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We calculate second- and selected fourth-order conserved-charge fluctuations in (2þ 1)-flavor QCD
using Möbius domain-wall fermions (MDWF) along a line of constant physics. Gauge ensembles were
generated for two light-to-strange quark-mass ratios,ml=ms ¼ 1=10 and 1=27.4, corresponding to heavier-
than-physical and physical pion masses, respectively. For ml=ms ¼ 1=10, calculations were carried out on
lattices with temporal extents Nτ ¼ 12 and 16, enabling an assessment of lattice-spacing effects at heavier
pion mass. For ml=ms ¼ 1=27.4, calculations were performed at Nτ ¼ 12, allowing us to study the light-
quark-mass dependence down to the physical point. Several second-order conserved-charge fluctuations
show qualitative consistency with the QMHRG2020 hadron resonance gas baseline below the pseudoc-
ritical region within present uncertainties. Across the crossover region, these observables rise rapidly and
tend toward their Stefan-Boltzmann limits. Selected fourth-order cumulants were also computed at the
physical pion mass. Although these observables are statistically more demanding, several channels with
controlled uncertainties permit a first comparison with hadron resonance gas calculations.
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I. INTRODUCTION

Understanding the phase structure of quantum chromo-
dynamics (QCD) at finite temperature and baryon density
remains a central problem in strong-interaction physics. At
vanishing baryon chemical potential, lattice QCD calcu-
lations have established that the transition from the low-
temperature hadronic regime to the high-temperature
quark-gluon plasma is a smooth crossover rather than a
genuine phase transition [1]. At larger baryon densities, it
has long been conjectured that this crossover may turn into
a first-order phase transition, implying the existence of a
critical endpoint in the QCD phase diagram [2]. Event-by-
event fluctuations of conserved charges measured in heavy-

ion collision experiments at RHIC and the LHC provide an
important experimental probe of this phase structure.
On the theory side, lattice QCD provides first-principles

results for fluctuations of baryon number, electric charge,
and strangeness through derivatives of the pressure with
respect to the corresponding chemical potentials. Because
direct simulations at nonzero baryon chemical potential are
obstructed by the sign problem, such fluctuations are
commonly studied using indirect approaches, most notably
Taylor expansions around vanishing chemical potential or
analytic continuation from imaginary chemical potentials.
In this work, we employ the Taylor-expansion method to
compute conserved-charge fluctuations in finite-temper-
ature QCD. These observables provide equilibrium-QCD
input relevant for the interpretation of heavy-ion data and
for assessing the hadron resonance gas (HRG) baseline in
the crossover region.
Lattice calculations of conserved-charge fluctuations

have so far been carried out predominantly with staggered
fermions. In particular, continuum-extrapolated results for

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 114, 074516 (2026)

2470-0010=2026=114(7)=074516(17) 074516-1 Published by the American Physical Society

https://orcid.org/0000-0002-7877-3033
https://orcid.org/0000-0003-4096-8836
https://orcid.org/0000-0002-8406-1649
https://orcid.org/0000-0003-4644-2376
https://orcid.org/0000-0003-4467-1052
https://orcid.org/0000-0002-6712-306X
https://orcid.org/0009-0003-6647-9376
https://orcid.org/0000-0001-7542-9117
https://ror.org/02hpadn98
https://ror.org/03r519674
https://ror.org/035t8zc32
https://ror.org/01g5y5k24
https://ror.org/01qradn92
https://crossmark.crossref.org/dialog/?doi=10.1103/7vkn-kb1l&domain=pdf&date_stamp=2026-10-29
https://doi.org/10.1103/7vkn-kb1l
https://doi.org/10.1103/7vkn-kb1l
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


second-order fluctuations are available from simulations
with highly improved staggered quarks (HISQ) and stout
link actions using lattices with Nτ ¼ 6, 8, 12, and 16 [3,4].
At finite lattice spacing, taste-symmetry violations in
staggered formulations modify the light pseudoscalar
spectrum. Such effects can be particularly relevant for
pion-sensitive observables, including electric-charge fluc-
tuations [5]. Calculations with an alternative fermion
discretization therefore provide a useful check of finite-
cutoff systematics.
In this work, we study conserved-charge fluctuations

using Möbius domain-wall fermions (MDWF) [6–9],
which offer improved control of chiral symmetry at finite
lattice spacing. Although MDWF simulations are computa-
tionally more demanding than staggered-fermion calcula-
tions, recent algorithmic and computational advances have
made realistic thermodynamic studies feasible. We analyze
gauge ensembles generated along a line of constant physics
for two light-to-strange quark-mass ratios, ml=ms ¼ 1=10
and 1=27.4, corresponding to heavier-than-physical and
physical pion masses, respectively. This allows us to
investigate both lattice-spacing effects at heavier pion mass
and the light-quark-mass dependence of conserved-charge
fluctuations down to the physical point. Our main focus is
on second-order fluctuations, including comparisons
among light-, strange-, and baryon-dominated channels.
We also present results for selected fourth-order cumulants
at the physical pion mass.
The line of constant physics and finite-temperature

ensembles used in this work were established in
Refs. [8,9], where chiral observables were analyzed with
the same action setup. Preliminary results for charge
fluctuations were reported in Ref. [10]. In Secs. II and
III, we describe the lattice setup, quark-mass definitions,
and the methods used to compute quark number suscep-
tibilities and conserved-charge fluctuations. Results for
second-order fluctuations at vanishing chemical potential
are presented in Secs. IVand V, while selected fourth-order
cumulants and comparisons with QMHRG2020 are dis-
cussed in Sec. VI. Unless stated otherwise, temperatures are
quoted in MeV and susceptibilities are given in standard
dimensionless normalization.

II. LATTICE SETUP

Gauge ensembles for (2þ 1)-flavor QCD were gener-
ated using Möbius domain-wall fermions (MDWF) and the
tree-level Symanzik-improved gauge action with the
rational hybrid Monte Carlo (RHMC) algorithm [8,9].
The MDWF kernel is

DM ¼ ðbþ cÞDWilsonð−M5Þ
2þ ðb − cÞDWilsonð−M5Þ

; ð1Þ

with parameters b ¼ 3=2, c ¼ 1=2, M5 ¼ 1.0, and fifth-
dimensional extent Ls ¼ 12. Here, DWilson denotes the

four-dimensional Wilson Dirac operator. To reduce residual
chiral-symmetry breaking, three levels of stout-link smear-
ing are applied [11]. The lattice spacing aðβÞ is set through
the Wilson-flow scale t0 [8].
Throughout this section, mf (f∈ fl; sg) denotes the

input bare quark mass used in the simulation. Because
Ls is finite, the quark mass receives an additive residual-
mass correction,

mlatt
f ¼ mf þmresðβÞ; ð2Þ

where mlatt
f is the effective lattice quark mass entering the

definition of the line of constant physics (LCP).
The simulations were performed along a line of constant

physics defined by

mlatt
l

mlatt
s

¼ ml þmresðβÞ
ms þmresðβÞ

¼ const: ð3Þ

We define the line of constant physics by keeping the
renormalized strange-quark mass constant in physical units,
with

mphys
s ¼ ZmðβÞmlatt

s a−1ðβÞ;

where mphys
s ¼ 92 MeV [12] and β is the gauge coupling.

The determinations of aðβÞ and ZmðβÞ are given in [8]. We
consider two target mass ratios, mlatt

l =mlatt
s ¼ 1=10 and

1=27.4, corresponding to heavier-than-physical and physi-
cal pion masses, respectively. For brevity, we refer to these
ensembles as ml=ms ¼ 1=10 and ml=ms ¼ 1=27.4 in the
figures, tables, and discussion below.
At β ¼ 4.00, where zero-temperature reference data

were not yet available, the strange-quark mass was
extrapolated from higher-β data (β ≥ 4.10). This led to a
mistuned line of constant physics, denoted by LCPextrap, for
which the strange-quark mass was underestimated by about
10%. A corrected LCP was established later using dedi-
cated zero-temperature simulations [9,10]. Figure 1 (left)
compares the extrapolated and corrected LCPs, while
Fig. 1 (right) shows the residual mass mresðβÞ, which is
nearly independent of the input quark mass.
Simulations were carried out with temporal extents

Nτ ¼ 12 for 4.02 ≤ β ≤ 4.17 and Nτ ¼ 16 for 4.10 ≤
β ≤ 4.30, corresponding to temperatures in the range
127≲ T ≲ 205 MeV. The ensemble-generation strategy
is summarized as follows:

(i) Heavier pion mass (ml=ms ¼ 1=10): Initial ensem-
bles at both Nτ ¼ 12 and 16 were generated on
LCPextrap, after which mresðβÞ was measured. For
Nτ ¼ 12, new ensembles were generated with input
bare masses obtained by subtracting mresðβÞ from
the target lattice masses on LCPextrap, and mass
reweighting was then used to shift observables to the
corrected LCP. For Nτ ¼ 16, where mres is smaller,

JISHNU GOSWAMI et al. PHYS. REV. D 114, 074516 (2026)

074516-2



mass reweighting was applied directly to the original
ensembles to account for both the residual-mass
correction and the LCP mistuning. All results quoted
for ml=ms ¼ 1=10 correspond to the corrected LCP.

(ii) Physical pion mass (ml=ms ¼ 1=27.4): These en-
sembles were generated directly on the corrected
LCP. The input bare masses were chosen by sub-
tracting mresðβÞ from the target lattice masses on the
corrected LCP. The residual masses determined in
the ml=ms ¼ 1=10 analysis were used here as well,
since mres is nearly independent of the light-quark
mass. No additional mass reweighting was required.

For the ml=ms ¼ 1=10, Nτ ¼ 16 ensembles at β ¼ 4.27
and 4.30, the input bare masses were not additionally
corrected for mres. The resulting mistuning is small, about
2% for the light-quark mass and 0.2% for the strange-
quark mass.
Table I summarizes mlatt

s and mres over the full β range,
and Table II lists the finite-temperature ensembles analyzed

in this work. Statistical uncertainties are estimated using
jackknife resampling. Details of the measurement of
Taylor-expansion coefficients of the pressure up to fourth
order are given in Sec. III.

III. QUARK NUMBER SUSCEPTIBILITIES UP TO
FOURTH ORDER

In this section, we summarize the Taylor-expansion
formalism used to compute quark number susceptibilities
up to fourth order. These quantities provide the basic
building blocks for the conserved-charge fluctuations dis-
cussed in the following sections.
For (2þ 1)-flavor QCD with two light quarks ðu; dÞ and

one strange quark (s), the pressure can be expanded in the
quark chemical potentials as

P
T4

¼
X

iþjþk¼even

χudsijk

i!j!k!
μ̂iuμ̂

j
dμ̂

k
s; χudsijk ¼ 1

VT3

∂
iþjþk lnZ

∂μ̂iu∂μ̂
j
d∂μ̂

k
s

����
⃗̂μ¼0

;

ð4Þ

where μ̂f ≡ μf=T for f∈ fu; d; sg. The coefficients χudsijk are
the quark number susceptibilities evaluated at vanishing
chemical potentials.
For the evaluation of these derivatives on the lattice, we

introduce the dimensionless lattice chemical potential

μ̄f ≡ aμf ¼
μ̂f
Nτ

;

where T−1 ¼ aNτ. The quark chemical potential is intro-
duced in the MDWF action through the standard temporal-
link prescription

ð1� γ4ÞU�4ðxÞ → ð1� γ4Þe�μ̄fU�4ðxÞ:

[6,14]. The partition function can then be written as

FIG. 1. Left: strange-quark mass msðβÞ as a function of the gauge coupling. On LCPextrap, the kaon mass deviates by
about 10% at β ¼ 4.00, whereas on the corrected LCP the deviation is below 1%. Statistical errors are smaller than the line width.
Right: residual mass mres as a function of β. The residual mass is nearly independent of quark mass and volume. Zero-temperature data
are taken from Ref. [13].

TABLE I. mlatt
s and mres over the full β range used in this work.

The residual-mass determination follows the zero-temperature
MDWF analysis of Ref. [13]; its use in the finite-temperature
analysis is discussed in Ref. [9].

β mlatt
s mres

4.02 0.0704776 0.005913
4.04 0.0639011 0.003989
4.06 0.0583505 0.002741
4.08 0.0536129 0.001903
4.10 0.0495275 0.001322
4.13 0.0443603 0.000814
4.15 0.0414244 0.000581
4.17 0.0388152 0.000415
4.19 0.0364795 0.000297
4.21 0.0343748 0.000212
4.23 0.0324666 0.000152
4.25 0.0307270 0.000109
4.27 0.0291331 0.000070
4.30 0.0269749 0.000047
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Z ¼
Z

DU
Y

f¼u;d;s

detMðmf; μ̄fÞe−Sg ;

detMðmf; μ̄fÞ ¼
detDðmf; μ̄fÞ
detDðmPV; μ̄fÞ

: ð5Þ

where mPV ¼ 1 is used for the Pauli-Villars subtraction.
We express the susceptibilities in terms of

Df
n ≡ ∂

n

∂μ̄nf
ln detMðmf; μ̄fÞj

⃗μ̄¼0

; f∈ fu; d; sg: ð6Þ

Since μ̂f ¼ Nτμ̄f, converting the lattice derivatives with
respect to μ̄f to derivatives with respect to μ̂f gives the
factors of Nτ appearing below.
Throughout this paper,DðmfÞ denotes the MDWF Dirac

operator with quark mass mf at vanishing chemical
potential unless stated otherwise. We use the standard
identities

∂

∂μ̄
ln detD ¼ Tr

�
D−1 ∂D

∂μ̄

�
;

∂
2

∂μ̄2
ln detD ¼ Tr

�
D−1 ∂

2D
∂μ̄2

�
− Tr

�
D−1 ∂D

∂μ̄
D−1 ∂D

∂μ̄

�
;

and analogous expressions for higher derivatives. The
complete third- and fourth-derivative formulas are given
in Appendix A.

A. Second- and fourth-order quark number
susceptibilities

The coefficients χudsijk with iþ jþ k ¼ 2 correspond to
second-order susceptibilities. Using the shorthand

χuds200 ≡ χu2; χuds110 ≡ χud11 ; χuds101 ≡ χus11;

the diagonal and off-diagonal second-order susceptibilities
are

χf2 ¼
Nτ

N3
σ
½hDf

2iþ hðDf
1Þ2i�; χfg11 ¼

Nτ

N3
σ
hDf

1D
g
1i; ðf ≠ gÞ:

ð7Þ

For degenerate light quarks, mu ¼ md, the u- and d-quark
Dirac operators are identical on each gauge configuration.
Consequently, Du

1 ¼ Dd
1 configuration by configuration,

and therefore ðDu
1Þ2 ¼ Du

1D
d
1 .

Fourth-order cumulants are constructed from the trace
operators Df

n as

χf4 ¼
1

NτN3
σ
½Zf

4 − 3ðZf
2Þ2�; ð8Þ

χfg31 ¼
1

NτN3
σ
½Zfg

31 − 3Zf
2Z

fg
11�; ðf ≠ gÞ; ð9Þ

χfg22 ¼
1

NτN3
σ
½Zfg

22 − Zf
2Z

g
2 − 2ðZfg

11Þ2�; ðf ≠ gÞ; ð10Þ

χfgh211 ¼ 1

NτN3
σ
½Zfgh

211 − 2Zfg
11Z

fh
11 − Zgh

11Z
f
2 �; ðf ≠ g ≠ hÞ:

ð11Þ

The explicit expressions for the Z-combinations in terms of
the Df

n are collected in Appendix A.

IV. QUARK NUMBER SUSCEPTIBILITIES

In this section, we discuss the numerical strategy used for
the evaluation of quark number susceptibilities and sum-
marize the resulting second- and fourth-order observables.
Results are presented for the heavier light-quark mass,
ml ¼ ms=10, and for the physical light-quark mass,

TABLE II. Parameters of the finite-temperature ensembles used in this work. Measurements were performed on configurations
separated by 100 molecular-dynamics trajectories. The mass ratios in the column headings denote the target effective lattice ratios,
mlatt

l =mlatt
s .

ml=ms ¼ 1=10; 243 × 12 ml=ms ¼ 1=10; 323 × 16 ml=ms ¼ 1=27.4; 363 × 12

β T [MeV] No. Configs Separation β T [MeV] No. Configs Separation β T [MeV] No. Configs Separation

4.02 130.30 194 100 4.10 127.05 187 100 4.04 139.96 195 100
4.04 139.96 198 100 4.13 138.23 190 100 4.06 149.70 187 100
4.06 149.70 198 100 4.15 145.75 186 100 4.07 154.60 174 100
4.08 159.52 196 100 4.17 153.31 196 100 4.08 159.52 194 100
4.10 169.39 181 100 4.19 160.94 189 100 4.11 174.35 202 100
4.11 174.35 186 100 4.21 168.64 185 100 4.17 204.42 204 100
4.13 184.31 187 100 4.23 176.43 188 100 � � � � � � � � � � � �
4.15 194.33 188 100 4.25 184.31 184 100 � � � � � � � � � � � �
4.17 204.42 189 100 4.27 192.30 193 100 � � � � � � � � � � � �
� � � � � � � � � � � � 4.30 204.52 198 100 � � � � � � � � � � � �
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ml ¼ ms=27.4. Throughout the discussion, cutoff effects
are characterized in terms of the temporal extent Nτ, with
larger Nτ corresponding to finer lattice spacing at fixed
temperature. Forml ¼ ms=10, calculations were performed
on lattices with Nτ ¼ 12 and 16 and aspect ratio
Nσ=Nτ ¼ 2. For ml ¼ ms=27.4, calculations were carried
out on lattices with Nτ ¼ 12 and aspect ratio Nσ=Nτ ¼ 3.
The evaluation of quark number susceptibilities requires

stochastic estimates of traces involving derivatives of the
fermion matrix. In practice, the dominant source of
stochastic noise arises from disconnected contributions
involving powers of Df

1 , in particular ðDf
1Þn with

n ¼ 2; 4;…. We therefore use Gaussian random sources
together with dilution and unbiased estimators to control
the stochastic uncertainty. For example,

Df
1 ¼ Tr

�
DðmfÞ−1

dD
dμ̄f

�
− Tr

�
DðmPVÞ−1

dD
dμ̄f

�

≃
1

Nn

XNn

j¼1

�
η†jDðmfÞ−1

dD
dμ̄f

ηj − η†jDðmPVÞ−1
dD
dμ̄f

ηj

�
;

ð12Þ

where ηj denotes a Gaussian random source and Nn is the

number of noise vectors. In the estimator for Df
1, we use

identical noise vectors for the fermion and Pauli-Villars
parts in order to reduce the stochastic variance in ðDf

1Þ2.

A. Dilution of noise vectors

To further reduce stochastic noise, we employ dilution,
i.e., the decomposition of a noise vector into orthogonal
subspaces [15]. In this case,

Df
1 ≃

1

Nn

XNn

j¼1

�XN
a¼1

η†ajDðmfÞ−1
dDðmfÞ
dμ̄f

ηaj

−
XN
a¼1

η†ajDðmPVÞ−1
dDðmPVÞ

dμ̄f
ηaj

�
; ð13Þ

where ηaj denotes a diluted Gaussian source. We consider
three dilution schemes:
(1) Even-odd dilution: decomposition into even and odd

lattice sites (N ¼ 2),
(2) Spin dilution: decomposition into the four spin

components (N ¼ 4) [16], and
(3) Time slice dilution: decomposition into four subsets

according to t mod 4 [15].
Spin dilution and time slice dilution require four times

more inversions per noise vector, while even-odd dilution
requires a factor of two more inversions. Figure 2 compares
the stochastic error at fixed inversion cost for a represen-
tative gauge configuration. The errors shown in this figure
are stochastic errors at fixed gauge field, estimated by
jackknife resampling over the independent random-source
estimates. For a given number of inversions, dilution
reduces the stochastic uncertainty in ðDu

1Þ2 by roughly a
factor of 2–3, while the gain forDu

2 is more modest. Among
the schemes considered here, spin and time slice dilution
are the most cost-effective. In practice, we use spin dilution
for the Nτ ¼ 12 ensembles and time slice dilution for the
Nτ ¼ 16 ensembles.
As an additional check on the dependence on the number

of stochastic sources, Fig. 3 shows the stochastic error at
smaller Nr divided by the error obtained with the produc-
tion choice,Nr ¼ 500. Thus a value of 5 on the vertical axis
means an error five times larger than the final 500-source
estimate. The examples include light-strange off-diagonal
products, Du

1D
s
1 and Du

1D
s
3, as well as second- and

FIG. 2. Stochastic errors for a representative gauge configuration as functions of the total number of inversions. Left: error in ðDu
1Þ2.

Right: error in Du
2 . The comparison is made at fixed inversion cost; the errors are obtained by jackknife resampling over independent

random-source estimates on the same gauge configuration.
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fourth-order trace structures. The error decreases rapidly at
small Nr, with the strongest effect seen for fourth-order
structures containing powers of Du

1 , and changes more
slowly in the range Nr ¼ 300–500. We use this figure as a
source-number dependence diagnostic. The stability of the
final observable errors under blocking is discussed in
Appendix B.

B. Trace measurements

The traces entering the quark number susceptibilities
were measured on the ensembles listed in Table II.
Statistical errors were estimated with the jackknife method
and include both gauge-field fluctuations and stochastic
uncertainties from the finite number of noise vectors. As
shown below, disconnected contributions, especially those
entering off-diagonal susceptibilities such as χud11 and χus11,
dominate the total error budget.
For the heavier light-quark mass, ml ¼ ms=10, we

computed second-order quark number susceptibilities on
lattices with Nτ ¼ 12 and 16. In both cases, 200 Gaussian
random sources were used for the evaluation of ðDf

1Þ2 and
Df

2 . Spin dilution was used for the Nτ ¼ 12 ensembles and
time slice dilution for the Nτ ¼ 16 ensembles. The diluted
estimates entering ðDf

1Þ2 were combined using unbiased
estimators, while Df

2 was evaluated without additional
dilution.
For the physical light-quark mass, ml ¼ ms=27.4, the

analysis was extended to fourth order on the Nτ ¼ 12
ensembles. In this case, 500 Gaussian random sources were
used for ðDf

1Þ2 together with time slice dilution and
unbiased estimators. All other traces required for fourth-
order cumulants were also estimated with 500 Gaussian

random sources, but without further dilution. To reduce the
total number of inversions, we organized the trace mea-
surements according to the tree-diagram prescription of
Ref. [17]. In the present calculation this prescription is used
only to organize the required trace structures and reuse
inversions efficiently. The traces themselves are evaluated
with the MDWF Dirac operator, including the Pauli-Villars
subtraction in Eq. (5); no staggered-specific determinant or
operator identity is used.

C. Mass reweighting for ml =ms=10

To correct for the mistuning of the line of constant
physics in the ml ¼ ms=10 ensembles, we apply configu-
ration-by-configuration mass reweighting [18,19].
For the Nτ ¼ 12 ensembles, the largest mass shift

occurs at β ¼ 4.02, where the input masses are changed
from ðmold

l ; mold
s Þ ¼ ð0.00051; 0.05887Þ to ðmnew

l ; mnew
s Þ ¼

ð0.001135; 0.064565Þ. The corresponding distributions
of lnðωÞ and of χu2 before and after reweighting are
shown in Fig. 4. For this largest reweighting step, we
obtain σðlnωÞ ¼ 0.73, which corresponds to a typical
weight range ω∈ ½e−0.73; eþ0.73� ≈ ½0.48; 2.08� around the
median scale.
As a complementary diagnostic, we estimate an effective

sample-size fraction from the ratio of jackknife errors
before and after reweighting,

ESSχ
N

≡
�
σjackbefore

σjackafter

�2

¼ 1

1.2612
≃ 0.63: ð14Þ

This indicates that about 63% of the original ensemble is
effectively retained for this observable after reweighting.
The χu2 distribution is only mildly distorted, indicating that
the reweighting remains under control within the present
statistical precision.
For the Nτ ¼ 16 ensembles, the largest mass shift occurs

at β ¼ 4.10, where the input masses are changed from
ðmold

l ;mold
s Þ ¼ ð0.00484742;0.0484742Þ to ðmnew

l ;mnew
s Þ ¼

ð0.003630;0.048205Þ. In this case, we find σðlnωÞ ¼
1.021, corresponding to ω∈ ½e−1.021;eþ1.021�≈ ½0.36;2.78�,
and ESSχ=N ≃ 0.62. As for the Nτ ¼ 12 ensembles, the χu2
distribution changes only modestly after reweighting. Since
this is the largest mass shift in the Nτ ¼ 16 ensemble set,
these diagnostics support the use of mass reweighting for
the full Nτ ¼ 16 dataset within current uncertainties.

D. Results

Figure 5 shows the second-order quark number suscep-
tibilities as functions of temperature for both light-quark
masses. At low temperatures, all susceptibilities are small.
They rise rapidly in the crossover region and gradually
approach their Stefan-Boltzmann limits at higher temper-
atures. The diagonal susceptibilities are determined with
significantly smaller errors than the off-diagonal ones,

FIG. 3. Stochastic-source check for one physical-mass con-
figuration at β ¼ 4.06 (T ¼ 149.7 MeV). The vertical axis is the
ratio σðNrÞ=σð500Þ; values above one indicate larger stochastic
error than in the final Nr ¼ 500 measurement. The range Nr ¼
300–500 is sampled more densely to show the behavior near the
production choice. The examples include diagonal, off-diagonal,
and fourth-order trace structures.
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FIG. 4. Distributions of the logarithm of the reweighting factor, lnðωÞ, and of χu2 before and after reweighting for representative
ensembles at Nτ ¼ 12 (top) and Nτ ¼ 16 (bottom).

FIG. 5. Diagonal quark number susceptibilities (χu2; χ
s
2; left panels) and off-diagonal susceptibilities (χ

ud
11 ; χ

us
11; right panels). The upper

panels show results for the heavier light-quark mass, ml ¼ ms=10, on lattices with Nτ ¼ 12 and 16. The lower panels show results for
the physical light-quark mass, ml ¼ ms=27.4, on lattices with Nτ ¼ 12. The black line denotes the continuum Stefan-Boltzmann limit
for massless free fermions.
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reflecting the larger disconnected contributions in χud11
and χus11.
For ml ¼ ms=10, the comparison between Nτ ¼ 12 and

16 provides a first assessment of cutoff effects. Within the
present uncertainties, the overall temperature dependence is
similar on the two lattices, although some discretization
effects remain visible in the crossover region. The visible
difference between the Nτ ¼ 12 and 16 data near T ≃
140 MeV motivated a blocking check. Appendix B com-
pares the jackknife errors for the two relevant ensembles
using block sizes of 100, 200, and 400 molecular-dynamics
trajectories. The errors show no systematic growth with
increasing block length, so the observed separation is
not explained by an obvious underestimate of the statisti-
cal errors due to residual autocorrelations. We do not
assign a continuum interpretation to this separation. For
ml ¼ ms=27.4, the qualitative behavior is similar, but the
transition region is shifted to lower temperature, consistent
with the expected reduction of the pseudocritical temper-
ature at smaller light-quark mass.

These results are qualitatively consistent with earlier
studies using staggered fermions [20,21].
Figure 6 shows the fourth-order quark number suscep-

tibilities for the physical light-quark mass. These observ-
ables enter the NNLO Taylor expansion of the pressure and
are substantially more challenging numerically than the
second-order susceptibilities. In particular, channels
involving multiple derivatives with respect to the light-
quark chemical potentials are affected by large discon-
nected contributions and correspondingly large statistical
errors. Even with 500 Gaussian random sources and
dilution, several of these observables remain only qualita-
tively resolved in the low-temperature region. A represen-
tative blocking test for selected fourth-order quark-number
susceptibilities is shown in Appendix B. The statistical
errors remain stable within approximately 10%–15% over
the block sizes considered, with no systematic increase with
block length. At higher temperatures, however, the stat-
istical control improves and the data show the expected
approach toward the free quark-gas limit.

FIG. 6. Fourth-order quark number susceptibilities forml ¼ ms=27.4 on lattices with temporal extentNτ ¼ 12. The black line denotes
the Stefan-Boltzmann limit of an ideal quark-gluon gas.
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In the next section, we use these quark number suscep-
tibilities to construct fluctuations of conserved charges.

V. SECOND-ORDER CONSERVED-CHARGE
FLUCTUATIONS

We now turn to second-order fluctuations of the con-
served charges baryon number (B), electric charge (Q), and
strangeness (S) in (2þ 1)-flavor QCD. The analysis is
performed for two light-quark masses, ml ¼ ms=10 and
ml ¼ ms=27.4, the latter corresponding to the physical pion
mass. Our main goal is to assess the light-quark-mass
dependence of these observables and to compare the
MDWF results with HRG expectations and with existing
staggered-fermion calculations.
The conserved-charge chemical potentials are related to

the quark chemical potentials through

μu ¼
1

3
μB þ 2

3
μQ; μd ¼

1

3
μB −

1

3
μQ;

μs ¼
1

3
μB −

1

3
μQ − μS: ð15Þ

The pressure may therefore be expanded as

P
T4

¼
X∞
i;j;k¼0

χBQS
ijk

i!j!k!
μ̂iBμ̂

j
Qμ̂

k
S: ð16Þ

At second order, the conserved-charge susceptibilities are
related to the quark-number susceptibilities by

χS2 ¼ χs2; χB2 ¼ 1

9
ð2χu2 þ χs2 þ 2χud11 þ 4χus11Þ;

χQ2 ¼ 1

9
ð5χu2 þ χs2 − 4χud11 − 2χus11Þ; χQS

11 ¼ 1

3
ðχs2 − χus11Þ;

χBS11 ¼ −
1

3
ðχs2 þ 2χus11Þ; χBQ11 ¼ 1

9
ðχu2 − χs2 þ χud11 − χus11Þ:

ð17Þ

For degenerate light quarks,mu ¼ md, one has χu2 ¼ χd2 and
χus11 ¼ χds11, relations that have already been used above. The
combinations appearing in Eq. (17) also help explain the
observed error pattern: in χQ2 , disconnected contributions
partially cancel, thereby reducing the statistical uncertainty,
whereas in χB2 they add constructively, leading to a
substantially noisier observable. Strange-sector observables
are generally better controlled because of the heavier
strange-quark mass.
For comparison, we also consider the noninteracting

HRG model, in which the pressure is written as a sum over
hadronic states,

P
T4

¼
X

H∈baryons

gH
2π2

�
mH

T

�
2X∞
k¼1

ð−1Þkþ1

k2
K2

�
kmH

T

�
exp

�
kC⃗H · μ⃗

T

�
þ

X
H∈mesons

gH
2π2

�
mH

T

�
2X∞
k¼1

1

k2
K2

�
kmH

T

�
exp

�
kC⃗H · μ⃗

T

�
;

ð18Þ

where gH, mH, and C⃗H ¼ ðB;Q; SÞ denote the degeneracy,
mass, and conserved-charge vector of hadron H, and K2 is
the modified Bessel function of the second kind. Gener-
alized susceptibilities are obtained by differentiating
Eq. (18) with respect to the corresponding chemical
potentials.

A. Cutoff dependence at ml =ms=10

We first examine the temperature dependence of second-
order conserved-charge fluctuations for the heavier light-
quark mass, ml ¼ ms=10, using lattices with temporal
extents Nτ ¼ 12 and 16. Figure 7 shows baryon-dominated
cumulants in the upper panels and meson-dominated
cumulants in the lower panels. In the following figures,
shaded vertical bands mark the MDWF crossover ranges,
Tpc ¼ 165ð2Þ MeV forml ¼ms=10 and Tpc¼155ð5ÞMeV
for ml ¼ ms=27.4, as applicable.
Within the current statistical precision, the baryon-

dominated cumulants χB2 , χ
BQ
11 , and χBS11 show only small

differences between Nτ ¼ 12 and 16. The meson-domi-
nated cumulants exhibit somewhat more visible cutoff
dependence. In particular, the pion-sensitive electric-charge
fluctuation χQ2 differs by less than about 4% at the two
lowest temperatures, whereas the kaon-dominated observ-
ables χS2 and χ

QS
11 show effects at the level of about 1%. The

mixed cumulant χBQ11 remains the noisiest quantity in this
set. Above the crossover region, cutoff effects appear small
within the present uncertainties.

B. Comparison with staggered discretizations
at the physical pion mass

We next compare the MDWF results at the physical
light-quark mass, ml ¼ ms=27.4, with staggered-fermion
calculations at finite lattice spacing. In Fig. 8, we compare
our data with results obtained using the HISQ action by the
HotQCD Collaboration [4] and stout fermions by the
Wuppertal-Budapest Collaboration [22]. QMHRG2020
results are shown as a hadronic baseline.
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At low temperatures, the largest visible difference
between the MDWF and staggered results occurs in χQ2 ,
which is particularly sensitive to the light pseudoscalar
sector. Taste-symmetry breaking in staggered formulations
increases the root-mean-square pion mass, mRMS

π [23], and

can therefore affect this channel more strongly. The order-
ing of the MDWF and staggered results is qualitatively
consistent with this expectation, although the present data
do not isolate taste-breaking effects quantitatively. For
χS2 , χ

QS
11 , and the baryon-related cumulants, the different

FIG. 7. Second-order conserved-charge cumulants for ml ¼ ms=10 as functions of temperature. The upper row shows observables
with dominant baryonic contributions, while the lower row shows observables dominated by mesonic contributions. Results are shown
for Nτ ¼ 12 and 16 along the line of constant physics. The shaded band marks the MDWF crossover range, Tpc ¼ 165ð2Þ MeV.

FIG. 8. Second-order conserved-charge cumulants from MDWF at ml ¼ ms=27.4, compared with HISQ results from HotQCD [4],
stout results from the Wuppertal-Budapest Collaboration [22], and QMHRG2020 calculations. The shaded band marks the MDWF
crossover range, Tpc ¼ 155ð5Þ MeV.
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calculations show broadly similar qualitative temperature
dependence within present uncertainties. Since the physi-
cal-mass MDWF results are available at only one lattice
spacing and one volume, and the calculations compared in
Fig. 8 use different discretizations, lattice spacings, and
volumes, this figure provides a finite-cutoff comparison
between discretizations. Additional MDWF lattice spacings
and volumes are required for quantitative conclusions.

C. Sensitivity to the light-quark mass

Figure 9 compares χQS
11 , χ

Q
2 , and −χBS11 for ml ¼ ms=10

and ml ¼ ms=27.4 as functions of T=Tpc. We use the
corresponding MDWF pseudocritical temperatures, Tpc ¼
165ð2Þ MeV and Tpc ¼ 155ð5Þ MeV, respectively.
Expressing the temperature in this form facilitates a
comparison relative to the crossover scale but does not
remove light-quark-mass effects.
When expressed as functions of T=Tpc, χ

QS
11 and −χBS11

show little difference between the two masses within the
present uncertainties. The main visible difference remains
in the pion-dominated electric-charge fluctuation χQ2 : the
heavier-mass result lies below the physical-mass result
below and around the crossover, while the two agree within
uncertainties above the crossover. Much of the apparent
light-quark-mass dependence in the strange-meson- and
strange-baryon-dominated observables is therefore related
to the shift in the pseudocritical temperature, while a clear
residual dependence remains in the pion-sensitive electric-
charge fluctuation. The two datasets were obtained at
different lattice spacings and volumes, so this comparison
remains qualitative. A clean separation of light-quark-mass,
cutoff, and finite-volume effects requires matched lattice
spacings and additional volumes.

VI. FOURTH-ORDER CONSERVED-CHARGE
FLUCTUATIONS

Using Eq. (16), the fourth-order conserved-charge cumu-
lants can be expressed in terms of quark number suscep-
tibilities as

χS4 ¼ χs4; χQS
13 ¼ 1

3
ðχs4 − χus13Þ;

χQS
22 ¼ 1

9
ðχs4 − 2χus13 þ 5χus22 − 4χuds112Þ; ð19Þ

χQS
31 ¼ 1

27
ðχs4 − 7χus31 − 3χus13 þ 15χus22 − 12χuds112

− 6χuds121 þ 12χuds211Þ; ð20Þ

χQ4 ¼ 1

81
ð17χd4þχs4−32χud31 −28χus31−8χud13 −4χus13

þ24χud22 þ30χus22−24χuds112−24χuds121þ48χuds211Þ; ð21Þ

χBS13 ¼−
1

3
ðχs4þ2χds13Þ; χBQS

112 ¼ 1

9
ð−χs4−χus13þχus22þχuds112Þ;

ð22Þ

χBQS
121 ¼ 1

27
ð−χs4 − 5χus31 − 3χus22 þ 3χuds121 þ 6χuds112Þ; ð23Þ

χBQ13 ¼ 1

81
ð7χu4 − χs4 þ χus13 − 4χud31 − 8χus31 − 12χus22 − 6χud22

þ 15χud13 − 12χuds211 þ 15χuds112 þ 15χuds121Þ; ð24Þ

χBS22 ¼ 1

9
ðχs4 þ 2χus22 þ 4χus13 þ 2χuds112Þ;

χBQS
211 ¼ 1

27
ðχs4 − χus31 þ 3χds13 − 3χuds211Þ; ð25Þ

χBQ22 ¼ 1

81
ð5χu4 þ χs4 − 2χud13 þ 2χus13 − 3χud22 þ 3χus22 þ 4χud31

þ 8χus31 − 6χuds211 − 6χuds112 − 6χuds121Þ; ð26Þ

χBS31 ¼ 1

27
ð−χs4 − 6χus13 − 6χus22 − 2χus31 − 6χuds112

− 3χuds211 − 3χuds121Þ; ð27Þ

FIG. 9. Selected second-order conserved-charge cumulants, χQS
11 , χ

Q
2 , and −χBS11 , for two light-quark masses, plotted as functions of

T=Tpc. We use Tpc ¼ 165ð2Þ MeV for ml ¼ ms=10 and Tpc ¼ 155ð5Þ MeV for ml ¼ ms=27.4. Horizontal error bars reflect the
uncertainty in Tpc, and the shaded bands indicate the corresponding crossover ranges around T=Tpc ¼ 1.
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χBQ31 ¼ 1

81
ðχu4 − χs4 − 5χus13 þ χus31 − χud13 þ 3χud22 − 3χus22

þ 5χud31 − 3χuds112 − 3χuds121 þ 6χuds211Þ; ð28Þ

χB4 ¼ 1

81
ð2χu4 þ χs4 þ 12χus22 þ 6χud22 þ 8χus13 þ 4χud31 þ 8χus31

þ 4χud13 þ 12χuds211 þ 12χuds112 þ 12χuds121Þ: ð29Þ

In the following, we focus on selected fourth-order con-
served-charge cumulants for which statistically meaningful
trends can be identified. As discussed above, observables
involving χu4 and/or several off-diagonal light-quark sus-
ceptibilities are numerically the most demanding in the
hadronic regime, whereas strange-sector quantities are
generally better resolved. In the following sections, we
present fourth-order conserved-charge fluctuations calcu-
lated on the ml ¼ ms=27.4, Nτ ¼ 12 lattice.

A. Strangeness fluctuations and electric-charge-
strangeness correlations

Figure 10 shows χS4, χQS
13 , and χQS

22 . Among these
observables, χQS

22 carries the largest statistical uncertainty,
consistent with its stronger sensitivity to light-quark deriv-
atives and the associated stochastic noise. This also
explains why the statistical error is not identical for χQS

13

and χQS
22 . From the conserved-charge combinations written

above, χQS
13 is dominated by χs4 with one light-strange

correction, whereas χQS
22 contains several additional off-

diagonal and mixed light-strange trace combinations. These
subleading terms are numerically noisy and can enter
through cancellations, so they affect the uncertainty of
χQS
22 more visibly.
In the hadronic regime, these cumulants receive con-

tributions from strange hadrons. The low-temperature
behavior of the electric-charge-strangeness correlations is
strongly influenced by charged strange mesons, in

particular kaons, while strange baryons become increas-
ingly relevant as the temperature approaches the crossover
region. For χS4 and χQS

13 , the PDG-HRG baseline tends to
lie below the lattice data at low temperature, whereas
the QMHRG2020 calculation is generally closer to the
observed trend. This pattern is consistent with sensitivity
to additional strange hadronic states included in the
QMHRG2020 spectrum.
Within a noninteracting HRG picture, χS4 receives

contributions from both charged and neutral strange
hadrons, while χQS

13 and χQS
22 are more strongly weighted

toward electrically charged strange states. At low temper-
ature this makes charged kaons particularly important.
The difference between χQS

13 and χQS
22 below and around

Tpc can also receive contributions from strange baryons,
including multiply strange states such as the Ξ and Ω,
although a quantitative decomposition would require
higher statistics.
Above the crossover region, all three observables deviate

from HRG calculations and show the expected trend toward
quark-gluon degrees of freedom.

B. Baryon-strangeness and mixed baryon-charge-
strangeness correlations

Figure 11 shows fourth-order baryon-strangeness and
mixed baryon-charge-strangeness correlations. Since each
observable contains at least one derivative with respect to
μB, mesons do not contribute in a noninteracting HRG
description. These cumulants therefore isolate the baryonic
sector; the additional strangeness derivatives make them
particularly sensitive to strange baryons such as theΛ, Σ, Ξ,
and Ω.
For χBS13 , the PDG-HRG result tends to lie below the

lattice data near the pseudocritical temperature, while the
QMHRG2020 calculation lies closer to the lattice trend.
This behavior is consistent with sensitivity to additional
strange baryonic states beyond the PDG-HRG baseline. As

FIG. 10. Fourth-order strangeness fluctuations and electric-charge-strangeness correlations as functions of temperature. Results are
compared with PDG-HRG and QMHRG2020 calculations. In the hadronic regime, these observables are primarily sensitive to
the strange hadron spectrum, with charged kaons giving important contributions to the electric-charge-strangeness correlations. The
black line denotes the Stefan-Boltzmann limit of an ideal quark-gluon gas. The shaded band marks the MDWF crossover
range, Tpc ¼ 155ð5Þ MeV.
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the temperature approaches Tpc, however, both HRG
descriptions begin to deviate from the lattice data. For
the remaining observables shown in Fig. 11, the lattice
results are broadly consistent with the HRG calculations
within present statistical uncertainties.
As expected, observables involving higher-order off-

diagonal light- and strange-quark trace structures carry
larger statistical errors. At higher temperatures, the data
tend toward their Stefan-Boltzmann limits.

C. Electric-charge and baryon-electric-charge
fluctuations

Figure 12 shows χQ4 and χBQ13 . These observables involve
third- and fourth-order derivatives with respect to the light-

quark chemical potentials and are therefore among the
noisiest quantities in our analysis. Accordingly, the dis-
cussion in this channel remains qualitative.
Within the present uncertainties, χQ4 appears to deviate

from both PDG-HRG and QMHRG2020 in the hadronic
regime. Since this observable is strongly influenced by
the light-meson sector, the discrepancy may reflect
interaction effects, limitations of the hadron-spectrum
input, or both. We also observe that χBQ13 changes sign
above the pseudocritical region. However, additional
lattice spacings, larger volumes, and improved statistics
will be required before this behavior can be interpreted
more quantitatively. By contrast, χB4 is currently too noisy
in the low-temperature regime to allow a useful quanti-
tative discussion.

FIG. 11. Fourth-order baryon-strangeness and mixed baryon-charge-strangeness correlations as functions of temperature. Results are
compared with PDG-HRG and QMHRG2020 calculations. In an HRG description, these observables receive contributions only from
baryonic states; because they also contain strangeness derivatives, they are primarily sensitive to strange baryons. The black line denotes
the Stefan-Boltzmann limit of an ideal quark-gluon gas. The shaded band marks the MDWF crossover range, Tpc ¼ 155ð5Þ MeV.

FIG. 12. Fourth-order electric-charge fluctuations and baryon-electric-charge correlations as functions of temperature. Results are
compared with PDG-HRG and QMHRG2020 calculations. The shaded band marks the MDWF crossover range, Tpc ¼ 155ð5Þ MeV.
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D. Ratios of fourth- to second-order electric-charge
and strangeness fluctuations

The ratio of fourth- to second-order conserved-charge
cumulants,

RX
42ðμ̂B; TÞ≡ χX4

χX2
þOðμ̂2BÞ; X ¼ Q; S;

is often discussed as a useful diagnostic of the underlying
degrees of freedom and may provide phenomenological
input for freeze-out studies. In this work, we consider the
leading-order ratios for electric charge and strangeness at
vanishing baryon chemical potential.
The temperature dependence of

RQ
42 ¼

χQ4
χQ2

; RS
42 ¼

χS4
χS2

;

obtained using MDWF, is shown in Fig. 13. At low
temperatures, RQ

42 lies below both HRG baselines within
the present uncertainties, while RS

42 is consistent with PDG-
HRG and QMHRG2020. At higher temperatures, both
ratios show the expected trend toward their Stefan-
Boltzmann limits.
Near the pseudocritical region, the electric-charge ratio

remains only weakly constrained,

χQ4
χQ2

¼
�

1.05� 0.45 T ¼ 149.7 MeV;

1.00� 0.52 T ¼ 154.6 MeV;

so that the present discussion of RQ
42 is necessarily quali-

tative. By contrast, the strangeness ratio is better resolved:

χS4
χS2

¼
�

1.38� 0.10 T ¼ 149.7 MeV;

1.55� 0.12 T ¼ 154.6 MeV:

This pattern is consistent with the generally better statistical
control of strange-sector observables already seen in the
individual cumulants.

VII. SUMMARY AND OUTLOOK

We have computed conserved-charge fluctuations in
(2þ 1)-flavor QCD using MDWF along a line of constant
physics. Two sets of ensembles were analyzed: ml=ms ¼
1=10 at Nτ ¼ 12 and 16, which allow an assessment of
cutoff effects at heavier pion mass, and ml=ms ¼ 1=27.4 at
Nτ ¼ 12, which gives access to the light-quark-mass
dependence down to the physical pion mass.
The second-order conserved-charge fluctuations show

the expected rapid variation through the crossover. Below
Tpc, several channels are qualitatively compatible with HRG
expectations within present uncertainties. When the two
light-quark masses are compared as functions of T=Tpc, the
strange-meson- and strange-baryon-dominated observables
largely follow a common trend, while χQ2 retains the clearest
residual difference below and around the crossover. This
behavior is qualitatively consistent with the stronger sensi-
tivity of χQ2 to the light pseudoscalar sector. Since the
physical-mass data are presently available at only one lattice
spacing and one volume, no quantitative conclusion about
discretization effects or agreement with HRG can be drawn.
We also computed selected fourth-order conserved-

charge cumulants at the physical pion mass. These observ-
ables are numerically much more demanding, especially in
channels involving several derivatives with respect to the
light-quark chemical potentials and multiple disconnected
contributions. Nevertheless, statistically meaningful trends
can be identified in several strange-sector and mixed
conserved-charge cumulants. In these channels, the
QMHRG2020 baseline is often closer to the lattice data
than the PDG-HRG baseline, while deviations from both
HRG models become more visible across the crossover
region. For electric-charge-related fourth-order observ-
ables, the current discussion remains largely qualitative
because of the larger statistical uncertainties.
Overall, our results show that MDWF can be used

effectively for fluctuation studies at finite temperature.
Future work should focus on improving the statistical
precision, extending the calculations to additional lattice

FIG. 13. Leading-order kurtosis ratios for electric charge (left) and strangeness (right) as functions of temperature. Results are
compared with PDG-HRG and QMHRG2020 calculations. The blue line denotes the Stefan-Boltzmann limit of an ideal quark-gluon
gas. The shaded band marks the MDWF crossover range, Tpc ¼ 155ð5Þ MeV.

JISHNU GOSWAMI et al. PHYS. REV. D 114, 074516 (2026)

074516-14



spacings and larger volumes, and performing controlled
continuum extrapolations, especially at the physical pion
mass. Such extensions are needed to establish robust
lattice-QCD baselines for conserved-charge fluctuations
relevant to heavy-ion phenomenology.
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statistical data analysis.

APPENDIX A: TRACE IDENTITIES
AND Z-COMBINATIONS

The derivatives of ln detD with respect to the dimen-
sionless lattice chemical potential μ̄ are related to traces
involving the inverse Dirac operator as

∂ ln detD
∂μ̄

¼ Tr

�
D−1 ∂D

∂μ̄

�
; ðA1Þ

∂
2 ln detD
∂μ̄2

¼ Tr

�
D−1 ∂

2D
∂μ̄2

�
− Tr

�
D−1 ∂D

∂μ̄
D−1 ∂D

∂μ̄

�
;

ðA2Þ

∂
3 ln detD
∂μ̄3

¼ Tr

�
D−1 ∂

3D
∂μ̄3

�
− 3Tr

�
D−1 ∂D

∂μ̄
D−1 ∂

2D
∂μ̄2

�

þ 2Tr

�
D−1 ∂D

∂μ̄
D−1 ∂D

∂μ̄
D−1 ∂D

∂μ̄

�
; ðA3Þ

∂
4 ln detD
∂μ̄4

¼ Tr

�
D−1 ∂

4D
∂μ̄4

�
− 4Tr

�
D−1 ∂D

∂μ̄
D−1 ∂

3D
∂μ̄3

�

− 3Tr

�
D−1 ∂

2D
∂μ̄2

D−1 ∂
2D
∂μ̄2

�

þ 12Tr

�
D−1 ∂D

∂μ̄
D−1 ∂D

∂μ̄
D−1 ∂

2D
∂μ̄2

�

− 6Tr
�
D−1 ∂D

∂μ̄
D−1 ∂D

∂μ̄
D−1 ∂D

∂μ̄
D−1 ∂D

∂μ̄

�
;

ðA4Þ

Here, the Z terms are derived from combinations of Dn
terms defined in Eq. (6):

Zf
2 ¼ hðDf

1Þ2i þ hDf
2i; ðA5Þ

Zfg
11 ¼ hDf

1D
g
1i; ðA6Þ

Zfg
22 ¼ hðDf

1Þ2ðDg
1Þ2iþ hðDf

1Þ2Dg
2iþ hðDg

1Þ2Df
2iþ hDf

2D
g
2i;

ðA7Þ

Zfg
31 ¼ hðDf

1Þ3Dg
1i þ 3hDg

1D
f
1D

f
2i þ hDg

1D
f
3i; ðA8Þ

Zfgh
211 ¼ hðDf

1Þ2Dg
1D

h
1i þ hDf

2D
g
1D

h
1i; ðA9Þ

Zf
4¼hðDf

1Þ4iþ6hðDf
1Þ2Df

2iþ4hDf
1D

f
3iþ3hðDf

2Þ2iþhDf
4i:

ðA10Þ

APPENDIX B: BLOCKING CHECKS

Measurements are separated by 100 molecular-
dynamics trajectories. To test the stability of the jackknife
errors, we group consecutive measurements into blocks
corresponding to b ¼ 100, 200, and 400 trajectories. The
figures show the jackknife error at block size b, normalized
to that at the original measurement spacing, σb=σ100.
The blocking results for the second-order observables

are shown in Fig. 14. For these observables, the errors
vary at roughly the 10% level and, importantly, show no
systematic growth as the block size increases. This
blocking test therefore gives no indication that the
statistical errors near T ≃ 140 MeV are substantially
underestimated because of residual autocorrelations; it
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does not establish that autocorrelations are absent. For the
diagonal susceptibilities on these two ensembles, con-
figuration-level bootstrap estimates agree with the ordi-
nary jackknife errors within approximately 3%, providing
an additional check using an independent resampling
prescription.

The corresponding fourth-order blocking results are
shown in Fig. 15. For this representative fourth-order
check, the errors remain stable at approximately the
10%–15% level as the block size changes from 100 to
400 trajectories, with no systematic increase common to the
different observables.
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