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We explore the cosmological implications of generalized entropic models within the framework of
gravity-thermodynamics (GT) approaches. These models, characterized by three or four additional free
parameters, are designed to capture deviations from the standard Bekenstein-Hawking entropy and can
reproduce well-known entropic formulations, including Tsallis, Rényi, Sharma-Mittal, Barrow, Kaniada-
kis, and loop quantum gravity entropies in various analytical limits. We implement the corresponding
cosmological models using a fully numerical GT approach to constrain the model parameters and to study
the evolution of the dark energy equation of state as a function of the scale factor. Our Bayesian analysis,
which incorporates the Pantheonþ and DESy5 supernovae data alongside the recently released DESI-
DR2/DR1 baryon acoustic oscillation (BAO) measurements, shows that the data favor the standard
Bekenstein-Hawking entropy, leading to a ΛCDM-like late-time behavior. In this context, the three-
parameter (S3) entropic model appears to be sufficient to capture the observed dark energy phenom-
enology. Furthermore, a direct comparison of the Bayesian evidence indicates that the three-parameter
model is preferred over the four-parameter (S4) variant by a factor of Δ logB ∼ −6, while the GT approach
as a whole is significantly disfavored relative to the ΛCDM model with at least Δ logB ∼ −8 (S3) to
Δ logB ∼ −13 (S4), when using the DESy5 and DESI-DR2 datasets.
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I. INTRODUCTION

The standard Bekenstein-Hawking (BH) entropy has
long served as a cornerstone in our understanding of
black hole thermodynamics. According to this foundational
framework, a black hole’s entropy is proportional to its
horizon area [1–4]. When first proposed, this result was
considered anomalous, since the entropy of conventional
thermodynamic systems typically scales with volume
rather than surface area. Over the years, this unique
nonextensive property of black holes, along with its deep
connection to strongly quantum-entangled d-dimensional
systems, has been extensively studied [5–11].

More recently, numerous generalizations of the BH
entropy have been proposed [11–13]. These extended
formulations incorporate nonextensive statistical frame-
works into conventional thermodynamics. Notable exam-
ples include Tsallis entropy [14], Rényi entropy [15],
Barrow entropy [16], Sharma–Mittal entropy [17,18],
Kaniadakis entropy [19], and entropies inspired by loop
quantum gravity [8,20–22]. For a detailed discussion, see
[23–25]. Despite their diverse formulations, these extended
entropy models share universal characteristics: they reduce
to the standard BH entropy under specific limiting con-
ditions and exhibit monotonic growth with respect to the
BH variable [12,26]. This universal behavior suggests the
potential existence of a unified entropy framework that
encompasses all these models.
In recent works [11,12,25–30], unified frameworks have

been proposed that combine various entropy models into a
single formulation, known as the “four-parameter entropy.”
This generalized entropy, governed by four free parameters,
is capable of reproducing all the aforementioned entropy
forms in particular limits. Moreover, the four-parameter
entropy can be further reduced to a three-parameter
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entropy, which encompasses most entropy models except
Kaniadakis entropy [27]. Since its inception, this unified
framework has been extensively studied for its cosmologi-
cal implications [11,26,31].
Notably, it has been demonstrated in [26] that entropic

cosmology based on these generalized entropy models
offers a unified description of the universe’s evolution
from an early inflationary phase, characterized by a
quasi–de Sitter expansion ending near 58 e-folds, to a
late-time dark energy-dominated era consistent with
recent Planck data [32]. In a separate study, [27]
examined the transition from inflation to reheating,
showing that the entropic energy density drives inflation
and decays smoothly into relativistic particles during
reheating. The inclusion of entropic parameters facilitates
a seamless evolution of the Hubble parameter, transition-
ing from the inflationary quasi–de Sitter phase to a
power-law reheating phase characterized by a constant
equation-of-state parameter.
The entropic models discussed above have been

widely applied in constructing cosmological models
[23,26,27,33–47]. These models draw inspiration from
black hole thermodynamics by extending its principles
to the cosmological horizon. Two primary frameworks
are used to construct such models: the holographic prin-
ciple [48–55] and the gravity-thermodynamics principle
[56–59]. Both methods rely on drawing an analogy
between the black hole event horizon and the cosmological
horizon to reveal the thermodynamic properties of
spacetime. However, different entropy formulations
could potentially yield distinct cosmological predictions,
raising the important question: which entropy, and by
extension, which model, is most favored by the observa-
tional data.
In our previous work [60], we demonstrated that cos-

mological models derived from the holographic principle
(see also [61,62] for a recent discussion) achieve margin-
ally better Bayesian evidence when compared to those
constructed using the gravity-thermodynamics principle.
Following which, in this work we further test the gravity-
thermodynamic approach’s viability1 utilizing the most-
recent late-time data. To address this, we adopt the gravity-
thermodynamics (GT) principle to construct cosmological
models based on the generalized four-parameter entropy
and its reduced three-parameter form. As an added advan-
tage, the generalized entropy formalism allows one to
perform model selection without having to rely on testing
each model individually against the data, which is in turn
one of our primary motives.
Also, given the more recent baryon acoustic oscillation

(BAO) data from DESI-DR2 [64] along with the

DESy5 [65] and UNION3 [66], provide strong hints for
the phantom crossing and dynamical dark energy [67,68],2

one could comprehensively conclude if the generalized GT
approach is capable of capturing something similar. We
therefore, also investigate the dark energy (DE) equation of
state parameter wDE and its evolution with redshift in the
context of the generalized GT approach. In this context, the
holographic approach is very well known to provide a
freezing-like behavior for the dark energy equation of state,
completely missing the phantom crossing [35,50,51,60,62]
(see also [94]), which however, deserves an independent
assessment.
We emphasize that throughout this work the identifica-

tion of the apparent cosmological horizon as Rh ¼ 1=H,
together with the assignment of an effective temperature
T ¼ H=2π, is adopted as a phenomenological working
hypothesis. While this prescription is exact only in de Sitter
spacetime, its use beyond this limit is common in the
literature and is employed here solely to explore the
phenomenological aspects of observational data for gen-
eralized entropic cosmologies. We stress that this choice is
not claimed to be thermodynamically unique or fundamen-
tally consistent once generalized entropy functionals are
introduced. In particular, recent analyses [95,96] argue that
enforcing strict thermodynamic consistency leads general-
ized entropic models to reduce to the standard Bekenstein-
Hawking case. Our approach does not attempt to resolve or
refute these arguments. Instead, we adopt an effective
phenomenological perspective, allowing for the possibility
that the underlying framework may exhibit thermodynamic
inconsistencies, and ask whether such deviations can
nevertheless be constrained or distinguished observatio-
nally. The results presented in this work should therefore be
interpreted within this explicitly stated phenomenologi-
cal scope.
The structure of this paper is as follows: Section II

describes the cosmological modeling of both the three-
parameter and four-parameter entropy models, Section III
outlines the observational datasets used, Sec. IV presents
the methodology and results, and Sec. V summarizes our
conclusions. Unless otherwise stated, all expressions are
given in natural units (kB ¼ c ¼ ℏ ¼ 1).

II. THERMODYNAMIC GRAVITY

In this section, we present an overview of the modeling
of cosmological observables within the gravity-thermody-
namics framework. This approach has been discussed
extensively in the literature (see, e.g., [26,60,97–99]).

1See also [63] for a discussion on the limitations of the GT
approach, where it has been suggested that it cannot provide a
consistent description the entropy.

2This strong hint for a dynamical nature of dark energy
has given inspired several recent investigations, see for instance
[69–92], for a nonextensive lists of recent works. See also [93],
for a recent extensive review of current cosmological landscape
of existing tensions and deviations form the standard ΛCDM
model.
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A. Three-parameter generalized entropy model

We begin by considering a flat Friedmann–Lemaître–
Robertson–Walker metric universe (i.e., setting k ¼ 0), for
which the radius of the apparent cosmological horizon is

Rh ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

H2 þ k
a2

q ¼ 1

H
: ð1Þ

where H denotes the Hubble parameter. In [100], the
authors define the de-sitter horizon as R ¼ 1=H, as direct
consequence of [101], where it has been shown that the
close connection between event horizons and thermody-
namics of black holes can be extended to cosmological
models with a repulsive cosmological constant.3 In [57] it
has also been demonstrated that the radius of dynamical
apparent horizon for a flat universe to be the same for a
marginally trapped surface with vanishing expansion. This
definition of apparent horizon4 has been used extensively in
the gravity-thermodynamics conjecture (see for instance
[23,25,33,102] which recovers the standard ΛCDM model
for the standard Bekenstein-Hawking entropy.
The first generalized entropy we explore, which governs

the dynamics in the bulk, is assumed to be [23]

S3 ¼
1

γ

��
1þ α

β
SBH

�
β

− 1

�
; ð2Þ

where SBH is the standard Bekenstein-Hawking entropy
defined on the event horizon [103,104]

SBH ¼ A
4GN

; with A ¼ 4πR2
h: ð3Þ

In these expressions, GN is Newton’s gravitational constant
and A represents the surface area of the horizon (or the
apparent horizon in the cosmological context).
The incremental change in energy across the horizon is

given by

dQ ¼ −dE ¼ −
4π

3
R3
hρ̇dt ¼ −

4π

3H3
ρ̇dt; ð4Þ

where ρ̇ denotes the time derivative of the energy density.
Using theGibbons-Hawking temperature (see alsoSec. II C),

T ¼ H
2π

;

and the first law of thermodynamics, dQ ¼ TdSG, we obtain
the relation

−
α

GNH2γ

�
1þ πα

GNβH2

�
β−1

dH ¼ −
4π

3H3
ρ̇dt: ð5Þ

After rearranging terms and integrating both sides, we
arrive at the modified Friedmann equation

H2 ¼ 8πGN

3
ðρþ ρGTÞ þ

Λ
3
; ð6Þ

with the additional energy density component defined as

ρGT ¼ 3

8πGN

�
H2 −

πα2

ð2 − βÞGNβγ

�
GNH2β

πα

�
2−β

× 2F1

�
1 − β; 2 − β; 3 − β;−

GNH2β

πα

��
: ð7Þ

This result can be cast into the dimensionless form

E2 ≡H2

H2
0

¼ Ωm0ð1þ zÞ3 þΩr0ð1þ zÞ4 þ ΩΛ þΩGTðzÞ;

ð8Þ

where the dimensionless dark energy density ΩGTðzÞ is
defined as

ΩGTðzÞ ¼
1

H2
0

�
H2 −

πα2

ð2 − βÞGβγ
�
GH2β

πα

�
2−β

× 2F1

�
1 − β; 2 − β; 3 − β;−

GH2β

πα

��
: ð9Þ

Because solving for HðzÞ analytically is intractable due
to its implicit appearance on both sides, we instead solve
numerically the set of coupled differential equations. For
example, the redshift derivative of H is given by

H0 ¼ H2
0

2H
½3Ωm0ð1þ zÞ2 þ 4Ωr0ð1þ zÞ3 þ Ω0

GTðzÞ�; ð10Þ

where the prime denotes differentiation with respect to z.
Differentiating ΩGTðzÞ and substituting into (10) yields

Ω0
GTðzÞ ¼

2HH0

H2
0

�
1 −

α

γ

�
GNβH2

παþ GNβH2

�
1−β�

: ð11Þ

Substituting the expression for H0 into the above relation
allows us to recover ΩGTðzÞ by solving the resulting
differential equation.

3As described in [101], cosmological models with a repulsive
term will expand forever and approach de Sitter space asymp-
totically at large times. Therefore for each observer moving on a
timelike world line there is an event horizon separating the region
of spacetime which the observer can never see no matter however
long he waits. In other words, the event horizon is the boundary
of the past of the observer’s world line. In subsequent literature
and our work here, this cosmological event horizon is referred to
as apparent cosmological horizon.

4On the other hand, cosmological models based on holo-
graphic principle generally use future horizon [35].
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Finally, the dark energy equation of state (EoS) is
defined by

wGT ¼ PGT

ρGT
: ð12Þ

Using the conservation law,

ρ̇GT þ 3HρGTð1þ wGTÞ ¼ 0;

we obtain

wGT ¼ −
ρ̇GT

3HρGT
− 1: ð13Þ

Upon converting the time derivative to a derivative
with respect to redshift via dz

dt ¼ Hð1þ zÞ, this expression
becomes

wGT ¼ −1þ Ω0
GTðzÞ

ΩGTðzÞ
1þ z
3

; ð14Þ

with Ω0
GTðzÞ representing the derivative of the dimension-

less dark energy density with respect to z.

B. Four-parameter generalized entropy model

In addition to the three-parameter extension, an exten-
ded four-parameter model has been introduced to assess,

for example, primordial gravitational waves [25]. This
model is expressed as

S4 ¼
1

γ

��
1þ αþ

β
SBH

�
β

−
�
1þ α−

β
SBH

�
−β
�
; ð15Þ

where the parameters fαþ; α−; γ; βg are positive. Following
the same formalism above, one can derive the modified
Friedmann equation. In the four-parameter case, the
Friedmann equation takes the form

8πGNρ

3
þ Λ

3
¼ GNH4β

πγ

�
1

2þ β

�
GNH2β

πα−

�
β

2F1

�
1þ β; 2þ β; 3þ β;−

GNH2β

πα−

�

þ 1

2 − β

�
GNH2β

παþ

�−β

2F1

�
1 − β; 2 − β; 3 − β;−

GNH2β

παþ

��
: ð16Þ

In [25], it is demonstrated that for the S4 model to satisfy
the second law of horizon entropy, the following conditions
must hold:

α�
β

>
GNH2

1

π
; γ > 0; 0 < β <

5

4
; ð17Þ

where H1 represents the Hubble scale at the epoch of
inflation. Although H1 is not strongly constrained by late-
time data, these conditions could potentially serve as useful
priors in our MCMC analysis. However, we utilize much
broader priors as described in Sec. III. As before, we solve
the coupled differential equations numerically to constrain
the model parameters from observational data. While there
exist additional modifications to the basic model in [25],
the extensions adopted here provide sufficiently diverse
phenomenology to enable meaningful comparisons with
late-time cosmological data (see Sec. IV). Note that an

excessive number of free parameters can lead to uncon-
strained scenarios, so our implementation strikes a balance
between flexibility and constraint ability.
Finally, Table I summarizes the parameter regimes

under which the generalized S3 and S4 entropies reduce
to standard modified entropy forms such as SSM [17,18],
ST [5], SB [16,102], SR [105], SLQG, and SK [19]. This
table, which partly reproduces Table I from [25], is
included here solely for completeness.

C. Thermodynamic caveats and limitations

Within our phenomenological framework we adopt
Rh ¼ 1=H and T ¼H=ð2πÞ, in analogy with the
Hawking temperature of black holes. While common
in phenomenological studies of cosmological entropic
models, this is not derived from a thermodynamic pre-
scription. Therefore, our framework here, should be under-
stood in the light of the recent critical analysis by [95].

TABLE I. Conditions on parameters α, α�, β, and γ under
which the generalized S3 and S4 entropies reduce to standard
modified forms: SSM [17,18], ST [5], SB [16,102], SR [105], SLQG,
and SK [19].

System Conditions on α; α�; β; γ Entropy

S4 α− ¼ 0; αþ ¼ γ SSM
αþ → ∞; α− ¼ 0 ST; SB

α− ¼ 0; αþ ¼ γ, β → 0 (with αþ=β finite) SR
β → ∞; α− ¼ 0; αþ ¼ γ SLQG

β → ∞; αþ ¼ α− SK

S3 γ ¼ α SSM
α → ∞ ST; SB

α, β → 0 (with α=β finite) SR
β → ∞; γ ¼ α SLQG
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In their work, the entropic cosmology construction is
placed on a systematic thermodynamic footing by:
(i) applying the Clausius relation on a cosmological
horizon under the holographic principle, (ii) specifying a
mass-to-horizon relation MðLÞ (often taken as a power
law in the horizon scale L), and (iii) deriving the temper-
ature as the thermodynamic conjugate of the chosen
entropy SðLÞ. They show that, once these considerations
are imposed consistently, all modified entropic force
models based on extended entropies are equivalent to
the standard Bekenstein-Hawking entropy with Hawking
temperature, and therefore do not introduce genuinely new
cosmological dynamics.
In summary, our implementation here should there-

fore be viewed only as an effective phenomenological
parameterization of deviations from the standard entro-
pic scenario, rather than as a fully consistent entropic
theory. Our results are to be interpreted accordingly: they
quantify how well such an effective modification fits late-
time cosmological data under the specific assumptions for
apparent horizon and Gibbons–Hawking temperature,
without claiming that these assumptions correspond to
a unique or thermodynamically complete microscopic
description. As a result, the full set of thermodynamic
relations implied by a Clausius derivation with con-
sistent conjugate variables is not satisfied in the present
setup.

III. DATASET AND ANALYSIS

In this section, we briefly describe the datasets employed
to constrain the models introduced earlier.

A. SNe Datasets

We utilize the well-established Pantheonþ ðPanþÞ data-
set, which comprises 1701 light curves of 1550 spectro-
scopically confirmed Type Ia supernovae. This compilation
includes an extensive review of redshifts, peculiar veloc-
ities, photometric calibrations, and intrinsic-scatter models,
with the supernovae observed in the redshift range
0.001 ≤ z ≤ 2.26. When constraining the models using
only the Panþ dataset, we apply a prior on the absolute
magnitude,Mb ¼ −19.253� 0.029, which is equivalent to
the Cepheid calibration presented in [106].
In addition, we also utilize the more recent DESy5

dataset, which is composed of supernovae collected
during the five-year DES Supernova Program. The
classification of these supernovae is achieved using a
machine learning algorithm applied to their light curves
across four photometric bands [107]. The DESy5 sample
consists of 1830 Type Ia supernovae spanning a redshift
range of 0.02 ≤ z ≤ 1.13. Although the DESy5 sample has
not been scrutinized as rigorously as the Panþ dataset,
our aim is to refine the constraints and compare them
with recent findings on dynamical dark energy reported

in [108],5 where the former plays a very crucial role in
providing higher significance for the evidence in favor of
phantom-crossing. The likelihood for the SNe datasets is
given by,

LSNe ¼ exp

�
−
1

2

XNSNe

i¼1

ðμthðziÞ − μobsðziÞÞ2
σ2μ;i

�
; ð18Þ

where μthðziÞ is the theoretical distance modulus, μobsðziÞ is
the observed distancemodulus, and σμ;i is the uncertainty in
the observed distance modulus for the ith supernova. The
theoretical distance modulus is given by

μthðzÞ ¼ 5 log10

�
DLðzÞ
1 Mpc

�
þ 25; ð19Þ

where DLðzÞ is the luminosity distance, which can be
computed from the Hubble parameter HðzÞ as

DLðzÞ ¼
c
H0

Z
z

0

dz0

Eðz0Þ ; ð20Þ

with EðzÞ ¼ HðzÞ=H0 being the dimensionless Hubble
parameter estimated by numerically solving Eqs. (11)
and (10). The luminosity distance is related to the angular
diameter distance byDLðzÞ ¼ ð1þ zÞDMðzÞ, whereDMðzÞ
is the transverse comoving distance.

B. Baryon acoustic oscillations (BAO) dataset

We employ the most recent BAO measurements from the
DESI data release (DESI-DR2)6 [64]. This dataset pro-
vides measurements of the transverse comoving distance
(DMðzÞ=rd) and the Hubble rate (DHðzÞ=rd ≡ c=HðzÞrd),
relative to the sound horizon (rd), in six redshift bins over
the range 0.1 ≤ z ≤ 4.2, based on observations of over six
million extragalactic objects. For a complete summary, see
Table IV in [64]. While the fDM; DHg measurements at a
given redshift bin are mildly correlated (see last column of
Table IV in [64]), there exists no correlation between
the measurements at different redshift bins, as they are
nonoverlapping.
We use this uncalibrated BAO dataset in conjunction

with the inverse distance ladder approach [109–111],
adopting priors on the sound horizon obtained from
CMB data [32] as described in Sec. III C. The likelihood
for the BAO data is given by

5Note that in our joint analysis, both the Panþ and DESy5
datasets are treated as uncalibrated. However, when analyzed
individually, with the Panþ dataset we utilize the Mb prior, while
the DESy5 dataset accounts for absolute magnitude calibration
through analytical marginalization, which precludes a direct
determination of H0 [107].

6We also report constraints using DESI-DR1 [108], noting that
much of the analysis preceding DR2 was performed with this
earlier release.
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LBAO ¼ exp

�
−
1

2

XNBAO¼6

i¼1

ðΔμ:C−1
DM;DH

:ΔμÞ2
�
; ð21Þ

where Δμ≡ fΔDM;i;ΔDH;ig is the list of residuals for
ΔDM;i ¼ DM;i −DM;thðziÞ and ΔDH;i ¼ DH;i −DH;thðziÞ
are the residuals between the observed and theoretical
values of the transverse comoving distance and the Hubble
rate, respectively, at the ith redshift bin. The theoretical
values are computed using the sound horizon rd and the
Hubble parameter HðzÞ as described above.

C. Inverse distance ladder (IDL) priors

We adopt priors on prerecombination physics, which
have been robustly shown to be independent of late-time
cosmology [112]. Our chosen priors on frd; Hrecg7 are
comparable to, yet less stringent than, the ΛCDM-based
CMB background priors used in [113] and the early
Universe priors implemented in [67,108] (see also
[114]). Specifically, we use the values and covariance from
[115] (see Table VII therein), derived using Planck 2018
likelihoods [116]. These priors play a crucial role in our
inverse distance ladder analysis of the BAO data, exerting
only a minor influence on late-time parameter constraints
and the determination of H0. In addition, we impose a
parametric fitting formula for the sound horizon from [117]

rd ∼ 147.05

�
ωb

0.02236

�
−0.13

�
ωcb

0.1432

�
−0.23

�
Neff

3.04

�
−0.1

ð22Þ

where we assume BBN constraints on baryon density
ωb ¼ Ωbh2 ¼ 0.02218� 0.00055 [118]8 and Ωνh2 ¼
6.42 × 10−4 and Neff ¼ 3.046 [120], which is utilized to
compute ωcb ¼ ωc þ ωb ≡Ωm0h2 −Ωνh2. We note that
using an equivalent fitting function as in [110] does not
alter our conclusions. Incorporating Eq. (22) alongside the
rd prior based on the ΛCDM-CMB constraints ensures that
the early universe remains unaltered relative to the con-
cordance cosmology, which is essential for attributing any
deviations to late-time modifications in the background
evolution. Note that, when a Gaussian prior is assumed on
the value of sound horizon at drag epoch, the inclusion of
the fitting formula can be avoided or is no longer strictly
needed. However, we do so here, (i) to alleviate the large
degeneracy of the matter density and the entropic model

parameters at late-times (see Sec. IV) and (ii) that we
impose the early time behavior of the current models to be
ΛCDM-like at early times, i.e., the dark energy density
becomes negligible (see Fig. 3), this allows us to assume
the fitting formula in conjunction with the Gaussian prior to
improve the overall constraints. A non-negligible contri-
bution of dark energy at early times would require a self-
consistent treatment at early times, which could infact alter
the background evolution prior to drag epoch and hence the
value of rd itself.
The Gaussian prior for the IDL is then written as

χ2IDL ¼ ΔμT
IDLC

−1
Hrec;rd

ΔμIDL; ð23Þ

where ΔμIDL ¼ fΔHrec;Δrdg represents the residuals
between the prior value and the theoretical predictions
estimated using rdðH0;Ωm0Þ from Eq. (22) and Hrec ≡
Hðz ¼ 1089; H0;Ωm0Þ, and CHrec;rd is the covariance
matrix of the prior. Finally, we implement a joint
Gaussian likelihood function

lnL ¼ lnLSNe þ lnLBAO þ lnLIDL; ð24Þ

where, the IDL priors in Eq. (23) are included in summa-
tion, which is then sampled upon to obtain the posteriors
for the parameters of the entropy models.
We perform a fully Bayesian joint analysis of the datasets

using the EMCEE package [121], which implements an
affine-invariant ensemble sampler. MCMC samples are
generated with CORNER

9 and/or GetDist
10 [122]. In Table II,

we list the priors employed in our Bayesian analysis. For the
MCMC analysis, we work with the logarithms of the
parameters α� and γ to span several orders of magnitude
conveniently. The priors on fα�; γ; βg are chosen to be broad
enough to encompass the ranges reported in the literature for
various entropy models.
In this analysis, we impose a Gaussian prior on the

sound horizon at the drag epoch rd as an external
calibration, following standard practice in late-time
BAO-based cosmological studies. We emphasize that this

TABLE II. Priors used in the Bayesian analysis.

Parameter Model Prior

Ωm0 [0.1, 1.0]
H0 [60.0, 80.0]
log α−, log αþ S4 ½−5.0; 2.0�
log α S3 ½−5.0; 2.0�
log γ S3, S4 ½−5.0; 2.0�
β S3, S4 [0.0, 2.0]
Mb ½−20.0;−18.0�

7Notice that at recombination redshift (zrec ∼ 1089) the con-
tribution of expansion rate will be dominated by physical matter
density H2

rec ∼Ωmh2 þΩradh2 and be essentially equivalent to
the background priors as implemented in [113].

8Given the stringent constraint, we do not sample upon the
baryon matter density but fix it to its mean value. Note also that
this value is consistent with older estimates reported as Ωbh2 ¼
0.0217 [119], as we have utilized in [60].

9https://corner.readthedocs.io/en/latest/
10https://getdist.readthedocs.io/
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prior is mildly11 model-dependent and originates from early
Universe physics within the ΛCDM framework. The prior
on rd is adopted to isolate and test the impact of modified
late-time expansion dynamics against cosmological observ-
ables, without attempting to self-consistently model the
prerecombination era. As late-time data alone do not
constrain rd, such a calibration is necessary to meaningfully
compare models at the phenomenological level. We empha-
size that a fully self-consistent treatment would require
computing rd from the underlying model and including
early Universe datasets. The results presented here should
therefore be interpreted as conditional on the chosen
calibration of the sound horizon.
We also assess the Bayesian evidence ΔB [123,124]

utilizing a modified version of MCEvidence
12 [125]. We

follow the convention that a negative value of Δ logB ¼
logBI − logBRef¼ΛCDM implies that the model I under
consideration is disfavored relative to the reference
(ΛCDM) model. The usual practice to contrast with the
Jefferys’ scale [126,127] (see also [124,128]) is to consider
Δ logB < 0 as disfavored, 0 < Δ logB < 1 as weakly
favored, 1 < Δ logB < 2.5 as moderately favored, and
Δ logB > 2.5 as strongly favored. We also note that the
Bayesian evidence is sensitive to the prior choice and, thus
should be interpreted with caution.

IV. RESULTS AND DISCUSSION

We begin by presenting the general constraints on the
three-parameter (S3) and four-parameter (S4) entropy
models (see Figs. 1 and 5). The corresponding constraints
are summarized in Tables III and IV.
In Figs. 1 and 2, the contour plots for the S3 entropy

model are shown for various dataset combinations:
DESI-DR2 alone, Pantheonþ þ DESI-DR2, and DESy5þ
DESI-DR2. Our analysis indicates that the model param-
eters are reasonably well constrained overall. In particular,
there is a significant correlation between the Hubble
parameter H0 and the parameter β (and, by implication,
with Ωm0), which tends to yield larger values of H0 for
β > 1.0. However, when BAO data are included, as in the
DESy5þ DESI-DR2 combination, this correlation shifts
toward β ∼ 1.0, resulting in a reduced value of H0 of
68.42� 0.77 km=s Mpc−1. This result is in agreement
with the H0 values reported for the standard ΛCDM model
in [64] and highlights how the BAO data constrain late-time
modifications that might resolve the H0 tension, as already
noted in several works [115,129,130]. Furthermore, we find

that the two entropy parameters, γ and α, exhibit a very high
degree of correlation (with γ=α → 1) when BAO data are
included. This strong correlation is relaxed when the con-
straints are derived solely from the SNe datasets, as illus-
trated in Fig. 2, also accompanied by the preference
for β < 1.
The four-parameter entropy encompasses the Kaniadakis

entropy in addition to all the other entropies already present
in S3. As shown in Table IV, we recover similar constraints
as in the S3 model for the standard cosmological param-
eters. On the other hand, for the parameters describing the
entropy itself, we find no constraints, while the αþ; α−; γ
show a positively correlated behavior, highlighting the
strong degeneracy among them. Also indicating that the
flexibility13 of the model is probably not constrainable by
the background observables alone and might require the
treatment of the perturbations as well, for instance as
implemented in [131], to break the degeneracies.
Also, the constraints are in very good agreement with the

theoretical limits on the parameters and are summarized in
Eq. (17). We find that the constraint on the β ¼ 1.067þ0.01

−0.02
is much more extended and through correlation arrives at
H0 ∼ 72, within ∼2σ confidence level, when using only the
BAO DESI-DR2 data. Which is however, once again,
disfavored by both the SNe datasets enforcing the index
to be consistent with unity in a joint analysis. Comparing
the BAO constraints from the DESI DR1 [108] and DR2
[64] datasets, we find that the latter provides a more
stringent constraint on H0 and Ωm0, as anticipated. The
effect is even more pronounced for the S4 model where
DESI-DR1 constraint ofH0 ¼ 70.70� 1.50 is improved to
H0 ¼ 69.62� 0.72 with the more recent DR2 data.
Similarly the constraints on β also become more consistent
with unity for the DR2 dataset. While at the face value the
constraints on β are stringently constrained by the late-time
BAO data, we clarify that the major improvement in the
constraints is aided by the inclusion of the prerecombina-
tion physics through the fitting formula of sound horizon in
Eq. (22), aided by the inverse distance ladder prior on rd
from the CMB data. For instance, imposing only a prior on
rd from the CMB data without the inclusion of the fitting
formula drives the constraints to β < 1, while also provid-
ing lower values of Ωm0 < 0.3 at ∼2σ confidence level.
While this will be more consistent with the SNe datasets,
note that the SNe are unable to provide any limits on the
matter density.
As described in Sec. II, constraints on the generalized S4

and S3 model can be reduced to different entropy models as
summarized in Table I. Therefore, we now proceed to make
the numerical comparison of the posteriors to the criteria11The sound horizon at drag epoch (rd) is expected to remain

essentially unchanged under late-time dark energy modifications.
Specific early time modifications which produce appreciable
variations in the estimates of rd, such as effective number of
relativistic species (Neff ) not relevant for the late-time phenom-
enological framework considered here.

12https://github.com/yabebalFantaye/MCEvidence

13On the other hand, with all the available flexibility the GT
implementation of the generalized entropies does not suffer from
overfitting issues having well-defined dark energy equation of
state, (see also Sec. IVA) behavior.
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presented in Table I to evaluate the preference for the
different entropy models. We find that both the S3 and S4

models capable of describing the standard ΛCDM model,
essentially implying the standard Bekenstein-Hawking
entropy, as indicated by the constraints on α → ∞ and β
being consistent with unity.14 Both the generalizations S3

and S4 are also very-well capable of describing both
the Tsallis and Barrow entropies, with the parameter β ¼
0.9963þ0.0054

−0.0029 and β¼ 1.0018þ0.0017
−0.0055 , respectively, when

utilizing the data combination of DESI-DR2þ DESy5.

The constraints on the parameter β here can be straight
away compared with the usual notations of 1þ Δ=2 → β in
the case of Barrow [16,102] and δ → β in Tsallis [14] cases.
Following which we place 68% confidence level limits on
the Barrow fractal index as Δ ¼ −0.007þ0.010

−0.006 and Δ ¼
0.004þ0.003

−0.011 using S3 and S4 models, respectively, with
DESI-DR2þ DESy5 data. Note that the data com-
bination of DESI-DR2+Panþ provides even tighter con-
straints on the parameter β for both the models, however,
we quote here slightly conservative limits using the DESI-
DR2þ DESy5 dataset.
Contrasting our posteriors with the limits presented in

Table I, we find that the loop quantum gravity and the
Renyi entropy are extremely disfavored as the limiting
case of β → ∞ and β → 0, respectively, are completely
ruled out by the data. Similarly, for the Kaniadakis entropy

FIG. 1. Contour plots for the generalized three-parameter entropy model (S3) obtained from the DESI-DR2, DESI-DR2þ Pantheonþ,
and DESI-DR2þ DESy5 dataset combinations. For brevity, the parameter γ—which is constrained equivalently to α when BAO data
are included—has been omitted here (see the left panel of Fig. 2 for further details).

14The constraints here obtained for late-time DE phenomenol-
ogy should not be contrasted immediately with the limits form
early universe [25], where they place limits of 0.08 < β < 0.4
based on inflation and reheating considerations.
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encompassed by the S4 model alone, we find that the
β → ∞ case is disfavored even if the α− ¼ αþ condition
can be met within the posteriors.
In summary, our results demonstrate that both exten-

ded entropy models are well constrained by current data,
with detailed parameter correlations emerging, especially
when combining BAO and SNe data. These findings
provide important insights into the potential of late-time

cosmological observations to test modified gravity and
entropy frameworks against the standard ΛCDM model.
However, the constraints are consistent with the ΛCDM
model at large and can be utilized to comprehensively rule
out models based on Kaniadakis, loop quantum gravity, and
Renyi entropies in the gravity-thermodynamics formalism.
Following these conclusions, we now proceed to elaborate
on the dark energy phenomenology.

TABLE III. Constraints (68% CL) on the model parameters of the three parameter entropic model, S3. The
parameter H0, rd are presented in the units of km=s Mpc−1, Mpc, respectively. In all the runs, that include the BAO
data, only the IDL priors as described in section III C are imposed. In the first row where Panþ data alone is used we
impose also a prior on the absolute magnitude Mb, calibrated to the SH0ES result.

Dataset Ωm H0 log α β log γ

Panþ � � � 73.30þ1.00
−1.00 > − 2.45 0.82þ0.21

−0.19 < − 1.65
DESy5 � � � � � � � � � 0.83þ0.29

−0.24 < − 1.56
DESI-DR1 0.296þ0.0079

−0.0091 69.60þ1.00
−1.00 < − 1.47 1.0þ0.0037

−0.0042 < − 1.47
DESI-DR2 0.2995þ0.0055

−0.0055 69.23þ0.65
−0.65 < − 1.54 1.0015þ0.0022

−0.0030 < − 1.54
PanþþDESI-DR1 0.306þ0.0069

−0.0069 68.42þ0.77
−0.77 < − 1.88 0.997þ0.0042

−0.0027 < − 1.88
DESy5 + DESI-DR1 0.313þ0.007

−0.007 67.73þ0.72
−0.72 < − 2.00 0.993þ0.0051

−0.0028 < − 2.00
PanþþDESI-DR2 0.3045þ0.0051

−0.0051 68.67þ0.57
−0.57 < − 1.65 0.9991þ0.0027

−0.0020 < − 1.66
DESy5 + DESI-DR2 0.3135þ0.0069

−0.0069 67.68þ0.74
−0.74 < − 2.08 0.9936þ0.0054

−0.0029 < − 2.09

TABLE IV. Same as table III, but for the four parameter S4 model. The analysis is performed identical to the case
of S3.

Dataset Ωm H0 log α− log αþ β log γ

Panþ � � � 73.25þ0.96
−0.96 � � � > − 2.46 0.87þ0.21

−0.24 < − 1.23
DESy5 � � � � � � � � � > − 1.91 0.80þ0.25

−0.25 < − 1.48
DESI-DR1 0.287þ0.012

−0.012 70.70þ1.50
−1.50 −1.7þ2.0

−1.8 −1.3þ2.1
−1.7 1.067þ0.042

−0.081 −0.99þ2.20
−1.40

DESI-DR2 0.2968þ0.0061
−0.0061 69.62þ0.72

−0.72 < − 1.39 −1.3þ2.0
−1.8 1.0178þ0.0098

−0.020 −1.2þ1.8
−2.0

PanþþDESI-DR1 0.3047þ0.0072
−0.0072 68.60þ0.78

−0.78 < − 1.44 −1.5þ1.6
−2.0 1.021þ0.011

−0.029 −1.40þ1.70
−2.00

DESy5 + DESI-DR1 0.3105þ0.0077
−0.0077 68.02þ0.81

−0.94 < − 1.97 > − 1.52 1.0141þ0.0055
−0.032 > − 1.46

PanþþDESI-DR2 0.3045þ0.0048
−0.0048 68.68þ0.54

−0.54 < − 2.59 > − 0.914 1.0004þ0.0012
−0.0018 > − 0.913

DESy5 + DESI-DR2 0.3075þ0.0049
−0.0049 68.31þ0.54

−0.54 < − 2.20 > − 0.980 1.0018þ0.0017
−0.0055 > − 0.969

FIG. 2. Left: contour plots for the three-parameter entropy model (S3) displaying the parameters γ, α, and β. Right: Corresponding
contour plots for the four-parameter entropy model (S4), illustrating the correlation between γ, α�, and β. The contours are derived from
the DESI-DR2, Pantheonþ, and DESy5 datasets individually.
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A. Dark energy constraints

As discussed in [132], the gravity-thermodynamics (GT)
approach introduces a radiation-like correction to ΛCDM
and, consequently, a dark energy (DE) equation of state
(EoS) that differs from w ¼ −1. This correction results
in a tracking behavior wherein the DE EoS closely follows
the EoS of the dominant density component at each

epoch [46,47,60,98]. In Fig. 3, we present the evolution
of the energy densities for the S3 model, for different
components along with 95% confidence level region
obtained using the DESI-DR2 BAO and Panþ SNe
dataset. As can be seen, all the energy densities are
well constrained, with the DE density (ΩGT) being
consistent with the standard ΛCDM expectation of ΩΛ
being negligible at early times, and validating the
applicability of the fitting formula for rd in Eq. (22).
Similar evolution is also observed for the S4 model,
which is not shown here for brevity. We find that the
behavior of the extended models here is consistent to that
of the simpler Barrow/Tsallis models tested earlier
in [60,98].
In the left panel of Fig. 4, we present the reconstructed

DE EoS over the redshift range z∈ ½0; 3�. We split the
overall posterior into two regions: ΩGT < 0 (blue) and
ΩGT > 0 (purple), where the former is aided by a
singularity in the DE EoS, and the latter is consistent
with quintessencelike behavior in this redshift range. The
shaded region indicates the 68% confidence level (CL)
regions obtained using the BAO (DESI-DR2) and SNe
(Panþ) datasets. The DE EoS exhibits a transition from a
matterlike state to a cosmological constantlike state,
with the possibility of both quintessence and phantom
behavior. Both the phantom and the quintessence
branches converge to matterlike EoS (w → 0) deep inside
the matter-dominated regime before transitioning to the
radiationlike (w → 1=3) EoS. For comparison we also
show the Barrow entropy model, using the DESI-DR2
+Panþ datasets, as formulated in [60,98], which does not
exhibit this singular behavior, but rather smoothly tran-
sitions from w → −1 to w → 0 in the redshift interval

FIG. 3. Evolution of the energy densities within the S3 model,
showing the radiation (orange), matter (blue), and dark energy
ΩGT (green) components. The shaded region denotes the 95%
confidence level region obtained using the DESI-DR2 BAO and
Panþ SNe dataset. The vertical-dashed line marks recombination
redshift zrec ∼ 1089. We show for comparison the corresponding
evolution of densities (blackwith same line style) inΛCDMmodel
with Ωm0 ¼ 0.296 and H0 ¼ 68.54 km=s Mpc−1, obtained using
the same dataset combination.

FIG. 4. Evolution of the dark energy equation of state (EoS) for various scenarios within the S3 model. Left panel showing the
extended redshift range and right limited to the redshift range of the late-time data. The shaded area denotes the 68% confidence-level
region obtained using the DESI-DR2 BAO and Panþ SNe dataset. For comparison, the evolution for the Barrow entropy (SB) model, as
formulated in [60], is also shown. We also show the CPL parametrization obtained using the same dataset combination. The vertical-
dashed line in the right panel marks the tentative limit of the currently available data and coincides with the z ¼ 3 limit of the left panel.
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2≲ z≲ 4. Also, it is mildly phantomlike at z≲ 1.5.
The joint reconstruction of EoS using the complete
posteriors clearly provides a cosmological constant like
behavior. While Barrow entropy is clearly within the
allowed parameter space of the S3 posteriors, the
marginalizing effects on the additional free parameters
of the latter extended model provide different recon-
structed DE EoS.
We find that the phenomenon for ΩGT < 0 is subtly

driven by the condition β < 1 in the generalized entropy
models. Such behavior was also noticed in our earlier
analysis in [60] (see Fig. 4. therein) for the Tsallis
entropy formulations. In turn, as we have elaborated
earlier the β < 1 is mostly driven by the SNe datasets.
This is also consistent with the claims for the detection of
the phantom crossing and the dynamic nature of DE,
which are strongly driven by the inclusion of the SNe
datasets.
To compare with the standard analysis for dynamical

dark energy in [64,67], we also show the EoS for the
CPL parametrization [133,134]15 in Fig. 4. The standard
CPL parametrization predicts a phantom crossing around
z ∼ 0.6, which is not supported by the generalized
gravity-thermodynamics models. In the right panel of
Fig. 4, we show the reconstruction of the DE EoS in both
the GT formalism and through CPL parametrization
extended to the high redshifts. As one can notice the
GT based wðzÞ reconstructed the entire parameter space,
shows a singularity-like behavior around z ∼ 7 before
tending to matterlike w → 0 and then slowly evolving to
radiationlike w → 1=3. It is also interesting to note that
this transition happens earlier in the generalized S3

entropy model than in the Barrow entropy model.
While the GT formalism does not provide the phantom
crossing, as expected from the CPL parametrization of
wðzÞ, it indeed tends to phantom values toward the
farthest range of the presently available data z → 2.5.
It is also worth mentioning that, if a prior of ΩGTðzÞ > 0

is imposed over the entire redshift range, it is possible to
obtain tentative upper limits on the parameters of the S3

model, α, γ < 1.0 at 2σ confidence level. While this could
be physically motivated before avoiding negative energy
densities and subsequently nonphantom DE EoS, we
remain with full parameter space to make an equivalent
comparison with CPL parametrization-based wðzÞ. These
limits then, in turn, will be crucial for the Barrow and
Tsallis entropies, which have α → ∞, αþ → ∞ as the
limiting case within the S3 and S4 models.

B. Model selection

Finally, we compute the Bayesian evidence for the
models S3 and S4 against the ΛCDM model. We find that

the extended parameter space of the S3 and S4 models is
extremely disfavored over the standard ΛCDM model.
We find a logB ∼ −7.80 and logB ∼ −7.79 for the model
S3 model when using the DESI-DR2+Panþ and DESI-
DR2þ DESy5 dataset combinations, respectively.
Similarly, we find logB ∼ −13.77 and logB ∼ −12.64
for the S4 model when using the DESI-DR2+Panþ and
DESI-DR2þ DESy5 dataset combinations, respectively.
While the S4 model is strongly disfavored, we find the S3

model is disfavored only at a similar level as the Barrow
and Tsallis entropy models assessed in [60].
In all, there is a clear indication of the strong preference

against the GT approach with S4 entropy, as the large
parameter space of the extended entropy models does not
yield any preference over the standard ΛCDM model. This
also implies that there is no immediate need to extend the
parameter space of entropy models in the GT approach
through further generalized entropy formulations, such as
the five [27] and six parameter [25,45] models proposed
through a similar approach. Instead, it could be of utmost
interest to explore entropy models in the context of
providing a varied dark energy phenomenology at late
times wðz → 0Þ ≠ −1, keeping to the trackinglike16 behav-
ior of the GT approach at early times.

V. CONCLUSIONS

In this work, we have applied a gravity-thermodynamics
(GT) approach to implement a recently proposed general-
ized entropy functional form that can capture a wide range
of dark energy (DE) phenomenology. We performed a
comprehensive numerical analysis to constrain the model
parameters using the latest BAO (DESI) and SNe
(Pantheonþ and DESy5) datasets, with the inverse dis-
tance ladder priors properly incorporated. Our principal
findings can be summarized as follows:
(1) Consistency with ΛCDM: The three- and four-

parameter extensions of the entropy models yield
constraints that are in agreement with the standard
ΛCDM scenario, albeit with mild deviations capable
of producing a dynamical DE equation of state.

(2) Reduction to standard entropy: Our posterior
analysis demonstrates that the generalized entropy
models effectively reduce to the standard Beken-
stein-Hawking entropy, showing mild preference
for Sharma-Mittal entropy and little to no prefer-
ence for alternative modified entropy forms such
as those proposed by Barrow, Tsallis, Rényi, and
Kaniadakis.

(3) Enhanced dark energy phenomenology: Despite
converging to the standard Bekenstein-Hawking

15In the CPL model the DE EoS is parametrized as
wðaÞ ¼ w0 þ wað1 − aÞ.

16Along side the discussions limited to the GT approach, we
find that a recent implementation of the gravity-glitch model in
[135,136], provides equivalent DE EoS behavior as the current
models.
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entropy (SBH), the extended parameter space of the
S3 and S4 models provides a considerable range of
dark energy dynamics, as illustrated in Fig. 4.

(4) Bayesian evidence: We computed the Bayesian
evidence for the S3 and S4 models. For the
DESI-DR2+Panþ dataset combination, the extended
parameter space does not offer any statistical ad-
vantage over the ΛCDMmodel, being disfavored by
at least Δ logB ∼ −8 for both models. Similarly,
with DESy5þ DESI-DR2, we find Δ logB ∼ −8
and Δ logB ∼ −13 for S3 and S4, respectively.
These findings are consistent with those reported
in [60] for Barrow and Tsallis entropy models.
Overall, the Bayesian analysis indicates that the
large parameter space of the extended entropy
models does not result in any advantage over the
standard ΛCDM model. The evidence suggests a
marked preference against the GT approach.

While the extended parameter space of the S3 and S4

models yields a rich dark energy phenomenology, it
does not lead to a statistical preference over the standard
ΛCDM. Also the gravity-thermodynamics framework
is not capable of mimicking the phenomenology of
phantom crossing. It is of minimal interest to extend the
analysis to the holographic approach using similar
extended entropy formalism. Notably, given that the
holographic approach often results in a near freezing-

quintessencelike behavior [36,60,94,99,137], and in light
of recent indications of a phantom crossing in the DE
equation of state [64,67,68,108], exploring such alterna-
tives remains an intriguing direction to investigate, however
requiring necessary modifications from the current
approach. In all, at a face value, we conclude that the
current DESI-DR2 and DESyr5 data could be pointing
away from the gravity-thermodynamics formalism, as
investigated here.
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APPENDIX: TABLES OF CONSTRAINTS AND POSTERIOR CONTOURS

For brevity in the main text we show the table of constraints for the S3 and S4 in the appendix here. The contour plots of
the S4 model are shown here in Fig. 5.

FIG. 5. Same as Fig. 1, for the four parameter extended model (S4). Similar to the case of S3 entropy, here we exclude the γ parameter
which is highly correlated αþ when using the BAO datasets (see right panel of Fig. 2).
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