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We present a compact form of the massive 1 → 3 tree-level QCD splitting functions and discuss a
decomposition of the results in terms of lower-order expressions, scalar dipole antenna functions and pure
higher-order remainders. The two-gluon radiator functions introduced in this context are novel and
generalize expressions obtained from the double-soft approximation. Our results are obtained without
reference to soft or quasicollinear limits.
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I. INTRODUCTION

Final states with large multiplicities of jets initiated by
massive partons are of particular interest to the future of the
Large Hadron Collider (LHC) experimental program [1].
Both the top quark and Higgs boson preferentially decay
via bottom quarks. Higgs decays to charm quark pairs have
also grown in their relevance at the high-luminosity LHC
(HL-LHC), following the rapid development of jet flavor
tagging algorithms powered by sophisticated machine
learning techniques [2,3]. Early versions of these heavy
quark taggers primarily relied on identifying the decay
products of heavy hadrons produced in the jets, while
modern taggers exploit differences between the fragmen-
tation patterns of light and heavy partons [3–6]. These
algorithms have advanced to the point that processes
originally thought impossible to study at the HL-LHC—
namely, the production of Higgs boson pairs decaying via
bottom quarks—will now be observed with high signifi-
cance before the end of Run 5 [7]. The development of
improved theory predictions that include mass effects is
thus highly motivated.
At the same time, QCD jet evolution at the LHC has been

measured to astonishing precision [8–19]. While the large
dynamic range originating in the high center-of-mass
energy of the collider makes it possible to treat the effects
of heavy quark masses as a somewhat secondary problem
today, the ever-increasing experimental precision will soon
lead to scenarios where massless approximations can no
longer be justified. Improved theory for heavy quarks
should also be included consistently within the parton

shower Monte Carlo algorithms [20,21] used both to
measure jet dynamics and to train the fully supervised
algorithms that empower physics analyses. This will be
necessary in particular to avoid potential biases and
uncertainty due to the model dependence of classifiers
[22–24].
In this work, we compute some important components

needed for precision theory in heavy quark final states: the
tree-level three-parton splitting functions and the scalar
dipole antenna functions including mass effects. While the
splitting functions are already known [25,26], we present
them in a significantly more compact form than existing
literature, which will alleviate their integration into massive
infrared subtraction schemes, higher logarithmic resumma-
tion, and parton shower simulations, and provide faster
evaluation and improved numerical stability in practical
applications. The massive scalar dipole radiators are
computed for the first time, as is the decomposition of
the splitting functions into scalar radiators and pure split-
ting remainders.
The factorization of QCD scattering amplitudes is at the

heart of most modern techniques to compute higher-order
QCD corrections to scattering processes at colliders. At
fixed order in perturbation theory, it allows one to construct
infrared subtraction algorithms that enable the extraction of
singularities from the real and virtual corrections in order to
make each component finite and amenable to Monte Carlo
integration over the final-state phase space [27,28]. In
resummed perturbation theory, it enables the derivation of
anomalous dimensions that govern the scaling of cross
sections with changing resolution scale. For particles with
masses, the factorization typically relies on the quasicol-
linear limit, which requires a simultaneous scaling of the
collinear transverse momentum and the parton masses. This
procedure retains the correct soft behavior of collinear
scattering amplitudes at leading power, but it is somewhat
unphysical, because the on-shell parton masses should
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remain, in fact, constant. As a direct consequence, one
observes a noncommutativity of limits [29–31] that can
only be resolved by accounting for the physical features of
the scattering matrix elements lost in the limiting pro-
cedure. Here we use a different concept, which avoids the
introduction of kinematical limits altogether. It is based on
the observation that infrared singularities arise as a con-
sequence of degenerate asymptotic states [32,33], such that
QCD splitting functions can be computed as reduced
matrix elements in a physical gauge [34–38]. Their leading
singularities are determined by the semiclassical approxi-
mation [39,40], which can be derived from splitting
functions in a scalar QCD, with the scalars playing the
role of the semiclassical particles. This eventually allows
one to derive any splitting function in terms of scalar
multipole radiator functions and pure splitting remainders
with a lower degree of divergence in the kinematical
limits [41].
This manuscript is organized as follows: In Sec. II we

provide a brief introduction to the method and compute the
one-to-two massive splitting functions as simple examples.
Section III presents the new results for one-to-three split-
ting functions with massive partons, as well as the two-
emission dipole antenna radiator functions with massive
partons. The decomposition of the splitting functions is
discussed in Sec. V, and Sec. VI presents an outlook.

II. BACKGROUND, TECHNIQUES, AND
LEADING-ORDER RESULTS

The motivation for our work stems from the simple yet
important observation that the soft and collinear limits of
QCD scattering amplitudes do not commute beyond lead-
ing power. To exemplify this, we consider the one-to-two
parton splitting for a massive quark in the quasicollinear
limit. The splitting function reads

hPq→qgðzÞi ¼ CF

�
2z

1 − z
−

m2
q

pqpg
þ ð1 − εÞð1 − zÞ

�
;

where pq and pg are the quark and gluon momenta and z is
the light-cone momentum fraction of the quark with respect
to the parent quark. The soft component of this splitting
function is given by the z → 1 limit. At leading power in
the soft scaling parameter it reads

hPq→qðzÞi⟶z→1
CF

�
2

1 − z
−

m2
q

pqpg

�
:

If this limit was physically meaningful, we should be able
to first apply it to a complete matrix element including the
quark and the gluon, and then take the quasicollinear limit
on the result. The leading-power soft limit of a QCD matrix
element is given in terms of the square of the soft-gluon
current, Jμ [42]. For a process involving a heavy quark and

a gluon in the final state, the quark-gluon quasicollinear
limit on the squared current leads to

JμJμ ⟶
qkg

∝ CF

�
2z

1 − z
−

m2
q

pqpg

�
:

The difference to the leading-power soft limit of the
quasicollinear result is obvious. This simple example
shows that the two kinematical limits do not commute,
even at the lowest nontrivial order. The reason is that
leading terms in one of the limits are subleading in the
other. As a direct consequence, the leading-power expres-
sions obscure the factorization of higher-order QCD split-
ting functions, and an extension to higher powers becomes
mandatory to establish a systematic factorization of matrix
elements at higher orders in the coupling. We will therefore
refrain from using any kinematical approximation at all,
and base our calculation on a different principle.
The key observation of our method is that the leading

components of splitting functions in a gauge theory with
spin are given in terms of the semiclassical expressions,
which coincide with the results of the corresponding scalar
theory [39,40]. This allows us to separate out the spin-
dependent components, which do not contribute to a dipole
radiation pattern. The physical picture is consistent with the
well-known decomposition of the current into a charge
current and a polarization current [43]. In Ref. [41], this
idea was used to define a new technique to assemble
splitting functions from scalar dipole radiators, lower-order
splitting functions, and pure higher-order splitting remain-
ders. Here we will extend this method to massive quarks.
Because no collinear or soft limits are taken, there is no
question as to how to define their extension to the
quasicollinear region, where the on-shell particle masses
would have to be scaled proportional to the transverse
momentum. This in turn resolves common problems which
arise in the definition of polarizations of the external
particles and makes the splitting functions unambiguous.
It is important to note that the splitting remainders we

compute are finite in all hard collinear regions for fixed
parton masses due to the dead-cone effect [30,44,45].
Therefore, an infrared subtraction scheme can be devised
without explicit knowledge of those quantities. However,
for small parton masses, QCD scattering matrix elements
containing such splittings develop logarithms of the hard
scale over the parton masses, which should be resummed to
correctly account for heavy jet dynamics. Treating such
logarithms on the same footing with standard collinear
poles also improves the behavior of (semi)numerical fixed-
order calculations [46].

A. Tree-level techniques

In this section we introduce the techniques needed to
perform the calculation of the tree-level splitting functions.
We also derive the lowest-order results, which will be used
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in Sec. III to decompose the splitting functions at higher
order. Similar approaches, working directly at the level of
helicity amplitudes, were introduced in [47,48]. To achieve
a meaningful factorization of the results, we use physical
polarization states [34–38,49–53]. The polarization sum for
virtual gluons is defined in terms of a lightlike axial gauge,
which is known to be ghost free [54–58],

dμνðp; n̄Þ ¼
X
λ¼�

εμλðp; n̄Þε�νλ ðp; n̄Þ

¼ −gμν þ pμn̄ν þ pνn̄μ

pn̄
: ð1Þ

Here n̄μ is an auxiliary lightlike vector. In the case of on-
shell external partons, the polarization states are always

physical. However, the factorized expressions in Sec. V
will sometimes involve external partons that are off mass
shell. In such cases, we construct the corresponding on-
shell momentum needed to define physical wave functions
with the help of the auxiliary vector, n̄μ. For a parton with
momentum pμ and on-shell mass m, this shifted momen-
tum reads

p̄μ ¼ pμ −
p2 −m2

2pn̄
n̄μ: ð2Þ

Our calculations are based on the techniques outlined in
[53]. In this method, the splitting amplitudes for quarks or
gluons into l external partons with momenta p1…pl are
given by

Pss0
q ð1;…; lÞ ¼ δss

0
�
s1…l −m2

1…l

8παsμ
2ε

�
l−1 Tr½n̄Ψðfp1;…; plgÞΨ̄ðfp1;…; plgÞ�

Tr½n̄Ψðfp̄1…lgÞΨ̄ðfp̄1…lgÞ�
;

Pμν
g ð1;…; lÞ ¼ D − 2

2

�
s1…l

8παsμ
2ε

�
l−1 dμρðp1…l; n̄ÞJρðfp1;…; plgÞJ†σðfp1;…; plgÞdσνðp1…l; n̄Þ

dκλðp̄1…l; n̄ÞJλðfp̄1…lgÞJ†τðfp̄1…lgÞdτκðp̄1…l; n̄Þ
: ð3Þ

Here, s1…l ¼ ðp1 þ � � � þ plÞ2 is the virtuality of the l-parton final state, and m1…l is the on-shell mass of the incoming
parton. The indices s and s0 refer to the quark spin, while the gluon polarization indices are given by μ and ν. The tree-level
currents Ψ and J can be determined using recursive techniques such as the Berends-Giele method [59–62]. We compute
them in the lightlike axial gauge, Eq. (1). Only the expression for the quark current differs from the massless case discussed
in [41], and the difference amounts to a trivial change in the quark propagator. We find

ΨiðpαÞ ¼
X
fβ;γg∈
Pðα;2Þ

gsTa
ij

iσμν

p2
α −m2

α
pγ;νJaμðpγ; nÞΨjðpβÞ

þ
X
fβ;γg∈
Pðα;2Þ

�
gsTa

ijS
μðpβ; pγÞJaμðpγ; nÞ −

X
fδ;ϵg∈
OPðγ;2Þ

g2s
p2
α
fTa; TbgijJμ;aðpδ; nÞJbμðpϵ; nÞ

�
ΨjðpβÞ; ð4Þ

Jaμðpα; nÞ ¼
X
fβ;γg∈
Pðα;2Þ

�
gs
Fa
bc

2
Dμðpβ; pγÞJρ;bðpβ; nÞJcρðpγ; nÞ þ gsTa

ijΨ̄iðpγÞdμνðpα; nÞ
γν
p2
α
ΨjðpβÞ

�

−
X
fβ;γg∈
Pðα;2Þ

�
gsFc

abS
σðpβ; pγÞJcσðpγ; nÞ −

X
fδ;ϵg∈
OPðγ;2Þ

g2s
p2
α
fFc; FdgabJσ;cðpδ; nÞJdσðpϵ; nÞ

�
dμνðpα; nÞJbνðpβ; nÞ: ð5Þ

The expressions for the scalar production and decay vertices are given in complete analogy to the massless case

Sμðpi; pjÞ ¼
ð2pi þ pjÞμ
p2
ij −m2

ij
; Dμðpi; pj; n̄Þ ¼

dμνðpij; n̄Þ
p2
ij

ðpi − pjÞν: ð6Þ

To obtain compact expressions for the splitting functions, it will be convenient to use a Sudakov decomposition of the
momenta [63]. We will restrict this decomposition to its most generic form, in particular we will not rely on an explicit
definition of the transverse components. For two momenta, pμ

i and pμ
j , we have

pμ
i ¼ zi p

μ
ij − p̃μ

i;j; and pμ
j ¼ zj p

μ
ij − p̃μ

j;i; ð7Þ

where pμ
ij ¼ pμ

i þ pμ
j . The individual Sudakov components are
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zi ¼
pin̄
pijn̄

; and p̃μ
i;j ¼

zip
μ
j − zjp

μ
i

zi þ zj
: ð8Þ

This decomposition generalizes naturally to the many-
parton case.

B. Quark initial state

We begin by deriving the splitting functions for one to
two partons. The corresponding diagrams are shown in
Fig. 1. Using Eq. (3) and the recursive definition of the
quark current in Eq. (4), we find the following expression
for the case of a quark-to-quark-gluon splitting,

Pq→qðp1; p2Þ ¼
1

8παsμ
2ε

Tr½n̄Ψðfp1; p2gÞΨ̄ðfp1; p2gÞ�
Tr½n̄Ψðfp̄12gÞΨ̄ðfp̄12gÞ�

¼ Pq̃→q̃ðp1; p2Þ þ PðfÞ
q→qðp1; p2Þ: ð9Þ

Its scalar and purely fermionic components are defined as

Pq̃→q̃ðp1; p2Þ ¼ CF

�
2z1
z2

�
1 −

p2
1 −m2

1

p2
12 −m2

1

z12
z1

−
p2
2

p2
12 −m2

1

z12
z2

�
−

2m2
1

p2
12 −m2

1

�
;

hPðfÞ
q→qðp1; p2Þi ¼ CFð1 − εÞ

�
z2
z12

−
z2
z1

p2
1 −m2

1

p2
12 −m2

1

−
p2
2

p2
12 −m2

1

�
: ð10Þ

These expressions are valid both for on-shell and for off-shell partons. In order to achieve a physically meaningful definition
of the external wave functions in the off-shell region, we have used the shifted momentum in Eq. (2) to compute the gluon
polarization tensor, dμνðp2; n̄Þ → dμνðp̄2; n̄Þ ¼ dμνðp2; n̄Þ − p2

2n̄
μn̄ν=ðpn̄Þ2. In Sec. V we will also need the gluon-spin

dependent form of Eq. (10). The complete quark-to-quark splitting tensor is given by

Pμν
q→qðp1; p2Þ ¼ Pμν

q̃→q̃ðp1; p2Þ þ PðfÞμν
q→q ðp1; p2Þ: ð11Þ

The scalar and purely fermionic components are

Pμν
q̃→q̃ðp1; p2Þ ¼

CF

2
ðp2

12 −m2ÞSμðp1; p2ÞSνðp1; p2Þ;

PðfÞμν
q→q ðp1; p2Þ ¼ −

CF

2

�
gμν

�
z2
z12

−
z2
z1

p2
1 −m2

p2
12 −m2

−
p2
2

p2
12 −m2

�
þ pμ

2p
ν
2

p2
12 −m2

þ p̄μ
12p̄

ν
1 − pμ

12p
ν
1

p2
12 −m2

þ p̄μ
1p̄

ν
12 − pμ

1p
ν
12

p2
12 −m2

�
; ð12Þ

Note that the scalar result is schematically identical to the massless case [41]. It only differs in the denominator factors,
which is a trivial modification arising from the difference in the retarded Green’s function for massive particles. The spin-
dependent terms of the splitting function exhibit minor modifications, which account for the change in the off-shellness of
the heavy quark.

C. Gluon initial state

The second quark-mass-dependent one-to-two reaction we need to compute is the gluon-to-quark-antiquark
splitting shown in Fig. 1(b). Using Eq. (3) and the recursive definition of the current in Eq. (5), we find the following
expression:

Pμν
g→qðp1; p2Þ ¼

TR

2p2
12

dμρðp12; n̄ÞTr½ð=̄p1 �mÞγρð=̄p2 ∓ mÞγσ�dνσðp12; n̄Þ: ð13Þ

A straightforward calculation, making use of the fact that the final-state masses must be identical in QCD, gives

Pμν
g→qðp1;p2Þ¼TR

�
dμνðp̄12; n̄Þ

�
1−

z12
p2
12

�
p2
1−m2

z1
þp2

2−m2

z2

��
þp2

12

n̄μn̄ν

ðp12n̄Þ2
−p2

12D
μðp1;p2; n̄ÞDνðp1;p2; n̄Þ

�
: ð14Þ

FIG. 1. Feynman diagrams contributing to the one-to-two
parton splittings with massive quarks computed in Secs. II B
(a) and II C (b). Double lines indicate a quark of on-shell massm.
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In the on-shell case, and upon using a standard Sudakov
decomposition of the momenta [63], Eq. (14) reduces to the
familiar (massless) DGLAP splitting kernel. It is interesting
to observe that the effects of parton masses in this particular
case are purely kinematical. Note that Eq. (14) is still
independent of the kinematics parametrization. Its spin
averaged form reads

hPg→qðp1; p2Þi ¼ TR

�
1 −

z12
p2
12

�
p2
1 −m2

z1
þ p2

2 −m2

z2

�

−
2

1 − ε

�
z1z2
z212

−
z1p2

1 þ z2p2
2

z12p2
12

��
: ð15Þ

Wewill use the above functions in Sec. V towrite the higher-
order splitting functions in terms of lower-order results.

III. ONE-TO-THREE SPLITTING FUNCTIONS

In this section we provide the expressions for the one-to-
three parton splittings. Our calculations are based on the

methods introduced in [41,53], in particular the use of the
lightlike axial gauge, Eq. (1). We employ Eqs. (3)–(5) to
determine the splitting functions in terms of Berends-Giele
currents. All results computed in this subsection are known;
however, we present them in a more compact form than the
existing literature. We have cross-checked the expressions
against Refs. [25,26] and verified that they reduce to the
massless case derived in Refs. [53,64] when the parton
masses are set to zero.

A. All-quark splitting functions

The flavor-changing quark-to-quark splitting function
can be obtained from the product of the off-shell quark
splitting function in Eq. (11) and the spin-dependent gluon-
to-quark splitting function, Eq. (14). The corresponding
Feynman diagram is shown in Fig. 2(a). Note that we do not
make any assumptions about the on-shell quark masses, in
particular m3 can differ from m1. However, in QCD we
always have m1 ¼ m2. The result is

hPq→q̄0q0qðp1; p2; p3Þi ¼
CFTR

2

s123 −m2
3

s12

�
−

t212;3
s12ðs123 −m2

3Þ
þ 4z3 þ ðz1 − z2Þ2

z1 þ z2
−

4m2
3

s123 −m2
3

þ
�
1 − 2εþ 4m2

1

s12

��
z1 þ z2 −

s12
s123 −m2

3

��
: ð16Þ

The variable t12;i is defined as an extension of Eq. (22) in [53] to the massive on-shell case, using the fact that in QCD the
final-state parton masses for particles 1 and 2 must be equal,1

t12;3 ¼ ðs123 −m2
123ÞSμðp3; p12Þs12Dμðp1; p2; n̄Þ ¼ 2

z1s̃23 − z2s̃13
z1 þ z2

þ z1 − z2
z1 þ z2

s12: ð17Þ

We have also defined the invariant masses sij ¼ ðpi þ pjÞ2 and the scalar products s̃ij ¼ 2pipj. The extension of the scalar
products to the three-parton case is given by s̃ijk ¼ s̃ij þ s̃ik þ s̃jk. Equation (16) contains a component arising from the
scalar radiator in Eq. (6) and the gluon splitting function in Eq. (14). It can be interpreted as a squark-to-quark splitting
function and is given by

Pq̃→q̄0q0q̃ðp1; p2; p3Þ ¼
CFTR

2

s123 −m2
3

s12

�
4z3

z1 þ z2
−

4m2
3

s123 −m2
3

þ s12
s123 −m2

3

�
1 −

t212;3
s212

��
: ð18Þ

The first one-to-three parton splitting function with a nontrivial structure is the same flavor-quark-to-three-quark splitting.
There are two contributing diagrams, shown in Figs. 2(b) and 2(c). They lead to two terms of the form of Eq. (16) and an
interference term,

hPq→q̄qqðp1; p2; p3Þi ¼ ðhPq→q̄0q0qðp1; p2; p3Þi þ hPðidÞ
q→q̄qqðp1; p2; p3ÞiÞ þ ð2 ↔ 3Þ: ð19Þ

The interference contribution is given in terms of the function

1Equation (17) differs from t12;i in Ref. [25] because our definition is based on the diagrammatical origin of the variable.
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hPðidÞ
q→q̄qqðp1; p2; p3Þi ¼ CF

�
CF −

CA

2

��
−
ðs123 −m2Þ2

s12s13

z1
2

�
1þ z21

ð1− z2Þð1− z3Þ
− ε

�
1þ 2

1− z2
1− z3

�
− ε2

�

þ s123 −m2

s12

�
1þ z21
1− z2

−
2z2

1− z3
− ε

�ð1− z3Þ2
1− z2

þ 1þ z1 −
2z2

1− z3

�
− ε2ð1− z3Þ

�
þ ð1− εÞ

�
2s23
s12

− ε

�

þ m2

s12s13

�
s23

ð1þ z1Þðz1 − z2z3Þ
ð1− z2Þð1− z3Þ

þ εðz1ðs123 −m2Þ þ s23 þ 6s12Þ
�

−
2m2

s13

ð1þ z1Þð1þ z2z3Þ− ðz2 − z3Þ2
ð1− z2Þð1− z3Þ

þ 4m4

s12s13

�
2z2

1− z3
−
z1ð1þ z2Þ
1− z2

− ε

��
: ð20Þ

B. Gluon emission off quarks

In this section we present the splitting function describing gluon radiation off massive quarks. Following Ref. [53], we
separate the Abelian from the non-Abelian component according to

hPq→ggqðp1; p2; p3Þi ¼ hPðabÞ
q→ggqðp1; p2; p3Þi þ hPðnabÞ

q→ggqðp1; p2; p3Þi: ð21Þ

The relevant Feynman diagrams are shown in Fig. 3. The result for the Abelian component is

hPðabÞ
q→ggqðp1; p2; p3Þi ¼ C2

F

�
s̃2123

2s̃13s̃23
z3

�
1þ z23
z1z2

− ε
z21 þ z22
z1z2

− εð1þ εÞ− 4m2

s̃123

�
1− z3
z1z2

þ ð1− εÞ z1
z3

��

þ s̃123
s̃13

�
z3ð1− z1Þ þ ð1− z2Þ3

z1z2
þ ε2ð1þ z3Þ− εðz21 þ z1z2 þ z22Þ

1− z2
z1z2

−
4m2

s̃13

�
1− z2
z2

þ ð1− εÞ z2
2

��

þ εð1− εÞ− s̃23
s̃13

ð1− εÞ2 þ 4m2

s̃13
þ 1

2

�
2m2

s̃13
þ 2m2

s̃23

�
2
�
þ ð1↔ 2Þ: ð22Þ

The non-Abelian part of the splitting function is given by

hPðnabÞ
q→ggqðp1; p2; p3Þi ¼ −

CA

2CF
PðabÞ
q→ggqðp1; p2; p3Þ þ CFCA

�
1 − ε

4

�
t212;3
s212

þ 1

�
− ð1 − εÞ2 s̃23

2s̃13
þ s̃2123
2s12s̃13

×

�ð1 − z3Þ2ð1 − εÞ þ 2z3
z2

þ z22ð1 − εÞ þ 2ð1 − z2Þ
1 − z3

−
4m2

s̃123

�
1þ z21

z2ð1 − z3Þ
��

þ s̃123
2s12

�
ð1 − εÞ z1ð2 − 2z1 þ z21Þ − z2ð6 − 6z2 þ z22Þ

z2ð1 − z3Þ
þ 2ε

z3ðz1 − 2z2Þ − z2
z2ð1 − z3Þ

þ 4m2

s̃123

�

þ s̃123
2s̃13

�
ð1 − εÞ ð1 − z2Þ3 þ z23 − z2

z2ð1 − z3Þ
− ε

2ð1 − z2Þðz2 − z3Þ
z2ð1 − z3Þ

− εð1 − εÞð1 − z1Þ

−
4m2

s̃13

�
1 − z2
z2

þ ð1 − εÞ z2
2

��
þ 2m2

s̃13
þ 2m4

s̃213
þ ð1 ↔ 2Þ

�
: ð23Þ

FIG. 2. Feynman diagrams contributing to the one-to-three all-quark splittings with massive quarks computed in Sec. III A. (a) Process
with different on-shell masses for partons 1=2 and 3 (indicated by the double line and the thick line in the figure). (b),(c) Processes with
identical on-shell masses for all quarks.
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C. Gluon emission off scalars

The results of Sec. III B are the only heavy quark splittings that overlap with the two-gluon scalar dipole radiator
function. The general form of this dipole radiator will be computed in Sec. IV B. In order to prepare the discussion of its
physical features, we present here the scalar splitting functions, which contribute to Eqs. (22) and (23). The Abelian
component is

PðabÞ
q̃→ggq̃ðp1; p2; p3Þ ¼ C2

F

�
s̃2123
s̃13s̃23

�
z23
z1z2

−
2m2

s̃123

z3ð1 − z3Þ
z1z2

�
þ s̃123

s̃13

�
2z3ð1 − z2Þ

z1z2
−
4m2

s̃13

1 − z2
z2

�

þ ð1 − εÞ þ 4m2

s̃13
þ 1

2

�
2m2

s̃13
þ 2m2

s̃23

�
2
�
þ ð1 ↔ 2Þ: ð24Þ

In the non-Abelian case, we obtain

PðnabÞ
q̃→ggq̃ðp1; p2; p3Þ ¼ −

CA

2CF
PðabÞ
q̃→ggq̃ðp1; p2; p3Þ þ CFCA

�
1 − ε

4

�
t212;3
s212

þ 1

�

þ s̃2123
s12s̃13

�
z3
z2

þ 1 − z2
1 − z3

−
2m2

s̃123

z21
z2ð1 − z3Þ

�
þ s̃123

s̃13

1 − z2
z1

�
z3
z2

−
1 − z2
1 − z3

−
2m2

s̃13

z1
z2

�

þ s̃123
s12

�
z3
z2

−
1þ 3z3
1 − z3

þ 2m2

s̃123

�
−

s̃2123
s̃13s̃23

�
m2

s12
−

m2

s̃123

�
þ 2m2

s̃13
þ 2m4

s̃213
þ ð1 ↔ 2Þ

�
: ð25Þ

D. Gluon splitting to quarks

In this section we quote the gluon splitting functions into a quark-antiquark pair and a gluon. Following the notation in
[53], we separate the result into an Abelian and a non-Abelian component:

Pμν
g→gqq̄ðp1; p2; p3Þ ¼ PμνðabÞ

g→gqq̄ðp1; p2; p3Þ þ PμνðnabÞ
g→gqq̄ ðp1; p2; p3Þ: ð26Þ

The Feynman diagrams for this process are shown in Fig. 4. The Abelian component is given by

PμνðabÞ
g→gqq̄ðp1;p2;p3Þ ¼CFTR

�
dμνðp123; n̄Þ

�
2s123

�
s̃23

s̃12s̃13
−
m2

s̃212
−
m2

s̃213

�
þð1− εÞ

�
s̃12
s̃13

þ s̃13
s̃12

�
− 2ε

�

þ 4s̃123
s̃12s̃13

�
p̃μ
2;13p̃

ν
3;12þ p̃μ

3;12p̃
ν
2;13

�
þ 8m2

�
p̃μ
2;13p̃

ν
2;13

s̃213
þ p̃μ

3;12p̃
ν
3;12

s̃212

�
− ð1− εÞ 4s123

s̃12s̃13
p̃μ
1;23p̃

ν
1;23

�
: ð27Þ

The non-Abelian part is given by

FIG. 3. Feynman diagrams contributing to the one-to-three gluon emission splittings with massive quarks, computed in Sec. III B. The
double line indicates a quark of mass m.
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PμνðnabÞ
g→gqq̄ ðp1;p2;p3Þ¼−

CA

2CF
PμνðabÞ
g→gqq̄ðp1;p2;p3Þþ

CATR

4

�
s̃123
s223

�
−dμνðp123; n̄Þ

t223;1
s̃123

−16
1−z1
z1

p̃μ
2;3p̃

ν
2;3

�

þ16m2

�
p̃μ
2;3p̃

ν
2;3

z1

�
z1
s̃212

−
2ð1−z1Þ

s223

�
−
p̃μ
1;23p̃

ν
2;3þ p̃μ

2;3p̃
ν
1;23

1−z1

�
z2
s̃213

þ 1−z1
s̃13s23

�
þ p̃μ

1;23p̃
ν
1;23

ð1−z1Þ2
�
z2
s̃13

þ1−z1
s23

�
2
�

þdμνðp123; n̄Þ
�
2s̃13
s̃12

ð1−εÞþ2s̃123
s̃12

�
1−z3

z1ð1−z1Þ
−2

�
þ2s123

s23

1−z1þ2z21
z1ð1−z1Þ

−1−
4m2s123

s̃213

−
4m2

s̃13

�
2−

1−z2
z1ð1−z1Þ

��
þ s123
s̃12s23

�
2s123dμνðp123; n̄Þ

z2ð1−2z1Þ
z1ð1−z1Þ

−16p̃μ
3;12p̃

ν
3;12

z22
z1ð1−z1Þ

þ8ð1−εÞp̃μ
2;13p̃

ν
2;13þ4ðp̃μ

2;13p̃
ν
3;12þ p̃μ

3;12p̃
ν
2;13Þ

�
2z2ðz3−z1Þ
z1ð1−z1Þ

þ1−ε

��
þð2↔3Þ

�
: ð28Þ

Here, p̃μ
i;j are the generalized transverse momenta defined

in Eq. (8). They fulfill momentum conservation in the
form p̃μ

i;j þ p̃μ
j;i ¼ 0 for any i and j, as well as

p̃μ
1;23 þ p̃μ

2;13 þ p̃μ
3;12 ¼ 0. We have not listed explicitly

n̄-dependent components of the splitting functions, as they
vanish when multiplied by the polarization tensor of the
intermediate gluon.

IV. SCALAR RADIATOR FUNCTIONS

In this section we compute the scalar radiator functions,
which describe the production of one or more partons
through coherent radiation off a QCD dipole antenna. In
contrast to the splitting functions in Secs. II and III, they
account for the precise direction of flight of the color
anticharge, which must accompany the initial state charged
parton in a splitting configuration such as Figs. 1(a) or 3
due to color conservation.
The simplest such function is the one-gluon radiator

shown in Fig. 5. Using the formalism and notation of
[42,65] generalized to the scalar QCD case [41], the dipole
approximation to the complete radiator function for a single
gluon can be written in terms of color insertion operators,
T, and a space-time-dependent part, Si;k, as follows:

Sgðfpg; q1; n̄Þ ¼
X
i;k

T̂iT̂kSi;kðq1; n̄Þ: ð29Þ

For massive emitters and an on-shell gluon with momen-
tum q1, the function Si;k is given by

Si;kðq1; n̄Þ ¼
1

p2
i1 −m2

i

2zi
z1

�
1−

p2
k −m2

k

p2
k1 −m2

k

�
þ 1

p2
k1 −m2

k

2zk
z1

×

�
1−

p2
i −m2

i

p2
i1 −m2

i

�
−

4pipk

ðp2
i1 −m2

i Þðp2
k1 −m2

kÞ
:

ð30Þ

In order to simplify the notation in Sec. V, we also
introduce a compact notation for the gluon-spin-dependent
radiator function. It is given by

Sμν
g ðfpg; q1Þ ¼

X
i;k

T̂iT̂kS
μν
i;kðq1Þ;

where Sμν
i;kðq1Þ ¼ Sμðpi; q1ÞSνðpk; q1Þ: ð31Þ

For the decomposition of the two-gluon splitting functions
in Sec. V, we will need the off-shell radiator [41] for
massive particles. It is determined by using the momentum
shift in Eq. (2) to define the external wave function of the

FIG. 4. Feynman diagrams contributing to the one-to-three gluon splitting into massive quarks computed in Sec. III D. The double line
indicates a quark of mass m.

FIG. 5. Feynman diagrams contributing to the scalar radiator
function for a single gluon emission. The double lines indicate
quark masses of the scalar particles.
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gluon. Its space-time-dependent part reads

S̄i;kðq1; n̄Þ ¼
1

p2
i1 −m2

i

2zi
z1

�
1 −

p2
k −m2

k

p2
k1 −m2

k

−
q21

p2
k1 −m2

k

zk1
z1

�

−
2pipk

ðp2
i1 −m2

i Þðp2
k1 −m2

kÞ
þ ði ↔ kÞ: ð32Þ

The squark splitting function in Eq. (10) is a special case of
this radiator, Pq̃→q̃ðp1; p2Þ ¼ CFðp2

12 −m2
1ÞS̄1;1ðp2; n̄Þ=2.

A. Quark-antiquark radiator

The scalar dipole approximation to radiation of a
quark-antiquark pair is obtained from the product of the
spin-dependent one-gluon radiator in Eq. (31) and the
gluon-to-quark splitting tensor in Eq. (14). The relevant
Feynman diagrams are shown in Fig. 6. Due to the
factorized form of the result, the color decomposition is

identical to the single gluon emission case in Eq. (31).
It reads

Sqq̄ðfpg; q1; q2; n̄Þ ¼
X
i;k

T̂iT̂kTRS
ðqq̄Þ
i;k ðq1; q2; n̄Þ: ð33Þ

The space-time-dependent component is given by

Sðqq̄Þ
i;k ðq1;q2;n̄Þ¼

2

ðsi12−m2
i Þðsk12−m2

kÞ

×

�
2

s12

�
ziðsk12−m2

kÞþzkðsi12−m2
i Þ

z1þz2
− s̃ik

�

þ1−
t12;it12;k
s212

�
: ð34Þ

For i ¼ k, this result is proportional to the scalar
splitting function in Eq. (18), cf. Eq. (42).

B. Two-gluon radiator

The dipole approximation to the two-gluon radiator
function has a more complicated structure. The
relevant Feynman diagrams are shown in Fig. 7. To
understand its form, it is helpful to write the result in
terms of the two-gluon current [53]. It is interesting to
note that this current is only minimally modified
compared to its massless counterpart. For an on-shell
radiator we find

Jμνabðq1; q2Þ ¼
X
i;k

fT̂a
i ; T̂

b
kgJ ðabÞ;μν

ik ðq1; q2Þ þ
X
i

ifabcT̂c
iJ

ðnabÞ;μν
i ðq1; q2Þ; ð35Þ

with the color-stripped Abelian and non-Abelian components,

J ðabÞ;μν
ik ðq1; q2Þ ¼

1

2
Sμðpi; q1ÞSνðpk; q2Þ

þ δik
ðpi þ q12Þ2 −m2

i

�
qν1S

μðpi; q1Þ þ qμ2S
νðpi; q2Þ − q1q2Sμðpi; q1ÞSνðpi; q2Þ − gμν

	
;

J ðnabÞ;μν
i ðq1; q2Þ ¼ Sρðpi; q12Þðdρνðq12ÞSμðq2; q1Þ − dρμðq12ÞSνðq1; q2ÞÞ

þ 1

ðpi þ q12Þ2 −m2
i

h
qν1S

μðpi; q1Þ − qμ2S
νðpi; q2Þ þ piðq2 − q1ÞSμðpi; q1ÞSνðpi; q2Þ þ

t12;i
q212

gμν
i
: ð36Þ

Changes compared to the massless result only occur due to the definition of t12;i [cf. Eq. (17)], and due to the
difference in the propagators. The squared two-gluon current is given by [41]

FIG. 6. Feynman diagrams contributing to the scalar radiator
for a quark-antiquark pair computed in Sec. IVA. The double line
indicates quark masses of the scalar particles, while the thick
solid line indicates the masses of the emitted quarks.
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½Jabμνðq1; q2Þ�†dμρðq1; n̄Þdνσðq2; n̄ÞJabρσðq1; q2Þ ¼ 2
X
i;k

X
l;m

fT̂a
i T̂

a
l ; T̂

b
kT̂

b
mgSðabÞ

i;k;l;mðq1; q2; n̄Þ

þ 2
X
i;k

X
l

ðfT̂a
i T̂

a
l ; T̂

b
kT̂

b
l g þ fT̂a

l T̂
a
i ; T̂

b
l T̂

b
kgÞSðabÞ

i;k;lðq1; q2; n̄Þ

þ 2
X
i;l

fT̂a
i T̂

a
l ; T̂

b
i T̂

b
l gSðabÞ

i;l ðq1; q2Þ

−
X
i;l

CAT̂
c
i T̂

c
l ½SðnabÞ

i;l ðq1; q2; n̄Þ − ð1 − 2δilÞSðabÞ
i;l ðq1; q2Þ

− SðabÞ
i;i;l ðq1; q2; n̄Þ − SðabÞ

l;l;i ðq1; q2; n̄Þ
þ SðabÞ

i;l;i ðq1; q2; n̄Þ þ SðabÞ
l;i;i ðq1; q2; n̄Þ þ SðabÞ

i;l;l ðq1; q2; n̄Þ þ SðabÞ
l;i;l ðq1; q2; n̄Þ�;

ð37Þ

where we have introduced the Abelian and non-Abelian radiator functions, Sðq1; q2; n̄Þ. For massive on-shell
particles they are defined as an extension of the results in [41],

SðabÞ
i;k;l;mðq1; q2; n̄Þ ¼

1

4
Si;lðq1; n̄ÞSk;mðq2; n̄Þ;

SðabÞ
i;k;lðq1; q2; n̄Þ ¼

1

s̃l12

silskl
s̃i1s̃k2

�
s̃k1
skls̃l1

þ s̃i2
sils̃l2

−
s12
s̃l1s̃l2

�

þ 1

s̃l12

�
zl
z2

�
s̃ils12 − s̃i2s̃l1

s̃i1s̃l1s̃l2
−

zls12
2z1s̃l1s̃l2

�
þ zis̃l1 þ zls̃i1 − z1s̃il

z2s̃i1s̃l1

−
s̃ik

2s̃i1s̃k2

�
1þm2

k þm2
l

s̃ik

2s̃i2
s̃l2

�
þ s12ðsil þ s̃ilÞðm2

k þm2
l Þ

2s̃i1s̃k2s̃l1s̃l2
þ
� ði ↔ kÞ
ð1 ↔ 2Þ

��
;

SðabÞ
i;k ðq1; q2Þ ¼

ðs̃i1s̃k2 − s̃i2s̃k1Þ2 − 2s12s̃ikðs̃i1s̃k2 þ s̃i2s̃k1Þ þ s212s̃
2
ik

s̃i12s̃k12s̃i1s̃k1s̃i2s̃k2
þ 2s12
s̃i12s̃k12

�
m2

i

s̃i1s̃i2
þ m2

k

s̃k1s̃k2

�
þ 2ð1 − εÞ

s̃i12s̃k12
; ð38Þ

and

SðnabÞ
i;k ðq1; q2; n̄Þ ¼ Sðnab;pÞ

i;k ðq1; q2; n̄Þ − 2ð1 − εÞSμν
i;kðq12; n̄ÞDμðq1; q2; n̄ÞDνðq1; q2; n̄Þ

þ 1

4
ðS̄i;iðq12; n̄Þ þ S̄k;kðq12; n̄Þ − 2S̄i;kðq12; n̄ÞÞ

�
Si;iðq2; n̄Þ þ S1;1ðq2; n̄Þ − 2Si;1ðq2; n̄Þ

−
1

2
ðSi;iðq2; n̄Þ þ Sk;kðq2; n̄Þ − 2Si;kðq2; n̄ÞÞ þ ði ↔ kÞ þ ð1 ↔ 2Þ þ

� ði ↔ kÞ
ð1 ↔ 2Þ

��
; ð39Þ

where

FIG. 7. Feynman diagrams contributing to the scalar radiator for two gluons, computed in Sec. IV B. The double line indicates quark
masses of the scalar particles.
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Sðnab;pÞ
i;k ðq1; q2; n̄Þ ¼

�
3s̃ik

4s̃i1s̃k1
þ 2s12

z212

�
zi
s̃i12

−
zk
s̃k12

��
zi12
s̃i12

−
zk12
s̃k12

���
2s̃i1
s12s̃i2

−
s̃ik

s̃i2s̃k2

�

þ 1

s̃i12s̃k12

�
3

2
þ 3

2

s̃2ik
s̃i1s̃k1

þ s̃ik
2s12

−
z2
z1

þ s̃k1s̃i2 − s̃iks12
2s̃i1s̃k2

�
1 −

s̃ik
s12

�
þ s̃ik
s̃i1

�
1 −

3s̃i12
s12

�

−
s̃i2
s̃i1

zi
z2

�
2þ z1

zi
þ s̃i12

s̃i2
þ s̃k12

s̃i2

�
þ 2s̃k1

s12

�
z1 − z2
z1

z2 − zi
z2

−
zis̃i12
z2s̃i1

þ s̃i2
s̃i1

−
s̃i1
s̃i2

2zi þ z2
z1

�

−
z212
2z1z2

t12;it12;k
s212

−
t12;k
2s12

�
s̃i1
s̃i2

zi2
z1

�
1 −

zis12
z2s̃i1

�
þ 2z12

z1

�
1þ s̃i1

s12

�
þ 3zi

z2
− ð1 ↔ 2Þ

�

−
m2

i

s̃i1

�
2t12;k
s12

−
2siks12
s̃2i2

�
1þ s12

s̃k1
þ s̃i2s̃k1
s̃i1s̃k2

���
þ z2i
2s̃i1s̃i2z1z2

�
1þ s̃i1 − s̃i2

s̃i12

s̃k1 − s̃k2
s̃k12

�

þ 4m2
i

s̃2i12

s̃i1s̃k2 þ s̃i2s̃k1 − s̃iks12
s12s̃i1s̃k1

þ m2
i

s̃i1s̃i12

�
4

s̃k2

�
sik
s̃i2

−
s̃k1
s12

þ s̃k2
s12

z1
z2

−
s̃k1
2s̃i1

�
−

1

s̃i2

2zi
z1

þ 1

s̃i1

2zi1
z2

−
2s̃i1 þ s12

s̃i1

�
m2

i

s̃2i2
þ 2ðm2

i þm2
kÞ

s̃i2s̃k2

��
þ ði ↔ kÞ þ ð1 ↔ 2Þ þ

� ði ↔ kÞ
ð1 ↔ 2Þ

�
: ð40Þ

As in the massless parton case, the radiators define the splitting functions in Eqs. (24) and (25). We find

PðabÞ
q̃→ggq̃ðp1; p2; piÞ ¼ ðsi12 −m2

i Þ2C2
FðSðabÞ

i;i;i;iðp1; p2; n̄Þ þ 2SðabÞ
i;i;i ðp1; p2; n̄Þ þ SðabÞ

i;i ðp1; p2ÞÞ;

PðnabÞ
q̃→ggq̃ðp1; p2; piÞ ¼ −ðsi12 −m2

i Þ2
CFCA

4
SðnabÞ
i;i ðp1; p2; n̄Þ −

CA

4CF
PðabÞ
q̃→ggq̃ðp1; p2; piÞ: ð41Þ

In the double-soft gluon limit, Eq. (39) reduces to the massive double-soft eikonal computed in Appendix B of
Ref. [66] (see also [67]).

V. COMPOSITION OF ONE-TO-THREE SPLITTING FUNCTIONS

In this section we address the main question of this work, namely how the one-to-three parton splitting functions can be
decomposed in terms of the scalar dipole radiators derived in Sec. IVand the lower-order splitting functions in Sec. II. The
results we will derive are structurally identical to the massless case, which was determined based on the Feynman diagrams
that enter the calculations. This provides a strong cross-check of our technique, as the remainder functions we will obtain
are required to reduce to their massless equivalent in the case of massless external partons.2 We will make this structure
apparent in all our results.

A. All-quark splitting functions

We begin with the simplest case, which is the all-quark splitting function with distinct flavor quarks. Only the diagram in
Fig. 2(a) contributes to this result; therefore, the splitting function admits a trivial decomposition, which is given by

hPq→q̄0q0qðp1; p2; p3Þi ¼
s123 −m2

3

s12

�
CF

2
ðs123 −m2

3ÞSμν
3;3ðp12Þ þ hPðfÞμν

q→q ðp3; p12Þi
�
Pg→q;μνðp1; p2Þ: ð42Þ

We note that the scalar contribution can be written in terms of the two-quark scalar radiator in Eq. (34), or in terms of the
scalar splitting function, Eq. (18):

Pq̃→q̄0q0q̃ðp1; p2; p3Þ ¼
CF

2

ðs123 −m2
3Þ2

s12
Sμν
3;3ðp12ÞPg→q;μνðp1; p2Þ ¼

CFTR

4
ðs123 −m2

3Þ2Sðqq̄Þ
3;3 ðp1; p2; n̄Þ: ð43Þ

For the all-quark splitting function with same flavor quarks, we obtain

2No limiting procedure is involved when determining the massless results from the massive ones, the masses can simply be set to zero.
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hPq→q̄qqðp1; p2; p3Þi ¼
�
s123 −m2

s12

�
CF

2
ðs123 −m2ÞSμν

3;3ðp12Þ þ hPðfÞμν
q→q ðp3; p12Þi

�
Pg→q;μνðp1; p2Þ

þ ð2 ↔ 3Þ
�
þ hPðpÞ

q→q̄qqðp1; p2; p3Þi: ð44Þ

The pure splitting contribution is a consequence of interference between the diagrams in Figs. 2(b) and 2(c), and is given in
terms of Eq. (20) as

hPðpÞ
q→q̄qqðp1; p2; p3Þi ¼ hPðidÞ

q→q̄qqðp1; p2; p3Þi þ ð2 ↔ 3Þ: ð45Þ

B. Gluon emission off quarks

The quark-to-quark-gluon splitting function overlaps with the scalar dipole radiator for two-gluon emission in Sec. IV B.
It allows the following decomposition [41]:

hPðabÞ
q→ggqðp1; p2; p3Þi ¼

�
C2
F

4
s̃2123S13;13ðp2; n̄ÞS3;3ðp1; n̄Þ þ

CF

2

s̃2123
s̃13

S13;13ðp2; n̄ÞhPðfÞ
q→qðp3; p1Þi

þ CF

2
s̃123hPðfÞ

q→qðp13; p2ÞiS3;3ðp1; n̄Þ þ
s̃123
s̃13

hPðfÞ
q→qðp13; p2ÞihPðfÞ

q→qðp3; p1Þi þ ð1 ↔ 2Þ
�

þ Pðab;pÞ
q̃→ggq̃ðp1; p2; p3Þ þ hPðab;p;fÞ

q→ggq ðp1; p2; p3Þi; ð46Þ
where the pure scalar and fermionic components are given by

Pðab;pÞ
q̃→ggq̃ðp1; p2; p3Þ ¼ PðabÞ

q̃→ggq̃ðp1; p2; p3Þ −
C2
F

4
s̃2123½S13;13ðp2; n̄ÞS3;3ðp1; n̄Þ þ S23;23ðp1; n̄ÞS3;3ðp2; n̄Þ�

¼ C2
F

�
s̃2123
s̃13s̃23

�
z23
z1z2

−
2m2

s̃123

z3ð1 − z3Þ
z1z2

�
−
s̃123
s̃13

2z3ð1 − z2Þ
z1z2

þ 4z3
z1z2

þ ð1 − εÞ þ 4m2

s̃13

z3 − ð1 − z2Þ2
z1z2

þ 4m4

s̃13s̃23

�
þ ð1 ↔ 2Þ ð47Þ

and

hPðab;p;fÞ
q→ggq ðp1; p2; p3Þi ¼ C2

Fð1 − εÞ
�

s̃2123
2s̃13s̃23

z3

�ðz1 þ z2Þ2
z1z2

þ ε

�
þ
�
s12
s̃13

þ z1z2
ð1 − z2Þ2

�
ð1 − εÞ

−
s̃123
s̃13

�
ð1 − z2Þ

�ðz1 þ z2Þ2
z1z2

þ 1

�
þ ð1 − εÞ

�
z1z2
1 − z2

− z3

��
þ 2z1

z2

�
1

1 − z2
þ z3
1 − z1

�

−
2m2

s̃13

z2ð1þ z3Þ
1 − z2

−
m2s12
s̃13s̃23

ð1 − z3Þ
�
þ ð1 ↔ 2Þ: ð48Þ

For the non-Abelian quark-to-gluon splitting, we find the following decomposition [41]:

hPðnabÞ
q→ggqðp1; p2; p3Þi ¼

CFCA

4
s̃2123½S̄3;3ðp12; n̄ÞðS1;1ðp2; n̄Þ þ S2;2ðp1; n̄Þ − S1;3ðp2; n̄Þ − S2;3ðp1; n̄ÞÞ

þ 2ð1 − εÞSμν
3;3ðp12; n̄ÞDμðp1; p2; n̄ÞDνðp1; p2; n̄Þ�

þ CA

2
s̃123½hPðfÞ

q→qðp3; p12ÞiðS1;1ðp2; n̄Þ þ S2;2ðp1; n̄Þ − S1;3ðp2; n̄Þ − S2;3ðp1; n̄ÞÞ

þ 2ð1 − εÞhPðfÞμν
q→q ðp3; p12ÞiDμðp1; p2; n̄ÞDνðp1; p2; n̄Þ�

−
CA

2CF
½Pðab;pÞ

q̃→ggq̃ðp1; p2; p3Þ þ hPðab;p;fÞ
q→ggq ðp1; p2; p3Þi�

þ Pðpnab;pÞ
q̃→ggq̃ ðp1; p2; p3Þ þ hPðpnab;p;fÞ

q→ggq ðp1; p2; p3Þi: ð49Þ
where the pure scalar and fermionic components are given by
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Pðpnab;pÞ
q̃→ggq̃ ðp1; p2; p3Þ ¼ −

CFCA

4
s̃2123½SðnabÞ

3;3 ðp1; p2; n̄Þ þ SðabÞ
3;3 ðp1; p2Þ þ 2SðabÞ

3;3;3ðp1; p2; n̄Þ

þ SðabÞ
3;3;3;3ðp1; p2; n̄Þ þ S̄3;3ðp12; n̄ÞðS2;2ðp1; n̄Þ þ S1;1ðp2; n̄Þ − S2;3ðp1; n̄Þ − S1;3ðp2; n̄ÞÞ

þ 2ð1 − εÞSμν
3;3ðp12; n̄ÞDμðp1; p2; n̄ÞDνðp1; p2; n̄Þ� þ

CA

2CF
Pðab;pÞ
q̃→ggq̃ðp1; p2; p3Þ

¼ CFCA

�
1 − ε

4
þ
�
s̃123
s̃13

z1
1 − z3

− 1

��
s̃123
s12

1 − z1
z2

−
2m2

s12

z1
z2

− 1

�
− 1

þ
�
s̃13 − s̃23

s̃13

z1 − z2
z2

−
s12
s̃13

�
1 − z3
z2

þ 2z3
z1

��
z3

ð1 − z3Þ2
þ 2z3
z1z2

−
2m2

s̃13

1

z2

�
þ ð1 ↔ 2Þ ð50Þ

and

hPðpnab;p;fÞ
q→ggq ðp1; p2; p3Þi ¼ CFCAð1 − εÞ

�
z2
z1

�
1

1 − z1
þ z3
1 − z2

�
þ
�
2z2
z1

þ 1

��
1 −

3

4

s̃123
s12

ð1 − z3Þ
�

þ 1 − ε

2

�
1þ s12

s̃13
þ z1
1 − z2

�
z2

1 − z2
−
s̃123
s̃13

��
þ s̃123
2s̃13

�
s̃123
s12

−
1 − z2
z1

��ð1 − z3Þ2
z2

þ z22
1 − z3

�

þ
�
s̃123
s12

1 − z3
z1

þ s̃123
s̃13

1 − z2
z1

−
s̃2123
s12s̃13

��
1 − z3 −

s12
s̃123

�
þm2

s̃13

z1 − z2
1 − z2

−
3

4

�
þ ð1 ↔ 2Þ: ð51Þ

C. Gluon splitting to quarks

The Abelian gluon-to-quark splitting tensor can be assembled from lower-order components as follows:

PμνðabÞ
g→gqq̄ðp1; p2; p3Þ ¼

�
CF

2
s123P

μν
g→qðp12; p3ÞðS2;2ðp1; n̄Þ − S2;3ðp1; n̄ÞÞ

þ s123
s̃12

Pμν
g→qðp12; p3ÞhPðfÞ

q→qðp2; p1Þi þ ð2 ↔ 3Þ
�
þ Pμνðab;pÞ

g→gqq̄ ðp1; p2; p3Þ þ…: ð52Þ

In the massive case, the pure splitting tensor is given by

Pμνðab;pÞ
g→gqq̄ ðp1; p2; p3Þ ¼ CFTR

�
−dμνðp123; n̄Þ

�ðs̃123 − s̃23Þ2
2s̃12s̃13

ð1þ εÞ − z1
1 − z3

�
1

1 − z3
−
2m2

s̃12

�
ð1 − εÞ

�

− dμνðp123; n̄Þ
�
s̃13
s̃12

z2
z1ð1 − z2Þ

þ s̃23
s̃12

1 − 2z2
1 − z2

−
1

1 − z3

�
z2
z1

−
2m2

s̃12

�
þ 1

�

þ
�
dμνðp123; n̄Þ −

4p̃μ
3;12p̃

ν
3;12

s̃123

��
s̃123
s̃12

�
z1 − z2
z1

− ð1 − εÞ z1
1 − z3

�
þ s̃123

s̃13

1 − z2
z1

�

þ 2p̃μ
1;23p̃

ν
1;23

s̃123
s̃12s̃13

�
ε −

2m2

s̃123
ð1 − εÞ

��
þ ð2 ↔ 3Þ: ð53Þ

The non-Abelian splitting tensor admits the following decomposition:

PμνðnabÞ
g→gqq̄ ðp1;p2;p3Þ¼

CA

2

s2123
s23

½Sαβ
1;1ðp23ÞPg→q;αβðp2;p3Þdμνðp123;n̄ÞþS23;23ðp1;n̄ÞPμν

g→qðp2;p3Þ�

þCA

2

s2123
s23

2ð1−εÞDμðp1;p23; n̄ÞDνðp1;p23; n̄ÞhPg→qðp2;p3Þi

þCA

4
s123½Pμν

g→qðp12;p3ÞþPμν
g→qðp2;p13Þ�S2;3ðp1;n̄Þ−

CA

2CF
Pμνðab;pÞ
g→gqq̄ ðp1;p2;p3Þ

þPμνðpnab;pÞ
g→gqq̄ ðp1;p2;p3Þþ…; ð54Þ

where the pure splitting tensor is given by
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Pμνðpnab;pÞ
g→gqq̄ ðp1;p2;p3Þ¼

CATR

2

�
−dμνðp123; n̄Þð1− εÞ

�
s123
s̃12

z1
1− z3

−
s̃13
s̃12

−
z1

ð1− z3Þ2
�

−dμνðp123; n̄Þ
�
1−2z1
z1

�
s123
s̃12

1− z3
1− z1

þ s123
s23

−
s2123
s̃12s23

z2
1− z1

�
−
2

z1
þ1−

1

1− z3

�
2z2
z1

−
2m2

s̃12

��

þ4p̃μ
1;23p̃

ν
1;23

s23

�
2z2z3

ð1− z1Þ2
− ð1− εÞþ4m2

s̃13

z2
1− z1

�
þ2ðp̃μ

2;13p̃
ν
3;12þ p̃μ

3;12p̃
ν
2;13Þ

s23

s123
s̃12

�
2z2
z1

z3− z1
1− z1

þ1− ε

�

−
4p̃μ

3;12p̃
ν
3;12

s23

�
2z2
z1

�
s123
s̃12

z2
1− z1

−
s23
s̃12

�
− ð1−εÞ

�
s123
s̃13

þ s23
s̃12

z1
1− z3

��

−
8

z1

p̃μ
2;3p̃

ν
2;3

s23
þ8m2

s̃12

p̃μ
1;23p̃

ν
2;3þ p̃ν

1;23p̃
μ
2;3

s23

�
þð2↔ 3Þ: ð55Þ

The ellipses in Eqs. (52) and (54) stand for terms propor-
tional to n̄μ or n̄ν, which vanish when contracted with a
gluon polarization tensor.

D. Kinematical limits of pure splitting remainders

In Ref. [41], it was found that the massless pure splitting
remainders corresponding to hPðpÞ

q→qq̄qi, hPðab;p;fÞ
q→ggq i,

hPðpnab;p;fÞ
q→ggq i, Pμνðab;pÞ

g→gqq̄ , and Pμνðpnab;pÞ
g→gqq̄ in Eqs. (45), (48),

(51), (53), and (55) have at most subleading singularities in
the soft-gluon limits (if applicable) and in the collinear
limits. This statement still holds for the massive pure
splitting remainders, if the collinear limit is replaced by
the quasicollinear one. In particular, Table I of Ref. [41]
remains unchanged if the collinear limit is replaced by the
quasicollinear limit, and the massive extensions of the pure
splitting functions are used. In complete analogy, the

functions Pðab;pÞ
q̃→ggq̃ and Pðpnab;pÞ

q̃→ggq̃ in Eqs. (47) and (50) have
leading soft singularities, which arise from the interference
contributions of the leading diagrams in the axial gauge. The
scalar splitting functions should therefore be expressed in
terms of the scalar radiator functions by making use of
Eqs. (41). In summary, we find that the methodology for
the computation of splitting functions first introduced in
Ref. [41] applies to bothmassive andmassless QCD, because
it is based on a physical, rather than a purely mathematical
understanding of the origin of infrared singularities.

VI. CONCLUSIONS

Using a recently introduced method for the decomposition
of splitting functions into scalar dipole radiators, lower-order
expressions, and pure splitting remainders, we derived a
representation of the massive one-to-three-parton splittings
that makes their factorization manifest. The massive two-
gluon radiators used in this context were computed in a
process-independent form for the first time, to our knowledge.
The pure splitting remainders exhibit at most subleading
singularities in the (double-)soft gluon limits and in the
quasicollinear limits. Kinematical limits are, however, not

used in any of our calculations, which implies that our results
remain valid across the complete physical phase space.
Asabyproductofouranalysis,wederived themassiveQCD

one-to-three parton splitting functions in a significantly more
compact form than existing literature. This will reduce
evaluation time and increase numerical stability in practical
applications. We have also obtained the first (to our knowl-
edge) independent cross-check of themassive, triple-collinear
splitting functions that do not exist in the SCET-based
approach of [26], in particular Eqs. (5.9) and (5.10) of [25].
We expect the novel techniques introduced in this manu-

script to provide a path toward higher-order computations
which do not require sectorization or other forms of overlap
removal for different singular phase-space configurations.
At the same time, the splitting functions derived herewill be
helpful for higher logarithmic resummation of soft gluon
effects on QCD observables. These methods will help drive
improvements in themodeling of heavy quark jet formation,
leading to better precision in analyses of top quark and
electroweak boson production at the LHC.
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