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We develop a theoretical framework for the production of K™K~ pairs through the decay of ¢ mesons
produced from a thermal background, based on the Nambu-Jona-Lasinio (NJL) model. The differential
production rate of K™K~ is related to the self-energy of the ¢ meson, incorporating the contributions of the
quark loop at leading order and the kaon loop at next-to-leading order in the 1/N. expansion. We
numerically evaluate the invariant mass spectrum of the KTK~ pair both in vacuum and at finite
temperature. The inclusion of the kaon loop results in a finite width of the spectrum, improving agreement
with experimental data. We also investigate the spin alignment of the ¢ meson induced by its motion
relative to the thermal background. In the NJL model with only chiral condensates, we find that deviations

from the unpolarized limit of 1/3 are negligible.
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I. INTRODUCTION

In noncentral heavy-ion collisions, the two initial nuclei
carry a large amount of angular momentum, which is
partially converted to the vorticity field in the quark-gluon
plasma (QGP). The quarks in the QGP will be polarized
through their spin-orbit coupling to the vorticity field and
then combined into baryons or vector mesons with non-
trivial polarizations [1,2] [one can read, e.g. Refs. [3-8] for
recent reviews]. Therefore, heavy-ion collisions provide a
unique platform for phenomena related to spin. One typical
example is the global spin polarization of A hyperons
measured by the STAR Collaboration at the Brookhaven
National Laboratory (BNL) [9,10], which is believed to be
evidence of the vorticity field and the large orbital angular
momentum in the QGP.

The vector meson’s spin alignment, in some early works,
is proposed to be induced by vorticity fields in a similar
way as the A polarization [2,11,12]. In 2023, the STAR
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Collaboration observed a significant positive deviation
from 1/3 for the spin alignment of the ¢ meson [13].
Vorticity and magnetic fields can contribute to the spin
alignment, as discussed in Refs. [14—24], but the theoretical
estimations for these contributions are several orders of
magnitude smaller than experiment results [14,15]. To
explain this discrepancy, it was proposed that the fluc-
tuation of vector meson fields, which effectively describes
the strong interaction, is the dominant source for the spin
alignment [14,25-27]. One can also refer to Refs. [28-30]
for discussions on the fluctuation of gluon fields, which
also describes the effect of the strong interaction but
works at higher temperature than the vector meson field.
Assuming that this fluctuation is isotropic in the rest frame
of the QGP, the motion of the meson relative to the QGP
will break the symmetry between its moving direction and
transverse directions, leading to stronger transverse fluc-
tuations than the longitudinal fluctuation in the meson’s rest
frame [27]. Consequently, the longitudinally and trans-
versely polarized mesons have different properties and
therefore different distributions, resulting in the nontrivial
spin alignment. One can also refer to [31-33] for dis-
cussions on the spectral function of vector meson in a
thermal medium, which also provide possible explanations
for the spin alignment.

In experiment, the ¢ mesons are reconstructed via their
strong decay ¢p —» K* 4 K=, corresponding to a resonance
peak in the invariant mass spectrum of the K™K~ pair.
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The spin alignment is then related to the polar angle
distribution [13,34]:

dNK+K—
13
dcos 0*

(1= poo) + (3pgo — 1) cos® 6", (1)

where 0* denotes the polar angle between the daughter K
meson’s momentum direction and the spin quantization
direction, observed in the rest frame of the ¢ meson, and
Ng+g- is the number of KTK~ pairs. In this paper, we
investigate the production of a ¢ meson from a thermal
medium and its decay to a K™K~ pair. The production rate
of final-state KK~ pairs is related to the propagator and
self-energy of the intermediate ¢ meson, which will be
calculated using the Nambu-Jona-Lasinio (NJL) model
[35-41] in this paper. This model serves as a low-energy
effective theory for quantum chromodynamics, and has
been proved successful in describing the chiral phase
transition and meson properties [40,42,43].

Within the NJL model, the gluon degrees of freedom are
integrated out and reduce to four-fermion interactions.
Mesons are usually described as bound states of quark-
antiquark pairs, while their propagators are calculated via
the random phase approximation with self-energy contrib-
uted by a single quark loop [38]. However, such a self-
energy is related to processes s +5 — ¢ and ¢ — s+ 5,
which is unphysical below a critical temperature due to the
lack of quark confinement. In experiments, the dominant
decay channels of ¢ mesons are ¢ - K™ + K~ and ¢ —
K9 + K9 [44], and therefore, a more consistent description
of the ¢ meson should also include these physical channels.
In the framework of the NJL model, they correspond to
kaon loop contributions to the ¢ meson’s self-energy.
Compared to the contribution of the quark loop, the kaon
loop contribution is identified as a next-to-leading order
correction in the expansion in 1/N_. [45-49]. However, in
this paper, we will show that it plays a crucial role at low
temperatures, especially for reproducing the K+ K~ invari-
ant mass spectrum in vacuum.

This paper is organized as follows. In Sec. II, we present a
general discussion for the K K~ pair production rate through
the ¢ meson decay and build its relation to the ¢ meson’s self-
energy; the spin alignment of the ¢ meson is then extracted in
Sec. III. We present in Sec. IV the theoretical framework of
the three-flavor NJL model, including the treatments to
quarks, mesons, and the effective vertex between them.
Numerical results for the K™K~ pair production rate in
vacuum as well as at finite temperature are present in Sec. V,
and then the spin alignment of the ¢ meson is calculated in
Sec. VL. It is worth noting that the propagators for quarks or
mesons in this paper differ from those in textbooks by an
imaginary unit i. For example, the Feynman propagator in
this paper is Sp(x —y) = —i(Tw(x){(y)), which contains
an additional —i compared to Ref. [50]. The conventions for

propagators will not affect our results for properties of quarks
and mesons.

II. K*K~ PAIR PRODUCTION THROUGH ¢
MESON DECAY

For ¢ mesons, the dominant decay channel is ¢y - K +
K~ with a branch ratio of 49.1%. In experimental studies of
the ¢» meson’s spin alignment, this decay channel is usually
considered to reconstruct the ¢ mesons. Therefore, in this
section, we will derive the K*K~ pair production rate
through the decay of ¢ mesons. In parallel to the calculation
of the dilepton production rate [31,32,51-53], we write
down the S-matrix element for scattering from an initial state
i to a final state f with a K™K~ pair:

S, = / dhx / (K KIS () DR (=), ()1,
2)

where Dfy\,.(x —y) is the retarded propagator for the ¢
meson in vacuum. Here J,,(y) is the source current coupled
to the ¢ meson, which should be the strangeness quark
current if the initial state is the quark-gluon plasma. For the
NJL model considered in this paper, the initial system
consists of quarks and mesons, and thus, the source current
J,(y) contains both the strangeness quark current and also
the kaon current. In Eq. (2), JX(x) is the kaon’s current
given by

K@) = / dhx, / deg ()T (rx )e(). ()

where ¢ is a complex scalar field denoting kaons and
7% (x;x;, X, ) is the effective three-meson vertex in vacuum
forthe process ¢ — K+ + K~. The phenomenon considered
in this process is illustrated by Fig. 1. The quark-antiquark
pair (or K™K~ pair) in the QGP forms a ¢ meson at
spacetime point y. Then the meson propagates from y to

/K™
4

QGP

%]

FIG. 1. Kaon pair production from the decay of an intermediate
¢ meson. The ¢ meson is formed at spacetime point y from
coalescence of an s quark and § antiquark and then decays at
spacetime point x to a K*K~ pair. If the initial state contains
kaons, the ¢» meson could also be formed through K+ + K~ — ¢.
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another point x and decays to a K™ K~ pair at x. The ¢) meson
is created at the hadronization stage and thus is related to the
temperature of the QGP. However, since the lifetime of the ¢
meson (about 45 fm/c) is much longer than the lifetime of
the fireball, we expect that the propagating of the ¢» meson
from y to x and the decay process ¢ — K+ + K~ are weakly
affected by the QGP. This is why we use the vacuum
propagator and vacuum vertex in Egs. (2) and (3). If we
study short-lived vector mesons, such as the p meson in the
p — xt + = process, we expect that the strong decay
happens inside the QGP region and the vacuum propagator
and vertex should be replaced by the in-medium ones.

We consider a box quantization with box volume V =
L? and L being the length of box sides. The kaon field is
then quantized as

1 . .
00 = Y e e, (4
p

where p = (27/L)(n,,n,,n,) takes discrete numbers. In
the infinite volume limit, the sum over n,, n,, n_ is replaced
by a momentum integral, limy_., >, = V [d’p/(2x)*.

Substituting the quantized kaon field into JX(x) in Eq. (3)
and then applying JX (x) to the state (f, K" K~|, we obtain

1
<f,K+K_|Jf(X):W

d* .
X/ (2;)]4FZ*“’(q;m’p_)e"q"%f . (9)

where p. are momenta for K™ and K~, respectively, with

E. = \/p% + m% being their on-shell energies. The effec-
tive vertex in momentum space is the Fourier transform of
(X x, X),

LY (q; p1. pa)
:/ d'q d'p, d'p,
(27)* 22)* (22)*

eiq'x+ip]-x1+ip2~xzrl\//ac (X; X1, Xz).
(6)

The momentum conservation for the decay process ensures
that T7*(q; p1, p) has a nonvanishing value only if
q + p; + p>» = 0. Thus, we can in general extract a delta
function for momentum and express the vertex as

IY(q; p1.p2) = (22)*8W (g + py + p)TV (pr.p2).  (7)

With the S-matrix (2), we can now evaluate the transition
probability per unit spacetime volume,

1S
Ry = lim ——
V=00 TV
_/ &p. &p_
(27)32E . (27)32E_

x / dty e (1T, (3 /2 F) 1 (=3 /2D

x DRt (P (P po) DR G (P)EE (P o))
(8)
where 7 and V denote the interacting time and the volume

of the system, respectively, and the meson’s propagator in
momentum space is defined as

o DG g ay)
DR,vac(q) = (271')4 e DR,vac (X - y) (9)

Assuming that the initial state is a thermal bath, we obtain
the production rate of the K™K~ pair by summing over the
final state and taking the canonical ensemble average over
the initial state,

Ng+x- = ZZ%e‘Ei/TRﬁ, (10)
7

where E; denotes the energy of initial state i, 7 is the
temperature, and Z is the canonical partition function.
Using the spectral function, the result can be expressed as

&p, dp_
e = =2
K / (2x)2E. (2n)72E. @)

x T (py p)p™(p)Tye(py.po).  (11)

where p# = p/, + p* is the total momentum of the K+ K~
pair, @ = E_ + E_ is the total energy, and ng(w) =
1/[exp(w/T) — 1] is the Bose-Einstein distribution. The
spectral function p**(p) is related to the imaginary part of
the ¢ meson‘s self-energy as

P (p) = =D e (P) IM IR, ()] DR e (p).  (12)

where the retarded self-energy is defined by a current-
current correlation,

M (p) = —i / 'y 6°)e P ([1,(0). 1,0, (13)

III. RELATING K*K~ PAIR PRODUCTION
TO THE ¢ MESON’S SPIN ALIGNMENT

In general, the momenta p,. for K* can be described by
{p", 6", ¢*}, where p* is the total momentum of the KK~
pair, 8" and ¢* are the polar angle and the azimuthal angle,
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respectively, of K™’s momentum relative to a specified
direction in the rest frame of the K*K~ pair. Then the
momentum integral measure d°p,d°p_ is replaced by
|T|d* pdo*dg*, where |J| is the determinant for the
Jaccobi matrix for the variable substitution. An explicit
calculation shows that

dp. dp_ = lE E_|1- —4M%(d4 in0*do* d¢*, (14
pPLap- = b 02 p sm ¢*, (14)
@

where @ is the energy and My = \/w?* — p? is the invariant
mass of the K™K~ pair. Then the differential production
rate reads

dnK+K— 1 4M%(
. =— e[ 1= —=ng(o)
dF'pdeosordd”  4(2n) M

x Ty (p, p)p™ (p)TV(p. po).
(15)

As spin-1 particles, the ¢ mesons have three spin states:
A = 0, £1. Therefore, the spectral function can be projected
to the 3 x 3 spin space as

pp)== > G pe@.p)éup). (16)

A=0,£1

where the spin polarization vectors are given by

p>. (17)

Here €;,, A =0,+1 are 3-component vectors which are
properly normalized as €7 - €, = 6, . Itis easy to check that
these vectors are perpendicular to p*, p,e* (4, p) =0,
ensuring p,p"(p) = 0. These vectors satisfy ;5 = €, and
€}, = —€4;, while the direction of ¢ is also known as the
spin quantization direction. In experiments, the most widely
used choice is the event plane direction €y = (0, 1,0) or the
momentum direction €, = p/|p|. In this paper, we consider
the motion of the ¢ meson relative to a thermal background,
which breaks the symmetry between the direction of motion
and the perpendicular directions. As a consequence, it is
convenient to choose the spin quantization direction as the
momentum direction. Then the spin polarization vector in
the rest frame of the ¢ meson with a magnetic quantum
number 4 = 0 (4 = +£1) is parallel (perpendicular) to the
direction of p, which will be referred as longitudinally
(transversely) polarized in later discussions. In this case, the
spin quantization direction is

1 p)
€ =— ,0— |, 18
=5 (o (18)

P-€;

P-€
5”(/1517):( €+
My

corresponding to the so-called helicity frame [34,54]. In this
frame, £, in Eq. (16) is diagonal in spin space and the
spectral function can be decomposed into longitudinal and
transverse components as

P (p) = —ex(p)et(p)pL(p)
; {gﬂv e eia(mef{(p)}m(p). (19)

Substituting Eq. (19) into Eq. (15), the differential produc-
tion rate of KK~ pairs is now expressed as

dnK+K— 1 1 4M%( ( )
= - ng(@
d*pdcos6*dg*  4(2x)° M3 E

< {|e'a<p>f;a°<p+,p_>|2wp> —pr(p)]

= (p o p )V (piop-)

(-2 )ort) . (20)

where p; r represent spectral functions for longitudinally
and transversely polarized modes, respectively:

pr(p) = =€l (p)e)(p)p* (p).

pr(p) = % [g,w - p;f” + 65(19)69(19)]/1””(17), (21)

with p* being related to the ¢ meson’s self-energy and
propagator as shown in Eqgs. (12) and (13).

In experiments, the ¢ meson’s spin alignment is mea-
sured through the polar angle distribution of KK~ pairs as
shown in Eq. (1). Comparing Eq. (20) to Eq. (1) we can
then extract the spin alignment py, as a function of
momentum p*. In the vacuum case, the effective vertex
[%(p,, p_) must be a linear combination of the relative
momentum g* = p/, — p# and the total momentum p*.
However, the linear part in p* does not contribute in
Eq. (20) because of p,efy = 0 and p, (¢ — p#p*/p*) = 0.
Therefore, Eq. (20) reduces to the following form:

T < (PP ) = pr(p)) = o ).

(22)

Supposing that the produced kaons are on the mass shell,
we can prove that [g,ey(p)]* = (M7, — 4M%) cos® 0* and
q*> = 4M% — M, and therefore, the spin alignment reads:

PoolP) = o+ 297 (p)
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as expected. A detailed calculation for the K™K~ pair
production rate and the spin alignment will be given in
Sec. V in the framework of the NJL model.

IV. SU(3) NJL MODEL

A. General framework

As shown by Egs. (12), (13), (20), and (21), the calcu-
lation of the K™K~ pair production rate needs the explicit
expression of the ¢ meson’s self-energy and propagator. In
this paper, we implement the SU(3) NJL model to describe
quarks, mesons, and interactions between them. The
Lagrangian density reads [37,39,55,56]:

8
L= l/_/(l}/ﬂaﬂ - m)l// + GS Z[(l/_/ﬂal//)z + (l/_/i}/s/lal//)z]
a=0
8

+Gy > _[Fr,daw)* + (Fiv,rsiaw)?]
a=0

— K[dety (1 +ys)y + detip (1 — ys)w], (24)

where w = (y,, w4 w,)" is a column vector of Dirac
spinors, m = diag{m,, my,m,} is a diagonal matrix in
flavor space with diagonal elements being bare masses
for u, d, and s quarks, respectively, and 4,, a =0, 1,...,8
are 3 x 3 Gell-Mann matrices. Here we have included scalar
and vector four-fermion interactions as well as the six-
fermion Kobayashi-Maskawa-t'Hooft interaction, with Gy,
Gy, and K representing the corresponding coupling con-
stants. Under the mean-field approximation, the Lagrangian
is converted to

Lyr = Z Wiy, 0" —Ms)ws—2Gy Z 0} +4K0,040,
f=ud,s f=ud.s

(25)

where we have included the chiral condensate
or = (Wwy). The quark’s dynamic mass M is defined by

My =m;—4Gsos + 2K [ oy (26)
I'#f

For a thermal equilibrium system at finite temperature 7', the
total thermodynamic potential is given by

Qur = Y (2G50} — Q) —4Ko,040,.  (27)
f

where the contribution from quark with flavor f = u, d, s,
reads:

d’p .

0.6

0.5}
— 0.4}
3

& 03}
= 0.2}

0.1f

010 0.15 020 025 0.30
T (GeV)

0.0 L
0.00 0.05

FIG. 2. Dynamical masses for light quarks (# and d) and the s
quark as functions of temperature.

Here the quark’s on-shell energy E; = /p* + MJ% depends
on its dynamic mass M ;. By minimizing €y with respect
to chiral condensates, i.e., 0Qyg/do, = 0 for f =u, d, s,
one can evaluate o and consequently obtain the dynamic
masses.

Since the NJL model is non-renormalizable, we need to
employ a regularization scheme to avoid ultraviolet diver-
gences in momentum integrals. For the thermodynamic
potential (28) and other loop integrals in later discussions,
we separate them into the vacuum parts, which are inde-
pendent to temperature, and the medium parts, which rely on
the temperature through the fermi-Dirac distribution or
In(1 4 e~ £//T). The medium parts vanish at zero temper-
ature and do not need any regularization because high-
momentum contributions are automatically suppressed by
thermal distributions. For the vacuum parts, we apply a hard
cutoff for integral variables. In later discussions, we will
calculate self-energies of kaons and ¢ mesons as well as the
@Kt K~ vertex for mesons with nonvanishing 3-momentum
p- In order to ensure the covariance of these quantities, we
always perform the hard cutoff in the local rest frame of the
considered meson. The self-energy or the vertex in the frame
where the meson has nonzero 3-momentum is then obtained
by performing the Lorentz boost. We take quark bare masses
m, =my =5.5 MeV, m; = 140.7 MeV, the cutoff of
momentum A = 602.3 MeV, Gy = 5.058 GeV~2 andK =
155.9 GeV™, as given in [43], which are determined by
fitting physical masses and decay constants of mesons in
vacuum. Here the cutoff parameter A applies to all quark
loop integrals in this work. On the other hand, when
evaluating the ¢ meson’s self-energy, we go beyond leading
order in the 1/N, expansion by including the meson-loop
contributions. This meson loop is dynamically independent
of the quark sector and thus could be regularized inde-
pendently to the quark loop by introducing another hard
cutoff parameter Ay, # A. This parameter and the vector
coupling Gy are determined by comparing the invariant
mass spectrum of the K™K~ pair to the one observed in
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%“ 0.53f ... Ip| = 1 GeV
% 0.52f
s
0.51¢
0.50F ; (a) 1
0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
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FIG. 3.

S 40
— IpI=0
3.5F .. Ip| = 0.5 GeV
3.0F ... Ip| = 1 GeV (b)

5 1 1 1 1 1 1 1
0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
T (GeV)

Dynamic mass of K* (a) and effective coupling strength g, (b) as functions of temperature 7" for a kaon with momentum

[p| = 0 (red lines), 0.5 GeV (blue dashed lines), and 1 GeV (gray dotted lines).

experiment [13]. The results reads as Gy, = —1.0621 GeV~2
and Ay = 0.719 GeV.

We show in Fig. 2 the dynamic masses for u, d, and s
quarks as functions of temperature. Due to the isospin
symmetry, u and d quarks have the same mass, which is
lower than the mass of the s quark. As the temperature
increases, the dynamic masses decrease as indicated by the
crossover of chiral phase transition.

B. Kaon mass and coupling with quarks

We now focus on the K* mesons in the framework of the
NJL model. The propagator of the kaon obeys a Dyson-
Schwinger equation, which has the following solution:

4GS

Dy(p) = ——24
<) = TG ()

(29)

where the pseudoscalar coupling is G; = Gg — Ko4/2 and
the self-energy of kaon reads:
4

(21754 TrlysS.(q)rsSs(q — p)].

Here S, and S, denote propagators of u and s quarks,
respectively, which are assumed to have the following on-
shell form:

Me(p) = —iN, / (30)

Sp(a) =—5 5 (31)
f qz _ szf

Below a critical temperature, kaons can exist as stable

particles with the pole mass determined by the gap equation
1 —4G{lk(p) = 0. Then, under the dipole approxima-

tion, the propagator in Eq. (29) can be approximated as

Di(p)~ Ixus(P)

N612 —MK(P)7 (32)

where the effective coupling strength between the kaon and
u, s quarks is determined by

aHK(P)
op?

o) = | (33)

-1/2
P=M '

K

We note that, at finite temperature, the kaon’s dynamic
mass Mg and coupling strength g, are functions of the
kaon’s momentum relative to the thermal background.
Figure 3 presents Mg (a) and gg,, (b) as functions of
temperature for kaons with momenta |p| =0, 0.5, and
1 GeV. In these figures, we concentrate on the temperature
interval 0.05 GeV < T < 0.2 GeV. For T < 0.05 GeV,
Mg and gg,, are nearly independent of the temperature.
Numerical calculations show that the variations of Mg
and gg,, at T <0.05 GeV are Mg ~ 107 GeV and
89kus ~ 1073, which are sufficiently small compared to
vacuum values of Mg and gg,,. This is why properties at
T < 0.05 GeV are not shown here. Above 0.2 GeV, we
cannot find a real root for the gap equation of the kaon,
indicating that Eq. (32) is no longer a good approximation.
We observe from Fig. 3 that My increases, while gk,
decreases, for increasing temperature. Kaons with larger
momenta have smaller masses, but g, is nearly indepen-
dent of |p|.

C. Self-energy and propagator of the ¢p meson

For a vector meson in the NJL model, the propagator
obeys the Dyson-Schwinger equation, as illustrated in
Fig. 4,

D (p) = AGy A" (p) + 4Gy A (p)TIg(p) D™ (p). (34)

where D*(p) denotes the full propagator of a meson with
momentum p¥, A" = g — pFp¥/p* is the projection
operator ensuring that the propagator is perpendicular to
momentum, i.e., p,D*(p) =0, and Hg’ﬁt is the meson’s
total self-energy. In this paper, we focus on the ¢ meson,
which consists of s and §. Therefore, the leading order
contribution to the self-energy is from a s quark loop.
However, this corresponds to a decay channel ¢ — s + 5,
which is unphysical at low temperatures. In experiments, ¢

056011-6



PRODUCTION OF K*K~ PAIRS THROUGH THE DECAY OF ...

PHYS. REV. D 112, 056011 (2025)

EEEEEEEEE = e + EEEEEEE®

FIG. 4. Dyson-Schwinger equation for a vector meson. Here
dotted lines denote full propagators of the meson, black dots
denote the four-fermion vertex, and the shaded circle denotes the
meson’s self-energy.

mesons can decay to K™K~ or KYK$ pairs with branch
ratios of 49.1% and 33.9%, respectively. To address these
physical decay channels, we introduce contributions of
kaon loops to the ¢ meson’s self-energy. The total self-
energy is illustrated by

Htot HQ loop + HK loop + H;Ifu-tad’ (35)

where TIZ'°P and Ty '°P are contributions from the quark

loop and the kaon loop, respectively, as shown in Figs. 5(a)
and 5(b). The kaon loop is incorporated in the self-energy
as a higher order correction in 1/N, relative to the quark
loop, with N. =3 denoting the number of colors. We
also include HK “ad to denote contributions from Figs. 5(c)
and 5(d), which is the same order as HK 1P We emphasize
that the model in this paper keeps the isospin symmetry
between u and d quarks, indicating that K*, K9, and K§
have identical properties except their charges. For the ¢
meson’s self-energy, the contribution of a K™K~ loop is
exactly the same as that of a K9 K9 loop.

Using propagators of a quark and kaon, we express
T12°° and Ty, ° as follows:

ZN/
) d*q -
M5 (p) = N f / SeiTa=r.a)

x [[,(q = p.—q)]"Dx(q)Dx(q — p).  (36)

12 (p) S:(@)r.8:(q = p)).

FIG. 5.

where Ny = 2 is because we have considered two identical
decay channels, ¢ —» K* + K~ and ¢ — K9 + K%, and
Sfokx = 2 accounts for the flavor factor from Gell-Mann
matrices [43]. Here S,(q) is the propagator of an s quark,
given in Eq. (31), while Dg(q) = 1/(¢*> — M%) is the
propagator of the kaon. For the contribution of IT%*, we
do not perform explicit calculations but simply assume that
I15% & g, and impose the constraint p*IIS! (p) = 0. It is
straightforward to obtain

apnp
() = —gu 1" (0): ()
Such an assumption has been widely used in literature and
has been verified by direct calculations [46,57].

We focus on moving ¢ mesons in a thermal medium. In
the helicity frame, the ¢ meson’s propagator and self-
energy are decomposed into longitudinal and transverse
components in a similar way as Eq. (19). For the Dyson-
Schwinger equation in (34), we derive the following
solutions:

4Gy
1+ 4G, I, (p)”

DL/T(p) = (38)

With the help of Eqgs. (12) and (21), we obtain spectral
functions for longitudinally and transversely polarized
modes:

4Gy
Pur(P) = | T3 3G, ()

Im HtLO}T( ). (39)

where TI9L(p) is the self-energy in vacuum, i.e., at zero
temperature. Since the vacuum is Lorentz invariant, the
longitudinally and transversely polarized modes have the
same self-energy T4 (p) = limz_q HtL";T( p). However, at
finite temperature, ITP' and IT7' could have a finite differ-
ence, leading to a nontrivial spin alignment.

D. §K* K~ vertex

For calculations of the decay process ¢ — K™ + K~ and
the kaon loop contribution to the ¢ meson’s self-energy, the

(b)

“0—’

Contributions to the self-energy of the ¢ meson: (a) leading order contribution from a s-quark loop, (b) contribution from a

kaon loop, and (c),(d) corrections at the same order as (b). Solid lines with arrows indicate the quark propagators, and dashed lines the

propagators of kaons.
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p- K-

¢

p=p++Pp-

V k—p_

k—ps—p-

P+ KT*

FIG. 6. Effective vertex between ¢ and K* mesons. Solid lines,
dashed lines, and dotted line denote the propagator of the quark,
the outgoing kaons, and the incoming ¢ meson, respectively.

¢KT K~ vertex is an essential element. In the NJL. model,
this vertex is described by a triangle quark loop, as shown
in Fig. 6. Using Feynman rules, we can write down the
effective vertex:

r‘ﬂ(p+’ P—) = _Nchus(er)gKus(p—)

X /%Tr[y”f?‘y(k - Py —p-)

X 7S, (k= p_)y’S, (k). (40)
where p, denotes momenta of outgoing K* and the
momentum of the incoming ¢ meson is p =p, + p_.
The factors gk, are the coupling strength between K* and
u, s quarks. In principle, we should also take the coupling
between the ¢ meson and s quarks into account. In this
paper, however, such a coupling is included in the propa-
gator of the ¢ meson and thus does not appear in Eq. (40).

In the vacuum case, the vertex I:Cac(er, p_) can be
expressed as a linear combination of Lorentz vectors p* =

pli+ p* and ¢* = pi — pt,

f‘cac(p+7p—):qﬂrl,vac(p+yp—>+pﬂr2.va0(p+’p—)' (41)
VX m—— T — (a)
—3.0'I””I”I”””I””“H'”""j'..,..~.~~
-35F

= ot
e —4.0F (Mg, Ipl) (GeV)
= sl (1.00, 0)
..... (1.02, 0)
-5.0}
........ (1.04, 0)
-55} :
0.06 008 0.0 0.12 0.14 0.16
T (GeV)

FIG. 7.

At finite temperature, the decomposition of I* becomes
much more complicated because of the thermal back-
ground. In general, we have

M(py.po) = ¢'T(py.p-) + pP'To(py. p-)
+ (u - p)u'T5(py. p-)

1
—+ n€”yaﬁQHpauﬁF4 (p+’ p—)’ (42)

where u* = (1,0, 0, 0) denotes the rest frame of the thermal
background. The coefficients can be evaluated numerically
using Eq. (40), whose properties will be shown in the
upcoming subsection.

E. Contribution from the kaon loop
to the ¢» meson’s self-energy

Before we numerically calculate the spectral function,
we now implement some simplifications for the contribu-
tion from the kaon loop I, °P in Eq. (36). An explicit
calculation for ITi'°? incorporates three closed loops: two
from effective three-meson vertices and one from the kaon
loop, making the calculation extremely complicated. To
simplify our calculation, we apply the dipole approxima-
tion (32) for the kaon propagator and note that the
propagator is peaked around the mass shell. Then what
matters for our calculation is the case that both of the
kaons’ momenta in ITy °? are nearly on-shell. Focusing on
the effective vertex in Eq. (40), we restrict ourselves to
pl=piaMy and M,=/(p. +p-)*~1.02 GeV.
Here M is a function of temperature and kaon momentum
as shown in Fig. 3. Then the kaon’s momenta can be
parameterized as follows:

pli—i_pli = (\/ng;_FpZ’O?O’ |p|)’

.= (E., |k|sin6,0,|p|/2 + |k|cos@), (43)
(Mg, Ip) (GeV) ,
(1.00, 1)
3' D
----- (1.02, 1) S
R ST (1.04,1)
o 2 i '
[ - (104,00
1} P
0 : R
010 012 0.14  0.16
T (GeV)

Real (b) and imaginary (a) parts of I'; (p, p_) in Eq. (42) as a function of temperature. Momenta p’_ are taken according to

Eq. (43), and M is set to 1 GeV (red solid line), 1.02 GeV (blue dashed line), and 1.04 GeV (gray dotted line).
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where M, denotes the ¢ meson’s invariant mass and €
denotes the angle between the ¢ and kaon three-momenta.
The parameter |k| is determined by mass-shell conditions
p% =M%(p,) and p2 = M%(p_). We then show in
Fig. 7(a) the real and imaginary parts of I'; in Eq. (42)
as functions of temperature. The coefficient I, = 0 for all
the considered cases, while I, and I'5 are at least two orders
of magnitude smaller than I'j, allowing us to approximate
the effective vertex as

M(py.po) = (P! — p“)Ti(py. p-)

= (Pﬁ - p’i)ron(Mt/)’ |p|) (44)

We also checked that ImI"; is nearly independent of |p|;
therefore, in Fig. 7(a) we only show results for |p| = 0.
Since the kaon’s mass is an increasing function of temper-

ature, we may have , /M?5 + p? < 2M if the temperature

is high enough, indicating that the ¢ meson cannot be
generated as a kaon resonance. As a consequence, the kaon
loop does not contribute to the imaginary part of the ¢
meson’s self energy, and thus, the corresponding effective
vertex is less important. This is why we did not show Im T
for My =1 GeV with T > 0.115, M, = 1.02 GeV with
T > 0.145 GeV,and My = 1.04 GeV with T > 0.161 GeV

in Fig. 7(a). On the other hand, the real part of T is nonzero
only if My > 2M . Figure 7(b) shows Rel"; as a function of
temperature for several sets of (M, [p|). In particular, for
the case of M, = 1.04 GeV and |p| = 0 GeV, we have a
sudden change at 7 = 0.161 GeV. This is because, above
this temperature, the ¢p meson production from the combi-
nation of kaons is forbidden and thus we set
Rel"; = 0 by hand.

Substituting the approximation (44) into Eq. (36), we

. K-loop
derive IL,,

as follows:

H’Ifl;loop(p) = _8i|ron(M¢’ P|)|2
/ d*q (2, = r,) (29, - p.)
(27)*[¢* =M% (Q)][(g—p)* =Mz (q-p)]’

(45)

where M, = \/;)7 is the invariant mass. Since My is a
slowly varying function of the kaon’s momentum, we
further assume My (q) ~ Myx(q —p) ~ Mg (p/2) at finite
temperature. These assumptions will greatly simplify the
calculation for IT}y . They may not be significant enough
at high temperature or in a high momentum region.
However, in this paper, we restrict ourselves at 7 <
0.15 GeV and the ¢ meson’s mass around its vacuum
value, where the validity of the assumptions has been
checked by our numerical calculations.

x1074
4F o STARdata
< s NJL model
v 3f
3
L 2}
&
T 1F
0 PR y.' I :
1.0 1.01 1.02 1.03 1.04
M+ k- (GeV)
FIG. 8. Invariant mass spectrum of the K™K~ pair calculated

by the NJL model in vacuum (red solid line), compared to the
K*K~ pair yields measured by the STAR Collaboration (gray
circles) [13]. The experimental data are measured for Au + Au
collisions at /sy =27 GeV at 20%-60% centrality and summed
over rapidity |y| <1 and transverse momentum 1.2 GeV <
pr <1.8GeV.

V. NUMERICAL RESULTS FOR K*K~ PAIR
PRODUCTION RATE

A. Invariant mass spectrum in vacuum

Within the framework of the NJL model, we now focus
on the K™ K~ pair in vacuum. Since the vacuum is invariant
under Lorentz transformation, the longitudinally and trans-
versely polarized modes are degenerate and only depend on
the invariant mass of the K*K~ pair. The differential
production rate of the K™K~ pair in (20) then reduces to
the following invariant mass spectrum:

dnK‘FK* 1 ) )
dM(/, 5 M—[/) (M(/; - 4'ij,vac

)RS (My)Pp(p).  (46)

where we have used the approximation (44) for the meson’s
effective vertex. Here M denotes the mass of the inter-
mediate ¢» meson or, equivalently saying, the invariant mass
of the final state K™K~ pair. The spectral function p(p) is
given by Eq. (39) with the self-energy determined by
Egs. (35)—(37). Numerical results within the NJL. model
framework are shown in Fig. 8, where we compare our
results with the invariant mass spectrum observed in
experiments [13]. Here we rescaled our result by a constant
factor such that the peak value coincides with the exper-
imental data. From Fig. 8, we observe that our calculation
can nicely reproduce the spectrum of the K™K~ pair. We
observe that our NJL model calculation underestimates
(overestimates) the invariant mass spectrum at energies
below (above) the peak position. Consequently, the shape
of our results deviates from the Breit-Wigner distribution.
Such a deviation arises because the imaginary part of the
self-energy is not a constant but a function of the invariant
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)<'IO_6
0.00 7F " ) 3
(T, Ipl) (GeV) (b)
6F ----- (0.1,1) ----- (0.15, 1) R
—001 I I'
S g (0.1,2) oo (0.15, 2) ,
~ - 4t
C -0.02 L
£ E 3t
_0.03} £}
1k
-0.04 0-----..==:::::::::::;u‘n“
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FIG. 9.

(a) Imaginary part of the ¢ meson’s self-energy for the transversely polarized mode as a function of the meson’s invariant mass.

(b) Im(IT" — IT") as a function of the meson’s invariant mass. We focus on the ¢ meson with momentum |p| = 0 (solid lines), 1 GeV
(dashed lines), and 2 GeV (dotted lines) at temperatures 7 = 0 (the gray line), 0.1 GeV (red lines), and 7 = 0.15 GeV (blue lines). In
panel (a), the position of 2M at T = 0.15 GeV is indicated by the dashed vertical line.

mass, as illustrated in Fig. 9(a), whereas the width
parameter in the Breit-Wigner distribution is assumed to
be independent of the invariant mass.

B. Invariant mass spectrum
at finite temperature

At finite temperature, unlike in vacuum, the spectral
functions p; and pr are different if the ¢ meson (or
equivalently saying, the K™ K~ pair) has a nonzero velocity
relative to the thermal background. Then the production
rate of KK~ pair in (20) is converted to

dnK+K—

LY S 5 204, (47
dM¢d3pdCOS9*o<fr(p)+ f(p)cos 0, (47)

where we have introduced two auxiliary functions f7(p)
and 6f(p). They are defined as follows:

fT(p) :ln ® 2 a2
<5f(p)) _C() B( )(M¢ MK,Vac

. (pL(pp)Tfp/jT(p) > ’

where @ = ,/ M; + p? denotes the total energy of the

K™K~ pair in the rest frame of the thermal background.
According to Eq. (39), the spectral functions p; ;- are
affected by the temperature through the imaginary parts of
self-energies, Tm H‘LO}T. At finite temperature, these func-
tions depend on the invariant mass M and the momentum
|p|- We present Im IT{" and Im(IT* — IT;") as functions of
M, in Figs. 9(a) and 9(b), respectively. We note that the
transversely polarized mode degenerates with the longitu-
dinally polarized mode when |p| =0, leading to
Im(ITP' — ITY'Y) = 0. However, ImIT?' and ImITY® have
nonvanishing values even if |p| = 0, as indicated by the

)2 (M)

(48)

solid lines in Fig. 9(a). At temperature 7 = 0.1 GeV,
shown by the red solid, dashed, and dotted lines in
Fig. 9(a), corresponding to |p| = 0, 1, and 2 GeV, respec-
tively, ImIT7" as a function of M, is nearly identical to the
one at zero temperature (gray solid line). This is because at,
low temperatures, e.g., T < 0.1 GeV, the masses of the
quark and kaon are almost independent of the temperature,
as shown by Figs. 2 and 3. In this temperature region,
only the kaon loop contributes to ImIT¥", indicating that
the intermediate ¢ meson is purely generated as a kaon-
pair resonance. At a higher temperature, such as 7 =
0.15 GeV, the quark loop starts to contribute to ImIT"
when My > 2M (T). As a consequence, the blue line in
Fig. 2(a) undergoes a sudden change at 2M(T). We also
observe that ImII?' is negative definite and thus the
spectral function in Eq. (12) is positive definite. On the
other hand, from Fig. 9(b), we find that the difference
between ImIT® and ImITY' is 4 orders of magnitude
smaller than ImII¥', which is also much smaller than
predictions from other models [58—60]. This means that
the transversely and longitudinally polarized modes have
nearly the same property in the framework of the
NJL model.

Using the self energy of the ¢ meson, we show the
invariant mass spectrum of the K+ K~ pair at different sets
of temperature 7 and momentum |p| in Fig. 10. At
T = 0.1 GeV, the spectral function, shown by the red
solid and dotted lines, is nearly independent of |p| and is
almost the same as the spectrum in vacuum in Fig. 8. This
behavior is again attributed to the weak 7- and |p|-
dependence of the quark and kaon masses in the region
of T £0.1 GeV. At temperature 7 = 0.15 GeV, the loca-
tion of the peak shows a significant positive shift. When the
momentum |p| = 0, only the imaginary part of the quark
loop contribution has a nonvanishing value in the consid-
ered invariant mass region and the spectral function shows a
much broader width compared to the vacuum case. On the
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FIG. 10. Invariant mass spectrum for the K™K~ pair at finite

temperature. Labels are taken in the same way as Fig. 9.

other hand, when |p| = 2 GeV, both the kaon loop and the
quark loop contribute to ImIIy},, leading to a double-

peaked structure, shown by the blue dotted line.

VI. NUMERICAL RESULTS FOR
THE ¢ MESON’S SPIN ALIGNMENT

In this section, we focus on the ¢ meson’s spin align-
ment. In practice, what is usually used is the spin alignment
averaged over a given region of invariant mass, transverse
momentum, and rapidity. By fixing the momentum |p|
while averaging over the invariant mass region M, <
My, < M., we introduce the average spin alignment

Poo(p) that satisfies
dnK+K—

Mmax
/ dM‘f’ 3 *
M, dM ,d’pd cos 0
« [1 = poo(p)] + [3p0o(p) — 1] cos* . (49)

Compared to Eq. (47), we obtain

) | 2 [y dMy5f (p)
1 min . (50
Poo(P) —3 =3 e aM 3£ 7(p) + 0 ()] (50)

If p, = pr, we have §f =0 and thus pyy(p) = 1/3, as
expected. In the framework of the NJL model, we take
M in =1GeV and M, = 1.04 GeV and present in
Fig. 11 the average spin alignment as a function of |p|
and temperature 7. The spin alignment first decreases and
then increases as |p| increases. At T = 0.1 GeV, py
reaches its minimum value at |p| = 0.72 GeV, while at
T = 0.15 GeV the minimum value corresponds to a larger
|p|. Such behavior indicates that the motion of the ¢ meson
relative to the thermal background breaks the symmetry
between longitudinally and transversely polarized states,
but this symmetry will be restored at sufficiently large
momentum. Deviations of pyy(p) from 1/3 are negative,

x107°
Op~—~
-1 ‘\‘ '¢"'
Q ‘\‘ "l’
‘T _2' ‘\ e
o \‘ ,l ‘
s ‘\ ',"" """ .
-3¢ T =0.05GeV ]
IRIPCTAR T T =0.10 GeV
-4 . L T =0.15GeV ]
0.0 0.5 1.0 1.5 20
Ip| (GeV)
FIG. 11. Spin alignment of the ¢ meson as a function of

momenta |p| relative to the thermal background. The ¢ meson is
produced at T = 0.05 GeV (red solid line), 0.1 GeV (blue dashed
line), or 0.15 GeV (gray dotted line).

indicating that the longitudinally polarized modes have
smaller probabilities. However, the magnitude of the
deviations is just 107 at 7 = 0.1 or 0.15 GeV, and even
smaller at 7 = 0.05 GeV. This is because in this paper we
only include the chiral condensate, which keeps the trans-
lation invariance. Taking into account tensor condensates
could induce a larger spin alignment, in parallel to the
strong force field proposed in Refs. [14,25], which will be
addressed in future studies.

VII. SUMMARY

The experimental observation of the ¢ meson’s spin
alignment in heavy-ion collisions [13] has attracted interest
in studying the ¢ meson in medium properties. In experi-
ments, the ¢ meson is reconstructed via its strong decay
¢ — K™ + K—, while its spin alignment is determined by
the polar angle distribution of the daughter K* meson’s
momentum in the ¢ meson’s rest frame. In this paper, we
focus on the process that a ¢ meson is formed in the QGP
from a quark-antiquark pair (or a pair of kaons) and
subsequently decays to K™K~ outside the QGP region.
An analytical expression for the differential production rate
of final state K™ K~ pair is derived, which is related to the ¢
meson’s self-energy and propagator. We then parametrize
the production rate using the four-momentum of the K+ K~
pair, the azimuthal angle, and the polar angle with respect to
a spin quantization direction. For a ¢) meson propagating in
an isotropic thermal background, a natural choice for the
spin quantization direction is the momentum direction,
corresponding to the helicity frame. Then the K™K~
production rate and, consequently, the spin alignment are
related to spectral functions of longitudinally and trans-
versely polarized ¢ mesons.

Based on the SU(3) NJL model, we present a detailed
calculation for the K+ K~ production through the ¢ meson’s
decay. We take into account the chiral condensate and
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regularize the model with a hard cutoff to avoid ultraviolet
divergences in momentum integrals. The NJL model used
in this paper keeps the isospin symmetry between u and d
quarks, and therefore, K*, K°, and K° have the same mass,
which is determined by the poles of the kaon propagator,
with the kaon’s self-energy attributed by a quark loop. On
the other hand, the crucial point for evaluating the K™K~
production rate is the self-energy of the ¢ meson. With this
self-energy, it is straightforward to obtain the propagator by
solving the Dyson-Schwinger equation. In this work, we
extend the calculation of self-energy to include contribu-
tions of kaon loops, which are next-to-leading order
corrections in the 1/N, expansion. Phenomenologically,
this incorporates the ¢ meson as a K™ K~ resonance, which
is also a bound state of s5. We then numerically calculated
the production rate of the final-state KK~ pair. At zero
temperature, the invariant mass spectrum calculated in
our model shows a very good agreement with the exper-
imental data [13], suggesting that the kaon loop plays a
crucial role for describing the vacuum properties of the ¢
meson within the framework of the NJL model. We also
find that the spectrum is nearly independent of the temper-
ature when 7 < 0.1 GeV. At a higher temperature, e.g.,
T = 0.15 GeV, the quark coalescence contributes to the
invariant mass spectrum of the K+ K~ pair, leading to a
much broader width which is inconsistent with experiment.

The inclusion of the kaon loop contribution to the ¢
meson’s self-energy is the key point for reproducing the
invariant mass spectrum of KVtK~ pairs. If we only
consider the quark loop contribution, as was done in many
previous papers [16,38,43], the ¢ meson in vacuum will
be a stable 55 bound state, whose invariant spectral function
is a o-function. The kaon loop, on the other hand, opens
the physical decay channels ¢ - K™ + K~ and ¢ —
K(Z + K9, and thus, the ¢ meson is no longer stable, as
reflected by a finite width in the spectrum.

The spin alignment of the ¢ meson, quantified by
poo — 1/3, is found to be of the order of 107> in our
thermal background calculation, significantly smaller than

the experimental measurements [13]. This discrepancy
suggests that additional mechanisms, such as tensor con-
densates, in parallel with the strong force field proposed in
[14,25,27], may play a dominant role in the spin alignment.
Other external fields, e.g., vorticity or magnetic fields,
could also have nontrivial contributions to the spin align-
ment. Our current framework, which includes only the
Lorentz-invariant chiral condensate, does not capture these
effects. Future studies should explore the influence of such
nonperturbative backgrounds to better understand the
observed spin alignment.

In summary, our results highlight the importance of kaon
loop contributions in describing the ¢ meson’s spectral
properties and underscore the necessity for further theo-
retical developments to explain its spin alignment. These
findings pave the way for future investigations into the
interplay between QGP dynamics and hadronic
observables.
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