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We present the spectrum of primordial gravitational wave (GW) expected from the presence of
primordial black holes (PBHs) and inflaton in the early Universe. For the first time, to our knowledge, we
combine the waves produced by the PBH decay with their density fluctuation counterpart, as well as their
effects on the GW produced by the inflaton after (high-frequency modes) and before (low-frequency
modes) the end of inflation. We generalize our study for a potential V(¢) o ¢* during reheating. We also
extend our study, taking into account a possible memory burden effect to see how it can affect the shape of

the spectrum.
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I. INTRODUCTION AND CONCLUSION

The discovery of gravitational waves (GWSs) at the Hertz
scale in 2015 [1-3] opened a new window in the physics of
black holes [4—7]. Several experiments like the Einstein
Telescope [8] or e-LISA [9] proposed to cover a larger
range of frequencies, down to the micro-Hertz, whereas
pulsar timing array already analyzed secondary GW gen-
erated by hypothetical PBH down to the nanohertz [10-15].
However, another type of gravitational wave is also of great
interest to study the cosmology in early Universe, at larger
frequencies. Indeed, different gravitational sources exist
from the inflationary era to the BBN epoch.

The high-frequency GW spectrum we obtained, taking
into account the two main sources in the early Universe
(inflaton and PBH), is represented in Fig. 1. It shows the
relic density observed today, Qgwh?, as a function of the
present frequency f. As an illustration, this spectrum was
obtained for a population of 1 g PBHs, responsible for the
reheating in the Universe [16]. We incorporate a possible
memory burden effect [17-19] through the light dashed
line. We also display some sensitivity prospects for future
gravitational wave observatories such as BBO [20,21],
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LISA [9], and Einstein telescope (ET) [22-24], as well as
current and projected experimental constraints from CMB
measurements (Planck, COrE/Eu- clid and CVL) [25-27].

Our paper is organized to explain the features of the GW
spectrum, from the lower frequencies to the highest ones.
On the far left, the flat part of the spectrum, labeled A,
corresponds to the primordial GW modes which have
entered in the horizon after the end of reheating, i.e.,
during the radiation-dominated era. After reminding the
basis of PBH physics and the subtleties of the burden effect
in Sec. II, we explain this range of frequencies in Sec. I A.

Following the red (full) line, we then observe a peak
between f, ~ 1-100 kHz, labeled B, and B;. These GWs
are generated by the density fluctuations of the PBH
background. The peak frequency corresponds roughly to
the mean separation between PBHs at evaporation time,
whereas the lower one corresponds to the size of the
Universe at the evaporation time. This mechanism is
described in Sec. V.

After the peak, the density of GW increases as a power
law with the frequency in the region A, between ~10° and
~107 Hz. These GW are the modes entering in the horizon
before the PBHs decay, when the Universe is still domi-
nated by the oscillations of the inflaton field ¢, whose
equation of state is Py = wyp,. We took wy, = % for the
illustration, which we explain in Sec. III C.

The brutal cut in the spectrum at f,, ~ 10’ Hz, region C,
corresponds to the modes which never exited the horizon
during inflation. They can be interpreted as sourced by
prompt inflaton scattering, as we explain in Sec. IV.

Finally, around f,~ 10" Hz, we observe a (double)
peak labeled D, (D} and D)) which is generated by the
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FIG. 1. Minimal gravitational wave spectra coming from a PBH
reheating phase after inflation, with an inflaton potential V(¢)
@° during reheating. The thick red curve corresponds to
S = 107>, while the dashed black curve takes care of the memory
burden effect, Eq. (12), with n =1 and p = 1078, For both
curves, Mgy = 1 g. The regions A;, B;, C, and D; are described
in the text.

gravitons directly produced through the evaporation of the
(burdened) PBH. This happens at frequencies correspond-
ing roughly to the redshifted Hawking temperature, and is
explained in Sec. VI. We then conclude in Sec. VII.

II. THE PHYSICS OF PBH

The presence of primordial black holes can drastically
change the physics in the early Universe, particularly with
regard to GW. They can play a role in the expansion rate if
they come to dominate over the inflaton field [28], be the main
source the reheating process if they live sufficiently long
enough [16], and even populate the dark component [28] or
induce leptogenesis [29]. They also have the possibility to
generate gravitational waves [30—34], or modify their spec-
trum. See [35,36] for recent reviews on the subject. All these
effects depend on the evaporation process, which is also up
for discussion, especially considering memory burden cor-
rections to the semiclassical approach [37].

A. The semiclassical approach

From the seminal work of Hawking in 1974 [38], it is
known that a black hole can “explode,” releasing its entropy
under the form of the Hawking radiation [39], described by
the equation

dm M3
BH —, 2P , (1)
dt Mgy
withe = %%, where g, (Tgy) is the number of degrees

of freedom associated with the PBH temperature, and
Mp =1/v/87G ~2.4 x 10" GeV is the reduced Planck
mass. The factor 27/4 [40] accounts for the graybody

factor.' This energy loss corresponds to the Hawking
temperature

M 1
Ty = P =103 (—g> GeV. 2)
MBH BH

Solving Eq. (1) leads to the time evolution of the PBH
mass

t—tn)3
Mgy (1) = Min<1 ——) ; 3)
ev

where f;, is the time at formation, and ¢, is the evaporation
time, i.e.,

_ M3 o (Mi\3
fey =I5, = 361%3 ~2.4% 10728 (1—g> s, (4)

We see that PBHs with masses <10° g decay before the
beginning of the nucleosynthesis process, and are not con-
strained by CMB data. On the other hand, the initial PBH
mass M, is bounded by the size of the horizon at the end of
inflation,

M
et N | . (5)
\/pend

Taking into account the above constraints, we restrict our
analysis to the following PBH mass range:

-3
Mi]’] z Hendpend ~

lg<M, <107 g (6)

However, this mass range drastically changes if one takes
into account the memory burden effect, as we will see later.

B. PBH reheating

It was shown in [16,28] that PBHs can reheat the Universe
through their Hawking radiation, even in the presence of an
inflaton field, whose oscillations dominate the energy budget
of the Universe at the end of inflation. Obviously, if the PBH
lifetime is longer than the inflaton lifetime, the PBH
population dominates the reheating process. However, as
was shown in [16], this is not the only situation where the
reheating is dominated by the PBHs. Indeed, as the inflaton
energy density p, o a=>(*¥), with an equation of state
Py = wypy, for wy > 0, there exists the possibility for the
PBHs to dominate the energy budget even before the inflaton
decay. This happens for a sufficient amount of PBH at
formation time. Defining’

'Which can be more complex depending on the context [41-44].
Note that we neglected the accretion effect [45,46].

Note that we assume a monochromatic PBH distribution.
Relaxing this assumption will mainly affect the results presented
in Appendix D as it can generate a smoother transition to radiation,
therefore reducing the signal [47,48].
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it was shown in [16] that PBH energy density dominates over
the inflaton energy density for f above a critical value

2w{/)

o € 4wy MP l+w(/,
b= ((1 +W¢)2ﬂ7> <Min) ’ ®

where y is the collapse efficiency parameter, of the order
O(1), defined by

4w¢

4zyM f, 32
in — ) - ) 9
n Hin 4 W¢ ( )

see Appendix B, and especially Eq. (B8) for a detailed
computation of f.. This corresponds, for instance, to f,. ~
3 x 107 for a quartic potential of the inflaton, V(¢) o ¢*
(W(/, = 1/3), and Min = Mmin =1 g.

In the present work, we consider that the reheating is
induced by the PBH population. In other words, the
successive phases are: inflation, inflaton oscillations,
PBH domination, followed by a radiative Universe. In this
case, the reheating temperature is obtained by solving

4M2 M]O
L=122 "1,
315 Myy

pRH:aT4RH:3M%’H2(TRH): (10)

which implies

122\i | M3 l1g\:
Try = <—€>4 L ~35x 1010 <_g>2 GeV, (11)
a M3y Mgy

with @ = 9‘3”0”2, gru being the relativistic degrees of freedom
at Try. Note that in the semiclassical approach, we can
approximate Mpy ~ M,;, during the whole evaporation
process. This will not be the case when we examine the
possibility of a memory burden effect. Note that Tyy is
different from the Hawking temperature 7Tgy in Eq. (2),
even if they are related in some way. The Hawking
temperature represents the efficiency of the evaporation,
whereas the reheating temperature represents the lifetime of
the PBH, and is then naturally cooler.

C. The burden effect

It was shown that in a system of high storage capacity,
the information stored in the system tends to backreact to
resist to the process of information lost [49,50]. Applied to
black holes, this corresponds to a modification of the
semiclassical approach to their decay process [17-19].
Naively, these backreaction effects should become efficient
when the leftover information is of the magnitude of the
information lost, or AMgy ~ Mgy. The authors of [51,52]

even proposed that the burdening sequence is a continuous
process, beginning at the onset of their formation. The aim
of this section is to explain with simple arguments how the
memory burden affects the phenomenology of PBH in the
early Universe. For interested readers, we have devoted a
complete section in Appendix B, where all our results are
derived in detail.

When we take into account the memory burden effect,
the evaporation of a PBH occurs in two phases. Initially, the
PBH behaves in a semiclassical way, until a non-negligible
fraction of lost information triggers a black hole back-
reaction, effectively slowing down the evaporation process.
To model the phenomenon, we suppose that the semi-
classical regime is valid until the mass of the PBH reaches a
certain value, Mgy = gM;,, with 0 < g < 1. There are no
real microscopic motivated values for g, but we can expect
that when ¢ ~ % the amount of information lost is of the
order of the amount of information still inside the PBH. At
that stage, the backreaction effect should be triggered as a
survival reflex of the PBH. This value of ¢ is also the
benchmark point used by the authors of [17,19].

The same authors proposed to model the backreaction
effect by a change in the semiclassical evaporation equation,

am 1 dM My
BH =— BH _ _one x —gn+2’ (12)
dt burden N dt MBH

where dMgy /dt is given by Eq. (1) and n > 0.In Eq. (12), S
is the PBH entropy

1My

S = :
2 M3

(13)

Even if the dependence on S in Eq. (12) can be justified by
analogy with the theory of information [49,50,53], we can
also stay agnostic and suppose that the loss in the decay rate is
an inverse function of the entropy, which can be modeled by a
power law at the first order. The evolution of the PBH is then
modified, and is obtained by integrating Eq. (12):

Mig(1) = qMiy[1 = Ty (1 — 1,)]77, (14)
with
. ; MP 3+2n
iy =2"(3+2n)e x Mp <inn> (15)
and
1- q3
t, =——, (16)
" Thy

is the time which ends the semiclassical phase. Note that
for n =0 and g = 1, we recover the semiclassical PBH

e —1 M3}
lifetime (I'gy) ™' = SeMts
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The reheating temperature obtained in Eq. (11) then
becomes

2 2 10+4n

ars, = fap = HXEIG ) MO+
6+4n 6+4n
3 3¢5 MS

.l 1g\3
= TRH|Z:;] ~ 16 X 106 <M_g>2 GCV, (17)

in

which is lower than the reheating temperature without
burdening, as expected because of a longer PBH lifetime.
Other constraints on the burden parameters can be inferred
from BBN bounds [54], WIMP/FIMP production mecha-
nisms [55], observations of galactic and extragalactic
sources [56-60], lepto/baryogenesis scenarios [61,62],
and various other considerations [63].

III. PRIMORDIAL GRAVITATIONAL WAVE

It is well known that quantum fluctuations are sources of
gravitational waves during inflation [64]. These stochastic
gravitational waves are called primordial gravitational
waves (PGWs). Because the gravitons do not thermalize,
PGWs are a unique opportunity to test the physics of
reheating. Given the energy density involved during infla-
tion, the spectrum of gravitational waves produced covers a
very large range of frequencies. For instance, at the end of
inflation, the energy available under the form of oscillations
of the inflaton is of the order of ~m,. It would generate
waves of frequency

f e
end 7\ 4 % 103 GeV

> 10°” Hz, (18)
which redshifts as agn,q/ao nowadays. The redshift is
obviously highly dependent on the species which dominate
the expansion rate H and the reheating process. However,
in a radiation-like Universe, which happens in the case of
an instant reheating, or a Universe dominated by the
oscillations of an inflaton with a quartic potential, we have

1
Aend/ a0 ~ To/piog ~ 1072,  where we to0k  peng~
10%* GeV*, or

end Qend m¢
~m ~|—mM8M3M}M
/3 " a (4 x 1013 GeV

>108 Hz. (19)
This frequency corresponds roughly to the end of the PGW
spectrum, region As/C in Fig. 1. In the following, we will
describe the energy spectrum from the lower frequencies
(region A, of Fig. 1, corresponding to the modes entering in
the horizon during the radiation-dominated era) to the
higher ones (region A3, corresponding to the modes enter-
ing at the very end of inflation).

A. The radiation-dominated era (A4,)

The density of energy stored under the form of GW of
mode k can be estimated by [65,60]

dPGW(k) 2
=’ ~ h 2
PGW legk k <hl]hl]>’ ( O)
where
Hnd 2
i~ (520)’ 21)

are the tensor fluctuations produced during inflation. The
expression (20) can be understood noting that the solution
of the equation of motion for modes h;; staying below
the horizon during the whole inflation (k < H,4) behaves
as [67]

Heg
hi' ~ l} elkt’ 22
T (22)
which implies
k3 H 2
dpow ~ 5— (Vi3 )dInk ~ k(=) dink. (23)
27 J 2n

For interested readers, we develop in Appendix A,
especially Eq. (A4), the details of the calculation which
lead to the exact PGW spectrum that we used for our
numerical analysis. However, the expression (20) remains a
good approximation for understanding the mechanism, and
the final shape of the spectrum that we explain in detail in
Appendix A.

After the end of inflation, the wave mode k < H.yq
reenters inside the horizon when k ~ H, with a frequency
f = k/2x. Once produced, the energy density pgw evolves
in the same way as the radiation density pg, i.e. pgw « a™*.
The ratio pgw/pr is then constant (up to decoupled degrees
of freedom) and is given by

PGw K*H?, 1 H, _
a) =7 2edN12 . A,;zd=5-3 x 1071, (24)
PR PR 4 P

where we used the fact that the Universe is dominated by
pr = 3M%H? after the reheating phase, and H =k at
horizon re-entry. In Eq. (24), we took H g = 2.5%
107M p, which will be our benchmark point throughout
our present study. The spectrum is flat, as expected.

The relic abundance Qgwh? is then

Qawh? =L 2 PN G p2 o 41 % 10529Y - (25)
Prot PR PR

where we neglected the change in the relativistic degrees of
freedom between the horizon crossing and present time.
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Combining with Eq. (24), we obtain

4.1 x 107 [Hepg\ 2

OB = (M:) ~22x 10715, (26)
which is effectively what we observe in the region A; of
Fig. 1, where the decoupling of the degrees of freedom has
been taken into account.

This region A, corresponds to the gravitational waves
produced after reheating. We clearly recognize the scale-
invariant form of the spectrum whose frequencies span
from the lower ones, the ones entered in the horizon at late
time, to the highest one, the ones entered in the horizon at
the reheating time® agry- The form of the spectrum then
changes for higher frequencies, region A,. This is because
before agry, the evolution of the Universe is drastically
different. It is dominated by the PBH, which behaves like
dust and not radiation. We therefore expect the spectrum
break to appear at a frequency R corresponding to the end
of reheating, or

wi _ Kruarn o Tra (90 \ To. (27)
0 2w ag 3 2ﬂ'Mp JrRH TRH ’

which gives

11 ToT 1 5
RH _ gigo TO°RH z946< g> Hz, (28
fo 9o9rH 6/ T0M Mg (28)
where in the last expression, we used Eq. (11). This fre-
quency of transition PBHdomination — radiationdomination
is indeed the one we observe in Fig. 1.

B. The PBH domination era (4,)

For frequencies f© larger than fg,, the PGW modes
entered in the horizon during the phase of PBH domination.
The evolution of the Hubble rate (and thus the horizon of
re-entry) is then not governed by a radiation field, but by a

dust, following H(a) « a™3. Using Eq. (20), the present
GW energy density is then
Uhe 4 sz 5 [ Gne 4
= = en k
pow(arn) = pow(@nc) (%H) 472 he R

2 2
— H end kZ Ghc
dr 2 "RH Adry

pew(arn) _ 1 Hgnd PRH (29)
pR(aRH) 3671'2 M%} M%klzu_{ ’

where ay,. is the scale factor at horizon crossing, k. =
H(ay.), and

3Throughout this work, we will use the notion of time (before,
after) indiscriminately with the notion of scale factor.

M3, =

3
AaRrH Upe PRH
plan) =p < > = == :
he RH Clhc Aary 3M%; kQRH

where we used p(a;) = 3M%k? at the horizon entry of the
mode k. From pgy given by Eq. (10), we deduce, neglecting
the change in number of degrees of freedom [see
Appendix A and Eq. (A4) for a detailed calculation],

pGW(aO)szW(aRH>: 1 Han“lezHT_%
pR(ao) pR(ClRH) 36772 M% M% k(2)1

(30)

which implies

QAZ h2 541 X 10_5(1 HCHdTRH 2 TO 2
W 3672 M3, 27f,

T 2 /103 Hz)\ 2
~23x 10719 RH . (31
x <1010 GeV 2 (31)

where we used Eq. (25), and which is effectively what we
observe in Fig. 1. Replacing Ty by its expression as
function of Mgy, Eq. (11), we then obtain in the semi-
classical approximation

QAZ h2 :41 X 10_56 3a HgndMP TO 2
GW 1872 M3y 27f,

~2gx 108 L8 ) (10 HA (32)
7 Mgy fo '

C. The inflaton domination era (43)

The shape of the PGW spectrum described above is valid
throughout the period of PBH domination, which begins at
a scale factor apy defined by

peulapn) = pqﬁ(aBH)' (33)

To express this condition as function of Mgy, one needs to
introduce a new parameter, 3, which is the ratio between the
energy density stored under the form of PBH and the total
(inflaton) energy density at the time of PBH formation g,

e o

Combining Egs. (33) and (34) with p,(agy) =

P¢(“in)(;f;)3(l+w¢> and pgu(apn) = peu(an) (), we
found
Qin o
oy 35
- (35)

The size of the horizon at agy, which defines the highest
frequency of the PBH domination era, is then

123534-5
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(1+M'/') 2 14w,
O\ —= M2 v
Hiaw) = Hlan) (£2) 7 =42 57, (0

AdBH BH

where we used the approximation that all the mass inside
the horizon collapses into PBH at a;,, or*

4 M?
—”H_3(ain)P¢(ain) = 4ﬂH(a1:n)'

3
The present frequency corresponding to kgy = H(apy)
is then

Mpy ~ M, = (37)

| 1 1

1 Hi(agu)pru To 9o

= 1 2
2733 M5,

1 1
(4 o gt To gy
272' 3 M% TRH %
BH 9RH

TRH lg l 1;:4,/,
~2.6 X 106<1010 GeV) <MBH p% Hz,  (38)

where we used

BH _ kg agy aru o
0 277,' aryg Ap

1
TRH giH

1

api _ < PR )>% - PRy C(39)

arH plagy 3M%H2(aBH)>%

Replacing the expression (11) for Tgy, and taking

Wy = %, we find

s
g\ ﬂ

~1.2x10* Hz, 40

o G ) g o

which is effectively the inflection point of the transition

PBH domination — inflaton domination (A, — Az) in

Fig. 1. The GW density at this frequency is then given

by Eq. (31) with f, = f8H, or
10 1g\3
Qawh*(fE1) ~3.9x 1072 .4
w3 =39 107 (B2) (2 ).y
For larger frequencies f, > f5H, the PGW propagates in

a medium dominated by the inflaton field, whose equation
of state is p, = wyp,. Knowing the value of Qg at f§1,
one then needs to just know the behavior Qgw = f(fy) in
the generic case of a background dominated by a field with
an equation of state w,. From

HZ

end

127> M3 H?(ay,)

kﬁc ~ Hgnd (42)
127°M3°

Qaw (ane) ~

“The exact expression depends on the efficiency of the collapse
defined by a parameter y which is function of w, and described in
the Appendix.

we deduce
H: (ah / aBH)
Q ( a ) end C
T 1222 M3 (ane/ agy) )
1- ‘5“(/; 6wy —2
_ H?&nd PBH 1+1w¢k3u,{z+1 (43)
122°M3 \3M> BH
where we used the fact that H redshifts as

H(a) « a=4"%) pow o« a~* after horizon crossing, and

<aBH)3<1+W¢) _ 3M%’H2(ahc) _ 3M123szH(aBH/ahc)2
Uhe PBH PBH

3M2KE,\ T
= B (ﬂ> o (44)
Ay PBH

Note that Eq. (43) recovers the behavior Qgw = cst in
the radiation-dominated Universe (w, = %), see Eq. (26)
and Qgw « k72 for matter-dominated (w, = 0) case, see
Eq. (31). Forw,, = correspondlng to an inflaton potential
after inflation V(¢) x ¢, we obtain Qgw ~ k%, which
corresponds indeed to what we observe in Fig. 1 in the
region Ay. Combining Eq. (43) with Egs. (40) and (41), we
obtain for w, = 1,

_ 4
oyt~ 1070 ( L&) (102)5( T
Gw Mgy )\ B 10° Hz

As a conclusion, we analyzed in this section the features
of a PGW spectrum in a Universe passing successively
from an inflaton era, PBH era, and radiation-dominated era.
Our results are summarized by the Egs. (26), (31), and (45)
in the semiclassical approximation. As we mentioned
earlier, on needs to keep in mind that despite the challenges
of observations [68—70], a measure of PGW spectrum is a
direct and clear insight into the history of pre-BBN physics.

2

)5. (45)

D. Burdening the spectrum

The memory burden effect affects the shape of the PGW
spectrum with several respects, as one can see in Fig. 1.
Firstly, the lifetime of the PBHs being longer, the reheating
occurs at lower frequencies (smaller Hubble rate). That
pushes the transition Qgwh® « 3% > Qgwh® ~ 10718

from fRH in Eq. (28) to

1 il
Rijg _ FVE2 \/3+2n< M > <g°) To. (46
Forli 3 2« qMpgy gru) (46)

where we used Eq. (17) for Try. Note that we recover the
expression (28) for n =0 and ¢ = 1. In our benchmark
case (n = 1, ¢ =1), this gives

123534-6
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L 255 YOMp\3
FR = zﬁ“%&ﬂ )T

g 21 9rRH

s
~ 1.1 x 107! <1—g) Hz, (47)
BH

which is clearly what we see in Fig. 1.

The memory burden also affects the present frequency at
which the PBHs begin to dominate the Universe. Indeed,
while the formation time remains the same, the longer
matter-domination era induced by the burdening affects the
redshift of the corresponding PGW frequencies.
Combining Eq. (38) with Eq. (17), we obtain

ai(3 4 2n)s 25 es

5 2 1
3575 g3

Mp \its 3
(ORI
Mgy 9rRH

which gives, for ¢ = % and n =1

=1 1g\s [ B

£l =

which is also what we see in Fig. 1, where we took
p =103,

The behavior of Qgwh? between fEH and fRY is the
same with or without the burden case, as in both cases, the
Universe is dominated by PBH and is affected by the same
redshift, which is also what we see in Fig. 1.

As a conclusion, we see that the memory burden affects
the PGW, acting as a heavier PBH concerning the reheating
temperature (because increasing the PBH lifetime), and
thus pushing f&H toward lower values [compare Eq. (47)
with Eq. (28)], but still formed at early time because the
burdening does not affect the formation and thus the
domination time, agy. As a consequence, the memory
burden spectrum of PGW is enlarged towards lower
frequencies. The gap between f&1 and fEH could then
be a clear signature of the presence of a burdening effect in
the early Universe.

IV. INFLATON SCATTERING

A. Generalities

Another source of graviton involves the inflaton scatter-
ing through the exchange of a graviton, see for instance
Fig. 2 [71]. This production of graviton can be interpreted
as the high-frequency counterpart of fluctuations that never
left the horizon during inflation [67]. It was shown recently
in [72], and more generically in [66], that this Feynman
calculation is equivalent to a Bogoliubov approach for
modes k > k(deng) = kend-

¢, p1 h;u/, k1

o, p2 hd’)’a k2
FIG. 2. Example of a gravitational process contributing to the
gravitational wave background through inflaton scattering.

This production mode depends strongly on the equation
of state before reheating, through the dilution of the modes
w,(a) of the inflaton field. Indeed, whereas for a quadratic
potential, @, = cte = m,, for a quartic potential, w,(a)~
Wena (“24). For a potential V(¢) o ¢* during reheating,
wy(a) x a5V (¢) a™3% [73-75]. It is important to note
that the process pictured in Fig. 2 is not, stricto-sensu, a
scattering but a transfer of energy from the oscillations of a
classical background field ¢ toward quantum fields, under
the form of gravitons in our case. For a generic potential ¢*,
the exact computation necessitates a sum over a number of
modes wj(a),n = 1...c0 [76-79]. The calculation can be
tedious, and we describe the method in more detail in
Appendix C. This precise calculation with a sum over the
modes is the one we used for our numerical analysis.

However, it was also shown in [77] that treating the
process as a scattering process gives (up to some numerical
factors of the order of unity due to the symmetry factors and
sum over the modes) a good approximation. It was also the
method used in [67]. This is the approach we will use in this
section to help the reader to understand the shape of the
spectrum, the exact result being left in the Appendix C.

B. The Boltzmann equation

To compute the energy spectrum generated by the
scattering of the inflaton, one needs to solve the
Boltzmann equation

dpcw 3

dt

+4Hpgw = 2 X nj X 60 X 0y = (50)

p
—
4 Yoo
4zM7p

where the factor 2 corresponds to 2 gravitons produced per
scattering, and we used for the amplitude of the process5

4 2 2
) |_/\/l _}hh| wy,
Mygmn? ~—2 = gy~ 020
Mol M 8aM%

2
8w ¢

’In this calculation, we neglected the symmetry factors to
simplify the reasoning. For the interested reader, the exact
calculation is given in Appendix C.
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and

W2 2
néxavN(p—(/’> x—{/'4~p—¢4. (51)
(on dqrMyp  8xMp

To solve Eq. (50), we use the classical change of variable
E - H a -» Which gives
da4pGW _ a3p§§w¢(a>
da 4zH(a)M$

(52)

Instead of integrating Eq. (52), we can use it to extract
the spectrum of graviton as function of the present
frequency f.

C. The spectrum (C)

To obtain the relative spectrum as function of f,,, we use

a)¢(a) a Weng [ Aend 3% a
fo=2HD L _ Vs 4 ()

2r ay 2= a ao
dfy _|8—2k|da
dl — 54
= dlnf, = fo ‘ rr2la (54)
which implies
iy 1 dioly 1 de'vouta) o
dinfy a} dinfy aj dlnf,
or, for a potential V(¢) ~ ¢*,
dpdy 1| k+2|(a)\*ryosa) (56)
dinf, 4x|8—2k|\ay) H(a)M}’

where we used the fact that a*pgw(a) is constant, and
Eq. (52) combined with Eq. (54).

During the domination of the inflaton oscillations, we
can write H(a) = f; Using Eq. (53), we deduce that

Aeand _ <27[f0) 2kk+28< ag >2kk+78 (57)
a Wend Aend

Implementing the expression (57) into (56), with
p(/)(a)

dp%w_ k+2 9H2nda)end end R=Nor TN = (58)
dinf, |8—2k| 4z ao '

_6k_ .
= Pend(™24)%2, we obtain

Wend

|\>|_

For a quadratic potential, we obtain dfnCW x fy ,Whereas
it is a monochromatic spectrum for a quamc potentlal In

the case of our benchmark point k = 6, we have

°In fact a sum of monochroms over all the inflaton modes.

dpw 15 2 fo\*
=9 x (27)2H? , (59
dIn fO . ( ﬂ) endend Qend Wend ( )

or

h* dp? f ¥
QG = ——Wn g2 1078 —=20 )" (60
T % 4% 107 Hz (60)
where we took for the present critical density

pe =8x10Yh* GeV?*, Hepqg =2 % 10" GeV, o, = 4x
103 GeV, and = 10, This is effectively what we

observe in Fig. 1, the highest frequency of the spectrum
being given by f.,q in Eq. (19).

V. SCALAR FLUCTUATIONS

A. Generalities

PBHs themselves can be a source of gravitational waves.
Once dominating the Universe, their random distribution
generates density fluctuations with a Poisson distribution
since the locations of black holes are uncorrelated [80,81].
The density (isocurvature) fluctuations of PBH, dpgy, then
generate potential (curvature) fluctuations @ through the
Poisson equation

5
V2 ~ P (61)
My

After developing ® in its Fourier modes @, Eq. (61) gives
2
@ ~ - Bu 2, (62

where kgy = H(agy) is the horizon size at the onset of
PBH domination. A more precise solution of Einstein’s
equation for the gravitational potential, taking into account
long wavelength modes, gives [80]

4 K2\,
O, ~ — 5+—2— pBH.

Then, the scalar fluctuations @ source tensor perturbations
h;; of the metric

(63)

PBH

2h;; o
dS2 = (] — 2(1))dt2 — az(t) |:5”(1 —+ 2(1)) —+ ]‘4”:| dxldx,/’
P

(64)

under the form of gravitational waves, which follows the
equation of motion

W, 4+ 2HR, + Ky, = i (65)

where the derivatives are with respect to the conformal time
7, dt = a(t)dr, and the source function Sy, is given in
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Appendix D, Eq. (D3). For the interested reader, we also
describe in the Appendix how we obtain the power spectra
from the equation of motion (65). We discuss in particular the
issue of the cutoff scales. In the core of this paper, we want to
describe the main features of the spectrum, using if necessary
rough approximations, such that the reader can understand
the behavior of the GW generated by density perturbations,
which corresponds to the regions B; of Fig. 1.

B. The spectrum (B; and B,)

While we explain in more detail how we obtained the
spectrum B, in Appendix D, we want in this section to help
the reader to understand its main shape. Supposing an
almost instantaneous PBH decay, it is easy to understand
that the higher frequency, fyy, corresponds roughly to the
mean inverse distance dgy between two PBHs, or

1 a, 1[4z (@) 3 ay,
n _ L (o )P din
2rdgy ey 27 \ 3 DD

fUV(aev) ~

a
(Y 2 (M
2w 3 BHAev (37[)% MBH ’
(66)
where we used ngy(dey) = 1@‘;‘; with
4
pru = 3MpH?(ap,) = > MpTgy. (67)

3

After redshifting fyy from agy (=ae,) to ay, we obtain in
the semiclassical approximation, with I'g given by Eq. (4),
and Tryg by Eq. (11),

g Sla\ife\s/ M g

uv 0 P

= (=) (3) (= T 68
v () 66 i) o o

or

1 5
FUV 4.0 x 10 (MBi)“ Hz, (69)

which is slightly higher than what we see in Fig. 1. This is
due to the nonlinear cutoff we have used in order to cut the
spectra in our numerical analysis to obtain Fig. 1. For the
interested reader. this issue is discussed in detail in the last
part of Appendix D. The comparison should be made with
the most shaded curve of Fig. 9, which reproduces Fig. 1
with different cutoffs. This fits well with our analytical
result (69). The question on how to estimate the cutoff is
still subject to discussion in the literature [8§2—85]. We have
chosen to display the most conservative option in Fig. 1, but
the interested reader can take a look at Appendix D and
Fig. 9 to appreciate the impact of this choice.

The infrared cutoff of the density fluctuation waves
correspond obviously to the (casually connected) size of the
horizon at the time of PBH evaporation, or

H(ae,) 1

~ ——T.. 70
fIR o 3 ev ( )

which gives in the semiclassical limit, after redshifting from
ARy = dey 10 ag,

po i (MY
31v27 \Mgn I9rRH

or

1 é
R 947 <—g) " Hz, (72)
MBH

which is also what we clearly see in Fig. 1.

The precise shape of the spectrum between fIX and f§"
is detailed in Appendix D, and necessitates the calculation
of complex second-order transfer functions from density
perturbations to scalar (potential) perturbations and finally
tensor (metric) perturbations. For a complete analysis, we
refer the reader to the works of [80,85-89]. We obtained

Q8 <f>T (73)
Sfuv
for f < fuy, and
Q2L h? ~ L) 4
e~ (L (74)

for f 2 fr, which is also what we observe in Fig. 1, the
change of slope corresponding to the passage from inflaton
domination to PBH domination. The break in the spectrum
is more visible in Fig. 9.

C. Burdening the spectrum

The consequences of a memory burden effect on the GW
generated by density fluctuations are clearly visible in
Fig. 1. As was the case for the PGW, the UV cutoff part of
the spectrum is not directly affected by the burdening,
because this corresponds roughly to the distance between
two PBHs, which is determined at formation time.
However, it is the redshift of this distance which is affected
between agy and agy, because the PBH domination lasts
longer. Using Eq. (66), but with the burdened width I'gy
given in Eq. (15), we obtain
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Fovlt = 2 (M
(37)F \ Mgy

253 4 2n)e\F [ Mp \ 5"
=Mp ( ;i-zn)e 2) (75)
3mg> " Mgy

which gives after redshifting from a,, to ag

Ty
=)
oy 9gru/) Tru

0

05_“l< 9oV Mpl'gy )éT
312

\/EQRHHZMBH
or
11 n—1 1 S5.n i
aies 25 (3+2n)s ( Mp \st3 g
ngqu - 5 2 1. . 10 Ty (76)
31z 7[3q2+z MBH

Note that we recover the expression (68) if one takes
n =0, g =1 1in Eq. (76). For our benchmark point n = 1,
g =3, we obtain

1
gVZ%szmS(Mg)GHz, (77)
BH

which is again slightly higher than what we can see in
Fig. 1 due to the cutoff issue already discussed in the
unburdened case. Nevertheless, this value matches very
well with Fig. 9, where the most shaded line released the
cutoff constraint.

Concerning the IR cutoff, fIX, it corresponds to the size
of the Universe at the time of PBH decay, which is the
causally connected region. As in the nonburdened case, this
corresponds to f&H

IR|g —_ fRH|q
Oln_ 0

ne

(78)

where fRH|1 is given by Eq. (46). This is indeed what we
observe in the region B, of Fig. 1. In conclusion, the
memory burden effect on the GW generated by the density
fluctuations of PBHs is also to enlarge the spectrum toward

lower frequencies f,. The relation between fi} and f§V
Wie e\
fIR < BH) ql+%’ (79)
0 In Mp

gives a direct access to the memory burden parameters,
allowing it to signal the presence of such effects on PBHs
from the measurement of the corresponding frequencies.
For instance, the ratio f§"/fi} ~ 4200 in the semiclassical
approach, whereas it is ~3.3 x 10° for our benchmark point
n=1,4=05.

VI. PRIMORDIAL BLACK HOLE EVAPORATION
A. The spectrum (D)

Another source of gravitational waves is of course the
gravitons directly produced by the evaporation of the
PBHs. If we suppose that the vast majority of them are
emitted at the evaporation time I'5};, we expect a peak at
the present epoch for a frequency f§" corresponding to
~Tgy redshifted from a., = agy until ay. The GW energy
density spectrum generated by PBH decay reaches its
maximum for the maximum of the distribution function

g(X) =4, which is obtained for XP*~2.8 [30].
Applied to a thermal distribution of gravitons around
the PBH, dp), ~ 55 x krdk

TBH ]

2.8 2.8M3 1
2 2ﬂMBH BH

, this gives

— 6.9 x 10% <1g> Hz, (80)
M

BH

which implies

1 . 3 1
9 To _(Ba) Mp 98

V=T — = T,, 81

0 ev g%m Tru B MBH\/FBH 0 (81)

where we used Eq. (10). In the semiclassical limit, where
I'gy is given by Eq. (4), we obtain

ev _ (g)% 2.8 MBH gO TO
0 2\ 2en gH

~ 15 x 1013, [ MBH gy, (82)
lg

which is effectively what we observe in the region D,
of Fig. 1.

Note that the evaporation of a black hole does not produce
an exact black body spectrum with a fixed temperature 7'gy.
Other factors (called graybody factors) need to be taken into
account, notably for the possibility of particle reabsorption
[45].” The temperature Tgy itself is not a fixed quantity, but
depends on the proper evolution of My and the redshift (and
thus on the main component of the Universe). All these
effects have of course been taken into account to produce
Fig. 1, and are detailed in Appendix B; this explains the kind
of “misshapen” spectrum D, and not a black-body spectrum,
we should observe today.

"Note that accounting for general relativistic corrections to the
accretion of relativistic matter onto PBHs can enhance their mass
growth by an order of magnitude [45,46,90,91] shortly after
formation, leading to important phenomenological implications;
throughout this analysis, we ignore such effects.
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Planck 18
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G 3. GW spectra in the unburdened case with wy = 1/2 for
=1,10? and 10*g respectively for black, red, and green with
/)’ 107,107°, and 1077,

Note also that the gravitational wave amplitude pgyw at
the peak of the spectrum D has a remarkable property: it
does not depend on the mass of the PBH. We explain this
peculiarity of the spectrum in Appendix B 4, but also in
Fig. 3, where we considered a set of different values for
Mpgy. Without going into the detail of the spectrum of the
products from PBH evaporation, we can estimate this peak
value, Qg{,v, by simple considerations. Indeed, the total
number of particles N produced at agy, should be

2 2
M MBH_S.S x 1010 <@> . (83)
Tgn Mj lg

N~

From these particles, only x N are gravitons; the rest

dpew (f)
df

2
24gru

populate the thermal bath. To estimate the value of =5~ at

f=fa 2ﬂ 8 T'ui» one can then naively expect, for a PBH

2

reheating, using Eq. (25) with ” W=

QoL h? ~7.5% 107, (84)

with gry = 106.75. Qg{v is of course independent on Mgy
or f3, because the PBH decay does not distinguish gravitons
from radiation, up to the number of degrees of freedom.
The precise calculation and the corresponding peak values
are given in Appendix B. This value at the peak, as well as
the PGW from inflation Eq. (26), is a clear, model
independent signature of a PBH reheating phase. The value
corresponds roughly to the one we see in Fig. 1, with some
corrections or order unity developed in Appendix B 4. The
main difference comes from the fact that the evaporation is
not instantaneous, and Ty increases when approaching
dey, diluting the peak value within a range of higher
frequencies, as we can see on the left part of point D,
in Fig. 1.

The limit of this argument comes from the validity of
considering Mgy as constant. While this approximation
stays valid during most of the PBH evaporation, this is not
the case that close to evaporation. All the spectra on the
right side of the evaporation peak is generated on a
timescale much shorter than the Hubble rate. During this
period, the rapid increase of the PBH temperature distrib-
utes the particles over a much larger range of energies,

which results in a lower abundance. However, since the
peak is near the point where Fg‘}), ~ H, we can still get a fair
estimation of the behavior at the peak, Eq. (84), with such a

simple argument.

B. Burdening the spectrum (D] and D))

The memory burden effect should of course also affect the
GW spectrum from the PBH decay. As we discussed in
Sec. IIC, the memory burden acts as if the evaporation
happens in two stages, with a transition when Mgy = gM;,,.
As a consequence, we expect a spectrum which is a

combination of two thermal baths. The first phase corre-
2

sponds to a PBH decaying with a temperature Tgy = MM—;

at a time gl ~
fevt 232 Ty, with Tpy =

if this frequency does not feel directly the memory burden
effect, the redshift following the first phase does. In other

% M4, Eq. (4). This frequency peaks at

AA:II—’;, see Eq. (80). However, even

words,
evl |q 28 M%’ Qevi wﬂ
27[ Min [25°3¢1 ap
or
1 n_l %
ev1|q ﬁ o 26(3—1—271)6 (Mp)s 2 ?0 T, (85)
2 \/_e 312q2+% M;, g;{H

where we used

1 no\ 2
ey _ <ppRH >3 _ <F];H>3 (86)
A4rH (Geyt) gl ’

and

aﬂ_ g% TO _ gi) <3a) TO ’ (87)

ag giH Try 9%1}1 V2 /MpTiy

I'ty being given by Eq. (15) and I'gy by Eq. (4). Of course,
we recover Eq. (82) for n = O q = 1, whereas for our
benchmark point n = 1, ¢ = 5, we obtain

Ei—

123534-11



GROSS, MAMBRINI, and HAQUE

PHYS. REV. D 112, 123534 (2025)

vl 9=} 545 o1 () gy, (88)
0 n=1 lg

which is effectively the first peak D} we observe in Fig. 1.

The second peak frequency corresponds to the evapo-
ration of a PBH with a mass Mgy = gM;,, redshifted from
ary to agp, Or

2.8 M3
=i (89)
27 gM;, ag
which gives, using (87),
1
2.8 (3a)i 1 (M,, )—%—n a
ev2|lg — = 0 T , 90
= ewmem ) 4T

where we recover also Eq. (82) for n = 0, ¢ = 1, whereas
for our benchmark point n =1, ¢ = %, we obtain

-1 Mgy \?
£ 07 % 10" (1_392 Hz. (91)

which corresponds to the second peak, D), we see in Fig. 1.

Note that increasing Mgy pushes the frequency of the
first and second peaks toward larger values, but with a
different dependence on Myy. In another words, a meas-
urement of the two peaks is not only a proof of the
existence of a memory burden effect, but also can help to
determine the parameters n and ¢. Indeed, if a double-
peaked signal is observed, the ratio between the two
frequencies

f82  1.2¢"n <Min)%n—l <Min>%n—l ©2)
5 (2"(3+2n))i \Mp Mp) -

combined with Eq. (90), gives a direct access to n.
Concerning the amplitude, the second phase gives rise to
the reheatin% process, and then all the arguments used to
compute 4y are also valid here. A more detailed
calculation gives a small dependence of the peak value
on the burden parameter n, and is presented in
Appendix B 4. However, the unburdened computation
remains a good approximation even in this case, or

QD = QP ~7.5% 1077, (93)

This is not the case for the lower-frequency peak,
generated by the first phase of the evaporation, due to
the redshift of pgw in a matter-dominated Universe
before agry.

VII. DEPENDENCE ON Mgy AND w,

Our study focused on the benchmark point Mgy =1 g
and wy = % to help the reader understand the different
regions of the PGW spectrum represented in Fig. 1. We
want in this section to complete our study to larger masses
and different values of . We show our result for Mgy =
100 and 10* g in Fig. 3, (Fig. 4) in the unburdened
(burdened) case, from the black-dashed line to green-
dash-dotted line.

As already discussed in the previous section, concerning
the PBH evaporation point D;, we observe a slight shift
toward larger frequencies for larger masses. This comes
from the fact that heavier PBH decays later, limiting the
redshift of the gravitons produced from agy to aq. On the
other hand, for the density fluctuation peak (regions B; and
B,), we see a large shift toward lower frequencies for larger
Mgy. This is due to the fact that the horizon is larger at
evaporation time agy for heavier PBHs. The distance
between them, as well as the size of the horizon, is then
larger, pushing fiR and f§V towards lower values.

Concerning the primordial gravitational waves, increas-
ing the mass of PBHs extend the inflaton domination region
A; because heavier PBHs are formed later. As a conse-
quence, the frequency where the PBH dominates the energy
budget of the Universe, fE1, is shifted naturally toward
lower values, as one can see in the left part of Fig. 3 and
Eq. (40). The inflaton scattering can only be modified
through the overall redshift effect induced by the PBH
domination era, which then follows the behavior of the
PGW dependence.

If one takes into account the memory burden effect, the
conclusions are largely the same, as we show in Fig. 4.
Whereas the two peaks generated by the PBH decay are
shifted towards larger frequencies for larger mass due to a
reduction of the redshift, the density perturbation spectrum
is shifted toward even much lower frequencies than in the

Planck 18

COrE/Euclid|
”~
N

Qawh?

10—15 B

10—18 4

10—21 p

/ A> Berit
10’19 1023

1072 45 . . — .
107° 10t 10'°
fo(Hz)

FIG. 4. GW spectra in the burden case with w; = 1/2 for M =
1,10% and 104g respectively for black, red, and green with
A =10"810""13, and 1077,
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Planck 18

COrE/Euclid|

B > Berit
10’19 1023

107° 107! 10% 107 10t 10%°

FIG. 5. GW spectra in the unburdened case with
wy =1 /3,1/2, and 1, respectively, for black, red, and green
with f=10"%,10"°, and 10™°. The PBH mass is fixed
toM=1g.

nonburdened case due to an effective enlargement of the
PBH lifetime.

The effect of the value of f is much weaker, as we show
in Fig. 5. Whereas the PBH decay spectrum is mainly
unchanged, due to the universal nature of the decay into
gravitons once PBHs dominate the Universe, as we
explained above, the density perturbation spectrum is
altered. Smaller  means later domination, or a longer ¢
domination time. In Fig. 5, we also show the influence of
the EoS wy on the GW spectrum for a fixed Mgy = 1 g.

The slope of the spectrum range from Qé3w o f5? before
the PBH formation for w, = 0, to Q‘é3w x fo for wy =1,

6w¢—2
which is in agreement with our result (44), Qg o« fo*"
Taking into account the memory burden effect, we obtained
Fig. 6 for different values of w,. The dependence on w,, is

comparable to the nonburdened case.

10°

10-°

Planck 18
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1079 4
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10-°

fo(Hz)

FIG. 6. GW spectra in the burdened case with wy = 1/3,1/2,
and 1, respectively, for black, red, and green with f = 1077,1078,
and 107'3. The PBH mass is fixed to M = 1 g.

VIII. CONCLUSION

Our conclusion can be summarized by Fig. 1, where we
show all the sources we took into account to obtain a PGW
spectrum in presence of the inflaton field and a population
of PBH. Indeed, by its proper nature, gravitational waves
have many sources because any object couples, in one way
or another, with the metric. In our work, we decided to
concentrate on two main sources of gravitational waves: the
primordial black holes, and the inflaton field. Our choice
was dictated by the fact that these two sources can be
considered as a minimal as long as one considers the
possibility of inflation and the existence of primordial black
holes. Any other extension would generate a spectrum
above the one we presented in Fig. 1. We also extended our
analysis, considering the possibility of memory burden
effects in the process of PBH evaporation.

We then distinguished typical signatures in the spectrum,
characteristic of the different gravitational wave sources.
Having access to the spectrum of primordial gravitational
waves is like reading the history of the Universe from
inflation to the CMB. We can guess the species which
dominates the evolution at each stage, recognize the
presence of primordial holes, and even measure the
reheating temperature. For all these reasons, we consider
the hunt for primordial gravitational waves to be one of the
major objectives of our discipline for the decades to come.
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APPENDIX A: PRIMORDIAL GRAVITATIONAL
WAVE SPECTRUM: A PRIMER

1. The spectrum

For the reader interested in a detailed analysis of the
PGW spectrum, we refer to [65,92-98]. The aim of this
appendix is to give to the reader the necessary tools to
understand Sec. III. Here, primordial gravitational waves
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refer to those generated as tensor perturbations due to
vacuum fluctuations during inflation, in the absence of any
source terms. These fluctuations are described by the
perturbed FLRW metric

ds? = a*(n)[dn* = (6;; + hy;)dx'dx], (A1)
where h;; is transverse and traceless. In Fourier space, the
mode equation for A reads

/ da ! 2
h,{’+25hk+k h, =0. (A2)

Defining the Mukhanov-Sasaki variable u;, = ahy, the
evolution becomes

"
l/l/k/ + <k2 —%)Mk =0.

Assuming de Sitter inflation, the scale factor is
a;(n) = —=1/(Hm),* yielding a nearly scale-invariant
power spectrum

(A3)

4 N H? K

Prl) = gl =it (1+7). (a0
where k.4 1 the comoving scale crossing the horizon at the
end of inflation. We focus on the leading term k < k¢,
where the spectrum is nearly flat. To track GW evolution
post-inflation, we factor out the inflationary mode ampli-
tude 7y () = hy(fena)xx(n), where y; evolves through
reheating and radiation eras. The transfer function satisfies:

a/
X+ zz;(;( + K2y, = 0. (AS)

During reheating, dominated by an equation of state w, the
3(14wgy)
Hubble parameter evolves as H = H,q(a/deng) ™ 2 “ The

Eq. (AS) then becomes

5—3W¢ ,

(k/kend)2
1
X S af )™

(a/aend) 1=3wy

whose solution is the Bessel function

2k =0, (A6)

)(lk{H(a> = (a/aend>_y[clk-]—v/y(x) + C2kJu/y(x)]7

where v =2(1—wy), y =3(1+3w,), and x = k(a/aenq)’/

(ykenq)- Matching conditions at the end of inflation deter-
mine Clk and C2k’

®Note that we assume the Hubble parameter remains approx-
imately constant during inflation. For slow-roll inflationary
models, its variation is negligible, so we set its value at the
end of inflation, denoted as Hy ~ Hpgq.

2 k k k

C1 k — " N J L - J rtv

27kend ik — kend 4 ykend 4 ykend

&)
xcsel — ),
14
7’ k k k
Gy = J_u —J_ | ——
* 27/kend |:lk - kend 4 <ykend> S <ykend> :|

)
xcsc| — ],
14

where csc stands for the cosecant of the product zv/y,

(A7)

(A8)

csc(nv/y) = m During radiation  domination,
H « a2, and the solution becomes
RD — kRHzg, g KRHZgr g
/'t/k (a) = z |:le€ RHGepg + Dzke RH end:| . (Ag)

Qend

As usual, the coefficients D;; and D,; are determined by
matching the mode solutions and their derivatives at
reheating, and are given by

. ik
Dy, = 7aRHéaend ekl krn [(1 + Ri II:H))(IISH(CIRH)

 kry aru a)(lle(aRH):| _ . (arn/dena) krn i

l k Qend a(cz/(lend) 2k
(A10)
. ik
Doy = 7aRHéaend e~ k/ken Kl _ CRit ;:H>)(§H(aRH)
_ ikR_HaRH GZEH(GRH)} _ (aru/ dend) kru &
k Qend a(a/aend) 2k
(A11)

Deep inside the radiation-dominated era, the gravitational
wave energy density per logarithmic interval is given by:

M2k*a2,
pTL;dPT(klekP + |Dy[?).  (A12)

k.n) =
PGW( ’7) 4

Normalizing to the critical density p, = 3M%H?, the
dimensionless density parameter is:

Pr(k)

Qaw(k.1n) = T(|Elk|2 +Ex).  (AL3)
At late times, the redshifting leads to
QGw(k)h2 = chrad,OhZQGW(k’ 1), (A14)

where ¢, ~ 0.4 accounts for changes in relativistic degrees
of freedom. The current radiation energy density, including
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photons and three neutrino species, is given by
Quaoh* =4.16 x 107, In the long-wavelength limit
k < kgy, the mode functions satisfy [Ex]> = |Exl? ~ 1,
indicating no spectral distortion. However, in the short-
wavelength limit k > kry, the amplitude exhibits scale-
dependent enhancement,

4y? v k Y\ now
Eul> =& =—T21+= . (Al5
1€ 1k |E2] . ( +y) (2}’kRH> (A15)

where the spectral index is

2v 2(1 = 3w,)

=l-—=—-—" Al6

low y 1+ 3wy (A16)

This spectral tilt arises from the redshifting of modes

relative to the background during reheating and is deter-

mined by the effective equation of state w,. The present-
day GW energy density spectrum is then given by

Qrad th H gnd
: ,  for k < kgy,
1222 M3 R

Q2 (k)h? = (A17)

and in the high-frequency regime k > kgy, it becomes

4y? v kK \ow
Q h?=Qnd (yp? . 121+ .
aw (k) Gw (k) . < +y> <27/kRH>

(A18)

This expression encapsulates the effect of reheating dynam-
ics on the high-frequency tail of the GW spectrum, which
varies with the background equation of state: it is red-tilted
(ngw < 0) for wy < 1/3, scale-invariant (ngw = 0) for
wy = 1/3, and blue-tilted (ngw > 0) for wy > 1/3. For
example, matter-like reheating with w, =0 leads to
ngw = —2, while a kination-dominated phase with
wy = 1 yields ngw = 1.

2. Constraints on reheating

For a stiff post-inflationary equation of state, the reheat-
ing temperature TRy can be constrained by the additional
relativistic degrees of freedom sourced by gravitational
waves. We now analyze how small Try can be while
remaining consistent with bounds on AN ¢, assuming fixed
values of the equation of state w, and the inflationary
energy scale. Here, AN quantifies the excess relativistic
degrees of freedom at the epochs of Big Bang
Nucleosynthesis (BBN) or CMB decoupling. For a sto-
chastic GW background, the contribution to AN is given
by [99]

8
AN eff = Pew =

11\4/3
<_> pG_W, (A19)
Py T\4 Py

where p, and p, denote the energy densities of a single
neutrino species and photons, respectively. This expression
uses the standard relation 7,,= (4/11)!/3T,. Equation (A19)
imposes an upper limit on the total GW energy density today,

kend dk 7 [ 4\4/3
A y TQGW(k)h2 < 3 (H) Q ANy,  (A20)
where the present-day photon energy density is
Q h* ~2.47 x 1075. For blue-tilted spectra (w, > 1/3),
the GW energy is dominated by modes near k.4, which
exited the Hubble horizon at the end of inflation and
reentered shortly after. In this regime, substituting the GW
spectrum from Eq. (A18) into Eq. (A20) and integrating
yields

6w1p -2

kcnd dk k T g
/ X Qw ()2 = Qg‘%thC(W¢) <e_d> 2 (A21)
o K kry
where
_4 543w 1+ 3w,
— 1 3 ]+3w¢l"2 ¢ ¢ .

(:(qu) (1+ W¢) <2 + 6w¢> 27‘[(3W¢ -1)

(A22)

The ratio between the comoving scales k.,q and kgy is
determined by reheating dynamics

Iy 143w,
kena — <3Opend> O(1+wy) T_%'TW(: (A23)

kru EZQRH R ’

where pe,q = 3M3HZ,, is the energy density at the end of
inflation. Combining Egs. (A20), (A21), and (A23), we

obtain a lower bound on the reheating temperature:

)4(3w¢l) <%) 1/4 (A24)

2
7" grH

Ten > QEVh*E (wy)
5.61 x 100AN

Here, we assume that the degrees of freedom associated
with the thermal bath and entropy are the same at the end of
reheating, denoted by gry.

3. PBH domination

Up to this point, we have considered a scenario where
PBHs do not dominate the energy density before evapo-
rating. However, if the initial PBH fraction f exceeds a
critical threshold /., the constraint on the reheating temper-
ature Tgry given in Eq. (A24) can be relaxed. This is
because in a PBH-dominated phase, typically a matter-
dominated era sandwiched between a radiation-dominated
(RD) phase and a wj-dominated phase, the spectral
behavior of the gravitational wave relic changes, with
Qgwh® ~ k™2, As a result, the stringent constraints from
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AN can be avoided if the PBH domination lasts suffi-
ciently long. A rough consistency check with the ANy
bound can be performed by evaluating the gravitational
wave relic abundance at the high-frequency end of the
spectrum, k.,q. The requirement is that it satisfies the
inequality:

7

Qcw (kena)h?* <2

AN e 7
5 (H) Q2AN 4 ~9.5x 1077, (A25)

where we have used the latest bound on AN from the P-
ACT-LB dataset, which imposes the constraint AN <
0.17 at 95% confidence level [100,101]. In the presence of
PBH domination, the spectral behavior of gravitational
waves during the wy-dominated era is

UG3)? (kgu\ "2 k \"
Qe ()17 ~ 0 2. LD (ﬂ> <—> L (A26)
n krn kgn
Therefore, to estimate the gravitational wave relic

abundance at k.,q, one simply substitutes k = k.,q in the
above expression. The relevant wavenumber ratios in this
context take the following form:

1+w, 2 1/3
ko _ g (Lyﬂfm) , (A27)
kru eMp
l+3w(/,
Kena _ <"';H> ’ (A28)
kBH end ,

Min\/Pend W, % 1 1
= (477;/ v M3) v 'p *. Upon substituting the

wave number ratios into the gravitational wave spectrum
expression, Eq. (A26), one obtains

where (Z2) =

7—3w(/) 2(3_W¢)

3(14+wy —_—
Q (k )h2 ~ Ql’ad h2 ) 3 L MP 3(14wg)
GW \"end — SSGW 13+29w, M.
ZW n

w,j,

2/3 s
€ / Pend \3([THvy) z
x— s (B )
3(T+wy) P

(ﬂ}/)"{(lﬂvrﬁ

(A29)

The above relic abundance must remain below the upper
limit set by the bound on ANy, which is approximately
1076, corresponding to ANy = 0.17. This constraint on
the gravitational wave relic abundance can be translated
into an upper bound on the reheating temperature. Utilizing
Eq. (10), one finds

5(9+17w,) (1) N

TRH < 2 #3-wg) 10_6 4B-wy) [ Pend | 4G-wy)
Mo — 9+5wy Qrad /’12 M4
P 3206-wp) GW P

6w,
3(1+wg) R
Y \3-wy _
X/)] 3—%4, ( 1/3) a 1/4‘

(A30)

4. Including the memory burden effect

Now, let us modify the scenario by considering a phase
of memory burden that sets in after the black hole has lost a
fraction ¢ of its initial mass, instead of using the standard
semiclassical approximation (i.e., Hawking evaporation).
In this framework, the mass dissipation rate is suppressed
by the black hole entropy as ~1/S" (for details, see the next
section). Under this assumption, the ratio of the relevant
wave numbers is modified and can be expressed as:

LY N2(14n)]5
V2T [%m (5= forp>

Ken _

kru Livg . N2+ 3
V2(qp) ™ { 634};2}1) (qzjt}llp) ] for < fy

(A31)
and
_$ 143wy 143w,
g Mp ) 35w ((Dena | 5Twg)
vy \ M, M,
kend (47/37) 3(THwg)
= 143w, (A32)
kBH —m 2 l+3w(/) l+3w(/,
(gp) ™ Mp \ T30+wy) [ Pend | 60+y)
I+3w¢ Min M‘}, ’
471\/_}/ 3(TFwg)

where the first expression applies for g > f,, and the
second for # < f,. Here, f, is the critical threshold that
determines when the memory burden effect sets in. For
p > ., the burden effect occurs during the PBH-domi-
nated phase. Otherwise, it takes place before PBHs come to
dominate the energy density of the universe. The value of
p. can be estimated by equating the onset time of the

(1-¢*)M},
3eM7,

burden effect, 7, = with the time at which early

g
matter domination begins, tgy ~ t;,f "¢ . This yields

2“’}/}
€ Ty,

Ary(1+wy)(1 = ¢*)S(Miy)

B = (A33)

At this point, we note that throughout the analysis, we
assume a scenario in which the memory burden effect
begins during the PBH-dominated era. Although in some
cases the starting point of burden effect may commence
during the inflaton-dominated phase, determined by the
equation of state w,, the resulting correction enters through
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FIG. 7. The restriction on the reheating temperature for § > S
(i.e., when PBH domination occurs before evaporation) derived
from the constraints on ANy via PGWs as a function of f is
shown here. The plot includes standard Hawking evaporation
(n =0, g = 1) and two combinations of memory burden param-
eters, namely (n=1/2,g=1/2) and (n=1,g=1/2), de-
picted by the solid, dashed, and dot-dashed black curves,
respectively. The black shaded region indicates where PGWs
are overproduced, while the red curves denote the corresponding
reheating temperatures for the PBH reheating scenario. The
brown shaded region indicates reheating temperatures below
the BBN energy scale, Try < Ty ~ 4 MeV [102-104], which
are excluded by nucleosynthesis constraints.

the g-factor, which affects the spectrum. Since this cor-
rection is typically small, we neglect such cases. Finally,
the constraint on Txy can be obtained by taking into
account the overproduction of PGWs followed by the
Eq. (A25), leading to the condition’

5(9+17w)+6n(5+9wy) 31y 3420

TRH <2_4(37»}4,#8,7(1+r-¢) ( 10—6 >4(3—w¢)+8n(l+w¢)

= 9wy +2n(3+w,) rad 7,2
Mp 320Bwg) (T hwg) QGWh
(3+20)(1-3wy)
TN ) (3+2n)(l+w¢)
% (per;d 4(3-wgp)+8n(I+wy) Xﬁ43_w¢+z,,(1+w¢)
M
P
2»»’{/;(3+2n) (3+2”>(3w4)71)

o S e
[e(3 +2n)]75 al/*

Now let us examine how the constraint behaves in the PBH
reheating scenario, where > S (see, Fig. 7), which is the
focus of this study. We observe that for values of f close to
P2, the reheating temperature in the PBH reheating scenario
can potentially conflict with the AN bound. However, for

Note that Eq. (A34) is not exactly accurate for the scenario
3(3+2n)(14wy)

B < pP., as there will be a correction factor of ¢* "),
However, we ignore this correction since it does not significantly
affect the constraint.

larger S, corresponding to a prolonged period of PBH
domination, this constraint becomes less stringent. This is
because the PBH-dominated era effectively behaves as a
matter-dominated phase, during which the gravitational
wave background scales as Qgwh?> o k=2, suppressing the
PGW contribution at high frequencies and evading the
AN, bound.

APPENDIX B: PBH EVAPORATION

1. PBH reheating

After inflation ends, the inflaton field typically under-
goes coherent oscillations around the minimum of its
potential. The effective background equation of state,
wy, depends on the shape of the potential, while the
reheating duration is controlled by how rapidly the inflaton
decays into Standard Model particles. In the standard
picture, the Universe becomes radiation-dominated (RD)
once the inflaton decays completely and its energy is
transferred to relativistic species [73,74,76,77,105,106].

In contrast to the standard reheating scenario, we
consider a nonstandard post-inflationary history in which
primordial black holes (PBHs) form during an inflaton-
dominated epoch, and their subsequent evaporation gives
rise to a radiation-dominated universe—a scenario referred
to as PBH reheating [16]. A typical realization of this
scenario occurs when the initial PBH abundance parameter
p exceeds a critical threshold f,. In this case, since PBHs
behave as nonrelativistic matter, they redshift more slowly
than the inflaton background with an equation of state
Wy > 0,'° allowing PBHs to eventually dominate the
energy density before they evaporate, thus initiating the
radiation-dominated era [16,108—11 1].ll

Even when PBHs do not dominate the energy density,
ie., for f < ., reheating can still occur through PBH
evaporation. In such cases, unlike scenarios where PBHs
dominate prior to evaporation, PBHs form and evaporate
during the inflaton-dominated epoch without ever becom-
ing the Universe’s main energy component. Reheating via
PBH evaporation under these conditions is only possible if
the inflaton behaves like a stiff fluid, meaning its equation
of state satisfies w > 1/3, and if the inflaton decay or
scattering rate remains sufficiently small. Specifically, the

inequality I'yp, (1 + @) < — A%P;‘MZ% must be satisfied (see

Refs. [16,28] for details). For the purposes of this study, we
exclude this reheating scenario from our analysis.

"®Exact matter domination with w =0 is excluded, as
PBH formation in that regime is inefficient due to the long
timescales required to form an apparent horizon [107].

Note that for wy < 1/3, the inflaton is assumed to decay
during the PBH-dominated phase, governed by its decay width.
For wy, > 1 /3, the inflaton must remain stable at least until the
onset of PBH domination to ensure consistency with the
cosmological framework.
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The PBH evolution is governed by their formation mass
M, and initial energy fraction . Assuming ultralight PBHs
form in a wy-dominated background, the evolution equa-
tions are:

dp, Py Lypy(1+wy)

— 4 3(1 —_—=—-—" Bl
da +3(1+wy) a aH (B1)

dp, Pr peH dMpy
4~ ~ — , B2
da + a Mgy da (B2)
dpeu 3@ _ PBH dMBH’ (B3)

da a Mgy da

M M1
Bl= el (B4)
da Mgy aH

Here, € = (3])(%5)9:(Tn), where the factor 27/4 orig-
inates from the gray body factor. This expression assumes
that the gray body factor is evaluated in the geometrical-
optics limit, as discussed in Refs. [43,112,113]. In our case,
we assumed that the radiation primarily comes from PBH
evaporation, as inflaton decay is negligible (I'y, < H).

Solving the mass loss equation gives:

3eM$}
F =
=

Mgy = My (1 =Ty (t—1;,)) "3,

(BS)

The PBH lifetime is t,, = 1/T'gy, whereas the formation
mass is given by

AxyM?
" with y—w;/z,

(B6)

in — ] >
m

following the Carr-Hawking collapse efficiency [1 141."2
The standard Hawking evaporation neglects backreac-
tion from emitted radiation, but Dvali ez al. [49,53] showed
this becomes relevant when the emitted quanta’s energy is
comparable to the black hole’s. This leads to the memory
burden effect [53], where systems with large information
content resist decay until memory is transferred. Once
about half the BH mass is lost, stored information slows
further evaporation. This modifies PBH mass loss to [17]

dMBH - € Mé 1
da [S(Mygy)]" My aH”

(B7)

"2A more accurate determination of the PBH formation mass
depends on both the background equation of state w,, and the shape
of the primordial perturbations, as shown in Refs. [107,115-121].
However, a complete analytical treatment of the collapse efficiency
parameter y in the post-inflationary regime is still lacking. There-
fore, we adopt the conventional estimate proposed by Carr and
Hawking.

with entropy S =1 (Mgy/Mp)* and memory parameter
n > 0. The effect becomes significant when Mgy = gM;,,
most strongly at g = 1/2 [17,19]. In this scenario, the
critical value of 8, above which PBHs come to dominate the
Universe before fully evaporating, is significantly modified
due to the memory burden effect, which prolongs the PBH
lifetime.

To estimate this critical value, we assume the burden
effect sets in during the inflaton-dominated era. The time at
which PBHs begin to dominate is then given by
tn ~ tin(gB)~¥#)/2% On the other hand, the PBH
lifeume is given by Eq. (15), i.e., t3, = 1/T'y. Equating
these two timescales yields the modified critical value of S,

2 143w,
(3+2n)e Ty —

MP (n+1)
peé~ q .
gM;, 2137y (1 + W)

The above expression reduces to the standard semi-
classical result, Eq. (8), in the limit n =0 and ¢ =1
(corresponding to the case without memory burden).

Let us now compute the reheating temperature for the
case f# < f3., although this scenario is not the main focus of
the current work. As previously discussed, for f < . and a
small inflaton decay rate I'jy < H, the universe can be
reheated via PBH evaporation, which occurs after a certain
time, i.e., dgry > d.y. The reheating condition in this case is
given by

Aoy 4 a; 3(1+w¢)
Pru = PBH(Gey) (ae> = P¢(ain)< . ) . (B9)

RH AaRrH

(B8)

from which we find

48\i[ 271 (3 4 2n)e Ny 20w
- (&) s

a) |3(14+wy,)(my)
3(]—w¢)+2n 043w 4 dn
M p\ 25wy T MR A
G~ M p, B10
X < Min) q P ( )
where to find the above expression, we used
(aev/aRH)4 — (qﬂ)4/(3w¢ 1) ( /a )12w¢/ (1- 3w¢) On the

other hand, for f > g, the reheating temperature is
determined by Eq. (17), and can be expressed as

4\t [2"(342n)eMp\3tn

In Fig. 8, we show how the reheating temperature varies
as a function of . As expected, for values f > f, which
differ depending on the specific scenario, such as standard
Hawking evaporation or different memory burden cases,
we observe a f-independent plateau in the reheating
temperature.
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FIG. 8. The reheating temperature as a function of f is plotted

here for standard Hawking evaporation (n =0, ¢ = 1) and for
two different combinations of memory burden parameters: (n =
1/2,g=1/2)and (n = 1,q = 1/2), represented respectively by
the solid, dashed, and dot-dashed black curves.

The maximum initial PBH mass that can fully evaporate
before the onset of Big Bang Nucleosynthesis can be
estimated by requiring the PBH lifetime 7, ~ 1 sec, and
turns out as

M
Min < - [2” (3 + 2n)€tBBNMP}ﬁ
q

11x10%g

[27(3+2n)]7(1.5 x 1072)55.
q

(B12)
The above equation implies that, under standard Hawking
evaporation, the maximum allowed PBH formation mass is
M, <1.6x10° g. However, when incorporating the
memory burden effect with representative values g = 1/2
and n = 1, as adopted throughout our analysis, this bound
becomes significantly tighter, yielding M;, < 6.1 x 10° g.
Meanwhile, constraints on the tensor-to-scalar ratio from
Planck+BICEP2/Keck (705 < 0.036) [122,123] imply
an upper bound on the inflationary Hubble scale,
H; < 4.8 x 103 GeV. This, in turn, sets a lower bound
on the PBH formation mass M;, > 0.5 g(g5)-

2. Hawking evaporation

The complete mass evolution of the PBH is described by
a first phase of usual Hawking evaporation up to a time 7,
after which it will follow the burdened evolution described
by Eq. (14). Overall, the mass evolution can be summarized
in the following form:

Mpu(1) = Min(1 = Ty (t = 13,))0(2, — 1)

4 gMy[1 =T (= 1) 770(t - 1,).  (BI3)

From there, the temperature evolution and the instanta-
neous emissions will be modified according to the new
PBH mass evolution. The temperature will be computed in
the usual way; Eq. (2) is still valid and will therefore exhibit
the same “bouncing” behavior as the mass evolution. The
more subtle point comes at the level of the instantaneous
emission. The usual workaround for PBH evaporation is to
get the generic instantaneous emission before integrating it
with respect to the energy in order to get the proper mass
evolution. Here, we are working the other way around by
imposing an extra S~" suppression at the level of the mass
evolution. Luckily, this term does not depend on the energy
which result in a rather simple modification of the instanta-
neous emission

d’N; o(t—t 1 Ty jn(E,M, x;
i,lm _ Q(Iq _ t) + ( q) - il ( .Xj)
dtdE N 27 eE/Ten — (—1)2Sf

o(t—1,) g;
~ (01, — 1) + =< )277* Ry =
( ( q t) + NG ) T S (2”)3
E2

7 Cip (B14)

where we took the geometric optic limit in the last step. We
also introduced here the graybody factor I ;,, which
encapsulates the reabsorption of the emitted particles by the
PBH. Regarding the computations, we used the geometric
optic limit but the figures take this factor into account since
we used instantaneous emission curves from Black Hawk
[124,125] to produce our plots.

3. The spectrum

Let us now have a look at the shape of the PBH
evaporation spectra in more detail. The whole work is to
properly integrate the contribution of the PBH population
using the instantaneous emission relation given in
Eq. (B14). The GW abundance can be reconstructed using

dpBh dN;
pGW (t) 1

- iy Bl
drak ek (BI5)

Since the memory burden affects only the latest stage of
evaporation through the mass evolution, the evaporation
can be expressed in the usual form [30]

dpBY. 27uBHEA ra, o0(t—t

pGW — I’ll’? f/ g(tq_t)_Fu

dinky 64r°Mp Ja, S”

M}%H(“) (ain>3 da
1

Ty
exp | foMpm do ) _ Ha
My a

where the entropy factor comes from Eq. (B14). Here, the
factor M3, with Eq. (B13) splits the integral in two
contributions from each evaporation phase, giving the

a

X (B16)
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2-peak structure of the spectra one can see in Fig. 1 at the
D' and D), spots. Equation (B16) then gives an estimation
of the peak frequency if we approximate the mass of the
PBH as constant before an abrupt evaporation,

2.8 Aoy
Soev ® P Tgu <—> )
v

a (B17)
which is the relation used in Sec. VI. The evaporation scale
factor a, in Eq. (B17) can either be a, for D or agy for
D). We can at this level grasp a fundamental difference
between D} and D) since D) is tied to the reheating
temperature which is fixed by the last stage of PBH
evaporation. This peak has therefore a fixed frequency
which depends only on the mass; while D/ feels on top, the
redshift a, / agry, which implies a dependence on the burden
parameters.

4. Value at the peak

Starting from Eq. (B16), we can compute the main peak
value for the PBH evaporation (D, and D). The simplest
way is to express everything with respect to the reheating
time while assuming the PBH mass as constant during the
PBH domination era. We assume for simplicity that PBH
domination occurs after the burden effect kicks in."* Under
this assumption, the PBH spectra can be expressed as [30]

dp

27V3 ki 3
= \/;70 PRI (fev) sl (BIS)
dlnko ﬂ>/}r 6477." Sn\/inn ao
with
Pe M2 ABH
Io _/'«)_M:,a_o eY—ldY' (Bl9)

2 ey
Mp

Note that at this stage, our relations are generic. No other
assumption has been made apart from the ones men-
tioned above.

The independence of the peak with respect to the mass of
the PBH is also simple to demonstrate if we focus on the
term that exhibits a mass contribution. The “hidden” mass
factors are present in the entropy (S), the peak frequency
(kg), the reheating energy density(pgry), and the redshift
between reheating and today (a.,/ag). By massaging a bit
those contributions, we get

dp

& (inn>0'
dInkg|g. sz

[ (B20)
Sn(inn)sT%H

“The subtlety of the exact dynamic between the burdening and
the domination can be technically taken into account but it only
affects the tail of the spectra, which does not affect our results.

After collecting all the constant factors, the peak amplitude
for the GW spectra can be expressed as'

peak 81(2.8)5/2 g (&)% Té

Q S i
owlj-p, 1287°(3 +2n) € 3MAH?

. (B21)
9rH

Then, the peak value is overall the same as for the regular
Hawking evaporation (n =0, g =1, Qgw ~ 107%). We
only inherit a dependency on the burden parameter n
through the constant factor in front of the amplitude. For
our benchmark point (n = 1, ¢ = 1/2), the peak amplitude
is then approximately the same up to an O(1) reduction
factor, which fits with Fig. 1.

APPENDIX C: INFLATON SCATTERING

After inflation, the Universe goes through a phase of
oscillation of the inflaton field ¢, following an average
equation of state Py = wyp,, with

k=2
== Cl
YT 2 (1)
for a potential [73,74]
b \*
V(g) = M3 (—) . (C2)
Mp

This potential can be seen as the limit ¢p < Mp of, for
instance, a Starobinsky potential [126] of the form

V(g) = miu} <1 - efi>2 (C3)

or a-attractor T-models [127]

V() = aM% {\@ tanh < \@qu)] : (C4)

The evolution of a dominant ¢-energy density is
expressed in the Boltzmann equation

Py +3(1+wy)Hpy =0, (C5)
which implies
6k

Aep 3(1+wy) Qeng \ F12
P¢:V(¢o) :Pend< ad) :pend( ad> ) (C6)

with p.,q being the inflaton energy density at the end of
inflation. As for the field ¢, it obeys the equation of motion

"“Note that here there is an extra 1 /2 difference compared to
[30] due to a slight difference in the convention of the reheating
temperature.

123534-20



MEMORY BURDEN EFFECT ON GRAVITATIONAL WAVES IN ...

PHYS. REV. D 112, 123534 (2025)

. . dV

3Hp +—=0. C7
o +3H+ o (C7)
The solution to this equation can be parameterized as

P(1) = (1)) _P,(1)e ", (C8)

P

where @ is the envelope of the field and the P, are the Fourier
coefficients of the quasi-periodic oscillatory function P.
Since we have a separation of scales between the fast
oscillating scale (O(m,)) and the slower expansion of the
universe (O(H)), we can decompose Eq. (C7) as [73-75]

. 6H
2m?
2 ¢ _ Dk
P _k(k—l)(l Ph. (C10)

Solving this set of equations leads to a decaying
envelope @ and a oscillating frequency @ of the form

O x a7, (C11)
141
a):mm/z(kﬂf l)rgz(_];k), (C12)

where the inflaton effective mass is defined with the usual

convention, n, = / V”(®). From this decomposition, the
inflaton can be seen as an infinite sum of modes with
energies £ = vw with a decreasing amplitude @, = ©P,,.

Regarding the gravitational waves produced by the
inflaton scattering, it is more convenient to develop V(¢) ~
¢* in harmonics since they appear in the vertices for the
relevant diagrams. We denote them (PX), . The rate of
energy transfer between the inflaton and the gravitational
waves can then be expressed as [71]

py@

pU (C13)
drM3

(L+wy)hpy =
with
(C14)

B=Y m=Y PR
v=1 v=1

Finally, the gravitational waves spectra can be written,
for k # 4 [30]

1 dply(ay) 1 1 dla*phy(a)

Qewh? = =
NP dfy  pYad dfy
B A
p(c) 4M%’ |k_4| @end Aend 0

(C15)

Note that Eq. (C15) does not hold for k = 4, since in this
case the inflaton energy scale @ redshifts as fast as the
radiation it produces. This can be seen by computing the
relation giving today’s frequency of a graviton produced at
a scale factor a,

w(a) a

fo(a) = 0 0_07

o }'kM Pend % end Skk_*_z() a
P\, a ag)’

2

This relation grasps most of the physics needed to
understand the shape of the spectrum. Indeed, if k = 4,
this relation clearly show a constant frequency, independent
on a. This gives a a dirac-shaped spectrum.15 It is consistent
with the idea that, in this case, the Universe should not
affect the reheating transition since the equation of state is
kept unchanged before and after reheating. On the other
hand, for k > 4, the frequency behaves as some negative
power law of the scale factor resulting in a spectra growing
with f, since then later produced graviton have an overall
smaller frequency.

(C16)

APPENDIX D: GW FROM DENSITY
FLUCTUATIONS

1. Generalities

Scalar induced gravitational waves have been shown to be
an exciting possibility to probe early-Universe scenarios
especially in the context of PBH reheating due to the sharp
transition to radiation domination [31,80,83—-85,88,89,128].
The appendix presented here stands more as a quick
introduction to get to our main result, which is the analytic
relation for the scalar-induced gravitational waves for a
burdened PBH with an arbitrary initial equation of state
presented in Eqgs. (D19) and (D20). This extends the recent
results of [84,85], while also shedding light on the issue of
nonlinearity which sets the cutoff of the spectra seen in Fig. 1.
For a more detailed analysis on the formalism, we redirect the
reader to a proper review'® [87]. Starting from the perturbed
metric

In fact a forest of spectra peaked at vo.
Note that modifications of gravity or loop corrections can
also have impact on the background of gravitational waves
[129,130].
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ds* = (1 =2®)dr* — a*(7)[((1 + 2®)5;; + h;j)dx'dx],
(D1)

the tensor modes are sourced at second order by scalar
fluctuations [80,85,87], whose equation of motion is

hy, +2Hh, + K*h; = S, (D2)
where the source term S can be expressed as
dq
Sia = 4/ (27)? e} (K)qiq; P Pik—q.f (. 4. );
(D3)

with

P () ) [

The functions Sq are phenomenological suppression
factors which take into account how the scalar potential
decays during the transition to radiation domination, and Pg,
is the initial power spectra which in our case come from [80]:

2 (k3
- kY4 kUV '
In Eq. (D7), kyy is the scale related to PBH formation,

introduced in Egs. (68) and (76). From Egs. (D5) and (D6),
we can then redshift the GW abundance

Pao (k) (D7)

9 (Tru)\ ™73
%} Q,0h* Qo (k).

(D8)

2. The spectrum

Before diving in the details of the spectrum for the
unburdened case, we should introduce specific ratio of
scales that allow to simplify the expressions

kov _ (B\:
= (2], D9
kin (7/> ( )
1+3w¢
ko /3 2B, (D10)

kln

f(z.q. ) =To(q7)To(|k - qf7)
2 T (g7)
i (T 5

x <Tq)(|k —ql7) —i—w).

(D4)

Solving the evolution of the scalar potential accounting
for the cosmological evolution, the gravitational wave
signal during radiation domination can be expressed as
[80,85,87]

k2
12H?

Qaw (k) = Pk, ), (D5)

with the tensorial power spectrum expressed as [131]

u(@dv? — (140 - uz)z)zﬁqu}(uk)Pq,(vk)S(zD(uk)Sé(vk)be(uk)Té(vk).

(D6)

kpu [ Pe M% 3
kn \2myM?2) "

From there, following [85], the GW spectra today can be
expressed as the sum of two contributions,

(D11)

7/3 2 /k 8
Q‘peak —_ 4 L) —BH
GW,res c (W) 576 x 6!/31 kuy
kUV>17/3< k )‘3—’
o [Fov LIRS D12
<kRH kuy ( )
C? N 1/3 [k 8
Qaw,r (k) = C4<W) 120ﬂ2 <§> (%)
kuv>l4/3< k )
o (Fuv ) D13
<kRH kyy ( )

These two contributions are visible on the unburdened
curve of Fig. 1, but even more clear through the break in the
shaded spectrum in Fig. 9, where the cutoff constraint has
been released. Note also that we introduced C(w), which is
a numerical constant determined by the matching of the
scalar fluctuations transfer function between the inflaton
domination and the PBH domination era. Its exact defi-
nition is given by [85]

123534-22



MEMORY BURDEN EFFECT ON GRAVITATIONAL WAVES IN ...

PHYS. REV. D 112, 123534 (2025)

10°

1073

[¢:) Planck 18|
10-6 4 et e ek ettt || By

1079 4

10—12 4

Qawh?

10—15 4

10—18 B

10—21 p

B> Bt
10%

10~ T T T T
107 10
fo(Hz)

10%

FIG. 9. Figure 1 with different cutoffs. For each color, going
from left to right, the most opaque is using k., = ky;. from
Eq. (D24), then the intermediate is using k., = kyy from
Eq. (D23) and the most shaded is using k., = kyy from Eq. (76).

cw) =2t (34122
w) = —a." - ,
20 ™ 1+ 3w

where ag =~ 0.135 is a numerically determined constant.

3. Burdening the spectrum

Moving to the burdened spectrum, the overall physics is
the same. The memory burden effect mainly affects when
the PBHs decay and the duration of the evaporation. This
induces modifications of the scale k., and the suppression
factor. Following [84], we get

2602V /M- N2/ Mo \6+4n 7%
kRH: ((3+ k) €> m P ﬁz 6’ (DIS)
kin 3675272 My qM;,
and
2 K k O\
S evalk) = e , D16
[OXS) a( ) Q<\/§\/3K—_TkRH> ( )

where « is a function of n introduced by convenience as

2
K=1+—n.

. (D17)

With this new variable, taking the unburdened limitn = 0
and g = 1 corresponds to k = 1, for which we can check that
the above expressions converge to the unburdened case.

Finally, the last missing piece is the transfer function for
the fluctuations, which is

ron= o))

The shape of this transfer function causes the calculation to
be divided between the IR and UV contributions. Modes

(D18)

respecting k > kgy, which are the ones which re-entered
before PBH domination, are damped due to the pressure of
the inflaton fluid that limits the growth of the fluctuations.
On the other hand, the modes entering during PBH
domination (k < kgp) should not experience this effect.

With this in mind, using Eq. (D6) and following
Appendixes D and E of [85], the GW spectra during
radiation domination can be expressed, as in the previous
case, by the sum of two contributions

(2¢,P5C} ()g (2 = 1)

Q k) =
GW,res( ) 13824c¢,x
X | k\/= T
3V 3k—1 kyy
kv \ 77 (kg \ 8
X <ﬂ> ! (ﬂ) Oyv (k) (D19)
kRH kUV
and
o _clcw)qt \ﬁ o2\
GW.IR2 = "3 0 O —4 3V3k—1
8 6Kt4
o) () ()
kru kuv kuy

As for the previous equations the spectrum converges to
Egs. (D13) and (D12) in the unburdened limit, and repro-
duces the previous results existing in the literature [84,85].

4. Nonlinear cutoff

As highlighted in [83-85], during the period of PBH
domination, fluctuations grow over time as described by the
Poisson equation

(D21)

3 (H\?
(I):§<¥> 5PBH'

The initial power spectrum of the fluctuations in Eq. (D7)
approaches unity when the momentum approaches ~kyy.
Consequently, the spectrum (D19) may overestimate GW
production for momenta larger than a certain nonlinear scale
kyi, that we need to estimate. This scale is defined as the scale
where dpgy ~ 1, based on the Poisson equation. Since the
relevant quantity is the fluctuations during radiation domi-
nation, we must evolve the fluctuations until PBH evapora-
tion, using the transfer function from Eq. (D18), and a
suppression factor arising from the smooth nature of PBH
decay [85]. Collecting all the expressions, the nonlinear
cutoff should then satisfy the condition
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5C(w)

2 2 ’
0 (1) S0 Dy — 1

(D22)

kNL,sup ~ kBH

A good approximation for this scale comes from the pole inside the square root, while estimating @;,;; ~ v/ Po

. . < 3 fn ( 2% >—(k)2<kUV>—>_
NL.sup Uv 2C(W)q 2 /—‘9,(_3 keq keva .

For completeness, we can also compute the nonlinear scale without the suppression factor which is a more conservative

statement
2 4
. Bz 3\ (ke
NE 220w) ) \ky/) 7

In all the figures presented above, we chose to stay conservative using Eq. (D24). To let the reader appreciate the impact of
the cutoff scale, we reproduce Fig. 1 while using different cutoffs with shaded curves in Fig. 9.

(D23)
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