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Dimensional reduction of the M-theory Chern-Simons term at order t’g

Mohammad R. Garousi

Department of Physics, Faculty of Science, Ferdowsi University of Mashhad,
P.O. Box 1436, Mashhad, Iran

® (Received 2 October 2025; accepted 6 November 2025; published 24 November 2025)

The dimensional reduction of M-theory couplings at order zf?, is known to produce one-loop a’
corrections in type ITA string theory. In this paper, we perform the Kaluza-Klein reduction of the M-theory

Chern-Simons coupling fge;;AR* at this order. By meticulously accounting for nongauge-invariant total
derivative terms, we derive the complete set of corresponding one-loop, gauge-invariant couplings in the
type IIA effective action. Our results not only reproduce the standard Chern-Simons term tge,oBR*—which
is gauge invariant up to total derivatives—but also unveil a new set of gauge-invariant couplings involving
Ramond-Ramond and Neveu-Schwarz—Neveu-Schwarz field strengths. To validate our findings, we test
their consistency under string dualities. We dimensionally reduce the derived type IIA couplings on a K3
manifold and show that the resulting one-loop & corrections in six dimensions transform under S-duality
into the dimensional reduction of the tree-level heterotic string Chern-Simons coupling H,,,£¥** on T

This nontrivial agreement provides strong evidence for the correctness of both the M-theory Chern-Simons

term and its reduction to type IIA.

DOI: 10.1103/7wvh-32zx

I. INTRODUCTION

M-theory, the hypothesized nonperturbative unification of
the five superstring theories [1-3], is a parity-invariant theory
[4] that is described at low energies by 11-dimensional
supergravity [5,6]. The leading-order action is well known,
consisting of the Einstein-Hilbert term, a kinetic term for the
odd-parity three-form gauge field A®), and a crucial cubic
Chern-Simons term, [A®) A F*) A F®. However, this
two-derivative action is merely the first term in an infinite
series of higher-derivative corrections. These ¢ ,-suppressed
corrections are essential for capturing M-theory’s full non-
perturbative dynamics and are intimately connected to
quantum effects and anomaly cancellation.

The next-order corrections occur at the eight-derivative
(ff,) level. The effective action at this order receives con-
tributions from several terms, including the well-known
(1315 — 311611 )R* structures [7-10]. A particularly impor-
tant component is the topological Chern-Simons coupling,
schematically denoted #ge;;AR* [10-12]. Like its lower-
order counterpart, this term is gauge invariant only up to a
total derivative and plays a vital role in the generalized
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Green-Schwarz mechanism for anomaly cancellation in
M-theory [11]. The precise form of this coupling was
established through two complementary approaches: consis-
tency conditions of M2-brane/MS5-brane duality [11] and the
requirement of local supersymmetry for the purely gravita-
tional (fgtg — 4 €11€11)R* terms [10,12].

The profound dualities connecting M-theory to string
theories provide a powerful tool for exploring these higher-
derivative terms. The circular reduction of M-theory yields
type IIA string theory [3], and further compactification on a
K3 surface is dual to the heterotic string on 7% [7,13]. The
process of Kaluza-Klein (KK) reduction allows us to derive
the structure of the one-loop type ITA effective action at order
a’® from this M-theory starting point. The reduction of the
pure gravity sector, which produces couplings in the metric-
dilaton-RR (Ramond-Ramond) one-form sector, has been
studied recently [ 14—16] and has been shown to be consistent
with string amplitude calculations and heterotic duality.

While it is known that the M-theory Chern-Simons term
tge11AR? reduces to its type IIA counterpart rge,(BR* [11], a
complete classification of all the resulting effective couplings
has been absent. In this work, we perform a detailed KK
reduction of this term. The direct reduction yields 1,173
nongauge-invariant couplings in addition to the expected
tge1oBR* term. We demonstrate that these extra couplings
can be assembled into a gauge-invariant form by system-
atically accounting for nongauge-invariant total derivatives
in ten dimensions. Constructing a complete basis of 288
gauge-invariant terms—comprising the Riemann tensor,
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dilaton derivatives, and the field strengths H®, F() and

4) (where H®) and F® appear linearly)—we find that
only 91 terms in this basis have nonzero coefficients. The
new couplings consist of 11 terms involving the Neveu-
Schwarz-Neveu-Schwarz (NS-NS) field strength H®) and
80 terms involving the RR field strength F*).

We observe that symmetry considerations do not allow
M-theory couplings with a linear dependence on the field
strength F 4), Therefore, the reduction of the Chern-Simons
couplings yields the only couplings in type IIA theory that are
linearin H® and F(*). This unique property makes them ideal
for study under string duality. We verify that our resulting
one-loop couplings in type IIA theory satisfy the constraints
imposed by six-dimensional duality with the heterotic string.
Upon compactification on K3, these couplings must match
the tree-level four-derivative couplings of the heterotic string
on T*. We show that this matching occurs exactly, providing
a robust consistency check on our results.

This paper is structured as follows. Section II details the
KK reduction of the M-theory Chern-Simons term at order
ff, and the subsequent construction of the one-loop, gauge-
invariant type IIA effective action at order >. In Sec. III,
we explore K3 compactification and S-duality: Sec. IIT A
analyzes the reduction of the resulting type IIA couplings,
while Sec. III B studies the corresponding tree-level
couplings in the heterotic theory and their reduction on
T*. We demonstrate their precise agreement under duality.
Our conclusions are presented in Sec. I'V. All calculations
were performed using the “xAct” package [17].

II. REDUCTION OF M-THEORY ON CIRCLE

The well-known conjectured duality between M-theory
on a circle and type IIA string theory is reflected in their
effective actions: the KK reduction of 11-dimensional
supergravity yields 10-dimensional type IIA supergravity
[5.6], and M-theory’s higher-derivative corrections produce
quantum corrections in type IIA string theory. The nonzero
KK modes are expected to generate stringy corrections to
the effective action at each genus level [18], which are not
the focus of this work.

To establish our conventions, we begin by outlining the
derivation of the bosonic couplings in 10-dimensional type IIA
supergravity from the circular reduction of 11-dimensional
supergravity [5,6]. The bosonic sector of the 11-dimensional
theory consists of the following parity-invariant couplings [6]:

2
So = {/ dnx\/_ (R 50 abchade>
K11
_é/A@) AF® A F<4>], (1)
where «}; =1(27¢,)°. The dimensional reduction of this
action on a circle of radius Ry, = gf/ 3¢ » proceeds via the

standard KK ansatz for the metric and three-form:
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Gap = €72/3 <le +e*C,C, e (DCM).
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Aﬂl/(l = C,ut/a; A;wy = Bmx' (2)

Here, G, denotes the 10~ dimensional metric, @ represents the
10- dlmensmnal dilaton, C®) denotes the RR three- form
potential, C(!) denotes the RR one-form potential, and B
represents the NS-NS two-form field of type IIA superstring
theory. Under the parity transformation along the circle,
¢, €O are odd, while B is even. Using these reduction
rules, one finds the bosonic sector of the parity-invariant 10-
dimensional type IIA supergravity, which is [6]

2
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(3)
Here, F;w = 20[”6',/], lea = 3()[/,BM,] /wrl/)’ = 40[MCW/3]

4C,H qp, and the 10-dimensional gravitational coupling is
givenby k3, = k°g2 = 1 (21£,)8 g2, where £, = /o defines
the string length. Note that the 10-dimensional Levi-Civita
tensor in the last term has no component along the circle
direction; it is therefore even under the parity transformation.
Hence, the action is invariant. Also note that each RR field is
accompanied by a dilaton factor of e®. With the overall dilaton
factor of the action being e~?, this confirms it corresponds to
the sphere-level effective action.

The first nontrivial higher-derivative correction to
11-dimensional supergravity appears at eight-derivative
order [corresponding to O(£%)]. While the complete struc-
ture of bosonic couplings at this order remains unknown, the
purely gravitational sector and Chern-Simons term have
been determined and take the form (see e.g., [19])

2 ﬂzf?, 1
_7%1211‘32/d11x\/ [<t8f8—4—€11€11>R4

1
—8[8611AR4+"':|, (4)

S6:

where the ellipsis denotes additional couplings involving
higher orders of the three-form field A,,,.. The reduction of
the pure gravitational part has been studied in [14,16]. Here
we are interested in reduction of the Chern-Simons term. The
tensor fg is defined as [1]

tabcdefgh
8

Zgafgbeggdgch + Sgad beggfgch
+ Sgah beggd of 4 8gah bcgyfgde

_ 2gahgbggcfgde zgad bcnggeh’ (5)
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and €;; denotes the odd-parity Levi-Civita tensor in 11
dimensions. Using these tensors, the Chern-Simons term can
be expressed as

2 46
cS _ 2z ”pp 11 abcdefghijk
Se BT d" x\/—gey,

ST A

X Aabc [anhianijqmdequfg
- 4Rmnhianijqmdequfg}' (6)

The Levi-Civita tensor €;; is related to the Levi-Civita
symbol €}, as \/—gej; = €.

The reduction of the three-form is given in (2), and the
reduction of the Levi-Civita symbol is trivial, as

\/:~g€ )lltfﬂ}/m/Kﬂg&)‘ _ \/:G'etlxgyuwdﬂéa . (7)

where €, denotes the Levi-Civita tensor in 10 dimensions.
The reduction of the Riemann curvature tensor can also be
calculated using the reduction of the metric in (2). However,
it includes many terms that depend on both the RR one-form
potential and its field strength. The reduction of this tensor,
when all indices of the 11-dimensional object are
10-dimensional indices, is
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-5 e**3G,5C4C,V,OVFD — 5 e**3Gy,C,CsV , OV D + 5 e**3G,,CsCsV, OVHO. (8)

Note that we have used the same symbol for both the 11-dimensional and 10-dimensional Riemann curvature. The
reduction of the Riemann curvature, when three indices are 10-dimensional indices and one of them is the Killing index v,

becomes
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The reduction of the Riemann curvature, when two indices
are 10-dimensional indices and two of them are the Killing
index y, becomes

1 2
Rayyy =7 e ®BEPF,; + 5 3G, V,0oVid
8

2
-3 3V, 0V, 0 — 3 e'*3V,V,, (10)

which does not contain the RR one-form potential. If one
considers the above reductions, then the reduction of the
action (6) can, in principle, be calculated. However, given
that the reduction of the Riemann curvature with all indices
in the 10-dimensional space has 56 terms, the reduction of
four Riemann curvature tensors produces too many terms to
be analyzed with an ordinary computer. Nevertheless, by
using the fact that the final result must be gauge invariant
up to total derivative terms, one can remove the terms that
would cancel each other in the end, before performing the
explicit calculation.

Similar complications arise when one attempts to cal-
culate the KK reduction of the pure gravity sector in (4). In
this case, the final result must be gauge invariant without
relying on any total derivative terms. Consequently, one can
simplify the calculation significantly by initially setting all
RR one-form potentials—which appear in the curvature
reduction—to zero. This approach is justified because any
such terms would ultimately need to cancel in the final
10-dimensional action after a lengthy computation. By
implementing this simplification, the calculation becomes
tractable and can be performed using an ordinary com-
puter [16].

In the reduction of the Chern-Simons term, however, the
result must be gauge invariant only after incorporating
appropriate nongauge-invariant total derivative terms.
Hence, the RR one-form potentials cannot be removed
from the Riemann curvature reduction. Using the fact that
the final result—after incorporating nongauge-invariant
total derivative terms—must be gauge invariant and be
written linearly in terms of the NS-NS field strength H®)
and the RR field strength F*) = dC®) 4+ c() A HO), the
RR one-form potential must appear only linearly in the
reduction of the coupling (6). This allows us, during the
reduction process, to remove all terms that have two or

ay

2 1 1
— g 64(D/3 Cﬁvyvad) + g e4¢/3CaV7Vﬁ<I> + 6 €4¢/3GﬁyFm;v5(D - 6 64(1)/3G(IYF/55V5¢’

CyV;0V0. ©)

|
more factors of the RR one-form potential, which greatly
simplifies the calculation.

Through the application of the dimensional reduction
described above, we arrive at the following couplings in the
string frame of type IIA theory:

SCS _ 2 ﬂzl’ﬂ? d10 \/_G apfyuvkifdc
6 = T 201132 v —=Gey

X [3BaﬂRy//’€R/19prum]e
- 12B a/}RyyrleR/lﬁ(ueRpk/)nR(Srfpw + ‘Ca/)’yﬂymleﬁa} .

Réo_pw
(11)

The absence of an overall dilaton factor indicates that the
reduced action Sgs corresponds to the torus-level effective
action of type IIA theory. L,p,,x105, Tepresents 1,173
couplings involving the Riemann tensor, along with first
and second derivatives of the dilaton and the RR one-form
field strength. They also include many terms that involve
the RR three-form and one-form potentials as well as the
NS-NS two-form potential. While the RR three-form and
the NS-NS two-form potential naturally appear in the
reduction only linearly, we removed second and higher
orders of the RR one-form potential, as we argued in favor
of this approach in the previous paragraph. To ensure that
this assumption is legitimate, we performed a similar
calculation in six dimensions which involved two
Riemann tensors, and found that all nonlinear one-form
potential terms canceled after using the Bianchi identities:

v[yFya] =0, R”[ya/}] =0. (12)
Each RR field in (11) appears with a dilaton factor e?®, as
expected.

Terms in the KK reduction of (6) that contain the RR
one-form potential appear in conjunction with the NS-NS
two-form potential. In fact, terms where the RR one-form
and three-form potentials appear together are canceled
upon applying the aforementioned Bianchi identities.
The reduction (11) contains no such terms. Furthermore,
in all these terms, the RR one-form potential contracts
exclusively with the Levi-Civita tensor. This property
allows the terms to satisfy the RR gauge invariance
condition after appropriate nongauge-invariant total deriva-
tive terms are included. While the reduction of (6) produces
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many terms where the RR one-form potential does not
contract with the Levi-Civita tensor, all such terms cancel
when the Bianchi identities are applied. Crucially, if the RR
one-form potential were to contract with another tensor, the
resulting terms would violate RR gauge invariance, even
after the addition of nongauge-invariant total derivative
terms. The reduction (11) contains no terms of this kind.

Since the original Chern-Simons term is invariant under
the three-form gauge transformation up to total derivative
terms, one expects the reduced terms in (11) to satisfy the
RR and NS-NS gauge transformations up to some total
derivative terms. In other words, if one adds some appro-
priate nongauge-invariant total derivative terms to the 10-
dimensional couplings in (11), the result should be written
in terms of the RR and NS-NS field strengths, which are
gauge invariant. This is except for the two BR* terms in
(11), which cannot be written in terms of the Riemann
curvature and the NS-NS field strength. However, all other
1,173 terms can be written in terms of the Riemann
curvature and the RR and NS-NS field strengths.

Having found the reduction of the Chern-Simons cou-
pling in (11), one must now add some nongauge-invariant
total derivative terms to rewrite the result in a gauge-
invariant form. We consider the following total derivative
terms:

2 06
J= —zﬂ—fs/dlox\/—GVﬂI”, (13)

K.Z 211‘32

where the vector Z# is constructed from all seven-derivative
contractions of the Riemann tensor, the first and second
derivatives of the dilaton, F,, and its first derivative, and
the linear terms of C®), B® ¢ and BACW. The
potentials must contract with the 10-dimensional Levi-
Civita tensor. All vectors constructed in this way contain
arbitrary coefficients.

If one adds the above total derivative terms to the
reduction (11), then by choosing the appropriate values
for the arbitrary coefficients of the total derivative terms,
one may be able to write the nongauge-invariant couplings
(11) in a gauge-invariant form. However, to perform this
step, it is appropriate to find a basis for gauge-invariant
couplings in order to write the resulting gauge-invariant
couplings in terms of this basis. To find this basis, we
consider

) 2 r f
Sgaszs - _ 2 o leX\/_EBaszs (14)

where L84 contains all eight-derivative contractions of
the Riemann curvature tensor, the first and second deriv-
atives of the dilaton, F,, and its first derivative, and linear

terms of the field strengths H® and F*) that contract with
the 10-dimensional Levi-Civita tensor. We remove terms
that involve the Ricci tensor and Ricci scalar, as well as
terms involving V,F* and V,V#®. Removing also the
terms that are related by the Bianchi identities (12), one
finds the basis consists of 288 couplings with coefficients
aj, ..., argg. Note that we did not remove terms in the basis
which are related by total derivative terms. This means that
not all 288 terms in the basis are independent. If one
removes all total derivative terms from the basis, one would
find 249 independent terms. However, for reasons that we
explain in the next paragraph, we prefer to consider the
basis with 288 terms.

We then equate the above basis with the reduction in
(11), to which the nongauge-invariant total derivative terms
have also been added, i.e.,

S6% + T = S (15)

To solve the above equation, we move to the local frame
and express the field strengths in terms of potentials. This
approach ensures the Bianchi identities are satisfied [20].
We then derive an algebraic equation involving the fixed
numbers in the reduction (11), the coefficients ay, ..., aygg,
and the parameters from the total derivative terms. This
equation yields 249 relations among the 288 parameters in
the basis. If we had considered a basis with only 249
couplings, this equation would have fixed all 249 param-
eters, resulting in 171 nonzero terms. However, with the
288-term basis, the equation allows us to solve for 39 of the
parameters, enabling the final Lagrangian to be written with
fewer than 171 couplings. We fix the remaining parameters
by imposing the constraint that the couplings contain no
second derivative of the dilaton. This fixes 28 parameters.
With 11 parameters still undetermined, we set them to zero.
The final result is a Lagrangian with only 93 nonzero
couplings. They are

§CS 2 63 410 \/’~ afyuuitio p B
6 _72211 32 X { ap~yuvki0se

HOC(SO‘ ‘C’/}y;lwdﬁ

(16)

F aféc L ﬁypwd}

in which two standard terms of L8 are

yuvkA@do

EB

— € 0}
yuvkA0éc 3Ry;4n RinwRykneRrio—p

- 12Ryﬂn€R29meRbK/)nR5rr/)w . (17)

The Lagrangian Lﬁwww comprises 11 terms. They are
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— 8e*®F,F, V;OV,F.V,0V’® + 8¢**R,; R

POV,

uvp

+ 26*®R ;) Fs"V,F*V'F , + 4¢**R, ., F 'V ,F ,*N'F
—4¢*®F, V0V, F NVN'OV'F,, + 4¢**V Fy V,F V'OV'F,,
+2e*®F5 V,F V ,OV’OV'F,, + 4¢**R,),,F 5,V ,F.“V°F /

+ Sez(DRK/lnoR/wp

“F 5, VPOV D — 8¢**R, ., Fj,F,"F,, V' OV D

— 8¢YPR o Fy Fu F," VPOV D + 4¢5°Fy F OF F, F,, VPOV D
265 F F F,, F,"F o, VPOV ® — 16¢*°F, F,V , OV, F, V' OV

" w

+86'Fy V,F V,F,, VP OV°® — 8e*°F, F,,F,V,0V, 0V OV O
+8'Fy, F,,V,F VOV OV'® + 26*°F F,F, V, 0V OV, OV D

1
+ 2e5°F P F,*F *V ,F,,V ,F,; + 3 ¢** Ry, F/*V,F,,N"Fp,

+269F P F, F 'V, F o V7F + 166**R o F,PF, "V ;OVF,,
—26*®R .o PV ,Fy VOF,, + 4¢*®R ., Fy, F,* VP OVOF,,

w

1
+ 4€*PR, 0 F 5, F VP OVF,, — i e*FyF,F,V,F,V°F,,

1
~ 3 € Fy Fy PN F GV F,, + 4 PR 0 Fy V°F /N F,,

— 46" R ) F iy, VT F,PVOF ) + 2" R 1 F 'V, F, VO F 7. (19)

The action in Eq. (16) is, in fact, equivalent to the action in
(11), up to nongauge-invariant total derivative terms. While
the first term in (16) represents the standard Chern-Simons
couplings in type IIA theory—previously found in [11] from
M2-brane/M5-brane duality—the remaining terms are new
couplings that have not appeared in the literature. These
couplings all vanish in the absence of RR field strength F,.
Note that there is an even number of RR fields in (16). The
Levi-Civita tensor and the B-field have even parity, while the
RR field strengths F(!) and F*) have odd parity. Hence, the
couplings in (16) are invariant under parity. This is expected
because the original 11-dimensional Chern-Simons coupling
is also invariant under parity.

Note that all indices of the RR field strength F*) and the
NS-NS field strength H®) in (16) are contracted with the
Levi-Civita tensor. One may speculate that other couplings
could exist where these field strengths are also contracted
with other tensors. Such terms might originate from other
gauge-invariant couplings in M-theory where the three-
form field strength dA®) appears linearly in the effective
action. We have verified that if one considers all possible
contractions of a single 11-dimensional Levi-Civita tensor
with dA®) and the Riemann curvature tensor at eighth
derivative order, then, after applying the 11-dimensional
Bianchi identities, no such coupling survives. Conse-
quently, the couplings in Eq. (16) represent the complete
set of one-loop couplings in type IIA theory that include the
RR field strength F*) and the NS-NS field strength H®)
linearly.

|

It is also worth noting a key difference in the dimensional
reduction of the 11-dimensional couplings based on the
number of the three-form A®): couplings with an even
number of A®) can produce direct, analogous couplings in
ten dimensions—as well as many others—particularly in
cases where no tensor carries the Killing index y (see [16]
for the reduction of the pure gravity part); in contrast,
couplings with an odd number of A, which must be
accompanied by the 11-dimensional Levi-Civita symbol,
cannot produce direct analogs of the original 11-dimen-
sional coupling. In fact, none of the resulting ten-dimen-
sional couplings is an analog of the original, since the Levi-
Civita symbol always contributes the Killing index y during
reduction. This index is subsequently removed, transform-
ing the symbol into its ten-dimensional counterpart and
altering the structure of the coupling. For instance, in (16),
there is no coupling involving one three-form and four
Riemann curvatures, whereas such a coupling exists in the
11-dimensional theory.

III. REDUCTION OF TYPE ITA ON K3 AND
S-DUALITY IN 6D

Type IIA string theory compactified on a K3 surface is
known to be dual to heterotic string theory on T* (see, e.g.,
[6]). Each theory contains 81 scalars; however, we are
interested in only one specific scalar from each—the
dilaton. Similarly, while there are 24 vector fields in each
theory, we focus on two vectors from each. In type IIA
theory, these are the RR one-form and the gauge field
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arising from the Hodge dualization of the RR four-form. In
the heterotic theory, the relevant vectors are one from a
component of the metric along one circle of the 7%, and
another from a component of the B-field along the same
circle. The field content of both theories also includes a
metric and a Kalb-Ramond field (H-field).

For this duality to hold, it must map the specific fields of
the six-dimensional type IIA theory to their heterotic
counterparts, ensuring their effective actions match at every
derivative order. The dilaton’s sign reverses under this map
[21], identifying the duality as S-duality. Because the
dilaton sets the coupling constant, this sign reversal means
the duality connects a weakly coupled theory to a strongly
coupled one. Therefore, studying the effective action under
S-duality requires including all loop and nonperturbative
corrections at each derivative order before the symmetry
can be imposed. An exception occurs when a coupling has
an exact dilaton dependence, which allows for its direct
study under S-duality [22].

The Chern-Simons coupling at order 1/”16, in M-theory is
unique; hence, the corresponding one-loop coupling in type
ITA theory (see (16) is exact. The K3 reduction of these
couplings produces four-derivative and higher-order cou-
plings in six dimensions. The four-derivative couplings are
expected to be exact (see, e.g., [23]). On the other hand, the
heterotic theory has tree-level couplings at four-derivative
order in the NS-NS sector that receive no loop corrections
[24,25]. The T* reduction of these couplings is also exact.
Therefore, the four-derivative couplings in the type IIA
theory should map to the four-derivative couplings in the
heterotic theory under the duality.

In the next subsection, we find the six-dimensional four-
derivative couplings corresponding to the type IIA cou-
plings in (16) and determine their S-duality transforma-
tions. In Sec. III.2, we consider the reduction of the
heterotic coupling H,,,Q"* on T* and compare it with
the S-dual of the type IIA couplings.

|

A. Type IIA reduction on K3

The K3 reduction of the eight-derivative couplings in
(16) generates both the four-derivative couplings in which
we are interested and higher-derivative couplings in which
we are not. To isolate the four-derivative couplings, we
consider an ansatz where the metric takes the block-
diagonal form:

ds® = G5, (x)dx*dx* + g, (v)dy“dy”, (20)

with y* denoting the K3 coordinates. In this section, we use
the indices p,v, - -- for the 10-dimensional and 6-dimen-
sional spaces and the indices a, b, - - - for the compact 4-
dimensional space. For the block-diagonal metric, the 10-
dimensional Levi-Civita symbol can be written as the
product of the 6-dimensional and 4-dimensional Levi-
Civita symbols. In terms of the Levi-Civita tensor, this
is expressed as

V=Geg =V —G6€6\/g764. (21)

The nonflatness of the K3 surface introduces nonvanishing
curvature contributions. In particular, the integral of the
first Pontryagin class over K3 is (see e.g., [23])

32—171_2 P d4y \/gjeszdRuhechdef = 48. (22)
This topological constraint plays a key role in producing
the four-derivative couplings when applied to the eight-
derivative couplings in (16).

Using the above constraint, the K3 reduction of the ten-
dimensional, one-loop gravity couplings in (16) produces
the following four-derivative term in six dimensions:

2 740 1 _
Sep = -5 s / dOx /=GO | 6ByyR " Rogpe + = €*PF 55 F o F5F .

12

201,
—e"F yudc

1 _
mﬁaRaﬂﬂfF s Z e*F

20 1;
—4e F””;o-

F/;pVaCDV”q) + 462(1)1_7},”50-

2

FosF , F'" — 4¢**H 5, F /N Fp,

VyFo VP ® + 2620, 5 F oV, 0V D | (23)

yuéo

To convert the first term into the one that appears in the heterotic theory, we use the following identity:

1 s Byué
Zegﬁw GRK/laﬁRMW = eg/ " avﬂgaﬂy’ (24)
where €, is the Lorentz Chern-Simons three-form in six dimensions, defined as
2
Qo = Oy, 0,04, " + gw[ﬂﬂlylwl/ylalwa]alﬂl; Oy, = €, Ve (25)
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where u;, v, - - - represent indices in the flat tangent space,
and e,fre,1n, ,, = Gﬁ,,. Then the first term in (23) can be

written in terms of egﬂ 7Hoo Iy

tive term.

We now transform the six-dimensional one-loop
theory (23) under S-duality. It has been observed in [26]
that S-duality in type I/heterotic theory requires Q
to be invariant. We expect the same to hold for the six-
dimensional case. The S-duality transformations are as
follows:

apr$uso U 1O a total deriva-

-2’
HHve — ¢ 6./6“/0’/”}’/1
3!

- 1
Hﬂyﬁ? Frvep — 5 Wyﬂ egﬂﬂbaﬂ’
F{l/f’ = V(l/)” Ga/} = 6—2!1)’ G/aﬂa
® = _(I)/9 Qa/})/ = Q{l/}’yv (26)

where H,W,V,®' G, Q are fields in the dual theory.
Under the above transformation, one finds the six-dimen-
sional action (23) transforms to the following dual action:

2
2 12

— 2V VLV W, — 6V (s VEVIEW,,

+24R., VOWN 4+ 24H,, VIRV ¥

— 48,V S VIVID — I6WIIVED'V,V

Sg;‘)“l = / doxV -G e 2 [48H“”7Qaﬁ7

+96VIW,V, V. (27)

Note that the overall dilaton factor e=>® indicates the dual
action is at the sphere level. Note also that the above action
is linear in the field strengths H and W, so it should
correspond to couplings in the heterotic theory that are
linear in the NS-NS antisymmetric tensor field strength. In
the next subsection, we consider such couplings in the
heterotic theory.

B. Heterotic reduction on 7%

The heterotic string theory features 496 massless vector
fields in the adjoint representation of the SO(32) or
Eg x Eg gauge group, as well as NS-NS fields that are
singlets under these groups. For the purposes of this paper,
we consider the 10-dimensional vector gauge fields to
be zero. In this case, the nonstandard local Lorentz

|

g 2 2V
HO = TR g

_ _ 1 _
+ R VW + 2B D, + - H

transformation for the B-field requires a specific field
strength in the effective action, as described in [27]:

N 3
{ l ’ {/ /S 2/
pwva — uva E X 38q-

(28)

Here, H),, = 36U,B’U o and Q' is the 10-dimensional
Chern-Simons three-form defined in (25).

The leading-order effective action for the heterotic
theory, with Yang-Mills fields set to zero, is

S = _% / d"x\/-G},e™®
Ko
1.
X <R’ +4V,0'VH' — EH2> : (29)

where the 10-dimensional gravitational coupling is given
by k'3, =1 (22£})8¢2, with ¢} being the heterotic string
length scale. This action produces the following four-
derivative coupling that is linear in the H'-field:

2 "2 Y
Sho = —K,—%O?/dlox\/—G’loe 20 [2H"’ﬂ7§2ﬁll,y]. (30)

The circular reduction of this classical coupling and its
symmetry under T-duality have been studied in [28].

To study the KK reduction of this coupling on T* for
zero moduli and with only two KK vectors—resulting from
the metric and the B-field along a single circle—we
decompose T# = S' x T3, where T* has a constant diago-
nal metric, and write the 10-dimensional metric as follows:

ds” = Gy (x)dxMdx + g (z)dz'dz/, (31)

where 7' are the coordinates of 77, and x™ denotes both the
circle coordinate of S(!) and the six-dimensional spacetime
coordinates. Performing the KK reduction on the seven-
dimensional metric using the ansatz

G, +R*9.9, ¢
wav = ! ! ! > (32)
9 R:

where R; represents the radius of the circle coordinate y,
while indices y, v label the six-dimensional spacetime
directions orthogonal to y. The dimensional reduction then
yields the following effective action in six dimensions:

/ 1 1
/ doxV—G'e™*® [— 3 V VPV W, — 1 Vg VPVIEW,,

s VEVIEGS 1+ VWD, 0@

- 2W@, "N Vs, + H,,anﬁwv(/} . (33)
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where @,,, is related to the six-dimensional spin connec-

e,'ey . In the above equation, V' =

wﬂﬂl”l
Jso Ridy [3 d*z+/d represents the T* volume. This re-
duction is identical to the circular reduction found in [28]
for a fixed radius. There are terms in the above reduction
that involve the spin connection. These terms are not
invariant under local Lorentz transformations and should
be removed by field redefinitions that include the spin
connection.

To study the field redefinition, we must consider the
reduction of the leading-order, two-derivative terms to six
dimensions. The KK reduction of the two-derivative terms
in (29) for a fixed circle radius uses the metric reduction in

(32) and the following B-field reduction ansatz from [29]:

Ba +lbag _lb Ya ba
B

tion as @,,, =

This reduction produces the following two-derivative
action in six dimensions:

2V’ ,
S = doxV -G e™® {R’ +4V,0'VH'

%o

——W W’“’—EV % 1H Hwe | (35)

4 " 4wt
where W, =9,b,-9,b,, V,, =3d,9,—0d,g,, and the
three-form H is defined as HW, =Hypo = 9 Woa —
9aW . — 9, W 4, Here, the three-form H is the field strength

of the two-form b,, +1b,9, —1b,g, in (34). The three-
form H is not the field strength of a two-form and satisfies
the following Bianchi identity [29]:

The field redefinition is constrained by the requirement that
it must satisfy the above Bianchi identity.

In general, one may consider field redefinitions for all
six-dimensional fields. However, for the purposes of this
paper, we only need to consider the field redefinition for the
vector field b,, i.e.,

by = by + £2Ab,, (37)

where Ab, consists of fields at the two-derivative order.
The Bianchi identity (36) indicates that the field redefini-
tion of H is related to this field redefinition by AH,,, =
=3V, Abg. This redefinition then produces the following
couplings at the four-derivative order:

AS' =

2f’2v' ,
7 / doxV—G'e2®
10

1.
X L aﬁyVWAb"‘ + WaﬂVﬁ(Ab“) (38)
The action (33) for the field in (37) then includes the four-
derivative couplings S}, + AS'.

To remove the terms in (33) that involve the spin
connection, we consider the following field redefinition:
Aba — —&)aﬁyvﬁy. (39)

The corresponding AS’ is

2f’2V’/d6 V_G'e -2<1>[ 1

Klo 2

AS =

_ P
H,, % V&Y o

- W%, "NV, — VP W”‘VM&)M;} .

9, I:Iyaﬂ] _ 3 Vi Weg- (36) Adding .this term to (33). results in the removal of the spin
2 connection terms. That is
|
2 2V 01 1
Sho +AS = g / doxV—G'e™® {—5 VIVPVHW,, — 1 Vg VIVIW,,
_ _ 1 -
+ 2Ry VW + 2HWIQ )y — > HpnV IV V] (40)

where we have used the following relation between the
Riemann curvature and the spin connection:

Roppu = =05 Oy + Dy @y + V,@yap — V0,5 (41)

As expected, the action in (40) does not include the spin
connection, other than that within the Chern-Simons three-
form, and is consistent with local Lorentz gauge trans-
formations. In fact, the H Q term can be combined with the

H? term in the leading action to express H in terms of the
generalized field strength H — 3a/Q/2, as in (28).

The couplings in (40) are now identical to those in the
first two lines of (27), up to an overall factor. This overall
factor also matches using the fact that the NS5-brane of
heterotic theory, when wrapped on T*, transforms under
S-duality into the fundamental string of type IIA theory
(see e.g., [6]). The equality of their tensions yields the
relation
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27V’ B 1
(2xt))q?  2ml?’

(42)

Using this relation, one finds that (40) produces exactly the
couplings in the first two lines of (27).

The couplings in the last line of (27) are also reproduced
by (38) if one uses the following covariant field redefinition:

Aby = 4V, VP, (43)

Hence, our calculations confirm that the two actions (23) and
(33) are indeed S-dual to each other when appropriate field
redefinitions are included. This provides a nontrivial veri-
fication of S-duality between type IIA theory on K3 and
heterotic theory on T*. It also confirms the eight-derivative
couplings in (16) that were found from the Chern-Simons
term in M-theory at order 5.

IV. CONCLUSION

In this paper, we have employed circular reduction of the
Chern-Simons term fge;;AR* in the effective action of
M-theory at order f?, to derive the corresponding one-loop
couplings at order o’ in type IIA string theory. These
include the standard Chern-Simons term tge;oBR*, along
with 1,173 additional couplings expected to be gauge
invariant up to total derivative terms. By incorporating
appropriate nongauge-invariant total derivative terms, we
successfully rewrote the 1,173 couplings in terms of 91
gauge-invariant couplings, as presented in (16). These
couplings exhibit linear dependence on the NS-NS field
strength H®) and the RR field strength F*). Furthermore,
explicit calculation verifies that no other couplings linear in
the three-form A®) exist in M-theory at this order beyond
the Chern-Simons term itself. This confirms that the new
couplings we have found constitute the complete set of
couplings in type IIA theory linear in H®) and F® at
this order.

We also investigated the behavior of these new couplings
under six-dimensional S-duality between type IIA theory on
K3 and heterotic theory on T*. Our results show that the
four-derivative one-loop couplings in type IIA on K3
transform precisely under S-duality into the corresponding
four-derivative tree-level couplings in heterotic theory on 7.

It is well established that the tree-level effective action of
string theory is invariant under T-duality at each order in o
[30,31]. Unlike S-duality, T-duality maps the tree-level
action at a given order in o' to a tree-level action at the same
order. A natural question is whether the one-loop effective
action similarly transforms under T-duality into the one-
loop action of the dual theory. By examining the pure
gravity couplings in type IIA theory at one-loop order,
given by (fgfg — §€10€10) R, and their counterparts in type
IIB theory, given by (f5f5 + § €10€10)R?, it appears unlikely
that these satisfy T-duality in a straightforward manner
[32]. To systematically investigate T-duality at the one-loop
level, one could perform a circular reduction of the type IIA
couplings in (16) to derive the corresponding nine-dimen-
sional couplings. Applying T-duality to these results would
then test whether the transformed couplings can be repro-
duced via circular reduction of gauge-invariant couplings in
10-dimensional type IIB theory. While Chern-Simons-like
terms are generally forbidden in type IIB theory [7], it has
been argued that T-duality may necessitate their existence
[33]. Resolving this apparent contradiction represents a key
challenge in understanding one-loop T-duality. We leave a
detailed investigation of this calculation for future work.
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