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One of the key predictions of the standard inflationary paradigm is the quantum mechanical generation
of the transverse and traceless tensor fluctuations due to the rapid accelerated expansion of space, which
later constitute a stochastic background of primordial gravitational waves (GWs). The amplitude of the
(nearly) scale-invariant inflationary tensor power spectrum at large scales provides us with crucial
information about the energy scale of inflation in the case of the minimal inflaton coupling to gravity.
Furthermore, the spectral energy density, Qgw(f), of the GWs at sufficiently small scales (or, large
frequencies f) serves as an important observational probe of postinflationary primordial dynamics. In fact,

the small-scale spectral tilt, ngy = dfi?;“’,

(unknown) postinflationary equation of state (EOS), w, of the Universe; with a softer EOS (w < 1/3)
leading to a red tilt, ngw < 0, while a stiffer EOS (w > 1/3) resulting in a blue tilt, ngw > 0. The
postinflationary dynamics, however, is generically expected to be quite complex, potentially involving a
number of distinct phases. Hence, in this work, we discuss the possibility of multiple sharp transitions,
namely w; — wy - w3 — ... > w,, in the EOS of the postinflationary Universe and compute the
corresponding spectral energy density of the inflationary GWs. We explicitly determine the region of the
parameter space {w;, w,, w3, ..., w,} which leads to a potentially detectable signal in the upcoming GW
detectors, without violating the current constraints.

of the spectral energy density of GWs is sensitive to the
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I. INTRODUCTION

Cosmic inflation [1-14] is currently the leading paradigm
in providing natural initial conditions for the hot big bang
phase [6,15-17]. In the simplest scenario, inflation is
assumed to be sourced by a single (real) scalar field ¢,
called the inflaton field, which rolls slowly down its potential
V(¢), and couples minimally to the Ricci scalar [6,8,9,14].
Of particular importance is the spectrum of (nearly)
scale-invariant scalar perturbations on super-Hubble scales,
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generated via quantum fluctuations due to the rapid accel-
erated expansion of space during inflation [6,18-21]. Upon
their Hubble-entry, the scalar curvature fluctuations induce
the temperature and density inhomogeneities in the primor-
dial plasma, which later grow via gravitational instability,
leading to the formation of the large-scale structure (LSS) in
the Universe [6,16,22-24]. The latest cosmic microwave
background (CMB) observations [25-28] provide strong
support for the single field slow-roll inflationary paradigm.

Another important aspect of the inflationary dynamics
is the quantum mechanical generation of a nearly scale-
invariant spectrum of transverse and traceless tensor
fluctuations [29] on super-Hubble scales. The inflationary
tensor fluctuations, upon their Hubble-entry in the post-
inflationary epochs, constitute a stochastic background of
primordial gravitational waves (GWs) [30-32]. Both scalar
and tensor primordial fluctuations leave distinct imprints on
the CMB, which can be parametrized in terms of two sets of
inflationary observables, namely, the amplitudes and the
spectral indices of the primordial power spectra. In par-
ticular, the parameter space comprising of the scalar
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spectral index ng — 1 and the tensor-to-scalar ratio r is quite
illustrative in ruling out a large class of inflationary models
[8,26,27,33-35]. The latest CMB observations [26,28]
impose constraints on the amplitude of primordial GWs,
expressed as an upper bound on the tensor-to-scalar ratio,
namely, » < 0.036 at 95% confidence, which already
disfavours a large class of single field inflationary models,
see Ref. [35]. Moreover, the inflationary tensor fluctuations
may potentially be important in distinguishing between
different competing frameworks of the prehot big bang
Universe [36-57] observationally.

Since these GWs originate during the prehot big bang
universe and propagate towards the present epoch, they
encode important information about the physical processes
during inflation as well as the postinflationary dynamics of
the Universe. In particular, given that they are generated
due to the exponential expansion during inflation, the
amplitude of the spectral energy density Qgw(f) of the
primordial GWs at large length scales (or small frequencies
f) is related to the energy scale (Hubble scale H) of
inflation [30,31,34,58,59]. Additionally, the spectral index

of Qgw(f), defined by ngw = d?}goilﬁw’ is sensitive to the

equation of state (EOS) of the postinflationary evolution
[31]. In particular, the spectral tilt ngy at small scales (or
high frequencies f) is determined by the (unknown) post-
inflationary EOS w of the primordial Universe prior to the
commencement of the big bang nucleosynthesis (BBN)
[31,34]. A softer EOS (w < 1/3) leads to a red tilt,
ngw < 0, while a stiffer EOS (w > 1/3) results in a blue
tilt, ngw > 0. A combination of the amplitude and tilt of
Qgw(f) across a broad range of frequency bands would
then enable us to probe the dynamics of the early Universe
at energy scales far beyond the reach of the most powerful
terrestrial particle accelerators [31,34,58-63]. Hence the
search for the primordial GWs is often regarded as one of
the key future targets in cosmology.

A number of GW detectors are already operational at
present, while more sensitive and advanced future detec-
tors, both ground-based and space-based, at different
frequency ranges are under construction. The existing
(and upcoming) GW detectors can be primarily classified
into three categories, namely, (i) CMB B-mode polarization
probes operating in the ultralow frequency range
(1078 Hz < £ <107'© Hz), (ii) pulsar timing arrays
(PTAs) sensitive to GWs in the low frequency range
(107 Hz < f <1077 Hz), and (iii) atomic and laser inter-
ferometers operating in the relatively high frequency
range (107> Hz < f < 10° Hz) [64]. Amongst the ultralow
frequency GW detectors, there are CMB probes such
as the BICEP/Keck Array [65], LiteBIRD [66], and
POLARBEAR/Simons Array [67], which are designed
to measure the B-mode polarization of the CMB photons,
induced by the quadrupolar primordial GWs [68,69]. The
recent data release by the PTA observations, such as the
NANOGrav Collaboration [70-72], the EPTA/InPTA

[73-75] and IPTA [76] provide tentative evidence for
the detection of a background of stochastic GWs at low
frequencies [~O(10') nHz range], whose primary origin,
whether astrophysical or primordial, is yet to be established
[77,78]. The currently operational interferometers such as
the advanced Laser Interferometer Gravitational-wave
Observatory (aLIGO) [79,80], Virgo [81], KAGRA [82]
and the upcoming/proposed interferometers, such as the
Laser Interferometer Space Antenna (LISA) [83-85],
Cosmic Explorer (CE) [86], Einstein Telescope (ET)
[87], Big Bang Observer (BBO) [88], and the DECi-hertz
Interferometer Gravitational wave Observatory (DECIGO)
[89,90], will be able to probe the (relatively) large fre-
quency GWs from the early Universe associated with the
small-scale inflationary dynamics, as well as the postinfla-
tionary expansion history of the Universe, prior to the
epoch of QCD phase transition.

During the period of single field slow-roll inflation, the
energy density of the Universe is primarily comprised of
the homogeneous inflaton condensate ¢, which rolls down
its potential V(¢) in a slow terminal speed, thereby driving
the near-exponential expansion of space. If the inflaton
couplings to other external fields are low enough, then
particle production during inflation can be neglected, since
the rapid accelerated expansion of space quickly dilutes
away the decay products. After the end of inflation,
however, the inflaton field begins to oscillate around the
minimum of its potential [91] and begins to transfer its
energy to the particles of external offspring fields that it is
coupled to via parametric resonance [92-96], and/or to the
inflaton inhomogeneities d¢ via self-resonance [when
attractive self-interactions are present in V(¢)] [96-100].
In certain classes of inflation, where the inflaton potential
does not feature a stable minimum, rather it decays to zero
at large field values, particle production via resonance is
absent. However, the inflaton can still decay either pertur-
batively [101] or via the process of instant preheating
[102]. Nevertheless, the offspring fields (and other decay
products) undergo further interaction, scattering and ther-
malization; as a result, the universe eventually transitions to
the radiation-dominated thermal plasma phase (or, the hot
big bang phase) before the commencement of BBN. This
transient phase between the end of inflation and the
beginning of the thermal radiation domination is referred
to as the epoch of reheating, which is supposed to be the
origin of all primordial matter and energy in the Universe
[14,94,96].

A number of comprehensive studies conduced in the past
three decades [92-96,103—109] demonstrate that the physi-
cal processes taking place during reheating is highly
complex, and potentially nonlinear. However, in most
cases, the reheating dynamics can be broadly divided into
three stages: (i) preheating; (ii) backreaction; (iii) thermal-
ization [14,92,94,110]. The initial stage of preheating
usually exhibits rapid and efficient particle production
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via broad parametric resonance [92,94,109]. Eventually,
the backreaction of the produced particles leads to the
complete/partial fragmentation of the coherent inflaton
condensate. Additionally, cosmological redshifting drives
the momenta of produced particles away from the broad
resonance band, thereby shutting the resonance down and
quenching the resonant particle production. This phase is
succeeded by a long and gradual perturbative decay of the
inflaton, as well as the rescattering of decay products.
Hence, the final stage of thermalization is usually the
longest of the three stages, which eventually leads to the hot
big bang phase, as discussed before. If strong attractive
self-interaction of the inflaton field is present, then it can
lead to the formation of quasisolitonic structures like
oscillons, resulting in the production of GWs [96—
100,111-113]. Depending upon the type of inflaton poten-
tial and the inflaton couplings to external fields, the
duration and EOS of each of these phases can be different.

Despite the profusion of theoretical and numerical work
in the field, the epoch of reheating remains observationally
inaccessible at present. In general, there exist two distinct
types of observational probes of the early Universe physics,
namely, (1) primordial relics such as ultralong-lived sol-
itons (e.g., strings, domain walls, oscillons) and (2) propa-
gating primordial messengers (signals) such as primordial
GWs. Furthermore, these primordial GWs may either
originate from the physical processes during reheating or
from an earlier epoch, such as inflation. In this work, we
focus on the GW signal which gets generated during
inflation and propagates towards us, encoding the unknown
primordial dynamics of reheating after inflation. In par-
ticular, the duration of and the EOS during reheating can be
inferred from the spectral energy density of primordial
GWs at higher frequencies [34,59,110]. Furthermore, the
GW spectrum is also influenced by a number of other
factors, such as the anisotropic stress from the free-stream-
ing relativistic neutrinos [114] and the variation in the
effective number of relativistic degrees of freedom through-
out the history of the universe [115—117]. Since our interest
lies with in the gross features of the GW spectrum, we will
not consider these factors in our computation.

There has been a number of interesting papers in the
recent literature [34,59,118-129] investigating the possibil-
ity of probing the epoch of reheating via inflationary GWs,
where the kinematics during reheating is parametrized by
the expansion rate during (~ at the end of) inflation H;,
the temperature achieved at the end of reheating 7,, the
duration and the EOS w,. during reheating. However, a
majority of the papers have primarily assumed a single
(average) EOS, w,., throughout the reheating history.1 As
mentioned earlier, the dynamics of reheating features a
number of complex nonlinear phases, and hence, the

lHowever, see Refs. [59,121] for earlier work involving
multiple primordial equation of states.

universe is likely to have undergone multiple transitions
through different equations of state during reheating
[104,130]. Additionally, the Universe might have under-
gone multiple phase transitions [131-134] after the com-
pletion of reheating in the radiation dominated epoch,
leading to a significant deviation of the EOS from w = 1/3.

Consequently, in this paper, we carry out a thorough
investigation of the spectrum of primordial stochastic
GWs by considering the unknown postinflationary
history of the Universe to have undergone multiple
phases of piecewise (nearly) constant EOS, namely,
wy = wy = w3 — ... > w,. For the sake of simplicity
in calculation, we further assume that the transition
between any two successive epochs is sharp enough to
be modelled as an instantaneous transition. Under the
aforementioned assumptions, we first solve the evolution
equation for the Fourier mode functions of the tensor
fluctuations in different epochs of constant w;, and then use
the Israel junction matching conditions [31,135,136] to
determine the full tensor mode functions. Using the thus
obtained analytical expression for the mode functions, we
finally compute the present-day spectral energy density of
the (first-order) inflationary GWs. We highlight the sub-
space of the parameter space of EOS {w,w»,...w,}, and
the corresponding duration of each epoch of constant w;,
satisfying two conditions: (i) yielding a potentially detect-
able background of stochastic GWs in the upcoming
detectors, such as LISA, BBO, DECIGO, CE, and ET;
while at the same time; (ii) satisfying the constraints
imposed by the already existing GW, CMB, and BBN
observations. To be specific, we provide forecasts for GWs
corresponding to the unknown primordial history of the
Universe comprising of (up to) three different piecewise
constant EOS phases {wy, w,, w3 }. As a concrete example,
we apply our method to determine the parameter space of
the duration of different piecewise constant w; epochs
before the commencement of BBN in the framework
of the recently proposed string theory inspired model of
the postinflationary Universe in Ref. [137], which leads
to a detectable GW background in the aforementioned
detectors.

Our paper is organized as follows. In Sec. II, we first
derive analytical expressions for the tensor mode functions
in the postinflationary epochs using junction matching
conditions, and then move on to compute the correspond-
ing spectral energy density of GWs. Sections III and IV are
dedicated to determining the parameter space of the
multiple equations of states (and their corresponding
duration) which leads to a potentially detectable signal
in the upcoming GW detectors. In Sec. V, we focus on the
postinflationary evolution of the Universe in a specific
(string-inspired) model of the primordial Universe, as
proposed in Ref. [137]. Finally, we spell out the primary
conclusions from our results, and provide further discus-
sions on our work in Sec. VI. Various appendixes provide
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supplementary material to the analysis carried out in the
main sections. For example, we provide a brief review of
the single field slow-roll inflationary dynamics in
Appendix A, including the spectra of scalar and tensor
quantum fluctuations generated during inflation. We also
provide a succinct discussion about the latest CMB con-
straints on the inflationary observables in Appendix A,
which serve as the initial conditions for the postinflationary
evolution. Appendix B discusses analytical solutions of the
Mukhanov-Sasaki equation, while Appendix C shows the
evolution of the scale factor and Hubble parameter in terms
of conformal time. Similarly, Appendix D is dedicated to a
discussion on the energy density of inflationary GWs,
while Appendix E discusses the energy density of photons
and neutrinos.

We work with natural units # = ¢ = 1 throughout this
paper, and define the reduced Planck mass to be
m, = 1//87G = 2.44 x 10'® GeV. The background uni-
verse is considered to be described by the flat Friedmann-
Lemaitre-Robertson-Walker (FLRW) line element, with
metric signature (—,+, +, +). Derivative with respect to
cosmic time “s” is denoted with an overdot (), while
derivative with respect to conformal time “z” is denoted
with an overprime ().

II. PRIMORDIAL GRAVITATIONAL WAVES IN
THE POSTINFLATIONARY UNIVERSE

The rapid accelerated expansion during inflation leads to
the generation of almost scale-invariant primordial tensor
fluctuations on super-Hubble scales, as discussed in
Sec. A 1b. These tensor fluctuations, upon making their
Hubble-entry in the postinflationary (decelerating) epochs,
then propagate as waves and thus, they constitute a
stochastic gravitational wave (GW) background. In this
section, we carry out a detailed study of the evolution of
these primordial tensor fluctuations in the postinflationary
Universe. There has been a number of important papers in the
literature in this direction, e.g., Refs. [34,59,119-121,131], to
quote a few. In particular, we would like to emphasize the work
carried out in Refs. [119] where the authors determined the
parameter space of the postinflationary epoch which leads to a
detectable signal in the aLIGO and LISA GW observatories.
To be specific, their analysis primarily focused on the
estimation of the postinflationary parameter space, such as
the expansion rate during (at the end of) inflation (H;,), the
duration of reheating (characterized by the temperature
achieved at the end of reheating, 7',,), and the EOS during
reheating (w,).

It is important to note that the authors of Ref. [119]
modeled the postinflationary reheating epoch by assuming
a single EOS. However, as mentioned earlier, since the
dynamics of reheating is quite complex, the Universe is
likely to have undergone multiple transitions through
different equations of state during reheating [104,130].
Furthermore, the early Universe might have undergone a

number of phase transitions after the completion of
reheating in the radiation dominated epoch, resulting in
a significant deviation of the EOS from w =1/3.
Therefore, it is important to extend the analysis of
Ref. [119] by allowing for the possibility of multiple
phases of piecewise constant EOS.

Before proceeding to determine the postinflationary
evolution of the tensor fluctuations, let us lay out the
primary assumptions under which we base our analysis of
multiple primordial EOS. Our technique is similar to the
one carried out in Ref. [136] for multiple transitions during
inflation in the context of primordial black hole formation:

(1) We assume the universe to have undergone multiple

sharp (instantaneous) transitions in the EOS, w,
Le., W = wy at T =1); Wy = W3 at T = 75} W3 —
wy at T = 73; and so on, in the postinflationary epoch
before the commencement of BBN. Hence, the EOS
can be written as

Wre(7) = wy + (W —wy)O(7 — 74)
+ (w3 = w,)O(7 = 175)

+ (W —w3)0(z—73) +---. (2.1)
where ©(z — 7,,) is the Heaviside step function;
(2) The inflationary tensor modes are frozen on the
super-Hubble scales, with amplitude /., before
their Hubble entry. Hence, they serve as the initial
conditions for the postinflationary evolution as
hi(fk) = hi,iné hg(fk) =0, (2.2)
where 7, is the conformal time when the tensor mode
of interest with the (comoving) wave number k
enters the comoving Hubble radius. The expression
for h} . . is given by [see Eq. (A22)]

k,in

2 H
hi,inf(f) =1 Fm_p

(2.3)

(3) We match the solutions of the equation of motion of
tensor fluctuations across two adjacent epochs with
different (constant) EOS at the time of the instanta-
neous transition, 7 = 7,,, by using the Israel Junction
conditions [135], i.e.,

héh(rn) = hiﬂ (7,), (Continuity), (2.4)
ht,(z) [ ht (1) le= (Differentiability),
(2.5)

where /7, and h} , correspond to the tensor ampli-
tude before and after the transition, respectively.
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A. Evolution of gravitational waves

First, we solve the equation of motion for the tensor
mode functions in the postinflationary epoch. The action in
Eq. (A19) leads to the field equation,

a =2
hijf +2—hij =V hi; =0, (2.6)
and the corresponding equation for the evolution of Fourier
mode functions (for each polarization) becomes

/!
4 2%};;& + K2h = 0. (2.7)
For an epoch with a constant EOS, say w, the conformal
Hubble parameter can be written as (see Appendix C)

/ H.(t—1.)]"!
H:i:aH:aiHi[l+mj| , (2.8)
a a

[T

where “i” denotes the beginning of the epoch and the
parameter a = 2/(1 +3w). We introduce the variable
y(z) = k/[a(r)H(7)] as the new independent variable in
order to rewrite Eq. (2.7) in the desired form,

@h_adhl

Note that y < 1 for super-Hubble modes and y > 1 for sub-
Hubble modes. Defining f7(x) = x(*"1/2at with x = ay,
we can convert Eq. (2.9) to the following expression:

a2t 1df} (a=1)2
—k g k- Z\fi=0 2.10
A s [ 2 ]fk . (2.10)

which is of the form of a Bessel equation. Hence, the
general solution of this equation can be written in terms of a
linear combination of two independent Bessel functions of
the first kind, J(,_1) (x) and J_(a-y) (x) [138],

hi(y) = ﬁ [Akfm—%) (ay) + BkJ—(a—%)(ay)}? (2.11)
—k
HO) = e [y @) = B (@] 212

The coefficients A; and B, in the solution are obtained by
junction matching conditions at the transitions of two
adjacent epochs as specified in Egs. (2.4) and (2.5).
Specifically, consider a sharp transition from the (n — 1)
th epoch to the nth epoch with the equations of state w(,_y)

2k +2°=k 4 @2t = 0. (2.9) and w,, respectively, at time 7 = 7(,_;). The expression for
dy y dy the corresponding tensor amplitude can be written as
|
Ak.m"(am_%) (amy)+Blel‘]_(am_%) (amy)]
(ay)™ 2 > Y(im-1) R N
hi(y) = " (2.13)
Ak,nJ(,,n,%) ((lnY)+Bk.nJ,(,,n,%) (an}’)]
ap—1 ’ Ym < y < Yns
(@)™ 2
where m =n—1 and y, = k/[a(z,)H(z,)]. Similarly the derivatives of the tensor amplitude is given by
Ak.m‘/(am +%) (amy)_Bk.m']_(am+%) (arrxy>j|
—k ()™ 2 > Y(m-1) R U
i (y) = (2.14)
Ak (g 13y @n3)=Brad (g, 11 (any)}
-k = I s Y £V < Yp
(a,y)™ 2
[
Imposing junction matching conditions (2.4) and (2.5) on g, = J, 1 (@, Ym), f1=J (- (@), (2.17)
Egs. (2.13) and (2.14), we obtain ’ ’
G =J a,— (amym>7 fa=J_ a,—+ (amym)’ (218)
Apngr + Binf1  Arm9r + Biwf> (2.15) (@) (@)
(an_l> - (am_l) ’ '
(anym> 2 (amym) 2 g3 = J(a'l+%> (anym)’ f3 = ‘]—(a,,—}—%) (anym)’ (219)
A nY3 B n A mY4 — B m

kn3 k, f3 =k 94 k, f4 s (216) 9ga = J(am—o—%)(amym)’ f4 = J—(am—k%)(amym)- (2'20)

(@) @) (0t ) @)

where

A slight rearrangement of the terms yields the following
relations between the coefficients before and after transition,
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() ) [Apm(92f3 + Gaf1) + Bew(Fafs — faf1)]

A, = , 2.21
b (@Y ) @D f193+a1f3 (2.21)
B, = (@,9) ™ [Ap (9295 — 291) + Biw(f295 + fa1)] (2.22)
" (amym)(“m‘i) f193 +91f3
Utilizing Egs. (2.21) and (2.22), we can find the coef- J,(y<1)=(y/2)"/T(v+ 1), in the super-Hubble
ficients A, and B, for any epoch in the postinflationary regime. The tensor mode function and its derivative
Universe, except for the first epoch right after the end of on super-Hubble scales take the form
inflation as they have to be calculated using Eq. (2.2). We
stress that the expression for mode functions given in 1 n A 1 1
Eq. (2.11) is applicable at all scales in the postinflationary m kre( )= Ay 2@ T (e + )
Universe, irrespective of whether the mode functions are (@)
sub-Hubble” or super-Hubble, with the junction matching 1B, 2\ 1 (2.24)
conditions having been imposed at the time of sharp e (aey) 2(ae=3) [(—ae+3 )
transition.
. . . . 1 Arey 1
1. Universe with a single equation of 11m hk (V) =—k|Apre D(ant] )W
state during reheating l 2
We begin by providing expressions for the coefficients of —Bire 2ot ! . (2.25)
the tensor mode functions in Eq. (2.11) for the simplest ' (arey)za“"r(—are-i-%)
case, where the postinflationary reheating epoch is char-
acterized by a single constant EOS. Incorporating this into Eq. (2.2), we obtain
(1) Reheating epoch: Assume that the reheating epoch is
characterized by a single effective EOS, wi.. Then, Agre =205 IT (e +1/2) R} Bie=0. (2.26)
the resultant tensor amplitude Eq. (2.11) for reheat-
ing epoch can be written as (i) Radiation-dominated epoch: The tensor mode func-
1 tions in the RD epoch (w = 1/3, a = 1) take the
A _
hk,re (y) - (arey)“w‘: [Ak re‘]((,yre 2) (arey) form
1
+ Bired (gt (@), (2.23) () = oy 0) + Brand 400 (227
where a,, = 2/(1 4+ 3w, ). In order to use the initial
conditions, we need the super-Hubble limits of the The coefficients for this epoch are determined using
tensor mode and its derivative, for which we make use Egs. (2.21) and (2.22) at the end of reheating
of the small argument limit of the Bessel function, (denoted by “rx”),
|
ygi ) ‘](otre 5) ( reyr*)‘] ( ) + J( %)(areyr*>‘]—%(yr*)
Ak,RD 1 Ak,re B (228)
Eg“’ ) ——(yr*)']3( ) +Jl(yr*)‘]—%(yr*)
yﬁ*] ) J(am—%) <areyr*>‘]% (yr*) - J(a,e+%) (areyr*)‘]%(yr*)
Byrp = =17 X Akre . (2.29)
oD RERYACH E ACA VAN CH

re 2

where y,, = k/k,, with k., being the comoving wave number that made its Hubble-entry at the end of reheating (beginning
of radiation domination).

*Note that we do not consider the deep-UV modes that never exited the Hubble-radius during inflation. In this sense, we have a UV
cutoff around kyy = k,. For a thorough discussion on regularization and renormalization of tensor modes, see Refs. [139,140].
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(iii) Matter-dominated epoch: The tensor mode functions in the MD epoch (w = 0, a = 2) take the form

— [AmpJ3(2y) + Bivpd 3(2y)). (2.30)

hi,MD (v) =

1
(2y):

Again, Egs. (2.21) and (2.22) at matter-radiation equality (denoted by “eq”) lead to

3 Ji (yeq)‘]—i(2yeq) + Jﬁ(yeq)‘]
Agmp = Z%qu X {Ak,RD L ( : 3

1(2yeq) }
2Yeq)J5(2yeq) + J3(2yeq)J 5(2eq)
(29eq) = ——(yeq)‘]——<2yeq>:|}
(2eq) + J3(2yeq) 5(27eq)

3
-3
J_1(Veq)J 5
J %(2yeq)J%

+BkRD[ (2.31)

2

(
<2yeq)‘]—§(2yeq)

el )

J‘(yeq)']5(2yeq) —J3 yeq)J3(2yeq) :|

l\t
—
<
('D
\/\_/
/\LJ‘\
‘<
@
el
~—
+
\
/\
<
[}
=}
~— | ~—
~

1
B 2
T Bero L -a(2yeq

2

(2.32)

where yo, = k/keq with k., being the comoving
wave number that made its Hubble-entry at the time
of matter-radiation equality.

2. Universe with multiple equations
of state during reheating

As stressed before, since reheating is a complex phase
involving nonlinear processes, it is natural to represent it by
multiple equation of state parameters, as illustrated in
Fig. 1. We model reheating by multiple epochs of piecewise
constant EOS parameters with sharp (instantaneous) tran-
sitions in between. The procedure to obtain the coefficients
appearing in the solution for the tensor mode functions is
therefore the same as that given in Sec. I A 1, with some
additional (minor) changes that one need to take into
account when considering multiple equations of state
parameters, as detailed below.

The coefficients for the first epoch following the end of
inflation are the same as that given in Eq. (2.26), for
|

|
reheating with single EOS. The main difference comes
while labeling them. For example, if the equation of state of
the first epoch is w;, then the coefficients of the mode
functions are

Ay =2 (ay + 1/2) . By =0, (2.33)

where a; =2/(1 + 3w;). Suppose, there are n epochs
during reheating, each with a constant EOS (w; being the
EOS of the ith epoch, with i € ZT). Then, the coefficients
Ay and By ; corresponding to all subsequent epochs (i > 1)
during reheating need to be computed using Egs. (2.21) and
(2.22). For the sake of completeness, we provide closed-
form expressions for the coefficients at the onset of
radiation domination following the final transition
(i = n), which are different from the ones corresponding
to a single transition as given in Egs. (2.28) and (2.29),
to be

A _ yﬁi_a”) A J(a,,——)<az1yr*)‘] ;( ) + ‘]( )(anyr*)']—%(yr*)
k.RD Sla,,—l)_ ko J__(yr*),]%( ) +Ji (yr*)J_;(yr*)
+ B |: (anyl'*) ( ) 0!,, ( nyr*)J—%<yr*>:| } (2 34)
o J __(yr*)Js(yr*) %(yr*) ) ’ '
B o yﬁi_a” { |:J(a,, 7)( nyr*)‘]%(yr*) - J(a,,+%) (anyr*)']%(yr*):|
R0 e TR J_l<yr*>fg<yr*> +,0m)T 300
J_ a,—4) (X Vs J3 (Ve (o, ) \ X Yrx J1 (Ve
+Bk,n[ b My + il d )” (2.35)
J %(yr*)']*(yr*) %( ) ——(yr*)
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wq Wy e eescsecscscccccsee w:1/3 w=0
Inflation ) Radiation Matter
Rehéating domination domination

FIG. 1.

A schematic depiction of the timeline of the universe with a postinflationary reheating phase consisting of multiple equations

of state. Note, the horizontal length is not a representation of the actual duration.

where a, = 2/(1 + 3w, ). While, the analytical expression
for A mp and By p remains the same as in Egs. (2.31) and
(2.32).

B. Spectral energy density of gravitational waves

A cosmological background of stochastic gravitational
waves at a given time is characterized in terms of the
spectral energy density of GWs, defined as the energy
density of GWs per unit logarithmic wave number interval
relative to the critical energy density of the universe,
pe(t) = 3m%H?(z) at that epoch [141,142], i.e.,

idPGw
pedlnk’

Qow(t. k) = (2.36)

The energy density of GWs obtained from the time-time
component of the energy-momentum tensor 7#, of tensor
fluctuations in the FLRW background (see Appendix D 1) is

Paw(r.%) = =T%(z.%)

m2

= ga(z [Ei(E 2 + (Vhy(e.5)7)

(2.37)

The vacuum expectation value of pgyw (With summation over
the two polarization states) is given by

paw (7) = (0|pgw (7,X)|0)

o / kS @ PRI, (239
8612(1) 2k k

where we used the following Fourier representation of the
tensor operator /;;:

" a3k e s
hij(z )= / 2 |1 ()age ™+ (i (7)) ale %),

A=+,x

(2.39)

and the vacuum state is defined by a;|0) = 0. Using

Eq. (2.38), expression for the GW spectral energy density
becomes

k2
Qew(t. k) =

1 hMT 2
- s P01+ SO0

12 [ (7)?
(2.40)

where P, (7, k) is the postinflationary tensor power spectrum
(at some time 7), defined by

3

Pule. ) = oy (I (O + B (2)P).

52 (2.41)

Considering modes that are deep in the Hubble radius so that
the frequency of GWs is substantially larger than the
expansion rate of the Universe, i.e., k > aH, the second
term inside the square bracket becomes [143,144]

a*H?
+ O( 2 ) ~1.
Therefore, in the sub-Hubble regime, expression for the GW
spectral energy density becomes

L |nt(@)P _
AL

(2.42)

k2

Qaw (7, k) = 1242 () H2(2)

Pz, k), (2.43)

which coincides with the standard Isaacson approximation
[145,146]. We again emphasize that this approximation is
valid as long as the wavelength of GWs are much shorter
than the Hubble radius of the Universe.’

In order to calculate the spectral energy density at the
present epoch, we compute tensor mode functions deep
inside the Hubble radius, in the limit y > 1, during the
MD epoch by making use of the large argument

expansion of Bessel function, namely, J,(v) ~ 1/2/(zy)x
cos(y —v5 —%). Accordingly, Eq. (2.30) reduces to

1o
Henp(y>1)=———

(2y)vAy

[Ax Mp€08(2y) + B mp sin(2y)].
(2.44)

Consequently, the average of the modulus squared value of
tensor amplitude becomes

*In the cosmological context, there are long wavelength tensor
modes comparable to the Hubble scale that might be of
observational relevance. Hence, in general, one needs to derive
the energy-momentum tensor without invoking the frequently
used approximation of high-frequency GWs propagating in flat
background [139,142]. Nevertheless, in this work we will
continue using Eq. (2.43) since we are primarily interested in
high frequency GWs that are deep inside the comoving Hubble
radius in the MD epoch.
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—— 1 1

e wp (v > 1P = ) r lAxmpl? + [Bewmp Pl (2:45)
. aeqHe, a(t)\1/2

Upon  substituting  y(7) = yeq AL = Yeq( ( )) 2 for

deq
T > 7., into the above expression, we can observe that

the term |}y (y > 1)|* « a7, In fact, this is true in

general for any epoch, ie., |hf(y> 1)]*> x a2 This
implies that the tensor amplitude dampens as /} o a™!
due to the expansion of the Universe, irrespective of the
EOS [119]. At late times, as the Universe begins to
accelerate again, no new additional tensor modes become
sub-Hubble in this epoch. Instead, a narrow range of long-
wavelength tensor modes, that had freshly become sub-
Hubble, begin to exit the Hubble radius during this
accelerated epoch. We therefore consider these tensor
modes inaccessible, and only focus on sub-Hubble modes
deep inside the Hubble radius at the onset of the MD epoch.
Substituting Eq. (2.45) and k = y.qacqH,q in Eq. (2.43) we
obtain

YA 1 g*.r* gs 4/3
Qgw (70, k) :Wg’o < ’O)

s rx
1 7~ - H? k\"r
x Q —[AZ > ] int ()7
rad,0 ygq k,MD k,MD m% k*
(2.46)

where g,, g, are the effective number of relativistic degrees
of freedom of the universe in energy density and entropy
density, respectively, with the second subscript in g, and g,
denoting the time of estimation of its value (with “0”
denoting the present epoch). H;,; corresponds to the
Hubble parameter at the Hubble-exit of the CMB pivot
scale during inflation, i.e., H;; = H,. Note that in
Eq. (2.46), the coefficients Ay yp and By yp differ from
Armp and Biyp in Eq. (2.30) by the factor A}, as
discussed in Appendix D 2.

From detection perspective, it is important to character-
ize the GW spectral energy density in terms of the present-
day (physical, as opposed to comoving) frequency of GWs
[64,77,117,119,143]. The present-day frequency f; of a
mode of comoving wave number k is given by

o k o 1 ay
 2rma, 2ma

T Hy, (2.47)

where a; and H, are the scale factor and Hubble parameter
at the time when the mode with comoving wave number k
made its Hubble-entry.

In order for us to mark the beginning and the end of each
postinflationary epoch in our computation, we relate the
present-day frequency of a mode to the temperature at the
time of its Hubble-entry. In a radiation-dominated universe,

the Hubble parameter can be expressed in terms of its
temperature as

prad(T) 1 ﬂz
H*(T) = =——g, 5T 2.48
From the conservation of entropy, we have
(1) 72 _ oD 2.49)
9s,1 T do

By incorporating Egs. (2.48) and (2.49) to Eq. (2.47), one
can relate the temperature 7', of the universe (in GeV) at the
Hubble-entry of a mode to its present-day frequency f; (in
Hz) as [34]

1/3 B 12/ T
Sk 7 43 % 1078 ( 90 9eT4 L) (2.50)
Hz 95T, 90 GeV

Note that the above expression is valid for a radiation-
dominated universe in thermal equilibrium. With reheating
being primarily a nonthermal process, achieving thermal
equilibrium only at the end of it, Eq. (2.50) cannot be used
during reheating. However, we shall be using Eq. (2.50) to
relate the energy scale of the Universe during reheating to
the physical frequency of GWs; where T, is treated as an
effective temperature [related to f; via Eq. (2.50)] which
serves as a proxy for the energy-scale at the Hubble-entry
time of the mode. In fact, to be precise, we can define the
corresponding energy scale of the universe to be

2 1/4
E, = pV4(T,) = (%Q*IJ T,.  (2.51)

Therefore, the present-day frequency of a mode making its
Hubble-entry at an energy scale E; is given by

S o 950\ 1/a [ Ex
— =1.03x%x10 — — . 2.52
Hz X gr) T \Gev (2:52)

Table I lists the present-day frequency of GWs generated at
the Hubble-entry of some of the important cosmological
events (and their corresponding energy scales).

While computing the spectral energy density of GWs, in
order to be concrete we have fixed the energy scale during
inflation to be Ej; = 5.76 x 10" GeV corresponding to
the tensor-to-scalar ratio » = 0.001, which is a target of
next generation CMB experiments. Similarly, in order to be
consistent with the BBN predictions for the abundance of
light nuclei, reheating must end before the onset of BBN,
ie., T,, > Tggy ~ 1 MeV. Therefore, we fix the energy
scale of the universe at the end of reheating to be
E.. =1 GeV(T,, ~045 GeV), which is safely above
the BBN abound. Note that for a given reheating history,
by decreasing the tensor-to-scalar ratio, the probability of
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TABLE 1. Present-day frequencies of primordial GWs generated at different (Hubble-entry) energy scale
corresponding to some of the important events in the thermal history of our Universe.

Event Energy scale (Ey) Present-day frequency f; (Hz)
Matter-radiation equality ~1 eV 1.4 x 10717
Hubble-entry time of CMB pivot scale ~5eV 7.2 x 10717
Onset of BBN ~1.4 MeV 1.8 x 1071
QCD phase transition ~320 MeV 3.7x107°
Electroweak symmetry breaking ~240 GeV 2.7 x 107°

detection of GWs will become lower. Therefore, our
analysis in this work must be treated as a best case scenario
for the detection. By fixing the reheating temperature, we
primarily focus on illustrating how to probe the duration
and EOS of successive epochs during reheating.

By replacing the comoving wave number k£ with the
present-day frequency f;, and denoting the oscillation-

averaged spectral energy density as Qg)\),v( f) instead of
Q(c(;)\)v (f), we obtain

1 g*.r* gS 4/3
2 () = —— ( )

B 96773 9«0 gs,r*
Seq\ 2+ = H;
W Qua0 (22 ) [A2yp + Bp] —2E
X rdd,0< 7 [Atmp + Biwpl m
(2.53)

where h is a dimensionless parameter, related to the
Hubble parameter at the present epoch by Hj, =
100 hkms~! Mpc~!. Values of the relativistic degrees of
freedom at our fixed reheating temperature are
Gixx = Gse = 13.0,9,0 =394, and g¢g,(=3.38. The
present-day density parameter of radiation is h?Qq0 =
4.16 x 107 [see Eq. (E7)]. The spectral-tilt of relic GWs is
defined as [58]

(0)

dIn Qew (/%)
= , 2.54
ngw din f, ( )
which, for a range of frequencies corresponding to modes
making their Hubble-entry at the beginning and end of a
postinflationary cosmic epoch with constant EOS w,
reduces to”* [34]

ngw = 2 (::; %z> , (2.55)

as explicitly demonstrated in Appendix D 3.

“Note that we have ignored contribution from the tiny red-tilt
ny =~ —r/8 of the inflationary tensor modes, since they are very
small for r < 0.001, see Ref. [14].

Figure 2 shows the GW spectral energy density as a
function of the present-day frequency of GWs for the case
of a single constant EOS during reheating. During the MD
epoch, the energy density of relic GWs redshifts faster than
the background density, implying that Qgw (f) exhibits a
red-tilt, with slope ngw ~—2 as determined from
Eq. (2.55). Similarly, Qgw is (nearly) flat for the range
of frequencies corresponding to modes that made their
Hubble-entry in the RD epoch, since the GWs redshift at an
equal rate in comparison to the background radiation.
Finally, the spectrum of those modes that made their
Hubble-entry during reheating can be either blue-tilted,
or flat or red-tilted depending upon the EOS during
reheating. For example, we see a red-tilt for a softer
EOS w,. < 1/3 (black dashed curve), and a blue-tilt for
a stiff-matter phase w,, > 1/3 (solid black curve), while for
radiation like EOS w,, = 1/3 (black dotted curve), the
spectrum is flat, as expected. Therefore, we observe that if
the postinflationary reheating EOS is stiff-matterlike, then
the relic GWs have a greater likelihood of getting detected
by the upcoming GW detectors [34,119,147,148].

Keeping in mind that GW energy density contributes to
the total energy density of the universe, the observations on
the light nuclei abundance impose an upper bound on the
GW energy density during BBN to be [61]

7
Pcw(TeeN) < Apraa(Teen) = 303 (2AN,)Tipy
7
= gpy(TBBN)ANw (2.56)

where AN, is the extra neutrino (relativistic) degrees of
freedom outside the Standard Model from the Standard
Model value N, =3, and p, is the energy density of
photons. Using entropy conversation from Eq. (2.49), we

obtain the expression for the total energy density of
primordial GWs that are sub-Hubble before the BBN to be

PGW(TBBN) _ ( ap )4 _ (gs,TBBN>4/3 (TBBN>4
PGW.0 A4BBN 5.0 Ty

(2.57)

We can further modify Eq. (2.57) using the relation
involving energy density of photons, p,(T) = (#?/15)T*,
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FIG. 2. The spectral energy density of first-order inflationary GWs is shown as a function of the present-day GW frequencies for a
single constant postinflationary EOS during reheating, along with the sensitivity curves of various GW detectors [149], as well as the
BBN constraint. The spectrum is shown for three different possibilities of reheating EOS above f = 10~8 Hz, corresponding to a blue-

tilted stiff matter phase with w,, = 0.8 (solid black), radiative phase with w,

1/3 (dotted black), and softer matterlike phase with

Wy = 0 (dashed black). The tensor-to-scalar ratio has been set to » = 0.001 and the reheating energy scale is fixed at E,, = 1 GeV.
Note, the spectrum depicted in solid line (w,, = 0.8) violates the BBN constraint, in line with Ref. [119]. The maximum frequency
considered here (the rightmost point in the plot) is the UV cutoff frequency, f, = 6.37 x 107 Hz, which corresponds to k, =

4.05 x 10?2 Mpc™! for r = 0.001.

PGW.0 _ /’GW(TBBN)
Pco Py (TseN)

4/3
(g“)) Q. (2.58)
95, Tppn

Using Egs. (2.36) and (2.56), we can rewrite Eq. (2.58) as

gs 4/3
<0> thy.O

s, Tgpn

fﬂ 7
hZ/ dlanGw(To,f) S*ANL,
SBBN 8

=5.64x10°AN, < 1.13x 1075,
(2.59)

where we have used the values 7°Q, o = 2.46 x 107 [see
Eq. (E3)], 950 = 3.94, g5 7,,, = 10.75. The upper bound,
N, < 3.2, is obtained with a 95% C.L. from combining the
deuterium-to-hydrogen ratio along with CMB baryon
density [150]. Equation (2.59) is integrated from the
frequencies of those modes that have entered the comoving
Hubble radius at the onset of BBN (fggy) to those at the
end of inflation (f, ). However, computing the integral each
time for a case of different multiple epochs is computa-
tionally expensive. Therefore, one can incorporate an
analytical approximation as follows. For tensor modes
making their Hubble-entry during a given epoch with
a; =2/(1 + 3w;), the spectral energy density at the present
epoch obeys Q% (f) = Qaw (7o, f)  f2(=%), as can be
inferred from Eq. (2.54). Therefore, the spectral energy
density corresponding to n number of multiple piecewise

constant EOS parameters prior to the BBN can be repre-
sented in terms of a combination of the Heaviside theta
function, as

(1) = QP + | Q2 () - |0(F - 1)
+ |26 (1) - QB (] eF —fu)

ot [Q8 () - QB (N] 0 - f1). (260)
where

. . 2(1-a) : 265513
st = 0o (£) " el (£)
(2.61)

and Q%&,D is a constant with its value given by [34,119]

1 r
QN 2~ = Qo X Ag X 1 =3.64 x 10718 ( —— |2,
GW 5y "rd0 X As X T ) 0.001

(2.62)

Also note that f; is the present-day frequency correspond-
ing to the transition from ith to (i + 1)th epoch and
fn = fre Equation (2.61) can also be written as
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FIG. 3. The spectral energy density (Qgw) of inflationary GWs associated with two (top row), three (middle row) and four (bottom
row) epochs of piecewise constant EOS parameters during reheating. Plots in the left column correspond to scenarios where Qg has a
minimal overlap with the LISA sensitivity curve, while those in the right column belong to scenarios where Qgw has a substantial
overlap with LISA sensitivity region, without violating the existing BBN and alLIGO constraints. The energy scales E; (with i€ Z™)
corresponding to the end of each epoch, are given in the top labels of each plot. The energy scales at the end of reheating and inflation are
the same in all plots, namely, E,, = 1 GeV and E;; = 5.76 x 10" GeV respectively, so as the tensor-to-scalar ratio, » = 0.001. The
maximum frequency considered here (the rightmost point in the plot) is the UV cutoff frequency, f, = 6.37 x 107 Hz, which
corresponds to k, = 4.05 x 10*> Mpc~! for r = 0.001.
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i B - fm
o, —i < T (-
fm+1

m=i

)2(1_(lrn+l):| <f> 2(1-a)
fi '

(2.63)

Therefore, for the case of multiple EOS parameters before radiation domination, one can analytically integrate the BBN

constraint Eq. (2.59), using Eq. (2.63), to obtain

F )\ 20-a) F,_ L\ 20
h2QO.RD|:1n<fr* ) + n {( n 1) _1}+ n—1 {( n 2) _1}
aw fBBN 2(1 _an) fn 2(1 _an—l) n—1

2t () ]
T L S O (4 -1 < 1.13 x107°,
2(1—ay) [ \/fy

where F;’s are defined as

L 2(1—0{,,,“)
Fi H(—f”’> . ief{l.2,...n).  (265)

m=i m+1
Since we consider n number of EOS parameters before
radiation domination, in order to compute the value of F;
using Eq. (2.65), one needs to identify f,,; = f, and
a,.; =1, since the (n+4 1)th epoch is the radiation-
dominated epoch of the hot big bang phase. Therefore,
F, = 1. Furthermore, one should note that whenever w; =
1/3 (prior to the final radiation domination), the contribu-
tion to Eq. (2.64) from that epoch will contain an additional
logarithm term, apart from the already existing logarithm
term in Eq. (2.64).

Figure 3 displays the GW spectral energy density for the
cases of reheating with two, three, and four epochs of
piecewise constant EOS parameters, with each epoch
having a different EOS and duration. The figure helps to
highlight postinflationary scenarios where the predicted
signals for the spectral energy density of GWs have,
approximately, either a minimal overlap (left column) or
maximal overlap (right column) with the LISA sensitivity
curve, without violating the existing alLIGO and BBN
constraints. Hence, it is important to analyze the possible
combinations of EOS parameters and duration of these
epochs resulting in signals that are detectable in the near
future, not only by LISA, but also by other upcoming
GW detectors. Note that the energy scale of inflation
corresponding to a tensor-to-scalar ratio r = 0.001 is
Ep¢ =576 x 10 GeV, as can be inferred from
Eq. (A30) in Appendix A 2. Therefore, the value of the
UV cutoff frequency used in the spectral energy density
plots of this paper can be obtained, by using the relation
between f and E; in Eq. (2.52), to be f, = 6.37 x 10’ Hz.

The case of instantaneously sharp transitions, apart from
being computationally simple, gives a reasonable insight
into the detectable postinflationary properties of the
Universe. However, we must stress that realistic sharp
cosmological transitions are not expected to be instanta-
neous, but rather smooth [59]. Hence, our Qg curves are

(2.64)

not fully accurate for frequencies right around the
transitions.

III. INFLATIONARY GRAVITATIONAL WAVES
AS A PROBE OF THE PRIMORDIAL
EQUATION OF STATE

In this section, we determine the subspace of equation of
state parameters (and their corresponding duration) during
reheating, comprising of two and three epochs of piecewise
constant EOS, which leads to a detectable signal for the
inflationary GWSs in the upcoming GW detectors® such as
LISA, CE, ET, BBO, and DECIGO. These GW detectors
can be classified into three groups based on their optimal
frequency range of operation (see Fig. 4); 1074~10"! Hz
for LISA, 1073-10 Hz for BBO and DECIGO, and
1-10° Hz for aLIGO, CE, and ET [88,153-157]. As
mentioned earlier, all of the following results are obtained
assuming a tensor-to-scalar ratio » = 0.001, and for a fixed
reheating energy scale E,, = 1 GeV. Note that even though
the postinflationary EOS can vary between —1/3 <w < 1,
we restrict ourselves to —0.28 <w < 1 due to computa-
tional limitations associated with the values of EOS closer
to w = —1/3, which lead to divergences in our numerical
computation.

While, in general one should utilize Eq. (2.64) to derive
BBN constraints for multiple epochs of reheating, it is
important to state that plots in this section have been
generated by incorporating the following additional
approximation in order to speed up the computation.
Note that, for the specific choice of parameters used in
our plots, namely, r=0.001, E., =1GeV and
10> GeV < E; < 10'° GeV (where E;’s are the energy
scale of the universe at the time of transition from ith
epoch to the next during reheating), it is easy to see that the
BBN constraint is violated only for stiff-enough values of
wy, especially, since we restrict E; < 10'0 GeV.

Important additional constraints come from the bound on
CMB spectral distortions [151,152] which are more relevant for
relatively lower frequency GW signals in between the CMB and
PTA sensitivity curves.
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FIG. 4. Spectral energy density of inflationary GWs at the present epoch, for the case of a two-epoch reheating scenario, with
r=0.001, E, = 10'° GeV, and E,, = 1 GeV. The solid line corresponds to w; = 1/3 which easily satisfies the BBN constraint (2.59).
Therefore, w; < 1/3, the BBN constraint is guaranteed to be satisfied. However, we find that the BBN constraint is bound to be violated

when w, > 0.417, (the dashed line is plotted for w, = 0.416. The UV cutoff frequency is f, = 6.37 x 107 Hz which corresponds to

k, = 4.05 x 10*2 Mpc™! for r = 0.001.

To illustrate this, let us stick to the case w, < 1/3, for
which the left-hand side of the BBN constraint Eq. (2.64) is
maximum when w; = 1/3 and w, ~ 1, as shown by the
solid line in Fig. 4. In fact, for the specific aforementioned
value of parameters (E, w», E,..), Eq. (2.64) for the solid line
yields 1.86 x 1077 < 1.13 x 107, demonstrating that the
BBN constraint is easily satisfied. In fact, we numerically
find that the BBN constraint is satisfied for w; < 0.416 for
these specific choice of parameters. Since we keep the other
parameters fixed in our plots, we only need to check cases
with w; > 0.417 for plausible violation of BBN constraint.
Therefore, the exercise reduces to looking for the simple case
of single-epoch reheating with a stiff equation of state
(w; 2 0.417), with the peak of the spectrum being located
at the UV-cutoff frequency f = f,. In this regime, following
Ref. [119], a weaker constraint on the parameters can be
obtained by assuming the integral in Eq. (2.59) to be
dominated by the value of Qg at f,, namely,

1
h2QGW(TO’fe) <2(1 —(11)113 X 10_6, fOle >§ (31)

Note that, the above expression is not valid when w; —
(1/3)" (approaching from above). In such a situation the
|

3
h*Qaw (7o, fe) <
<3W1,mm+1

3w —1 —6
(m51)226 x 10,

M)zZG x 1070, 1/3 <w; < W1,min-

integral in Eq. (2.59) will naturally generate a logarithm
term of In (f,/f) for the first epoch. Therefore, the BBN
constraint becomes

1.13 x 1076

ln(fe/fl) ’

where f is the present-day frequency of tensor modes that
entered the Hubble radius at the time of transition from the
first to the second epoch during reheating. Let us proceed to
determine a critical value of wy ., so that as long as
w1 > Wi min > 1/3, Eq. (3.1) remains to be a good approxi-
mation of the BBN constraint Eq. (2.59). wy ;, can be
obtained by imposing

thGW(TOJ[e) < (3.2)

1
S oY B [P
In (fe/fl) ( 1 +3W1,min

) = Wl,min
:1[ In(£,/f))" _1]
3 ln(fe/f1>2_1 ‘

Therefore, we suggest the following simplified prescription
for checking whether the BBN constraint is satisfied in this
specific scenario (choice of r, E;, E.,),

(3.3)

wp > Wl,min’
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FIG.5. The parameter space for two-epoch reheating phase with EOS parameters w; and w, that leads to a potentially detectable GW
signal in the LISA, BBO, DECIGO, CE, ET, and aL.IGO detectors. The gray-shaded region in each plot corresponds to the combination
of w; and w, that violate the BBN constraint, while the maroon-shaded region represents those that are ruled out by the alLIGO null
detection. The energy scale of the universe at the end of the first postinflationary epoch is labeled above in each plot. Note that, the
duration of each epoch (number of e-folds) has been provided opposite to the corresponding EOS axis.
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FIG. 6. The parameter space for three-epoch reheating phase with EOS parameters wy, w,, and ws that leads to a potentially detectable
GW signal in the LISA, BBO, DECIGO, CE, ET, and aLLIGO detectors. The plots are obtained by taking two-dimensional (integrated)
projections of the full three-dimensional subspace of EOS parameters. Energy scales at which the first and second postinflationary
epochs end are given as E; and E,. The duration of each epoch (number of e-folds) has been provided opposite to the corresponding
EOS axis. The projections of the BBN-constrained and aLLIGO-constrained regions are enclosed by the dashed and dotted black lines,
respectively.
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We again emphasize that the weaker BBN constraint,
as given by Eq. (3.1) or (3.4), has been used purely to
avoid computational expenses, and it is applicable for the
choice of parameters used in our plots. Therefore, we
caution the reader that if E; > 10'© GeV (or E,, < 1 GeV,
or both) and if wj, is stiff-enough, which correspond to a
very long stiff dominated epoch with EOS w, then BBN
constraints can be violated, even when w; < 1/3. In this
case, one must use Eq. (2.64) in order to derive accurate
constraints.

The EOS parameter space, {wy, w, }, for reheating with
two epochs is shown in Fig. 5, with E; being the energy
scale of the universe at the transition between the two
epochs. In order for the signal to possess a greater
likelihood of detection with the upcoming GW detectors
(without violating BBN and alLIGO bounds), a higher
value of wj is preferred, as evident from Fig. 5. However,
having higher values of both w; and w, would violate the
BBN constraint given in Eq. (3.4) as indicated by the gray
shaded region. Similarly, the dark maroon-shaded region
represents the subspace outside the BBN constraint
that are ruled out by the null detection of stochastic
GWs by aLLIGO. From Fig. 5, we also notice that with an
increase in the value of E;, the range of values of w, that
leads to a detection in the future detectors actually
decreases; while that of w; becomes relatively uncon-
strained. This is because the physical frequency of GWs
corresponding to the Hubble-entry at the end of the first
epoch during reheating becomes higher than the frequency
ranges of the aforementioned GW detectors. As a result,
these GW detectors fails to put any constraint on w;, as
evident from the plots in the middle and bottom panels of
Fig. 5. Similar things happen for each detector, albeit at
different values of E;. Specifically, the detectable values
of w, for LISA reaches its minimum around E; > 10° GeV.
For BBO and DECIGO, this happens around E; >
10% GeV, while for CE and ET, operating at higher
frequencies, the same takes place around E; > 10'° GeV.

Furthermore, we can also constrain the duration of each
epoch, in terms of the number of e-folds (), correspond-
ing to an EOS (w), given the energy scales at the beginning
(E;) and end (Ey) of that epoch. Since the energy density

=3(14w)

scales as p~ E* x a , the relation between N and w

is given by

N = ln<ﬂ> = Lln<ﬂ>
a; 3(1+w) \Ef
Accordingly, we have also provided the corresponding
number of e-folds in the plots appearing in Fig. 5 for each
value of w.

Following the above procedure, one can also obtain
the parameter space for a multiple-epoch reheating phase
with the EOS parameters {wy, w,, ws, ..., w, }. For exam-
ple, we have used said procedure to determine the

(3.5)

parameter space for a three-epoch reheating space, and
have illustrated the results here with (integrated) two-
dimensional projections along the axes wy, w,, and wjs.
The projected two-dimensional plots for different values
of E| and E, (energy scales of the universe at the end of
the first and the second epochs, respectively) are shown
in Fig. 6.

However, interpreting conclusively from the projected
plots for three-epoch reheating phase is quite difficult, and
at times very ambiguous. Hence, we provide a link to the
GitHub repository [158] which contains a Python code to
directly plot the spectral energy density of first-order GWs.
The reader can use this tool to conclusively determine
whether a particular combination of EOS parameters would
result in a potentially detectable GW signal (which is
consistent with BBN and alLIGO constraints) for multiple
transitions during reheating.

As mentioned in the case of two-epoch reheating, higher
values of E; implies a shorter duration of the first epoch
during reheating following the end of inflation. As a result,
the aforementioned GW detectors will be able to impose
weaker constraints on w for large values of E|, as evident
from Fig. 6. This is because if the first postinflationary
epoch is short, then the detectability essentially relies on the
subsequent epochs, specifically on the final epoch before
BBN. Similarly, higher values of E, widen the range of
detectable values of w, further, with the range of w; being
shortened. To conclude, our results in this section indicate
that higher values of w, and w3 would result in detectable
GW signal, as expected.

IV. EFFECT OF VARYING REHEATING
TEMPERATURE ON GW SPECTRAL
ENERGY DENSITY

In the previous sections, we had fixed the reheating
temperature to be 7, = 0.45 GeV, or equivalently, the
energy scale at the end of reheating to be E, =1 GeV,
for the purpose of illustration. However, in general, the
reheating energy scale can range from the end of inflation all
the way down to the onset of BBN. Hence, in this section, we
discuss the impact of varying the reheating temperature on
the spectral energy density of inflationary GWs.

Additionally, we had fixed the tensor-to-scalar ratio
during inflation to be r =0.001, or equivalently, the
energy scale at the end of inflation to be Ej; =
5.76 x 10'> GeV, keeping in mind that the upcoming
CMB detectors will be able to probe r up to O(1073).
Since inflation does not make a prediction for r, it is possible
that r < 1073, Therefore, we proceed to first discuss the
impact of small r on the detectability of inflationary GWs via
the upcoming GW observatories, before moving on to
determine the detectable parameter space of equation of
states for fixed r = 0.001, but different values of the
reheating energy scales E,,.
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A. Effect of varying tensor-to-scalar
ratio on GW signal

A quantity of central importance is the minimum value
of reheating temperature corresponding to a given value of
tensor-to-scalar ratio which leads to a detectable GW signal
in various GW detectors. In fact, for a given GW detector,
and for a fixed value of r, we find that upon increasing the
minimum value of the reheating temperature, there is a
critical value of T, (or E,) above which the inflationary
GW signal will lie outside the sensitivity region of that
detector, even if the EOS during reheating is that of a stiff
matter, i.e., w~1.

In Fig. 7, we show the (shaded) region in the parameter
space of r and T, (or E.,) for different GW detectors that
will never lead to a detectable inflationary GW signal. This
does not necessarily mean that the unshaded region
corresponding to each detector will guarantee a detection
in that detector, which of course depends upon the number
of epochs and their EOS and duration during reheating, as
well as on whether the GW spectrum satisfies the current
observational constraints on BBN and alLIGO. In short, the
unshaded regions have the feasibility to yield detection as
well as may include regions that violate current observa-
tional constraints.

The solid lines in Fig. 7 are obtained by assuming the
reheating to consist of only single epoch with equation of
state w~ 1, which is an extreme scenario of having a
maximum tilt for Qgw curve in the reheating regime. All
other possible scenarios of multiple epochs will make

the Qgw curve in the reheating regime lower than the
single epoch case with w ~ 1 for a fixed r and T,,. This
gives the maximum value 7', above which no detection is
possible no matter whatever the EOS during reheating
for a fixed r.

For large enough values of r > O(1072), height of flat
(nearly scale-invariant) region of Qg (f), corresponding to
modes making their Hubble-entry during the thermal RD
epoch, increases enough to reach the sensitivity curves of
BBO and DECIGO, as long as the reheating temperature is
also large enough. In such cases, at large reheating temper-
atures, these detectors will detect a GW signal with
certainty. That is why we see nearly vertical curves for
BBO and DECIGO at high values of r in Fig. 7 (blue and
green curves).

However, the same is not true for other GW detectors,
because their sensitivity curves are above the highest
allowed height of Qgw, corresponding to r = 0.036,
for modes that entered in the RD epoch. Therefore, if T,
is high enough, then the GW signal will be absent in
these detectors, independent of the EOS during
reheating.

Note that the small kinks seen in the solid curves are due
to the sudden drop in the relativistic degrees of freedom in
the early Universe, within the Standard Model of particle
physics. In particular, the prominent horizontal shift in all
curves around 7, ~ 150 MeV is due to a large drop in
relativistic degrees of freedom closer to QCD phase
transition.
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FIG. 7. The figure illustrates the effect of varying tensor-to-scalar ratio (r), and reheating temperature (7)) on the
detectability of inflationary GWs in various GW detectors. The colored shaded regions indicate the parameter space of the r,
and T,,, that can never yield a potential detection of inflationary GW signal in CE, ET, BBO, LISA, and DECIGO detectors.
The gray-shaded region is ruled out by the CMB observations, namely, r < 0.036. The Hubble parameter during (at the end of)
inflation (H;,;) corresponding to each value of r and the energy scale corresponding to each value of T,, are provided in the

respective opposite axes.

103521-18



INFLATIONARY GRAVITATIONAL WAVES AS A PROBE OF ...

PHYS. REV. D 112, 103521 (2025)

E1 = 104 GeV
Ny
5045 40 35 30 25 20
0.8F
0.6F
~ 0.4F -
3 4
0.2F 1
—— DECIGO
0.0r — BBO
— ET
CE
—0.2r === BBN Constarint
—02 00 02 04 06 08
wq
E; =10% GeV
Ny
30 25 20 15
10
0.8F
0.6F
~ 0.4F .
3 Z
0.2F 115
—— DECIGO
0.0 — BBO
T ET 420
CE
—0.2F === BBN Constarint
i i i | | | 125
02 00 0.2 04 06 08
wy

FIG. 8.

E; = 10° GeV
Ny
40 35 30 25 20
0.8
0.6-
~ 0.4F -
3 Z
ool 110
—— DECIGO
0.0- — BBO
— ET
CE
—0.2F --- BBN Constarint 115
“02 00 02 04 06 08
wq
E; =10 GeV
Ny
20 15 10
0.8F .
15
0.6F
~ 0.4F N
3 Z
ool 120
— DECIGO
0.0 — BBO Ios
— ET
CE
—0.2r === BBN Constarint 130
“02 00 02 04 06 08
w1y

The parameter space for two-epoch reheating phase with EOS parameters w; and w, that leads to a potentially detectable GW

signal in the LISA, BBO, DECIGO, CE, and ET detectors for E,, = 100 GeV and r = 0.001. The gray-shaded region in each plot
corresponds to the combination of w; and w, that results in the Qgyw curve intersecting the horizontal BBN constraint curve at
1.13 x 107°, while the maroon-shaded region represents those that are ruled out by the aLIGO null detection. The energy scale of the
universe at the end of the first postinflationary epoch is labeled above in each plot. The duration of each epoch (number of e-folds) has

been provided opposite to the corresponding EOS axis.

B. Two-epoch reheating with different
reheating temperature

In Sec. III, we determined the parameter space of
EOS w; and w,, that results in a potentially detectable
inflationary GW signal in future GW detectors, for
fixed values E,=1GeV and r=0.001(E, =
5.76 x 10 GeV). As stressed before, the aforementioned
values of r and reheating temperature were used purely for
the purpose of illustrating how to to use our calculations of
Qgw to check whether a particular set of parameters leads
to a detectable signal.

However, for a given value of r, reheating temperature
can be very different, ranging in between 1 MeV <
T.. < E;y¢. Therefore, in this section, we include the
parameter space plots of w; and w, corresponding to
a two-epoch reheating scenario (similar to Fig. 5), spe-
cifically for E,, = 100 GeV and 10 MeV in Figs. 8 and 9,
respectively. We fix the value of E;; to be the same as
before. Note that the BBN constraint that we have
imposed in this section is not the same as the one quoted
in Eq. (3.4). Here, we check whether the Qgw curve
intersects the horizontal BBN constraint curve
at 1.13 x 107°.
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FIG. 9. The parameter space for two-epoch reheating phase with EOS parameters w; and w, that leads to a potentially detectable GW
signal in the LISA, BBO, DECIGO, CE, and ET detectors for E,, = 10 MeV and r = 0.001. The gray-shaded region in each plot
corresponds to the combination of w; and w, that results in the Qg curve intersecting the horizontal BBN constraint curve at
1.13 x 107°, while the maroon-shaded region represents those that are ruled out by the aLLIGO null detection. Energy scale of the
universe at the end of the first postinflationary epoch is labelled above in each plot. The duration of each epoch (number of e-folds) has
been provided opposite to the corresponding EOS axis.
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FIG. 10. A schematic depiction of the chronology of postinflationary epochs in the string-inspired model considered in Ref. [137],
where the final epoch of reheating is assumed to be instantaneous. Note that the horizontal length is not an accurate representation of the

duration of each epoch.

V. POSTINFLATIONARY EVOLUTION IN A
SCENARIO INSPIRED FROM STRING THEORY

In our analysis of the spectral energy density of GWs in
Sec. III, we remained agnostic about the exact values of the
postinflationary EOS parameters and focused on determin-
ing the subspace of the postinflationary parameter space
that results in a potentially detectable signal in the
upcoming GW detectors, without violating the existing
constraints. In this section, we focus on a particular
postinflationary scenario considered in a recent study
[137], which is phenomenologically inspired from string
theory [159-163].

In type-lIB string theory within the large volume
scenario (LVS) [162], a resultant moduli field y (which
is an artifact of string compactification) may persist
throughout the universe, potentially long enough until
the onset of BBN. During inflation, the moduli field is
subdominant and remains nearly frozen in its potential,
while after the end of inflation, the volume modulus comes
to dominate the universe and commences rolling swiftly
down its steep exponential potential. The moduli field
eventually reaches the minimum of its potential around
which it oscillates and later decays, thereby reheating the
universe to the hot big bang phase. Thus, the dynamics of
the universe from the end of inflation until the onset of
BBN is primarily dictated by the moduli field in this
scenario [137].

The succeeding epoch after the end of inflation is
therefore a kination epoch® during which the moduli
exhibits a fast-roll phase, with y?> > V(y), down a steep
region of its potential of the form

v
V(y) = Vge ™, (5.1)
where 1 = /27/2 and Vy = mj, for LVS. The EOS during

2=2V()
72V ()
at this epoch, is also filled with a small fraction of radiative

this kination epoch is w = ~ 1. While the universe,

®See Refs. [131,132] for discussions on kination cosmology.

degrees of freedom that was generated from the decay of
the inflaton at the end of inflation. Due to a sharp decline of
the moduli energy density during kination, the universe
enters into a radiation-dominated epoch, following the
kination phase.

The moduli field, rolling down its steep potential in the
radiation dominated epoch, then enters into a tracker
regime [164-168], as illustrated in Fig. 10, where its
energy density scales proportionally to the energy density
of the background universe. Eventually, the field leaves the
steep region of its potential and rolls down to its stable
(quadratic) local minimum about which it begins to
oscillate. The oscillating moduli field then dominates the
energy budget of the universe again, leading to a matter-
dominated universe. The oscillating field then decays,
potentially nonperturbatively (hence efficiently), thereby
reheating the universe to give rise to the hot big bang phase.

In short, the specific chronology of postinflationary
epochs in this scenario involves an early kination epoch
(w=1) following the end of inflation, followed by a
radiation-dominated epoch (w = 1/3), and subsequently,
a matter-dominated epoch (w = 0), before reheating the
universe prior to the commencement of the BBN. Note that
this final epoch of reheating is assumed to be instantaneous.
Figure 11 depicts a typical plot of spectral energy density
against the current frequency of GWs for this particu-
lar model.

Following the methodology as spelled out systematically
in Sec. III, we determine the parameter space of the energy
scales at the end of each of the aforementioned epochs
which gives a signal in GW detectors. To be consistent with
our previous analyses, let us assume the energy scale at the
end of inflation to be E,,; = 5.76 x 10" GeV, and that at
the end of (the instantaneous period of) reheating to be
E.. =1 GeV. Specifically, we determine the range of
energy scale at the end of the kination epoch (E;) and
that at the end of (the early) radiation domination epoch
(E,), which results in detectable GW signals. The corre-
sponding parameter-space plot is shown in Fig. 12. In our
computation, we have taken one e-fold as the minimum
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E; = 10% GeV, E, = 10' GeV
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FIG. 11. The spectral energy density (Qgw) of inflationary GWs for the string-inspired scenario as illustrated in Fig. 10, where we
have an early kination epoch (w =~ 1) following the end of inflation, which was later followed by a radiation-dominated epoch (w = 1/3)
and subsequently by a matter-dominated epoch (w = 0). The final epoch of reheating is assumed to be instantaneous at an energy scale
E.. =1 GeV. The energy scales E; (with i € Z") corresponding to the end of each epoch, are given in the top label of the plot. The
energy scale at the end of inflation is the same as in our previous plots, namely, Ej,; = 5.76 x 10'3 GeV, so as to have the tensor-to-
scalar ratio r = 0.001. The maximum frequency considered here (the rightmost point in the plot) is the UV cutoff frequency,

f. = 6.37 x 107 Hz, which corresponds to k, = 4.05 x 10?> Mpc~' for r = 0.001.

duration of epochs and the regions corresponding to less

than one e-fold are hatch shaded.

From Fig. 12, we observe that this particular scenario
results in a GW signal which will be detectable by BBO,
DECIGO, and CE (for our choice of E; and E,,) for a
large range of E; and E,. However, the combination of E;
and E,, that leads to a detectable signal in LISA and ET,

actually violates the BBN constraint given in Eq. (3.1).
Furthermore, the spectrum of only those tensor modes that
entered the Hubble radius during the kination epoch are
high enough to intersect the sensitivity curves of the
detectors, since the kination epoch results in a highly
blue-tilted GW spectrum. The plot also demonstrates that a
detection of primordial GWs is possible in this scenario

10° -
] —— BBO
—— DECIGO
102 CE
% --- BBN Constarint
o,
N
K 10! 4

103 104 10° 106 107

El [GeV]

10! 102

FIG. 12. The parameter-space plot for the energy scale at the end of the kination epoch (E;), and that at the beginning of the early
matter domination (E,), which leads to a detectable GW signal in the future detectors (assuming the final epoch of reheating to be
instantaneous) for the case of a String-inspired scenario considered in Ref. [137] and illustrated in Fig. 10. The gray-shaded region
violates the BBN constraint. The hatched shading regions corresponds to scenarios in which the number of e-folds are less than one. The
diagonal hatching corresponds to the early matter-dominated epoch being less than one e-folds and the vertical hatching corresponds to
that of early raditaion-dominated epoch.
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only if E, < O(10%) GeV, or equivalently, if the duration
of the early matter-dominated epoch is roughly less than
Te-folds, i.e., Npater < 7.

VI. DISCUSSION AND CONCLUSIONS

One of the key predictions of the inflationary paradigm is
the generation of tensor fluctuations which later constitute a
stochastic background of GWs upon their Hubble-entry
after the end of inflation [30]. These primordial GWs
encode crucial information about the state of the universe,
both at the time of their production, and the subsequent
epochs through which they propagate before reaching the
terrestrial and celestial detectors. Below the Planck scale,
the GWs interact minimally with matter and energy,
making them the most ideal candidate for probing the
dynamics of the very early universe [30,58-60,62,63].
Numerous studies have recently examined the feasibility
of detecting these GWs using both the current and
upcoming GW detectors [63,64,119,143,169-173].

In this paper, we focused on the possibility of probing the
unknown postinflationary history of the universe via
primordial GWs. Since the dynamics of reheating involves
a number of complex phases during which the universe
transits from a highly nonthermal state at the end of
inflation to the thermal hot big bang phase [93,110,174],
it is important to describe reheating by a series of epochs
with distinct EOS parameters [104,130]. Hence, it is
phenomenologically important to determine the possible
postinflationary scenarios that would result in a detectable
stochastic GW signal in the upcoming GW detectors,
without violating the existing constraints. Therefore, we
have dedicated this paper in computing the spectral energy
density of (first-order) inflationary GWs at the present
epoch by considering the postinflationary universe to
feature multiple successive phases, each with a (nearly)
constant EOS parameter. We determined the subspace of
the EOS parameters of different epochs, as well as the
corresponding duration of each epoch, during reheating
that leads to a potentially detectable GW signal.

We focused on studying the evolution of inflationary
(first-order) tensor fluctuations in the postinflationary
universe in Sec. II. We began by solving the evolution
equation for the tensor mode functions, where we obtained
the general solution for a given postinflationary epoch
described by a constant EOS parameter in terms of the
Bessel functions. By assuming the transitions between
successive epochs of constant EOS to be instantaneous,
we obtained expressions for the unknown coefficients
appearing in the general solutions for the tensor mode
functions, be it for the epoch immediately following the end
of inflation, as given by Eq. (2.33), or any other epoch
succeeding that, as given by Egs. (2.21) and (2.22). We
computed the spectral energy density Qgw(f) of GWs
using Eq. (2.53), and checked whether their resulting
spectrum will be detectable by the upcoming GW

observatories, such as LISA, ET, CE, DECIGO, and
BBO, for a variety of reheating scenarios as demonstrated
in Fig. 3. In the case of a reheating scenario consisting of
two successive phases, the EOS parameter space which
results in a detectable GW signal is plotted in Fig. 5.
Similarly for a three-epoch reheating phase, the projections
of the three-dimensional EOS parameter space are shown
in Fig. 6.

Our results primarily indicate that if inflationary GWs
are detected by the aforementioned observatories in the
near future, then it is highly likely that the temperature at
the end of reheating was low enough, and that the universe
evolved through one or more epochs of stiff-matter
(w > 1/3) dominated phase towards the end of reheating.
More importantly, our analysis demonstrates that a pre-
dicted GW signal, that could have violated the BBN and/or
alLIGO constraints when modeled by a single stiff EOS,
weirg > 1/3, may actually be consistent with the afore-
mentioned constraints if the postinflationary history is
comprised of additional phases with softer EOS parame-
ters, w < 1/3, along with the stiff-matter phase. Therefore,
our work highlights the drawback of using a single average
EOS to describe the postinflationary expansion, and opens
up a broad range of parameter space which generates robust
forecasts for the upcoming GW observatories. However, it is
important to investigate the possible degeneracies between
the GW spectra coming from the parameter space of multiple
EOS, and durations of individual epochs. Consequently, a
more careful analysis would require parameter estimation via
Bayesian inference technique, e.g., see Ref. [175], which we
plan to carry out in a future work.

Finally, in Sec. V we applied our techniques to a
particular  postinflationary ~ scenario  described in
Ref. [137], which is phenomenologically inspired from
string theory, in which a scalar moduli field plays a
cosmologically important role, and dictates the evolution
of the universe in between the end of inflation and the onset
of BBN. In this scenario, the postinflationary universe
transits through a series of chronological epochs, namely, a
kination-dominated epoch, an intermediate radiation-domi-
nated epoch, and an early matter-dominated epoch (see
Fig. 10), prior to the standard radiative hot big bang phase.
We explored the possibility of observing the imprints of
this scenario in the inflationary GW spectrum via upcoming
GW observatories. Representing the duration of each epoch
in terms of the energy scale at the end of that epoch, we
obtained the corresponding parameter space that results in a
detectable signal, as shown in Fig. 12; with the assumption
that the final stage reheating is instantaneous. We found
that GWs, corresponding to tensor modes that made their
Hubble-entry during the kination phase, will be detected by
BBO, DECIGO, and CE, and not by LISA and ET (due to
violation of BBN constraints). Furthermore, we obtain
a necessary condition for this scenario to result in a
detectable GW signal to be that the early matter-dominated
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epoch prior to the end of reheating must be shorter in
duration, lasting no more than 7e-folds of expansion.

Before concluding, we emphasize that the specific
analysis carried out in this work comes with a number
of caveats, which we list in the following:

®

(i)

(iif)

Throughout this paper, we have mostly fixed the
value of the tensor-to-scalar ratio at r = 0.001 which
is a standard target for the upcoming CMB missions
[176,177]. In this sense, our analysis was focused on
the question; ‘if low-frequency primordial GWs get
detected by their imprints on the CMB B-mode
polarization in the upcoming decade, then what
will the implications be for the upcoming GW
observatories functioning at higher frequencies?’.
However, one can easily consider lower values of
tensor-to-scalar ratio and incorporate our computa-
tional scheme to generate updated forecast for GWs.
Nevertheless, we provide a detailed discussion on
the effect of changing reheating temperature on the
GW spectral energy density in Sec. IV.

Similarly, the energy scale of the universe at the end
of reheating was fixed to be E,, = 1 GeV in this
paper in order to demonstrate our approach and to
focus on the EOS parameter and duration of each
postinflationary (pre-BBN) epoch. However, the hot
big bang phase might have commenced at a much
lower temperature [as low as O(1) MeV] or even at
higher temperatures [as high as O(10"%) GeV]. The
lower reheating temperature is of greater phenom-
enological interest, and one can utilize our scheme to
generate the corresponding GW forecast. However,
much higher reheating temperature usually results in
a low amplitude of GWs which may be of phenom-
enological interest for the high-frequency resonant
cavity GW detectors [178—181].

More importantly, while realistic transitions (no
matter how sharp they are) in the early universe
are expected to be smooth [102,119], in this work we
modeled the transitions between different postinfla-
tionary epochs to be instantaneous, primarily for two
reasons: (i) for the convenience of solving the tensor
mode equations analytically in terms of Bessel
functions; (ii) to remain agnostic about the exact
functional form of the EOS w(z). However, it is
possible to carry out a fully numerical approach by
either using a (phenomenologically) smoothed EOS
parameter, or by considering a specific model where
the exact evolution of w(z) is known. It has been
shown that a smoothed reheating EOS in the
perturbative regime leads to transient oscillatory
features in the GW spectrum [59]. Nevertheless,
since we primarily focused on determining the
detectable parameter space of postinflationary dy-
namics, the implementation of instantaneous tran-
sitions suffices for our purpose.

@iv)

)

(vi)

(vii)
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In our analysis, we did not take into account the finer
effects coming from the variation in the effective
number of relativistic degrees of freedom, ¢, (7T'), in
the early Universe [116] as well as due to the
anisotropic stress induced by freely streaming rela-
tivistic neutrinos [114] on the spectrum of GWs.
We assumed a (nearly) flat primordial tensor power
spectrum (at the end of inflation) to be the initial
condition for evolving the tensor modes postinfla-
tion and for computing the present-day GW spec-
trum. However, towards the end of inflation, the
tensor power spectrum acquires a scale dependence
which affects the GW spectrum [59] closer to the
highest frequency values f,. Additionally, we did
not consider the UV tail of GWs [182] correspond-
ing to tensor modes that never became super-Hubble
during inflation. However, the aforementioned ef-
fects are more relevant for detecting ultrahigh
frequency GWs, potentially via resonant cavity
detectors, which was not the primary focus of
our work.

Our treatment of tensor modes in this paper was
based on first-order inflationary GWs. However, at
second order in cosmological perturbation theory,
GWs can be induced by the presence of potentially
large scalar perturbations in the primordial Universe
[43,141,183,184]. They get amplified by the en-
hancement of scalar curvature perturbations at small
scales and/or by the presence of an early matter-
dominated epoch in the postinflationary Universe
[141,185], which might lead to a larger background
of second-order GWs in comparison to their first-
order counterparts. The CMB observations can
probe scalar fluctuations with comoving wave num-
ber only in the range around k = 0.05 Mpc~!, hence
they are insensitive to small-scale primordial fluc-
tuations. Large enough fluctuations at smaller cos-
mological scales may also lead to the formation of
copious amounts of primordial black holes (PBHs),
a plausible candidate for dark matter. Hence, a
potential detection of these induced GWs would
allow us to put strong constraints on the small-scale
primordial density perturbations [186] and on the
abundance of PBHs [187-189]. We will revert to
second-order GWs in a future project.

Finally, it is plausible that nonlinear solitonic and
nonsolitonic configurations can contribute consid-
erably towards the energy budget during the
early stages of the postinflationary evolution
[100,112,190]. They further induce second and
higher-order GWs that is expected to be detected
by the planned GW detectors. For example, high-
frequency (GHz-scale) stochastic GWs can result
from oscillon formation (and inflaton fragmentation
in general) during reheating [112,191]. However,
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such signals are beyond the sensitivities of the
current and proposed detectors, and are relevant
for the resonant cavity detectors [192]. Another
example would be the stochastic GW associated
with cosmic strings which can be picked up by
LISA, DECIGO, and BBO [133,134,193,194].
Thus, it is important to classify the possible GW
signal resulting from such differing scenarios, which
is outside the scope of this paper.
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APPENDIX A: INFLATIONARY DYNAMICS

We work in the simplest scenario where inflation is
sourced by a single canonical scalar field (inflaton) ¢(z, X),
whose homogeneous part is denoted as ¢(7), i.e.,
@(t,X) = ¢(t) + 6¢(t,X). The action governing the
dynamics of the scalar field ¢ is given by [6,9,14]

1 1
S[g;w’ (p] = /d4x\/__g<§m%7R - Eglwa,u(pab(p - V((p)> s
(A1)

where g, is the metric tensor, R is the Ricci scalar curvature
and V() is the inflaton potential. The background spacetime

is described by the flat FLRW line element,

ds? = —df? + a*(t)[dx? + dy? + dz?], (A2)
where a(t) is the scale factor whose time evolution is
governed by the Friedmann equation

1 1

H=—p,=—>
2P 2
3mp 3m1,

Ve @)

where H = @/ a is the Hubble parameter. The homogeneous
inflaton condensate satisfies

. . dv
b+3Hp+ 35 =0.

Departure from a pure de Sitter (exponential) expansion
during inflation is characterized by the first slow-roll
parameter

(A4)

dinH H
HTTTIN T

_1 ¢
- H?> 2mH*

(AS)

while a small enough value of the second slow-roll param-
eter, defined by

¢ ldlney
—_—— = €y — < N
Hp " 2 dN

Mg = (A06)

ensures that inflation lasts for long enough. Note that
N(a) = In(a/a;) marks the number of e-folds of expan-
sion during inflation, with a; being the scale factor at an
arbitrary initial time during inflation [9]. Slow-roll inflation
is defined by

ey <1, and

| < 1. (A7)

1. Quantum fluctuations during inflation

The rapid accelerated expansion during inflation
stretches the small-scale (sub-Hubble) vacuum fluctuations
to large super-Hubble scales, which then remain frozen
until their subsequent Hubble entry in the postinflationary
epochs, as illustrated in Fig. 13. In fact, the simplest
scenario of single field slow-roll inflation generates both
scalar- and tensor-type fluctuations, see Refs. [9,14]; the
former induce temperature and density fluctuations in the
primordial plasma, while the latter lead to a stochastic GW
background, as discussed in Sec. II. Since CMB observa-
tions suggest that the primordial fluctuations are small,
their dynamics is well described by the framework of linear
(cosmological) perturbation theory, where the scalar and
the tensor perturbations are decoupled (scalar-vector-tensor
(SVT) decomposition theorem). Thus, they can be treated
independently of each other [9].

a. Scalar fluctuations during inflation

Scalar fluctuations during inflation are described by the
gauge-invariant comoving curvature perturbation {(z,X),
whose action, in the comoving gauge (6¢ = 0), takes the
form [9,195],

siete.0) = [ aees() 0P - Ferl a9

103521-25



SOMAN, MISHRA, SHAFI, and BASAK

PHYS. REV. D 112, 103521 (2025)

60 1
Pr~2x107°

Pivot Scale A,

Entry
—

()
<

>
S

End of Inflation | ——-——+

-
S

Slow-Roll Inflation

=]

Comoving Hubble Radius ln(
r ““{ CMB Window

o

|
R
|
i
i
I
i
]
i

Reheating Endsf------

i Matter-Radiation Equality I"“

RD

e
3

Ap Geq

£
?|
£

FIG. 13.

n(a)

20 40 60 80

The figure illustrates the variation of the comoving Hubble radius (aH)~! with the scale factor a(f) (both in the logarithmic

scale). During inflation, the comoving Hubble radius decreases, causing the fluctuations to exit the comoving Hubble radius. On super-
Hubble scales, the amplitude of the fluctuations remains frozen. After the end of inflation, these fluctuations enter the comoving Hubble
radius, which begins to increase due to the decelerating expansion of space. Modes with larger wavelengths exit the comoving Hubble
radius earlier during inflation, as compared to the ones with smaller wavelengths. The CMB pivot scale (corresponding to a wave
number k, = 0.05 Mpc‘1 ), shown in blue dashed line, makes its Hubble-exit about N, e-folds before the end of inflation, while it enters
the comoving Hubble radius prior to the matter-radiation equality. The black dot represents the end of reheating. The figure has been
plotted assuming a matterlike reheating equation of state, i.e., w,, = 0, for the purpose of illustration.

where H = a'/a, is the conformal Hubble rate. To trans-
form the action into its Minkowski equivalent, we define
the Mukhanov-Sasaki (MS) variable v = (a¢’/H){. For
simplification, we denote z = a¢’/H = \/2eyam,,, where
Eq. (AS) has been used to get the second equality. The
equation of motion in terms of the MS variable in Fourier
space is given by

"
v + (kZ—Z?)vk:O,

(A9)

where

"

%=H2[2+26H—311H+2€%1+i7%1—3€H17H—

/

My
7|
(A10)

To solve the MS equation analytically, we define a new
parameter v such that 7’/z = H*(v* — 1/4). For slow-roll
inflation (ey, [y, [7y| < 1), we can treat v to be (approx-
imately) a constant. The MS Eq. (A9) can be written in
terms of v as

2_1/4
UZ+ <k2—%>vk:0,

(Al1)

where we have substituted H = —z~! due to the quasi-de
Sitter expansion during inflation. Equation (A11) is similar
to the dynamic equation of a simple harmonic oscillator
with a time-dependent frequency. Imposing the Bunch-

Davies initial condition [196,197], v, =3 e~ /\/2k,
results in a unique solution [136]

1 T . Iz
o(z) = ﬁﬁe’(”ﬂf«—kﬂfﬁ”(—m (A12)

where Hl(,1> is the Hankel function of first kind [138]. The
derivation of Eq. (A12) is given in Appendix B. For slow-
roll inflation, v can be approximated as v~ 3/2.
Substituting this into Eq. (A12) leads to the following
expression for the mode function,

vi(7) = \/% <1 —é) e~ik, (A13)

The power spectrum for scalar fluctuations is defined as

k3 k3 2
Pe(k) = 22 Gl = ]

Uk

: (Al14)
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Substituting z = am,+/2ey, a = —1/(Hr) and taking the
super-Hubble limit —kz — 0, we obtain the scalar power
spectrum during inflation to be

1 H\?2
kY=—>—|—] .
Pe(k) 81’ey (m,,)

b. Tensor fluctuations during inflation

(A15)

The action for the gauge-invariant, transverse and trace-
less tensor fluctuations £;; is given by [10,195]

—

Sl =" / de PT2((,)? — (VA (AL6)

8

Using the rotational symmetry of the background metric,
we align the z-axis along the direction of the momentum of
the tensor mode, i.e., k= (0,0, k), and upon decomposing
the tensor perturbation into its two polarization compo-
nents, we obtain

| ht  h* 0
hy= |0 [ =t e (An)
0 0 O

where 4, x stands for the two polarization states of GWs
and

| 1 0 O | 01 0
e=—10 -1 0[; es=—[1 0 0
1 \/5 t \/5
0 0 O 0 0 O
(A18)

Hence, the action can be rewritten as [14]

S[ht, k] :% / drd35c'<a—';”>1=z+:x[(h”)2— (Vi)
(A19)

which is analogous to the action of two massless scalar
fields [14] as given in Eq. (A8). For each polarization mode
of the tensor fluctuations, we define a corresponding
Mukhanov-Sasaki variable v* = (am,,/2)h*. The full ten-
sor power spectrum during inflation, consisting of both the
aforementioned polarization modes, is given by

4 i3
Pif(k.r) = o5 (P +1REP). (A20)

where each tensor mode can be expressed as following after
substituting Eq. (A13) as

2 1

amp 2k3’[

hi(r) = (kt —i)e™ . (A21)

Substituting 7 = —1/(aH) and taking the super-Hubble
limit (—k7z — 0), we end up with the expression

/2 H
hi.inf(T) =1 Pm_p'

(A22)

Now substituting Eq. (A22) in Eq. (A20), the inflationary
tensor power spectrum in the super-Hubble limit k <« aH

becomes
. 2 (H\?
Poi(k)y==(—) , A23
= (0 (A23)
which is time-independent (frozen).7 To facilitate the
comparison between the inflationary predictions and the
observational data, it is instructive to express the frozen
inflationary scalar and tensor power spectra on super-
Hubble scales as power laws around a pivot scale k.,
such as

) K\ nr . k\ns—1
Pl}‘f(k)—AT<k—> ; Pglf(k)—As<k—> . (A29)

where Ag and A are the amplitudes of the scalar and tensor
power spectra, respectively, at the CMB pivot scale
k. = 0.05 Mpc~!, while ng—1 and n; are the scalar
and tensor spectral indices, given by

ng — 1= 27’][_[ — 4€H; ny = —2€H. (AZS)
The tensor-to-scalar ratio is defined as
Ar
. A26
= (A26)

From Egs. (A15) and (A23), the tensor-to-scalar ratio can
be related to the Hubble slow-roll parameter as

r = 16¢y, (A27)

which, using Eq. (A25), leads to the single field consistency
relation

r=—8ny. (A28)
2. Implications of the observational constraints

Latest observations of the anisotropies of CMB temper-
ature and polarization fluctuations, combined with an

"Note that H = H;,¢ is the (nearly-constant) Hubble parameter
during inflation.
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absence of detection of the primordial tensor fluctuations
on large cosmological scales, allow us to put stringent
constraints on the inflationary power spectra in the single
field slow-roll paradigm. In particular, the primordial scalar
fluctuations are observed to be predominantly adiabatic,
highly Gaussian, and nearly scale-invariant on CMB scales,
which is in accordance with the predictions of the standard
single field slow-roll models [198]. The amplitude of the
scalar power spectrum at CMB scales is obtained from the
Planck mission to be Ag~2.1 x 1072 [25,35]. The scalar
spectral index is constrained to be ng = 0.9649 + 0.0012 at
68% confidence [27]. The improved constraints from the
BICEP/Keck Array [28], combined with the Planck 2018
observations, lead to an upper bound on the tensor-to-scalar
ratio r < 0.036 at the CMB pivot scale k, = 0.05 Mpc~!.
This further constrains the amplitude of the tensor fluctua-
tions to be Ay < 7.56 x 10~'! on CMB scales.

Let us derive a relation between the tensor-to-scalar ratio
r and the energy scale of inflation E;;. Note that using
Eq. (A26), we can write,

Arp
r=-—=Ar=Ag¢xr,
As

which, using Egs. (A23) and (A24),
Ag = 2.1 x 107, can be written as

Hin |\ r
Bt )" 1 0sa2x 10712 % (2 ).
<m,,> e (0.001)

Finally, since H}; = Ei;/(3m3), we derive the expression
for the energy scale of inflation to be

along with

(A29)

Eyp = (3.1572)1/4 x 1073

ro\ 174 s ro\ 174
~576x108x ()" Gev.
x <0.001> "y S (0.001> ¢

(A30)

The corresponding upper bounds on the expansion rate
and energy scale during inflation can be found using
Eq. (A23). The Hubble expansion rate during (slow-roll)
inflation is bounded by H;,; < 4.64 x 10'3 GeV. Using the
Friedmann equation HZ =~ pi,¢/3m3, the bound on Ejyy is
given by

Eie = (pint)/* = Epp < 1.39 x 10'° GeV,  (A31)
which is orders of magnitude below the Planck scale
(~10'"® GeV). For slow-roll inflation, the constraint on
the tensor-to-scalar ratio, along with Egs. (A27) and
(A28) leads to ey <2.25x1073, |y ~0.02 and
|ny| < 4.5 x 1073, These constraints further reinforce the
near-scale invariance of the inflationary power spectra; in

particular, the tensor power spectrum has a negligible scale
dependence [35].

APPENDIX B: ANALYTICAL SOLUTION TO
THE MUKHANOV-SASAKI EQUATION

The MS Eq. (A9) can be written as

2 1
21
vy + <k2——2 4>vk:0,

where < = (aH)?(v* — 1/4) with z=am,\/2ey. For
slow-roll inflation, at early times all relevant scales were
sub-Hubble, (z = —oo or |kz| > 1). In this limit, Eq. (B1)
reduces to the form

(B1)

v} + kv =0, (B2)
which is similar to the equation for a simple harmonic
oscillator with a time-independent frequency. A unique
solution to Eq. (B2) is obtained by fixing the vacuum in the
sub-Hubble regime to be the Bunch-Davies vacuum
[196,197], namely,

1 .
lim vy &~ ——e ", (B3)
V2

In terms of the variable to be T = —kz, the MS equation
becomes

d?vy V-1
W‘f’ <1— T2 )vk:O.

Furthermore, we also introduce the variable v, = F VT, in
order to transform Eq. (B4) to the Bessel equation,

(B4)

d*F 1dF V2
4 1-—|F=0,
dT2+TdT+( T2>

whose general solution can be written in terms of Hankel
functions as

(BS)

F(T) = C,HM(T) + C,HP (T). (B6)

Hence, the general solution of the MS equation can be
written as

v (T) = VTICH(T) + GHP(T)).  (B7)
In the sub-Hubble limit, 7 > 1, the Hankel functions

become
2 . . x
HO(T)] o = (e )8 (BS)
T
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[2 . x
HL(/Z)(T>|T—>00 ~ ﬂ_Te—zTez(w—%)f.

From the Bunch-Davies initial condition in Eq. (B3), we
have

(B9)

1
=——eT = VTC,HM (T) |7,
\/2—]{ 1 ( )‘T

which implies that the coefficients in Eq. (B7) are

1 T i(,/_;'_l)f_!
Cl=—=4/ze'\"22, c,=0. Bl1
1 \/Q_]E\/; 2 ( )

Ultimately, the expression for the mode function becomes

(1) lroo (B10)

v(T) = \/%_k \/gei (s (). (B12)

APPENDIX C: EXPRESSION FOR THE
CONFORMAL HUBBLE PARAMETER

Consider an epoch with EOS, w. Let “i” denote
the beginning of that epoch, then the energy density

evolves as
a(z)\ —3(1+w)
p(T):pi( fl)) :

Hence, we can write the Hubble rate during the epoch
to be, H?>= H?(a/a;)0*"). Integrating the above
expression from a; to an arbitrary a during this epoch,
we obtain

a 0(3(1“‘”’)/2)_1 T
l_ da <w> = [ a,-H,-dT, (C2)

which leads to the expression for the scale factor a(r)
during that epoch as

(C1)

(C3)

where a =2/(1 + 3w). Hence, the conformal Hubble
parameter H becomes

dlna
= H:
H=a dr ’
Hir—1
lnazlnai—l—aln{l—l—w},
a

a;H;

> aH =—"—.
|:1 _|_aiHi(T_Ti):|

(C4)

a

APPENDIX D: SPECTRAL ENERGY
DENSITY OF GWS

1. Energy-momentum tensor of GWs

The quadratic action for the tensor fluctuations h;; is
given by

Salhy) =" [ dxy/ TG @) 0. (D)

where g, is the background metric and g = detg,,. The
energy-momentum tensor is obtained from the variation
of this action with respect to the background (inverse)
metric [144]

1
5= / RN (D2)
leading to
m2 1_ _ - ..
Top=—4" |:_§9aﬂ9” *(9uhij) (0,h) + (aah,-j)(a,;h”)} ;
2 1 - ..
o, = [0 ) 0+ @ 0] (0

The time-time component of the energy-momentum tensor
is the energy density of GWs, given by

pow(7,X) = =17 = 32(0) [(7j(z, %)) + (Vi (7, X))7].

(D4)

2. Derivation of the present-day GW spectral
energy density

The derivation is done for the general case of reheating
consisting of multiple equation of state parameters. For
T =14 in Eq. (2.43),

k2

Qqw(T0. k) = 12d%(79)H? (zp)

Pi(ro, k).  (D5)

Substituting k = yeqeqHeq and Pz, k) =

(I /2*) | pp (v > 1) in Eq. (D5), we obtain

k3

QGW (TO’ k) (yeqaeqlieq)2 ;

T 2a2H?
11 ,
X Vi g [[Axmpl” + |Bivp

(2)’0)

’l. (D6)

where |1} yp (v > 1)]? was substituted from Eq. (2.45). We
can rewrite y, as
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k aequq aequq(TO - Teq)
= — —_— 1 —_—
0= aHy T alwH() [T 2
a(zy)\ /2
= Yo = yeq( ( 0)> . (D7)
eq

Incorporating Eq. (D7) into Eq. (D6), we obtain

1 aggHZ k3 1

Qaw(70.k) :@WTT [AZ v+ B 11 inc
0
1 ar*Hrz* 1 H2 k\"r
A +B inf [ ,
T 967° aiHZ y2 yeq[ o+ B m3 \k,
(D8)
where  Agyp = %Mf’ and similarly, Bjyp = ikka’

Furthermore, we have made use of the following relations:

inf 2 Hif 2/ k\nr
,Pl]r}t( ‘hk inf| — ? (mn ) <k_> ’ (Dg)
)4 *
ae,qH2 (aequq)zagq

a.H,. 2 ) .

- 1+ 4 Hy (T =10
|:1+ar*Hr*(Teq Tr*):| “ [ +r ki, (Teq Ty )]
=anH. (D10)

where H;,; corresponds to the Hubble scale during inflation
at the Hubble-exit time of the CMB pivot scale, i.e.,
H,; = H,. The Hubble parameter can be written as

. Qa0 H?
H2 (’L’) _ pzmd _ Prad®<rad 01 ) (Dll)
3merad prad,OQ'rad
Radiation energy density is given by
n? 4
prad(T) = Eg*(T)T ’ (DIZ)
while the conservation of entropy implies
T g, Pal. (D13)

Substituting Egs. (D12) and (D13) in Eq. (DI11), we
obtain

9.(T)g;" 3(T) “H(T)Quua0H

HA(T) = -~ : (D14)
G, Oggo a() Qrad( )
which can be rewritten as
aH; _ g (%,o)“/ ? Quao (D15)
agH(z) 90 \Ys.k Qrad (Tk) ,

3

where g, ;. g, are the number of relativistic degrees of
freedom in energy density and entropy density, respec-
tively, at the time when the tensor mode with comoving
wave number k makes its Hubble-entry, while g, . g;0
correspond to the same at the present epoch. When the
tensor mode of interest enters during the RD epoch,
Q.4 ~ 1. So, (D15) becomes

aiH; . 9xk <@>4/3Q w0
agHG G0 \Ysk we

(D16)

where the label “k” refers to any mode that entered the
Hubble radius during the RD epoch. Using Eq. (D16) in
Eq. (D8) at 7 = 7., (beginning of RD epoch), we arrive at
the final expression for the spectral energy density of GWs

_ 1 G rx (gs,0)4/3
967[3 9x0 \Ys.r=

1 H?. [ k\nr
Q A2 B inf (),
X rad()ygq[ kmD T kMD} m% <k*>

QGW(TOa k)

(D17)

3. Spectral tilt of inflationary GWs during the
postinflationary epoch

The tensor mode functions during the epoch of reheat-
ing, characterized by a single constant (effective) EOS, w,
is given in Eq. (2.23) to be

1
h? —
) = oy
X [Ak,rej(am—%) (arey) + By - (=) (arey)]
where
2

=—; d =—

Y=am MY % T 3Wpe

The spectral energy density of (sub-Hubble) GWs, as
defined in Eq. (2.43), is given by

k2
Q k=———— h 24|k
GW(T ) ]261 ( )Hz(’[) [| kre( )| +| kre( )|]
K —_—
= x2h
247752(61H) X ‘ kre( )
which can be written as
kS

QGW(T’ k) = X |h£,re(y>|2’ (Dlg)

127%(aH)?
Using the expression for hk o and using junction

matching conditions on super-Hubble scales—which yields
Eq. (2.26), we obtain
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- o s 10 rnnn-lwv pr w '1 w 1‘!"'"' j
0%
,,,,, el 1.‘..'.,.1,.”-‘wwm
. wye = 0.8
< =
e 5.
2l
o <. [Radiation)
— f=10"%F, — f/f=107°
nnnnn — f=10f — f/fo=10
— r=1074 (£, =72 x 2077 (=2 <10 i) — F/f =104

a /ae a/ae

FIG. 14. The sub-Hubble evolution of inflationary tensor modes (left panel) and their corresponding energy density spectrum (right
panel). Hubble-entry epoch of a mode has been marked by a colored circle. Observe that, in accordance with Eq. (D20), the amplitude of
a tensor mode (after Hubble-entry) scales as |/, |> « a2, which is independent of w,, (while at a given epoch, |A;|? o k=(7+9e)/(143we)y,
The spectral energy density of GWs for a given k (after Hubble-entry), from Eq. (D21), scales as Qg (7, k) o« a>*=~!, which shows that
Qgw 1s constant during radiation domination (blue curve in the right panel), while it grows during stiff matter domination (green curve)

and decays during matter domination (red curve). Similarly, at any given epoch, Qgw (7, k) kz(:iﬂl) implying the spectrum is flat for
wy = 1/3, blue-tilted for w,, > 1/3 and red-tilted for w,, < 1/3.

_— aH "\ (2a==1) — k=02 g ()
I Jk)=|— X |Apre Jia, e "
00 = () < ManP X Vg @ P k) o T o
(D19)
and consequently, Eq. (D18), leads to
From Eq. (2.26), we have
k 2(1—&,5) 2( 1/3)
ng(’[ k) o« k"7 H o k' k> \ner13) @31
|Ak,re|2 = 2(20%_1) <F (are _>> |hk 1nf ’ “
(D21)
a2 : -
where [ jy;|” can be obtained as the following: Note that the sub-Hubble evolution of |h}, JPand @ o has
K\ JE been shown in the left and right panels of Fig. 14. We
PiTﬂf(k) =Ar|— =2 x—— |hi f‘Z = ’hi f‘Z obtain the final expression for spectral energy density of
k. 272 T . GWs to be
(7[er5> (k)”T
= -— . 2a,
K k, Q k) = TAs H)2(ae1) 2\
GW(T’ ) 24” (a ) are
Furthermore, noting that INN2/ &\ nr
x (r <am + —)) <—> K-e) - (D22)
2 k.
7 2 N\Nrn =
o= z(afey ) = Ty COS | ey — | Ore — 2/2 4 which can be written as
2 [ k\"2 k = kKN o(1ay)
=\ zac\art cos |the | —r =5 ]| Qaw (7, k) = C(7, ) T x kA=) (D23)

leads to

1 fagk\!
TP =2 (%)

Therefore, from Eq. (D19), we have

where the k-independent coefficient is given by

rAs 2\ 2 12
- — HZ((lm—l) _ F - .
o (2 o)

(D24)

C(z, o)
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Collecting the powers of k in Eq. (D23), the spectral tilt of
inflationary GWs is given by

nGW:nT—i_Z(l_are):’/lT—"_Z(1
We—1/3
= 2117,
E (wre+1/3>

Ignoring the contribution from the tiny red-tilt ny ~ —r/8,
we arrive at the expression in Eq. (2.55),

Wye — 1/3>

R 3wre>

(D25)

(D26)

~2
fow <wre +1/3

APPENDIX E: ENERGY DENSITY OF
PHOTONS AND NEUTRINOS

From the present-day CMB temperature, 7, = 2.73 K
[199], we obtain the energy density of CMB photons

2
o= ’3’—0 x 2 x T4 =2.00 x 1075! GeV*,

(E1)
where the factor “2” accounts for the internal degrees of
freedom of photons. The present-day critical density of the
universe is

peo = 3H3m2 = 8.12 x 107 B2 GeV*,  (E2)

where Hy = 100 hkms™ Mpc™! = 2.132 x 107 h GeV
[25]. Hence, the density parameter of CMB photons is
given by

n2Q, o = 220 = 246 x 1075,

E3
Pco ( )

Post electron-positron annihilation, the neutrino temper-
ature is given by [23]

4\ 1/3
T,=(—) T
()

from which, we can derive a relation between the energy
density of SM neutrinos and CMB photons to be

7 4\ 4/3
pungeff ) Pr

where N = 3.046 [200] is the effective number of
neutrino species in the SM. Using Eq. (ES), the present-
day density parameter for neutrinos becomes

(E4)

(ES)

) 7 4\43 s
WQuo = gNar(17) W0 =170 107 (E6)

Hence, the present-day density parameter of radiation
becomes

W2Qua0 = B (R0 + Q) = 416 X 105, (E7)
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