditions (1) still hold. The “natural”
quantities encoding the Maxwell fields E,y and B, can
then expand in the basis of Y, and X, as

Ew = [E.(NY, + E(DXJe™,  (250)

B(a) = [B_(}")Ya + B+(F>Xa}€_i(0t. (25b)
On the other hand, an analogous description of the metric
perturbations is expressed in terms of E,; and B,
which we expand in the basis of the traceless tensors Y,
and X, as

E(ab) = [E+(r)Yab + E—(r)Xab]e_iwt’ (268')

Bian = [B_(")Yu + B, (NXple™.  (26b)
The quantities denoted with + are the even channel
quantities (also called longitudinal, scalar, or polar), while
the quantities denoted with — are the odd channel quantities
(also called transverse, vector, or axial). The quantities E
and B, are directly related to the complex Weyl scalars (see
Appendix A) and are relevant for several reasons. First,
they are linearly small by construction in that their back-
ground values are zero. Second, they are gauge invariant—
they are independent of the perturbed values of u“ and n¢ as
well as the U(1) gauge transformations and the linearized
diffeomorphisms. Third, they are the natural variables for
diagnosing the algebraically special solutions (see Sec. III)
and the natural variables on which the duality maps in
Sec. IV act. Furthermore, they have a direct physical

interpretation in terms of gravitational waves in regions
of space where plane waves e~ are a good approxima-
tion to the solution of Einstein’s equations (see Sec. II D).
Finally, they have a direct interpretation in terms of the
thermal CFT observables in AdS/CFT (see Sec. V). We
conclude this section by noting that we could obtain the
same variables by defining £, and B,;, with respect to the
alternative foliation using a timelike vector that was
mentioned at the end of Sec. Il A. The reason is that £
and B only depend on the choice of the two null vectors
of Eq. (2).

D. Interpretation of the variables in terms of
gravitational waves

Consider a region of the radial coordinate for which the
solutions to FEinstein’s equations are well approximated
with the radial dependence e¢*®"-. This can be the near-
horizon region of a black hole or de Sitter space, or the
asymptotically flat region of some asymptotically flat
space. If the gravitational wave is ingoing, i.e., propagating
in the direction of decreasing r, then the scalar quantities
behave approximately as e~®(*+"-) and are approximately
annihilated by £ d,,. In the regions of the spacetimes where
those approximations hold, we have

r, > too: E. + B, =0, (27a)

E_—-B_=0. (27b)
Conversely, if the wave is outgoing, i.e., if various scalars
behave as ~e~(~"-) and are approximately annihilated by

£40,, then

r, > too: E, — B, ~0, (27¢)

E_+B_=0. (27d)
In the relevant regions of the spacetimes where such
approximations hold, we therefore identify £, — B, as
an ingoing even channel wave and E_ + B_ as an ingoing
odd channel wave. The same can be said about ingoing and
outgoing electromagnetic waves, where we need to sub-
stitute £, — £, and B, — B in Egs. (27).

III. ALGEBRAICALLY SPECIAL SPACETIMES

The notion of an algebraically special spacetime presents
a measure of the simplicity of a given spacetime that is
a priori independent of its isometries. Instead, it relies on
the null structure of the Weyl tensor. Historically, it has
been an indispensable tool for finding exact solutions to
the Einstein equations, for example, in Kerr’s derivation of
the rotating black hole solution [40]. Furthermore, it
offers insights into the behavior of null geodesics via
the Goldberg-Sachs theorem (see below), as well as
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the geometry of the null infinity through the peeling
theorem [41]. In the Newman-Penrose formalism [42]
(see Appendix A), the algebraic structure of a spacetime
can be used to greatly simplify Einstein’s equations and
offer various theoretical insights, including on the topic of
duality structures discussed in this paper.

The vast majority of known exact solutions to the
Einstein equations in four spacetime dimensions, if not
all, are algebraically special [19]. This includes all spheri-
cally symmetric geometries, Kerr and Taub-NUT black
holes, pp waves, the FLRW space, as well as the large
classes of Kerr-Schild and Robinson-Trautman metrics.
Note that the notion of an algebraically special spacetime
relates to the geometry itself with no reference to the action
from which it is derived.

In this section, we discuss the algebraic classification
(also known as the Petrov classification) of spacetimes,
which turns out to be crucial for the discussion of dualities.
While there exists a rich body of literature on the algebraic
properties of spacetimes (we largely rely on Ref. [19] and
references therein), we will assume that the reader may not
be overly familiar with these concepts, and will therefore
attempt to introduce the subject in a pedagogical manner. In
this section, we will keep the notion of a spacetime
geometry very general [not necessarily having the form
Eq. (16)], which will help us to make certain general
statements that will prove helpful for the discussion of the
subtleties that pertain to the algebraic properties of space-
times in linearized gravity.

A. Algebraic classification of spacetimes

In four spacetime dimensions, there exist several equiv-
alent ways of algebraically classifying a spacetime. Here,
we follow Penrose [43] and consider a nonzero null vector
field ¢, so that 7,/* = 0. Such a vector is called a
principal null direction (PND) of the Weyl tensor if and
only if

f[eca]bc[dff] fbfc = U. (28)

In 4d, there can be at most four such independent vectors at
any given point. The PNDs do not need to be independent
but can appear with various multiplicities. If a PND Z, has
the multiplicity of more than one, then it is called
degenerate, and the following holds:

Cabc[dff]fbfc = 0 (29)

If a spacetime has at least one degenerate PND at every
point, then it is called algebraically special. The ways in
which the PNDs are organized give rise to the Petrov
classification. There are six Petrov types and if a spacetime
is of a certain Petrov type at every point, then the spacetime
itself can be assigned a Petrov type. In this paper, we are
mostly interested in type-II (one doubly degenerate PND)

and type-D (two doubly degenerate PNDs) spacetimes, the
latter being a subset of the former. Specifically, the
geometries considered in this paper (16) have two doubly
degenerate PNDs and are therefore of type-D. The two null
directions are simply the ingoing #“ and the outgoing £
geodesic tangents defined in Eq. (2).

There are several ways to determine whether a spacetime
is algebraically special, which are equivalent to Eq. (29).
One condition that is particularly convenient for the
purposes of this paper is the question of whether (see
Appendix A)

Epy = ifi—l’ﬁieijadBMb)? (30)

where + indicates that ¢ is the degenerate PND and —
indicates that £“ is the degenerate PND. Computationally,
the simplest tool for such analyses is often provided by the
Newman-Penrose formalism (see Appendix A), which also
offers a simple recipe for finding all the PNDs explicitly.

A partial physical interpretation of a degenerate PND is
given by the Goldberg-Sachs theorem, which states that
for a class of Ricci tensors [including the Ricci tensor of
the metric defined in (16) and all Ricci-flat cases], the
spacetime will necessarily be algebraically special if it
admits a shear-free geodesic null congruence, that is, if the
spacetime possesses a null vector £% (or equivalently, £9),
that is both everywhere tangent to a geodesic,

£V Y = 0, (31)
and shear-free,
Viegh) — 0. (32)

In this case, 7% is a degenerate PND. In passing, we
mention the existence of the Mariot-Robinson theorem,
which says that a geodesic shear-free null congruence
condition is satisfied only if the spacetime admits a
“test” electromagnetic field which both is null
(F¢° = F,,¢* = 0) and obeys the Maxwell equations
(VeF,, = V*F,, = 0). This is again a statement about the
geometry without a reference to a specific action.

B. Algebraically special linearized spacetimes

Next, we consider what happens to the PNDs when the
metric is dynamically perturbed. Naively, one may expect
that one can take the original degenerate null directions
24 and £< and perturb them with some linear corrections
o¢% and 674 It turns out that, generically, this is not a well-
posed problem and that the perturbed defining equation for
PNDs (28) does not necessarily admit a solution. This is
illustrated most clearly in the case of linearized perturba-
tions around some conformally flat space. Such a space
has a vanishing Weyl tensor and therefore has no PNDs
that could be perturbed. Nevertheless, rich physics of
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algebraically special solutions in linearized gravity around
black hole backgrounds exists [20,21,23,24], with null
vectors that satisfy Eq. (29). In this paper, we take the
following approach: Suppose we have a type-D back-
ground spacetime (i.e., a spacetime with two doubly
degenerate PNDs). We linearly perturb the metric g,, —
Jap + 0G4 and a PND £ — £% + 6¢°. Then, one of two
things can happen:

(1) either Eq. (28) has no solutions, irrespective of the

choice of 67,
(2) or 7, solves Eq. (28), irrespective of the choice of

0¢,. In this case, one can always find 6¢“ so that
Egs. (29) and (30) are satisfied as well. This means
that #¢ is a degenerate PND, and the perturbed
spacetime is algebraically special (type-II).

This statement is proven in Appendix A. Note that the

Goldberg-Sachs theorem does not translate to the linearized

theory [22].

We now focus on the example at hand and consider the
background metric from Eq. (16), which will be the main
focus of study in this work. If either of £ is a PND of the
perturbed metric, then it must be doubly degenerate and the
spacetime is algebraically special by the criterion 2 above.
We can connect this with a statement made in terms of the
variables introduced in Sec. IIC. In particular, the per-
turbed metric will be algebraically special, in the sense
described above, if and only if one of the following is
fulfilled:

(1) either

E,+B, =E_—-B_=0, (33a)
in which case, ¢ is a doubly degenerate PND (such
solutions are ingoing),

(ii) or
E.-B,=E_+B_=0, (33b)

in which case, £9 is a doubly degenerate PND (such

solutions are outgoing).
This follows directly from the condition (30) and the
definitions (26). Note the similarity between these equa-
tions and Eqs. (27). This is not coincidental, as algebrai-
cally special spacetimes can be interpreted as purely
ingoing or outgoing waves in the regions outlined in
Sec. II D. The criterion (33), however, does not depend
on any wavelike interpretation of the perturbed geometry.
This is especially relevant on the boundary of anti—de Sitter
(AdS) space, where gravitational waves have no ingoing or
outgoing interpretation. Given some equations of motion,
the criterion (33) will only be fulfilled for some specific
(u-dependent) choices of w, called the algebraically special
frequencies.

One can avoid solving the equations of motions with
the constraints of Eqgs. (33) by using an appropriate ansatz.

A large class of manifestly algebraically special type-II
metrics (including all the common black hole metrics) was
written by Timofeev [44] (see also Refs. [19,45]). All such
(ingoing) metrics that are linearly close to the background
of Eq. (16) are expressed by (up to linearized diffeo-
morphisms)

09,
f(r)

8gap = r*CyyapYe ),

8 = (@1 (r)Y 4 + - (r)X,) e 7).
09
£(r)

for some constants ¢ and functions &(r), ¢ (r), with r,
defined in Eq. (19). These geometries present solutions that
are manifestly ingoing at the horizon, with 7% being the
degenerate PND, as they fulfil the condition of Eq. (33a).
Given some action, one can then use this ansatz in the
equations of motion of the theory. In general, the ansatz will
solve the equations of motion only for specific frequencies
o = w,, namely, the algebraically special frequencies. We
also note that this ansatz is highly reminiscent of the
original metric ansatz used to uncover the phenomenon of
pole skipping [25].

A number of additional comments about the ansatz (34)
are in order. First, and perhaps obviously, &(r), ¢, (r), and
¢, are in the even channel of perturbations, whereas ¢_(r)
and ¢_ are in the odd channel. Generally, the channels will
not be nonzero simultaneously for a given algebraically
special solution. The even channel of the ansatz obeys
the shear-free condition (32) in the linearized sense.
Furthermore, setting ¢..(r) = {_ =0, one obtains a lin-
earized version of the Robinson-Trautman spacetime [46]
(see also Refs. [47,48]), which, by definition, admits a shear-
free, twist-free geodesic null congruence. These geometries
(within the even channel) are exhaustive for all the cases
discussed in this section, and define, as a matter of con-
vention, the algebraically special frequency w,. The odd
channel algebraically special solutions are acquired by
turning on ¢_(r) and {_. In all examples considered in this
paper, the odd channel ansatz solves the equations of motion
precisely when @ = —w,.. We are unaware of a fundamental
reason why the algebraically special frequencies in the two
channels are the negatives of each other, and to what extent
this statement is universal. It would be interesting to see
potential counterexamples and understand the underlying
geometricreasons behind either of the two possible scenarios.

= f(r)5grr = 5gtr = f(r)Ye_iw(Hr*)’

= 0rA + g—XAe_iw(H_r*)? (34)

IV. THE STRUCTURE OF DUALITIES

It is well-known that the classical vacuum Maxwell
theory is invariant under the exchange of the electric and
magnetic field, known in some contexts as the S-duality.
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This is a consequence of the fact that the equations of
motion and Bianchi identities exhibit the same form, and it
is formally expressed by swapping the field strength tensor
F,, with its Hodge dual F,, at least locally. For example,
on the background of an electrically charged black hole,
such a transformation would yield an electrically neutral
black hole with finite magnetic charge.

On sufficiently simple backgrounds, the linearized
metric exhibits a similar structure [18,36,49-52], where
the Weyl tensor C,,., and its dual C,,., are swapped.
Nonlinear extensions have also been studied (see e.g.
Refs. [53-57]). In this paper, however, we will work with
the duality transformations that only affect the perturbed
part of the fields, leaving the black hole background intact.
More precisely, we study the duality maps that map
solutions from the odd channel of perturbations to the
even channel, and vice versa [8—13,21,47,58-63]. Here, we
build a firmer geometric understanding of these maps and
show how they reduce to the common electric-magnetic
duality on trivial backgrounds, be it for the metric tensor or
the Maxwell field. Specifically, we focus on the Einstein-
Maxwell action and background geometries from Eq. (16).

A. Equations of motion

Gravitational perturbations around maximally symmetric
black hole backgrounds are most commonly treated by
combining the perturbed fields into gauge-invariant master
variables y(r) that reduce perturbed Einstein’s equations
into a set of master equations in the Schrodinger-like form
(see e.g. Refs. [9,64-60]):

(ffz et v(r)>l,,(r) —0. (35)

2
drs

This approach is appealing due to its analogy with the one-
dimensional scattering theory. However, it is also incon-
venient for the following two reasons: First, the master
functions w(r) have no direct geometric or physical
interpretation, and, second, they depend linearly on both
the perturbed fields and their radial derivatives. This means
that, while the ingoing/outgoing boundary conditions at
horizons or asymptotically flat regions of spacetimes
translate directly from the fields 6g(r) and SA(r) to the
master functions y (r), the Dirichlet or Neumann boundary
conditions do not. Consequently, the master functions y ()
may not be most convenient for AdS/CFT calculation that
use the standard holographic dictionary.

B. Darboux transformations

In terms of the master equations (35), the duality
transformations manifest themselves in the form of
Darboux pairs [11-13]—a structure analogous to the
one known from supersymmetric quantum mechanics
[67-70]. A pair of equations for two decoupled variables

y, and y_ (in this context, they are to be understood as a
pair of decoupled even/odd variables),

2
(Gz+er -V =0. e
(+or-v-)p(r=0. o

can admit a structure that allows us to express a solution of
Eq. (36a) using a solution of Eq. (36b) in a simple manner
by using a first-order differential operator. This is possible
if we can express the potentials V_(r) as

Vi(r) =2+ L W(r), (37)

for some function W(r) and a constant w,.. The differential
operators L, are defined as

L.=W(r)+ dcj*. (38)

We can then express Egs. (36) in the following way:
LiLy(r)= (0= o}y (r), (39a)
L Ly (r) = (0 — o2)w_(r). (39b)

This immediately implies that, given a solution y (r) of
Eq. (39a), the function

WA (r) = Ly (1) (40a)
solves Eq. (39b), and given a solution y' (r) of Eq. (39b),
the function

WA () = Lol (r) (400)
solves Eq. (39a). Here, we have introduced superscripts 1,2 to
emphasize that Egs. (40) are maps in the space of solutions
rather than on-shell conditions. Such maps are known as
Darboux transformations. They provide the relevant maps
between the even and odd channels and are invertible for
@’ # w?.Toseethis, considersettingm® = w?.Equations (39)
can then be solved by solving the first-order equations

Loy, (r)=0, (41a)
Loy_(r) =0. (41b)

The solutions to these equations are
o (r) = [p(r)e ], (42a)
y_(r) = [p(r)e]*! (42b)
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where ¢(r) is a function related to W(r) via

d
dr,

W(r)=——m¢(r) —iw,. (43)

Note that the potentials V. (r) and, therefore, the master
equations in both channels are completely determined by
f(r), ¢(r), and the constant w,. As we explain in the next
section (see also Refs. [21,47]), it turns out that the solutions
(42) correspond to the algebraically special solutions of
Sec. llI B, with £m, the corresponding algebraically special
frequencies, where w®> = w? is a necessary condition for
Egs. (33) to hold.

Whenever the ingoing or the outgoing interpretation of
w(r) is applicable (see Sec. I D), the operators L. map the
ingoing waves to the ingoing waves, and the outgoing
waves to the outgoing waves. In other words, the duality
maps (40) preserve the ingoing/outgoing nature of a
solution around the event/cosmological horizon or at
asymptotic infinity. In asymptotically flat or asymptotically
de Sitter spaces, this results in the isospectrality of
quasinormal modes (defined by being ingoing for r, —
—oo and outgoing for r, — oo0; see e.g. Ref. [71]) between
the channels. In asymptotically anti-de Sitter spaces,
quasinormal modes are defined by the Dirichlet or mixed
boundary conditions, which are not preserved by the
operators L. Isospectrality is thus replaced by a much
more subtle structure, namely, the spectral duality relation
constructed in our Ref. [7] and discussed at length
in Sec. V.

C. The self-dual limit

Next, we comment on the w, — oo limit of the above
construction. Suppose that, by varying some parameter 7,
we have

(0)

W;
77_)0160*"’ ’

P(r) ~ ¢ + W (r)n. (44)

The limit # — 0 of Egs. (39) is then well defined and yields
the same master equations of the Schrodinger form (35) in
both channels. The corresponding potentials are

- (0) 5 4(1)
2w, dp\ (r
n—0:V (r)=V_(r)= 50 dr( )

(45)

In this limit, there are no algebraically special solutions in
the sense of Egs. (42), as the corresponding algebraically
special frequencies are “pushed to infinity.” As in Ref. [7],
we refer to this limit as the self-dual limit. In terms of the
master functions w (r), this limit means that both func-
tions obey the same master equation (35). It is this self-dual
limit that reduces to the familiar cases of the electric-

magnetic duality. The analog of the duality maps (40)
is then simply the identity map. Furthermore, note
that a Darboux pair of potentials V_(r) and V_(r) can
obey V_(r)=V_(r) only in the sense of a limit
described above, or if the potentials are constant,
V., (r) = V_(r) = const. It is therefore appropriate to look
at two variables obeying the same master equation in terms
of a limiting (self-dual) case of a certain Darboux pair.

D. Examples
1. The Schwarzschild black hole

As our first example, we consider the metric and
Maxwell perturbations on the background of an uncharged
Schwarzschild black hole with an arbitrary cosmological
constant. In this case, the metric and the Maxwell field
perturbations are completely decoupled at the linear
level. Moreover, due to the symmetry of the problem,
the analysis splits into decoupled even + and odd —
channels. Specifically, we are solving

Ry = NGap, (463)
V F*® = 0. (46b)
The background metric is given by Eq. (16), with
2M A
f(r):K———§r2, (47)
r

where M is the mass of the black hole and A the
cosmological constant. The dynamics of the Maxwell field
is governed by the master equation (35), with the same
potential in both the even and the odd channels:

axwe. f(r)
vl = p=a, (48)
with the appropriate master functions defined in

Appendix B. In Sec. IV D 2, we will see how the coinciding
potentials arise as a consequence of the self-dual, zero-
charge limit of the Reissner-Nordstrom black hole. The
even and odd master functions y .. (r) (see Appendix B for
definitions) form a Darboux pair with [11,12]

- 2K
w, = iﬂ—(IulZM ), (49)
¢(r):,u—2K+6TM. (50)

This can be checked explicitly using the potentials from,
e.g., Refs. [64—66]. Instead, here, we attempt to shed some
light on the physical reasons behind the emergence of
the Darboux structure, which is completely obscured by the
master function formalism.
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We first consider the Maxwell perturbations. In terms of
the electric and magnetic variables introduced in Egs. (25), we
can express the Maxwell equations in the even channel as

&y NGID)
\/m S /tf o, ( )B.).  (5la)
% =~ o, (VITIEL). (51b)

The equations are invariant with respect to (w,€.) —
(—w,-&,) and (w,B,) - (—w,—B,). Consequently, the
second-order equation of motion for the ingoing wave
(€, —B,) is the time-reversed version of the equation of
motion for the outgoing wave (£, + B.). Explicitly,

Flwo,r)[rE, +rB.] =0, (52a)
F(-w,r)[rE, —rB.] =0, (52b)

where we have defined a differential operator
Fon = s —aorn.

drs
with
a(w.r) =T 4 2ir0 — £(0)

3 ()Mo + ()] (54

Either of the Egs. (52) can be used as an appropriate master
equation, with any given boundary condition, encoding the
physics of the scattering process at hand. Equations (52) are
not independent; i.e., there is only one specific solution of
Eq. (52b) that corresponds to any given solution of its time-
reversed counterpart (52a), as dictated by Eqgs. (51). The
situation in the odd channel is completely analogous, with the
Maxwell equations being

;ﬂziamwvmq, (552)
B_
= 9, (Vf(r)E-). (55b)

firy  re? —ﬂf

and the corresponding pair of second-order equations of
motion for the ingoing and outgoing waves given by the
following expressions:

Flo,r)rE.—rB_| = (56a)

Fl-w,r)[rE_+rB_] = (56b)

Evidently, the equation for the ingoing/outgoing wave in one
channel is the same as the equation for the ingoing/outgoing
wave in the other channel.

The manifestation of the electric-magnetic duality is now
clear. Given a solution €. (r), B.(r) in the even channel,
we can obtain a solution €2 (r), B2(r) in the odd channel
(up to a multiplicative constant) via

&+ B2 =+(& - B, (57a)

& -3 =—(&L + B, (57b)
where we have introduced a superscript to indicate that the
duality transformations (57) are not on-shell conditions, but
rather maps in the space of solutions. Analogously, we can map
asolution of the odd channel to a solution of the even channel as

£ + B = (6L - BL), (57c)

& -BL =+ + 8. (57d)
Equations (57) express the standard electric-magnetic duality
E — B,B — —E, writtenin away that can be easily translated
into the treatment of gravitational waves.

Extending the discussion above to the dynamics of the

perturbed metric, we introduce, analogously to Eq. (53),

F(w,r) = ;—rz +@® —a(w, r) (58)
with
alw,r) = @ 1+ 2K + dirw — rf'(r) = 2f(r)]
+ f1(r)[f'(r) = 2io). (59)

Using the gravitational variables introduced in Egs. (26),
we can write the even channel perturbation equations as
[cf. Eq. (52) for the Maxwell field]

F(w,r)[rE. +rB.] =0, (60a)

F(-w,r)[rE. —rB,] =0. (60Db)
The equations for the ingoing and outgoing perturbations
are time-reversed versions of one another, and have to be
solved simultaneously. The constraint equations relating
E, and B, are now much more complicated, and are
presented in Appendix B. The odd channel is, again,
completely analogous to the Maxwell case, obeying the
same set of equations as the even channel, namely,

F(w,r)[rE_ —rB_] =0, (61a)

F(—w,r)[rE_+rB_] =0. (61Db)
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The equations enjoy a discrete invariance, precisely reflect-
ing Darboux transformation of Sec. IV B. This invariance is
analogous to the electric-magnetic invariance of the
Maxwell case, but this time with an additional algebraically
special structure. Explicitly, we can write down the
Darboux map (40a), mapping an even solution E., B!
to an odd solution E%, BZ, as

E* + B2 = —i(w—w,)(E} - BL), (62a)

E2 - B = —i(w +w,)(E} + B). (62b)
Correspondingly, using the Darboux map (40b), we can
map an odd solution E!, B! to an even solution E%, B2,

E2 + BY = +i(w - w,)(EL - BL), (62¢)

E2 - B2 = +i(w +w,)(EL + BL). (62d)
The scaling factors in Eqs. (62) are chosen so that all
variables remain finite for all choices of w.

The duality maps in the form of Eqgs. (62) offer several
insights. First, they parallel the electric-magnetic duality of
Maxwell equations, which, as noted above, is difficult to
see in the language of master functions and Darboux
transformations. Unlike in the Maxwell case, however,
the maps now mix the electric and magnetic variables. In
the self-dual limit, when M — 0 and w, — oo, the duality
maps reduce to the well-known electric-magnetic duality
for the metric on the backgrounds of maximally symmetric
spaces [18,36,49-52]. In terms of the master functions, this
limit yields the same potentials for both channels, as was
mentioned in Sec. IV C, namely,

Second, the duality maps of Egs. (62) are simple trans-
formations that do not have any radial dependence or
derivatives. This is in contrast with the Darboux maps,
which are expressed in terms of the r-dependent first-order
linear operators, resulting from the master function for-
malism and the demand for the potential to be w-indepen-
dent. Third, the duality maps of Egs. (62) make the
noninvertibility at > = w? transparent, since the variables
onto which the duality acts naturally are precisely the
variables that vanish for the algebraically special solutions.
As in the Maxwell case, any one of Eqgs. (60) can be used as
an even channel master equation, and any of Eqgs. (61) can
be used as an odd channel master equation, as long as
®* # w?. This is due to the fact that, at ®*> = w2, the maps
between the relevant variables can be singular, as can be
inferred from the discussion of Sec. III B. This is made
more transparent in Appendix B.

2. The Reissner-Nordstrom black hole

Next, we consider the coupled Einstein-Maxwell equa-
tions

1.
Rab = Agab + K2 (Tab - 5 T* cgab> ’ (648')
V, F =0, (64b)
with the energy-momentum tensor given by
1 cd c
Toy == F“Fcqgap — FacF*a- (65)

4

We are interested in the solutions of the Reissner-
Nordstrom type with

2M A 2
f(r)ZK—T—§r2+7, (663)
2
Aydx? = v, . (66b)
Kr

Here, Q, is the electric charge and x is the coupling
constant between gravity and the Maxwell field. For
convenience, we define

o
M’

Qo (67a)

AR = % {1 + \/1 +40%(u - 2K)} . (67b)

In both the even and the odd channels of perturbations, the
analysis splits into two independent sectors of mixed
metric-Maxwell perturbations, denoted by the superscripts
(+) and (—). The four independent equations of motion are
organized into two Darboux pairs. In the (4) sector, we
have

LELOY Y () = (@ — ot (0. (68a)
LAOLY Yy (r) = (0 — f, W (r).  (68b)

In the (—) sector, we have
LOLOYT (1) = (@~ ot 7 (). (69a)
LOLY YO (r) = (@0 = 0F_ ) (r) (69b)

The operators Lf> are defined through Egs. (38) and (43)
with
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a)<i) = s (70)

6M
HpE) :ﬂ—2K+7A<i>, (71)

where w, is defined in Eq. (49). An explicit calculation
shows that the corresponding set of algebraically special
solutions [see Eq. (42)] is consistent with the ansatz of
Eq. (34), where it should be emphasized that there are now
two sets of pairwise opposite algebraically special frequen-
cies where the solution can be algebraically special,
namely, ® = to) and @ = two_).
In the zero-charge limit O, — 0, we have

0, —0: AY) -1, (72a)
A -0, (72b)
and, consequently,
0, —0: oy — o, (73a)
w(_) = 0. (73b)

The (+) sector reduces to purely metric perturbations and
the corresponding Darboux pair, whereas the (—) sector
exhibits the self-dual behavior in the sense of Sec. IV C. As
a consequence, the master potentials for the Maxwell
perturbations in this limit coincide [see Eq. (48)].

For the charged case, we do not present a full analysis in
terms of the electric and magnetic variables. Due to the
nontrivial dependence of F,, on the linearized diffeo-
morphisms, it is difficult to find “natural” gauge-invariant
variables corresponding to electric- and magnetic-like
fields that would make the duality structure more trans-
parent. Nevertheless, Chandrasekhar’s original treatment
using the Newman-Penrose formalism [9,59] suggests that
such variables should exist.

3. The linear axion model

In this section, we turn our attention to a simple model of
4d Einstein gravity with two minimally coupled massless
scalar fields (axions), @, and ®,. We consider a planar
black hole (K = 0) in asymptotically anti—de Sitter space,
with the scalar fields varying linearly along the boundary
coordinates. This is the linear axion model introduced in
Ref. [17]." For simplicity, we choose ¥ = ¢/*¢ and y = k>
in the (t, r,y,z) coordinate system, and rescale the cos-
mological constant to equal A = —3. The equations of
motion are then

'We do not consider the Maxwell field in this section.

Rup = =39ap + Tap _%chgabv (74a)
V. Ve, =0, (74b)
where
yoo 1 : 1
T,, = _Zguh(aaq)(i)a @) + Eauq)(i)ahq)(i)» (75a)
Ty =T +T5. (75b)
The solutions of interest are
oM m? )
fr)=——==—+r, (76a)
O, = my, (76b)
®, = mz. (76¢)

Note that the background retains the d, and 9, isometries
even in the presence of the translational-symmetry-break-
ing parameter m.

As in the previous cases, we perturb the metric, as well as
the scalars, @) — ®(;) + 6®@(;. The theory has four
independent channels of perturbations, and four corre-
sponding master functions (see Appendix B for definitions)
obeying the master equation (35) for various potentials. The
channels that reduce to purely scalar perturbations in the
m — 0 limit are controlled by the potentials

2Kk> + m?* + 6r2 = 2£(r)

Vy,z:f(r> 272

(77)

The channels that reduce to purely metric perturbations
in the m — 0 limit form an even/odd Darboux pair,
controlled by

K+ KPm?
W, =i——
12M

(78a)

d(r) = k> +m? + 6TM (78b)
The corresponding algebraically special solutions are con-
sistent with the ansatz of Eq. (34).

The self-dual limit of M — 0 is particularly interesting in
this model [35]. In this limit, the algebraically special
frequency w, diverges, yielding the same master equations
for both the even and the odd channels. The background
geometry retains an event horizon and becomes conformal
to a patch of AdS, x R?, with the equations of motion
enjoying an SL(2,R) x SL(2,R) symmetry. This allows
for a closed-form solution of all the perturbation equations
to be given in terms of hypergeometric functions.
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This self-dual limit was discussed in detail in Ref. [35]
(see also Sec. VD?2), and we do not repeat the analysis
here. It has been noted [17] that the linearized linear axion
model shares many quantitative features with a massive
gravity model [72-74]. We did not investigate the duality
relations in theories of massive gravity, but we have verified
that the algebraically special frequencies coincide with
those of the linear axion model.

E. Pole skipping

The equations of motion for perturbations around a
background in two-derivative theories are second-order
differential equations and therefore have two solutions. At a
horizon (be it the event horizon or the cosmological
horizon), one generally imposes either the ingoing or the
outgoing boundary conditions. Normally, this uniquely
(up to a scaling constant) determines the solution of the
equations of motion at the horizon. Pole skipping [25-29]
(see also [75-86]) is a phenomenon in which such a
solution, however, fails to be unique. That is, we still
retain two linearly independent ingoing solutions. This can
happen at the (Q,, u,,) points, where Q,, is a multiple of the
imaginary Matsubara frequency

Q, = 2zinT, (79)

with 7" being the Hawking temperature of the black hole.
The values of y, at which the pole-skipping phenomenon
exists may be complex.

It was shown in Ref. [13] that the pole-skipping points of
the metric perturbations in the 4d Schwarzschild case split
into an infinite set of pole-skipping points that are common
between both channels, and the algebraically special pole-
skipping points for which (see also Ref. [76])

Q2 = o2, (80)

The same discussion can be immediately generalized to all
scenarios, which can be formulated in terms of Darboux
pairs discussed in Sec. IV D, as long as the function ¢(r) is
analytic and finite at the horizon. If we consider the pole-
skipping points associated with the ingoing boundary
conditions at the outer event horizon of a black hole, this
implies a set of even-channel pole-skipping points

Q =0, nx1l, (81a)
and a set of odd-channel pole-skipping points
Q, =-w,, nx1, (81b)

*Care should be taken when considering the cosmological
horizon, where the temperature is defined with a minus sign
[13,87].

with the remaining pole-skipping points being common to
both channels. The hydrodynamic pole-skipping points at
n =0 and the chaotic pole-skipping point at n = —1
require special attention, and we do not discuss them here
(see Ref. [13]). We note, however, that in the master
function formalism, the chaotic pole-skipping point at n =
—1 emerges when the zero of the algebraically special
solution coincides with the event horizon, i.e., when
¢(ry) = 0 [or, in the case of the Reissner-Nordstrom black
hole, when ¢(*)(ry)¢=)(ry) = 0]. This follows from the
definitions of the even-channel master functions (see
Appendix B), where ¢(r) appears in the denominator.

The fact that the algebraically special solutions at the
Matsubara frequencies exhibit pole skipping is interesting
in and of itself. It emerges from the fact that, in theories
considered in this paper, the ansatz (34) does not have any
logarithmic terms in its Frobenius expansion around the
horizon. While we are not aware to what extent this is
universal, we have failed to find explicit counterexamples.
It would be interesting to better understand the interplay
between pole skipping and algebraically special solutions,
both in 4d and in more dimensions [23,88], building on the
linearized version of the null shock-wave geometry that
originally led to pole skipping and was investigated
in Ref. [25].

V. ASYMPTOTICALLY ANTI-DE SITTER SPACE
AND HOLOGRAPHY

Next, we use the holographic duality to investigate the
role of the gravitational constraints of 4d bulk theories on
their 3d CFT duals without gravity. The black hole
geometries of Eq. (16) are dual to finite temperature states
of the CFT, where the temperature of the CFT is given by
the Hawking temperature. The dualities of Sec. IV translate
onto dualities between the retarded two-point correlators in
the boundary theory. Applications of such dualities in a
holographic setting have been previously studied in
Refs. [7,13,33,45,47,63].

The retarded correlators of the boundary theory are
(almost) completely determined by the spectrum of their
corresponding quasinormal modes. This allows us to cast
the duality structure into the spectral duality relation [7],
which imposes stringent constraints on the quasinormal
modes of the two channels of perturbations. Here, we
perform a detailed analysis of the correlators in the thermal
state in flat 3d Minkowski space, which is dual to the
Schwarzschild black brane. We present a collection of
numerical results that demonstrate the power of discussed
dualities and the spectral duality relation. We then discuss a
state with a nonzero chemical potential dual to a charged
black brane, and also the linear axion model. Moreover, we
describe the physics of the algebraically special solutions
from the point of view of the boundary CFT.

While the majority of the contents of this section
is applicable to spherical and hyperbolic boundary
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geometries, as noted above, we limit ourselves to the flat
K = 0 horizon geometry and adopt the standard set of
coordinates (t,7,y,z), with ¥ = ¢/** and u = k?, where
y = ycos ¢ and z = y sin ¢. Furthermore, we will work in
the radial gauge, where d¢,, = 6A, = 0 and fix the AdS
radius by setting the cosmological constant to A = —3. We
will henceforth refer to the even/odd variables as the
longitudinal/transverse variables, which is more common
in the holographic literature. Note that while, here, we will
rely on the language of the linear response theory, the
results themselves apply directly to the discussion of the
quasinormal modes of asymptotically AdS black holes and
black branes without the need for making any references to
the holographic boundary QFT.

A. Linear response theory and
meromorphic correlators

The discussion of the linearized perturbations around the
bulk black hole can be directly translated into the language
of the linear response theory of the boundary theory in a
thermal state. The main objects of interest are the retarded
two-point correlators (Green’s functions), which describe
the linear response of observables to external sources.
According to the standard holographic dictionary [89-91],
imposing the Dirichlet boundary conditions [at the AdS
boundary (r — o0)] on the bulk metric (or Maxwell field)
allows us to source the boundary energy-momentum tensor
[or the conserved U(1) current] and use small variations to
compute the two-point functions in the thermal state.

Schematically, we define the retarded correlators as

5(0(1)),

Gt 1) =570

(82)

where (O(t)) is a real-time (i.e., causal) thermal expect-
ation value of a (Hermitian) operator O in the presence of a
source J. In terms of the bulk, (O), is the conjugate
momentum of the corresponding dynamical field in the
radial evolution through the bulk (see Ref. [92]), whereas J
is the field’s boundary value. We emphasize the use of the
variational definition of the retarded correlator, in contrast
with the canonical one (see e.g. Ref. [93]). The two
definitions can differ by contact terms (see e.g.
Refs. [37,94]). Importantly, this leads to the fact that the
duality equation, which we use to derive the spectral duality
relation [see Eq. (95) below] is not invariant under the
modification of the correlators by different contact terms.

We now list several relevant properties of retarded
correlators in w-space (see e.g. Refs. [93,95,96]). The

property
G(w)* = G(-o") (83)

allows us to relate the retarded correlator to its correspond-
ing spectral function p(w),

plw) = ———F—. (34)

For diagonal correlators (i.e., for correlators of the form
(OO) rather than (OQ')) and real w, we have the positivity

property
wp(w) > 0. (85)

In a stable and causal theory (see e.g. Ref. [97]), G(@) must
be analytic for Imw > 0. The large-w behavior of G(w) is
that of a power law,

w— o0 G(w)~ o™, (86)

where the limit is taken in any direction of the complex
plane where such a limit exists (see Ref. [37] for a detailed
discussion of this and related complex analytic matters).
Since we are working with massless fields, m will generally
be an integer. Importantly, in thermal large-N theories with
holographic duals, generically, G(®@) have no branch cuts,
only poles in the complex @ plane (see Refs. [30,32,98—
102]). We denote the (typically infinite) set of poles by w,,
so that

G(w,) = . (87)

They correspond to the quasinormal modes of the bulk
fields, defined by the appropriate Dirichlet boundary
conditions. In other words, G(w) are meromorphic func-
tions of @ and have an infinite number of poles in the lower
complex half-plane for real k. Equation (83) then tells us
that unless w,, is imaginary, the poles must appear in pairs
(w,,—®}). In this paper, we assume simple (degree-1)
poles. The final property we make use of is the thermal
product formula of Ref. [32]:

inh -2
p sinh 2

H( _ﬁ)’
a)ﬁ

n

plw) = (88)

which was shown to hold for correlators dual to simple bulk
wave equations. Here, 4 is a positive momentum- and state-
dependent function, which is, most importantly, indepen-
dent of w. The product runs over all the QNMs, including
all of the mirrored (paired) modes. A residue of a pole w,, in
p(w) is then

: w,
w,, sinh 5%

H—— 5
201 (1= 3%)

m#n

(89)

r, =—

Knowing the poles (the QNMs) w,, and their residues r,, is
sufficient for determining the retarded correlator up to a
finite number of constants, namely, the contact terms (see
Sec. V C and Ref. [37]).
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In theories considered here, the three-dimensional metric
on which the boundary theory resides is the regularized
boundary value of the bulk induced metric [see Eq. (3)]:

0 .1
gup = lim 3 ha (1), (90)
and for the gauge field,
AY = limA,(r). (91)
The boundary Levi-Civita tensor is given by
€abe = lim 3 €abcd > (92)
r—0o0 ”"
and the boundary A, is given by

o1
At(l(;j = lim —zAab(r). (93)

Fr—00 |~

Both gi(,),) and Al(zo) are understood as external sources of the
boundary QFT given by the Dirichlet boundary conditions
in AdS. Finally, the boundary harmonics simplify to

Y dx? = ike'*dz, (94a)
X dit = ike*<dy, (94b)
Y o pdx*dx® = %kze"kz(dy2 —dz?), (94c¢)
XapdxtdxB = —k?e'*dyds. (944)

B. General structure of dualities and the
spectral duality relation

As mentioned in Sec. IV, the dualities discussed in this
paper act only on the linearized perturbations, leaving the
background fields intact. Holographically, this is reflected
in the fact that the dualities provide a map between the
correlators evaluated in the same state. Given that the
ingoing behavior at the horizon is preserved by the generic
Darboux maps discussed in Sec. IV B, the response
functions of interest are the retarded (or, equivalently,
advanced) two-point correlators [103].

The number of independent channels of perturbations in
the bulk corresponds to the number of independent retarded
correlators in the boundary theory. Much like the full set of
perturbed equations of motions can be used to reconstruct
all the relevant bulk fields from their respective master
equations, the Ward identities on the boundary can be used
to relate various CFT correlators (see Sec. V C). Suppose
we have a longitudinal/transverse pair of bulk variables that
form a Darboux pair. On the boundary, such a duality will
generically relate some longitudinal and transverse retarded

correlators, G, and G_, respectively, resulting in the
duality equation

G (w,k)G_(w, k) =

—1. (95)

Here, w, is the algebraically special frequency of the
corresponding Darboux pair, which satisfies the following
conditions:

G, (w,) =0, (96a)

G_(—w,) =0. (96b)
The duality equation (95) reflects the fact that the
Darboux maps, defined by differential operators L.,
generically fail to preserve the Dirichlet boundary con-
ditions, together with the fact that they are noninvertible
for ?> = w?. While the exact definitions of G, (w) depend
on the specific case at hand, the duality equation implies
several robust and generic features that will be described
in this section.

The self-dual w, — oo limit of Sec. IV C reduces to a
more familiar form of the duality on the boundary:

G, (0. k)G_(w.k) = —1. (97)

Equation (97) has a clear interpretation in terms of the
boundary CFT as a self-duality of the boundary theory and
its particle-vortex dual [33,104], or its spin-2 analog
[36,52] (see Sec. VC for details). This is because
Eq. (97) is a statement about the Dirichlet boundary
conditions (standard quantization) giving the same (two-
point) correlators as the Neumann boundary conditions
(alternative quantization), albeit with the two channels
swapped. An analogous equation appears also for any
large-N CFT, in any number of spacetime dimensions,
when relating the “same” correlator in two theories related
by the renormalization group flow due to double-trace
deformations of the CFT [105,106]. We discuss this case
extensively in Ref. [37]. No such clear interpretation of the
more general case (95) is presently understood.

Let us now clarify a few formal matters. First, we
suppress the explicit dependence on the momentum, mean-
ing that all the constants that appear will be implicitly
functions of k. Next, we remark that we demand that the
correlators G (w) are defined so that they obey the analytic
properties described in Sec. V A. Importantly, this fixes the
ambiguity of the redefinition

G, () = a(w)G_(w), (98a)
o) = G_(w)
G_(w) (o) (98b)
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Here, we demand that G (w) do not have any poles that do
not correspond to their respective quasinormal modes.
Furthermore, we demand that G.(0) is neither zero nor
infinite.” This constraints a(w) to a holomorphic function
without zeros or poles. Finally, the demand for power-law
asymptotic behavior of Eq. (86) fully constraints a(®) to a
(possibly k-dependent) constant. This is a consequence of
the fact that there exist no nonconstant bounded entire
functions that would have no zeros and be asymptotically
bounded by a polynomial.

The properties of meromorphic retarded correlators
described in Sec. VA, together with the duality relation
(95) and the algebraically special conditions (96) are
sufficient to express the correlators G.(w) in terms of
the following infinite products:

o -
G,(w) = a(— - 1) o (99a)
, W —E
G_(o) 1<w+1)H1_% (99b)
(o) =—(— ,

a \w J

* n Wy

where {w,} and {w,} are the sets of poles in the
longitudinal and the transverse channel, respectively, and
a is real and independent of w. To ensure convergence, the
infinite products above need to be performed as a limiting
procedure that includes all the zeros and poles of the
correlator in a disk centered at the origin of the complex
plane with radius R, taking R — oo.

Plugging the product expansions of Eq. (99) into the
thermal product formula (88) gives the spectral duality
relation [7]

®
S(w) — S(—w) = 2iAsinh—, 100
() = S(-w) = 2isinh 2= (100)
where S(w) is defined as an infinite product
w w w
Sto) = (1+ ) (1-2) (1+2). (o1
()= (14 )L -50) (4 2)- - Gon

which, again, should be taken with respect to concentric disks
centered at the origin, as described above. The function S(®)
contains all the information about the longitudinal- and
transverse-channel spectra. Specifically, its zeros in the lower
complex half-plane describe the longitudinal spectrum,
whereas its zeros in the upper complex half-plane describe
the transverse spectrum. The constant-in-w function A(k) in
Eq. (100) is related to the constant-in-w functions appearing
in the thermal product formula (88) via

3Note that the correlators here are those of conserved currents,
and thus have hydrodynamic poles, which, as k — 0, yield poles
at = 0. We will treat this as a limiting case of the k # 0 results
without encountering any issues.

A:'L‘+

N 102
Pl (102)

or, stated differently,

2= (103)
While p and a, both being Taylor coefficients of retarded
correlators expanded around @ = 0, can be rescaled, 4 is
completely defined by the spectra. In fact, in Sec. V C, we
show how A can be expressed through the spectrum of only a
single channel.

The spectral duality relation (100) presents an incred-
ibly stringent, infinite set of constrains (i.e., “one” for
each w) between the spectra of the longitudinal and
transverse channels. It is immediately clear that one
can express any finite number of QNMs if the remaining
(infinitely many) QNMs are known. Furthermore, the
spectral duality relation is robust in the sense of being
independent of the detailed definitions of G, (w). The
main input from the bulk is the algebraically special
frequency ®,, which appears in the definition of S(w)
in Eq. (101).

Remarkably, starting from the spectrum of one correla-
tor, say, the longitudinal correlator, the above construction
allows us to compute the residues from Eq. (89). This fixes
the retarded correlator. Then, we can use the duality relation
(95) to compute the spectrum of the second correlator, i.e.,
the transverse correlator. We show how this can be done in
detail for the case of the energy-momentum correlators in a
thermal (neutral) state in Sec. V C2. For further, more
general discussions of related matters, we refer the reader
to Ref. [37].

C. The Schwarzschild black brane and
the neutral thermal CFT state

We now begin with our study of the 3d thermal
boundary CFT state, dual to the 4d asymptotically
AdS Schwarzschild black brane of Sec. IV D 1 (the case
with K =0). The only scale in the problem is the
temperature 7. In this setup, we can express the boundary
expectation values of conserved operators in terms of the
bulk curvature tensors (see Refs. [107-109]). More
specifically, it is convenient to write the boundary
U(1) current and the energy-momentum tensor with the
electric components of the curvature tensors [see
Egs. (9a) and (14a)]

(J*) = -y, lim P E4(r), (104a)
(T*) = -y limPE(r), (104b)

where y; and y; are some (arbitrary) normalization
constants. We also note that, provided that Einstein’s
equations are solved, there is no need to renormalize the

066019-16



DUALITY AND FOUR-DIMENSIONAL BLACK HOLES: ...

PHYS. REV. D 112, 066019 (2025)

Weyl tensor with any counterterms to obtain the boundary
energy-momentum tensor, and the definition of
Eq. (104Db) is, at least in the linearized sense, equivalent
to the standard definition in terms of the Brown-York
tensor [110,111]. For the Schwarzschild case, the boun-
dary energy density is expressed as

_ 4T3
€= (T")o=2Myr =yr (T) )

(105)
where (---), represents the expectation value in the
absence of external sources. The boundary charge density
is zero in this (neutral) state, i.e.,

n=(J" =0. (106)
The following (linearized) Ward identities hold:
V,(T%) =0, (107a)
g9 (Taby =0, (107b)
V. (J%) =0, (107¢)

where V,, is the covariant derivative compatible with gES)).

Here, we have used the fact that, in the neutral state, the
current and the energy-momentum tensor decouple. Taking
variational derivatives of Egs. (107) then gives the Ward
identities for the retarded two-point correlators (see e.g.
Refs. [95,112]). Since we are considering an isotropic CFT
state, both the current and the energy-momentum correlators
are completely determined by their respective longitudinal-
and transverse-channel correlators [30].

Instead of working with the boundary metric and the
gauge field, it will prove convenient to work with the
respective “topological currents” associated with the exter-
nal fields. For the external gauge field, this is the (three-
dimensional) Hodge dual of the associated boundary field
strength tensor, and for the metric, it is the Cotton-York
tensor C:

C = e¢9,AY, (108a)

1
cr — v, <Rz“ 9] - ZaﬂR[gm)ek!h. (108b)

R*[g0] and R[¢")] are the boundary Ricci tensor and
scalar, respectively. Both C¢ and C% are invariant with
respect to the gauge transformations and are trivially
conserved for all configurations. Furthermore, the
Cotton-York tensor C* is traceless and invariant under
the conformal transformations of the boundary metric.
Consequently, C* and C* encode all the gauge-invariant
and conformally invariant information about the linearized

boundary sources.! The main convenience of using C* and
C over A,SO) and h(%) lies in the fact that they can be

a

directly expressed via the magnetic parts of the bulk field
curvature tensors [see Egs. (9b) and (14b)]. Namely,

C* = limr*B(r), (109a)
C% — Tim FSB(r). (109b)

r—o0

The fact that the topological current and the Cotton-York
tensor exhibit the same properties as the conserved U(1)
current and the energy-momentum tensor lies at the heart of
why 3d CFTs enjoy a breadth of dualities.

1. The current correlators

Next, we consider the retarded two-point correlators of
the conserved U(1) current. We will use notation that will
make the transition to the discussion of the energy-
momentum tensor natural. We have (we henceforth omit
the expectation value notation for readability)

1
ESE)) — —— 5%, (110a)
vy
1
O — __5p, (110b)
vy
BS(—)) — O = _ikAEO) - ia)Ago), (110c)
BO) = 7 = iwA, (110d)

where S(lP) and Bf) are the boundary values of k€. (r) and
lkBi (r):

YV = iklim&L(r), (111)
BY = iklim B, (r) (112)
+ r—0o0 + ’

We define the longitudinal and the transverse channel
current-current correlators as

1 &Y
Gl =—-———" (113a)
. 0 9
iw B
Q)
Gl = —ia)%. (113b)

Note that, since they are gauge invariant, £, must be
linear in B, and thus the correlators G, are well defined as

4They do not, however, contain the information about the pure
gauge terms, such as the boundary chemical potential.
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simple fractions. The factors of iw assure that G/, have no
poles or zeros at @ = 0 for any given finite k£, which can
be inferred from the Ward identities, as well as from the
positivity (85). Given Egs. (57), the correlators G, obey the
self-duality relation as given in Eq. (97). One can use the Ward
identity (107c¢) to express G7. in the usual way as

1 8(J!
7/jk 5Al‘
y
G = 18 >. (114b)
Y7 6Ay

Before proceeding, we note that the self-duality relation
of the current correlators is in QFT terms related to two
distinct features of the AdS, /CFTj;. First, the swapping of the
Dirichlet (magnetic) boundary conditions with the Neumann
(electric) boundary conditions corresponds to the particle-
vortex duality (or the S-duality) of the boundary theory [104].
Second, the self-duality of the bulk Maxwell equations tells
us that the retarded two-point correlators of the particle-
vortex dual theories are the same [33].

We now turn to the spectra of G7_. At large momenta, the
spectra in both channels are organized into two asymptotic
“Christmas tree” lines. As we lower £, the poles converge to
the imaginary axis in a “zipperlike” manner in through a
sequence of pair-wise pole collisions, as shown in Fig. 1
(see also Ref. [113]). The longitudinal channel features a
hydrodynamic charge diffusion mode gy, with the
dispersion relation

-4 -3 -2 -1 0 1 2 3 4

T T T T T T T T
0
-1t @
-2+ ]
k. —3F @
< o wy
s 8 0t
8 n
= 75 | ]
< <
—6 F o o
7L o o
o o
—8t
o o
Re(w)/2m
FIG. 1. The poles of G, (black squares) and G_ (red diamonds)

at k = 0.1. In both channels, the poles converge to the Matsubara
frequencies at zero momentum. The longitudinal channel exhibits
a hydrodynamic charge diffusion mode.

(l)diff(kz) = —l.DCk2 + O<k4) (115)
The rest of the modes are gapped, and, at finite momentum,
organize themselves into two mirrored asymptotic branches.
The function S(w) contains all the information about poles in
both channels, as is shown in Fig. 2. Note that the diffusive
mode acquires a real part upon collision with an imaginary
pole. We first focus on the zero-momentum limit. In this case,
the correlators can be computed explicitly [33]. This is due to
the self-duality relation (97) and isotropy, which gives

G’ )
— =0 (116)
G’ k=0
Hence,
Gf(w,k:O):—i, (117a)
+ io

G (w.k =0) = iw. (117b)

As already noted in Ref. [7], another way to see this is by
using the spectral duality relation. We can write

S(w, k) = (1 - l) Sgap (@, k).

Wyiff

(118)

where Sg,, contains the information about all gapped
(nonhydrodynamic) modes. Due to isotropy at k = 0,

T T<> T T OT T
10+ o o
o o
o o
o o o
o o
o o
o o
5L o o
o N N o
o N N o
&
L o o
_ M
3 0 ] T E]
z !
= o o 0og o
[}
o o
o i1 o
—5F o o # o o
o [} [u]
o o
o 1] o
o o
o o o o
o o
[u} o
10F | o
Re(w) /27

o k=00l © k=01 © k=1 o k=5

FIG. 2. The zeros of S(w) associated with G.. As we lower
momentum, the asymptotic branches collide with one another,
and poles converge to the Matsubara frequencies in the zero-

momentum limit.

066019-18



DUALITY AND FOUR-DIMENSIONAL BLACK HOLES: ...

PHYS. REV. D 112, 066019 (2025)

Seap(@,0) = S (=0, 0). (119)

Expanding the spectral duality relation for small k, we
obtain the limit

D,
" imk2S (o, k) = sinh

, 120
2T k-0 2T ( )

which enforces that the gapped modes in both channels
limit to the multiples of the negative imaginary Matsubara
frequencies as k — 0. In particular,

o, (k =0) = —2xinT,

n=0,12..  (12la)

w;, (k=0) = =2zinT, n=1,23,.... (121b)

This makes it transparent that the explicit expressions for
the correlators at zero momentum (117) are just the product
expansions from Eq. (99) with all the gapped poles
canceling each other. Indeed, this is the only way that
the expressions in Eq. (117) can be compatible with the
thermal product formula, given that the only way for the
residues to vanish is for the poles to be precisely at the
Matsubara frequencies. This is related to the phenomenon
of pole skipping. This behavior of QNMs is universal in the
self-dual limit of isotropic systems (at k = 0) with one
gapless mode, and can be seen, for example, in the self-dual
limit of the linear axion model as well. We can also deduce
the low-k behavior of the parameter A purely from the
diffusive mode, i.e.,

2T

R —
DK

+ O(kY). (122)

We now turn to finite k. Suppose we work at a large
enough k so that there are no purely damped (imaginary)
QNMs in the spectrum. For convenience, we denote the set
of all the poles with Re(w,) >0 by &, in order of
ascending modulus. At a given momentum, the poles are
organized into asymptotic lines (see Fig. 2)

03" = rp + s, (123a)
so that
@y = 0y 4 Symp(n), (124a)

where r and s are some complex parameters and
Sxymp(n) < C for some constant C. It can be checked
(see Fig. 1) that there is a relative asymptotic displacement
between the longitudinal and transverse channels that
behaves as

. _ r
nlggo[é;ymp(n) - 5asymp(”)] = _5 . (125)

This can then be used to understand the large-w asymp-
totics of the product expansions (99). In particular (see
Ref. [37] for details),

®— Gi(a))~é, (126a)
G (0) ~ w. (126b)

Itis straightforward to see that the same asymptotic behavior
istrue for allmomenta. This allows for the following form of a
partial fraction decomposition (see e.g. Ref. [114]) of both
meromorphic correlators (see also Ref. [101]):

G (0) = 2izn: - _”w’T , (127a)
0] r, 1
GL(w) = gy + p_ = + 2ia? . . (127b
(a)) go +H 2T+ o ; ((1),_1)20) -~ ( )
where the residues are expressed via Eq. (89) as
-1 of
— w;s sinh 5% (128)

o
211 (1 - (2)?)
m#n
G’, is completely determined, up to a k-dependent scaling
constant y, . This allows us to express A(k) in terms of the
longitudinal spectrum

1 3 sinh %
— =1 T A
Ak ST - G

m#n

(129)

and also find a specific constraint on the longitudinal
spectrum by matching the small-@ expansions of both sides
of the thermal product formula (88),

. +
Z sinh gz :i
(1+ '
on T -7 2T
m#n

(130)

This expression holds for any k and is equivalent to the sum
rule derived in our Ref. [7]. With the knowledge of the
longitudinal spectrum, we can now derive the transverse
spectrum by solving

G’ (wy) = 0. (131)
Conversely, we can derive the longitudinal spectrum from the
transverse spectrum by solving

Gl () =0, (132)
where we have to first fix the constant g . This can be done,
for example, with the knowledge of one mode from the
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longitudinal channel. These properties then allow us to
determine each of the spectra from the other, dual spectrum.
We do not present the numerical details of this construction
here, but instead focus on the more interesting case of the
energy-momentum correlators in Sec. V C 3.

2. The energy-momentum tensor correlators: Definitions

The case of the energy-momentum tensor dualities is
both more interesting and more subtle due to the operators’
finite equilibrium expectation value. Here, we can express
the relevant boundary variables as

o _ 1
+ 4}’]" [ 22 .vy)
+&(8g,, — 69..)]. (133a)
1
EO) = (28T, - &8g,.). (133b)
2yr ' o
BY = % [k28g,, + 2wkdg,,
+ a)zéga + (k2 - 6‘)2)59)’)']7 (1330)
k2 -2 2
plo) _ T 20" (ik8g,, + iwdg,.), (133d)

- 4

where E(io) and B(f) are the boundary values of £ and B,

1

EY = SR lmEL (r). (134a)
1

BY = SR limB.(r). (134b)

The prefactors are again set by the normalization of the
harmonics.

We can now define the longitudinal and transverse
channel energy-momentum tensor correlators as

. (0)
2iw E 0)
T _ + | @
G, = FER <—BS?) + a)*> (135a)
k2 =20? (EQD) @
GT = — , 135b
2iw <B@ @ ) ( )

where the prefactors are included to avoid spurious zeros or
poles, guaranteeing that G. have no poles or zeros at @ = 0
or @® = k*/2 for nonzero momenta. Using the duality
relations from Egs. (62), we can conclude that G and G
must obey the duality relation (95), with @, defined as

.7Tk4
a)* =1 —1
6e

(136)

which is equivalent to the expression from Eq. (49). Note
that the definitions (135), along with the algebraically
special ~conditions (30), immediately imply that
Gl (w,) = GL(-w,) = 0. Next, by taking the Ward iden-
tities (107) into account, we can express Gi and G in a
more familiar but less transparent way:

4 [6=g(T"
GT = —— [7V 65< ) _ 2@], (137)
It
4 [ 6J=g(T") 602 -2
G = K2 . 138
yrkt { 891y ey (138)

The explicit expressions in Egs. (135) bring us a step
closer to understanding what dualities in the form of
Eq. (95) mean in thermal field theory. In the self-dual
pure AdS limit, M — 0, we can use the Lorentz invariance
to conclude that

G (. k 2 _ g2
QUL [ L (139)
G (. k)|z—g 2

which, in conjunction with the self-duality relation (97),
gives the conformally invariant forms of the correlators

(G e

TR (140a)
(Ca—

C—at (140b)
This self-duality is the gravitational analog of the S-duality,
where one lets the boundary metric vary, which exchanges
the conserved energy-momentum tensor with the conserved
Cotton-York tensor [36,52,63,108,109]. Holographically,
this again amounts to switching between the Dirichlet and
Neumann boundary conditions for the metric. Turning on
the temperature is accompanied by the emergence of the
algebraically special structure, which, at present, is not
understood in terms of the boundary QFT. We note that the
expressions (135), in conjunction with the duality relation
(95), can be interpreted as the fact that, at the level of the
linearized theory, the Dirichlet boundary conditions

(Bi)) = 0) are equivalent to mixed boundary conditions:

B E©)
BY :Oc,wzo, (141a)
w + w,
(0) (0)
B E
BO) :0(:%:0, (141b)

w— w,
3. The energy-momentum tensor correlators: Spectra

In this section, we discuss the spectra of the energy-
momentum correlators in the neutral thermal state in detail,
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FIG. 3.

Im (wair — w.)

0.2+
4
—0.2
—0.4

—0.6

-0.8

Left panel: The diffusive mode interpolates the pole-skipping points from Eq. (144) at integer multiples of the negative

imaginary Matsubara frequencies. Right panel: The difference wg;y — @, vanishes at the pole-skipping points, and rapidly decays to zero
as real k is increased. This implies that the function —w, (k) can be used as an excellent large-k approximation of the diffusive dispersion

relation.

and present various numerical results.” We set the temper-
ature to 7 = 1 throughout.

The spectra of both channels split into their respective
hydrodynamic and gapped parts. In the longitudinal chan-
nel, there are no purely imaginary QNMs; therefore, all of
them come in mirrored pairs of (w,, —®;). The spectrum

contains the hydrodynamic sound mode (see e.g.
Ref. [116])

Wgound = sk — iTk> + O(K?), (142)
and an infinite number of gapped modes wg,, ,, each with

its respective mirrored mode (—wg,, »)*. In Eq. (142), v, is
the speed of sound and I' the attenuation rate. In the
transverse channel, we have one hydrodynamic mode—the
imaginary diffusive mode with the diffusivity D,

@diff = —ka2 + O(k4), (143)

and an infinite number of gapped QNMs wy,, , with their
respective mirrored modes (—@g,, ,)*. As real k increases,
the diffusive mode interpolates through the infinite

sequence of pole-skipping points at (see Refs. [13,76])°

4xT
BRI
V3

forn=20,1,2,..., as shown in Fig. 3.

The complete information about both channels’ QNM
spectra is again contained in S(w), as defined in Eq. (101).
The zeros of the function are shown in Fig. 4. The spectral

w = 2rxinT, k= (144)

>We have used the QNMSpectral Mathematica library [115] to
aid with the numerical computations.

See also Ref. [83] for questions related to this interpolation
problem and the reconstruction of the diffusive mode from the
pole-skipping points.

duality relation can be explicitly verified by using the
numerically computed QNMs. To show this, suppose we
have the knowledge of all the hydrodynamic modes and
Nmax lowest-laying gapped modes in both channels. Here,
Nmax counts the modes only in one quadrant of the complex
plane, so the total number of the modes is 3 + 4n,,,,. We
can then approximate S(w) by

Sronl0) = (14 2 ) @)L @) (145)
a)*
where
- () 2)
Wgound wsound @diff
(146a)
SEP (1) = m“(l_ © )(HL*)
rg a)gap,n (wgap,n)
w w
x (1 4+— )(1— — *) (146b)
< Dgap,n (@gap.n)

In the limit of 7,,,, — co, the odd part of S, (@) obeys the
spectral duality relation (100), as demonstrated in Fig. 5.

With the hydrodynamic dispersion relations from
Egs. (142) and (143) in hand, one can now expand the
spectral duality relation for small momenta and get a fixed
ratio between the diffusivity and the attenuation rate of the
sound mode [7]:

~=2

T (147)

This can also be seen as a statement about the vanishing
bulk viscosity. While this is the case in all 3d CFTs that
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-20 o o
—30 = o
Il Il
—20 —10 0 10 20
Re(w)

FIG. 4. The zeros of S(w) for the energy-momentum tensor
correlators at k = 5. The lower complex half-plane contains the
longitudinal spectrum (squares), whereas the upper complex half-
plane contains the transverse spectrum (diamonds). The set of all
zeros is split into the hydrodynamic modes (filled), gapped modes
(empty), and the algebraically special frequency (red dot), which
acts as a “faux longitudinal mode.” The dependence of the sound
modes on real k € [0, 14] is shown with a black line.

admit a hydrodynamic description, the result here does not
rely on a specific construction of the hydrodynamic low-
energy effective theory. One can similarly derive the low-
energy behavior of the parameter 1 as

A== O®(k™D). (148)

iw,

The asymptotic behavior of the gapped modes is the
same in both channels, with

a)giap.n = a);symp =+ 5aisymp(n)v (149)

where ;" is known analytically from calculations using
the WKB approximation [117,118]. To subleading order in
large n,

|l

S (1) = S (—iw)  —— 2| | sin?

2[AlF

/N
2\ 2 : \\

FIG. 5. Numerical verification of the spectral duality relation (100)
for k =5 and ng, =0, 3, 5, 10, 20. Here, @ is imaginary for
illustrative purposes. Itis clear that the odd partof S, (@) converges
to the sine function, satisfying the spectral duality relation.

In4
@™ = 2T | (V3 =30+ 1 — i |,
T

(150)

and it can be checked that &5,,,,(n) vanishes for n — oco.
Then, using the product expansion of retarded correlators
(99), it follows that at large (complex) m, we have

w — 0 GL(w) ~a°, (151a)

GL(w) ~ w?, (151b)
which can also be understood from the low-energy part of
the spectrum, since the asymptotic gapped modes effec-
tively cancel one another when considering large o (see
Ref. [37] for details). Therefore we can express the retarded
correlators in terms of the partial fraction decomposition:

+
Tw) =2 |2 152
G (w) lznjwn[w_w; ot |’ (152a)
GT () = ’2”—T‘ (@ + o) + g5 (@* — ?) + (152b)

re @’ w3
20 1 - * , 152
Y2y Lo—w; w*mg] (152¢)

n

with the residues again expressed via the thermal product
formula [cf. Eq. (89)]:
w;; sinh

201 (- (22

m#n

I = (153)

The longitudinal channel correlator is completely deter-
mined by one k-dependent parameter 4, that appears in the
thermal product formula. On the other hand, the transverse
channel correlator contains a k-dependent real parameter g5,
which has to be fixed by some independent means and
therefore requires “more information” to specify than the

066019-22



DUALITY AND FOUR-DIMENSIONAL BLACK HOLES: ...

PHYS. REV. D 112, 066019 (2025)

longitudinal correlator. Focusing on the longitudinal correla-
tor, one can expand Eq. (152a) for small w and use Eq. (102) to
express 4 purely in terms of @, and the longitudinal spectrum,

.
1 sinh 3z

=iy ——. (154)
A(k) ; (l—wfz)l;[[l—(ﬁ)z]

One can similarly write a (sum rule [7]) constraint on the
longitudinal spectrum that holds for all k as

5 sinh%e 1
o[-0 2T

m#n

(155)

We now demonstrate how to express the spectrum in one
channel in terms of the spectrum from the other channel. To
do so, we use the partial fraction decompositions of the
correlators [cf. Egs. (152)]. Suppose we have the knowledge
of the hydrodynamic modes as well as the first n,,,,, gapped
modes. As was noted in Ref. [32], the convergence of the
calculation in terms of n,,,, radically improves by taking into
account the asymptotic expansion in Eq. (150). While there
are several ways of approaching the problem, we present
what we have found to be particularly convenient.

We first focus on the spectral function p(w) (this can be
done in either of the channels). We approximate the unknown
modes by using the asymptotic expansion (150), i.e.,

asymp
Wgap n ~ Wy ,

N> Ao (156)
Now let A denote the set of the first 2g + ny,, lowest-laying
modes, where ny,, is the number of the hydrodynamic modes.
That means thatitincludes g, , and its mirror image, but no
modes with a larger modulus. We can then approximate the
spectral function in a way which takes into account the
infinite number of asymptotic modes. Specifically, we can
express the “truncated” spectral function as

H(w;ny,y) usinhsx
T max 21
o (@) ~ . sy
H(0:np) T (1-%)
w, €A "

with
A=, (159a)
B =aT(V3-3i). (159b)

The residues of the known modes are then well approximated
with

"~ H(w,; Niax) w, sinh (160)
HOsmmax) 2 [T (1-2)
o, € A\{w,} "

Next, we use the approximate modes (156) with their
respective residues (160) in the expansions (152). We can
then express the transverse spectrum @, by numerically
solving the following equation:

T —
Gilon) _, (161)
-
Note that this expression is independent of u, , and therefore
the knowledge of the longitudinal spectrum is enough to
completely determine the transverse spectrum. The trans-
verse correlator, on the other hand, has a free constant g_(k),
which, as discussed above, has to be fixed by independent
means. The longitudinal spectrum w;} is then determined by
the transverse spectrum by numerically solving

GL(wy)

=0. 162
w + o* (162)

For our numerical demonstration, we have used the
partial fraction expansion from Egs. (152) that includes a
sum over ¢ = 100 gapped modes along with their mirror
images. Figures 6 and 7 show the errors, which rapidly
decrease to below 0.1%.

Interestingly, a remarkably good approximation for the
diffusive mode can be constructed using only the hydro-
dynamic sound mode dispersion relation w, and the k-
independent asymptotic expansion from Eq. (150). We do
this by setting n,,, = 0, i.e., by approximating all the
gapped modes as in Eq. (156). In this way, we approximate
the longitudinal channel spectral function by

_H(®;0) p sinh 5%
TH(0.0) [1- G2 - (2]

Dsound Dyound

Pl (w) (163)

The residues r, of p’(w) can be expressed analytically.
However, for conciseness, we do not write them here. A
partial fraction decomposition of G’ (w) can then be
performed in the sense of Eq. (152a), using the two sound
modes and the approximated gapped QNMs. The approxi-
mate diffusive mode @0« can then be computed numeri-
cally via Eq. (161). Remarkably, it agrees with the exact
diffusive mode to the accuracy of 1% for k < 9. Beyond this
point, —®, becomes a good approximation (cf. Fig. 3). We
can therefore glue the two expressions together to express
(numerically) the hydrodynamic diffusive dispersion rela-
tion for all & to the accuracy of 1%. This is shown in Fig. 8.
We have not attempted to analytically sum the partial
fraction expansion in this case, nor did we tackle the
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1Ogl() 5diff(nmax)
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—92L
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e k=1 o k=2 o k=3 e k=4 o k=5

logy 6, (Tmax)

. . . Nanas
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—9216

_4> o.'-
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_sl :
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FIG. 6. The plots show the relative error between the “accurate” numerically computed transverse channel modes (for different
momenta k) and the ones computed from the 2n,,,, + 2 longitudinal spectrum modes. In the left panel, the relative error S (e ) =
|1 = @qifr / @qis¢| is shown for the hydrodynamic diffusive mode @g;s;. In the right panel, the relative error &7 (pmax) = [1 = @5y /@ 1|

is plotted for the first transverse gapped mode @y, .

problem in terms of a small-k expansion. It would,
however, be very interesting to see whether one can indeed
express the diffusion constant analytically in terms of the
sound mode w, and the asymptotic large-w behavior of the
QNMs alone.

D. Beyond the Schwarzschild black brane

In the previous subsection, we have demonstrated how
dualities in the bulk constrain the thermal bulk QNM
spectra and at the same time the boundary correlators. Here,
we comment on more general setups, which can be treated
in an analogous manner. Above, it was helpful for the
analysis to be able to express the dualities in terms of
“natural” electric and magnetic components of the electro-
magnetic field strength tensor and the Weyl tensor. For a

log;o 5T(W/max)

. . . -
5 10 15 2

926

4t o

ol IR

I

o k=1 o =2 o =3 e k=4 o k=5

FIG.7. The plot shows the relative error between the “accurate”
numerically computed first gapped mode in the longitudinal
channel and the one computed from 2n,, + 1 transverse
spectrum modes. As in Fig. 6, the relative error is defined as
81 (Mmax) = |1 = @ gy 1/ @gyp |- The constant g was fixed using
the hydrodynamic sound mode.

CFT with a finite chemical potential dual to a charged
Reissner-Nordstrom black brane, or in the linear axion
model, such an analysis is significantly more involved, and
we do not present it here. Nevertheless, we make several
comments about both cases. Note that we did not verify the
spectral duality relation for these cases explicitly. It has
been recently verified, however, that the thermal product
formula holds for correlators dual to a specific decoupled
sector of perturbations [119], suggesting the validity of the
analysis presented here.

Interestingly, the @, — oo limit in both the charged and
the axion cases corresponds to the limit where the equi-
librium expectation values of the corresponding operators
vanish. The self-duality of the U(1) current coincides with
the vanishing of the charge density, whereas the self-duality
of the metric perturbations coincides with the vanishing of
the energy density, even in the presence of an event

0.02 +
0.01+
0 ! ! ! ! . ) k
2 4 8 10 12 14
=001 — 1 —w, Jwa
—-0.02+ —— 1- wapprox/wdiff
FIG. 8. The figure depicts various relative errors that appear in

the approximation of the hydrodynamic diffusive mode. In blue,
we show the relative error that arises from using w,. In red, we
show the relative error that arises from using the approximation
that includes the hydrodynamic sound mode, the asymptotic
expansion (150), and w,. Their appropriate gluing is shown in
black. The approximation fits the “exact” numerically computed
diffusive mode within the accuracy of 1%.
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horizon. We suspect that this behavior might be universal
whenever such dualities are present.

1. Finite chemical potential state and the
Reissner-Nordstrom black brane

We first focus on the finite charge density case. The bulk-
boundary dictionary relating the bulk curvature tensors and
boundary quantities [see Eqs. (104) and (109)] can be
checked to be valid in this case as well. The U(1) current
and the energy-momentum tensor now couple at the level of
two-point functions. That is, the cross-correlator (TJ) # 0,
and the duality maps, expressed in Sec. [V D 2, now act on
some mixed correlators. While the explicit form of those
correlators can be derived from the master functions (see
Appendix B), we do not present them here. The corre-
sponding 4d QNM spectra were studied in a large number
of works, including Refs. [115,120-122].

For the sake of completeness, we write down the
boundary thermodynamic relations (see e.g. Ref. [123]).
The boundary energy and charge density are

g = (T"), = 2yM, (164a)

n= <Jt>0 = \/EyKQev (164b)

and are related to the temperature 7" and the chemical
potential x by the following relations:

€ po (1 )2 3
SV , 165
Y@l 2 <4;;T> B (1652)
n_ _p -t 165b
y(4nT)? PO 4T ( )

where rq = (4xT)p, is the position of the outer event
horizon, given by

1 ki )2
=—11 1+6(— .
w=s(1+1+e(a) )
In terms of the boundary variables, the corresponding
algebraically special frequencies are given by

k1 1 8/n\%2,
=i (e o (B k
P~ Ve (2 179\

2. The linear axion model

(166)

-1
(167)

We now turn to the linear axion case. As in the charged
case, we do not provide explicit expressions for

'Note that, due to coupling between the metric and the
Maxwell field, there is only one overall normalisation constant
y supplemented by the Maxwell coupling «.

the boundary correlators on which the dualities of
Sec. IV D 3 act. For the sake of completeness, we write
down the boundary thermodynamic variables in the axion
case as well. The energy density and the temperature are
related through

mo(mé - mz)

€ =2yM = , 168
M=r—" 5 (168)
with
4nT + \/6m® + (42T)
_AnT + 6m+(7t)’ (169)

m
0 3\/5

where we note that, in this case, additional counterterms
are necessary in the expression for the boundary energy-
momentum tensor (104b). The algebraically special
frequency is

K+ kPm?

W, =iy = ) (170)
which agrees with the pole-skipping analysis of Ref. [124].
The limit of vanishing energy density gives the self-dual
limit of @, — oo, where the duality equation (95) reduces to
the self-dual relation from Eq. (97). This limit allows for
explicit computations of all correlators and was discussed in
detail in Ref. [35]. At the self-dual point of the theory,
we have

m = my, (171a)
g=0, (171b)
my
T=—F+, 171c
WP (171c)
which enables us to directly compute S(w):

S(@) = 1 + i sinh (172)

) = iAsinh —.

2T

This explicitly verifies the spectral duality relation (100). For
both the energy-momentum sector and the U(1) sector, we
can express

1

1= ()

A=-—
e
COS2

(173)

At zero momentum, the QNM:s in the spectrum again limit to
the multiples of the negative imaginary Matsubara frequen-
cies in the same way as in the spectrum of the current
correlators in a neutral state. This was discussed in
Sec. VC1 and in Ref. [7].
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One can also write down the corresponding S(w) for the
two-point functions of the scalar primaries dual to the bulk
axions, finding

1
A=-—

. (174)
cosh%,/7 + ()2

Here, the spectral duality relation relates the spectra of two
theories related by a double-trace deformation, or, in
holographic terms, theories with the Dirichlet and
Neumann boundary conditions, respectively. This is dis-
cussed at length in Ref. [37]. Note that in this case, no
gapless hydrodynamic mode exists, and therefore the
spectra do not reduce to have @ given by the multiples
of the Matsubara frequencies at zero momentum.

E. Algebraically special solutions and the
boundary interpretation

It can readily be seen from the definition of S(w)
[cf. Eq. (101)], as well as the analysis of Sec. V C, that
the most crucial piece of information extracted from the
bulk physics is the algebraically special frequency ..
While the definitions of the correlators have to be extracted
from bulk physics as well, most of the interesting physics of
the boundary QFT can be studied without those details.
Therefore, it is important to understand the meaning of the
algebraically special frequency from the boundary point of
view. Discussions similar to the present here have appeared
in Refs. [45,47,48,125].

The algebraically special condition on the boundary is
the condition that gives G, (w.) =G_(-w,) =0. To
formulate this without the detailed definitions of the
correlators, we suppose that the boundary energy-momen-
tum and Cotton-York tensors are given by the electric and
magnetic parts of the Weyl tensor, respectively [see
Egs. (104b) and (109b)]. We can then take the limit of
Eq. (30) to the boundary in the presence of a set of external
sources J [45], ﬁnding8

(T, = ¢te,Clb), (175)
In the context of this paper, Eq. (175) can be interpreted as a
defining equation for w, in the sense that its solutions will
exist at @ = +w,. In terms of the retarded two-point
correlators, schematically, this means that

(') (') sCb)
A d>’rsgcd+Z—< 5 15—t (176)

——069ca>
59 8Gea ©

where j; € J are the sources of all the operators that couple
to T% at the level of two-point functions in a given state.

$Here, the spatial traceless part of a tensor is defined through
Eq. (6), using the regularized boundary projector (93).

The right-hand side of Eq. (176) is evaluated through the
definition of the Cotton-York tensor (108b). The following
statement can then be made: If there exists such a
configuration of the sources dg and 6j (for a given w
and k), so that Eq. (176) is satisfied, then that configuration
corresponds to a bulk algebraically special solution. At
present, it is unclear what this means purely in terms of the
quantum or thermal field theory language and why such
solutions should be “special” in a QFT.

VI. DISCUSSION AND CONCLUSION

In this paper, we have studied duality relations between
the linearized perturbations in 4d geometries with black
holes. In the case of the asymptotically anti—de Sitter
Schwarzschild black brane, we have demonstrated how
such dualities parallel the well-known electric-magnetic
dualities, endowed with the algebraically special structure.
The interplay between the dualities and the algebraic
structure of spacetimes was explained and related to the
phenomenon of pole skipping [25-27].

For the moment, it is unclear exactly how general are
the dualities discussed in this paper. It is easy to construct
models that break the -electric-magnetic duality of
the Maxwell field explicitly (see e.g. Ref. [126]).
Presumably, various modifications of the action can easily
break the duality structure in pure gravity as well. While we
have focused on “maximally symmetric” black hole geom-
etries, the analysis mostly depends on the two preferred null
directions. Indeed, such dualities exist also on the back-
grounds of Kerr black holes as well [9]. It is therefore likely
that such or similar duality structures will persist for any
Petrov type-D background in the Einstein-Maxwell theory
with massless scalars. Moreover, it would be interesting to
understand why the algebraically special structure in the
models considered is so symmetric between the channels
(the longitudinal and transverse channel having each
other’s negative algebraically special frequencies), and
how that relates to the dualities. Another open question
is whether any analog of the dualities discussed here can be
constructed in higher than four bulk spacetime dimensions.

In asymptotically AdS spaces, the action of the dualities
is quite subtle, and has dramatic consequences for the linear
response theory in the boundary conformal field theory at
finite temperature. Specifically, it implies a relation
between the retarded correlators of the two dual channels.
The spectral duality relation [7], which can be derived from
the general properties of spectra and dual correlators, then
imposes very stringent constraints on those spectra of both
channels. We have used this fact to derive several results.
Most importantly, we have demonstrated how to derive the
full spectrum in one channel from the knowledge of the
spectrum in the other channel. The crucial ingredient is
again the algebraically special frequency provided by the
bulk physics. It would be interesting to gain an analytic
handle on the numerical computations of Sec. V C 3, for
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example, to acquire a good analytic approximation of the
hydrodynamic diffusive mode’s dispersion relation as a
function of the sound mode’s dispersion relation. Another
avenue for future pursuits would be to try and use the
spectral duality relation in combination with known CFT
techniques, such as OPEs and the thermal bootstrap
[127-134].

While we have provided an identity (176) on the retarded
correlators which defines the algebraically special fre-
quency in terms of the boundary physics, a concrete and
physical interpretation of this expression is far from clear.
Furthermore, while the self-dual cases are interpreted as
corresponding to the particle-vortex self-duality or its
gravitational analog, the cases with a finite w, also lack
a clear interpretation in the language of (quantum) thermal
field theories. Concrete and pressing questions are for
example why such a structure would emerge in a thermal
CFTj; in the first place, and why it is controlled by the
algebraically special frequency. Time and time again, it has
been the gravity side of the holographic duality that
provided us with a clear physical picture in the bulk,
leaving its implications for the dual QFT mysterious. One
such persistent example is the precisely pole-skipping
phenomenon, and, since the contents of this work and
Ref. [7] are closely related to pole skipping, perhaps
unsurprisingly, the intuitive physical reasons behind the
spectral duality relation and all its many consequences for
now remain a mystery as well.
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APPENDIX A: TREATMENT VIA THE
NEWMAN-PENROSE FORMALISM

The Newman-Penrose (NP) formalism [42] is a refor-
mulation of the 4d Lorentzian geometry in a way that is
adapted to a pair of preferred null vectors. As such, it is
well-suited for exploiting the algebraic structure of space-
times to simplify the equations of motion. Much of the
discussion of Sec. II, specifically, the electric and magnetic
variables, is a reformulation of the objects that naturally

appear in the NP formalism. In its presentation, we follow
the conventions of Ref. [19].

1. The formalism

The core ingredient of the NP formalism is a coordinate-
free tetrad basis of complex null vectors. At every point, we
have two real null vectors, £ and k¢, and two complex null
vectors in a conjugate pair, namely, m“ and m“, where we
use the overline notation for complex conjugation. This is
in order to remain consistent with the standard literature on
the NP formalism. We subject the null vectors to the
following constraints:

£k, = —1, (Ala)

(Alb)

mm, =1,

with all the other inner products being zero. The metric can
then be expressed as

Gab = —2k(oCp) + 2m iy, (A2)
and the projector from Eq. (4) is expressed as
Ay = 2m imy). (A3)
We demand that
Eapeal “kPmeind = i (A4)
and make contact with Sec. II by identifying
=74, (ASa)
k* =19, (A5b)

which is consistent with the orthonormality condition
(Ala). The background values of the null tetrad with
respect to the metric (16) are conveniently (but not
uniquely) chosen as

£49, = ;m (0, - £(r)9,). (A6a)
K9, = 2;@ (0, + £(1,) (A6b)
mao, = \j; (m@( - z%aqﬁ), (A6c)
%9, = f;r (@a}( + i}( a,,,), (A6d)
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where 0 is an arbitrary real parameter that can be chosen for
convenience.

The primary focus is the Weyl tensor, which can be
completely described by the five complex Weyl scalars’

o = Capeak*m"km?, (A7a)
W, = Copeak®?®km?, (A7b)
¥, = C peak®mPince?, (A7c)
Wy = Cupegk®Pimce, (A74d)
W, = Cpeam®Pmce?. (A7e)

The only nonzero background Weyl scalar corresponding
to the metric (16) is W,, which usually denotes the
“Coloumb-like” part of the Weyl tensor

_ r2f(r) = 2rf'(r) + 2f(r) - 2K.

¥
2 1272

(A8)

Suppose now that we have a normalized spacelike vector n?
with n’n, =1, and suppose that we have chosen the
definitions of £ and k“ so that

(ke — £9), (A9a)

1
nt =—
V2
u =-—= s

V2

in accordance with the notation of Sec. IV. We use n? to
decompose the Weyl tensor into its electric E,, and
magnetic B, parts as in Eq. (14). Taking the perturbed
values of the basis vectors into account, we then have

(A9b)

Eyp + By, = Yom,my,
+ V2 (g, + ugimy)
+ Wy (myimy, + mamy, + 2u,uy)
+ V25 (mau, + ugmy)

+ W mymy. (A10)

Holographically, this allows us to express the boundary
energy-momentum tensor and Cotton-York tensors with
Weyl scalars through Egs. (104b) and (109b). Furthermore,
we have

Eapy + iBayy = Yomainy, +WYamemy,, — (All)

°It should be emphasized that the Weyl scalars are not scalars
in the proper sense as they depend on the choice of the basis.

meaning that the quantities £, and B defined in Egs. (26)
are directly related to the Weyl scalars ¥, and .

We now consider the perturbations in the sense of
Sec. IIC. Using the harmonic decomposition of E\,; +
iB ) [see Eq. (20)], it is straightforward to show that

E. —-B i(E B )
wy = BT B BBy gpeon, (a1
E B, —i(E_—-B_) = )
g, = o0 rz’( == B) 3 per, (Al2b)
where
Y(y,p) = r*Y gmmb. (A13)

Here, it is to be understood that we are only considering a
specific mode yu. It is now transparent that the formalism of
electric and magnetic variables utilized in this paper is just a
different point of view on the NP formalism. It is well-
known from the literature, e.g., from Ref. [135], that ¥, and
¥, denote the ingoing and outgoing waves, respectively.
This is then directly transferable to the discussion of
Sec. IID.

2. Algebraically special spacetimes

In this section, we use the NP formalism to list several
well-known statements about the algebraic structure of
spacetimes and connect the statements made in Sec. III with
the ones that appear in related literature.

We begin by introducing the Lorentz transformations on
the null basis (7, k, m,m). Two of them are null rotations
that leave k¢ invariant,

£* > ¢9+ Bin® + Bm® + BBk, (Alda)
ke — ke, (A14b)
m* — m?, (Aldc)

where B is a complex parameter. The corresponding action
on the Weyl scalars is

¥, - ¥, (Al5a)
¥, - ¥, + BY,, (A15b)
¥, - ¥, + 2BY, + B*Y,, (A15¢)
¥, — W, + 3BY, + 3B2Y, + B3Y,, (A15d)
¥, - ¥, +4BY; + 6B>Y, + 4B°Y, + B*¥,.  (Al5e)

Analogously, there are two null rotations that leave £¢
invariant,
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£9 g, (Al6a)
k* - k% + Ein® + Em® + EE¢*,  (A16b)
m® — m4, (Al6c)

where E is, again, a complex parameter. The action of these
rotations on the Weyl scalars is

Y, — ¥, +4EY, + 6E>Y, + 4E3Y; + E*Y,,  (Al7a)
¥, - ¥, + 3EY, + 3E?Y; + E3Y,, (A17b)
¥, -» ¥, + 2EY; + E?Y,, (A17c)
¥; - W5 + EY,, (A17d)
¥, > ¥, (Al7e)

The remaining two Lorentz transformations correspond to
the rescalings of #¢ and k¢, and to the complex rotation of
m“. Those will not be of interest to us here.
The null direction k“ is a principal null direction (PND),
in the sense of Eq. (28), if and only if [43,136]
Y, =0. (A18)
Furthermore, the null direction k“ is degenerate, in the
sense of Eq. (29), if one can perform a null rotation (A14)
so that

Similarly, the null direction ¢ is a PND,
(A20)

and it is degenerate if one can perform a null rotation (A16),
so that

(A21)

Combining the conditions (A19) and (A21) with
the expression (All), we get the condition (30).
Furthermore, by utilizing Eq. (A12), we get Eq. (33).
We can find the principal null directions by performing a
null rotation (A14) and demanding that #¢ is a PND via
Eq. (A20). This amounts to solving
lP4 + 4BlP3 + 6B2"P2 + 4BSlP1 + B4‘P0 == O (AZZ)
for B. If the order of Eq. (A22) is less than 4, then k¢ is a
PND. Specifically, if Eq. (A22) is of order 4 — n, then k¢ is
an n-fold degenerate PND. A completely analogous and

equivalent construction can be made by rotating k“ into a
PND by using the null rotations (A16).
Suppose now that we are working with a type-D back-
ground, which means that we have
‘PO - lPI - lP} - lP4 - O, le ;é O, (A23)
as is the case for the geometries of Eq. (16). Clearly, £¢ and
k* are both doubly degenerate PNDs. Perturbing the metric
Gab = Gap + 0G94, gives linear corrections to the Weyl
scalars,

¥, — 8%, (A24a)
N (A24b)
W, — W, + 5%, (A24c)
¥, - 8V, (A24d)
v, - 8V, (A24e)

where the 6 symbol indicates a linearly small quantity. We
note that, in the case at hand, ¥ and ¥, are independent of
the perturbed null basis and can be reliably computed using
only the background tetrad (A6).

We now attempt to diagnose the algebraic type of the
perturbed spacetime. First, we consider the case of
Y, # 0. Then we can try to find a PND by a null rotation
(A14). For the corrections to the null vector £ to be
linearly small, we have to take the rotation parameter B to
be linearly small as well. However, since W5 is linearly
small, Eq. (A15e) leaves V¥, invariant at the linear order.
Analogous argument can be made for the vector k“ and the
Weyl scalar ¥,. The equations for finding PNDs therefore
have no solutions on the perturbed spacetime. Now we
consider the case of ¥, = 0. We can use the null rotation
(A14) to set W5 to zero via Eq. (A15e). This is possible
because ¥, is nonzero. In this case, ¢ is a doubly
degenerate PND, and the perturbed spacetime can be
considered algebraically special. This proves the state-
ment made in Sec. III B.

There exists extensive literature on the Goldberg-Sachs
theorem within the framework of NP formalism, including
the original paper [42]. Here, we only mention that the
shear-free condition of a null geodesic (32) is translated
into the following expression:

m*m®V ¢, = 0. (A25)

3. Master equations

In the language of variables introduced in Sec. I1 C, it is
very easy to compactly write the equations of motion from
Egs. (60) and (61) as
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F(=id,. r)[Pwo(t.r.x.$)] = 0,

F(i0,, r)[Pyy(t.r.x.¢)] =0,

(A26)
(A27)

with the operator F defined as in Eq. (58). Because the
Weyl scalars are complex-valued, we have substituted @ —
id, to avoid any confusion. A similar form of the equations
of motion to the one above was originally studied by
Chandrasekhar in Ref. [9].

APPENDIX B: MASTER FUNCTIONS AND
MAPS BETWEEN THEM

In this appendix, we write down all the master functions
that, by definition, obey the master equation (35) in all the
cases studied in this paper. Furthermore, we derive and
prove the duality relations of Eqs. (62). Throughout, we
work in the Regge-Wheeler gauge with metric perturba-
tions given by

8Gap = hap(r)Ye ", (Bla)
89an = Va(r)Xpe ™", (B1b)
8gag = r’w(r)yapYe . (Blc)
The electromagnetic field is perturbed by
SA, = Aj(r)Ye @, (B2a)
A, = A= (r)X e, (B2b)

While the resulting variables are not manifestly gauge
invariant since we expressed them in the Regge-Wheeler
gauge, their gauge-invariant forms do exist in literature
[64,660] and can be derived by gauge transformations of
Egs. (B1) and (B2).

1. The Schwarzschild black hole

We first consider the neutral Schwarzschild case of
Sec. IV D 1. The master functions for the Maxwell field,
associated with the potential

et =, 1) (83)

are defined as
§o() = PiwAF (1) + 0,47 (), (Bda)
7-r) = A7) (B4b)

The master equations for the metric form a Darboux pair,
controlled by

- 2K
w, = lﬂ(ﬂle ), (BS)
¢(r):,u—2K—|—6—M, (B6)

a. Proof of the duality relation

Suppose we work on shell, i.e., with the functions that
solve the equations of motion. Within a specific channel of
perturbations, we can find maps between different variables
using first-order differential operators. To illustrate this,
suppose that X(r) and Z(r) are two such variables, and
suppose that X(r) obeys the equation of motion

X"(r) + px(n)X'(r) + qxX(r) = 0. (B8)

On shell, Z(r) can be expressed as a linear combination of
X(r) and X'(r),
Z(r) = a(r)X(r) + p(r)X'(r), (B9)

since higher derivatives of X(r) can be eliminated by using
the equation of motion for X(r). Taking the derivative of
Eq. (B9) and eliminating X”(r), we can write

Z =My X, (B10)

where My is a 2 X 2 matrix

B a(r) B(r)
Mo = (a'(r) = B(r)ax(r) al(r) +p'(r) —ﬁ(r)l?x(r))
(BI1)

and the underlined quantities are column vectors defined as

- ()
- (20)

The inverse map is induced by My, = M}, and the
equation of motion for Z(r) is given by

(B12)

(B13)

Z"(r) + pz(r)Z'(r) + qzZ(r) =0, (B14)
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where p,(r) and g,(r) are acquired by taking the deriva-
tive of Eq. (B10) and eliminating X(r) and all of its
derivatives. The maps between variables and their respec-
tive second-order equations of motion are therefore
encoded in r-dependent 2 x 2 matrices.

In the case at hand, one set of relevant gauge invariant
variables are the master functions y . (r) as defined in
Eq. (B7). The other set are the variables E_(r) and B (r) as
introduced in Eq. (26). We will denote the maps between
them in the following way:

E +B, =M (o)y,. (B15a)
E.-B,=-M (-o)y,. (B15b)
E -B =M_(o)y_. (B15c¢)
E_+B_=M_(-o)y (B15d)

Here, we took into account the fact that y () satisfy time-
reversal-invariant master equations (35), and that the
variables of Egs. (60) and (61) satisfy pairwise time
reversed equations of each other. The matrices M (w)
are induced, in the sense described above, by the following
maps:

sy V() (nf()
E,+B, = [Z (r) +W] w(r) +TW+(T)7
(B16a)
E_-B_= [Z_(r) + 2’;‘;}(5;))} w_(r) + 72_(2)][0) v (r),
(B16b)
where
SN = 6M + (2K — w)E(r)
—Mr(6E(r) —3u+2r*A), (Bl7a)
2rf(r)Z=(r) = 2r&(r) — 6M, (B17b)
with
E(r) =K + ior. (B17¢)

The potentials V_(r) are defined by Eq. (37). The relations
above are far from obvious and have to be derived from
perturbed Einstein’s equations.

Given (E, + B, ) as a solution of Eq. (60a), we can now
express

E,-B,=-M,(~o)M (0)(E, +B,),

(B18)

where the determinant of the map is, remarkably, indepen-
dent of r:

W, + o
det M, (—o)M7(w)] = —. B19
M. ()M (@) =2 (B19)
Similarly, in the odd channel, we have
E -B =M_(o)M'(-0)(E-+B_).  (B20)
where the determinant is again r-independent,
w, —w
det [M_(—w)MZ! = . B21
et [M_(-a)MZ!(w)] P (B21)

This is a reflection of the fact that, at the algebraically
special frequencies, one cannot map from variables that are
zero when the full set of Einstein’s equation is solved. We
emphasize that, while the operators in Egs. (B18) and (B20)
denote nontrivial maps between the variables that satisfy
the time-reversed equations of each other, they do not
change the ingoing on the outgoing nature of the solution.
This is because they provide a map between two different
expressions of the same solution of perturbed Einstein’s
equations.

Now we turn to the Darboux transformations of
Sec. IV B. The operators L. of Eq. (38) induce their
respective 2 x 2 matrices, in the sense described above,

v, =Ly, (B22a)
v_=L_y_ . (B22b)

As a consequence of working on shell, we have
L.L_=L_L, = (& —0?)1. (B23)

Note that L., have no w-dependence. The following can
then be explicitly verified:

M_(w)L_M7!(0) = —i(w + w,)1,  (B24a)

M, (o)L M= (@) = i(0 — ®,)1. (B24b)
These equations are precisely Egs. (62), and the duality
relation between the natural variables E. and B, is
therefore proven.

2. The Reissner-Nordstrom black hole

For the Reissner-Nordstrom black hole considered in
Sec. IV D 2, the perturbations form a Darboux pair in both
the (+) and the (—) sectors, and are controlled by
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Chbve (B25)
P :,,_21(+TMA< ), (B26)

where
0-— 3QM (B27a)

AW = % 1+ \/1 +40%(u—2K)].  (B27b)

The corresponding odd-channel master functions are

A
v =)+ 2 e, o)
where
(1) = 1) + 00, (1) = 20,(r) = 222K g,
(B29)

The corresponding even-channel master functions are

(+)
N o e (G =)
where
pi(r) = ¢i§’(‘r)_¢2<f)(r) <f (’)i';”(r) + rw(r)>, (B31a)

Ay (r) = rPlioAf (r) + 9,A; (r)] -

@w(r). (B31b)

In the (appropriately regularized) zero-charge limit, functions

1//<ii> reduce to y . from Eq. (B7) and y from Eq. (B4).

3. The linear axion model

In the linear axion model considered in Sec. V D 2, there
are two channels of perturbations that reduce to purely
scalar perturbations in the m — 0 limit. They are associated
with the potential

2k* + m? + 6r2 = 2f(r)

Vy,z = f(r) 2,2 > (B?’Z)

with their respective master functions expressed as
@y(r) = ré®@,(r), (B33a)
@.(r) = ré®.(r), (B33b)

where we emphasize that ¢, and ¢, actually mix the
scalar and metric perturbations, and the simple form of the
definitions in Eq. (B33a) is due to working in the Regge-
Wheeler gauge. The channels that reduce to the purely
metric tensor fluctuation channels in the m — 0 limit form
a Darboux pair controlled by

W, =1 —k4 ngmz , (B34)
d(r) = k> +m? + 67M. (B35)
The corresponding master functions are
) = 55 (70" 4 )
+ ﬁ 5P (r), (B36a)
w_(r) = r(vi(r) + iov,(r)) = 2v,(r). (B36b)
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