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We consider the classical scattering of two gravitating compact objects in the presence of a massive
scalar mediator, providing a simple model of exotic phenomena. Through dimensional analysis, we argue
that such a process can only be classical in the presence of gravity, a consequence of which is that
perturbing in the coupling of the scalar to a worldline is not separate from the post-Minkowskian
expansion. When computing asymptotic observables, the massive mediator complicates the Fourier
transforms to impact-parameter space at next-to-leading order. We reduce these to univariate parametric
integrals—amenable to numerical integration—and produce analytic results for the linear impulse and the
scattering angle to the second post-Minkowskian order. The scattering angle exhibits a maximum when the
range of the scalar-mediated force is comparable to the impact parameter, a possible signature of a massive
scalar mediator. In the opposite, large-mass regime we uncover a screening effect: integrating out the scalar
sourced by each compact object reduces its gravitational mass by an amount linear in the scalar’s mass.
Both of these phenomena are next-to-leading-order effects.
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I. INTRODUCTION

The direct detection of gravitational waves (GWs) from a
binary black hole merger represented a resounding success
for the theory of general relativity [1]. At the same time, the
possibility of observing compact mergers through the lens
of GWs opens a new channel for studying open problems in
gravitation, cosmology, and astro(particle)physics.
Several of these problems may be approached by the

introduction of a new scalar degree of freedom. For
example, quintessence and k-essence replace the cosmo-
logical constant with a scalar field (potentially with a
noncanonical kinetic term) as the cause of the accelerating
expansion of the Universe [2,3]. Still other models use a
scalar field to modify gravity itself, either as a description
of dark energy [4,5], or to explain the dimensionality of
Newton’s constant [6].
On the astrophysical side, boson stars are stable solutions

to the Klein-Gordon-Einstein equations [7–9], whose
mergers may in fact be detectable in current GW
observatories [10]. Various models of these exotic celestial
bodies exist, differing by the properties of the scalar field

and the potential describing its interactions [11]. While
these objects may provide an explanation for dark matter, it
is also easy to conceive of the scalar field as describing a
stand-alone dark matter particle. Also, hypothetical ultra-
light scalar fields may produce boson clouds around black
holes, yielding possibly observable superradiant effects in
black hole inspirals [12].
An action-based approach is convenient in all contexts,

in which the Einstein-Hilbert action is extended to include a
scalar particle. Modeling the compact object—be it a black
hole, neutron star, boson star, or other exotic—via a
massive worldline effective theory, one may also introduce
direct couplings between the worldline and the scalar. In
this paper, we are concerned with the influence of a massive
scalar on observables pertinent to GW observations, either
due to binary coalescence involving a boson star or the
presence of scalar dark matter.
The classical scattering of two well-separated compact

bodies is efficiently captured by an effective worldline
theory, in which each body is described by a massive point
particle coupled to the gravitational field, with its finite-size
structure encoded in higher-dimensional worldline opera-
tors [13–15]. In the post-Minkowskian (PM) expansion in
Newton’s constant G, the key asymptotic observables—the
impulse, scattering angle, and emittedwaveform—may then
be obtained using modern tools from perturbative quantum
field theory. The worldline quantum field theory (WQFT)
formalism [15–19] has proven especially powerful in this
regard, systematically incorporating spin, tidal, and radia-
tion reaction effects [16,18,20–23]. Building on advanced
multiloop integration techniques, this program has recently
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pushed our resolution of the gravitational two-body problem
to the fourth- and fifth-PM [i.e., OðG4Þ and OðG5Þ] orders
[24–29], see also Refs. [30–34] for the related amplitude-
based approach.
Working within this effective worldline framework, both

the bulk and worldline actions may be extended to incor-
porate the scalar field. While similar setups have recently
been studied in Refs. [35,36], we focus here on establishing
analytic control of the perturbation theory at next-to-leading
order (NLO). As such, we consider only the minimal
Lagrangian describing a real scalar, which interacts gravi-
tationally, and the lowest-dimension operators on the world-
line, which are relevant for the precision we are after.
Our task requires that we properly organize the pertur-

bative expansion of the new effects, as well as handle
complications to integration brought about by the mass of
the new mediator. One innovation in this regard is the
realization that scalar couplings are commensurate with
gravitational ones in a PM expansion. Consequently, we
contend that the purportedly 2PM impulse of Ref. [35] in
fact mixes 2 and 3PM contributions. A second is that we
present compact forms of the Fourier transforms at NLO
with the full mass dependence of the mediating scalar.
Univariate parametric integrals are left over, but these are
easily handled numerically. Interestingly, we observe that
the case of a massive mediator is not constructible by
adding small-mass corrections to the massless case, but the
latter is accessible as a limit of the massive case. Looking
instead at the large-mass limit, we observe a screening
effect induced by a scalar-field “cloud” surrounding the
compact objects, which reduces their effective gravita-
tional mass.
Our final results include the linear impulse and the

scattering angle up to 2PM precision. We evaluate the latter
numerically and compare its significance relative to the
purely gravitational scattering scenario. Our computation
reveals that scalar-mediated scattering distinguishes itself
from purely gravitational interactions in the form of a
resonance in the scattering angle.
We set up our extended WQFT action in Sec. II. There

we also analyze the scales of the problem and argue for the
equal relevance of a scalar mediator and a graviton at a
fixed PM order. We present the results of our computation
of the linear impulse and the scattering angle up to 2PM in
Sec. III, elaborating on our computation of the Fourier
transforms with full mass dependence. We enhance our
understanding of scalar-mediated scattering by studying
limits of the impulse in Sec. IV. Plots of the scattering angle
in Sec. V quantify the size of the contributions from the
massive scalar, as a function both of the scalar’s own mass
and the impact parameter. We conclude in Sec. VI.

II. WORLDLINE AND BULK DYNAMICS

We consider a bulk theory that augments the Einstein-
Hilbert action with a minimally coupled real scalar field,

Sbulk ¼
Z

ddx
ffiffiffiffiffiffi
−g

p �
2R
κ2

þ gμν

2
∂μϕ∂νϕ −

μ2

2
ϕ2

�
; ð1Þ

in a mostly minus metric convention. For the purposes of
dimensional regularization, we treat bulk dynamics in d ¼
4 − 2ε dimensions. In this action we use g to denote the
metric determinant, R is the Ricci scalar, and κ ¼ ffiffiffiffiffiffiffiffiffiffiffi

32πG
p

.
We allow for a scalar mass term, with μ, carrying the
dimension of inverse length, being the scale of the scalar
force’s range. A gauge fixing term for the graviton is
suppressed, and we work in de Donder gauge.
The graviton and scalar mediators influence the dynam-

ics of a massive body charged under the scalar field, whose
effective worldline action (in proper time gauge) we take to
be of the form

Si ¼
Z

dτi

�
−
mi

2
gμνðxiÞẋμi ẋνi þ

X2
j¼1

ci;jϕðxiÞj
�
; ð2Þ

with i ¼ 1, 2 labeling the two worldlines.
In order to correctly organize the perturbation theory for

the system described by Eqs. (1) and (2), we must under-
stand the scalings of the new coupling constants ci;j along
with the mass term μ. We work with c ¼ 1, equating time
and length, but refrain from setting ℏ ¼ 1, as we are
interested in classical physics, so mass [M] and length
[L] remain distinct. It is natural to assign τi the dimension
of length, leading to the following dimensionalities of fields
and couplings (in 4D):

½ϕ� ¼
ffiffiffiffiffiffiffi
½M�
½L�

s
; ½G� ¼ ½L�

½M� ;

½μ� ¼ ½L�−1; ½ci;1� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
½L�½M�

p
½ci;2� ¼ ½L�: ð3Þ

As ½ℏ� ¼ ½M�½L�, the dimensions of the scalar couplings
could be realized by the scalings ½μ� ∼mϕ=ℏ and

ci;j ∼m1−j
� ℏj=2, where m� is either the mass of worldline

i or of the massive scalar, but such choices are poorly
motivated in a classical scenario. We could in principle
introduce a new length scale for the ci;j couplings.
However, naturalness in the presence of gravity calls for
the classical scaling

ci;j ¼ c̄i;jmiGj=2; c̄i;j ∈R; ð4Þ

thereby assuming the coupling of the scalar field to the
worldline to be independent of μ (or any other length
scale).1

1Note that there is no analogous classical scaling for μ, as
μ ∼mϕGk is not possible for any k. Hence, μ must set a new
inverse length scale in our theory.
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The linear coupling c̄i;1 may be thought of as the scalar
charge of the ith massive body. As we will see in Eq. (18),
taking the charges of the two bodies to be of the same
(opposite) sign produces an attractive (repulsive) scalar
force at the leading order, while NLO corrections yield a
mixed profile of attractive versus repulsive contributions
depending on the signs of the c̄i;j.
Equation (4) has an unexpected implication: replacing a

graviton leg in a vertex with a scalar one does not change
that vertex’s PM order, i.e., power of G. As such, our goal
of computing ϕ-mediated scattering up to NLO requires us
to compute diagrams with one scalar, one scalar and one
graviton, and two scalars exchanged. Thus, truncating the
operators in Eq. (2) at second order in the mediating scalar
accounts for all contributions relevant to our targeted
precision.
With these considerations, we may now employ

WQFT perturbation theory, as developed in Ref. [15].
Specifically, the metric is perturbed around Minkowski
space, gμν ¼ ημν þ κhμν, and the worldlines around straight
trajectories, xμi ðτÞ ¼ bμi þ vμi τi þ zμi ðτiÞ. We take the back-
ground configuration of the scalar mediator to be vanishing.
Classical dynamics are extracted from diagrams with no
closed loops: each pseudoloop at subleading PM orders
must be enclosed by exactly one static worldline.
The WQFT Feynman rules follow straightforwardly.

Next to the known purely gravitational worldline and bulk
rules (see Refs. [15,27]), the scalar adds the momentum
space propagator

ð5Þ

denoting the massive scalar with a dotted line. New
worldline-scalar interaction vertices emerge from Eq. (2),

ð6Þ

ð7Þ

In these and other diagrams in this paper, static (i.e., the
particle i background, bμi þ vμi τ) and fluctuating worldlines
(i.e., the worldline deflection mode zμi ) are represented by
grey dashed and black solid lines, respectively. Arrows on
the latter indicate the flow of causality, necessarily oriented
toward the outgoing state [16]. At 2PM order we will not
need higher zi emissions. Finally, we encounter a novel
bulk scalar-graviton vertex from Eq. (1),

ð8Þ

Again, we do not need higher graviton emissions at the
NLO considered. We provide the explicit vertex rules in
Appendix A.
A typical description of boson stars uses a solitonic

potential that includes quartic and sextic scalar
interactions [11]. Our present bulk action omits these
effects, but they may enter for the first time at two-loop
order, such that they are irrelevant at the precision con-
sidered here. Moreover, we consider the simpler case of a
real rather than a complex scalar—the latter involves
complex sources that couple the scalar to worldlines, as
formulated in Ref. [36], which introduce new scales into
the problem. We leave the investigation of this more
involved setup to future work.
Reference [35] considered an identical naturalness argu-

ment for the worldline-scalar couplings (4) by deforming
the mass mi → miðϕÞ ¼ mið1þ siκϕþ giκ2ϕ2 þ � � �Þ,
which for the linear in ϕ term we have confirmed produces
the same impulse to NLO precision as Eq. (2). Yet,
Ref. [35] missed the inclusion of the nonfluctuating world-
line-scalar-scalar vertex, cf. Eq. (A4), in their analysis,
which makes a comparison at 2PM order spurious.
Additionally, the powers of κ in miðϕÞ are omitted in
the PM counting of the diagrams evaluated in [35].

III. ANALYTIC LINEAR IMPULSE TO 2PM

The linear impulse experienced by a compact object is
described in WQFT by the one-point functions involving a
deflection mode in the final state,

Δpρ
i ¼ −miω

2hzρi ð−ωÞijω→0; ð9Þ

where

ð10Þ

with the blob depicting all possible diagrams at any
loop order.
At leading order, there is only one diagram constituting

the impulse from the exchange of a scalar particle,

ð11Þ

Our convention for the flow of the transfer momentum qμ is
indicated. Evaluating this diagram for the impulse felt by
worldline 1 gives
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Δpð1Þ;ρ
1 ¼ −Gm1m2c̄1;1c̄2;1

∂

∂bρ
F ð1ÞðμjbjÞ; ð12Þ

with

F ð1ÞðμjbjÞ ¼
Z
q

1

μ2 − q2
: ð13Þ

We have abbreviated the Fourier transform as

Z
q
¼

Z
ddq
ð2πÞd �δðv1 · qÞ �δðv2 · qÞe

iq·b:

Though not apparent before integration, we will see shortly
that the transform only depends on the scales μ and
jbj ¼

ffiffiffiffiffiffiffiffi
−b2

p
through the magnitude of the product

μbρ ≡ βρ. The impact parameter,

bρ ≡ Pρ
νðbν1 − bν2Þ; ð14Þ

is projected onto the plane orthogonal to vμ1;2 by

Pρν ¼ ηρν − vρ1v̌
ν
1 − vρ2v̌

ν
2: ð15Þ

This involves the dual velocities

v̌ρ1 ¼
γvρ2 − vρ1
γ2 − 1

; v̌ρ2 ¼
γvρ1 − vρ2
γ2 − 1

; ð16Þ

where γ ¼ v1 · v2. We may evaluate this Fourier transform
without much difficulty using methods from either of
Refs. [37,38], giving

F ð1ÞðjβjÞ ¼ K0ðjβjÞ
2π

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ; ð17Þ

where KνðzÞ are modified Bessel functions of the second
kind. With this, Eq. (12) becomes

Δpð1Þ;ρ
1 ¼ −

Gm1m2

2πjbj
c̄1;1c̄2;1ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p βρK1ðjβjÞ; ð18Þ

in agreement with Refs. [35,36]. When the c̄i;1 have the same
sign this impulse points in the directionof particle 2, indicating
that the scalar exchange induces an attractive force.We remind
the reader that, although there are no gravitons in Eq. (11),
Eq. (4) means this contribution is relevant at 1PM.
At NLO it is convenient to divide the computation into

two families based on the pertinent master integrals. Let us
define the propagators

D1;μ ¼ l2 − μ2 þ i0þ; ð19aÞ

D2;μ ¼ ðl − qÞ2 − μ2 þ i0þ: ð19bÞ

Diagrams in the first family involve integrals with at
most one massive propagator, which, in terms of Eq. (19),
are of the form

Ið1;2Þ;�n1n2n3 ¼ μ̃2ε
Z

ddl
ð2πÞd

�δðv1;2 · lÞ
ðv2;1 · l� i0þÞn1Dn2

1;0D
n3
2;μ

; ð20Þ

with the regularization scale μ̃2 ¼ eγEμ2DR=4π. In this case
the pseudoloop is enclosed by one graviton and one scalar
line, as depicted in Fig. 1.
The second family accounts for diagrams in which the

pseudoloop is enclosed by two scalar lines, falling into the
integral family

Jð1;2Þ;�n1n2n3 ¼ μ̃2ε
Z

ddl
ð2πÞd

�δðv1;2 · lÞ
ðv2;1 · l� i0þÞn1Dn2

1;μD
n3
2;μ

: ð21Þ

An additional division of this family is meaningful, with
one subfamily, labeled 2a, involving the coupling κ and the
other, subfamily 2b, involving only the ci;j. Diagrams
contributing to family 2 are drawn in Fig. 2, with the
division into subfamilies also indicated there. Thus, in all,

FIG. 1. The seven diagrams comprising family 1. All diagrams are proportional to κ2c1;1c2;1 and involve loop integrals with one
massless graviton and one massive scalar propagator.

(a) (b)

FIG. 2. The two diagrams in family 2a (a) and the four in family 2b (b). Contributions to the impulse from the former are proportional
to κ2c2i;1, while the latter are free of κ and at least cubic in the coefficients ci;j. Both subfamilies are united in their dependence on loop
integrals with two massive scalar propagators.
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there are three contributions to the NLO impulse, which
cannot mix with one another,

Δpð2Þ;ρ
1 ¼ Δpð2Þ;ρ

1 j1 þ Δpð2Þ;ρ
1 j2a þ Δpð2Þ;ρ

1 j2b; ð22Þ

having denoted contributions from each diagram family.
Upon assembling the diagrams in Figs. 1 and 2,

integration-by-parts (IBP) identities, implemented through

Kira [39–41], reduce the loop integrals appearing in either
family to a set of master integrals. In total, four master
integrals are needed at one-loop order, all of which are
amenable to integration through Feynman or Schwinger
parameters. We list these integrals, evaluated in dimen-
sional regularization, in Appendix B.
Performing the loop integrals, the impulse takes the

explicit form

Δpð2Þ;ρ
1 j1 ¼

G2m1m2

jbj2
c̄1;1c̄2;1ðm1 þm2Þ

γ2 − 1
jβjβρ ∂

∂jβj ½ð2γ
2 − 1ÞF ð1ÞðjβjÞ þ ðγ2 − 1Þ□βF

ð2Þ
1 ðjβjÞ�;

Δpð2Þ;ρ
1 j2a ¼

G2m1m2

2jbj2 ðc̄21;1m1 þ c̄22;1m2Þjβjβρ
� ffiffiffiffiffiffiffiffiffiffiffiffi

γ2 − 1
p
2πjβj −

�
γ2 þ 1

4
ðγ2 − 1Þ

�
1

jβj2 þ□β

��
F ð2Þ

2a ðjβjÞ
�
;

Δpð2Þ;ρ
1 j2b ¼

G2m1m2

4πjbj2 jβjβρ
�
c̄21;1c̄

2
2;1ðm1 þm2Þ
γ2 − 1

∂F ð1Þð2jβjÞ
∂jβj þ 1

2
ðc̄21;1c̄2;2m1 þ c̄22;1c̄1;2m2Þ

�
1

jβj2 þ□β

�
F ð2Þ

2a ðjβjÞ
�

−
G2m1m2

4πjbj2
c̄21;1c̄

2
2;1ðm2v̌

ρ
1 −m1v̌

ρ
2Þffiffiffiffiffiffiffiffiffiffiffiffi

γ2 − 1
p jβj2

�
1þ 1

2
□β

�
F ð2Þ

2b ðjβjÞ; ð23Þ

where □x ≡ ∂
2=∂xσ∂xσ. Three novel Fourier transforms appear here,

F ð2Þ
1 ðjβjÞ ¼ μ

Z
q

ð−q2Þε−1
2

ðμ2 − q2Þ1þ2ε BQðμÞ

�
1

2
− ε;

1

2
− ε

�
;

F ð2Þ
2a ðjβjÞ ¼

∂

∂jbj
Z
q

ð−q2Þ−3
2

ð4μ2 − q2Þε
X
σ¼�

σB1
2
þσ

2

ffiffiffiffiffiffiffiffiffi
Qð2μÞ

p
�
1

2
− ε;

1

2
− ε

�
;

F ð2Þ
2b ðjβjÞ ¼

Z
q

ð−q2Þ−1
2

ð4μ2 − q2Þ12þε
BQð2μÞ

�
1

2
;−ε

�
; ð24Þ

involving incomplete beta functions Bzðx; yÞ and QðμÞ≡
−q2=ðμ2 − q2Þ.
Out of the three transforms above, only F ð2Þ

2a involves a
divergence in the limit ε → 0, and so it must be performed
in dimensional regularization. We keep the dependence on
the dimensional regulator in the other two for the sake of
unifying the discussion below.

A. Performing the Fourier transforms

Though they may appear daunting, the transforms that
remain to be done can all be brought to parametric integrals
over a singlevariable, facilitating numerical integration.While
the three integrals naturally demand individualized treatment,
two crucial steps are involved in the evaluation of all three.
First is the use of the integral representation of the

incomplete beta function,

Bzðx; yÞ ¼
Z

z

0

du ux−1ð1 − uÞy−1

¼ zx
Z

1

0

du ux−1ð1 − zuÞy−1: ð25Þ

The change of variables u → zu helps to rationalize
dependence on the variable being Fourier transformed.
Then, apart from the phase expðiq · bÞ, the transfer
momentum only enters through its magnitude jqj2¼−q2.
This means that the Fourier transforms can be recast as
Hankel transforms using

Z
q
fðjqjÞ ¼ jbj1−d−2

2

ð2πÞd−22
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p

×
Z

∞

0

djqjjqjd−22 fðjqjÞJd−2
2
−1ðjqjjbjÞ;

with JνðzÞ Bessel functions of the first kind. If the integrand
takes the form fðjqjÞ ¼ ðΔ − q2Þ−α for some power α, then
the Hankel transform evaluates to

Z
q
ðΔ − q2Þ−α ¼ jbjα−d−2

2 Δd
4
−1þα

2

ð2πÞd−22
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p

×
21−α

ΓðαÞK1þα−d
2
ðjbj

ffiffiffiffi
Δ

p
Þ: ð26Þ
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This generalizes the familiar formula with Δ ¼ 0—see,
e.g., Eq. (B.2) of Ref. [42].
What remains is to bring the integrand into the form

demanded by Eq. (26). For F ð2Þ
1 and F ð2Þ

2a , this is achievable
through the introduction of Feynman parameters (and some

rationalization of roots for the latter), while F ð2Þ
2b is already

in this form upon inserting Eq. (25). In all three cases we
succeed in performing all but one of the parametric
integrals, producing (in the limit ε → 0)

F ð2Þ
1 ðjβjÞ ¼ −

1

4π
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p

×
Z

1

0

ds e−jβj=
ffiffi
s

p logð1 − sÞ
s

ffiffiffiffiffiffiffiffiffiffi
1 − s

p ;

F ð2Þ
2a ðjβjÞ ¼ −

1

2πjβj
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p

×

�
1 − 2jβj

Z
∞

1

ds
K1ð2jβjsÞ

s

�
;

F ð2Þ
2b ðjβjÞ ¼

1

2π
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
Z

1

0

ds
K0

�
2jβjffiffiffiffiffiffi
1−s

p
�

ð1 − sÞ ffiffiffi
s

p : ð27Þ

We see again that the Fourier transforms are indeed only
functions of μ and jbj through their product jβj, despite
their original appearances. Though these results are already
quite compact, we can still go further.

In the case of F ð2Þ
2b , a physical consistency condition

enables us to perform the final integral, at least in the form

it appears in the 2PM impulse. Specifically, it is not F ð2Þ
2b

that is needed, but rather

�
1þ1

2
□β

�
F ð2Þ

2b ðjβjÞ

¼−
1

2π
ffiffiffiffiffiffiffiffiffiffiffi
γ2−1

p
Z

1

0

dsK0

�
2jβjffiffiffiffiffiffiffiffiffiffi
1− s

p
�

1þ s
ð1− sÞ2 ffiffiffi

s
p : ð28Þ

The final momentum must obey ðp1 þ Δp1Þ2 ¼ m2
1, giving

the perturbative constraints

p1 · Δp
ð1Þ
1 ¼ 0;

p1 · Δp
ð2Þ
1 ¼ −

1

2
½Δpð1Þ�2: ð29Þ

The first of these is easily satisfied by Eq. (18), thanks to
Eqs. (14) and (15). On the other hand, since the term

involving F ð2Þ
2b is the only one not orthogonal to the initial

momentum, the second constraint is satisfied if

Z
1

0

dsK0

�
2jβjffiffiffiffiffiffiffiffiffiffi
1 − s

p
�

1þ s
ð1 − sÞ2 ffiffiffi

s
p ¼ ½K1ðjβjÞ�2: ð30Þ

We have confirmed this equivalence numerically, providing
a consistency check on our calculation and evaluating one
of the remaining parametric integrals. In fact, we are

also able to perform the final integral in F ð2Þ
2a—its evalu-

ated form is, however, less compact, so we leave it to
Eq. (C6). All in all, our analysis leaves only one parametric

integral—that in F ð2Þ
1 —unevaluated in the linear impulse

to NLO.
All three transforms at 2PM reduce to integrals

over KνðzÞ.2 These functions exhibit the property that
limz→∞znKνðazÞ ¼ 0 for any a ≥ 0, ν, and n, such that,
as expected, the worldlines decouple at 1PM and for
families 1 and 2b at 2PM as jβj → ∞—i.e., as the scalar
mass grows. In the case of family 2a, the massive scalar
does not mediate long-range effects. Its mass rather con-
trols the strength of the graviton-worldline coupling. This
contribution to the impulse consequently grows with the
scalar mass, and we elaborate on this phenomenon in the
next section. Most importantly, this contribution, as well as
all others, shrinks with the dimensionless ratio Gmi=jbj
controlling the PM expansion.
We have presented here the most compact forms we have

found for the Fourier transforms. Alternate forms are given
in Appendix C.

IV. LIMITS OF THE IMPULSE

A. The large-mass limit

As we have indicated above, up to 2PM it is only
family 2a at NLO that survives in the jβj → ∞ limit.
Diagrammatically, one can understand this as the pinching
of the scalar propagators in family 2a establishing a new
effective worldline vertex where the scalar “cloud” sur-
rounding a worldline has been integrated out. Let us
quantify this effect and give it a physical interpretation.
Consider the triangle subtopology in family 2a in which

the graviton line, carrying outgoing momentum k, is
amputated, and the two scalar lines attach to the static
worldline i,

ð31Þ

Inserting Feynman rules and tensor reducing to our master
integrals in Appendix B, one finds the manifestly transverse
result

2In the case of F ð2Þ
1 , we have used K1=2ðzÞ ∝ e−z=

ffiffiffi
z

p
.
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Λμν
i ðkÞ ¼ iκc2i;1

4
eik·bi =δðk · viÞ

�
aðkÞvμi vνi

þ bðkÞ
�
ημν − vμi v

ν
i −

kμkν

k2

��
;

aðkÞ ¼ J001 −
k2

2
J011;

bðkÞ ¼ 1

2
J001 −

�
μ2 þ k2

4

�
J011; ð32Þ

satisfying the graviton Ward identity kμΛ
μν
i ¼ 0 exactly.

In momentum space, the jβj → ∞ limit corresponds to
jkj ≪ μ.3 Inserting the master integrals at ε ¼ 0 (i.e., in four
spacetime dimensions) we have J001 ¼ μ=4π, while in this
limit J011 → 1=ð8πμÞ, so that bðkÞ is suppressed relative to
aðkÞ → μ=4π. Consequently,

Λμν
i ðkÞ ⟶

jβj→∞ iκc2i;1μ

16π
vμi v

ν
i e

ik·bi =δðk · viÞ: ð33Þ

This is nothing but the standard graviton-worldline mass
monopole vertex (see, e.g., Ref. [15])

ð34Þ

carrying the effective mass

δmi ¼ −
c2i;1μ

8π
< 0: ð35Þ

We have used a cross to indicate the effective vertex
encoding limjβj→∞ Λμν

i ðkÞ. Crucially, δmi is negative for
any sign of the scalar charges, such that the scalar “cloud”
invariably screens the gravitational mass of the compact
object, reducing it to

meff
i ¼ mi þ δmi ¼ mi

�
1 −

c̄2i;1Gmiμ

8π

�
; ð36Þ

where we inserted the scaling Eq. (4). We now see that the
magnitude of the screening is controlled by the ratio of the
Schwarzschild radius of the compact object to the range of
the scalar interaction, λi ≡ 2Gmiμ, assuming naturalness
for the scalar charge c̄i;1. In fact, λi may take arbitrary
values without leaving the post-Minkowskian perturbative
domain jbj ≫ Gmi.
As a check, we take the jβj → ∞ limit of the family 2a

contribution in Eq. (23),

Δpð2Þ;ρ
1 j2a ⟶

jβj→∞G2m1m2

jbj2 βρ

×
ðc̄21;1m1 þ c̄22;1m2Þð2γ2 − 1Þ

4π
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ; ð37Þ

with all other contributions up to 2PM vanishing. This is
precisely the result of inserting mi → meff

i into the 1PM
gravitational impulse and extracting the correction gener-
ated by the mass shift.

B. The massless limit

Predictably, the linear impulse simplifies appreciably in
the opposite limit, i.e., when jβj → 0. At LO, this limit of
Eq. (12) is smooth and gives

lim
jβj→0

Δpð1Þ;ρ
1 ¼ −

Gm1m2c̄1;1c̄2;1
2π

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p bρ

jbj2 : ð38Þ

At NLO, we must be cautious about whether or not this
limit commutes with the remaining parametric integrals—
in the forms of Eq. (27), it does not.4

Despite this noncommutativity of the limits, we have
established (numerically for the first, analytically for the
second and third) that the Fourier transforms possess the
asymptotic forms

F ð2Þ
1 ðjβjÞ⟶jβj→0 π − 4jβj

8
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ; ð39Þ

F ð2Þ
2a ðjβjÞ⟶

jβj→0
−

1

2
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ; ð40Þ
�
1þ 1

2
□β

�
F ð2Þ

2b ðjβjÞ⟶
jβj→0

−
1

2π
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
jβj2

: ð41Þ

In the first line, the leading term as jβj → 0 drops out from
the impulse after taking the required derivatives. In the
massless limit, the impulse becomes

lim
jβj→0

Δpð2Þ;ρ
1

			
1
¼ −

G2m1m2c̄1;1c̄2;1ðm1 þm2Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p bρ

jbj3 ;

lim
jβj→0

Δpð2Þ;ρ
1

			
2a

¼ G2m1m2ðc̄21;1m1 þ c̄22;1m2Þ
16ðγ2 − 1Þ−1=2

bρ

jbj3 ;

lim
jβj→0

Δpð2Þ;ρ
1

			
2b

¼ G2m1m2c̄21;1c̄
2
2;1ðm2v̌

ρ
1 −m1v̌

ρ
2Þ

8π2ðγ2 − 1Þjbj2

−
G2m1m2ðc̄21;1c̄2;2m1 þ c̄22;1c̄1;2m2Þ

16π
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p bρ

jbj3 :

ð42Þ
3To see this, note that the graviton probes distances jkj∼

1=jbj ≪ μ, with the inequality following from jβj ¼ μjbj ≫ 1 as
jβj → ∞.

4For example, the argument ofK1ð2jβjsÞ is not small as long as
ð2jβjÞ−1 ≲ s, which lies in the integration domain when jβj → 0.
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We have confirmed that this coincides with setting μ ¼ 0
from the start, such that the massless limit is smooth at
NLO as well.
Crucially, despite the smoothness of the massless limit, it

is not possible to build up the massive result by resumming
an expansion in small μ, where the Fourier transforms are
analytically tractable. The reason for this is that the trans-
forms do not commute with such a series approach. In fact,
this is already apparent from the momentum space expres-
sion of the 1PM Fourier transform, Eq. (13). For any small
but nonzero value of μ, this integral has a region where
0 ≤ −q2 ≲ μ2, in which a small-mass expansion is not
justified. Indeed, attempting to solve this integral through a
series expansion produces a modified Bessel function of the
first kind, in contradistinction to Eq. (17).

V. THE SCATTERING ANGLE TO 2PM

In the conservative case, the entire information carried by
the impulse is encapsulated by the scattering angle, which
may be defined by [17]

sin χ ¼ b̌ · Δp1

p∞
; ð43Þ

where b̌μ ¼ bμ=jbj and p∞ is the center-of-mass momen-
tum,

p∞ ¼ m1m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

ðp1 þ p2Þ2

s
: ð44Þ

The component of the impulse along the v̌μi directions
follows from the conservation equations. This definition
accounts for the attractive or repulsive quality of the
encounter. Equation (43) implies that, up to 2PM precision,
the scattering angle simply follows from the bμ components
of Eqs. (18) and (23).

Note that Eq. (43) is linear in the impulse, so the total
scattering angle up to 2PM is simply given by the sum

χ ¼ χgr þ χsc þOðG3Þ; ð45Þ

where χsc is the scattering angle due to the scalar exchange
contributions evaluated above. The purely gravitational
angle up to 2PM takes the form

χgr ¼
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1 þ p2Þ2

p
γ2 − 1

�
G
jbj ð2γ

2 − 1Þ

þ 3πG2

8jbj2 ðm1 þm2Þð5γ2 − 1Þ
�
; ð46Þ

as was first derived in Refs. [43,44], and can be extracted
from the linear impulse computed to 2PM in Ref. [15].
To exemplify the effect of the scalar mediation, we

focus on the equal-mass case m1 ¼ m2 ¼ M=2 for
M ¼ m1 þm2. Then, the scalar coupling constants ci;j
can be taken to be constrained in their magnitude thanks to
Eq. (4) and Wilsonian naturalness demanding that the
dimensionless c̄i;j be near unity. This leaves only two
parameters that control the scattering: jβj ¼ μjbj, probing
the scalar mass, and GM=jbj, measuring the perturbative
strength of the gravitational attraction. In this setting, we
visualize the effect of including the scalar mediator in
Figs. 3 and 4. There, the difference between the total
scattering angle χ and the purely gravitational angle χgr is
plotted as a function of both free parameters, as well as the
ratio of this difference to the purely gravitational scattering
angle. We set γ ¼ 1.02062 in all cases, corresponding to a
relative velocity v=c ¼ 1=5, and plot in the range
jbj=GM > 15, which is well within the perturbative PM
region (see Fig. 4 of [27] for a state-of-the-art PM
comparison to numerical relativity).

FIG. 3. The scattering angle as a function of the magnitude of the impact parameter jbj and the scalar’s mass parameter jβj ¼ μjbj for
equal masses, v=c ¼ 1=5, and c̄i;j ¼ 1 (attractive case). Left: the difference (in degrees) between the total and the purely gravitational
scattering angle up to 2PM order. Right: the size of the scalar contribution to the scattering angle relative to the gravitational one.
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In these figures, we illustrate two different combinations
of the dimensionless scalar-worldline couplings. First,
Fig. 3 considers all c̄i;j ¼ 1. Consequently, the interaction
is attractive, as is reflected in the sign of the scattering angle
being the same as the gravitational one. Second, Fig. 4 flips
the sign on c̄2;1, making the scalar force repulsive.
On top of the expected decay of the scattering angle as

jbj=GM → ∞, the inclusion of the massive mediator
produces a qualitative deviation from the purely gravita-
tional dynamics, in the form of resonancelike behavior
when μ ∼ 1=jbj. At this peak, the scalar contribution can
reach as much as one-tenth the value of the gravitational
one. It is noteworthy that this extremum only emerges once
NLO effects are incorporated, a fact reflecting the monot-
onicity in jβj of the LO result of Eq. (18), see Fig. 5.
In the repulsive case, a maximum is attained by χsc

around μ ∼ 6.8=jbj, while attractive dynamics do not
exhibit a second extremum. At large jβj, both attractive

and repulsive configurations grow indefinitely in magni-
tude due to the dominance of the graviton-scalar coupling
captured by family 2a above. From our analysis in
Sec. IVA, we understand this growth at large jβj to not
be a genuine long-range repulsive force, but rather a finite
screening of the worldline masses by self-interactions
through the scalar field.

VI. CONCLUSIONS

We have introduced a scalar field into the WQFT action
for a spinless gravitating particle, producing a simple model
of effects, such as dark matter or exotic compact celestial
objects. New couplings between the scalar and the world-
line lead to subtleties in organizing the PM expansion, and
the inverse-length scale μ associated with the scalar’s mass
complicates integration at subleading orders. In this work,
we have sought to bring both of these aspects under
analytic control, in order to evaluate their imprint on
compact-binary scattering.
Considering the scales in the classical physics problem,

we concluded that, upon invoking naturalness, the expan-
sions in gravitational and scalar-worldline couplings are not
independent. Rather, both types of couplings count equally
at a given PM order.
With this perspective, we evaluated the contribution from

the mediating scalar to the linear impulse induced in a two-
body scattering encounter, up to NLO (i.e., 2PM). The
equal relevance of both types of worldline couplings led to
a division of the 2PM impulse into three distinct contri-
butions, roughly corresponding to long-range scalar
exchange, an effective graviton-worldline coupling, and
tidal effects. Completing the impulse required performing
Fourier transforms with complicated dependence on the
scalar’s mass. We outlined a method for doing so, which
resulted in compact expressions involving at most a single
unevaluated parametric integral over modified Bessel
functions of the second kind.

FIG. 4. Same as Fig. 3 for the repulsive case with c̄2;1 ¼ −1 and all other c̄i;j ¼ 1. Left: the difference (in degrees) between the total
and the purely gravitational scattering angle up to 2PM order. Right: the size of the scalar contribution to the scattering angle relative to
the gravitational one.

FIG. 5. The resonance effect in the scattering angle at jβj ¼
μjbj ∼ 1 due to the NLO correction in the attractive and repulsive
scenarios of Figs. 3 and 4, plotted at jbj=GM ¼ 20 and
v=c ¼ 1=5. The unbounded repulsive falloff at large jβj, common
to both scenarios, reflects the screening of the worldline masses
by the scalar self-field cloud, δmi ¼ −c2i;1μ=8π, see Sec. IVA.
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Studying the regime of a large scalar mass, we uncovered
a screening mechanism: integrating out the scalar sourced
by each compact object reduces the monopole coupling to
gravity by δmi ¼ −c2i;1μ=8π. It will be interesting to
understand whether this is an observable effect, or rather
amounts to a finite renormalization and is absorbed upon
expressing the coupling of the graviton to the worldline in
terms of the effective masses meff

i .
Finally, the scattering angle is a useful quantity for

understanding the numerical significance of this new
interaction channel. We probed the parameter space
spanned by the scalar’s mass for equal worldline masses,
and established the importance of the scalar exchange
relative to a purely gravitational interaction. While our
analysis does not allow us to assess observability, the
presence of a maximum in the scattering angle at μ ∼ 1=jbj,
reaching up to one-tenth of the gravitational contribution,
makes clear that a massive scalar mediator could signifi-
cantly modify binary scattering dynamics, see also
Ref. [10]. At least in principle, such a peak could serve
as a direct indicator of a nonzero scalar mass in scattering
observations: sampling over impact parameters would
single out the scale jbj ∼ 1=μ.

Looking ahead, it will be interesting to investigate
whether the NLO maximum we observed in the present
model finds analogs in more astrophysically relevant
theories, such as the effective description of solitonic boson
stars of Ref. [36]. In the event that we observe such a
phenomenon, building on the comparison to numerical
relativity performed there would be crucial to assessing
whether this NLO phenomenon is indeed observable.
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APPENDIX A: FEYNMAN RULES

We list here the Feynman rules derived from the actions
Eqs. (1) and (2) needed for the calculations presented in the
main body of the paper. The three single-scalar-worldline
vertices are

ðA1Þ

ðA2Þ

ðA3Þ

Arrows on the worldline perturbations indicate the direction
of causality flow,while the arrowpointing left in the third rule
denotes that the energy is flowing out of the vertex.

When two scalar lines are involved, the rules needed are

ðA4Þ

ðA5Þ

Finally, one vertex is needed in the bulk,
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ðA6Þ

Rules governing graviton-worldline interactions can be
found in, e.g., Ref. [42].

APPENDIX B: LOOP INTEGRALS

Two integral families arise in the NLO scattering
mediated by gravitons and massive scalars. Evaluated in
dimensional regularization with d ¼ 4 − 2ε, these are

Ið1;2Þ;�n1n2n3 ¼ μ̃2ε
Z

ddl
ð2πÞd

�δðv1;2 · lÞ
ðv2;1 · l� i0þÞn1Dn2

1;0D
n3
2;μ

; ðB1Þ

Jð1;2Þ;�n1n2n3 ¼ μ̃2ε
Z

ddl
ð2πÞd

�δðv1;2 · lÞ
ðv2;1 · l� i0þÞn1Dn2

1;μD
n3
2;μ

; ðB2Þ

where

D1;μ ¼ l2 − μ2 þ i0þ; ðB3Þ

D2;μ ¼ ðl − qÞ2 − μ2 þ i0þ: ðB4Þ

While each family can be IBP-reduced to a set of four
master integrals, some of these master integrals overlap and
some others do not arise in the NLO calculation. In all, four
master integrals are needed, all of which can be performed
by introducing Feynman/Schwinger parameters,

IðiÞ;�001 ¼ JðiÞ;�001 ¼ −μ̃2ε
μ1−2ε

ð4πÞ32−ε Γ
�
−
1

2
þ ε

�
; ðB5Þ

IðiÞ;�011 ¼ μ̃2ε
Γð1

2
þ εÞ

ð4πÞ32−ε
ð−q2Þ−1

2
þε

ðμ2−q2Þ2εB −q2

μ2−q2

�
1

2
− ε;

1

2
− ε

�
; ðB6Þ

JðiÞ;�011 ¼ μ̃2επ secðπεÞð4μ2 − q2Þ−ε
ð4πÞ32−εΓ
1

2
− ε

�ð−q2Þ12
×
X
σ¼�

σB
1
2
þ σ

ffiffiffiffiffi
−q2

p
2

ffiffiffiffiffiffiffiffiffi
4μ2−q2

p

�
1

2
− ε;

1

2
− ε

�
; ðB7Þ

JðiÞ;�111 ¼∓ iμ̃2ε
42ε−1πε−1ffiffiffiffiffiffiffiffiffiffiffiffi

γ2 − 1
p Γð1þ εÞð−q2Þ−1

2

ð4μ2 − q2Þ12þε
B −q2

4μ2−q2

�
1

2
;−ε

�
;

ðB8Þ

where Bzða; bÞ is the incomplete beta function. The integral

JðiÞ110 also appears in the momentum space result, but in a

q-independent contribution, which becomes ultralocal, and
thus irrelevant, in impact-parameter space.

APPENDIX C: FOURIER TRANSFORMS

Here we provide alternative forms of the Fourier trans-
forms needed at 2PM.

1. Alternative forms in terms of Meijer G-functions

The two parametric integrals left over in Eq. (27) can be
assigned expressions in terms of limits/derivatives of
Meijer G-functions. First, we express the one appearing

in F ð2Þ
1 as a derivative with respect to an auxiliary variable,

Z
1

0

ds e−jβj=
ffiffi
s

p logð1 − sÞ
s

ffiffiffiffiffiffiffiffiffiffi
1 − s

p ¼ F0ð−1=2Þ; ðC1Þ

where

FðλÞ≡
Z

1

0

ds e−jβj=
ffiffi
s

p ð1 − sÞλ
s

¼ Γð1þ λÞffiffiffi
π

p G30
10

�jβj2
4

				 1þ λ

0 0 1
2

�
: ðC2Þ

In the case of F ð2Þ
2a , the indefinite form of the parametric

integral is

Z
ds

K1ð2jβjsÞ
s

¼ 1

4
G21

01

�
jβjs; 1

2

				 1

− 1
2

1
2

0

�
: ðC3Þ

We note that Ref. [35] also encountered this class of
functions in their evaluations of related integrals.
Though it is satisfying that all integrals can be expressed

in terms of such generalized special functions, these forms
are unwieldy. Indeed, we were not able to take the required
limits in order to completely evaluate these integrals. At
this stage, then, these forms do not offer advantages
over Eq. (27).

2. Alternative forms for a smooth massless limit

As highlighted in the main text, care must be taken to
evaluate the massless—jβj → 0—limit of the impulse when
this limit does not commute with the remaining parametric
integrals. Here, we provide forms of the Fourier transforms,
which are less compact than those in Eq. (27), but whose
massless limit is more easily taken. We were able to

completely evaluate F ð2Þ
2b , so here we focus only on the

other two transforms at NLO.
Beginning with F ð2Þ

1 , its second derivative may be
recast as
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□βF
ð2Þ
1 ðjβjÞ ¼ 1

πjβj
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
�
π

2
þ π2

4
jβjðL0ðjβjÞ − I0ðjβjÞÞ

− jβj
Z

1

0

ds
K0ðjβjÞ − s2K0ðjβjsÞ

1 − s2

�
; ðC4Þ

where LνðzÞ is the Struve L-function and IνðzÞ is the
modified Bessel function of the first kind. Now there is no
obstruction to commuting the massless limit and the
remaining parametric integral, since for small jβj there is
no region of integration where the arguments of the K0ðzÞ
are not small. In fact, only the first term in square brackets
survives the massless limit, such that

□βF
ð2Þ
1 ðjβjÞ⟶jβj→0 1

2jβj
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ; ðC5Þ

consistent with Eq. (39).

Moving to the Fourier transform for family 2a, the
parametric integral can be integrated by parts, producing

F ð2Þ
2a ðjβjÞ

¼ jβjffiffiffiffiffiffiffiffiffiffiffi
γ2−1

p
��

L0ð2jβjÞþ
1

πjβj
�
K1ð2jβjÞ−

1

2jβj−
1

2πjβj2

þ
�
L−3ð2jβjÞþ

2

jβjL−2ð2jβjÞþ
1

2πjβj2
�
K0ð2jβjÞ

�
: ðC6Þ

This evaluated form is immediately amenable to the
massless limit, giving

F ð2Þ
2a ðjβjÞ⟶

jβj→0
−

1

2
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ; ðC7Þ

in agreement with Eq. (39).
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