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We study nonequilibrium initial states of quantum fields in curved spacetime and develop a framework
for describing global quenches as unitary perturbations of the initial density matrix. Using the Keldysh-
Schwinger functional integral, we derive expressions for postquench correlators in arbitrary geometries and
apply the method to both Minkowski and de Sitter backgrounds. In flat space, the approach reproduces the
known relaxation behavior for massive fields and reveals qualitatively distinct dynamics in the massless
case. In de Sitter space, we find that the late-time decay of quench-induced corrections depends sensitively
on the mass and may influence the behavior of cosmological observables such as the power spectrum. The
framework also extends straightforwardly to non-Gaussian initial states, providing a basis for future studies
of loop effects and primordial non-Gaussianities.
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I. INTRODUCTION

Nonequilibrium processes in quantum systems attract
significant attention both in condensed matter physics and
in the context of quantum field theory and holography. One
of the most universal and theoretically controlled ways to
drive a system out of equilibrium is a quantum quench,
usually defined as a sudden change of some Hamiltonian
parameter, such as the mass or coupling constant. Studying
the subsequent relaxation allows one to explore fundamen-
tal questions of thermalization, integrability, and the
evolution of quantum correlations. In this context one
usually distinguishes between the so-called local quench,
where the system is perturbed in a spatially localized
region, and the global quench, where the sudden change
is uniform throughout space. Local quenches are actively
studied in condensed matter physics [1–3], as well as in the
investigation of chaotic and integrable features in different
systems, including holographic models [4–11]. Global
quenches are typically considered in the context of relax-
ation toward some equilibrium state, commonly referred to
as “subsystem thermalization” [12–18]. They are also a
standard tool for analyzing the dynamics of phase

transitions [16,19,20] and the evolution of quantum entan-
glement following a sudden perturbation [17,21].
In the simplest setting, a global quench is realized by a

mass-dependent mðtÞ quench protocol in the sudden limit
[13,14], where the mass instantaneously changes from one
value to another, m → M. For flat spacetime, in free
theories as well as certain interacting and conformal
theories, the dynamics of such quenches is well understood
when the initial state is either the vacuum of the pre-quench
theory or specific squeezed states. In this situation, the
postquench state can be written as a generalized Cardy-
Calabrese (gCC) state, and the system relaxes toward a
generalized Gibbs ensemble, with the relaxation rate
depending on the number of spatial dimensions [13,14].
Namely, the gCC state can be written as a perturbation over
the vacuum j0outi after the quench as follows [14]:

jgCCi≡ e
1
2

P
k
κðkÞâ†ðkÞâðkÞjDi;

jDi≡ e−
1
2

P
k
â†ðkÞâ†ð−kÞj0outi; ð1:1Þ

where κðkÞ is some given function, jDi is the Dirichlet
state, and the annihiltion operators âðkÞ also refer to the
theory after the quench. Note that gCC state (1.1) is
Gaussian and nonunitary construction, which nevertheless
allow for analytic treatment of correlators in globally out-
of-equilibrium systems.
In recent decades, it has been recognized that mecha-

nisms analogous to global quenches may also play a role in
the evolution of the early Universe. In this context, a global
quantum quench can effectively describe processes expe-
rienced by fields after fast transient phenomena, such as
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phase transitions induced by a sharp change in temperature,
or sudden features in the inflaton potential [22–28]. Most
existing works focus on situations involving a change of
phase [22–24], but it is also of interest to analyze non-
equilibrium dynamics triggered by perturbations that do not
induce a phase transition [25,28]. More generally, a quench
may serve as a model for restructuring the initial quantum
state during or shortly after inflation. For example, the
mass-dependent quench protocol in the sudden limit for the
inflaton potential was used in [26] to explain observable
features in the scalar primordial power spectrum. In [25], a
quench was analyzed in the OðNÞ model in de Sitter
spacetime, where it was shown that after a sudden mass
shift, the effective mass dynamically returns to some
asymptotic value, although at intermediate stages its square
may become negative, corresponding to a temporary local
spontaneous symmetry breaking. An interesting approach
was suggested in [28], where a generalization of the
Caldeira-Leggett model to curved spacetime produced a
mass-dependent quench protocol as an effective description
after integrating out environmental degrees of freedom. In
this case, the sudden mass quench arises naturally, and both
the vacuum state and Gaussian squeezed states were
considered as initial states. It was shown that after
relaxation the system approaches a gCC-like state in de
Sitter space, and the analysis of two-point correlators
allowed one to describe the corresponding modifications
of the perturbation spectrum. A closely related setup was
studied in [29], where flat spacetime is suddenly trans-
formed into de Sitter spacetime. It was demonstrated that
the evolution of local operators, such as the stress-energy

tensor, approaches the Bunch-Davies state at late times
even if the initial state breaks de Sitter symmetry, allowing
one to regard it as a universal attractor. This raises the
question of howmuch memory of the initial state is retained
in quantum dynamics in an expanding geometry, and what
the nature of relaxation is in curved spacetime.
In this work, we propose another class of initial states

suitable for describing postquench dynamics in quantum
field theory in curved spacetime. We use the Keldysh
functional integral formalism [30–33] to derive explicit
expressions for two-point correlation functions after a
global (in space) perturbation implemented as a unitary
transformation of the equilibrium density matrix (see
Appendix A). The idea of this method was introduced in
[34], and in the case of a local quench in flat spacetime it
reproduces known results [34,35]. We find that for
Gaussian perturbations the resulting behavior qualitatively
matches that of the sudden mass quench protocol for
massive fields (see Appendix B). At the same time, for
massless fields in flat spacetime we observe the absence of
relaxation even in D ¼ 4, which is the feature of the
behavior known for D ¼ 2, 3 in the mðtÞ quench protocol.
More precisely, we consider a theory of a scalar field ϕ

and perturb the density matrix of the pure vacuum state ρ̂0
as ρ̂ ¼ Q̂ρ̂0Q̂

†, where Q̂ ¼ exp fiα R dD−1x
ffiffiffiffiffijgjp

ϕ̂2ðxÞg
with α an arbitrary mass-dimensional parameter
½α� ¼ ½m�. Then the evolution of the Keldysh two-point
function GQ

K after the quench can be expressed in terms of
integrals over the equilibrium Keldysh function GK and
retarded Green’s function GR (Appendix A, [34]),

iGQ
Kðt; xjt; yÞ ¼ iGKðt; xjt; yÞ − 2α

Z
dD−1ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0; ξÞj

p
½iGKðt; xjt0; ξÞGRðt; yjt0; ξÞ þ iGKðt; yjt0; ξÞGRðt; xjt0; ξÞ�

þ 4α2
Z

dD−1ξ1dD−1ξ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0; ξ1Þj

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0; ξ2Þj

p
iGKðt0; ξ1jt0; ξ2ÞGRðt; xjt0; ξ1ÞGRðt; xjt0; ξ2Þ; ð1:2Þ

or in momentum space (assuming gμν depends only on time and spatial slices are homogeneous),

iGQ
Kðt; xjt; yÞ ¼

Z
dD−1k
ð2πÞD−1 e

ikðx−yÞ
n
iGKðkjt; tÞ − 4α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0Þj

p
iGKðkjt; t0ÞGRðkjt; t0Þ

þ 4α2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0Þj

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0Þj

p
iGKðkjt0; t0ÞGRðkjt; t0ÞGRðkjt; t0Þ

o
¼ iGKðt; xjt; yÞ − 4αI1ðt; t0; rÞ þ 4α2I2ðt; t0; rÞ; ð1:3Þ

where I1 and I2 denote the integrals giving the corresponding corrections to the two-point correlator, and we assume the
equilibrium state to be homogeneous and isotropic, so the correlators depend only on r ¼ jx − yj. In D ¼ 4 Minkowski
spacetime, for massive fields we find relaxation of the two-point correlator at late times mt ≫ 1,

iGQ
Kðt; xjt; yÞ ≃ iGpostquench

K ðrÞ þ α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 þm2

p

8π
3
2

·
1

ðmtÞ32 cosð2mtþ δÞ;

δ ¼ π

4
− arctan

�
α

m

�
; ð1:4Þ
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where iGpostquench
K ðrÞ is the modified two-point correlator

after the quench, and the relaxation rate qualitatively
matches the result for the mðtÞ quench protocol [13,14].
However, for massless m ¼ 0 fields in Minkowski space-
time and t ≫ r, the correlator does not relax even in four
dimensions,

iGQ
K ∼ α2 log

�
2t
r

�
: ð1:5Þ

For mass quenches this behavior appears only in lower
dimensions, so a more detailed analysis of critical post-
quench dynamics within our framework is left for future
work.
In de Sitter spacetime the situation is different; even

equilibrium Green’s functions of the free theory decay with
time as a power of the conformal time η ¼ e−t (taking the
Hubble parameter H ¼ 1). Therefore, regarding relaxation,
one first needs to compare the decay of local operators in
the nonequilibrium setup with the decay of the correlation
function for the Bunch-Davies state. Second, given the
secular growth of loop corrections even for the Bunch-
Davies state [33,36–39], it would be interesting to analyze
how controlled nonequilibrium perturbations affect long-
time dynamics in the presence of growing loop contribu-
tions. Understanding the two-point correlator is central to
all such questions, and the main goal of this work is to
demonstrate the application of our method to these corre-
lation functions in curved spacetime. In Sec. II, we analyze
the behavior of the Keldysh propagator at equal times after
the quench in the expanding Poincaré patch of de Sitter
space. We find that for short spatial separations r≲ η, the
qualitative behavior changes depending on whether the
mass is above or below the critical value mcr ¼

ffiffiffi
2

p
corresponding to the “conformally coupled” scalar. We
expect that this may have nontrivial implications for local
operators such as the stress-energy tensor, where one takes
the coincidence limit r → 0. However, the situation
remains unclear and we leave the full analysis, including
a proper regularization procedure for nonequilibrium cor-
relators, for future work. In Sec. III, we discuss the
application of our approach to non-Gaussian perturbations
of equilibrium states. In Appendixes A and B, we describe
our construction of the perturbed initial state and the
corresponding evolution of correlators in curved spacetime,
and we also present explicit computations in flat spacetime.
The proposed approach also enables systematic explo-

ration of relaxation for non-Gaussian and anisotropic initial
states in arbitrary geometries where Green’s functions are
known. In particular, the derivation presented in
Appendix A applies with minimal modification if the
parameter α is replaced by an arbitrary anisotropic spatial
function αðxÞ. Additionally, for future studies of loop
corrections, we plan to generalize the approach to compute
modified Green’s functions at different time arguments

t1 ≠ t2. We hope that this class of states will broaden the
study of undergoing physics in the early Universe, and
potentially find applications in the study of chaos, holo-
graphic models, and more generally nonequilibrium
dynamics across different physical systems.

II. QUANTUM QUENCH IN THE EXPANDING
POINCARÉ PATCH

In this section we study the behavior of the two-point
correlator of a free minimally coupled scalar field after a
Gaussian quench, mentioned above and described in details
in Appendix A, in the Poincaré patch (EPP) of de Sitter
space,

S½ϕ� ¼
Z

dDx
ffiffiffiffiffi
jgj

p �
1

2
gμν∂μϕ∂νϕ −

1

2
m2ϕ2

�
; ð2:1Þ

ds2 ¼ 1

η2
ðdη2 − dx2Þ; ð2:2Þ

where η ¼ e−t is conformal time, and we set the Hubble
parameter to unity, H ¼ 1. The canonical quantization of
the field is as follows:

ϕ̂ðη; xÞ ¼
Z

dD−1k
ð2πÞD−1 ½âkfkðηÞeikx þ â†kf

�
kðηÞe−ikx�;

½âk; â†p� ¼ ð2πÞD−1δðk − pÞ; ð2:3Þ

where the harmonics fkðηÞeikx solve the free Klein-Gordon
equation for the action (2.1). The solutions are given by
Hankel functions, and we fix the modes so that the Bunch-
Davies state jBDi corresponds to the Fock vacuum for the
annihilation operators in (2.3),

fkðηÞ ¼ η
D−1
2 hνðkηÞ ¼ η

D−1
2

ffiffiffi
π

p
2

Hð1Þ
ν ðkηÞ;

ν ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðD − 1Þ2

4
−m2

r
; âkjBDi ¼ 0: ð2:4Þ

In what follows we assume the most interesting case of
light fields (complementary series) m < D−1

2
, and we work

only in D ¼ 4 dimensions. It is convenient to keep in
mind the following asymptotic expansions of the Hankel
functions:
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hνðkηÞ ≃
1ffiffiffiffiffiffiffiffi
2kη

p eikηe−i
π
2
ðνþ1

2
Þ; as kη ≫ jνj;

hνðkηÞ ≃ iA−
1

ðkηÞν þ iAþðkηÞν þ iBðkηÞ−νþ2 þ…; as kη ≪ jνj;

where A− ¼ −
ΓðνÞ
2
ffiffiffi
π

p 2ν;

Aþ ¼
ffiffiffi
π

p
e−iπν

2νþ1Γðνþ 1Þ sinðπνÞ ; B ¼ 2ν

8
ffiffiffi
π

p ΓðνÞ
2 − ν

: ð2:5Þ

Then, for the evolution of the two-point correlator after perturbing the state jBDi by the Gaussian operator (A10), (A15), we
obtain in the EPP,

iGQ
Kðt; xjt; yÞ ¼ iGKðt; xjt; yÞ − 4αIEPP1 ðt; t0; rÞ þ 4α2IEPP2 ðt; t0; rÞ; ð2:6Þ

where r ¼ jx − yj and

IEPP1 ¼ −
Z

dD−1k
ð2πÞD−1 e

ikrηD−1 Imfh2νðkηÞh�2ν ðkη0Þg

¼ −
1

ð2πÞD−1
2 r

D−3
2

Z
∞

0

dkk
D−1
2 JD−3

2
ðkrÞηD−1 Imfh2νðkηÞh�2ν ðkη0Þg

¼ −
1

2π2
η

r

Z
∞

0

dξξ · sin

�
ξ
r
η

�
Im

�
h2νðξÞ · h�2ν

�
ξ
η0
η

��
; ð2:7Þ

IEPP2 ¼ 2

π2
η

r

Z
∞

0

dξξ · sin

�
ξ
r
η

�				hν
�
ξ
η0
η

�				2Im2

�
hνðξÞ · h�ν

�
ξ
η0
η

��
: ð2:8Þ

We are particularly interested in the behavior of the Keldysh propagator, since it is sensitive to the evolution of the state of
the theory. In the last line of Eq. (2.7) we set D ¼ 4. We will estimate the behavior of the two-point correlator at late times
η ≪ 1 in the regime where the quench happened sufficiently early, η0 ≫ 1, and we will also assume that the spatial
separation is small, r ¼ jx − yj ≪ η0. Let us note immediately that these expressions can be used in other regimes as well, in
particular for studying loop corrections, where the integrals over internal vertices run over the whole spacetime. However,
the main goal here is to demonstrate a controlled way to drive the system out of equilibrium, so we focus on the simplest
case for estimates and leave a more advanced analysis for future work. The integrals (2.7)–(2.8) can then be estimated using
the asymptotics (2.5) by splitting the ξ-integration into the ranges ½0; ν η

η0
Þ, ½ν η

η0
; ν�, and ðν;∞Þ. Replacing the harmonics by

the corresponding asymptotics in these regions yields the estimates,

IEPP1 ≃ aðrÞ ·
�
η

η0

�
3−2ν

þ subleading terms; ð2:9Þ

IEPP2 ≃
�
η

η0

�
3−2ν

·

�
bþ A2

−

4π2
η0
r

Z
ν
η0
η

ν

dl
l1þ2ν sin

�
l
r
η0

�
· ð1þ sin ð2l − πνÞÞ

�

−
1

8π2
η2

η20
Ci

�
ν
r
η

�
þ subleading terms; ð2:10Þ

where Ci is the cosine integral and

aðrÞ ≃ A3
− ImfAþg

π2
ν3−2ν

3 − 2ν
þ A2

−

4π2
η0
r

Z
∞

ν

dl
l2ν sin

�
l
r
η0

�
cosð2l − πνÞ; b ¼ 2A4

−Im2fAþg
π2

ν3−2ν

3 − 2ν
: ð2:11Þ

Here the expression for the coefficient a is approximate because we extended the upper limit of the integral over l to infinity
instead of ν η0

η ≫ 1, and the integral is always convergent due to oscillations. It is also important that the term with the cosine

integral Ci in (2.10) is suppressed in the limit η ≪ r as ð ηη0Þ3. Nevertheless, we keep it because for r → 0 it contains a

BELKOVICH, SADEKOV, and ZVEREV PHYS. REV. D 113, 065027 (2026)

065027-4



subleading divergence, Ciðν r
ηÞ ∼ logðrηÞ. While the tree-

level two-point correlator diverges quadratically,
iGK ∼ η2=r2, any further study of the evolution of expect-
ation values of local operators, such as, e.g., the stress-
energy tensor hTμνiQ ∼ D̂μνiG

Q
Kðt; xjt; yÞjx→y (with some

differential operator D̂μν), will require careful ultraviolet
regularization and subtraction of divergences.
An interesting feature of the modified (quenched)

Keldysh function (2.6) is that for m < mcr ¼
ffiffiffi
2

p
(ν > νcr ¼ 1

2
) the decay proceeds with the power 3 − 2ν,

whereas for m > mcr the leading decay power equals 2 <
3 − 2ν for times t≲ − logðrÞ (or η≳ r). This follows from
(2.10), since in that case one can approximately replace
sinðl r

η0
Þ by its argument over the entire integration interval.

For such m > mcr from the complementary series this may

be important for the evolution of local operators in the limit
r → 0 after the subtraction of UV divergences, because the
decay of the correction is slower than that of the Bunch-
Davies correlator, iGK ∼ ðηrÞ3−2ν, which reaches this asymp-
totic behavior rather quickly even for r < η. This circum-
stance may spoil its “attractor” property in such a situation.
Although fields with m >

ffiffiffi
2

p
are of limited practical

relevance for inflationary physics, they remain interesting
from a theoretical standpoint, and the full spectrum of
primordial fields has yet to be determined. The above
observation for the asymptotic behavior of the integral IEPP2

can be checked numerically using the exact formula (2.8)
for m < mcr and m > mcr (see Figs. 1 and 2).
In the case m ¼ ffiffiffi

2
p

we have 2 ¼ 3 − 2ν, and the
integrals for the nonequilibrium Keldysh propagator can
be evaluated exactly,

iGQ
Kðt;xjt; yÞ ¼

1

4π2
η2

r2
þ 1

2π2
·

�
η

η0

�
2

·

�
−α

η0
2r

log

�
2ðη0 − ηÞ þ r
2ðη0 − ηÞ − r

�

þ α2 log

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðη0 − ηÞ2 − r2

p
r

�
þ α2

η0 − η

r
log

�
2ðη0 − ηÞ þ r
2ðη0 − ηÞ − r

��
: ð2:12Þ

FIG. 1. The numerical plots of jlogðI2Þj as a function of time t − t0 for massesm <
ffiffiffi
2

p
, r ¼ 1 (left) and r ¼ 0.001 (right). The dashed

lines show the analytical estimate. We chose −t0 ¼ logð102Þ ≃ 4.6.

FIG. 2. The numerical plot of jlogðI2Þj as a function of time t − t0 for masses m >
ffiffiffi
2

p
. Here we see that up to t≲ − logðrÞ the slope

equals 2 < 3 − 2ν (blue dashed line), independently of the mass, and then for t > − logðrÞ it matches the slope 3 − 2ν (red dashed line
for ν ¼ 0.1).
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Let us make here a remark concerning the dynamical
reasons why in de Sitter space there occurs a change in
the characteristic behavior of the relaxation of the two-
point correlator, while the correlator (2.12) is similar in
its form to the expression in flat space for a massless
field (B9). The point is that a global quench can be
viewed as a perturbation in the form of a set of wave
packets or “quasiparticles” [12,34], distributed over
some equilibrium state at the initial time t0. These wave
packets then begin to spread, and the observed relax-
ation of correlators can be explained as a consequence
of the destructive interference of these wave packets. In
the case of flat space, such a picture qualitatively
explains the absence of relaxation in the massless case;
for a massive field the group velocity vgrðkÞ ¼ kffiffiffiffiffiffiffiffiffiffi

k2þm2
p

differs for different modes k of the wave packets, which
leads to their spreading and destructive interference,
whereas for massless fields the group velocity vgr ¼ 1 is
the same for all modes, and therefore destructive
interference between different modes does not occur
and the correlators are not required to relax, which is
what we observe in (B9). In the case of massive fields
in flat space, relaxation proceeds to some stationary
distribution over the original vacuum, which is described
by the first term (nonoscillating in time) in the brackets
of the integral Iflat2;4D (B6). In contrast, in de Sitter space
even the vacuum two-point functions decay with time
due to the volume expansion of space. Thus, in de Sitter
space there is a combination of two effects; damping
due to the volume expansion of space and, additionally,
due to the superposition of wave packets. For fields
from the complementary series (m < D−1

2
) the “Compton

wavelength” is larger than the curvature scale of the
space, and the modes with small momenta “freeze”, and
the degree of decay of the correlators decreases (the
exponent 3 − 2ν appears). At short distances the mass

does not play a role, and the degree of decay of the
correlators is determined only by the volume expansion
factor and is equal to 2, as in the first term of
formula (2.12). In the case when m ¼ mcr, these
exponents become equal, and the correlators behave
as for a conformally coupled scalar, that is, at the level
of correlators the situation with m ¼ ffiffiffi

2
p

is equivalent to
the conformal coupling of the scalar field with the ξ-
term: m ¼ 0; ξ ¼ 1

6
. For this reason (2.12) is similar in

form to the result for a massless field in flat space (B9),
but nevertheless differs and decays in time due to the
volume expansion factor and the different causal struc-
ture of the space. It further turns out that in de Sitter
space with D ¼ 4 (and higher) there is a “gap” in mass
between the “conformal scalar” and the principal
series, namely the interval

ffiffiffi
2

p
< m < 3

2
. In this case

2 < 3 − 2ν, the field becomes sufficiently heavy, and the
contribution to the correlator with decay exponent 2,
responsible for the damping of some energy distribution
over the vacuum due to the volume expansion, becomes
dominant over a certain time interval (as in Fig. 2).
Finally, for large field masses m > 3

2
in the principal

series, the “Compton wavelength” becomes smaller than
the curvature scale of the space, and one can expect an
oscillatory behavior of the correlator analogous to that
shown in Fig. 4, but with additional decay due to the
volume expansion of space.
Another application of nonequilibrium dynamics on the

de Sitter background that is relevant for the early Universe
is the study of the scalar power spectrum [25–28]. If, for
example, our scalar field describes fluctuations of the
inflaton, then for the power spectrumPsðkÞ and the spectral
index nsðkÞ we have

PsðkÞ¼
k3

2π2
iGQ

Kðkjt;tÞ; nsðkÞ−1¼d logPs

d log k
; ð2:13Þ

FIG. 3. Power spectrum Ps and spectral index ns − 1 as the functions of the scale kη0 for α ¼ 1. We chose η0 ¼ 1 and η ¼ 10−6 so that
all depicted scales are superhorizon.
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where iGQ
Kðkjt; tÞ is simply the Fourier transformation of

the two-point correlator (2.6). In our Gaussian-quench
setup, the plots for α ¼ 1 and a small mass (ν ¼ 1.4) look
as in Fig. 3.
As seen from this figure, the spectral index features

a sharp and comparatively broad first peak, followed
by more frequent oscillations with decreasing ampli-
tude. A similar pattern appears for the meffðtÞ protocol
for an inflaton potential [26,27] and for the OðNÞ
model in de Sitter [25]. We will return to cosmological
observables for non-Gaussian initial-state perturbations,
as well as to systems with a large number N of fields,
in future work.

III. COMMENT ON THE NON-GAUSSIAN
QUENCH DYNAMICS

One of the key distinctions of our approach to describe
relaxation in a nonequilibrium initial state is that analytical
calculations are not restricted only to Gaussian distributions
in the initial density matrix, but non-Gaussianities can also
be incorporated. In this section, we demonstrate how to
correctly define such an initial state and apply the method
in the two-dimensional case D ¼ 2 for the two-point
correlator in flat spacetime.
Let us consider, for example, the case with the insertion

of a cubic operator V̂ (with coupling “constant” λ) and the
corresponding functional operator Q, defined in (A13),

V̂½ϕ̂� ¼
Z

dD−1x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0; xÞj

p
∶ϕ̂3∶ ðxÞ;

Q

�
Φ;−

δ

δΠ

�
¼ exp

�
λ

Z
dD−1x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0; xÞj

p �
3∶Φ2∶ðxÞ δ

δΠðxÞ −
1

4

δ3

δΠ3ðxÞ
��

: ð3:1Þ

Here, normal ordering1 refers to the subtraction of the counterterm proportional to Δðx; xÞ ¼ iGKðx; xÞ, the two-point
correlator evaluated at coincident points in some ultraviolet regularization scheme,

∶ϕ2∶ðxÞ ¼ ϕðxÞ2 − Δðx; xÞ;
∶ϕ3∶ðxÞ ¼ ϕðxÞ3 − 3Δðx; xÞϕðxÞ: ð3:2Þ

Following the procedure outlined in Appendix A, we obtain the expression for the two-point correlator after such a non-
Gaussian disturbance,

iGQ
Kðt; xjt; yÞ ¼ hϕ̂ðxÞϕ̂ðyÞiQt ¼ iGKðt; xjt; yÞ

− 9λ2
Z

dD−1ξ1dD−1ξ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0; ξ1Þj

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0; ξ2Þj

p
· GRðt; xjt0; ξ1ÞGRðt; yjt0; ξ2ÞG2

Kðt0; ξ1jt0; ξ2Þ; ð3:3Þ

or, in momentum space, for the correction iΔGK to the tree-level Keldysh propagator iGK,

iΔGKðt; xjt; yÞ ¼ −18λ2
Z

dD−1k
ð2πÞD−1

Z
dD−1q
ð2πÞD−1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0Þj

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0Þj

p
eikðx−yÞ

×GRðkjt; t0ÞGRð−kjt; t0ÞGK

�
kþ q
2

				t; t0
�
GK

�
k − q
2

				t; t0
�
: ð3:4Þ

It is easy to see that this expression is essentially a loop
integral over the momentum q and, in particular, contains
ultraviolet divergences associated with such loops.
Therefore, in the general case, instantaneous interaction
counterterms at the initial Cauchy surface, t ¼ t0, with
renormalized couplings must be included. For now, we

postpone this issue and instead examine the two-dimen-
sional flat space,D ¼ 2, where the integral in (3.4) is finite.
Then,

iΔGKðt; xjt; yÞ ¼
18λ2

m2

Z
dξ
2π

Z
dζ
2π

eiξmðx−yÞ

×
1 − cos



2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2 þ 1

p
mt
�

ξ2 þ 1

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðξ2 − ζ2Þ2 þ 8ðξþ ζÞ þ 16
p : ð3:5Þ

1In general, all additional terms in the Hamiltonian should be
normal ordered δĤ ∼ λ∶V̂½ϕ̂�∶. In the Gaussian quench case the
result does not depend on this, which is why we did not impose it
earlier.
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As in the Gaussian quench case in flat space, this integral
contains a time-independent contribution and a time-de-
pendent “tail” represented by the cosine term in (3.5). The
ζ-integral can be performed exactly, and the time depend-
ence of the tail may be estimated via the stationary phase
method for mt ≫ 1, yielding,

iΔGKðt; xjt; yÞ≈I−
9λ2

ffiffiffi
π

p
2m5=2

ffiffi
t

p cos

�
2mtþπ

4

�
;

I¼36λ2

m2

Z þ∞

−∞

dξ
2π

eiξmðx−yÞ

jξjþ2

1

ξ2þ1
K

 
4
ffiffiffiffiffijξjp

jξjþ2

!
;

ð3:6Þ

where KðzÞ is the complete elliptic integral of the first kind.
As we see, the relaxation rate at late times for the massive
theory is the same as in the Gaussian case (see also
Appendix B), and appears to be insensitive to the particular
quench type, at least for the two-point function in a massive
theory.
We emphasize once again that in the case D > 2 the

integrals determining the corrections to the two-point
function after the non-Gaussian quench contain loop ultra-
violet divergences. This means that a complete and
exhaustive analysis of a non-Gaussian quench in this
situation includes the consideration of theories with
the corresponding interaction in the Lagrangian and the
renormalization of this theory. Then operators with the
corresponding renormalized coupling constants can be
consistently included in the operator perturbing the density
matrix as in (3.1), and for superrenormalizable theories it
will be necessary to remove only a finite number of
divergences. At present we have developed the formalism
only for a theory that is Gaussian in the quantum field; in
future work we will attempt to generalize this method to
interacting theories. However, due to the restructuring of
the initial state during the evolution, when considering
interacting theories one will have either to deal with secular
contributions in the perturbative expansion in the coupling
constants, or to resort to a numerical analysis based on the
quasiclassical expansion in the Keldysh-Schwinger func-
tional integral [40].
Nevertheless, from (3.1) it is clear that such an initial

state modifies higher-point correlators in a nontrivial way.
In particular, one may study the evolution and relaxation of
systems with nontrivial initial correlations encoded in the
density matrix. Of special interest is the question, still not
completely settled, of how initial correlations can imprint
themselves during the inflationary period of the Universe,
which can be understood by studying multipoint correlators
of primordial fluctuations. We will return to the behavior
of QFT in D > 2 under non-Gaussian quenches in
future work.

IV. CONCLUSION

In this work, we examined the dynamics of quantum
fields in a specific class of nonequilibrium initial states on
curved spacetime backgrounds. Developing the approach
of [34], we expressed the postquench two-point correlation
function in terms of the Wigner functional of the initial
density matrix, with the quench implemented as a unitary
transformation of the initial state: ρ̂Q ¼ Q̂ρ̂0Q̂

†. This
formulation, based on the Keldysh-Schwinger functional
integral, allows one to clearly separate the modification of
the initial state from the subsequent unitary evolution and is
applicable to an arbitrary curved spacetime geometry. As a
result, the method is particularly useful in situations where
the standard description via sudden Hamiltonian changes or
explicit mode evolution becomes technically cumbersome
or inefficient.
As a first example, we considered in detail the Gaussian

(quadratic) quench, corresponding to an initial-state per-
turbation of the form (A15). Such a quench modifies the
initial statistical distribution rather than the Hamiltonian
itself, and the postquench dynamics can be expressed
entirely through equilibrium Green’s functions. In this
case, the Keldysh function after the quench GQ

K takes the
compact form (1.2) and (1.3), so that the effect of a global
quench reduces to a finite number of correction terms
added to the standard correlators.
We then illustrated the method in flat spacetime, see

Appendix B. For massive fields, we obtained relaxation of
the correlator to a modified postquench value with an
oscillatory power-law tail, decaying at large times as shown
in (B7). This behavior matches the well-known results for
mass-dependent quench protocols and therefore provides a
nontrivial consistency check of the method. However, for
massless fields in D ¼ 4 we found qualitatively different
dynamics; the correlator does not relax even at late times,
see (B9). This indicates that the class of nonequilibrium
states considered here cannot in general be reduced to the
standard mass-quench scenario. A more detailed analysis of
this “critical” postquench dynamics will be pursued in
future work.
Our primary interest concerns the dynamics in de

Sitter space, see Sec. II. For the Gaussian quench, we
analyzed the late-time asymptotics of the two-point
function. We found that the decay of the quench-
induced corrections depends sensitively on the mass
of the field: for light fields (m <

ffiffiffi
2

p
, or equivalently

ν > 1=2) the corrections decay as ðη=η0Þ3−2ν, whereas
heavier fields exhibit a slower decay regime in the limit
of close spatial points. This suggests that postquench
dynamics of local observables such as the stress-energy
tensor may depend nontrivially on the mass spectrum,
which is relevant for discussions of the stability of the
Bunch-Davies state and for understanding secular (time-
growing) quantum corrections in de Sitter space. In
addition, we analyzed the possible implications of this
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type of postquench description for cosmological observ-
ables in the expanding Poincaré patch. In particular, we
computed the power spectrum PsðkÞ and the spectral
index nsðkÞ according to (2.13). The resulting spectra
exhibit a pronounced initial peak followed by decaying
oscillations (see Fig. 3). Such features are qualitatively
similar to those encountered in models with time-
dependent effective mass meffðtÞ [26,27] and in OðNÞ
models in de Sitter space [25]. This should not be
regarded as an alternative to these approaches. Instead,
our point is that nontrivial initial state distributions
should also be incorporated in a full and consistent
treatment of the problem.
Finally, in Sec. III we showed that the method naturally

generalizes to non-Gaussian initial states generated by
higher-order operators, using the cubic perturbation
V̂ ∼

R
∶ϕ3∶ as an example. In the simplest case of

D ¼ 2 Minkowski spacetime, we found contributions that
also decay at late times with a power-law behavior. This
demonstrates the applicability of the method to systematic
studies of non-Gaussianity and higher-order correlation
functions, including in cosmological settings where pri-
mordial non-Gaussianities may play a role.
Future directions include analyzing the impact of such

nonequilibrium initial states on secular loop corrections in de
Sitter space [41], as well as computing the behavior of the
energy-momentum tensor and other local observables after
proper regularization in the coincident limit. Moreover, it is
of interest to consider such a class of nonequilibrium states
not only in an expanding spacetime, but also to study, using
such states, the response of fields, for example, on back-
grounds with horizons, such as black holes. As we already
noted in the Introduction, a local quench can be used to test

the chaotic behavior of the theory, which has already been
partiallydone, for example, in [8] for theBTZblackhole.Our
approach makes it possible to consider a more general class
of nonequilibrium states in this context, and we will also
attempt to pursue this in the near future. The approach
developed here provides a convenient and analytically
controlled framework for these investigations.
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APPENDIX A: QUANTUM QUENCH IN CURVED
SPACETIME

Consider a free massive minimally coupled scalar field ϕ
in curved spacetime,

S½ϕ�¼1

2

Z
∞

t0

dt
Z

dD−1x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt; xÞj

p
½∂μϕ∂μϕ−m2ϕ2�: ðA1Þ

Then the time evolution of the expectation value of a
composite operator Ô½ϕ̂ðxÞ� is given by

hÔ½ϕ̂ðxÞ�it ≡ trfρ̂ðtÞÔg ¼ trfρ̂Û†ðt; t0ÞÔ Ûðt; t0Þg≡ trfρ̂ · Û†ðt; t0ÞÔÛ†ðþ∞; tÞ · Ûðþ∞; t0Þg; ðA2Þ

where ρ̂ is the initial density matrix and Ûðt; t0Þ is the evolution operator. Expanding the trace as an integral over
the basis of field eigenstates jξ1i, and inserting the corresponding resolutions of the identity at the marked points in
(A2), as well as using the standard transition from the evolution operator to the path integral, we obtain the
expression

hÔ½ϕ̂ðxÞ�it ¼
Z

DχðxÞDξ1ðxÞDξ2ðxÞhξ1jρ̂jξ2i
Z

ϕþðþ∞Þ¼χ

ϕþðt0Þ¼ξ1

Dϕþ

Z
ϕ−ðþ∞Þ¼χ

ϕ−ðt0Þ¼ξ2

Dϕ−eiS½ϕþ�−iS½ϕ−� ·O½ϕ−ðt; xÞ�: ðA3Þ

In the Schwinger-Keldysh functional integral formalism it is convenient to introduce the variables

ϕcl ¼
1

2
ðϕþ þ ϕ−Þ; ϕq ¼ ϕþ − ϕ−:

Then the action on the Keldysh time contour takes the form,
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SK½ϕcl;ϕq� ¼ S½ϕþ� − S½ϕ−�

¼
Z

∞

t0

dt
Z

dD−1x
ffiffiffiffiffi
jgj

p
½gμν∂μϕq∂νϕcl þm2ϕqϕcl�

¼ −
Z

dD−1x
ffiffiffiffiffi
jgj

p
· ðξ1ðxÞ − ξ2ðxÞÞ · gμ0∂μϕclðt0; xÞ −

Z
dDx

ffiffiffiffiffi
jgj

p
ϕq

�
1ffiffiffiffiffijgjp ∂μ

ffiffiffiffiffi
jgj

p
gμν∂ν þm2

�
ϕcl

¼ −
Z

dD−1x · ðξ1ðxÞ − ξ2ðxÞÞ · πðt0; xÞ −
Z

dDx
ffiffiffiffiffi
jgj

p
ϕq · EOM½ϕcl�; ðA4Þ

where we have introduced the canonical momentum πðt; xÞ ¼ ffiffiffiffiffijgjp
g00∂0ϕðt; xÞ, and denoted the operator in the

square brackets in the second line acting on ϕcl as EOM½ϕcl�. We also assumed that the mixed components gi0

vanish for spatial index i. Using the further convenient notations βðxÞ ¼ ξ1ðxÞ − ξ2ðxÞ and ΦðxÞ ¼ 1
2
ðξ1ðxÞ þ ξ2ðxÞÞ,

we can rewrite (A3) in the form,

hÔ½ϕ̂ðxÞ�it ¼
Z

DχðxÞDΦðxÞDβðxÞ
�
Φþ β

2

				ρ̂
				Φ −

β

2




×
Z

ϕcl¼χ

ϕclðt0Þ¼Φ
Dϕcl

Z
ϕq¼0

ϕqðt0Þ¼β
Dϕq exp

�
−i
Z

dD−1xβðxÞπðt0; xÞ
�

× exp

�
i
Z

dDx
ffiffiffiffiffi
jgj

p
ϕq · EOM½ϕcl�

�
O

�
ϕcl −

ϕq

2

�

¼
Z

DΦðxÞDΠðxÞDβðxÞ
Z
ϕcl¼Φ

Dϕcl exp

�
−i
Z

dD−1xβðxÞΠðxÞ
�

× δðΠðxÞ − πðt0; xÞÞ · δðEOM½ϕcl�Þ ·O½ϕcl� ¼
Z

DΦðxÞDΠðxÞW½Φ;Π� ·O½ϕjon−shell�; ðA5Þ

where in the fourth line we have omitted ϕq inside the composite operator O, since the contraction in the

Schwinger-Keldysh technique and the mixed contractions vanish at coincident times due to causality (see also

[43]). Also, in the fourth line, we integrated over ϕq, producing the delta-function, which enforces EOM½ϕcl� ¼ 0,
and introduced the field ΠðxÞ through the additional delta function. In the last line, we introduced the Wigner
functional and carried out the integration over ϕcl using the delta-constraints, which project ϕcl onto the solutions of
the equation of motion with the specified initial conditions,

W½Φ;Π� ¼
Z

DβðxÞ exp
�
−i
Z

dD−1xβðxÞπðxÞ
��

Φþ β

2

				ρ̂
				Φ −

β

2



; ðA6Þ

EOM½ϕjon−shell� ¼ 0; ϕðt0; xÞjon−shell ¼ ΦðxÞ; ∂tϕðt0; xÞjon−shell ¼
1ffiffiffiffiffijgjp
g00

ΠðxÞ: ðA7Þ

If one can find the retarded Green function for the given gravitational background,

�
1ffiffiffiffiffijgjp ∂μ

ffiffiffiffiffi
jgj

p
gμν∂ν þm2

�
GRðt; xjt0; yÞ ¼ −

δðt − t0Þδð3Þðx − yÞffiffiffiffiffijgjp ; ðA8Þ

then the on shell field is expressed explicitly as

ϕðt; xÞjon−shell ¼ −
Z

dD−1y½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0; yÞj

p
g00ðt0; yÞ∂tGRðt; xjt0; yÞ ·ΦðyÞ þGRðt; xjt0; yÞ · ΠðyÞ�: ðA9Þ

Now we want to study the dynamics of correlation functions of local operators after the system is driven out of an
equilibrium state described by some initial density matrix ρ̂0. If, at time t0, the Hamiltonian Ĥ of the system undergoes a
perturbation δĤ ¼ −αδðt − t0ÞV̂½ϕ̂ðxÞ�, then the density matrix describing the subsequent evolution becomes
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ρ̂Qðt0Þ ¼ Q̂ρ̂0Q̂
†; Q̂ ¼ eiαV̂½ϕ̂ðxÞ�: ðA10Þ

More generally, we can simply consider perturbed initial states of the form (A10) without referring to the Hamiltonian
quench interpretation. Using the identity

i
δ

δΠðyÞ exp
�
−i
Z

dD−1xβðxÞΠðxÞ
�

¼ βðyÞ exp
�
−i
Z

dD−1xβðxÞΠðxÞ
�
; ðA11Þ

the modified Wigner functional (A6) after the quench takes the form

WQ½Φ;Π� ¼
Z

DβðxÞ exp
�
−i
Z

dD−1xβðxÞπðxÞ
��

Φþ β

2

				Q̂ρ̂0Q̂
†
				Φ −

β

2




¼ Q
�
Φ;

δ

δΠ

�
W0½Φ;Π�; ðA12Þ

where W0½Φ;Π� corresponds to the unperturbed density matrix ρ̂0, and we introduced the functional operator

Q
�
Φ;

δ

δΠ

�
¼ exp

�
−iα
�
V
�
Φ −

i
2

δ

δΠ

�
− V

�
Φþ i

2

δ

δΠ

���
: ðA13Þ

Substituting (A12) into (A5) and integrating by parts over ΠðxÞ, we obtain the general postquench evolution,

hÔ½ϕ̂ðxÞ�iQt ¼
Z

DΦðxÞDΠðxÞW0½Φ;Π�Q
�
Φ;−

δ

δΠ

�
O½ϕjon−shell�: ðA14Þ

Thus, the problem of postquench evolution reduces to computing expectation values with the equilibrium density matrix,
but with the observable modified by the functional operator Q.
As a simple example of a global quench, consider a Gaussian initial state, which can be interpreted as an instantaneous

perturbation of the mass term,

V̂½ϕ̂� ¼
Z

dD−1x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0; xÞj

p
ϕ̂2ðxÞ;

Q

�
Φ;−

δ

δΠ

�
¼ exp

�
2α

Z
dD−1xΦðxÞ δ

δΠðxÞ
�
: ðA15Þ

Finally, using (A9) and the representation of the Keldysh propagator in terms of the Wigner functional,

iGKðt; xjt0; yÞ ¼
1

2
trðρ̂ · fϕ̂ðt; xÞ; ϕ̂ðt0; yÞgÞ ¼

Z
DΦðxÞDΠðxÞW½Φ;Π�ϕðt; xÞjon−shellϕðt0; yÞjon−shell; ðA16Þ

we obtain the evolution of the equal-time two-point correlator,

iGQ
Kðt; xjt; yÞ ¼ hϕ̂ðxÞϕ̂ðyÞiQt

¼
Z

DΦðxÞDΠðxÞW0½Φ;Π� exp
�
2α

Z
dD−1ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0; ξÞj

p
ΦðξÞ δ

δΠðξÞ
�
ϕðt; xÞjon−shellϕðt; yÞjon−shell

¼ iGKðt; xjt; yÞ − 2α

Z
dD−1ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0; ξÞj

p
½iGKðt; xjt0; ξÞGRðt; yjt0; ξÞ þ iGKðt; yjt0; ξÞGRðt; xjt0; ξÞ�

þ 4α2
Z

dD−1ξ1dD−1ξ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0; ξ1Þj

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0; ξ2Þj

p
iGKðt0; ξ1jt0; ξ2ÞGRðt; xjt0; ξ1ÞGRðt; xjt0; ξ2Þ: ðA17Þ

It is often convenient to evaluate these integrals in momentum space. If the background metric is homogeneous and
isotropic, depending only on time, and the equilibrium state ρ̂0 shares these symmetries, then the result takes the form
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iGQ
Kðt; xjt; yÞ ¼

Z
dD−1k
ð2πÞD−1 e

ikðx−yÞ
n
iGKðkjt; tÞ − 4α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0Þj

p
iGKðkjt; t0ÞGRðkjt; t0Þ

þ 4α2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0Þj

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
jgðt0Þj

p
GKðkjt0; t0ÞGRðkjt; t0ÞGRðkjt; t0Þ

o
: ðA18Þ

Note that for expectation values of polynomial operators we always obtain only a finite number of terms modifying the
result relative to the unperturbed initial state. Moreover, expressions of the type (A17) can be derived for higher-order
correlation functions, as well as for non-Gaussian (nonquadratic) initial perturbations or spatially inhomogeneous
quenches. Indeed, all arguments above remain valid if one replaces the constant α by a spatial function αðxÞ, which simply
appears inside the corresponding integrals.

APPENDIX B: QUENCH DYNAMIC IN FLAT SPACETIME

Let us write the quantization of the field in flat spacetime in the standard way,

ϕ̂ðt; xÞ ¼
Z

dD−1k
ð2πÞD−1 ½âkfkðtÞ þ â†kf

�
kðtÞ�; ðB1Þ

where

½âp; â†k� ¼ ð2πÞD−1δðk − pÞ;

fkðtÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

pp e−i
ffiffiffiffiffiffiffiffiffiffi
k2þm2

p
t: ðB2Þ

The corresponding propagators for the vacuum initial state are

iGKðkjt; t0Þ ¼ ReffkðtÞf�kðt0Þg ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p cos

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þm2
p

ðt − t0Þ
�
;

GRðkjt; t0Þ ¼ −2θðt − t0Þ ImffkðtÞf�kðt0Þg ¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þm2
p sin


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
ðt − t0Þ

�
θðt − t0Þ: ðB3Þ

In what follows we denote r ¼ jx − yj and assume t > t0. Then, in flat spacetime, we can rewrite (A18) as

iGQ
Kðt; xjt; yÞ ¼ iGKðt; xjt; yÞ − 4αIflat1 ðt; t0; rÞ þ 4α2Iflat2 ðt; t0; rÞ;

Iflat1 ðt; t0; rÞ ¼ −
1

4

Z
dD−1k
ð2πÞD−1 e

ikðx−yÞ 1

k2 þm2
sin


2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
ðt − t0Þ

�
;

Iflat2 ðt; t0; rÞ ¼
1

2

Z
dD−1k
ð2πÞD−1 e

ikðx−yÞ 1

ðk2 þm2Þ32 sin
2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þm2
p

ðt − t0Þ
�
: ðB4Þ

Using the Fourier-Bessel representation,

Z
dD−1p
ð2πÞD−1 e

iprfðpÞ ¼ 1

ð2πÞD−1
2 r

D−3
2

Z þ∞

0

dpp
D−1
2 JD−3

2
ðprÞfðpÞ; ðB5Þ

for D ¼ 4, and setting t0 ¼ 0 due to time-translation symmetry, the integrals in (B4) become

Iflat1;4Dðt; t0; rÞ ¼ −
1

8π2r

Z
∞

0

dξ
ξ

ξ2 þ 1
sinðmr · ξÞ sin



2mt ·

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2 þ 1

p �
;

Iflat2;4D ¼ 1

8π2
1

mr

Z
∞

0

dξ
ξ

ðξ2 þ 1Þ32 sinðmr · ξÞ
h
1 − cos



2mt ·

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2 þ 1

p �i
: ðB6Þ

We are interested in the late-time regime t − t0 ≫ m−1 and distances r ≪ t − t0. In this limit, the contributions from I1 and
the oscillatory part of I2 are suppressed and can be estimated via the method of steepest descent. The nonoscillatory part of
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I2 survives and yields the postquench correction to the Keldysh function,

iGQ
Kðt; xjt; yÞ ¼ iGpostquench

K ðt; xjt; yÞ þ tailðt; rÞ;

iGpostquench
K ðt; xjt; yÞ ¼ 1

4π2
m
r
K1ðmrÞ þ α2

2π2
K0ðmrÞ;

tailðt; rÞ ≃ αm

8π3=2
1

ðmtÞ3=2 cos
�
2mtþ π

4

�
þ α2

8π3=2
1

ðmtÞ3=2 sin
�
2mtþ π

4

�
∼

1

ðmtÞ3=2 cosð2mtþ δÞ; ðB7Þ

with some phase δ, defined in (1.4). The relaxation rate coincides with the well-studied mass-quench dynamics in flat
space [13,14].
The same can be done in two dimensions (D ¼ 2),

Iflat1;2Dðt; t0; rÞ ¼ −
1

4πm

Z
∞

0

dξ
1

ξ2 þ 1
cosðmr · ξÞ sinð2mt ·

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2 þ 1

p
Þ;

Iflat2;2D ¼ 1

4πm2

Z
∞

0

dξ
1

ðξ2 þ 1Þ32 cosðmr · ξÞ½1 − cosð2mt ·
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2 þ 1

p
Þ�; r ¼ x − y: ðB8Þ

In this case, the relaxation tail behaves as
tailðtÞ ∼ 1ffiffiffiffi

mt
p cosð2mtþ δ2dÞ, consistent with the general

expectations in even spatial dimensions. In addition, no
subleading UV divergences appear, and although the
integrals cannot be obtained in closed form, they can be
computed numerically (see Fig. 4). As expected, the result
for massive fields is quantitatively identical to the standard
mðtÞ-quench protocol, including the “horizon effect” at
jrj > 2t [13].
The situation changes drastically in the massless case

m ¼ 0, where late-time suppression does not occur.
However, in this case the postquench dynamics (B4) can
be computed exactly for D ¼ 4,

iGQ
Kðt; xjt; yÞ ¼

1

4π2r2
þ α

4π2r
log

�
2tþ r
2t− r

�

þ α2

2π2

�
log

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4t2− r2

p

r

�
þ t
r
log

�
2tþ r
2t− r

��
;

ðB9Þ

which does not relax at t → ∞ due to the first term in the
braces. This type of “nonrelaxation” behavior is also
known in D ¼ 2 and D ¼ 3 [13,14], but does not occur
in higher dimensions for a mass-quench. The origin and
implications of this feature for our initial state will be
discussed elsewhere.

FIG. 4. Numerical values of the integrals I1ðt; rÞ and I2ðt; rÞ in the case D ¼ 2. The “horizon effect” at jrj < 2t is clearly visible.
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