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Massive tree-level splitting functions beyond kinematical limits
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We present a compact form of the massive 1 — 3 tree-level QCD splitting functions and discuss a
decomposition of the results in terms of lower-order expressions, scalar dipole antenna functions and pure
higher-order remainders. The two-gluon radiator functions introduced in this context are novel and
generalize expressions obtained from the double-soft approximation. Our results are obtained without

reference to soft or quasicollinear limits.
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I. INTRODUCTION

Final states with large multiplicities of jets initiated by
massive partons are of particular interest to the future of the
Large Hadron Collider (LHC) experimental program [1].
Both the top quark and Higgs boson preferentially decay
via bottom quarks. Higgs decays to charm quark pairs have
also grown in their relevance at the high-luminosity LHC
(HL-LHC), following the rapid development of jet flavor
tagging algorithms powered by sophisticated machine
learning techniques [2,3]. Early versions of these heavy
quark taggers primarily relied on identifying the decay
products of heavy hadrons produced in the jets, while
modern taggers exploit differences between the fragmen-
tation patterns of light and heavy partons [3-6]. These
algorithms have advanced to the point that processes
originally thought impossible to study at the HL-LHC—
namely, the production of Higgs boson pairs decaying via
bottom quarks—will now be observed with high signifi-
cance before the end of Run 5 [7]. The development of
improved theory predictions that include mass effects is
thus highly motivated.

At the same time, QCD jet evolution at the LHC has been
measured to astonishing precision [8—19]. While the large
dynamic range originating in the high center-of-mass
energy of the collider makes it possible to treat the effects
of heavy quark masses as a somewhat secondary problem
today, the ever-increasing experimental precision will soon
lead to scenarios where massless approximations can no
longer be justified. Improved theory for heavy quarks
should also be included consistently within the parton
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shower Monte Carlo algorithms [20,21] used both to
measure jet dynamics and to train the fully supervised
algorithms that empower physics analyses. This will be
necessary in particular to avoid potential biases and
uncertainty due to the model dependence of classifiers
[22-24].

In this work, we compute some important components
needed for precision theory in heavy quark final states: the
tree-level three-parton splitting functions and the scalar
dipole antenna functions including mass effects. While the
splitting functions are already known [25,26], we present
them in a significantly more compact form than existing
literature, which will alleviate their integration into massive
infrared subtraction schemes, higher logarithmic resumma-
tion, and parton shower simulations, and provide faster
evaluation and improved numerical stability in practical
applications. The massive scalar dipole radiators are
computed for the first time, as is the decomposition of
the splitting functions into scalar radiators and pure split-
ting remainders.

The factorization of QCD scattering amplitudes is at the
heart of most modern techniques to compute higher-order
QCD corrections to scattering processes at colliders. At
fixed order in perturbation theory, it allows one to construct
infrared subtraction algorithms that enable the extraction of
singularities from the real and virtual corrections in order to
make each component finite and amenable to Monte Carlo
integration over the final-state phase space [27,28]. In
resummed perturbation theory, it enables the derivation of
anomalous dimensions that govern the scaling of cross
sections with changing resolution scale. For particles with
masses, the factorization typically relies on the quasicol-
linear limit, which requires a simultaneous scaling of the
collinear transverse momentum and the parton masses. This
procedure retains the correct soft behavior of collinear
scattering amplitudes at leading power, but it is somewhat
unphysical, because the on-shell parton masses should
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remain, in fact, constant. As a direct consequence, one
observes a noncommutativity of limits [29-31] that can
only be resolved by accounting for the physical features of
the scattering matrix elements lost in the limiting pro-
cedure. Here we use a different concept, which avoids the
introduction of kinematical limits altogether. It is based on
the observation that infrared singularities arise as a con-
sequence of degenerate asymptotic states [32,33], such that
QCD splitting functions can be computed as reduced
matrix elements in a physical gauge [34-38]. Their leading
singularities are determined by the semiclassical approxi-
mation [39,40], which can be derived from splitting
functions in a scalar QCD, with the scalars playing the
role of the semiclassical particles. This eventually allows
one to derive any splitting function in terms of scalar
multipole radiator functions and pure splitting remainders
with a lower degree of divergence in the kinematical
limits [41].

This manuscript is organized as follows: In Sec. II we
provide a brief introduction to the method and compute the
one-to-two massive splitting functions as simple examples.
Section III presents the new results for one-to-three split-
ting functions with massive partons, as well as the two-
emission dipole antenna radiator functions with massive
partons. The decomposition of the splitting functions is
discussed in Sec. V, and Sec. VI presents an outlook.

II. BACKGROUND, TECHNIQUES, AND
LEADING-ORDER RESULTS

The motivation for our work stems from the simple yet
important observation that the soft and collinear limits of
QCD scattering amplitudes do not commute beyond lead-
ing power. To exemplify this, we consider the one-to-two
parton splitting for a massive quark in the quasicollinear
limit. The splitting function reads

2
2z my
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1=z pypy

<Pq—>qg(z)> = + (1 _8)(1 - Z) ,

where p, and p,, are the quark and gluon momenta and z is
the light-cone momentum fraction of the quark with respect
to the parent quark. The soft component of this splitting
function is given by the z — 1 limit. At leading power in
the soft scaling parameter it reads

If this limit was physically meaningful, we should be able
to first apply it to a complete matrix element including the
quark and the gluon, and then take the quasicollinear limit
on the result. The leading-power soft limit of a QCD matrix
element is given in terms of the square of the soft-gluon
current, J# [42]. For a process involving a heavy quark and

a gluon in the final state, the quark-gluon quasicollinear
limit on the squared current leads to

2 2
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The difference to the leading-power soft limit of the
quasicollinear result is obvious. This simple example
shows that the two kinematical limits do not commute,
even at the lowest nontrivial order. The reason is that
leading terms in one of the limits are subleading in the
other. As a direct consequence, the leading-power expres-
sions obscure the factorization of higher-order QCD split-
ting functions, and an extension to higher powers becomes
mandatory to establish a systematic factorization of matrix
elements at higher orders in the coupling. We will therefore
refrain from using any kinematical approximation at all,
and base our calculation on a different principle.

The key observation of our method is that the leading
components of splitting functions in a gauge theory with
spin are given in terms of the semiclassical expressions,
which coincide with the results of the corresponding scalar
theory [39,40]. This allows us to separate out the spin-
dependent components, which do not contribute to a dipole
radiation pattern. The physical picture is consistent with the
well-known decomposition of the current into a charge
current and a polarization current [43]. In Ref. [41], this
idea was used to define a new technique to assemble
splitting functions from scalar dipole radiators, lower-order
splitting functions, and pure higher-order splitting remain-
ders. Here we will extend this method to massive quarks.
Because no collinear or soft limits are taken, there is no
question as to how to define their extension to the
quasicollinear region, where the on-shell particle masses
would have to be scaled proportional to the transverse
momentum. This in turn resolves common problems which
arise in the definition of polarizations of the external
particles and makes the splitting functions unambiguous.

It is important to note that the splitting remainders we
compute are finite in all hard collinear regions for fixed
parton masses due to the dead-cone effect [30,44,45].
Therefore, an infrared subtraction scheme can be devised
without explicit knowledge of those quantities. However,
for small parton masses, QCD scattering matrix elements
containing such splittings develop logarithms of the hard
scale over the parton masses, which should be resummed to
correctly account for heavy jet dynamics. Treating such
logarithms on the same footing with standard collinear
poles also improves the behavior of (semi)numerical fixed-
order calculations [46].

A. Tree-level techniques

In this section we introduce the techniques needed to
perform the calculation of the tree-level splitting functions.
We also derive the lowest-order results, which will be used
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in Sec. III to decompose the splitting functions at higher
order. Similar approaches, working directly at the level of
helicity amplitudes, were introduced in [47,48]. To achieve
a meaningful factorization of the results, we use physical
polarization states [34-38,49-53]. The polarization sum for
virtual gluons is defined in terms of a lightlike axial gauge,
which is known to be ghost free [54-58],

Ze"pn (p.71)

”nl’ + ﬁﬂ
_ _g;er%‘ (1)
pn

a"(p,n) =

Here 71# is an auxiliary lightlike vector. In the case of on-
shell external partons, the polarization states are always

physical. However, the factorized expressions in Sec. V
will sometimes involve external partons that are off mass
shell. In such cases, we construct the corresponding on-
shell momentum needed to define physical wave functions
with the help of the auxiliary vector, ##. For a parton with
momentum p* and on-shell mass m, this shifted momen-
tum reads

P2 —m?

PH — pH k. 2
pr=pe T o (2)
Our calculations are based on the techniques outlined in
[53]. In this method, the splitting amplitudes for quarks or

|

PL, ..

Here, s, ;= (py +---

gluons into [ external partons with momenta p;...p; are
given by
|
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+ p;)? is the virtuality of the [-parton final state, and m, ; is the on-shell mass of the incoming

parton. The indices s and s’ refer to the quark spin, while the gluon polarization indices are given by u and v. The tree-level
currents ¥ and J can be determined using recursive techniques such as the Berends-Giele method [59-62]. We compute
them in the lightlike axial gauge, Eq. (1). Only the expression for the quark current differs from the massless case discussed
in [41], and the difference amounts to a trivial change in the quark propagator. We find

= _aTh
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The expressions for the scalar production and decay vertices are given in complete analogy to the massless case
2pi+p))

— d”(pi'aﬁ)
=, D”(pi,pj,n) — ANy T

S*(pi.pj) =
o p”—m,j pizj

(Pi - Pj)”- (6)

To obtain compact expressions for the splitting functions, it will be convenient to use a Sudakov decomposition of the
momenta [63]. We will restrict this decomposition to its most generic form, in particular we will not rely on an explicit
definition of the transverse components. For two momenta, p% and pj’ , we have

Pl =z pi; =P, and ph=z;pli— P (7)

where p;; = P+ pf; . The individual Sudakov components are
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\ﬂ P2 \ﬂ D2 B. Quark initial state
/V 1 /Vm< 1 We begin by deriving the splitting functions for one to
(a) (b)

two partons. The corresponding diagrams are shown in
Fig. 1. Using Eq. (3) and the recursive definition of the
quark current in Eq. (4), we find the following expression
for the case of a quark-to-quark-gluon splitting,

1 Tae{p D pr pa))
PamalProp2) = g i ()P (P12}

(8) = Poy(p1.p2) + PLy(pr, pa). 9)

FIG. 1. Feynman diagrams contributing to the one-to-two
parton splittings with massive quarks computed in Secs. II B
(a) and I1 C (b). Double lines indicate a quark of on-shell mass m.

— u u
n u _ LiPj T LD
z; =——, and Pij=—"— - -
p,-jn Zi+Zj

This decomposition generalizes naturally to the many-
parton case. Its scalar and purely fermionic components are defined as

2 2 2 2

ﬁ(l_l’l‘mlﬂ_ P Zﬁ)_ 2my ]
2 2 2 2 2 2|

22 Pro—my 21 pPip—myp Pip—m

Piz(p1.p2) = Cr {

22 P%—m% P% ) (10)
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=l F 212 ZlP%z_m% P%z —m%

These expressions are valid both for on-shell and for off-shell partons. In order to achieve a physically meaningful definition
of the external wave functions in the off-shell region, we have used the shifted momentum in Eq. (2) to compute the gluon
polarization tensor, d*(p,, i) = d*(p,, 1) = d"(p,,it) — p3it*it*/(pii)?. In Sec. V we will also need the gluon-spin
dependent form of Eq. (10). The complete quark-to-quark splitting tensor is given by

f
Pita(p1op2) = Piy(pr.p2) + Py (pr. o). (11)
The scalar and purely fermionic components are

Cr

2

v C (722 zpi—-m
P(qlflq(Pl’Pz):——F g =220

Pgiq(Pl,Pz) = (P%z —m*)S*(py, p2)S*(p1» P2)s

2

27 2

2
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2 2

2 2 2 2 2 2 J
P, —m Pip—m P, —m

Note that the scalar result is schematically identical to the massless case [41]. It only differs in the denominator factors,
which is a trivial modification arising from the difference in the retarded Green’s function for massive particles. The spin-
dependent terms of the splitting function exhibit minor modifications, which account for the change in the off-shellness of
the heavy quark.

C. Gluon initial state

The second quark-mass-dependent one-to-two reaction we need to compute is the gluon-to-quark-antiquark
splitting shown in Fig. 1(b). Using Eq. (3) and the recursive definition of the current in Eq. (5), we find the following
expression:

T
5o d ) (pro. TH[(F, £ m)y” (B, F m)y)do(pra. ). (13)

P”U—) b -
g q(Pl Pz) 202,

A straightforward calculation, making use of the fact that the final-state masses must be identical in QCD, gives

2

a2 YY)
p;—m 2 nn 2 1 = v =
+ + p,——=—pi,D*(p1,p2,1)D ,D2,11)|. 14
4 % )) P12 (P1zﬁ)2 PiaD*(pi, P2, ) D (py, pa, i) (14)

2 2
pi—m

= = 212
Pgiq(Pl’Pz) = TR |:d/w(p12,l’l) (1 —p—2<
12
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In the on-shell case, and upon using a standard Sudakov
decomposition of the momenta [63], Eq. (14) reduces to the
familiar (massless) DGLAP splitting kernel. It is interesting
to observe that the effects of parton masses in this particular
case are purely kinematical. Note that Eq. (14) is still
independent of the kinematics parametrization. Its spin
averaged form reads

2 2 2 2
2 —m —-m
(Pyy(pr.p2)) = T {1 _In <P1 P >
' P12 2y 2

2 <ﬂ_11p%+z2p%>:| (15)
l—e Z%z Z12P%2

We will use the above functions in Sec. V to write the higher-
order splitting functions in terms of lower-order results.

III. ONE-TO-THREE SPLITTING FUNCTIONS

In this section we provide the expressions for the one-to-
three parton splittings. Our calculations are based on the

methods introduced in [41,53], in particular the use of the
lightlike axial gauge, Eq. (1). We employ Egs. (3)—(5) to
determine the splitting functions in terms of Berends-Giele
currents. All results computed in this subsection are known;
however, we present them in a more compact form than the
existing literature. We have cross-checked the expressions
against Refs. [25,26] and verified that they reduce to the
massless case derived in Refs. [53,64] when the parton
masses are set to zero.

A. All-quark splitting functions

The flavor-changing quark-to-quark splitting function
can be obtained from the product of the off-shell quark
splitting function in Eq. (11) and the spin-dependent gluon-
to-quark splitting function, Eq. (14). The corresponding
Feynman diagram is shown in Fig. 2(a). Note that we do not
make any assumptions about the on-shell quark masses, in
particular mj3 can differ from m;. However, in QCD we
always have m; = m,. The result is

(Pyegqq(P1: P2 P3)) = Crlk i = m3 {_ fhas 423 + (21 — 22)? _ 4m?3
9—q'q'q » P2, 2 S12 512(S123—m%) 71+ 2o 8123 _m%
4m? s
s
S12 5123 bl m3

The variable ¢, ; is defined as an extension of Eq. (22) in [53] to the massive on-shell case, using the fact that in QCD the
final-state parton masses for particles 1 and 2 must be equal,1

21— 2
21t 2

- 2213"23 — 22513
21+ 2

tipsy = <S123 - m%z3)5”(173,P12)S12D,4(P17P2’ﬁ) S12- (17)

We have also defined the invariant masses s;; = (p; + p j-)2 and the scalar products §;; = 2p, p;. The extension of the scalar
products to the three-parton case is given by 5§, = 3;; + S + 3. Equation (16) contains a component arising from the
scalar radiator in Eq. (6) and the gluon splitting function in Eq. (14). It can be interpreted as a squark-to-quark splitting
function and is given by

2
ST2

CrTpsis —m2[ 4z 4m? K I
FL R9123 3 3 3 + 12 ( 12.3)]' (18)

P~—>_/ G ) ) =
g qqq(pl P2 P3) ) 12 4tz

2 2
S123 —M3  Sy3 — M3

The first one-to-three parton splitting function with a nontrivial structure is the same flavor-quark-to-three-quark splitting.
There are two contributing diagrams, shown in Figs. 2(b) and 2(c). They lead to two terms of the form of Eq. (16) and an
interference term,

id
(Pymiag(Pr P2 p3)) = (Pyii(Pr- P2 p3)) + (Pygq (p1. P2 p2)) + (2 < 3). (19)
The interference contribution is given in terms of the function

'Equation (17) differs from t1p,; in Ref. [25] because our definition is based on the diagrammatical origin of the variable.
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p1 n p1
| D2 ] P2 | D2
/\V' /\/ /\/
p3 p3 p3
(a) (b) (c)

FIG.2. Feynman diagrams contributing to the one-to-three all-quark splittings with massive quarks computed in Sec. III A. (a) Process
with different on-shell masses for partons 1/2 and 3 (indicated by the double line and the thick line in the figure). (b),(c) Processes with
identical on-shell masses for all quarks.

2\2 2
(id) Cy (s13=m*)’zy 1+z -2 2
P . D2, =Cp|Cpr——)1 — — —-e(1+2 -
< q—>qqq(pl P2 p3)> F( F 2){ $12513 2 (1—22)(1—23) € + 1_Z3 ¢
Sy —m? [1 422 2z 1—23)2 2z 2s
+12 [ L =2 —e(( 2) Hl4z - )—82(1—Z3):| +(1—e)<ﬁ—g)
S12 -2, 1-2z; -z, I—2z; S12

m { (1+21)(z1 —2223)
512513 (I-2)(1-2)
2m? (L4+z0) (1 + 2023) — (22— 23)° | 4m? (222 _u(l+z) )}

$13 (1=25)(1 —z3) sips13\1—23 -2 )y

+&(z1 (5125 —m?) + 523 +6S12)}

(20)

B. Gluon emission off quarks

In this section we present the splitting function describing gluon radiation off massive quarks. Following Ref. [53], we
separate the Abelian from the non-Abelian component according to

ab nab
<Pq—>ggq(p11p2’p3)> = <P5w)ggq(l?1,l’27p3)> + <P(q—>g>gq(P1,P27P3)>- (21)

The relevant Feynman diagrams are shown in Fig. 3. The result for the Abelian component is

2 2 ) 2
ab) 2 ) 513 l+2z3  z1+23 dm” (1—2z3 k4|
e e e (A I f(l—gd
R r 2513523 2122 2122 S123 \ 2122 23

5123 [23(1=21) + (1 = z)? l—z, 4m® [1-z2 z
+~m{ 3( 1)+ (1-2) +&(1+2z3)—e(Z2+ 72120+ 23) 2—~< 2+(1—8)2>:|
S13 <122 2122 513 22 2

5 4m? 1 /2m?® 2m3\?
te(l—e) =2 (1—e) +—+ <~+ . > }+(le>2). (22)
513 5137 2\ 813 33

The non-Abelian part of the splitting function is given by

Ca pav) 1 —e (th; 2 5n | Sy
— 2 Pya(P1. o, CyC Sl - (1-e)? 2 1B
2c, 1 99a(P1- P2 P3) + CpCy 1 2, + (1—e¢) 2313—1—2s12§13
1-23)%(1—€) + 22y 3(1—€) +2(1—2,) 4m? 2
» [( u)(l—e)+2z (-6 +21-z) 4m <1+—Z(Zl )]
2

2 l—2z; 5123 1 —2z3)

b
<Pglﬁg)gq(P1,P2,P3)> =

+§£{(1—8)21(2‘2“”%)‘22(6‘6@”%)”8@ 4_"12}
2515 (1 —z3) (1 —z3) 5123
5 1-2)03+23-z2 2(1=25)(z — 2
+¥|:(1—8)( 2) 3 2—8 ( 2)( 2 3)—€(l—€)<1—21)
253 (1 = z3) (1 = z3)
4m? <1 -2 Zz)] 2m?>  2m* }
2 +1-02) |+ 1o 2) b 23
(o a-02) [+ 2 B e (23)
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y4i p1 y4i
\/\ \/\ \/\
|| P2 | ] P2 | ] P2
/\/ / v, / v,

p3 p3 p3

FIG. 3. Feynman diagrams contributing to the one-to-three gluon emission splittings with massive quarks, computed in Sec. III B. The
double line indicates a quark of mass m.

C. Gluon emission off scalars

The results of Sec. III B are the only heavy quark splittings that overlap with the two-gluon scalar dipole radiator
function. The general form of this dipole radiator will be computed in Sec. IV B. In order to prepare the discussion of its
physical features, we present here the scalar splitting functions, which contribute to Eqs. (22) and (23). The Abelian
component is

52 2z 2mPz(1—z2 §123 [225(1 = 2 4m?>1 -z
PE’/—){]gq(pl’pzvp3):C%‘{~ 123 { 3 3( 3)}+ 123[ 3( 2) 2

§13523 (2122 813 2122 513 2122 S513 22
dm? 1 2m?®  2m3\?
+(1—€)+~—+—<~—+~—) }+(1<—>2). (24)
S5130 2\ 513 3n

In the non-Abelian case, we obtain

b Cy 1—e (1i;
Pgﬁgzq(l?hpz»l%) = _FP((]—)ngq(pDPZ p3) + CFCA{ 2 ng 1

2 2 - 2
K Z 1-z2 2m Siml—2, |2 1-2, 2m~z

+‘—%3{—3+ 2 :|+ 1z 2{—3——2—~——1]
S12813 [Z l—z3 Sz 1—23 o l—z3 3§32
K Z 1+ 3z 2m 52 m m 2m?*  2m*

+£[—3— 3+~—}— 2 [ —}+~—+T+(1<—>2) : (25)
S12 [R2 1 —2z3 $123 513523 [S12 Si23 S13 513

D. Gluon splitting to quarks

In this section we quote the gluon splitting functions into a quark-antiquark pair and a gluon. Following the notation in
[53], we separate the result into an Abelian and a non-Abelian component:

P, i (P1. P2 p3) = PLC0 (b1 pa. p3) + P (py. pa. p3). (26)

The Feynman diagrams for this process are shown in Fig. 4. The Abelian component is given by

3 m:  m? 3 3
Pgﬂzq)q(l’l,l?z,m) —CFTR{d” (P123:71) [2S123< = _T_T> (1—8)< 12+~£> —28}
512513 S12 513 S13 812

4513 (. P2 131315 13 f?g 121-35 12 45123 p -
+= P213P%12+P312P213 + 8m? ) T _<1_5)—P723P?23 . (27)
S12s1 513 512 $128513

The non-Abelian part is given by
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b1

P2

p3

P1 p1
:-'\/\

P2 | P2

P3 P3

FIG. 4. Feynman diagrams contributing to the one-to-three gluon splitting into massive quarks computed in Sec. III D. The double line

indicates a quark of mass m.

b C b CuTg (5 r —20
Pgﬁggq)(Pl,Pz,m):_ 2 gﬁ;q)q(l’hpz p3)+ AR 123 —d" (pio3. it )g—m 1P53P53
2C 4 23 123 21
HH U 4% HH U 47
71 2(1-z + 21—z  1-z;\2
T 16m? [P2,3P2,3 (~21_ ( _ 1))_171,23172.3 PhsPios <~22 k 1>+P1.23P1,223 (~2Jr 1) ]
2] ST2 523 l-z 813 13523 (1-21)" \Bi3 533
_\ | 2513 2§123( 1—-z; > 251031 =21 4227 4m®s 3
+d*(pio3. it L— l—e)+——F—=-2 ) +—— —-1-
(Prs.7) 512( ) S \z(l-21) 513 z1(1—21) S%z
4m2< -2 ﬂ 5123 [ 2(1-2z) 3
-—(2- | 25103d" (D123, 71) = 6P, 1) P51y —
S13 zi(1=z2y) $12523 12" (Pros zi(1=2y) P312P512 zi(1=2y)
A i~ - 2z
+8(1—€)ph 139515 +4(P/2l,13p§,12+Pg,12P5,13)(72((1_&))"'1— ﬂ +(2<—>3)}- (28)

Here, p/ ; are the generalized transverse momenta defined
in Eq. (8). They fulfill momentum conservation in the
form pf,+pj, =0 for any i and j, as well as
Pos+ Phis+ P51, =0. We have not listed explicitly
ﬁ—dependeht components of the splitting functions, as they
vanish when multiplied by the polarization tensor of the
intermediate gluon.

IV. SCALAR RADIATOR FUNCTIONS

In this section we compute the scalar radiator functions,
which describe the production of one or more partons
through coherent radiation off a QCD dipole antenna. In
contrast to the splitting functions in Secs. II and III, they
account for the precise direction of flight of the color
anticharge, which must accompany the initial state charged
parton in a splitting configuration such as Figs. 1(a) or 3
due to color conservation.

The simplest such function is the one-gluon radiator
shown in Fig. 5. Using the formalism and notation of
[42,65] generalized to the scalar QCD case [41], the dipole
approximation to the complete radiator function for a single
gluon can be written in terms of color insertion operators,
T, and a space-time-dependent part, S;, as follows:

S,({r}rqi:n) =Y TTiSulan).  (29)
i,k

For massive emitters and an on-shell gluon with momen-
tum ¢, the function S;, is given by

_ 1 2z pr—m7 1 2z
Sinlqisit) =—5——>— <1_ 2k kz +— 2.
pi—mi 2 Pir1 — My P — My 21

y <1_p, —m2>_ 4pipx
P%] - miz (P%l - mzz)(P% - m%)
(30)

In order to simplify the notation in Sec. V, we also
introduce a compact notation for the gluon-spin-dependent
radiator function. It is given by

Sy ({rhiq)) = ZTiTksﬁZ(ql)’
ik

where S (q1) = $*(pi» 41)S" (Prs 41)- (31)
For the decomposition of the two-gluon splitting functions
in Sec. V, we will need the off-shell radiator [41] for
massive particles. It is determined by using the momentum
shift in Eq. (2) to define the external wave function of the

pu m[

% e

FIG. 5. Feynman diagrams contributing to the scalar radiator
function for a single gluon emission. The double lines indicate
quark masses of the scalar particles.
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bi, my

A qi, m /\/ qi, m
V\ v V% -
P, my Pgs M

FIG. 6. Feynman diagrams contributing to the scalar radiator
for a quark-antiquark pair computed in Sec. IV A. The double line
indicates quark masses of the scalar particles, while the thick
solid line indicates the masses of the emitted quarks.

gluon. Its space-time-dependent part reads

_ ~ 1 2z; pi—m; G
Sikl(qisn) = ﬁfl (1 - zk kz 2 : 2
Pip —my 2 Pt =M Py — My 44

2pipi

R R

The squark splitting function in Eq. (10) is a special case of
this radiator, P,_;(p1, p2) = Cr(pf, — m7)S1.1(pa;ii)/2

A. Quark-antiquark radiator

The scalar dipole approximation to radiation of a
quark-antiquark pair is obtained from the product of the
spin-dependent one-gluon radiator in Eq. (31) and the
gluon-to-quark splitting tensor in Eq. (14). The relevant
Feynman diagrams are shown in Fig. 6. Due to the
factorized form of the result, the color decomposition is

CI1,C]2

identical to the single gluon emission case in Eq. (31).
It reads

Sa({p}iai. qa3n) = ZTiTkTngf) (q1.q2;7).  (33)
ik
The space-time-dependent component is given by

5 2
S99 (q,.q i) =
ik (414> (si12_mi2)(sk12_mi)

y [i <Zi(sk12 —mp) +zi(sip—m

S12 21+ 22
t1r;t
+ 1— 12,1212J<:| ) (34)
STz

For i =k, this result is proportional to the scalar
splitting function in Eq. (18), cf. Eq. (42).

B. Two-gluon radiator

The dipole approximation to the two-gluon radiator
function has a more complicated structure. The
relevant Feynman diagrams are shown in Fig. 7. To
understand its form, it is helpful to write the result in
terms of the two-gluon current [53]. It is interesting to
note that this current is only minimally modified
compared to its massless counterpart. For an on-shell
radiator we find

= (AT ) + 3 I a0, (35)

with the color-stripped Abelian and non-Abelian components,

ab),uv 1 v
T g1, ) = 55" (Pi41)8" (Pr 42)

- 6116125”(171'1 71)8*(pi» 42) — 9’”’],

Six
i SH i + MSL/ i
T anl = (418 (Piea) + 458 (i)
b).uw oV D v
jz('na )ﬂ (91, 92) = Sp(Pia%z)(d’ (912)8"(q2: q1) — d”*(q12)5" (41, 42))
1

_l’_
(pi+ qi2)* —m3?

{qlS (Pi-a1) = &5 (Pi- q2) + Pi(92

Hai
- q1)8"(pi»91)S"(Pi» 42) +;—§9” ] (36)
12

Changes compared to the massless result only occur due to the definition of #,; [cf. Eq. (17)], and due to the
difference in the propagators. The squared two-gluon current is given by [41]

054009-9



HOCHE, LEBLANC, ROLOFF, and WHITMAN PHYS. REV. D 113, 054009 (2026)

Ppi, My Pi, My Ppi, My Pi, My DPiy My
n//@ q1 f\@ A q1 f\% q1
V\\@ " V\ \ V\ - V\ .

Pk, My PE, My ks T PE, My Pk M

FIG. 7. Feynman diagrams contributing to the scalar radiator for two gluons, computed in Sec. IV B. The double line indicates quark
masses of the scalar particles.

2 (q1.g2)) d (q1. 7)d*" (2. 1) (g1 42) —szIZ{T“ P} SE (a1 425 7)
+ZZZ({T? TbTb}JF{TaT?’TbT NS kl(QDQZ’ i)
+ZZ{T”T“’TZ’T”}S (a1-42)

—ZCATCTC (S5 (g1 g2 1) — (1= 26,)S85 (q1.42)

ab -
S (6111 g2 1) — 55,1;2(611’42;”)
— ab — ab — ab -
+ Si,l;i (91,925 7) + S;,i;i)(%v g5 1) + 35,1;1)(611, g3 1) + 55,,';1)@1’ g3 7)),
(37)

where we have introduced the Abelian and non-Abelian radiator functions, S(q,q,;7). For massive on-shell
particles they are defined as an extension of the results in [41],

b 1 _
Sl(':;}c;;.m(ch? 6]2,1’1) ll CII n Skm(qZ’ )’

1 Si1Skl S12
S( )(QI7q27n) : —_ —
Rk Sklsll SiuSp

Sllzs 15k2 Susn
{ ( 1512 — S8 21512 > + ZiSi1 + 2Si — 218y
5112 5a515n 2215150 25181
(1 n mk +m 2S12> n s12(sy + 3i) (mg + m7) n < (i < k) )]
25 i15k2 S 251512515 (1 «<2)
S,(';a;?)@l, 0) = (31510 — 300501 )? - %Slzfikgsilfkg + 5081) + 51,55 4o 2S~12 <~m~,2 n ~m~,2{ ) n 2~(1 - €) ETS)
Si125k128i1Sk1 525 k2 Si128k12 \Si1Si2 Sk1Sk2 Si125k12

and

nab nab, — v — — _
S5 (g1, qrim) = SE (g1, gai ) = 2(1 = €) 8" (q12: 1) D, (g1 42 D, (q1+ 4. 71)

+ % (Sii(q12: 1) + Sea(q12: 1) — 28:4(q12: 7)) [Si;i(42§ ) + S1.1(q2; 1) — 281 (ga5 1)
- 3(Sulasin) + Suulasn) ~2Sulasm) + o+ o+ ([T 9

where
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gtnab.p) v 3Su 2s (o w \ [z Zne 231 Sik
itk (ql,qz,n) ~ |33 T\ |7 Y T =
Si1Sk1 212 \Si12  Sk12 Sit2 Sk12 S1282  SipSk2

1 3 3 3 S5 2o 5u8n —Sus 5; 5; 35,
+~ . _+_~ l~k + ik __2+ kl 12~ _ k912 1_;]( +~i 1— 12
Si2Ski2 12 2508 2512 7 251510 S12 Si1 S12

_gﬁﬁ<2+z_l+§i12+§kl2>+2§kl (Zl—2222—21'_Zi§i12+§£_§£2Zi+Zz>

Si1 22 Zi Sp Sn S12 4| 2 2851 Su Sp oz
2 ~ ~
75, to it t Si1 2 z;8 2z 5 3z;
_ 12,1212.k_ 12,k [~_11£ (1_ 1~12> Ly S + (1 e2)
22125 S12 2515 30 21 2281 | S12 2

2 < % 2 - v ~
_my [Zflz,k_zsiksn <1+s£+si2sk1>:|}+ Zj <1+Si1 ~Si2 8k —Sk2>
~ ,.,2 ~ ~ ~ ~ ~ ~ ~
Sit L S12 Sin Sk1 SiSk2 25,15n2122 Si12 Sk12

P T 2 ok <
4m; SiSio + SioSu = Susiz | _m {i <sik 51, Sk 2 skl) 12Zi+i2Zi1

Sitn 51251511 5ia5i2 Sk B2 S22 sz 25, Sz Sa 2
25, + 810 (m? 2(m? 4+ m3 . i<k
L L (#4—7( po—— J +(iek+(1<2)+ ( ) . (40)
Sil S SinSk2 (1 < 2)

As in the massless parton case, the radiators define the splitting functions in Egs. (24) and (25). We find

ab ab - ab — ab
PE}—»?ggq(pl’pz’pi) = (Si12 — mz‘z)zc%<81(',i;i).i(plv p2if) + 281('.1';[)(171, p2ii) + Sg;i >(P1,P2))v
nab CFCA nab — CA ab
Péﬁng(Pl,Pz’Pi) =—(sim2— m?)zTSZ(';i )(P1, P2 i) —EPéﬁng(pl,pz, pi)- (41)

In the double-soft gluon limit, Eq. (39) reduces to the massive double-soft eikonal computed in Appendix B of
Ref. [66] (see also [67]).

V. COMPOSITION OF ONE-TO-THREE SPLITTING FUNCTIONS

In this section we address the main question of this work, namely how the one-to-three parton splitting functions can be
decomposed in terms of the scalar dipole radiators derived in Sec. IV and the lower-order splitting functions in Sec. II. The
results we will derive are structurally identical to the massless case, which was determined based on the Feynman diagrams
that enter the calculations. This provides a strong cross-check of our technique, as the remainder functions we will obtain
are required to reduce to their massless equivalent in the case of massless external partons.” We will make this structure
apparent in all our results.

A. All-quark splitting functions

We begin with the simplest case, which is the all-quark splitting function with distinct flavor quarks. Only the diagram in
Fig. 2(a) contributes to this result; therefore, the splitting function admits a trivial decomposition, which is given by

2
S123 — M3 Cr

f
(Pongrqa(pro pa: p3)) = =223 158 (51 = ) SE (p12) + (PG (s, p12)) | Pomgunlprop). - (42)
1

We note that the scalar contribution can be written in terms of the two-quark scalar radiator in Eq. (34), or in terms of the
scalar splitting function, Eq. (18):

CF TR
4

Cr (s13 —m3)?
7T38§?3(p12)Pg—>q.ﬂv(plapZ) =

Pyiqya(P1. P2, P3) = (5123 — m%)zSg?f)(pl,pz; ). (43)

For the all-quark splitting function with same flavor quarks, we obtain

*No limiting procedure is involved when determining the massless results from the massive ones, the masses can simply be set to zero.
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2
Sip3 —m |:CF

v fuv
P12 ) = { (3123 = )5 1) + (P (3 p12) | Py 1. )

S12

o 3)} (PP (1 paps))- (44)

The pure splitting contribution is a consequence of interference between the diagrams in Figs. 2(b) and 2(c), and is given in
terms of Eq. (20) as

(PP oo (P1s P2y p3)) = (PUY Py, 2, p3)) + (2 3). (45)

B. Gluon emission off quarks

The quark-to-quark-gluon splitting function overlaps with the scalar dipole radiator for two-gluon emission in Sec. IV B.
It allows the following decomposition [41]:

(ab) C — Crs %23

- _ _ f
<Pq—>ygq(P1,P27P3)> = TFS%23513;13(P2§n)53;3(P1§71) +7 = (pz;n)<P5,lq(p3,p1)>

Cr_
+7F3123<P51Q>4(P137P2)>33;3(P1> i) +£< (qflq(l’w’P2)><P<qfl>q(P37P1)> + (1 < 2)
+ q—)ggq(pl’ P2 p3) +< q_’ggq)(pl’ P2 p3>> (46)

where the pure scalar and fermionic components are given by

2
b, ab Cr . _ _ _ _
Pi;—»fg)q(pl’ P2, p3) = P(a:)gga(pl’p27 p3) — *4F $123(S13:13(P23 1) S33(p13 71) + Sa33 (P13 1) S35 (a3 7))

_ Cz{ Sins [ 3 2m’z(l —Z3)] _ Si232z3(1 = 25) +4i

513523 (2122 Sz 2122 S13 2122 2122
4m? 75— (1 - 4
SRR E T G o
S13 <122 513S23
and
<2 2
(ab,p.f) 2 S123 (z1 + 22) ) (Sl 2122 )
P, , =C%(l—¢ —= 7 +el+|—+—"=])(l—¢
PR .2 ps)) = G0 - {72, (3 e (B
Ky 2 2 1
ot oo (i)
S13 <122 — 22 22 — 2 -2
2m? z7,(1 2
_2m 3 ””—i”f”(l—zg}ﬂlezy (48)
Si3 1—2, $13823

For the non-Abelian quark-to-gluon splitting, we find the following decomposition [41]:

n CrCy
<P$1il;)gq(171,172,173)>

5123[333(17127”)(81 1(p2:71) + Sa0(pr3 ) = Si3(p2sit) — Sas(prs 1))

+2(1 = €)S55(p12: 1) Dy (p1. p2. 1) Dy (1. pas 1))

Ca -

+ 73123[<P¢(1lq<193’ P12))(S1a(p2sit) + San(prsit) = Si3(paiit) = Saz(priin))

+2(1 = &)(PY2Y (3, p12))Dy(py. pas 1)D, (py, pa, 1))

C b,
= 30; Pai (P12 p3) + (PIZ0 (P12, p3))

b,
+ PP (py . pa) + (PR (b, pa. p)). (49)

where the pure scalar and fermionic components are given by
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b, CrCy b _ b b _
P(ggg;)(l’hm,m) = FTAS%B[S% )(P1,P2;”) +S§;l3)(1’1vl’2> ‘*‘2‘5‘?.13;)3(171,172;”)
+S3%33(P17P2, 1) + S35(p12: 1) (S (prs 1) + Sp(pas i) — Sas(prs i) — Sy3(pas 1))
_ _ C b,
+2(1 = €)855(p12; 1) Dy(p1, P2, 1)D, (1, 2. 1)) +ﬁ PP (1. pa. p3)
_ CFCA{E+ (MZ_I_ 1) <5‘lﬁﬂ_2_’”21_1_ 1) 4
4 S13 1—2z3 S12 22 S12 22
Si3=5»21—20 Spfl—-z3 2z z 2723 2m? 1
+[ul_z_#<_3+_3>}432+_3_~__}+(192> (50)
S13 22 $13 22 <1 (1 —Zs) 2122 S13 22
and

nab,p, Z 1 Z 2z 33
PR ) = GG =02 (o 2 ) (B (13220 -2

S12

1- s 5 s 5 1-z 1 —27)2 22
[1 +£+ < 123) S123 ( 123 2) <( 3) 4L )
2 §13 1 — 2 1- V) 513 2S13 S12 4| Vo) 1- 23

Si1031 =23 13l —2p 3 s m?z;—z, 3
+<ﬁ SpB__ 2 1%3)<1—Z3_~i)+~——1 2——}+(1<—>2)- (51)
S22 % S13 21 512513 5123 S3l—2, 4

C. Gluon splitting to quarks

The Abelian gluon-to-quark splitting tensor can be assembled from lower-order components as follows:

C _ _
Pzizqq(Phpz,Pz) [ 2Fs123Pﬁ'i,q(p]2,p3)(52;2(p1;n) = Sa3(pi3 i)

$123

. Polg(P1as P3)<P£1Q>q(192,171)> +2 < 3)] PZ:ZZ; (P1, P2 P3) + o (52)

In the massive case, the pure splitting tensor is given by

103 — §23)2 1 2m?
prvab.p) Do — CoTod —dm i (3123 — 523) 1 X _ 1—
v—gq7 (P1> P2 P3) J (P123. 711) 2505 (1+¢) 1—\1=z 5, (1-¢)

N z Sos 1 —2z2 1 z 2m?
—d"(pip3. 1) [~13 2 +2 2 - <—2—~—> + 1}
1221(1—22) Spl—zp 1=z \z1 32

+ <d”y(l7123,7l) _4p3~12p312> {{12% (ZI_ZZ— (1—c¢) Zl) +§~1231_Z2}

5123 S12 <] 1 -2z S13 1
2m?
+ 2P0 03P 23 5 1%3 <8 — (1 —€)> } +(2 < 3). (53)
12513 5123

The non-Abelian splitting tensor admits the following decomposition:

b)
P’g‘iZf‘,q (Pl’Pth)——ASIZB [S?[ji(p23)Pg—>q aﬁ(pZ P3)d" (p123.1) +Sx303(p1s7t )Pgiq(Pbm)]

C,s? _ _
+-A%235 (1 —&)D*(p1, P23, 1) D* (P11, p23: 1) (P gy (2. P3))

2 sy3
< C v(ab,
+ 4As123[Pq—>q(p12 P3) +Pi5q(P2.p13)|S23(p1si) — FPZ—qu;)(Pl,pz,m)
v(pnab,
+P§5§32 p)(Pl,Pz,P3)+..., (54)

where the pure splitting tensor is given by
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Puv(pnab .p)

g—99q (pl’p27p3):

T _ Ky Z
R{—dfw(plzg,n)( —s>( 13 %

_m_271>
< 2
5121 23 812 (1—23)

1-27; (s1331—23 s 52 z 2 1 [2z, 2m?
" (pis n)[ l( 123_+£_#_2> __+1__<_2_~_
Sipl=z1 53 Spspl—z <] I-z3\ 74 S12
41’1 2P 2Z213 4m* z, 2(ph 13P5 .00+ P5.12P513) s123 22523 —
—&)+— + = LU -
1—21 Si3 1—2z4 $23 Spla I=z
4 2
P312P312[Zz<5~123 2 _“?3)_(]_5)<S~123+f23 2 ﬂ
Spl=z1 52 S137 Spl—2z
817 D5 Smp D53+ P3P
_ 23 23+ 123P23 1,23 23}+(2<_)3)_ (55)
71 823 512 §23

The ellipses in Eqgs. (52) and (54) stand for terms propor-
tional to 7# or n*, which vanish when contracted with a
gluon polarization tensor.

D. Kinematical limits of pure splitting remainders
In Ref. [41], it was found that the massless pure splitting

b,
rer?algdefr; cor(risp)ondmg t(o b(l;ép_),qq o <P57¥g’; / )>
(Pgas ), PRES, and PP in Egs. (45), (48),

(51), (53), and (55) have at most subleading singularities in
the soft-gluon limits (if applicable) and in the collinear
limits. This statement still holds for the massive pure
splitting remainders, if the collinear limit is replaced by
the quasicollinear one. In particular, Table I of Ref. [41]
remains unchanged if the collinear limit is replaced by the
quasicollinear limit, and the massive extensions of the pure
splitting functions are used. In complete analogy, the

o) and PPP) in Egs. (47) and (50) have
leading soft singularities, which arise from the interference
contributions of the leading diagrams in the axial gauge. The
scalar splitting functions should therefore be expressed in
terms of the scalar radiator functions by making use of
Egs. (41). In summary, we find that the methodology for
the computation of splitting functions first introduced in
Ref. [41] applies to both massive and massless QCD, because
it is based on a physical, rather than a purely mathematical
understanding of the origin of infrared singularities.

functions P

VI. CONCLUSIONS

Using a recently introduced method for the decomposition
of splitting functions into scalar dipole radiators, lower-order
expressions, and pure splitting remainders, we derived a
representation of the massive one-to-three-parton splittings
that makes their factorization manifest. The massive two-
gluon radiators used in this context were computed in a
process-independent form for the first time, to our knowledge.
The pure splitting remainders exhibit at most subleading
singularities in the (double-)soft gluon limits and in the
quasicollinear limits. Kinematical limits are, however, not

used in any of our calculations, which implies that our results
remain valid across the complete physical phase space.

Asabyproductof our analysis, we derived the massive QCD
one-to-three parton splitting functions in a significantly more
compact form than existing literature. This will reduce
evaluation time and increase numerical stability in practical
applications. We have also obtained the first (to our knowl-
edge) independent cross-check of the massive, triple-collinear
splitting functions that do not exist in the SCET-based
approach of [26], in particular Egs. (5.9) and (5.10) of [25].

We expect the novel techniques introduced in this manu-
script to provide a path toward higher-order computations
which do not require sectorization or other forms of overlap
removal for different singular phase-space configurations.
At the same time, the splitting functions derived here will be
helpful for higher logarithmic resummation of soft gluon
effects on QCD observables. These methods will help drive
improvements in the modeling of heavy quark jet formation,
leading to better precision in analyses of top quark and
electroweak boson production at the LHC.
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