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Krylov complexity as a probe of the quantum Mpemba effect
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We investigate Krylov state complexity as a probe of the quantum Mpemba effect in quantum spin chains.
For models without global U(1) symmetry, Krylov complexity exhibits clear Mpemba-like crossings,
consistent with conventional diagnostics such as the trace distance, while offering a complementary
interpretation in terms of Hilbert-space exploration and dynamical delocalization. In U(1)-symmetric
systems, we confirm that the recently proposed symmetric component of Krylov complexity serves as a
robust and reliable indicator of the quantum Mpemba effect, capturing anomalous relaxation even in cases

where the total complexity fails to do so.
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I. INTRODUCTION

The Mpemba effect refers to the counterintuitive
phenomenon in which a system prepared further from
equilibrium relaxes faster than one initialized closer to
equilibrium. Originally observed in water, where initially
hotter samples were found to freeze more quickly than
colder ones [1], the effect has since been identified across a
wide range of classical dynamical systems [2—10]. These
studies established that the Mpemba effect is not a peculiar
feature of water, but rather a generic manifestation of
nonequilibrium relaxation, leading to renewed interest in
the dynamical mechanisms responsible for anomalous
temporal ordering during the approach to equilibrium.

In recent years, attention has turned toward the quantum
regime, giving rise to the so-called quantum Mpemba effect
(QME) [11-14]. In both open and closed quantum systems,
it has been observed that states prepared farther from
equilibrium may relax faster than those initialized closer
to equilibrium. In open quantum systems, the effect often
parallels its classical counterpart, emerging when overlaps
with the slowest Liouvillian modes are suppressed [15—17]
(see also [18-21]). In closed systems, QME-like behavior
has been explored through quantum quenches in a variety
of models, including spin chains, free fermionic and
bosonic systems, random quantum circuits, and many-
body localized phases [22-30]. These studies demonstrate
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that the QME is a widespread feature of nonequilibrium
quantum dynamics, sensitive to both the nature of the initial
state and the spectral properties of the Hamiltonian.

A major challenge in the study of the QME lies in
identifying observables that reliably capture it. Relaxation
processes in quantum systems depend strongly on the
interplay between different dynamical channels and on
the presence of symmetries or conserved quantities that
constrain the evolution. Hence, the choice of probe—
that is, the quantitative measure of “distance from
equilibrium”—is crucial for revealing Mpemba inversions
[13]. Among the most informative diagnostics proposed so
far is entanglement asymmetry, defined as the difference
between the entanglement entropy of a subsystem and that
of its symmetry-projected counterpart with respect to a
global U(1) charge. This measure provides a direct probe
of local symmetry restoration and has revealed clear
Mpemba-like behavior in both integrable and nonintegrable
spin chains [31-36]. Related analyses have identified
Mpemba-type behavior in nonintegrable systems without
global symmetries, where the effect correlates with spectral
indicators such as the inverse participation ratio [37].
Together, these developments highlight both the ubiquity
of the quantum Mpemba effect and its strong dependence
on the probe used to characterize relaxation.

Recently, Krylov complexity' has emerged as a powerful
and physically transparent diagnostic of quantum dynamics
and chaos [40-63]. By quantifying how rapidly a quantum
state or operator explores its accessible Hilbert space,
Krylov complexity encodes both the geometric and
dynamical aspects of relaxation that are often inaccessible
to conventional observables. Within this framework, recent
work [64] on a certain spin-chain system with global U(1)

'For comprehensive reviews, see [38,39].
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symmetry reported clear Mpemba-like behavior in the
symmetric (diagonal) component of Krylov complexity,
obtained by neglecting contributions from the asymmetric
(off-diagonal) sectors. Interestingly, inclusion of the full
asymmetric contribution tends to smooth out these features,
suggesting that coherence between symmetry sectors
plays a subtle yet nontrivial role in shaping relaxation
hierarchies. This observation points toward a deeper con-
nection between complexity growth, symmetry constraints,
and the emergence of anomalous relaxation in quantum
many-body systems.

In this work, we build upon these developments by
systematically investigating Krylov state complexity as a
probe of the quantum Mpemba effect in spin chains with
and without global symmetries. For models without U(1)
symmetry, we find that the total Krylov complexity alone
exhibits clear and robust Mpemba-like crossings, offering
a distinct interpretation in terms of Hilbert-space explo-
ration and dynamical delocalization. In contrast, for
systems with a global U(1) symmetry, we show that
decomposing the complexity into symmetric and asym-
metric components reveals how charge conservation
reshapes relaxation dynamics. Our analysis demonstrates
that, while the total complexity may not always show a
pronounced inversion, the symmetric component pro-
vides a consistent and reliable diagnostic of Mpemba-like
behavior, confirming the proposal of [64].

The remainder of this paper is organized as follows. In
Sec. II, we review the construction of Krylov complexity
and analyze its behavior for a mixed-field Ising chain
without global symmetries, demonstrating its sensitivity
to Mpemba-like crossings. Section III focuses on U(1)-
symmetric systems, where we show that the symmetric
component of the complexity serves as a robust probe of the
QME. The last section is devoted to conclusions.

II. KRYLOV COMPLEXITY AND THE
QUANTUM MPEMBA EFFECT WITHOUT
GLOBAL SYMMETRY

In this section, we explore how Krylov complexity2 can
serve as a probe of the QME in systems without global
symmetries. Following [37], we study the mixed-field Ising
chain with the Hamiltonian

L-1 L L-1

— Z 2 Z ! 2 ! 2

Higing = E ajO'H]—i—gE oj+h o;+hoj —h'op,
J=1 J=1 J=2

(2.1)

where the boundary fields +4’ explicitly break reflection
symmetry, ensuring that no global symmetries remain
beyond energy conservation.

2Throughout this paper, we examine the Krylov complexity of
states, following [65-68].

We also examine the next-nearest-neighbor XXZ
Hamiltonian [34,37]

L-1

H=J Z("f"fﬂ + 050y T Al“f"?ﬂ)
=1
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+Js

(716072 + Gl + Madiciss ). (22)

—

~

which is known to be chaotic and possesses a global
U(1) symmetry generated by the total magnetization along
the z axis,

(2.3)

In addition to the continuous U(1) symmetry, this model
also exhibits two discrete symmetries: parity and a global
Z, symmetry. The role of these symmetries in shaping
Krylov complexity will be explored in more detail in
the next section. Here, however, we focus on the fully
symmetry-broken case in order to isolate the intrinsic
dynamical features of complexity growth. To this end,
we set J; = J, and consider the following Hamiltonian:

(2.4)

Here, A, # 1 explicitly breaks the global U(1) symmetry,
while the boundary and linear field terms break the
remaining discrete symmetries, ensuring that the system
is fully nonsymmetric.

Our goal is to compute Krylov complexity for various
initial states and assess its effectiveness as a diagnostic of
the QME. The Krylov basis for a normalized state |y) is
constructed via the Lanczos algorithm [69,70], beginning
with |0) = |w) and generating subsequent orthogonal
vectors recursively as

(H_an)|n> :bn+l|n+1>+bn|n_l>’ (25)

with coefficients a, = (n|H|n), b’ | = (n|H?*|n) —aj— b},
and by = 0. This procedure produces an orthonormal basis
{ln)} of dimension D, <D, along with the Lanczos
coefficients {a,,b,}. Expanding the time-evolved state

in this basis,

D,~1 D,—1
W)=Y ¢.Dln) D ldu(OP =1, (26)
n=0 n=0
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FIG. 1. Early-time growth of Krylov complexity for different tilt angles € in next-nearest-neighbor XXZ Hamiltonian (right) and

mixed-field Ising chain (left). Strongly tilted states initially grow more slowly, but eventually overtake weakly tilted ones, a signature of

Mpemba-like behavior.

the amplitudes ¢, (7) satisfy the tridiagonal Schrédinger
equation

lat¢n(t) = an(:bn(t) + bn¢n—1 (t) + bn+1¢n+1 (t)’ (27)

with ¢, (0) = 8,9. The Krylov complexity is then defined
as the expectation value of the number operator [40],

D,-1

N = Z n|n)(n|.

n=0

C(1) = (W)W Iw (1), (2.8)

We consider spin-coherent product states as initial
conditions, parametrized by Bloch angles (6, ¢),

L 0 .0
6.¢) = ® cos§|Z+>i+e"/’sm§|Z—>i . (29
i=1

where |Z+); are eigenstates of o;. Setting ¢ = 0, the angle
0 serves as a tilt parameter controlling the distance from
equilibrium. This reproduces the family of initial states
used in [37], where the QME was diagnosed using trace
distance and inverse participation ratio (IPR).

The numerical results are shown in Fig. 1, with the
simulation parameters specified in the inset. For larger
tilt angles @, the complexity initially grows more slowly,
remaining below that of states prepared with smaller tilts.
However, its growth rate is faster, leading to early-time
crossings of the complexity curves. At long times, the more
strongly tilted states not only overtake the others but also
saturate at higher values of complexity. These crossings are
clear signatures of Mpemba-like behavior.

To sharpen the discussion, it is useful to present an
analytic expression for the Krylov complexity in the energy
eigenbasis. Expanding the initial state as

D
|W> = an|Ea>’ (210)
a=1

with |E,) as the eigenstates of the Hamiltonian, one finds
that the complexity naturally splits into diagonal and off-
diagonal contributions,

D D
C(t) = Z |Ca‘2Naa + Z C;CﬁNa/)e_i”’flﬁt,
a=1 Py
a)aﬂ = Ea_Eﬂ’ (211)

where N5 = (E,|N|Ez). The infinite-time average
reduces to the diagonal ensemble,

D
C=" lealN oo = Tr(ppeN),
a=1

D
poE = Y [Cal*|Ea)(Edl, (2.12)
a=1
and since C(0) = 0 one finds the constraint
D
Tr(pDE/\/) = - Z C;CﬂNoxﬂ > 0. (213)

a#p

Thus, the saturation value of complexity is controlled by
the diagonal part, while the transient dynamics originates
from the off-diagonal terms, which eventually cancel at late
times due to dephasing. Equation (2.13) further shows that

This decomposition can be interpreted as separating the
complexity into a symmetric (diagonal) and an asymmetric
(off-diagonal) part with respect to the projection onto the energy
eigenbasis.
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FIG. 2. Krylov complexity of TES (left) and TNS (right) for different values of 0.

a larger saturation value requires stronger initial coherence
among energy eigenstates, which also drives a faster initial
growth of complexity.

The above analytic analysis shows that such inversions
are not guaranteed; instead, they depend sensitively on the
distribution of energy eigenstates and on their overlaps with
the initial state. Indeed, at early times, precisely the regime
where curve crossings are most likely to occur, the Krylov
complexity exhibits a universal quadratic growth,

l‘2
Clt~0)~ —§ngﬁc;cﬂ/\@ﬂ, (2.14)

a#p

where the spectral structure enters explicitly via the squared
gaps a)iﬂ. From this perspective, states with larger long-
time saturation values of complexity are those that distrib-
ute more broadly across the spectrum (see also below),
thereby sampling a richer set of energy gaps. However, the
same broad distribution can suppress the initial growth rate
through destructive interference among off-diagonal terms.
This suppression at early times, followed by a faster
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FIG. 3.

subsequent growth, is precisely the mechanism that allows
for Mpemba-like inversions.

To illustrate this point concretely, we compare two
classes of initial states: tilted ferromagnetic states (TFSs)
and tilted Néel states (TNSs),

F.6) = P20 ),

NO) = e PL ). (205)
The corresponding Krylov complexities are shown in
Fig. 2, and their infinite-time averages are shown in Fig. 3.

The comparison reveals two key insights. First, states
with larger C grow faster, confirming the correlation
between long-time spreading and growth rates. Second,
Mpemba-like inversions appear only for TFS: strongly
tilted ferromagnetic states initially lag but eventually
surpass weakly tilted ones. By contrast, no such inversions
are observed for TNS. This indicates that while higher
saturation values generally correlate with faster growth,
this alone is not sufficient to guarantee the occurrence of
Mpemba crossings. Indeed, the Mpemba crossings depend

T T T T T T T T T
200 ]
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7]

Infinite-time averages of Krylov complexity of TFS (left) and TNS (right) for different values of # and N = 9.
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Infinite-time average of complexity (left) and logarithm of the inverse participation ratio (right) for general initial states given

in (2.9), with N = 9. Because of the symmetry under ¢p — 27 — ¢, we show the results only for 0 < ¢ < 7.

not just on saturation values but also on the microscopic
structure of the initial state and its overlaps with the
energy spectrum.

Finally, comparing with [37], where QME was identified
using trace distance and IPR, we see qualitative agreement:
states further from equilibrium relax more rapidly, either
via faster decay of trace distance or via earlier crossings in
complexity. Moreover, the infinite-time averages of Krylov
complexity display near-perfect agreement with the IPR of
the initial states, as shown in Fig. 4, reinforcing the view
that both quantities capture Hilbert-space delocalization.*

However, while these long-time averages align closely,
they are not sufficient to diagnose Mpemba-like behavior
on their own. The essential signature lies in the early-time
dynamics, governed by the interplay of diagonal and off-
diagonal contributions. Only by considering both transient
growth and asymptotic saturation can Krylov complexity
fully capture the nontrivial temporal inversions character-
istic of the quantum Mpemba effect.

III. KRYLOV COMPLEXITY AND THE
QUANTUM MPEMBA EFFECT
IN U(1)-SYMMETRIC SYSTEMS

In this section, we investigate Krylov complexity in
quantum systems with a global U(1) symmetry, with the
goal of understanding how a conserved charge influences
the manifestation of the quantum Mpemba effect.

When a system possesses a conserved charge Q gen-
erated by a global U(1) symmetry, its Hilbert space

*This correspondence aligns with previous studies comparing
Hilbert-space spreading and IPR in the context of thermalization
[71], highlighting that both quantities capture how efficiently a
state explores the Hilbert space over time.

naturally decomposes into orthogonal subsectors labeled
by the charge eigenvalues,

H = DH,, (3.1)

where ¢ runs over all possible charge values, and P,
denotes the corresponding projector onto the subsector H,,.

Krylov complexity can be formulated in several ways in
the presence of symmetry. Following the construction
introduced earlier, the most direct approach is to evaluate
the standard Krylov complexity of a state without
explicitly resolving the symmetry structure. Given an
initial state |y), one constructs the Krylov basis {|n)}

and the associated number operator N = ani(; " nln) (nl,
yielding the complexity as defined in Eq. (2.8). If the
initial state belongs to a particular charge subsector, the
entire Krylov basis remains confined within that sub-
sector during the evolution.

It is often illuminating to express the complexity in a
natural energy-charge eigenbasis of the Hilbert space,
consisting of the joint eigenstates of H and Q,

HIEY q)=EY|EY q), QIEY.q)=qlEY.q). (32)

A general normalized state can then be expanded as

) =Y el EL q) Y e P=1. (33)
a,q

a.q

where a runs over the dimension D, of the charge sector
H,. Since only a single U(1) symmetry is imposed (and,
in particular, no additional discrete symmetry is assumed),
the spectra of distinct charge sectors are generally
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nondegenerate, so that almost all eigenvalues correspond
uniquely to a given q.

In this notation, the Krylov complexity of the evolving
state can be written as

_§ : 2 A[94 } : * qq —iw!lt
C(t) = |C(1q| Na(x + Ca.qC/)"q aﬂe af
q.a q.0#p
* qp ,—iolt
+ E ca,qcr,,yp/\/aﬁe o
p#q.a.p

(3.4)

which naturally separates into a “symmetric” (¢ = p)
part (intrasector contributions) and an ‘“asymmetric”

(g # p) part (intersector contributions). Here N =

Q
(q, EY |/\/'|E/(}p),p> and wjj = EY - Ef}p).
Alternatively, one can construct a symmetry-adapted
version of Krylov complexity by projecting onto individual

charge sectors. Defining the subsector number operator

D,-1

N, = ; nP,|n)(n|P,, (3.5)

the symmetric Krylov complexity is given by (641

Cs(t) = Y (w(D)IN gl (1)

q
it
= Z|caq|2/\/gz + Z CaqCpaNage ",

9% q.0#p

(3.6)

which corresponds to the diagonal part of the full decom-
position (3.4). The asymmetric contribution is then

_oap
Cu(t) = Z CrgCppNage ',

p#q.a.p

(3.7)

As in the symmetryless case, the infinite-time average
reduces to the diagonal ensemble,

C = Jcag PN = Tr(ppeN),
q.a
PDE = Z|Ca~q|2|E£tq)’ ‘1><C],Egzq)|,
q.0
while the condition C(0) = 0 implies

C=- ( Z c;qcﬁ,q/\/gg + Z c;_qcﬂ‘pN%) >0. (3.9)
q.0#p q#p.a.p

’See also the related notion of symmetry-resolved Krylov
complexity introduced in Refs. [72,73], where the total complex-
ity is expressed as an average over contributions from individual
symmetry subsectors.

From these expressions, several important insights
emerge. First, the saturation value of Krylov complexity
is primarily determined by the diagonal contributions from
the symmetric part, whereas the transient or presaturation
dynamics are governed by the off-diagonal components,
both intra- and intersector. Equation (3.9) further implies
that achieving a larger saturation value requires stronger
coherence among energy eigenstates, which simultane-
ously enhances the initial rate of complexity growth. In
systems with a global U(1) symmetry, this coherence arises
from two distinct sources: correlations among eigenstates
within a charge subsector and interference between differ-
ent charge sectors.

It follows that focusing exclusively on either the sym-
metric (diagonal) or the asymmetric (off-diagonal) contri-
bution might be insufficient to capture the full dynamics of
Krylov complexity. While the asymmetric part exhibits
oscillatory behavior that decays through dephasing at long
times, it can still encode short-lived coherence effects that
strongly influence the transient regime. These interference
effects can either enhance or suppress early-time features
and are precisely those that give rise to Mpemba-like
crossings in the complexity growth curves. Neglecting
either component therefore could remove essential infor-
mation about the interplay between coherence and dephas-
ing. Consequently, if Krylov complexity is to serve as a
faithful probe of relaxation and Mpemba-like behavior, it
should, in principle, be considered as a total quantity that
integrates both contributions.

Nevertheless, the behavior of complexity depends sen-
sitively on the choice of initial state. For certain states,
deviations from this general expectation can occur: the
transient dynamics may be dominated by intrasector
coherence, leading the symmetric component alone to
capture most of the relevant relaxation behavior. In these
cases, the symmetric Krylov complexity not only governs
the asymptotic saturation value but also encodes significant
information about the entire dynamical evolution.

This possibility was explicitly demonstrated in Ref. [64]
(see also [74,75]) for the Aubry-André model [76], where
the total complexity showed only a qualitative late-time
separation, while the symmetric component exhibited
robust Mpemba-like crossings, making it a more sensitive
diagnostic of the QME. In particular, a modified definition
of the symmetric complexity was introduced,

Cs(t) - Cs(t) + CA(O), (310)
which effectively subtracts the asymmetric contribution
at t = 0. Including the full asymmetric part was found to
wash out the crossings, suggesting that the symmetric
component, properly normalized, provides a sharper sig-
nature of the effect.

To examine whether this behavior persists in interacting
systems, we now turn to other U(1)-symmetric spin chains.

045004-6
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We first consider the next-nearest-neighbor XXZ
Hamiltonian (2.2). To analyze the dynamics, we compute
the total and symmetric Krylov complexities for TFS with
different tilt parameters. To highlight the crossings, we
study the difference
AC(t) = Cy, (1) = Cq, (1), (3.11)
and similarly for the symmetric component. Using param-
eters consistent with Ref. [37], we present results for tilt
angles ¢; = 0.15 and 6, = 0.2. The corresponding results
are shown in Fig. 5, where we have also accounted for
the model’s additional Z, symmetry when computing the
symmetric complexity.
As seen in Fig. 5, the total complexity does not display
a clear Mpemba-like inversion, whereas the symmetric
complexity exhibits pronounced crossings, in agreement
with the findings of Ref. [64]. This confirms that, in such
systems, the symmetric component provides a more reli-
able probe of the QME, as proposed by [37]. In contrast, for

—— —— —— —— —— — —— T

L=10 Ji=Jo=1 A1=A=05 J
TFS 1

0.0+

S I
<4 [
1.0 .
15} A
Bl 1 1 n 1 n 14
0.0 0.5 1.0 15 2.0
t
FIG. 5.

the TNS, neither the total nor the symmetric complexities
show any inversion, consistent with its incoherent relax-
ation dynamics.

We can also explicitly break the residual Z, symmetry
of the model (2.2) by adding a longitudinal field term
of the form

NSRS

(3.12)

L
Z
Z"j
=1

to the Hamiltonian. This modification lifts the parity
degeneracy and allows us to examine how the breaking
of discrete symmetry affects the manifestation of the QME.
We have repeated the same numerical analysis as before,
computing both the total Krylov complexity and its
symmetric component for the TFS. The corresponding
results are presented in Fig. 6.

As shown in Fig. 6, the symmetric component of the
complexity exhibits a finer and more structured temporal

T T T T T — . : ‘
0.000 N\
-0.005f ]
%)
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< [
-0.010 ]
_0_015: {Llo A =A2=0.5 J1J21} ]
[ TFS
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0.0 0.5 1.0 1.5 20

Difference in Krylov complexity (left) and its symmetric component (right) between initial states

t

with tilt parameters

6; = 0.15 and 6, = 0.2, for the TFS in the model given by (2.2). System size is N = 10.
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FIG. 6. Difference in Krylov complexity (left) and in its symmetric component (right) between initial states with tilt parameters
6, = 0.15 and 6, = 0.2, for the TES in the model (2.2) with explicitly broken Z, symmetry due to the longitudinal field term. System

size is N = 10.

045004-7



MOHSEN ALISHAHIHA and MOHAMMAD JAVAD VASLI

PHYS. REV. D 113, 045004 (2026)

AC

T T T T T T T T T T T T T T T T T
[|L=10 h=01 A=05 1
15 " TFS B
1.0 B
IS L J
q L
0.5+ 4
0.0 ——
L1 n n n 1 n n n 1 n n n 1 n n n 17
0 2 4 6 8

t

T T T T T T T T T T T T T T T T ™

)

L=10 h=01 A=05
" TNS

FIG. 7. Difference in Krylov complexity between initial states with tilt parameters @ = 1.2 and 8§ = 0.8, for the TES (left) and for the
positive-parity component of the TNS (right). System size is N = 10.

evolution than the total complexity, reflecting sensitivity to
short-time coherence effects that are largely averaged out in
the total measure. However, since this behavior is accom-
panied by significant oscillations and lacks a clear, mono-
tonic inversion, it might not be interpreted as a genuine
realization of the QME. Nevertheless, this comparison
further underscores that the symmetric component of
Krylov complexity can reveal subtle dynamical features
of the system.

Let us now consider the integrable XXZ spin chain in a
longitudinal field [34],

1 L-1

H=-3 (a;ax
=

, h &
J+1 T 01 Al(’;";ﬂ) * 5265’
=1

(3.13)

which also possesses a global U(1) symmetry generated
by the total magnetization but explicitly breaks the Z,
symmetry through the field term.

For this model, we again analyze the initial TFSs
and TNSs states defined in Eq. (2.15), focusing on tilt

0.05

0.00]

—0.05F ]

ACs

-0.10F 1

=

S S S S S S S SO S ST S I

0 2 4

=10 h=01 A=05
-0.15
— TFS

t

FIG. 8.

ACs

parameters € = 1.2 and § = 0.8 to compare with Ref. [34].
The results are displayed in Fig. 7.

For the TFS, AC(t) changes sign during the evolution,
indicating that the corresponding complexity curves cross
each other. This inversion constitutes a clear signature
of the Mpemba-like effect: the state prepared further from
equilibrium (larger tilt) initially grows more slowly but
eventually overtakes the less tilted state. By contrast, for the
TNS, AC(¢) remains the same sign throughout, showing no
evidence of inversion. These results agree with those of
Ref. [34], confirming that the full Krylov complexity can
indeed capture the short-time reversal of relaxation rates
characteristic of the QME in this model.

To assess the role of symmetry, we further compute
the symmetric complexity for both initial states. The
corresponding results are shown in Fig. 8.

From Fig. 8, we see that, for the TFS, the symmetric
complexity exhibits a pronounced early-time crossing,
while the TNS again shows none. This indicates that the
essential information about the Mpemba-like inversion
is already encoded in the symmetric sector. However,
unlike the previous case, the infinite-time average of the

0.0F L L e B B =
[ L=10 h=01 A=05

-01f —— TNS A

-0.2f

-0.31

-0.4f

-0.51 1
:l 1 1 " 1 1 l:
0 2 4 6 8 10

Difference in symmetric Krylov complexity between initial states with tilt parameters 6 = 1.2 and 8 = 0.8, for the TES (left)

and for the positive-parity component of the TNS (right). System size is N = 10.
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symmetric complexity does not necessarily increase with
tilt. The reason lies in the relation

CS :Cs+CA(O), (314)
which shows that the asymptotic value of the symmetric
component depends on the initial coherence contained in
the asymmetric sector. Thus, while early-time crossings
diagnose Mpemba behavior, late-time averages remain
insensitive to the initial state.

In summary, our analysis demonstrates that, in U(1)-
symmetric systems, the symmetric component of Krylov
complexity provides a robust and reliable probe of the
QME. Although the total complexity can in some cases
reproduce Mpemba-like inversions, these features are
generally less pronounced and more sensitive to the choice
of initial state. The symmetric complexity defined by
Eq. (3.10), on the other hand, consistently captures the
essential signatures of the effect across all models we have
examined, confirming and extending the proposal of
Ref. [64]. This finding highlights that Krylov complexity,
particularly in its symmetry-adapted form, serves as an
insightful diagnostic of anomalous relaxation and the subtle
interplay between coherence, dephasing, and symmetry
constraints in quantum many-body dynamics.

IV. CONCLUSIONS

In this work, we have systematically studied Krylov state
complexity as a diagnostic for the QME in both symmetry-
broken and U(1)-symmetric quantum spin models. By
analyzing the time evolution of Krylov complexity across
different initial states, we have shown that, for systems
without symmetry, the structure of complexity growth
faithfully encodes the anomalous relaxation patterns that
define the QME. In particular, the characteristic inversions
in relaxation rates—which distinguish the Mpemba effect
from conventional thermal equilibration—are directly
reflected in the temporal evolution of Krylov complexity.
This establishes Krylov complexity as a quantitative and
physically transparent measure for detecting and character-
izing the QME within closed quantum systems.

Turning to models with global U(1) symmetry, our
analysis reveals that, while the total Krylov complexity can,
in certain cases and for specific initial states, display clear
Mpemba-like crossings, it does not, in general, provide a
robust probe of anomalous relaxation. The total measure
is often sensitive to fine details of the initial state and to
coherence effects between charge sectors, which can
obscure or suppress the inversion behavior that signals
the QME. A more reliable and universal characterization
emerges when the complexity is decomposed into its
symmetric and asymmetric components, corresponding,
respectively, to diagonal and off-diagonal contributions in
the charge basis. By isolating the symmetric component
and performing an appropriate shift that compensates for

the initial contribution of the asymmetric part, one obtains a
quantity that consistently exhibits Mpemba-like behavior
across all models studied. This shifted symmetric Krylov
complexity captures the essential dynamical information
governing relaxation, while remaining insensitive to tran-
sient oscillations that can mask the effect in the total
complexity. Our numerical analysis across multiple spin-
chain models—both integrable and nonintegrable—
confirms that this measure provides a stable and physically
transparent probe of the QME, thereby supporting and
extending the proposal of Ref. [64].

These findings demonstrate that symmetry resolution, far
from being a mere technical refinement, plays a crucial role
in diagnosing anomalous relaxation through complexity.
In the presence of conserved charges, the symmetric sector
encodes the irreversible aspects of Hilbert-space explora-
tion, while the asymmetric part captures transient coher-
ence and dephasing. The shifted symmetric complexity
effectively combines these contributions into a single
measure that reflects the true dynamical hierarchy of
relaxation times.

From a broader perspective, our results highlight the
potential of Krylov-space methods as powerful tools for
investigating nonequilibrium quantum dynamics. By linking
complexity growth to relaxation pathways and coherence
structure, they provide a unifying framework for under-
standing anomalous thermalization and information scram-
bling (see, for example, Ref. [71]). The sensitivity of Krylov
complexity to coherent interference, spectral structure, and
the interplay between diagonal and off-diagonal contribu-
tions makes it a natural bridge between state spreading,
quantum chaos, and anomalous relaxation phenomena. In
the context of the QME, it offers a unified language that
connects dynamical reversals of relaxation rates to the
microscopic geometry of Hilbert-space exploration.

In this work, we have focused exclusively on finite-
dimensional many-body systems. An interesting extension
would be to investigate infinite-dimensional cases, such as
quantum field theories, where Krylov complexity may not
saturate but continues to grow indefinitely with time. In
such systems, one can meaningfully study the rate of
complexity growth at late times and compare it with the
early-time behavior to identify possible inversions. Here,
the Mpemba-like effect would no longer be manifested
through relaxation rates but through the dynamics of
complexity growth itself: states that exhibit faster early-
time growth may subsequently evolve more slowly at late
times. In other words, states that initially appear “more
complex” can eventually become “less complex”—a phe-
nomenon that naturally extends the notion of the Mpemba
effect to the realm of dynamical complexity.

Taken together, our results in spin-chain models suggest
that Krylov complexity provides a unified and physically
transparent framework for characterizing Mpemba-like
inversions across both finite- and infinite-dimensional
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quantum systems. It thus opens new avenues for exploring
the interplay between coherence, chaos, and relaxation
and for deepening our understanding of how complex
quantum systems approach equilibrium in fundamentally
nontrivial ways.
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