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We establish a geometric correspondence between the functional renormalization group and a Ricci flow
modified by a potential-driven diffeomorphism. By rewriting the Polchinski exact renormalization group
(RG) equation as an infinite-dimensional Fokker-Planck equation for field-distribution functionals, we
show how a probability flow driven by a “thermodynamic” free-energy functional induces the evolution of
the Fisher information metric on the coupling-constant manifold. Using the continuous scale-dissipation
rate of this free-energy functional, we construct an RG-flow entropy functional that provides an infinite-
dimensional counterpart of Perelman’s F-entropy. The parametric Hessian of this RG-flow entropy then
encodes the scale deformation of the Fisher information metric, thereby linking the Jordan—Kinderlehrer—
Otto (JKO)-Wasserstein flow in field-configuration space to the geometry of the coupling-constant
manifold. An emergent scalar information potential @ encodes the potential-driven diffeomorphism
component, restoring the tensorial form of the flow under reparametrizations of the coupling coordinates.
In this representation, the successive integration of high-energy degrees of freedom effectively smooths out
the curvature of the information manifold so that RG fixed points are realized as steady Ricci soliton
equilibria. These results connect quantum field theory, optimal transport, and Perelman’s theory of
geometric evolution, providing a geometric framework for characterizing the stability, universality, and

topological structure of quantum field theories.
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I. INTRODUCTION

The renormalization group (RG), introduced by Wilson
and Wegner [1,2], provides a systematic framework for
describing how effective quantum theories change under
coarse graining and how macroscopic phenomena emerge
from microscopic degrees of freedom. Within this broad
framework, the functional renormalization group (FRG)
provides nonperturbative exact flow equations, most promi-
nently the Wetterich equation for the effective average
action I'y [3]. However, a general information-geometric
principle that connects exact RG trajectories to the metric
and curvature dynamics of the coupling-constant manifold
has not yet been fully established.

A natural language for such a principle is information
geometry, which endows a parametrized family of prob-
ability distributions with a Riemannian structure through
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the Fisher information metric, thereby quantifying the
statistical distinguishability of neighboring effective the-
ories [4-8]. Related information-geometric and thermody-
namic approaches have been used to interpret RG
trajectories in theory space as geodesic motion, entropy-
producing flows, or gradient flows associated with mono-
tone functionals [9-17]. Coarse graining has also been
interpreted in terms of information loss and statistical
inference, and RG transformations have been formulated
as quantum channels whose contraction of distinguish-
ability induces an information-geometric structure [18-20].
More recently, an exact FRG evolution equation has been
derived for the divergence functional, while the information
geometry of Euclidean quantum fields has been developed
at the functional level in terms of metrics, connections, and
covariant derivatives [21,22].

On the geometric-analysis side, Hamilton’s Ricci flow and
Perelman’s F-entropy provide an entropy-gradient formu-
lation of curvature evolution, in which the F-functional is
monotone along the modified Ricci-flow dynamics [23-28].
A well-known physical precedent for relating RG flow to
curvature evolution arises in nonlinear sigma models, where
the one-loop beta function of the target-space metric is
proportional to the target-space Ricci tensor [29-35].
However, this target-space relation does not by itself provide
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a curvature-flow formulation for the Fisher information
metric on the coupling-constant manifold. Recent optimal-
transport approaches have shown that Polchinski’s exact
RG equation can be reformulated as a Wasserstein gradient
flow of a field-theoretic relative entropy [36]. What remains
to be developed is a tensorial geometric description of the
induced Fisher-metric flow, including the intrinsic curva-
ture of this information manifold and the diffeomorphism
component associated with reparametrizations of the cou-
pling coordinates.

In this paper, we bridge these approaches by starting
from the Polchinski form of the exact RG and constructing
a modified Ricci-flow representation of the induced Fisher-
metric dynamics. Specifically, we formulate this exact RG
flow as a functional Jordan—Kinderlehrer—Otto (JKO)-
Wasserstein gradient flow of probability functionals over
field configurations, driven by a “thermodynamic” free-
energy functional [36]. From this construction, we propose
a modified Ricci-flow equation for the Fisher information
metric on the coupling-constant manifold: its scale deriva-
tive decomposes into the intrinsic Ricci curvature and the
covariant Hessian of an emergent scalar information
potential ®. Although @ is determined implicitly rather
than solved in closed form, its covariant Hessian generates
the potential-driven diffeomorphism term that absorbs the
coordinate-dependent components of the Fisher-metric
flow and restores covariance under reparametrizations of
the coupling coordinates.

We further construct an RG-flow entropy functional from
the continuous scale-dissipation rate of the same thermo-
dynamic free-energy functional, showing that the renorm-
alization-induced deformation of the Fisher metric is
governed by the parametric Hessian of this entropic land-
scape. Consequently, these results place the nonperturbative
exact RG flow within Perelman’s theory of geometric
evolution, providing a geometric framework for character-
izing RG fixed points as steady Ricci soliton equilibria of
the information manifold.

II. FROM FOKKER-PLANCK EQUATION
TO RICCI FLOW

A. From Fokker-Planck equation to information
metric flow

To describe the dynamical evolution of a statistical ensem-
ble, we consider the Fokker-Planck equation [37-40], which
governs the spatiotemporal evolution of the probability
density function p(x,t;0%):

0,p(x,1,0%) = —0;(A'(x;0*) p(x, 1;6%))

+ 0;(BY(x;6*)0;p(x,1;60)). (1)
Here, the drift vector A’ represents the deterministic macro-
scopic flow of the system, and the diffusion tensor B
accounts for stochastic fluctuations. This Fokker-Planck

framework is introduced based on the structural correspon-
dence between statistical diffusion and the RG flow, where
the successive integration of high-energy modes operates as
a coarse-graining process. Consequently, Eq. (1) determines
the scale-dependent evolution of the information metric g,
providing the initial framework for the geometric mapping
to the Ricci flow.

To analyze the geometric structure of the parameter
space associated with p(x,r;6%), we employ the Fisher
information metric g,;,, defined as [4,5,41]

Gap (1,0%) = /ddxp(x, t;04)0,In p(x, t;0%)
X 0 In p(x,1;,67). (2)

This metric quantifies the distinguishability of probability
distributions under an infinitesimal variation of the
parameters 6¢, endowing the parameter manifold with
a Riemannian structure that reflects the fluctuations of the
system.

When the probability density p(x, #;60) evolves accord-
ing to Eq. (1), the time evolution rate of the Fisher
information metric, §,,, is derived from the continuity
structure of the probability current. Following geometric
formulations of stochastic systems [42,43], the metric
deformation equation is given by

(1, 0) = / dxp(x, 1,09) (2,07 (x, 1,0))
x 0;(0p In p(x,1;6)) + (0" (x, 1;6%))
% 0;(9,In p(x,1;,07))], (3)

where v'(x, 1;0%) denotes the effective velocity field of the
probability current, defined as

vi(x, 1;0%) = Al(x;04) — B (x;0)0;p(x, 1;6).

(4)

Equation (4) defines the net probability current velocity by
balancing the drift A’ against the diffusion-induced flow.
Accordingly, Eq. (3) shows that the evolution of the
information metric is determined by the gradients of this
velocity field coupled with the informational score func-
tions. This relation indicates that local information dis-
sipation during drift and diffusion processes results in a
global geometric deformation of the parameter space,
establishing the mathematical basis for a comparison with
the canonical Ricci flow. For this formulation, we assume
that the probability density p(x, #; 8*) belongs to a smooth,
rapidly decreasing continuous class, where parameter
derivatives decay faster than any polynomial at the boun-
dary, ensuring that all boundary terms from integration by
parts vanish.

p(x, t;0%)
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B. From the information metric flow to the Ricci flow

Ricci flow evolves a Riemannian metric according to
0,9, = —2R,,, Where R, is the Ricci tensor constructed
from g,,,. It describes how the local distance structure of a
manifold changes in response to its intrinsic curvature. For
the Fisher metric, these distances quantify the statistical
distinguishability of neighboring probability distributions
on the parameter manifold. Introductory accounts of the
geometric ideas behind Ricci flow can be found in
Refs. [25,28].

Although Eq. (3) describes the Fisher-metric deforma-
tion induced by Fokker-Planck dynamics, this statistically
generated flow cannot be identified directly with the
canonical Ricci flow without separating the coordinate-
dependent part of the deformation. The canonical Ricci
flow is governed solely by the intrinsic Riemannian
curvature of the manifold, whereas the Fisher-metric flow
derived from the statistical dynamics generally contains
coordinate-dependent deformation terms tied to the choice
of coordinates on the parameter manifold. These coordi-
nate-dependent terms reflect the freedom to reparametrize
the statistical manifold. Since the Fisher metric measures
distinguishability among probability distributions rather
than the particular coordinate labels used to describe them,
reparametrizations of the coupling coordinates appear as
Lie-derivative contributions to the metric flow rather than
as intrinsic curvature evolution. Consequently, Eq. (3)
should not be identified directly with the canonical Ricci
flow. Before such a comparison can be made, the coor-
dinate-dependent Lie-derivative contribution associated
with reparametrizations of the parameter manifold must
be separated from the intrinsic curvature contribution. This
leads naturally to a modified Ricci-flow description with a
diffeomorphism term [33,44,45]. Appendix A gives the
explicit comparison between the Fisher-metric flow and the
Ricci tensor constructed from g,;, and derives the diffeo-
morphism constraint required for the modified Ricci-
flow form.

This structure is analogous to gauge fixing in gauge field
theories and to the DeTurck modification of Ricci flow,
where an auxiliary diffeomorphism term is introduced to
control coordinate freedom and, in the Ricci-flow case,
to obtain a strictly parabolic evolution equation [45—47]. To
make this identification geometrically consistent, the infor-
mation-metric dynamics are embedded in a modified Ricci-
flow framework that includes an explicit diffeomorphism
term. On the parameter manifold, an infinitesimal repar-
ametrization generated by a vector field X“ changes the
metric tensor by its Lie derivative, Lxg,, = V. X, + V,X,,.
When this vector field is generated by a scalar information
potential @ according to the convention X, = —V @, the
Lie-derivative term becomes minus twice the covariant
Hessian of ®, Lyg,, = —2V,V,®. Because the coordi-
nate-dependent components of the Fokker-Planck-induced
Fisher-metric flow have this Lie-derivative structure,

they are absorbed into the potential-driven diffeomorphism
generated by ®. Accordingly, the information-metric evo-
lution takes the modified Ricci-flow form

gab<t’ 6) = _2Rab(t’ 9) - 2vaqu)(t7 9) (5)

Here, R, is the Ricci tensor constructed from the Fisher
information metric g,,, while V,V,® is the covariant
Hessian of the scalar information potential.

The information potential @ is not an arbitrary auxiliary
field. At the scalar trace level, it is fixed by the modified
Ricci-flow relation together with the Fisher-metric defor-
mation. With 0, = ¢**V,V,, and R = g*’R,,,, one obtains

R(t,0) +0,®(1,6)

= —g“b(t,é’)/ddxp(x, 1;0)(0,0'(x, 1;0))

x 0;(9, In p(x, 1:0)). (6)

Equation (6) is obtained by contracting the modified Ricci-
flow equation with ¢g° and using the symmetry g** = gb¢
in Eq. (3). For a nondegenerate Fisher metric, [], is an
elliptic Laplace-Beltrami operator, so Eq. (6) is a standard
Poisson-type equation for @, with the usual existence and
uniqueness conditions determined by the chosen boundary
or normalization data [48].

C. F-entropy functional

To describe the statistical state and its geometric evolu-
tion, we introduce the thermodynamic free energy func-
tional £[p], which governs the optimal transport dynamics,
and the F-entropy functional acting as the information-
geometric Lyapunov potential analogous to Perelman’s
energy functional [24],

Elp(x, 1;67)] = /ddxp(x, £ 09)(In p(x, £: 09)

+V(x;6), (7)

where V(x;6%) defines the potential landscape. The drift
term A; and the diffusion tensor B"/(x;0) of the Fokker-
Planck equation determine the trajectory along this land-
scape via the relation

Ai(x;09) = —BY (x;04)0,V (x; 6). (8)

Based on these definitions, the Fokker-Planck equation can
be reformulated into a Wasserstein gradient flow represen-
tation through the functional variation of the free energy
E[p], in accordance with the JKO framework for dissipative
systems [49-51]:
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o,p(x,1;6%)

Equation (9) shows that the temporal evolution of the
probability distribution p follows the gradient of the free
energy landscape.

The rate of this energy dissipation defines the F-entropy
functional,

Flp(x,1,6%)]
1d€ . -
= __ 7 _ cpa\ [ Z Rij(+ paNA. . pa
=-3= /d xp(x, ;6 )(23 (x;0)0; In p(x, 1;69)
x 0;Inp(x,1;0°) + V(x; 9“)), (10)

where the effective potential V(x;6¢) is given by

- 1 ..
V(x;09) = EBU (x;07)0,V(x;60")0;V (x;0%)
+ 0;A'(x;60%). (11)

By applying the dual mapping between optimal transport
dynamics and information-geometric variations on the
parameter space [15,42,52], the Fisher-metric flow induced
by Eq. (3) can be related to the second parameter variation
of the statistical F-entropy. Keeping the “off-shell” residual
sector explicit, this relation takes the form

0*Fp(t, x;6%)]
00400

42 / dx[(3,0,p)H + pRu).  (12)

gab(t’ 911) =-2

Equation (12) shows that the Fisher-metric deformation is
governed by the second-order parametric derivative of the
F-entropy functional. Here, H is the potential-constraint
block, and pR,, is the weighted parametric remnant
generated by the direct second parameter differentiation
of F. The explicit forms of H and p'R,,,, together with their
cancellation mechanism on the stationary zero-current
profile, are given in Appendix B. In that sector, H vanishes
pointwise, and the weighted remnant pR,, reduces to a
total divergence; under the same boundary conditions used
in the integrations by parts, the integrated residual term
vanishes and Eq. (12) reduces to the Hessian matching
relation.

To establish the geometric relation between the metric
evolution and the Ricci flow, we derive the condition
relating the curvature of the parameter space to the Hessian
of the entropy functional. Combining the modified Ricci
flow equation with the entropic identity in Eq. (12) under
the potential ansatz X, = -V,® reorganizes the

connection components into a generalized soliton equation.
Imposing a torsion-free Levi-Civita connection yields the
geometric identity:

R, (2,6%) +V, V,0(1,0%)

Fp(t, x;0°
SISO [ @+ Rl (1)
Equation (13) is the curvature relation before restricting to
the compatible Fisher-Wasserstein sector. The Wasserstein
interpretation clarifies the geometric meaning of this
compatible sector. In the JKO-Otto formulation, tangent
vectors to the probability space are represented by gradient
transport currents. A general off-shell probability current
may contain an additional nongradient, or rotational,
component, which measures the departure from the intrin-
sic Wasserstein-gradient sector. The compatible sector
considered here restricts the probability transport to this
gradient sector; hence, the nongradient contribution is
absent, while the residual terms in Egs. (12) and (13)
are removed by the stationary zero-current cancellation
described in Appendix B. This formulation corresponds to
the geometric embedding of Fokker-Planck dynamics
within a Ricci flow background [51-53], identifying the
optimal transport relaxation of the ensemble with
Perelman’s steady Ricci soliton evolution.

Based on the relation in Eq. (13), the global geometric
JF-entropy functional on the parameter space is defined as

Flgu(1.6%) = / d0\/5(1.07)e= ) (R(1, 0°)
+ g°b(t,04)0,®(t,0%)0,®@(t,6%)}.  (14)

Equation (14) corresponds to the information-geometric
analog of Perelman’s entropy functional [24]. The weight-
ing factor \/ge‘“I> is introduced from the probability density
mapping, where the ensemble distribution is integrated
with the Riemannian volume element.

The temporal evolution of the information metric g,;, can
be expressed as a Riemannian gradient flow of this global
functional. Taking the functional variational derivative of F
with respect to the inverse metric yields

gab(t’ ga) = _2Ruh(t’ ea) - zvavhq)(t’ ea)

_ 5 0Fga(1.6)]
= —2W. (15)

Equation (15) shows that the dynamics driven by the
Fokker-Planck equation can be formulated as a modified
Ricci flow that deforms the geometric F-entropy land-
scape. The expression of the metric deformation rate via the
functional derivative —2% indicates that the potential ©
accounts for the coordinate-dependent components.
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III. FROM FUNCTIONAL RENORMALIZATION
GROUP TO RICCI FLOW

A. Review on the FRG equation

Motivated by the probabilistic interpretation of exact
renormalization-group flows, in which an effective theory
is represented by a scale-dependent probability functional
and its RG evolution is formulated as a functional con-
vection-diffusion or Fokker-Planck flow [54], we extend
the geometric equivalence between statistical diffusion and
the modified Ricci flow established in Sec. II to quantum
field theory. We therefore define the probability density
functional for the statistical distribution of field configu-
rations at a cutoff scale In A:

1

—S[In A,¢p(x);4] . 16
Z(InA; 24 ¢ (16)

Plln A, p(x); 2] =

Here, 1 denotes the set of coupling constants spanning the
theory space, and Z(InA;A%) represents the partition
function serving as the normalization factor obtained by
integrating over the field configurations:

Z(In A; A%) _/D¢( Ve SInAdx)A], (17)

The total action S in the exponent is decomposed into a
quadratic Gaussian part governing the free propagation of

—dlLAP[lnAqﬁ A9 = /dd /dd {CP"‘ )
(PhnA gl

= AP[In A, ¢(x); 2] + div(P[In A, ¢(x);

5¢(X)

Equation (20) expresses the Polchinski-type renormalization
group equation as a statistical diffusion process, embedding
the Wilsonian coarse-graining paradigm [1,56,57] within a
stochastic framework. This interpretation is consistent with
the optimal-transport formulation of exact RG flows, in
which Polchinski’s equation is recast as a Wasserstein
gradient flow of a field-theoretic relative entropy [36]. This
functional formulation relates to the exact RG flows
evaluated via the Wetterich equation or Morris’s formulation
63-3,58]]. The diffusion kernel (CR') and the effective
potential (Vp,) are defined by the scale derivatives of the
cutoff function and the free action:

cR(p >=§<2>G< 2y HKalr?)
Vealn A g0 = [ 52006 ()G ).

(21)

fields and an interaction functional S;, containing the
multilocal operators determined by the couplings:

d
SInA.g0:2] = 5 | 5 E5(p)G™ (KR (1))
+ Sulln A, g(x): ] (13)

In this representation, G(p?) is the bare propagator, and
K(p?) denotes a momentum-dependent cutoff function
satisfying the boundary conditions K, — 1 for p < A and
K, — 0 for p > A. This function suppresses high-energy
fluctuations to define an effective theory at the scale A. This
distribution structure maps the scale-dependent trajectory
of the theory onto the geometric framework by treating the
RG process as the evolution of a statistical ensemble.

Since the integral of the probability density functional P
is conserved under continuous deformations of the energy
scale, the probability distribution satisfies the functional
normalization invariance condition:

dlﬁA/ng(x)P[lnA’qﬁ(X);ﬂ”] = 0. (19)

Based on this invariance, the continuous scale evolution
of P governed by the Polchinski exact RG equation [55]
can be formulated as an infinite-dimensional Fokker-
Planck equation:

2P[In A, ¢(x); A%
Sp(x)3¢(y)
Vpa[ln A, ¢(x)]
5p(y) > }
1)grad s Vi In A, $(x)]). (20)

[
With these definitions, the normalized free Gaussian dis-
tribution (S;,, = 0) satisfies Eq. 20, in agreement with
Ref. [36]. To express this functional differential equation,
we introduce the following infinite-dimensional operators:

2
AEAddxAddyCXOI(x,y)m, (22)

gradcra EA/[ddyCROI(x,y)%(y), (23)
o 5
d1v=/dd 5p(0)” (24)

These operators define the Laplacian (A), gradient (grad),
and divergence (div) in the field configuration space,
providing the notation to describe the RG flow in the
language of geometric diffusion.
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Using the operators defined above, the evolution of the probability density under the RG flow is expressed as a continuity

equation in field space,

d .9al — d
—mP[IHA,¢(X),/1 ] = /Wd X

¢ (x)

(W[In A, ¢(x); A]P[In A, ¢(x); A9]), (25)

where W represents the probability velocity field in field space, derived from the diffusion and drift terms of the Fokker-

Planck equation:

Plln A, ¢p(x); 2] P[In A, ¢p(x); 1%

B o SP[In A, ¢(x); 29
- [l e TGS

+ PlIn A, ¢(x); 2]C (x. y)

5VP01 [11’1 A7 ¢(.X)] }
5 (y) '

The velocity field defined by Eq. (26) satisfies the conservation of total probability:

d

0

~TImA / Dp(x)P[In A, p(x); 1] = — / De(x) A dx 5909 (Pl A, ¢(x); 29 P[In A, p(x); 29) = 0. (27)

This velocity field W can be expressed as the gradient of an effective potential, X:

SZ[In A, ¢(x); A9

Wiin A, (x): 2] = /M dyCP(x, y)

5 (y)

= gradcimZ[ln A, p(x); 29]]. (28)

The effective potential X is the functional relative entropy (or Kullback-Leibler divergence) [6,64,65] between the total

probability density P and the bare Gaussian weight ¢~V

e Plln A, ¢p(x); 2]
Z[ln A, $(x); 4] = —In <_e—VP01[lnA,¢(x)]

Accordingly, Egs. (25)—(29) show that the RG flow follows
the gradient of this functional relative entropy in field space.
This relative-entropy gradient-flow structure is consistent
with the optimal-transport formulation of exact RG flows, in
which Polchinski’s equation is recast as a Wasserstein
gradient flow of a field-theoretic relative entropy [36]. It
provides the dynamical formulation for the geometric map-
ping to the Ricci flow discussed in Sec. II.

To extend the geometric equivalence established in
Sec. II to the nonperturbative domain of the FRG, the
statistical drift vector field A;(x) and the diffusion tensor
B'(x) are identified with the functional operators of the
Polchinski framework via the following algebraic mapping:

SVpa[ln A, ()]

w5) — = [ atycqi(ay) TSI,

(30)
Bli(x) — CPl(x, y). (31)
Equation (30) maps the functional derivative of the effec-

tive bare potential Vp, in configuration space to the
macroscopic drift. Concurrently, Eq. (31) identifies the

) = S A 0:2] = Vinlin A 9] (29)

Polchinski kernel C%°!, determined by the scale evolution of
the momentum cutoff, with the infinite-dimensional stat-
istical diffusion coefficient. These relations formulate the
FRG scale evolution as a diffusion process in field-
configuration space. Because this mapping involves
finite-dimensional state-space variables, spacetime labels,
and coupling coordinates at different levels, the Fokker-
Planck-FRG correspondence used throughout this section
is summarized in Table I and Appendix C.

B. From Fokker-Planck type FRG equation to
information metric flow

To analyze the information geometry induced by scale
transformations in the FRG framework, we define the
Fisher information metric G,, on the coupling-constant
manifold associated with the probability functional family
P[ln A, ¢p(x); 2]

Gy (In A, 1)

~ [ D) Pln A p: 27
x d,In P[In A, ¢p(x); 1|0, In P[In A, p(x); 4*].  (32)
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TABLE 1. Core correspondence used to lift the finite-dimensional Fokker-Planck construction of Sec. II to the
Polchinski FRG. The state variable on the FRG side is the full field configuration ¢(x); the spacetime coordinates x,
y are continuous labels corresponding to the finite-dimensional indices i, j. The reference cutoff A is fixed.

Fokker-Planck formulation Polchinski FRG formulation

State-space point x = (x', ..., x9) Field configuration ¢(x)
State-space indices i, j

Time variable ¢

Continuous spacetime labels x, y
RG time In(Ay/A)

Coupling coordinates A¢
Probability functional P[ln A, ¢; A%]
Functional integral | D¢
Functional derivative §/6¢(x)
Polchinski kernel CR°!(x, y)
Polchinski potential Vp,

Statistical parameters 6¢
Probability density p(x, t;6%)
State-space integral [ dx
State-space derivative 0;
Diffusion tensor BY

Scalar potential V

Drift A" = B9,V
Probability velocity v’

Field-space drift —gradcxol Vol
Field-space probability velocity ¥

A A

Fisher metric g, Coupling-space Fisher metric G,

Equation (32) quantifies the statistical distinguishability of the probability functional P under an infinitesimal variation of
the coupling constants 1%, defining a Riemannian structure on the theory space.

When the probability density functional P evolves according to the infinite-dimensional Fokker-Planck equation, the
scale derivative of the information metric G,;, with respect to In A is given by the flow equation,

_[”%Gab(lnA,,w) :/D¢(x)P[1nA,¢(x);,1a]Addea_;V[lnA’ﬂx);ﬂa})%(&mi,[lm\’(p(mw)

+ <£bV[lnA,¢(x);/1"]) %(x) (%alnP[lnA,qﬁ(x);ﬂ“])], (33)

where V[In A, ¢(x); 19] is the local effective velocity field determined by the cutoff kernel and interaction terms:

Vi A, ¢(x); 49] = — 14 ddy{ <C/P\01(x,y)5Vm[lr1/\,¢(x)])

5p(y)
+; Pol y)L(P[lnA ¢(x)'/1“])} (34)
Plin A, (x); 4] " 5g(y) R

Equation (34) combines the drift and diffusion components of the Polchinski renormalization process. Accordingly,
Eq. (33) shows that the evolution of the information metric depends on the parametric variations of this effective potential
coupled with the informational score functions, extending the finite-dimensional relations established in Sec. II to the
infinite-dimensional domain.

C. From the information metric flow to the Ricci flow

To give the metric evolution (33) a geometric interpretation, we follow the modified Ricci-flow construction of Sec. II
and Appendix A, with X, = —V_,®. Matching Eq. (5) to this evolution gives the constraint

_2V,V,® = 2R, (In A, 29) +/D¢(X)P[1HA’¢(X);”]/dexK :

oz I A, ¢(x);i”]> 0 (aln PllnA, qb(x);/la])

5¢p(x) \ a2
5

+ (a—ij[lnA,gb(x);za]) 0 (a—/alalnP[lnA,gb(x);/l“})} (35)

Here, R, and V, are the Ricci tensor and the Levi-Civita covariant derivative associated with the coupling-space Fisher

metric G;,. This differential constraint defines the potential-driven diffeomorphism that establishes covariance along the
Ricci flow trajectory.
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D. F-entropy functional

To analyze the relation between the statistical state and its
scale-dependent evolution, we extend the thermodynamic
free energy functional E£[P] to the infinite-dimensional

configuration space within the functional JKO-
Wasserstein paradigm [49,50],
E[P[In A, ¢(x): 2]
- / D(x)PlIn A $(x): 2](1n Plin A, (x): 2
+ Veal[In A, §(x))). (36)

where Vp, is the Polchinski effective potential defined in
Eq. (21). Under this formulation, the Polchinski Fokker-
Planck equation in Eq. (20) is expressed as a functional
gradient flow representation via the functional variation of
this RG-flow energy functional E[P]:

— L plin A, (x): 2

dlnA
/dd /dd 5¢ { P[In A, ¢(x): 2] CR (x, y)
X6¢5(y) < 5P[1[Ln/\A, j(();), M]Hﬂ- (37)

F[P[In A, ¢(x); 2]
_ ldS[P[ln A, p(x);

The formulation of the renormalization group as a func-
tional gradient flow in Eq. (37) determines the structure of
the probability velocity field ¥ that governs the distribu-
tion’s motion in field space. In accordance with the relation
between the velocity field »; and the entropy variation
evaluated in the finite-dimensional case, the functional
velocity field ¥ is derived as

Pln A, ¢(x); 29

0 ol 5 [SE[P[In A, ¢(x); 4]
‘A/’ YO ) 5¢<y>{ SP[In A, (x); 4] }

(38)

Equation (38) defines the mechanism of the FRG scale
evolution, where the velocity field ¥ corresponds to the
functional derivative on the E-energy landscape weighted
by the Polchinski kernel CR°!(x,y), which operates as a
local metric in the configuration space to determine the
trajectory of the field distribution.

The rate of this energy dissipation along the renormal-
ization trajectory defines the RG-flow entropy functional,
relating to Perelman’s energy framework [24],

29)] _ l/qu(x) <5€[P[ln A, ¢p(x);

A“]]) dP[In A, ¢(x); 29
]

2 dinA 2 SP[In A, ¢p(x); A dinA
_ / D(x)P[In A, (x); 2] A dx L ddy{% (5 1nP[1r;$(,x¢);(x);ga]> CR'(x. y) (5 lnP[lg;\(’yq)ﬁ(mla])
l 5VP01 [ln A, ¢(x)] Pol X 5VP01 [ln A, ¢(x)] _ o Pol X 5VP01 [h‘l A, ¢(x)]
w3 (g e (PR ) - st (R TG 9

In Eq. (39), the first term represents the informational dissipation from stochastic diffusion, and the remaining terms account
for the background potential landscape determined by the cutoff kernel.

Taking the second-order variation of this F-entropy with respect to the coupling coordinates A and A’ gives the
functional analog of the finite-dimensional residual decomposition:

62.7:( [In A, ¢(x);19])
02497P

*PlIn A, ¢(x); 1 -
2 / Dd)(x) |: [ aﬂaang, ) ]Hfunctional + P[ln A, ¢(x);/1a]R2;;1cuonal : (40)

d
_—dlnA ab(lnA Au) =

The integral term in Eq. (40) defines the functional residual sector. Here, Hpynciional 1 the functional potential-constraint
block, and Riurctional jg the corresponding parametric remnant. They are the field-theoretic lifts of the finite-dimensional
residuals derived in Appendix B, under the dictionary summarized in Appendix C. Thus, Eq. (40) should be read as an off-
shell functional metric-flow decomposition: the first term is the direct parametric Hessian of F[P], while the second term
records the residual mismatch removed in the compatible zero-current sector. The explicit functional forms of these
residuals are not displayed, because they are not inspiring.
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To convert this metric-flow relation into a curvature
relation on the coupling-constant manifold, we compare
Eq. (40) with the constraint (35) obtained from Eq. (5).
Using the same potential convention as above,
X, =-V,®, the diffeomorphism contribution becomes
V. X, +V,X, = -2V, V,®. Equating the two expressions
for —dG,,/dInA and dividing by —2 then gives the
residual-inclusive relation between the Ricci curvature
and the entropic variation:

R.,(In A, 2%) + V,V,®(In A, 1)
_ PF(PnA, ¢(x);29))
N 0290AY
2 . 1a
_/D¢(x) [a P[ln A, ¢(x); A ]H

functional

02902

+ P[ln A, ¢(x);,1a]7zgt;,ncﬂ°nal} : (41)

The residual integral in Eq. (41) is removed by restricting
the functional flow to the compatible zero-current sector at
fixed RG scale. In this sector, P[¢] o e~"ril"A4] and the
field-space probability current vanishes. The finite-dimen-
sional cancellation derived in Appendix B then lifts directly
to field-configuration space: Hpyncional Vanishes pointwise,
while the weighted remnant PRUtonal hecomes a func-
tional total divergence. Thus, the residual integral in
Eq. (41) gives no contribution under the same functional
boundary conditions used in the integrations by parts.
Equivalently, this compatible zero-current sector is the
Wasserstein gradient-transport sector of the functional
probability flow, with CE!(x, y) serving as the field-space
mobility kernel [49-51,55]. Equation (41) therefore
reduces to the residual-free curvature-Hessian balance
governing the covariant geometric flow.

This reduced relation is the FRG analog of the modified
steady Ricci-soliton equation. The scalar potential @
supplies the diffeomorphism component required for
covariance under reparametrizations of the coupling coor-
dinates, while the parametric Hessian of F[P] supplies the
entropic driving term. Accordingly, RG fixed points are
formulated as geometric equilibria in which the intrinsic
Ricci curvature of the coupling-constant manifold is bal-
anced by the Hessian contribution generated by ®.

Based on this relation, the global geometric F-entropy
functional on the coupling constant manifold is defined as

FlGap(In A, 2]
= / dVi\/G(In A, A%) e~ AX) IR(In A, 19)
+G(In A, 2%)0,®(In A, 19)0,®(In A, A%)}.  (42)

Equation (42) corresponds to the information-geometric
analog of Perelman’s entropy functional [24]. The weighting

factor v/Ge™® within the parametric volume element is
derived from the information-geometric mapping, allowing
the functional to act as a Lyapunov potential for the
renormalization group flow.

The scale-dependent evolution of the information metric
G, under the FRG flow can be expressed as a Riemannian
gradient flow of this global F-entropy functional:

d
— mGab(ln A,ﬂ )

= 2R, (In A, %) = 2V, V,®(In A, 1%)
_ 8T [Gap(In A, 2]
- 5G(In A, 19)

(43)

The formulation of the metric deformation rate via the

variational derivative —2 5‘2;,, shows that the nonperturbative

RG process corresponds to a geometric gradient flow, where
the potential @ accounts for the coordinate-dependent
components to ensure the covariance of the flow with
respect to the intrinsic curvature of the parameter space.

E. Example: Weakly interacting scalar field

We compare field distributions of ¢* theories with
slightly different quadratic and quartic couplings. The
Fisher metric G,;, in Eq. (32) measures their statistical
distinguishability, and Eq. (33) determines its change under
Polchinski RG evolution. Combining this metric change
with the curvature of the same coupling manifold in
Eq. (43) gives the explicit tensor that the information
potential @ must reproduce as its covariant Hessian.

The two couplings define a two-dimensional manifold,
independently of the spacetime dimension d. This is a
minimal setting for studying changes in statistical distin-
guishability together with nontrivial intrinsic curvature,
since one-dimensional manifolds have vanishing intrinsic
curvature.

Consider the regulated scalar theory of Eq. (18) in a finite
periodic volume €, with initial action

Snoldhs ru] = So.p, @] + 7O, (] + uO,[¢],

04 = [ gl
0t =, [ dsalo® (44)

Here, Sy 5, is the quadratic part of Eq. (18), r shifts its mass
term, and u > 0 is a weak quartic coupling. We assume a
positive Gaussian quadratic form. The initial distributions
Polgp;r.u] = Z7'e S, with expectations (- --),, evolve
under Eq. (20) with a common kernel CR!' and drift
potential Vp,;, both independent of r, u at each RG scale.

As in the interacting scalar-field example in Sec. V B of
Ref. [36], we evaluate the RG response at the initial cutoff.
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We write G, = 0,G |, Where 7 = In(Ay/A) increases
as the cutoff decreases. The labels (r,u) distinguish the
initial distributions and are held fixed during this evolution.

The scores 0, In Py = =560, with 50, = O, — (O,),
express fluctuations of the coupling observables.
Equation (32) then gives

Gab(AO) = <50a(30b>0 = aaah IHZ, a,be{r,u},
1
Grho) = [ d3a'y(@ 9030 = =0,(0,)o
(45)
The subscript ¢ denotes a connected correla-

tion, (¢(x)°B(¥)*)o.c = (#(x)°h()*)o = (B(x)*)o(¢(¥)*)o-
Thus, G,, and G, are the variances of the quadratic and
quartic observables, while G,,, is their covariance [22]. At
fixed u, ds* = G,,(dr)? identifies the mass susceptibility
as the measure of distinguishability between nearby quad-
ratic couplings.

Expanding about u = 0, we use the Gaussian propagator
D(p) = [(Dbare(p)KAo(pz))_l + r]_l' Here, Dbare(p) =
G(p?) is the fixed massive bare propagator in Eq. (18);
D describes field correlations, while G, measures distin-
guishability in coupling space.

Writing (- - )5 for the Gaussian average at u = 0, we
have D(x—y) = (¢(x)¢(y))g- Wick contraction then
gives (¢(x)*¢(y)*)g. = 2D(x —y)? for the connected
correlation in Eq. (45).

To evaluate G,,, we use the propagator integrals
1, = [d?pD(p)"/(2x)?, understood as normalized sums
over regulated modes. With Zg = Z|,_,, differentiating
InZ = InZg — uQI?/8 + O(u?) twice with respect to r, as
prescribed by Eq. (45), and using 0,1, = —nl,,, give

w - %12 - glll3 - %15 +Oo@u?).  (46)
The Gaussian term and two interaction corrections provide
a perturbative benchmark: the tadpole and connected four-
point contributions reduce the susceptibility at fixed cutoff
and bare r.

The curvature requires the complete (r, u) metric. We
evaluate the metric and curvature at the Gaussian boundary
u — 0T, where the required correlations can be computed
explicitly by Wick contraction. Coupling derivatives are
taken before the limit so that variations in the quartic
coupling are retained. The component G,,,, also involves the
spatial integral J, = [}, d’xD(x)*. The covariances in
Eq. (45) then give

1,/2 1,1,/4
Gab|u=0_9<11 2 )
1h/4 I{l/8 +J4/24
Q1,J
det G|,_o = 4; 1s0. (47)

The positive determinant shows that both coupling direc-
tions remain distinguishable at u = 0. Second and third
u-derivatives of InZ are computed from Gaussian
cumulants.

The initial RG change follows from Eq. (33) (see
Appendix D1 for the derivation). Since the kernel and
drift potential are independent of r, u, coupling derivatives
of the velocity (26) act only on In P. Inserting the scores
0,In Py = =50, together with 50,/6¢(x) = ¢(x) and
80,/5¢(x) = ¢(x)’/6, gives

N d d, Pol 60, 30, >
=2 [ 5 [ sty (st
G,, = =2Tr(CD) + ul , Tr(CD?) + O(u?). (48)

The second line is the first-order expansion about # = 0 at
fixed r, with D evaluated in the Gaussian theory. Here,
C= C/P\OOI, traces run over regulated field modes, and D?
denotes operator composition. For a symmetric kernel C
with nonnegative eigenvalues, the first line of Eq. (48)
gives G,,dA*d)” < 0 for every fixed infinitesimal separa-
tion dA = (dr, du) [see Eq. (D5)]. Thus, ds> = G, dA%dA",
the squared statistical distance between neighboring dis-
tributions, cannot increase in the first RG step, consistent
with the contraction of distinguishability under coarse
graining [19,20]. The positive O(u) correction makes
G,, less negative: weak repulsion reduces the initial loss
of distinguishability along the mass direction.

At u = 0, all three metric components evolve according
to the same identity. The RG kernel enters through the
integrals T¢ =Tr(CD) and U¢ = [;,dxd’yC(x,y) x
D(x —y)3, so Eq. (48) gives

Gl 2< Te IiTc/2 > (49)
ablu=0 " LTe/2 PTe/A+Uc)6)

We now compute the curvature of the coupling manifold,
the remaining input to Eq. (43). In two dimensions, the
Ricci tensor is determined by the scalar curvature and the
metric. With W =InZ, the Hessian structure G, =
W, = 0,0,W further simplifies the general connection
and curvature formulas (A4)—(AS), yielding an expression
involving only second and third coupling derivatives (see
Appendix D for the derivation):

1 Wrr Wru Wuu R
R=——<|W w w , R, =—G,.
2(det G)z rrer rru ruu ab B ab

Wrru Wruu Wuuu

(50)

Here, R is the scalar curvature, and subscripts on W denote
coupling derivatives. The 3 x 3 determinant contains the
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three independent metric components G,,, G,,, G,, in its
first row and their r- and u-derivatives in the next two rows.

At u =0, Wy =—(60,60,60.);. The mixed quad-
ratic-quartic and purely quartic correlations entering
these derivatives involve the spatial integrals Js =
S dxd’yD(x)*D(y)D(x —y) and Jg = [,, d?xd?y x
D(x)?D(y)?’D(x —y)?. Substituting the derivatives in
Eq. (D15) gives

1 [313 8I3Js 16J2 181,J
QlJ, BJ, LJ: J3

R|u:0 = ’ (51)

which, together with the metric (47), fixes the Ricci tensor
Rab = RGab/Z at u = 0.

Thus, the metric and its curvature are determined by
second and third connected cumulants of the same coupling
observables. This suggests investigating whether the
Callan-Symanzik evolution of these correlations [66,67]
can be organized into a modified Ricci flow with a
dilatonlike scalar potential [32]. Establishing this connec-
tion could give @ a field-theoretic characterization through
the beta functions and mixing of composite operators.

For the initial RG step considered here, the calculated
metric change and curvature determine the tensor
required of @ by the Ricci-flow relation (43). In the
entropy identity (40), we write the residual contribution
as 27, evaluated at Py. With F[P,] defined in Eq. (39),
the two relations give

1.
V.V, ® = _EGab — Ry, = 0,0, F[Po] = Lo — Ry

(52)

The residual can be evaluated from the same initial
correlations. Its quadratic component is

T, lueo = 3T ¢ — 8rTr(CD?) + 4r*Tr(CD?).  (53)

Even at r = u = 0, Eq. (53) gives Z,, = 3T, which is
generally nonzero: the free Gaussian reference evolves
under the Polchinski flow. Appendix D4 gives the
derivation and all three residual components.
Substituting the computed metric (47), deformation (49),
and curvature (51) into the first equality of Eq. (52) yields

the explicit tensor
{ lG R } B <T QRI2>< 1 11/2)
PR N VAN (Y- L

(-2,

with all quantities evaluated at u = 0. The first term contains
the quadratic direction and its overlap with the quartic one;
the second contributes only to the wuu component.

Equation (54) is the explicit result of applying
Secs. I B-IIID to the two-coupling ¢* family. At the
initial RG scale and Gaussian boundary, the Polchinski
kernel and field correlations specify all three covariant
Hessian components required of ®. This tensor must
accompany the Ricci term to reproduce the calculated
RG change of statistical distinguishability.

IV. CONCLUSION

The analysis developed here formulates the Polchinski
functional renormalization group as a functional JKO-
Wasserstein gradient flow of field distributions driven by
a thermodynamic free energy. Within this formulation, the
scale derivative of the Fisher information metric on the
coupling-constant manifold decomposes into the intrinsic
Ricci curvature R, and the covariant Hessian V,V,® of an
emergent scalar information potential, yielding a modified
Ricci flow of theory space. The potential ® generates the
diffeomorphism component associated with reparametriza-
tions of the coupling coordinates, so that the combination
R, + V,V,® governs the covariant geometric evolution
of the information metric. The characterization of @
nevertheless remains implicit, and the existence of a
solution satisfying the full tensor equation (5) with suitable
boundary conditions remains open. A direct physical
interpretation beyond its geometric role also remains to
be established.

The same metric evolution admits an entropic formu-
lation through the RG-flow entropy defined by the con-
tinuous scale-dissipation rate of the free energy. Its
parametric Hessian governs the scale dependence of the
Fisher metric, relating the integration of short-distance
fluctuations to changes in the statistical distinguishability
of neighboring effective theories. This establishes the
variational connection between the JKO-Wasserstein for-
mulation of the FRG and the modified Ricci-flow geometry
of the coupling manifold.

The stationary limit of this geometric evolution provides
a representation of nonperturbative FRG fixed points.
When the beta functions vanish and the induced Fisher
metric becomes stationary, the flow reduces to the steady
Ricci soliton condition R,, + V,V,® = 0. At such fixed
points, the intrinsic Ricci curvature of the coupling mani-
fold is balanced by the covariant Hessian of the information
potential, providing a geometric characterization of scale-
invariant critical behavior and, where applicable, conformal
invariance. This perspective connects quantum field theory
with geometric evolution and offers a framework for
investigating the geometric stability and universality of
renormalization-group fixed points.

In this sense, the Ricci-flow formulation turns the geo-
metric characterization of RG fixed points into a possible
bridge from RG stability to spectral universality. Along this
bridge, the FRG flow on the coupling-constant manifold and
Dyson Brownian motion on the spectral manifold may be
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regarded as dual modified Ricci-flow descriptions, related by
a parameter-to-spectrum pullback map. If this pullback
geometry remains nondegenerate in chaotic regimes, soliton
rigidity may then constrain the spectral flow toward the
Random-Matrix-Theory universality class.
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APPENDIX A: FISHER-METRIC DEFORMATION
AND THE DIFFEOMORPHISM CONSTRAINT

To analyze the geometric interpretation of the informa-
tion metric evolution derived in Eq. (3), the flow is
|

Fabc(t’e ) =

\m

2

agbc(t 0 )+ abgac(t 0 )

—(6 In p(t,x;0%))(9, In p(t, x;0)) (0. In p(t, x; 9“))}

decomposed into a Ricci curvature flow and a diffeo-
morphism component,

gab(t’ Qa) = _2Rab(tv ga) + vaXb(t7 Qa) + vaa(t’ ga)’
(Al)

where R, is the intrinsic Ricci curvature tensor of the
information space. Comparing Eq. (Al) with Eq. (3)
suggests the parameter-space field X, as

X, (1,69 :/ddxp(x, ;040 (x,1,0%)0,(0, In p(x,1;6)).

(A2)

The covariant derivative of this field, V, X}, is evaluated
with respect to the Riemannian connection of the under-
lying information space:

V. Xp(1,0%) = 0,X,(1,0%) =T, (¢,6°)X.(1.0%). (A3)

The Christoffel symbols I ;. of the torsion-free Levi-Civita
connection on the information manifold are derived from
the Fisher metric and expressed via the variations of the
probability distribution p:

cgab<t 0 ))

p(t,x;0%) {(aaab In p(t,x;60))(0.In p(t, x;0%))

(A4)

When the field X, is defined as in Eq. (A2), the relation between Eqgs. (A1) and (3) determines the statistical curvature
field, denoted as R"v®(¢,0¢). However, this expression does not satisfy the tensor transformation law of Riemannian

geometry, resulting in a geometric mismatch:

RE3(1.0%) # 0.5, (1.07)

— 9,5 (1,0°) + T4 (1.0°)T%, (1.0°) -

I¢,(6,0)4(1,0%) = R, (1,67). (AS5)

The inequality in Eq. (AS5) identifies the discrepancy where the naive curvature calculation deviates from the tensorial

property of the standard Ricci tensor.

Using the coordinate-invariant tensor structure, the governing equation for the field X, required to equate the statistical
evolution in Eq. (3) with the modified Ricci flow in Eq. (A1) is derived as

VX (1,09) + V, X, (1,0

= 2R, (t,0%) + / dxp(x,t;0%)[(0,0' (x,1,0))0;(9, In p(x,£;09)) + (90" (x, £;6%))09;(d, In p(x, ;67))].  (A6)

Equation (A6) relates the geometric curvature of the information space to the dynamical velocity fields of the statistical

current.
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APPENDIX B: RESIDUAL TERMS,
WASSERSTEIN COMPATIBILITY,
AND ZERO-CURRENT CANCELLATION

In this Appendix, we derive the residual sector that
appears when the ordinary parametric Hessian of the
statistical F-entropy is compared with the Fisher-metric
deformation generated by the Fokker-Planck probability
current. This comparison produces the potential-constraint
block H and the weighted parametric remnant pR,,.
These terms measure the obstruction to identifying the
direct parametric Hessian with the Fisher-Wasserstein
Hessian matching in the constant-mobility sector. We

|

then show that, on the stationary zero-current profile, H
vanishes pointwise, while pR,, reduces to a total diver-
gence, so the integrated residual sector gives no contri-
bution under the same boundary conditions used in the
integrations by parts. This finite-dimensional cancellation
provides the prototype for the functional FRG residual
cancellation used in Sec. III D, where the Polchinski
kernel plays the role of a fixed field-space mobility kernel
at each RG scale and the corresponding lift is summarized
in Table I and Appendix C.

We begin with the brute-force second parameter deriva-
tive of the statistical F-entropy:

1 - -
0,0, F = A/] d?x [(@,p) <§ (0,B)0;In po;1In p + 6;,V>

1 . . -
+ P <§ (aa()bB’/)a,- In p()j lnp + (abB’/)ai(aa In p)aj lnp + aaabV>

- . 1 ..
+ (0,0,p) <V —0;(BY0;Inp) — EB’-’al- In po; In p)

(@) (aav — 3,((0,B)9; n p) — ,(B10;(3, In p)

1 . .
- E (aaBl'])ai In paj In P — Bl'lal‘(au In p)a] In p>:| .

(B1)

This expression can be reorganized by comparing it with the Fisher-metric flow generated by the probability-current

velocity »'. The result is

1
00 F = =3+ [ dx{(0,0p)H + PR,
M

Here,

and the weighted remnant pR,, is

1 - -
pRah = (aup) |:§ (abBU)ai In paj lnp + aI)V:|

1 - - -
2|5 0.0,8)0,10 p0; 10 p + G400, 10 )0y p 0,0,

@) [aﬁ—a,-((aanf)a,- In p) — 3,(B9,(d, In p))

1 y
~ 5 (2,B7)d;1n pd; In p — B9,(9, 1n p)0; In p]

(B2)
- .. 1 ..
H[p] = V—a,(B”aj lnp) —EBUa, lnpa] lnp, (B3)
1 . y
- Ep[(abBl])aj(lnp +V)0,(9,In p) + (0,87)0;(In p + V)9,(9; In p)
(B4)

+ Bi9;(0, In p + 9,V)9,(9, In p) + B9;(d, In p + 0,V)3;(0, In p)).

Equation (B4) should be understood as the off-shell algebraic remainder obtained from Eq. (B2), not as a new independent

geometric tensor.
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We now restrict Eq. (B2) to the stationary zero-current
profile
p(x;0) = Z(0) eV 0, (BS)
For this profile, the score is fixed by the potential and the
current velocity vanishes. Using

- | . . .
V= EBw(a,.V)(a,V) + g;A", A'=-BY9;V, (B6)
the potential-constraint block
pointwise:

in Eq. (B3) -cancels

Hlp] = 0. (B7)

The higher-order remnant is canceled through its
weighted form. On the stationary profile, substituting
Eq. (BS) into Eq. (B4) and using the definition of V
together with A’ = —B"/9,V, the surviving terms combine
directly into the total-divergence form

PRap = —0;0, [pab(BijajV)]- (B3)

Thus, R, need not vanish pointwise. The relevant object in
Eq. (B2) is the weighted remnant pR,,, and Eq. (B8)
shows that this weighted remnant is a boundary term.

Under the same boundary conditions used in the inte-
grations by parts, Eq. (B8) implies

Together with the pointwise cancellation H[p] =0 in
Eq. (B7), this removes the full residual sector in Eq. (B2)
on the stationary zero-current profile. The cancellation has
two distinct parts: the H-block vanishes pointwise, whereas
the R,;,-block contributes only through a weighted total
divergence. The correct statement is therefore the vanishing
of the integrated residual block, not the pointwise condi-
tion R,, = 0.

The same cancellation mechanism has a direct func-
tional counterpart in the FRG discussion of Sec. IIID.
Under the correspondence summarized in Table I and
Appendix C, the probability density p, the state-space
derivative 0;, and the diffusion tensor B"/ are lifted to the
field-distribution functional P, the functional derivative
5/8¢(x), and the Polchinski kernel C!(x, y), respectively.
Hence, the residual sector in Eq. (41) is the functional
analog of the finite-dimensional residual sector derived
above. In the zero-current sector at fixed RG scale, the
functional potential-constraint block vanishes, while the
weighted functional remnant becomes a functional total
divergence. Under the same functional boundary condi-
tions used in the integrations by parts, the integrated
residual block therefore gives no contribution, leaving the
curvature-Hessian balance used in the FRG formulation.

It remains to identify the Wasserstein structure behind this
compatible sector. In the JKO-Otto formulation, tangent
vectors to probability space are represented by transport
potentials, and the corresponding currents are gradient
transport currents with respect to the Wasserstein mobility
structure [49-51]. Accordingly, at fixed RG scale, the

/ dixpR,, = 0. (B9) coupling-direction variation of the probability functional is
M ¢ represented by a functional transport potential ¥, [¢] through
|
P[InA, ¢;4] _ / / s [¢}
—_— dix PllnA, ;2] | d?yCt B10

The same definition applies to the b-direction with ¥, [¢]. Because the Polchinski kernel is independent of the field coordinate,
it is a fixed mobility kernel on each RG slice. Under this constant-mobility convention, the pulled-back functional Wasserstein

Hessian of E[P] is

Hesyy (€)%, W) = [ Do [ | dtndtydtzdtw R )R )
M

+ / d?xd?yd!zdw
M

Equation (B11) is the functional lift of the fixed-mobility
Wasserstein Hessian. Here, the word “fixed” refers to the
mobility structure on field-configuration space at a given RG
scale. It does not require CR°!(x, ) to be local or independent
of the continuous labels x, y; the kernel may remain nonlocal
and scale dependent. What is held fixed in the Hessian
calculation is its dependence on the field configuration ¢b. The

52 VPOI [ln A, ¢] 6‘1“ 5‘{’,}
S5 (x)9h(y)

FY, 3Y,
5¢p(x)o(y) o¢p(2)op(w)

CR'(x. 2)CR (v, w) (B11)

5¢(2) 5p(w))’

first term in Eq. (B11) is the kernel-weighted Hessian-square
contribution from the entropy part of £[P], while the second
term is the Hessian of the Polchinski potential evaluated on
the CR°l-weighted transport directions. This is why the
potential-Hessian term contains two Polchinski kernels.
This functional Wasserstein Hessian describes the gra-
dient-transport sector of probability-space geometry.
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A general off-shell probability current may contain non-
gradient, or rotational, components, but such components
are not included in the Wasserstein gradient representative
used in the compatible sector. The residual block in Eq. (B2)
therefore measures the obstruction to the Fisher-Wasserstein
Hessian matching before this compatible restriction is
imposed. The zero-current reduction derived above removes
this obstruction at the integrated level, yielding the curva-
ture-Hessian balance used in the FRG formulation.

APPENDIX C: FOKKER-PLANCK-FRG
CORRESPONDENCE DICTIONARY

The Polchinski evolution in Sec. III A changes the field
distribution and hence the statistical distinguishability of
neighboring theories. This Appendix summarizes the
operations that relate the construction of Sec. II to the
field-theoretic formulation. Table I identifies the variables,
and Table II summarizes the associated operations.

The flow is oriented toward decreasing cutoff, so that
t <> In(Ag/A) and 9, <> —d/dIn A. With the field con-
figuration as the state, state-space derivatives become
functional derivatives, while 9, = d/04“ acts on the cou-
pling coordinates. The Polchinski kernel in Eq. (21)
replaces the diffusion tensor in Eq. (1); it is independent
of the field configuration at each scale but may be nonlocal
in x, y. We work in a regularized representation with a fixed
integration measure, assume that coupling derivatives
commute with functional integration and field derivatives,
and require the probability current and its relevant deriv-
atives to decay sufficiently rapidly to eliminate functional
boundary terms.

APPENDIX D: DETAILS OF THE SCALAR-FIELD
EXAMPLE

This Appendix derives the initial metric deformation (48)
and the curvature formulas (50) and (51) and evaluates the
residual Z ,;, in Eq. (52) for the initial two-coupling family in
Sec. III E.

1. Initial RG deformation of the Fisher metric

We evaluate Eq. (33) at the initial RG scale, writing
C=CQ. At this fixed scale, 9,C=0,Vpy =0 for

TABLE II

a€{r,u}, and C(x,y) = C(y,x). The initial family (44)

satisfies d,InZ = —(0,,), so
0 00
0,InPy = -0, +(0,)g, —(3,InPy) = ———24_
N Lo a+< a>0 5¢<x)( n 0) 5¢(X)
(D1)

The expectation (O,), depends on the couplings but not on
the individual field configuration being varied, so its field
derivative vanishes. For the component ¥(x) of the
probability velocity (26), coupling independence of C
and Vp, gives

0,%(x) = / diyClx. )

= [ atvey)

5¢( )(aalnPO)

604
Sp(y)

Inserting Egs. (D1) and (D2) into Eq. (33) yields

. 50, 60 60, 60
Gup=— / ddxddyC(x,y>< a0 b ¢ >
M

5(y) 5p(x)  3p(y) 3 ()
00, 60, >

:_g/wddxd"yC(X’Y)< 5¢p(x) 5p(y)

The second equality follows by exchanging x, y in the first
term and using the symmetry of C. This establishes the first
line of Eq. (48) for the initial interacting distribution.

For a fixed infinitesimal coupling separation
dA = (dr, du), define

(D3)

e 20 :dr¢(x)+%¢(x)3.

5 (x) (D4)

fox) =

If C is symmetric with nonnegative eigenvalues, con-
tracting Eq. (D3) with dA*dA’ gives

G p,dAvdib = —2<A/I dixd?yf ,(x)C(x, y)f¢(y)>0 <o.
(Ds)

Correspondence between differential and integration operations in the finite-dimensional Fokker—

Planck formulation and the functional renormalization group.

Fokker-Planck operation

FRG operation

State-space integral [ d“x
Index summation »_;
State-space derivative 0;
Second derivative 0,0,

2
20"

Parameter derivative

PPy

Time derivative 0,

Functional integral [ De(x)
Continuous-label integration f I dix
Functional derivative #(X)

52
59(x)5¢(y)
Coupling derivative 52;

. . _L
Scale derivative Tink
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The quadratic form inside the expectation is nonnegative
for every field configuration, and averaging with P,
preserves this sign. At fixed dA, the left-hand side of
Eq. (D5) equals d,ds?|,_,, where ds*> = G,,d“d). Thus,
the squared statistical distance cannot increase in the first
RG step. This conclusion holds for the initial interacting
distribution and does not rely on the Gaussian
approximation.

For a=b=r, 80,/5¢(x) = ¢(x), so the remaining
input to Eq. (D3) is the two-point function. Expanding its
normalized expectation at fixed r about the Gaussian
measure at u = 0 gives

(P(X)p(x))o = <¢<x>¢_<£f—uou>6
(e™%)g

= D(x —y) —u[{¢p(x)¢(y)Ou)g
= D(x =y)(0u)c] + O(?).

(Do)

The subtraction in Eq. (D6) cancels the Wick contractions
in which ¢(x) and ¢(y) pair with each other. For
0, = (4!)7" [}, dz¢(z)*, the remaining contractions give
4 x 3 =12 choices for pairing the external fields with
fields at z; the two remaining fields at z contribute
D(0) =1,. Thus, 12/4! = 1/2, and

(B(X)$(3))y = Dlx =) = 11(D?)(x,y) + O2).

(D?)(x.y) = / d*zD(x - 2)D(z - y).

M

(D7)

The convolution in Eq. (D7) is the operator product D?.
Substituting this result into Eq. (D3), with traces over the
regulated field modes, gives

G,, = =2Tr(CD) + ul , Tr(CD?) + O(u?*), (D8)

which is the second line of Eq. (48).

2. Curvature of the Hessian metric
We write W(r,u) =InZ(r,u), W, = 0,0,W and do
similarly for higher derivatives. All indices take values in
{r,u}, and repeated indices are summed. Coupling deriv-
atives are taken before the Gaussian limit u — 0.
The Fisher metric in Eq. (45) has the Hessian form
G,, = W,,. Its matrix, determinant, and inverse are

< Wrr Wru )
G = ,
Wru Wuu
G_l _ 1 Wuu _Wru )
detG \ -w,, W,

Symmetry of mixed derivatives simplifies the connec-
tion (A4) and gives

detG = W,,W,, — W2, > 0,

(D9)

1 1
Fahc = 5 (auGbc + abGuc - acGab) = E Wubca
1 . .
Top =536 Wapa, .G = =G"W;;.GP". (D10)

Here, G* denotes an entry of the inverse matrix in
Eq. (D9). Thus, the connection contains third derivatives
of W. The formula for d.G* follows by differentiating
G,iG?" = §," with respect to A°.

For the curvature sign convention in Eq. (AS), the
independent Riemann component in two dimensions is
obtained from Eq. (D10) as

Rruru = Gre (arriu - aurgu + chriu - Ficriu)
1 I .
= E(Wrruu - Wrruu) +ZGLd(Wrchrud - Wrrc Wuud)'

-—
0

(D11)

The fourth derivatives cancel because mixed derivatives
commute. Derivatives of the inverse metric and products
of connection coefficients leave the quadratic combination
of third derivatives in Eq. (D11). The two-dimensional
relation between this component and the scalar curvature
then gives

2R
R=""T"=— GO W e Woia = Worie W ).
detG 2detG ( rre VY uud ruc rud)
(D12)
Expanding the sum over ¢, d in Eq. (D12) yields
R = ! G"(W,,W Ww2.)
- 2det G rrr ruu rru
+ Gm(WrrrWuuu - WrruWruu)
+ Guu(WrruWuuu - W%uu)]’ (D13)
where the ¢ =u, d=r term vanishes identically.

Substituting the inverse metric (D9) into Eq. (D13) gives

1
R=——=\W.,.W.,W,u —
Z(det G)z [ rr( rru uuu
- Wru(WrrrWuuu - Wrrquu)

+ Wuu(WrrrWruu - W%ru)]'

W%Il u )

(D14)

The bracket in Eq. (D14) is exactly the expansion of the
3 x 3 determinant in Eq. (50) along its first row. The
determinant therefore combines the three independent
metric components with their first coupling derivatives.
The remaining identity R,, = (R/2)G,, follows from
the two-dimensional curvature relation R, =
(R/2)(GyeGpg — GuyGpe), completing the derivation
of Eq. (50).
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3. Gaussian evaluation of the curvature

We now evaluate the coupling derivatives at u = 0. The
identities 0,1, = —nl,,; and 0,J, = —4J5 follow from
0,D(p) = —D(p)?. Differentiating the Gaussian metric (47)
with respect to r gives the first three third derivatives below.
The remaining derivative satisfies W, |,—o = —((60,)3)¢.
The four required derivatives are

Wrrr|u=0 = -QlI3,

B L
Wrru |u=0 =-Q (ZZ + T) ’

L2 PPI; J
Wruu|u:0 =-Q (% + IT% + ES) s

B, 3BE 1LJs Jg

w o= —Q(—— —+—. D15
uuu|u-0 (8 + 16 + 4 +8> ( )

The last line follows from connected Wick contractions of
three O, insertions, including their normalization (4!)=3.
The four terms correspond to three, two, one, or no
contractions within individual insertions; each such contrac-
tion gives I; = D(0).

Substituting Eq. (D15) and the metric (47) into the
determinant in Eq. (50) gives

Wrr Wru WMM

Wrrr Wrru Wruu
Wrru Wruu Wuuu u=0
4 2 3
_ [ B Ilds LIS B (D16)
384 144 72 64

All explicit factors of /| cancel in Eq. (D16). Dividing by
—2(detG)?, with detG = Q*I,J,/48 from Eq. (47),
yields Eq. (51).

4. Gaussian evaluation of the residual

We evaluate the residual in Eq. (40) for the initial
family (44), keeping C = C}*' and Vyp,, independent of
the couplings. All coupling derivatives are taken before the
limit # — 0T. At the initial RG scale, the definition is

|

. o
D¢ PR functional _ _ / D / dxd?
/ PP ? M ) y5¢<x)
Zap = (60,60, = Gup) Hiunctional {PODO'

Iab = /D¢[(aaabP)Hfunctionﬂ + Plellznctional]l
P=Py. A=A\

1.
= aaab]:[PO] + iGab' (D17)

At u =0, the Gaussian propagator satisfies D! =
(Dpare K AO)_I + r1 in regulated-mode notation, where 1
is the identity on the regulated modes. The drift potential in
Eq. (21) contains the fixed quadratic kernel (Dypy K AO)‘I =
D~!' —r1, and hence Vpy = ¢ (D' — r1)¢p. Thus, Vp,
remains independent of r, although D depends on it. The
translation-invariant operators C and D commute because
they are diagonal in momentum space.

For Pg = Zg' exp[—¢" D~'¢/2], derivatives with respect
to the regulated field modes are dyln Pg = -D7'¢ and
0pVpo = 2(D™" — r1)¢p. Using (¢;p;)g = Dy, the three
terms in Eq. (39) give, respectively,

FIPdllmo = 5 TH(CD™) + 2T(C(D™ ~ A1)2D)]

—2Te[C(D™! - r1))]

1
= ETr(CD“) - 2rTrC + 2r*Tr(CD).

Rearranging gives the first line below. Differentiating twice
with respect to r at fixed C, using 0,D~' =1, 9,D = —D?,
and 02D = 2D3, gives the second line:

1
FlPolleo = ETr[C(D‘1 -2r1)?D],

2 F[Py)|,—o = 4T — 8rTr(CD?) + 4°Tr(CD?). (D18)
Combining Eq. (D18) with G,, = —2T in Eq. (D17)
yields Eq. (53).

To obtain the mixed and quartic components, we use
the functional counterparts of Eqs. (B3) and (B4). With C
and Vp, fixed, the weighted RfUrcional term is a func-
tional total divergence. The assumed boundary conditions
and the score identity 0,0,Py = Py(60,60, —G,;,)
reduce Eq. (D17) to

(@PICy) s 0, mP)| =0

(D19)

On this Gaussian profile, the functional version of Eq. (B3) becomes

1 -
Hfunctional[PG] = TI'[C(ZI"I - D_l)} + EQbTD_lCD_l(ﬁ,

C=3C-8rCD +4r’CD?. (D20)

The field-independent trace in Eq. (D20) drops out of Eq. (D19), since (§0,60,); = G,,. Wick contraction of the
remaining quadratic insertion with O, and O, gives all three components:
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Irr|u:0 = TY(CD),
P LI,

~ -1 ~
Tl eo = = Tr(CD) + TTrC + EA/I dxd?yC(x,y)D(x — y)3.

4

1 ~ I, .
Iru'u:O = Iur‘u:O = _lTr(CD) +ZZTI’C,

2
(D21)

Equation (D21) expresses the residual entirely in terms of the same initial propagator and Polchinski kernel that determine
the metric deformation. Its first line reproduces Eq. (53), while the other two retain the quartic coupling direction at the

Gaussian boundary.
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