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We numerically investigate the matrix model of two-color one-flavor adjoint QCD (matriX—QCDg"if') in the

weak coupling regime (small g) and in the chiral limit. The Yang-Mills potential has two distinct gauge
invariant minima: one at A; = 0 and the other at A; = g—q We show that when the chiral chemical potential

c< % there is a quantum phase transition (QPT) at gj; ~ 0.143: for g < g;;, the ground-state wave function is
localized near A; = 0, while for g > g, the ground state is delocalized over the gauge configuration space. The
transition between these two phases is singular, with the ground state at g being distinctly different from that
of gi £ |e|. At g, we show that the square of the chromoelectric field vanishes, strongly suggesting that the
system is in a “dual superconductor” phase. Numerical evidence shows that the localization-delocalization
phenomenon holds for the first and second excited states as well, leading us to conjecture that there are an
infinite number of isolated singular points g; > g > g5 > - - - accumulating to g = 0. For ¢ = 1, the model
formally possesses A" = 1 supersymmetry. We show that in the localized phase (i.e., for g < g;) the
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supermultiplet structure is disrupted and supersymmetry is spontaneously broken.

DOI: 10.1103/7dc6-nz7v

I. INTRODUCTION

The gauge matrix model [1,2] is useful for studying the
low-energy dynamics of (3 + 1)-dimensional QCD-like
theories. Despite the drastic truncation in the number of
degrees of freedom, the matrix model retains several
nontrivial topological features of the full gauge theory.
For instance, the gauge bundle in the matrix model is
twisted [3,4], and it exhibits the axial anomaly [5].
Estimates of the glueball spectra, as well as light hadron
masses using the SU(3) gauge matrix model, are fairly
accurate [6,7]. An analogous investigation of the SU(2)
matrix model reveals several nontrivial phases [8—10], both
at weak and strong coupling.

Interest in Yang-Mills (YM) quantum mechanics
coupled to various kinds of quark matter is not new
[11-13]. A supersymmetric version of Yang-Mills quantum
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mechanics naturally emerges in the dimensional reduction
of (9 + 1)-dimensional supersymmetric Yang-Mills theory
[14,15]. This direction has been pursued by practitioners of
string and M-theory; it has provided insight about the
dynamics of D-branes [16-20] and is considered an ideal
candidate for M-theory [21,22].

The SU(2) Yang-Mills gauge theory is in a sense the
simplest non-Abelian gauge theory and provides a platform
both analytical work [23-26] and lattice-QCD simulations
[27-31] to study nonperturbative properties like the spec-
trum, the symmetry breaking patterns, and the phase
structure.

Since the YM matrix model has the ability to correctly
capture many qualitative as well as quantitative features of
(3 + 1)-dimensional gauge theory, it is an ideal model to
study several of the above-mentioned properties. In this
article, we study the matrix model of SU(2) gauge theory
coupled to an adjoint Weyl fermion. This is the matrix
model version of two-color one-flavor adjoint-QCD, and

we dub this as matrix-QCD5.

The matrix-QCD3Y has AV’ = 1 supersymmetry when the
chiral chemical potential ¢ in the Hamiltonian is tuned to a
specific value. This supersymmetric model has been
studied by various numerical methods [32-38], with
interest in the extreme strong coupling regime. However,
several aspects of the theory, especially the phase structure
of the weak coupling regime, are not well understood.

Published by the American Physical Society
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In this article, we explore the weak-coupling regime of
matrix-QCD5 in the chiral limit. Our main tool of analysis
is numerical, although we will also provide some analytic
and conceptual arguments that justify our numerical results.
The Yang-Mills potential of our model has two distinct
gauge invariant minima, one at A; = 0 and the other at
A; = 0;/2g, and is the key feature here that leads us to our
results. The separation between these minima as well as the
height of the intervening barrier (the saddle point) depends
on g, as does the ground-state energy. A delicate interplay
between these ingredients leads to a quantum phase
transition (QPT) at g;~0.143, as we will demonstrate.
For g < g;, the ground state is primarily localized at
A; =0, while for g > g;, the ground state is delocalized
over the entire available gauge configuration space. Prima
facie, this localization-delocalization transition appears to
be different from Anderson (de)localization responsible for
some types of metal-insulator transitions (for instance, see
Refs. [39,40]). Whether a connection emerges on further
investigation is an open question.

This is perhaps an appropriate juncture to recall that
phase transitions can occur even in system with finite
number of degrees of freedom, as long as the Hilbert space
is infinite dimensional [41,42]. Such systems can even
demonstrate spontaneous symmetry breaking and chiral
anomaly [5,41]. The signature of the phase transition is not
very different from the systems with infinite degrees of
freedom; for instance, the formation of condensates. In the
context of the quantum Rabi model, it is well known that
there is a phase transition controlled by the coupling, one
phase being normal and the other being superradiant. At the
phase transition, the ground state becomes translationally
invariant, signaling the formation of a condensate [41].

Representations of the Heisenberg-Weyl algebra with a
translationally invariant ground state are nonregular [43,44]
and are not unitarily equivalent to the regular representation
(see Appendix E). The nonregular representation has some
unusual but well-understood properties. For instance, the
expectation value of the positive operator %> in this state is
infinite. A mathematically rigorous way of saying this is
that 22 is not an observable. For the matrix model, although
the details are different from the quantum Rabi model, the
situation is conceptually identical.

The inequivalence betweeen regular and nonregular
representations has rather startling consequences for our
discussion here. As the Yang-Mills coupling g — ¢, the
limiting ground-state wave function becomes non-normal-
izable in the Hilbert space. The ground state at g has a
fundamentally different character compared to that for
g # g;- The loss of normalizability of the limiting wave
function is due to its nontrivial support at the saddle point,
which in turn can be thought of as the formation of a
condensate.

This phenomenon is not limited to just the ground state
but also happens for eigenstates with higher energies at

their own critical points, leading to the existence of phase
transitions at higher energies as well.

We start our investigation with the chiral chemical
potential ¢ set to zero and establish this quantum phase
transition. Turning on ¢ # 0 introduces an additional level
crossing at g§(c), where the fermion number of the ground
state changes. The localization-delocalization transition at
gy can then only occur if g§(c) < gj. We find that this is
possible only as long as ¢ < %

The model has a formal A/ =1 supersymmetry for
c =1, which is directly affected by this localization
phenomenon. In the localized phase (g < g;), the pairing
between bosonic states within a supermultiplet is disrupted,
which in turn breaks supersymmetry for all g < g;.

This article is organized as follows. In Sec. II, we discuss
the theoretical framework of matrix-QCD3"} and argue for
the existence of localization-delocalization transition at gg.
In Sec. 111, we outline our numerical strategy to estimate the
energy eigenvalues and eigenfunctions. Following this, we
present the numerical evidence for the localization-delo-
calization transition in Sec. IV. In the same section, we
discuss the effect of the chiral chemical potential and the
fate of N' =1 supersymmetry (SUSY). We end with a
discussion in Sec. V.

II. MATRIX-QCD;‘?: THEORETICAL
CONSIDERATIONS

The gauge degrees of freedom (the glue) are described by
a real matrix M, (with spatial index i = 1, 2, 3 and color
index a = 1, 2, 3), or alternately by A; = M, T“, with T*’s
being the generators of SU(2) in the fundamental repre-
sentation. The phase space for the pure gauge theory
is generated by M,;, and their conjugate momenta
P . The chromoelectric field II; = P;,7* and

the chromomagnetic field B; = —p™'A; — L€, [A;, A;] give
us the pure Yang-Mills Hamiltonian

= _j9
ta — a1‘41’11

g2 ,03
HYM:Tr<2’p3Hl‘Hl‘+QBiBi>’ (21)

2g

where p is radius of the spatial S* and ¢ is the Yang-Mills
coupling.

The adjoint Weyl quark b,, (a=1, 2, a=1, 2, 3)
is a time-dependent Grassmann-valued matrix [8],
interacting with the glue via minimal coupling: H;, =
2i€abcp3b;baéﬁbﬁcTr(T“Ai). We also add a chiral chemical

potential term H,. = cpzblbbab [10] and investigate the
system’s dependence on ¢ and, in particular, its super-
symmetric properties. Finally, one may add a quark mass
term, but we will consider only the chiral limit (i.e.,
massless case) here.

Dimensionless variables are convenient to work with, so

we rescale A; — ¢-'pA;, TI; — gp~'TI; and by, — pibg,.
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In terms of the rescaled variables, the Hamiltonian is
H = Hyy + Hi,  + H,,

2

1 . g
H = ;Tr(HiHi +AiAi + lgeijk[AhAj]Ak - E [Ai,Aj]z
+ 2ige bl 0l sbp TA; + cQR), (2.2)

where Qg = (bub,, —3) and p~! determines the energy
scale. In our investigation, we will fix p = 1 and study the
theory as a function of the coupling g. This is equivalent to
fixing ¢ and varying p or, equivalently, the volume [10].

The glue Hilbert space Hg = L?(M3(R), [];, dM,,) is
infinite dimensional, and the glue states may be organized
in representations of spin and color. The quark Hilbert
space Hp is 64 dimensional, and the fermionic states can
have integer or half-integer spin 0 < s < 3/2 and transform
in singlet, triplet, or quintuplet representations of color
SU(2). These and other symmetries of the system are
recalled in Appendix A.

The total Hilbert space is Hg ® Hp, where the states
may also be labelled by spin and color. The physical Hilbert
Hpnys € Hg ® Hp is the set of colorless states (i.e., those
annihilated by the Gauss law (A4), (AS5):

Ga|¢> =0, [Gm Gb] = ieachcv |¢> € thyS‘ (23)

A discussion of the extrema of the Yang-Mills potential
provides important qualitative information. Recall that

2

VYM_Tr<Al~A,~+igeijk[A,,Aj}A %[Ai,AjF) (2.4)

is minimized when the A; obey [A;, A;] = éei #Ay. This has

two solutions, A; = 0 and zigal-. There is also an extremum

at A; = ﬁ o;. Evaluating the Hessian at this extremum

M = RDST,

The a;’s are the singular values of M and using O(3)

rot

REO(3),,. SEAdSU(2))=~S0(3).,.

rather than SO(3)

shows that it is a saddle point. This saddle point is
the matrix model analogue of the sphaleron—a static
solution of the pure YM equation with just one unstable
direction [45].

At the minima, the potential Vv = 0, while at the
saddle, Vyy = ﬁ. Further insight is obtained by looking

at the frequencies w of small oscillations at each minimum
(see Appendix B for details). Around A; = 0, we find that
@ = 1 with ninefold degeneracy, while near A; = a,, we

have w =2 (fivefold degenerate) and a nondegenerate
o = 1. There are three flat directions as well, but they
correspond to gauge transformations. On quantizing these
modes, the zero-point energy near A; =0 is , while for

near A; = 5-0;, it is 5. Hence, despite the structure of the

29
potential being that of a double-well, the ground state for

very small ¢ preferably localizes near A; =0 and is
therefore unique. As we will show in the subsequent
sections, this heuristic argument is supported by the
numerical analysis. As we increase g, we find that the
quark-glue interaction reduces the energy of the ground
state [see Fig. 3(a)]. But increasing g also reduces the
barrier height which can lead to a ground state delocalized
over both the wells. Remarkably, we find that this “locali-
zation-delocalization” transition happens sharply at a small
but finite g.

Coordinates of the singular value decomposition (SVD),
rather than the rectangular coordinates M;,, provide valu-
able qualitative information as well. In these coordinates,
the rotations and gauge transformations can be neatly
separated, and the description of the extrema of the
potential becomes more transparent. This separation also
helps in revealing certain crucial properties of the
Hamiltonian, like its domain of definition in thys, which
otherwise remains hidden when described in the rectan-
gular coordinates, as we argue below.

Recall that a real matrix M;, can be decomposed as

D = diag(a;, ay, a3), a,€R.  (2.5)

or allows us to include parity. The a;’s are both

rotation and gauge invariant. The kinetic energy in the SVD coordinates was first presented in Ref. [46]. The integration

measure is (v/¢da,da,da3dQ,,,dQ,,;) where \/¢ = |(a] — a

volume forms on SO(3),,, and SO(3)

col®

2 2 2

)(a} — a3)(a3 — d3)|, and dQ,,, and dQ..,, are the invariant
respectively. By a scaling transformation, we can get rid of the awkward /¢

factor in the measure, allowing us to work with the flat measure dada,da; in the a;-directions [9].
After this scaling transformation, the kinetic and potential energy terms in the Hamiltonian become

i J

TrlL I, = Z[ Y00

/#i

1
Vym = <§ (a3 + a5 + a3) — 3ga,azas + % (a3a3 + a3a3 + a%a%)).

Z a; +a; N 1 Z (a7 +ap) (L7 + G?) + 4a;a,L;G, 2.6)
(a2 - a2)2 4.#1"]{#]',,' ((13 - a%)z 7 .
2
(2.7)
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(a) Vo < Viaddie (b) ag

FIG. 1.

Here, L; and G, are generators of “body-fixed” spatial and
gauge rotations, respectively, satisfying [Z, oL i = —ie; jkﬂk
and [Ga, Gb] = _ieabCGC'

A short computation from (2.7) shows that the minima
are at a; =0 and a; = 1/g, while the saddle point is at
a; = 1/2g. The equipotential surfaces of Vyy are shown

in Fig. 1. When Vyy < 3237, the equipotential surfaces

consists of five disconnected lobes [Fig. 1(a)], while for

Vym > 32—22 the lobes are connected [Fig. 1(c)]. The value

of Vymy = ﬁ is special, and the connection of the lobes
happens at isolated points in a; — a, — as space, precisely
at the saddle point [Fig. 1(b)].

In the SVD coordinates, the system has invariance
under certain discrete transformations. The potential
VyMm is invariant under permutations Ss, i.e., a; — g, -
It is also invariant under the Klein group Z, x Z, with
a; — €;4a; (Gi = +l1, €1€r€63 = 1) The S3 and the ZQ X Zz
can be combined into the tetrahedral group 7, and it
may seem that the symmetry of the Hamiltonian is 7.
But this is not quite correct, since the Z, x Z, are gauge
transformations, and the set of gauge-inequivalent a;’s is
D/(Z, x Z,). The quotient D/(Z, x Z,) is a little awk-
ward to visualize, and we will work with D for drawing
pictures. This is harmless as long as we remember at the
physical configuration space is quotiented by the Z, x Z,.
The kinetic operator (2.6) obviously possesses the same
invariance along with the same qualifications, provided
the components of L; (and G,) are also exchanged
appropriately.

The kinetic term (2.6) appears to be singular whenever
la;| = |a;|. This may seem puzzling, since in the rectan-
gular coordinates the kinetic term is free of any singular-
ities. This simply means that the domain of the kinetic

operator consists of normalizable states in H that
vanish on the surface |a;| = |a;| #0. All such wave
functions have nodes (i.e., vanish) at |g;| = |a,l.

Physically, this is consistent with the fact that the gauge
bundle M;(R)/Ad(SU(2)) is twisted.

Vo = Viaddie (©)

Vo > Viaddre

Equipotential surfaces of Vyy in the a; —a, — a3 space. a) Vi < Vaadies ) Vo = Vaadies ©) Vo > Viaddie-

It is important to note that the saddle point lies on the
surface |a;| = |a;|. Therefore, all wave functions in the
domain of the kinetic operator vanish at the saddle
point, and hence the probability of finding the particle
here is zero. Conversely, functions of a; that do not vanish
at the saddle point are not in the domain of the kinetic
operator.

For small g, which is the regime we are interested in, we
can use perturbation theory to make some estimates to
decide on the importance of the saddle point. When g is
small, the two minima are widely separated, and the barrier
height between them is very large. As we argued earlier, a
particle with ground-state energy less than the barrier
height ﬁ will preferentially localize at a; = 0. On the

3
32923

the particle does not remain localized around the central
minimum and travels to the regions near the other minimum
as well. As g is increased, the minima move closer, and the
barrier height between them decreases. When the energy is
exactly equal to there is a new (unstable) classical

other hand, if the energy of the particle is greater than

solution—the sphaleron—corresponding to the particle
standing still at the top of the barrier. This situation is
quantum mechanically forbidden as the wave function must
vanish on the saddle point.

In the following section, we show that in presence of
the quark-glue interaction the dynamics of the quantum
system in the weak coupling regime reproduces this
classical picture to a large extent. Our main result, a rather
striking one, is that as the coupling approaches a particular
value g; the ground state gets localized on the surface
la;| = |a;| # 0. Using finite size scaling, we will show that
in fact at g; the putative ground state, because of its
localization on this surface, is no longer square integrable
and hence not a member of H .

To summarize, for g < gj, the ground state remains
localized near the minimum at a; = 0, while for g > g, it
describes the delocalized phase. At the interface of these
two phases, the point g; itself corresponds to another
distinct phase. We will argue below that this phase at g;

094001-4
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corresponds to the formation of a condensate and has
properties like a dual superconductor.

In fact, we will show that the first as well as the second
excited states with nonzero fermion number . behave in this
way, with their critical couplings ¢; and g5 obeying
95> < gi < gp- This leads us to conjecture that the nth excited
state also behaves similarly, with its critical coupling
gn < g,_;. As the spectrum is discrete, the critical points
gy, are isolated. At every g, one state acquires nonzero
support at the saddle point and hence becomes non-
normalizable.

When ¢ = 1, the Hamiltonian (2.2) formally has N = 1
supersymmetry (see Appendix A). What happens to SUSY at
these critical points? The SUSY multiplets rely on a delicate
balance between bosonic and fermionic states. As we will
show, the equality between the number of bosonic and
fermionic states is violated for every interval g, ., <
g < g,,- As a consequence, SUSY is broken for all g < gj.

III. STRATEGY FOR VARIATIONAL
ESTIMATION OF ENERGIES

Our particular interest is in the color-singlet energy
eigenstates. Since the total spin commutes with the
Hamiltonian, these states can in addition be labeled by
J, which is an integer or half-integer. Fermion number is
also a useful label as it is conserved almost for all values of
g (it is i1l defined at the locations of level crossings).

The colorless states are composites [y y,.) ® [Pguark)»
where [, ) are expanded in the basis of eigenstates of the
nine-dimensional harmonic oscillator. We consider a finite-
dimensional trial set for |y,,,) the by setting a boson
number cutoff N,. Trial wave functions are constructed by
taking arbitrary linear combinations of states from the trial
set. By varying the coefficients of this expansion, the
variational method discovers the specific state that mini-
mizes the energy. Expectation values of various interesting
observables can now be computed in the minimum energy

eigenstate. These states belong to the M, and we
(@) o
—n=0
20t n=1
—n=2
s 15
~=
=
10}
S»M
0 n n n n n
0.0 0.5 1.0 1.5 2.0 25

9

(0)

FIG. 2. (a) The energies of the states in ny = 0 sector: E),

and the solid lines represent the data with N, = 16. (b) The comparison of E

black dashed line. Here, we have chosen ¢ = 0.

explicitly verify that these states vanish on the surface
la;| = |a;| > 0 (see Appendix C).

In general, any numerical investigation of a physical
system involves a cutoff (like our N, or inverse lattice
spacing A in the case of lattice QCD). For generic values of
the parameters of the Hamiltonian, expectation values of
observables converge to their true values as N, — oo.
However, this may not be true for parameter values near a
phase transition. Even though there is loss of convergence,
we can use finite-size scaling (FSS) to determine the
dependance of the expectation value on N,. From here,
we can deduce the behavior of that expectation value
as N, — .

We progressively increase starting from N, = 10 till we
reach convergence in energy and other observables. We
have obtained data till N, = 18, though for generic values
of g, we have found that N, = 16 is sufficient to achieve
excellent convergence.

Near g;;, we find that the ground-state expectation values of
observables do not converge. We will argue that this is a
signal of the ground state becoming non-normalizable at gj.
To study this phenomenon in a controlled manner, we will
use FSS in N, and hence we will be able to make precise
statements about the observables at g;. Similar remarks hold
in the neighborhood of each g;, as well. Here, of course, it is
the nth excited state that becomes non-normalizable.

IV. RESULTS

A. Low-lying energy eigenstates in absence
of chiral chemical potential

Using the numerical strategy described above, we obtain
the low-lying spin-O energy eigenstates. For ¢ > 0, these
states have ny = 0 or ny = 2. In this section, we set ¢ to

zero and label the energies of these states as E\ >(g).

The energies EY (g) of the three lightest states in the
np = 0 sector (as functions of g) are shown in Fig. 2(a).

These energy eigenvalues exhibit excellent convergence

b oo
®) 8} b2
»*
-
I”
7 .1’
f"’
5, ~
Mgl e
l""’
.”
5} 7
oo somossat
0.0 05 1.0 15 2.0 25
g

as function of g for n = 0, 1, 2. The dots represent the data with N;, = 18,

) with the corresponding fit in (4.1) is represented by the
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(@ °®
—N, =10 —N, =15
4 Ny =11 —N, =16
—N, =12 —N, =17
3 —N, =13 —N, =18
= .
So —N,=14 - perturbative
=
20 b NNy e N, = oo
1 \
0 2
0.0 0.2 0.4 0.6 0.8 1.0 1.2

(b)

0.12 0.14 0.16 0.18 0.20 0.22 0.24 0.26

FIG.3. (a) E(()Z) as a function of g for various N,,. The solid lines represent the data from Rayleigh-Ritz method. The black dashed lines
shows the estimate from perturbation theory as in Eq. (4.5). The blue dashed line is the extrapolation to the N, — oo limit. (b) The region

around the kink in E(()z) (g). The colored curves here follow the same labeling as in Fig. 3(a). Here, ¢ = 0 for both the figures.

with N, > 16 in the g € [0, 2.5] range. Further, we find that
the energy of the lightest state with ny = 0 for small g can
be fitted to

0)

EY) ~2 4 (1053 4 0.775¢% — 0.047g" + ...)e~0647/7

N \O

(4.1)
|

The comparison of the above with the numerical data is
shown in Fig. 2(b).

The ground state has np =2 for all g > 0 [compare
Figs. 2(a) and 3(a)]. We will study the following gauge- and
rotationally invariant observables and their expectation
values:

A= (—aH/ag) = —Tr(ie,-jk [Aiv A]]Ak - 2g[Al, Al]z + Zieahcblbaéﬁb[)’cTaAi)’

.9
b= 2TrAl‘Al', K=Tr <AiAi + lgeijk[Ai’Aj}Ak>

(2)
ok,
Oy === = (WA, 0,

Here, K is our analog of the Hodge-dual of the Chern-
Simon 3-form [47] satisfying [K,II;] = —iB; and
[K,A;] = 0. In addition to the energies of the states, we
will also track the O’s as functions of g.

Since A, @, and K as operators are polynomials in A;,
their expectation values in any physical state should be
nonsingular functions of g. But what are we to make of the

W), 0, = (WP KwD). (4.2)

[

physics if their expectation values grow in an unbounded
manner at some finite g? One possible reason why this may
happen is if the respective domains of the observable and H
are different. This is, for instance, what happens when there
is an anomaly [48,49]. A second possibility, which happens
to be the case at hand, is that the state used to compute
the expectation value becomes non-normalizable at that g.

Ny=10  Ny=15 ©20 SNy =10 Ny =15
N, =11 Ny =16 Ny =11 !
Ny=12  Ny=17 15 Np=12 N =17
Npy=13 N, =18 - Ny=13 TNy =18
Ny =14 510 TNy =14

----perturbative| -----perturbative]

100
(a) 50 )
Ny=10 -N,=15
40 : ,’ | "
Ny=11  -N,=16
Ny=12  -Ny=17
< 30 Ny =13 Ny =18 - 60
Q rturbativel S
. -----perturbative} o
10 :
0 / 0
0.0 0.1 0.2 0.3 0.4 0.5 5 -~ -

0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5

FIG. 4. The expectation values O, as a function of g for various N, in the 0 < g < 0.5 regime. Black dashed lines corresponds to the
estimate from perturbation theory: O;=~24g+ O(g*), Oy9=3+3¢*+ O(g*), and O39~3+3¢> + O(g*). Here, we have
chosen ¢ = 0. The expectation values a) O, , b) O, and O3 as functions of g for various N, in the 0 < g < 0.5 regime.

094001-6



LOCALIZATION-DELOCALIZATION TRANSITION AT WEAK ...

PHYS. REV. D 113, 094001 (2026)

0.30] .
Sz
\\\\0
0.25 N
.
S -
7S, .
0.20f . T
s
72 = 2\; - N L4
—
0.15 e T
10 12 14 16 18 20
Ny

FIG. 5. §, vs N, for n =0, 1, 2. The dots represent the
numerical data using Rayleigh-Ritz method, and the dashed lines
are fits in (4.3) and (4.11) with parameters in Table I. Here, we
have chosen ¢ = 0.

This is the signal of the formation of a nontrivial
condensate.

To begin with, we numerically diagonalize the
Hamiltonian in the ny = 2 sector to obtain its ground state

|‘P82)) and energy for g€ [0, 1.5] [Fig. 3(a)]. At small g,
there is a kink in the ground-state energy whose location g
depends on N,, (Fig. 3). There is a loss of convergence near
Jo as is obvious from the figure. Away from the kink, there
is excellent convergence on either side.

At the kink, the derivative of the ground-state energy
measured by the observable A changes drastically. The
numerical estimates of A(g, N,) are shown in Fig. 4(a).
With sufficiently large N, (say N, = 16 or 18), the sudden

change in the slope of E(()2> (9) at the kink is visible in the
spectrum (Fig. 3) itself, and A shows a peak at the same
value of g. For smaller values of N, it is difficult to obtain
the kink’s location by visual inspection. However, A has a
peak in the region of nonconvergence for all N, which
becomes sharper as N, increases. For any N, the locations
of the peaks in A correspond to gy(N;). This provides a
systematic way to locate the kink and the extracted
numerical data for §y(N,) is shown in Fig. 5. For low
N,, the peaks are occasionally too broad to allow a
confident estimation of the corresponding go(N,). In such
cases, we have excluded these N, (see, for instance, Fig. 5
where we have used N, > 13 for the green curve).

Similar behavior is seen in the observables @ and K as
well: there are peaks in this region of nonconvergence
which become sharper as N, increases [see Figs. 4(b) and
4(0)].

Applying finite-size scaling then gives us

Go(Np) = gi + doe™oNe,
dy~081,  ky=~0.181,

where gj ~0.143,

thus identifying the true location g of the kink.

TABLE 1. Parameters for the fits of O, to the power-law
dependance in (4.4).

ObSCrVab]e CAA,O ay 0 ﬂAA,O YA.0
O1o —14.77 1.19 1.39 2.2

0,9 3.45 0.06 2.45 2.1

O3 0.36 0.08 1.86 2.09

The behavior of A, ®, and K is dramatic as these show
power-law divergences (Fig. 4) when we approach g;; from
the right:

Ouoly=gy = Cao + ano(Ny) a0, (4.4)

The parameters Cy , a4 ¢, and f34  are given in Table I, and
the power-law behavior is confirmed by the straight line fit
of the log-log plot in Fig. 6.

Further investigation reveals that (N,)™40(O, 9 — Cag)
as function of (N,)"0(g — go) is independent of N, for all
g > Go(Ny) (Fig. 7), with y,, given in Table II (for a
discussion of FSS in quantum mechanical systems, see, for
example, Ref. [50]). Our data collapse strongly suggests
that the region of nonconvergence shrinks to just the critical
point at g = g; as N, = oo.

The scaling behavior of A convincingly shows that there
is a step-function discontinuity in ng) at g = g5. This in
turn implies that the putative ground state in the FSS limit is
no longer normalizable at g;. As we will show below, the
first excited state is well behaved at g; and is the true
ground state at this coupling. It is precisely in this sense that
there is a QPT at gj,.

We can deduce some other interesting properties of the
system from @ [Fig. 4(b)]. It remains rather small for
g < g;, implying a localization to the region of small A;. It
becomes significantly large just above gj.

There is simple intuitive explanation for the existence of
the critical point g;; and this sudden change in @. For very
small g, perturbation theory around g =0 provides a
reasonable estimate of the energy. To the leading order
in g, we find

9
Eg(g) =5 = 12¢* + O(g"). (4.5)

Our numerical data match this perturbative estimate excel-
lently g < g; [Fig. 3(a)] but fails completely for g > g;. The
location of the discontinuity tentatively identifies the end of
the perturbative regime.

In this regime, as the value of ® is very small, we can
conclude that the particle is effectively trapped in the well
around A; = 0. This is a consequence of the high potential
barrier between the two wells, and suppression of tunneling
as discussed in Sec. II. The probability of finding the
particle at the saddle point (or, for that matter, any
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FIG. 6. Log-logplotof O, |,z

in (4.4) with parameters in Table I. Here, we have chosen ¢ = 0.
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vs N,. The dots represent the numerical data using Rayleigh-Ritz method and the dashed lines are fits

(© 010
0.07 N, =18 N, =14 N, =18 N, =14
0.06 N, =17 Ny =13 008 N, =17 Ny =13
B
o 05“_._‘ N, =16 Ny =12 3 Ny =16 N, =12
.
® Ny =15 N, =11 I 0.06 . Ny=15 N, =11
0.04 e, " B \ b
"~ N, =10 S L 38 N, =10
~. > N
0.03 e, = 004 By,
., iy 2,
0.02 Mo, = L)
EX = 2%
o Mt 0.02 N
0'OGO 20 40 60 80 100 120 140 0'000 20 40 60 80 100 120 140

(N3)(g — 90)

(N)(g = 90)

FIG.7. a) (N,) 79 (09— Cip), b) (Ny)P20(Op — Cryp), and ¢) (N},)P30(O3 5 — C3) as functions of (N,)740(g — §o) for various

N,. The parameters Cy, fao and y4 are given in Table I.

configuration with equal singular values) is zero. As a

result, the ground state |‘P82>> remains a normalizable wave
function in Hys for g < gj.

A simple estimate of the validity of the perturbative
regime is provided by equating the ground-state energy to
the barrier height,

3
2 124 =

—, (4.6)

(2)

<PiaPia>

0.0 0.1 0.2 0.3 0.4 0.5

g

giving us ¢g=~0.1488. This is remarkably close to the
estimate of g ~0.143 from FSS.
Forall g > g, ® is significantly higher. This implies that

state |‘I‘(()2)> has support on configurations with large A; as
well and is no longer trapped in the well around A; = 0.

This happens because the energy of |‘P(()2)) for g > g is
higher than the barrier height, and the particle is free to
travel back and forth between the potential wells.

®
38l “w_ [c=00
~\
.\\
3.6} <
- e
IS o
!, 3.4+F .\\
= oo,
D".'j 3.2+ \.\\
< “ee
3.0t .
\\
10 12 14 16 18
Ny

FIG. 8. (a) The expectation value of chromoelectric field squared (P;,P;,) in the state |‘I’f)2)> as a function of g for different N,,. (b) The
linear behavior of log(P;,P;,) at g = §, as a function of Ny,: (P;,P;,) ~ 5.1¢7%03s (black dashed line). This implies that (P;,P;,) at

g = Jo vanishes as N;, — oo.
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Finally, let us consider g = g;. The particle may travel
between the two wells but in order to do so must pass
through the saddle point. This implies that the probability
of finding the particle at the saddle point is nonzero. This

|‘P(()2)) is not normalizable at g = g;; and hence not a

member of Hypys.

This expulsion of |‘~PE)2)> form Hyy is physically
observed as a discontinuity in the energy at g;. The true

ground state of the np =2 sector at g is now \‘I‘(12>>,
provided that it does not suffer from the same effect
exactly at that same value of g. We will verify this
when we will study the excited states in the following
subsection.

At g;, the state |‘I’§)2) ) is localized to the surface of equal
singular values and is therefore conceptually like a trans-
lationally invariant state belonging to a nonregular repre-
sentation. Further support for this claim comes from the
expectation value of the chromoelectric field squared
P,;,P;,, a manifestly positive operator. Finite size scaling

indicates that it scales to zero in the in the state |‘P§)2)> at g§
(Fig. 8). This is a ‘“condensate,” and the vanishing of
electric field naturally suggests its identification as the dual
superconducting phase.

Further evidence for the above explanation comes from
Binder cuammulants G5 and G,,

(@

0.8
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»
)}
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©
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0.80 o
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FIG. 9.

ﬁ <‘P(()2) |€ijk€abcMiankac|lP§)2)>
2

Gy = 2 2013
(P | M, M, P )
O\ MM P
g452 < 0 | bt jeic ]b| 0 >__ (47)
8L (WP MM, 2

which provide important insight about the localization
properties of the state [Figs. 9(a) and 9(b)]. The values
of G; and G, are constrained to lie within the “arrowhead”
(see Fig. 17 in Appendix D). As g — 0, (G3.G,) — (0,3),
which is the center of the arrowhead. In the perturbative
regime with g < g, the values of (G3, G,) always lie in the
bulk of the arrowhead. As we approach go(N},), both G; and
G, jump discontinuously. Their limiting values can be
estimated using FSS as [Figs. 9(c) and 9(d)]

1.24 3063
Gilay =1+ 5—47 Galawn =g+ 5 —47°

(4.8)

Thus, in the limit N, - o0, as gy — g, we get
(g3,g4)|y:g0z(1,—%), i.e., the corner B, in Fig. 17.

This shows that as g — g;; the state |‘Pé2>) is dynamically
driven to configurations with equal singular values.

be:18

o

-0.05

-0.10

-0.15

0.0 0.1

(d)

-0.04f

-0.06
—~ LY
'S -0.08 :
=

~0.10 e

g

-0.12 e

-0.14 e

10 12 14 16 18 20

Ny

(a) G; as a function of g for different N,,. (b) G, as a function of ¢ for different N,,. (c) The value of G3(go) vs N, (d) The value

of G4(go) vs N,. The black dots in panels ¢ and d represent the numerical data using Rayleigh-Ritz method, and the blue dashed lines are

fits in Eq. (4.8). Here, we have chosen ¢ = 0.
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TABLE II. Parameters for the fits of the Ef,z) ~ a, + b,g%, the estimated values g, from perturbation theory using
(4.10) and from numerical data using the fits of the g, in (4.3) and (4.11).

State n a, b, g;, (from perturbation theory) g (from numerical data) d, k,
‘\P(()2)> 0 45 —12 0.1488 0.143 0.81 0.181
‘T52)> 1 55 —6.72 0.1320 0.13 0.382  0.152
‘\P(22)> 2 65 -=30.12 0.1247 0.123 0236  0.122
B. Excited states with ¢=0 which ES,Z)(g) becomes equal to the barrier height at the

The discussion in the previous subsection focussed on  saddle points:
the ground state of the np =2 sector. However, above-
mentioned effect (i.e., the state being expelled from H at a, + b,g2 = 3 5. (4.10)
a specific value of the coupling) is not an exclusive property 32g,
of the ground state. The same phenomenon can be observed

2) These estimates of a,,, b,, and gj, for the first two excited
in the excited spin-0 states |¥,;") as well. For small g, the  gates (n = 1, 2) are given in Table IL.

perturbative estimate of its energy is of the form 2)

The numerical simulations confirm that E(lz) and Eé
also have kinks (Fig. 10) and the data fail to converge near
each of the kinks. The location of these kinks g, for
different N, are shown in Fig. 5, and FSS shows that

EY ~a, + b,g* + O(g"). (4.9)

The coefficients a, and b, can be deduced by using
perturbation theory or by fitting the numerical data near

. . bt * —k, N,
g = 0. Using these, we can estimate the value of g at 9n(Np) = gy + d,e 0. (4.11)
(@) 54 (b) 62
—N, =18 —N, =14 —N, =18 —N, =14
53 6.0 —N, =17 N, =13
—Ny=16  —N,=12
552 = —Ny=15  —Ny=11
= 258
S —Ny =10
5.1 56
5.0
5.4
0.14 0.15 0.16 0.17 0.18 0.19 013 014 015 016 017 018  0.19
g g

FIG. 10. The kinks in the weak coupling regime for (a) Eiz) (g9) and (b) E§2> (g). Here, we have chosen ¢ = 0.
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FIG. 11.  Log-log plot of (04 ; — Ca1)|,—p and (O — Cy5)|,—5 Vs Nj. The dots represent the numerical data using Rayleigh-Ritz

method, and the dashed lines are fits in (4.12) with parameters in Table III. Here, we have chosen ¢ = 0.
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TABLE IIl.  Parameters for the power law fits of O, , to the
power-law dependance in (4.12).

Observable CAA,l aAJ ﬂA,l CA.2 aAyz ﬂA,Z
O1., -7.15 0250 200 -97.1 777 1.10
(" 4.09 0.019 287 =947 0.018 2.97
Os. 1.68 0.020 237 —437 0.052 2.16

The parameters g;,, d,,, and k,, are given in Table II. The true
locations of these kinks are g; and g5, whose values are in
excellent agreement with the intuitive reasoning of (4.10).
It should be noted that g; > g7 > g5.

Further, we find that the expectation values O, ; and
O, (in the excited states at §; and §,) also have power-law
dependence (Fig. 11):

Opnlg=z, = Can + apn(Np)ar, n=1,2.  (4.12)
The corresponding parameters are given in Table III. These
diverge as N, — oo at their respective critical points.

This argument suggests that, in general, the state |‘I‘,(12>)
does not vanish at the saddle point at gj, and hence is non-
normalizable. There is thus an infinite number of isolated
singular points g;, > g} > g5 > ... accumulating at g = 0.
At each of these singular points, one state in the np = 2

sector is expelled from the H, . As a consequence, each

Eflz) (and expectation values O, ,) has a discontinuity (and
divergences) for g < g;.

Following the arguments in the previous subsection, we
can thus identify the state |‘P512)> at g, as a dual super-
conducting phase as well.

C. Nonzero ¢
When ¢ #0, the energy of an eigenstate |‘I’£1"F )> of
Hamiltonian (2.2) becomes

ES)(g.c) = EY(g.0) + c(np —3).  (4.13)

We now need to compare the energies E(<)0> (g.c) with
E(()z) (g,¢) to decide whether |‘I‘[(Jz)(g)) or |‘P(<)0)(g)> has
lower energy.
Let A(g, ¢) be the gap
Alg.c) = E(g.c) = EP(g.¢) = A(g.0) —2¢.  (4.14
(9.¢) =Ey (9,¢) = Eg (9,¢) = A(9,0) = 2¢. (4.14)
A(g,0) is shown in Fig. 12.

For a given g, there exists a ¢ such that A(g, ¢) = 0. We
denote that value of ¢ as cX:

c®(g) :%A(g, 0). (4.15)

5
4,
= 3 e
=
< 5l
s !
0»—/
00 02 04 06 08 1.0 1.2 1.4

g

FIG. 12. The energy gap A(g,0) as a function of g. Here, we
have used the data from Rayleigh-Ritz method with extrapolation
for N, — oo limit as in Fig. 3.

The ground state is two-fermion state |‘P(()2)> for ¢ < c®(g),

and it changes to pure glue state |‘P(()0)> for ¢ > cR(g).

Conversely, for any fixed ¢ > 0, there exists a value of
the coupling g&(c) such that A(g,c) =0. The ground
state changes across g = g, showing that there are two
phases:

¥ys(g.0)) = [¥5°(9)).  for g <gf(c),  phasel
= [¥0?(g)), for g > g&(c), phase II.
(4.16)

At g§(c), there is a level crossing in the ground state, and
the system undergoes a QPT. It is easy to see that the first
derivative of the ground-state energy E(g.c) is discon-

tinuous at gX:

for g < g&(c), phase 1

phase II. (4.17)

for g > gR(c),

Thus, the level crossing at g&(c) is a first-order phase
transition.

The energy of the state |‘I’E)0)) for small g can be obtained
from (4.1): Eg)) ~9/2 -3¢+ O(exp(—1/4%)). For g > g;,
the energy of |‘P(<)2)> is Eéz) ~3/2 — ¢. Thus, for a level
crossing  when ¢f >g;, it is necessary that
9/2 =3¢ <3/2—c. On the other hand, for g < g, the
energy of |‘P82)> is E(()z) ~9/2 — 12¢> — c. Hence, for a
level crossing to occur when ¢f < gj, we require
that 9/2 — 3¢ > 9/2 — 12g3" —c.

Depending on c, there are three possibilities for the
location of QPT:

(1) Case I, when g8(c) <gj. This requires 0 <

c< 6932 ~ 0.132. An example of this case is shown
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FIG. 13. E; >(g, ¢) and Eé()) (g, ¢) as function of g for three different values of ¢. (a) ¢ = 0.05 is an example of case I. (b) ¢ = 1 is an
example of case II. (¢) ¢ = 2 is an example of case III. Here, we have used the data from Rayleigh-Ritz method with extrapolation for

Nj, — oo limit as in Fig. 3.
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FIG. 14. (0E,/dc) as function of g for three different values of c. (a) ¢ = 0.05 is an example of case I. (b) ¢ = 1 is an example of case

IL. (¢) ¢ =2 is an example of case III.

in Fig. 13(a), and the corresponding 0E,/dc is
shown in Fig. 14(a).

Case II, when g&(c) = gi. Now, 6g;§2 <c< % An
example of this case is shown in Fig. 13(b), and the
corresponding 0E/dc in shown in Fig. 14(b).
Case III, when g8(c) > gj. This happens when
¢ > 3. An example of this case is shown in Fig. 13
(c), and the corresponding 0E,/dc in shown in
Fig. 14(c).

Figure 15 shows the phase diagram in the c—g plane, where
the solid blue line denotes g§(c) where both phases can
coexist.

(@)

3

0.5

0.25 Phase-I1

0.05

0.025 Phase-1
0003 001 003 01 025 05 1 2 3
c
FIG. 15. Phase diagram in c—¢g plane. The solid blue line

denotes g&(c) where both phases can coexist.

Interestingly, it is only in cases I and II that the ground-
state energy has a discontinuity at gg; it gets localized near
A; = 0 for g < g;. In contrast for case III, the ground-state
energy is always continuous (in g), and the wave function
never gets localized on the surface of equal singular values.
Thus, in case III, the ground state never becomes a dual
superconductor.

The energies of the excited states (with np = 2) have
discontinuities at g, in all the cases.

D. SUSY breaking for g < g;

When ¢ = 1, the theory formally has N = 1 supersym-
metry generated by 9, [51] (see Appendix A for explicit
forms of the super charges). This belongs to the case II
discussed above, where the level crossing QPT coincides
with the isolated singular point of the ground state:
g&(c =1) = g;. It is natural to ask what effect the isolated
singularities g have on supersymmetry.

For any supersymmetric theory, the ground state |¥,)
with strictly positive energy E,; must be a SUSY singlet.
For our case, Q,[¥,,) should vanish for all a and hence
saturate the bound in (A9), giving

(4.18)

The supersymmetry is also manifest in the spectrum
of excited states as degenerate supermultiplets, each
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FIG. 16. Energies of a few low-lying spin-0 (colored line and
dots) and spin-1/2 (black dots) states as functions of g for ¢ = 1.
The unpaired state with the lowest energy is the ground state. The
degenerate excited states form multiplets. Each spin-1/2 state is a
doublet.

containing two bosonic (integer spin) states and a fermionic
(half-integer spin) doublet.

As we observed in the previous section, the ground state
for ¢ =1 is always unique. For g < g, the ground-state
energy is E, ~9/2—-3c=3/2 and np =0 [there are
order O(exp(—1/g¢?)) corrections to E,, which are negli-
gible for small g and do not affect the physics]. On the other
hand, for g > g, the ground-state energy is E,, ~3/2 —
¢ =1/2 and ny = 2. Thus, Eq. (4.18) is satisfied for both
g < g; and g > g;. Hence, the ground state is a unique in
both phases.

Now, let us examine the supermultiplets. The first few
multiplets are shown in Fig. 16. A typical putative SUSY

multiplet consists of spin-0 states (|‘P£,0)>, |‘P£,3)>) and a
spin-1/2 doublet |‘I’,((12 /2>, where m, n, and k label the

energy levels. If the degeneracy between the bosonic states
is lifted, then SUSY is broken. This is precisely what

happens to these multiplets at each g;: the state |‘P,(12)> is
expelled from H,.. As a result, one multiplet has a
missing bosonic state at gj;. Thus, SUSY is broken at each
of the singular points gj,.

What is the status of SUSY in the intervals
i1 < g <g,? For g infinitesimally smaller than g,

consider the bosonic sector (|‘P£321> |‘~P£l(,))>) of the multi-
2

plet. At gy, the energy of the state [V,

ous, while the energy of |‘P£:,))> remains continuous. As a

@)
n+1

lower than that of \‘Pi(,))) for g > gy . This is clearly visible
in Fig. 16 as the pairing of the partner states changes in the
vicinity of the critical point. Thus, the state |‘P512J21> either
becomes degenerate with the neighboring lower multiplet
or remains unpaired. If it is unpaired from its bosonic
partner, of course SUSY is broken. If it becomes degenerate

with this lower multiplet (|‘P,(12)), |‘I‘S,),>)) then that multiplet

) is discontinu-

consequence of this discontinuity, the energy of |¥,7,) is

has three bosonic states in the range g, | < g < g;,. Thus,
in either of the two situations, SUSY is broken between
9ns1 < g < gn. This argument holds for every such inter-
val. Consequently, the localized phase is nonsupersym-
metric, while the delocalized phase has A/ = 1 SUSY.

V. CONCLUSIONS

We have shown that the weak coupling regime of matrix-
QCD3’ in the chiral limit exhibits a rich phase structure. We
find that there is a localization-delocalization transition at g;
with profound implications for the symmetry properties of
the ground state. The non-normalizable state at g;; corre-
sponds to a nonregular representation of the Heisenberg-
Weyl algebra and points to the formation of a condensate.
The numerical evidence for this is the vanishing of Tr(IT;I1;)
as well as the divergence of Tr(A;A;) in this state. This also
suggests a nice physical interpretation that this state corre-
sponds to a dual superconductor.

For nonzero c, there is an additional first-order QPT,
where the fermion content of the ground state changes. For
¢ > 3/2, there is no localization-delocalization transition in
the ground state, but the first-order transition survives.
However, the localization-delocalization phenomenon hap-
pens for any excited state with np = 2, irrespective of the
value of c. In particular when ¢ = 1, this leads to sponta-
neous breaking of supersymmetry.

The non-normalizable states at gj, correspond to the
corner B, of the arrowhead (see Appendix D). Note that
B_ is actually the entire submanifold of equal singular
values. Classically, the dynamics at g; is localized on the
saddle point, i.e., the sphaleron. But in the quantum theory
due to the nature of the nonregular representation, the wave
function is totally spread out over B,. Thus, an inves-
tigation of the quantum dynamics of these corner states
becomes an interesting open question.

The Hamiltonian (2.2) restricted to B__ is a candidate for
understanding the dynamics of corner states. In this case,
the glue spin and color are “locked” [8]. Interestingly, the
existence of the different phases for this restricted
Hamiltonian was anticipated in Refs. [8,51]. There, the
tool of investigation was the improved Born-Oppenheimer
approximation, which takes in to account an adiabatic
connection and an adiabatic scalar potential induced in the
glue configuration space.
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APPENDIX A: SYMMETRIES OF THE SYSTEM

In the total Hilbert space 'H = Hr @ Hg, the spatial
rotations on the glue and the quark are generated by

L) = ey My, L7 == biuciybs. (Al

N[ =

£, L0 = is e L, i jk=1,23, ap=12.
(A2)

The gauge rotations on the glue and the quark are generated
by

Gt(ll) = _eabcnibMica GgZ) = _ieabcbgbbacv <A3)
G, G = i6,peac G, abc=123, ap=1.2
(A4)

The Hamiltonian (2.2) does not commute with [,ia) or

G\ 1t only commutes with total spin J; = EEU + E,@ and
G, =GV +G¥:

[Ji’ Jj] = ieijk‘lk’ [Ga’ Gb] = ieachw
[H,J;] =0=[H,G,]. (AS)
The J;’s generate the spatial rotation group SO(3),,,, while

G,’s are the generators of the Gauss law constraint.

The Gauss law constraint demands that all physical
observables commute with G, and that the physical Hilbert
space Hpys 1s the color-singlet subspace of H. Thus, any
|'¥) € Hpnys satisfies G,|¥) = 0 [7].

Under gauge transformations i € SU(2), the gauge field
transforms as A; — A} = h™'A;h. The glue configuration
space Cg is the set of all gauge inequivalent M;, € M3(R).
As aresult, C; = M3(R)/Ad(SU(2)) is twisted [3,4]—the
relic in the matrix model of the Gribov problem.

1. Global U(1); symmetry

In matrix-QCD5Y, the U(1), transformations are gen-
erated by Qp which classically commute with the
Hamiltonian H in (2.2). However, in the quantum theory,
the axial anomaly breaks the classical U(1), symmetry [5].
Nonetheless, O remains a well-defined operator in Hs,
and the term cQp in the Hamiltonian can be called, with
some qualifications [10,52,53], the chiral chemical
potential.

2. Supersymmetry

It is well known that if ¢ =1 the matrix model has
N =1 supersymmetry [38,51]. We can define the fer-

mionic operators Q, = Zb;jaa}jaTr[(Hi +iB;)T%] with

a=1, 2 and a bosonic operator Qg = bhuby, —3 =
np — 3. It is straightforward to show that
[Ha Qa] == igb;aGa + (C - I)Q(l’ [Hv QR] = Os

[Or: Qu] = Qo (A6)

As is evident from (A6), the Hamiltonian (2.2) commutes
with @, in Hpuy, when ¢ = 1. Thus, the chiral matrix-
QCD;‘H with ¢ = 1 has A/ = 1 supersymmetry generated
by the supercharges Q,,.

3. Hamiltonian from Q, and QI,

The fermionic operators Q,, have an implicit dependence
on the Yang-Mills coupling g through the B;. For any given
value of g, be it the supersymmetric case (i.e., ¢ = 1) or not
(i.e., ¢ # 1), we can write the Hamiltonian (2.2) using Q,,
and Q}. For any given value of g, the operators Q,(g) and

Ql(g) obey

(0u0)- Q)(a)) = 20, ot (9) + (3 - ) 0]

=205, (Ji + M;,G,). (A7)

Thus, the Hamiltonian of matn'x—QCD;fl{ for any ¢ and g
can be expressed as

Hlg) = -

1 3
(00 Qo) + 5 (c-3) Qe (a9
As {Q,. Ql} is semipositive definite, for any |¥) € Hophys»
the expectation value (W|{Q,. QL}|¥) > 0. This leads
to the inequality (¥|H|¥) > (2p)~'(2¢c —3)(P|Qk|P).
Further, if |¥,) € Hpys is an eigenstate of H satisfying

H|¥,) = p~'E,|¥,), the above leads to an lower bound on
the energy of the ground state |¥):

Bo0)> (=3 )moel). (a9)

This has been explicitly verified in Figs. 2 and 3.

APPENDIX B: MINIMA OF Vy, IN
RECTANGULAR COORDINATES

The Yang-Mills potential has two minima at MM =
0, 6;,/ g which are separated by a barrier at the saddle point
Ms2ddle — 5, /(2g). The Vi, = 0 for both minima and the
saddle height is 3/(32¢%p). For very small g, we find that
the ground state and few low-energy excited states are
localized in the well around MM" = (. This may seem
slightly puzzling: why does the ground state prefer to stay
localized near M;, = 0 though V;, = 0 for both wells?

For extremely small g, when the tunneling is suppressed,
we can understand the nature of the ground state as follows.
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Let us expand the potential around MT" by defining

M;, = M™" 4 m,,. For small g, the leading-order effective
potential is given by

1 PVym

Vg 8 ——— m;,m;;, + higher-order terms.
D OM i OM |y 0 T E

(B1)

where the first term is independent of ¢ and the higher-order
terms are O(g) or higher. Because of this quadratic term,
|

v Nl
eft"’z 3

+ 2(myy + my)? + 2(my3 4 myp)* + 2(my3 + map)? | + Oe).

the zero-point energy is the leading contribution to the
energy of any eigenstate of H.

First, let us consider what happens at ¢ =0+ €. It is
straightforward to see that around M™" = O we have

1 *Vym 1

STV RETY N MM jp & = MigMig
20M;,0M jp |, o

] (B2)

Ve
and the excitations of this oscillator system have energies
(n4+9/2) with n=0,1,2---.

On the other hand, for M‘;;i“ = 6,,/¢€, the effective
potential is

1 2
= (myy + may + my3)* 4+ 2(my; — mp)* + g(mll + myy — 2my;)?

(B3)

Thus, the excitations of this oscillator system have energies (n + 11/2). However, as m;, = 0 lies on the surface of

coincident singular values, the states withn = 0, 2, ... are notin H

which is localized near M™i" = §;, /e has energy > 13/2.

phys as they do not vanish at m;, = 0. Therefore, the state

APPENDIX C: HAMILTONIAN IN THE SVD COORDINATES

To study the quantum dynamics in the SVD coordinates, we start with the natural metric on the gauge configuration space

ds* = Tr[dMTdM). (C1)
Using the left-invariant 1-forms on SO(3),,, and gauge group AdSU(2) ~SO(3).,;
RIdRy = —iwxT;.  STdSy = —iwasT,. (C2)
we can write the metric in the SVD coordinates as
4x 3
ds* = zl: (da% + (Xy — a}) (i + @f) — a—;wiRa)iS>’ X, = ;ai, X3 = ayaya;. (C3)

There are nine coordinates: the three singular values a; and six angular variables w;z and @;s. The measure for the inner

product in the Hilbert space becomes [9,46]

dv = dQpdQs] [da;. (C4)
where dQy and dQg are SO(3),,,- and SO(3),,,-invariant volume forms.
The conjugate momenta for the a; coordinates are (—d/da;) and for the angular coordinates are
- 2X ~ 2X
Li = (X, — a;a;)wig — —Swis’ G; = (X, — a;a;)w;s — —3601'1?- (C5)
a; a;
The kinetic term can be obtained from the Laplace-Beltrami operator with the metric (C3):
1
TrHiHi - _EA (C6)
16> 1 a+a: 1 a4+ &) (L? + G?) +4a;a,L;G;
:Z[_2+Z sty Z e ) 2 22 = : (€7)
- 20a; 44 (a; —aj)” 4 o= (aj —ag)
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To the above, if we add the potential and the interaction
terms, we get the total Hamiltonian.

1. Eigenstates of H,; vanishes on the surfaces |a;| = |a;]

We can construct the reference Hamiltonian
(C8)

whose eigenstates gives a basis to expand the glue states in
H

phys*
H,|¥) = E|¥). (C9)
We can express |¥) as equivariant functions [46],
|¥) = \/$D? (Ro) F[D?(So)]" e 22,
¢ = (ai — a3)(d3 - a3)(a] — a3), (C10)

where D?(R,,) and DY(S,) are the Wigner D-matrices for
(2p + 1)- and (2¢ + 1)-dimensional irreducible represen-
tations of SO(3),,, and SO(3)..,,;. respectively. Here, F is a
(2p + 1) x (2g + 1)-dimensional matrix-valued homo-
geneous function, which is a zero mode of the Laplacian A,

0
a,—F =nF,

AF =0,
aai

(C11)
and satisfies the boundary condition

lim S IP 4+ PR RO 2 R =0, i ik,

a;j—ay

(C12)

where J l(-p ) are the (2p + 1)-dimensional spin matrices. It is

easy to see that |¥) is a square integrable wave function

(a) op————"————— SR
04f
<t
O o2}
0.0f
B_ B
S02b, +
10 05 0.0 05 1.0
Gs

FIG. 17.
—10° < M;, < 108.

with measure (C4) and gives finite energy. Also, because of
the factor /¢, the wave function |¥) vanishes on the
surfaces |a;| = |a;].

Further, it is straightforward to see that

1

Hial¥) = Vet D2(R) |~ AF | D(5)"

+ (mg)m _ <n+g>|‘l’>.

Therefore, {|¥)} is the set of energy eigenstates of the
nine-dimensional harmonic oscillator, which we have used
to construct the basis for H

(C13)

phys*

APPENDIX D: ARROWHEAD

To distinguish the configurations on the surfaces |a;| =
la;| > 0 from the others, it is useful to define the quantities

g3 = éeijkeabcMiankac
2 (MiaMia)% ’
9 MypM;M;:Mj, 1
= |2l DI
g4 8 |: (MiuMiu)2 2 ( )

which in the SVD coordinates become

3\/§Cl] aras
G; =

_ at+ a3 + a3 1]
(af + a3 + 3>’

g O attaital 1
P8l rairad)? 2)
(D2)
For any 3 x 3 real matrix M,,, the quantities G; and G,

are constrained to lie inside the shaded “arrowhead” in
Fig. 17(a) [8]. To illustrate this, we have constructed 10,000

(b) osp

0.4t -
<t
> 02 i
0.0f -
7
-02f, B_ ‘ ‘ ‘ B4
~10 205 0.0 05 1.0
Gs

(a) In (G3,G,) plane, the shaded region is the classically allowed. (b) (Gs,G,) for 10,000 real random matrix M with
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real M with randomly chosen M, €[-10°, 10°] and
computed their G; and G,. As shown in Fig. 17(a), the
Gs; — G, for these random matrices are constrained in the
arrowhead [10].

The boundary (the three edges and the three corners) of
the arrowhead is defined by

at A: |a1| ?éo,(lz :02613,
onB,B_:

at B:t: ap =day, = ia3,

on ABi: a >a2::|:a3, a; = d, > as.

(D3)

The interior region of the arrowhead (marked pink in
Fig. 17(a)) correspond to generic configurations (i.e., with
distinct |a;|), while the boundaries correspond to those
configurations with |a;| = |a;|. In particular, the saddle
point is at (Gs, G4) = (1, =3/16), which corresponds to the
corner B, in the arrowhead.

For the quantum theory, we will the define the analogous
quantities in terms of expectation values of the operators.
These are essentially the third and the fourth Binder
cumulants, whose analogs are extensively used in the study
of spin systems.

APPENDIX E: NONREGULAR
REPRESENTATIONS OF THE
HEISENBERG-WEYL ALGEBRA

Nonregular representations of the Weyl algebra were first
discussed by Ref. [43]. We provide here a quick review,
relying on the exposition by Acerbi et al. [44].

For an n-dimensional quantum mechanical system,
the Heisenberg algebra is generated by X, and p,
(a,b =1,2,...n) satisfying the canonical commutation
relations (CCRs) [%,, Pp] = i8,5. Alternately, one considers
the unitary operators U(a,) and V(f,) (a, and f, are real
parameters) satisfying the Weyl relation U(a,)V(#,) =
e PV (B )U(a).

A fundamental question of quantum mechanics is to
represent the Heisenberg (or Weyl) algebra irreducibly on
some Hilbert space H. If there is a representation wherein
the operators U and V are weakly continuous in a, and f3,,
then the generators X, and p, are both self-adjoint operators
defined on dense domains D, and D,,, respectively. In this
case, X, and p, are both observables, implying that both
(w|%ily) < oo and (¢|pjly) < o with |y)€D, and
lv) €D,,. It is then straightforward to see that the Weyl
relation is equivalent to the CCR. Such an irreducible
representation indeed exists and is called the regular
representation.

When the above conditions are satisfied, a wave function
W(x,,t) in the Schrodinger representation satisfies

U(ay,)¥(x,,t) = e%*¥(x,, 1),

V(ﬂa)qj(xm t) = qj(xa + P t)- (El)

By the Stone-von Neumann theorem, any other unitary
irreducible regular representation of the Weyl algebra is
equivalent to the Schrodinger representation. Thus, the
Schrodinger representation is the unique regular represen-
tation of the Weyl algebra.

However, in certain physical situations, it may happen
that, although U and V exist as unitary operators, their
generators may not exist as self-adjoint operators. A typical
example of this is the physics of translationally invariant
systems: wave functions are no longer elements of L?(R"),
and X, does not exist as a self-adjoint operator [43]. In this
case, the Weyl representation exists but not the Heisenberg
one. This is a nonregular representation, not unitarily
equivalent to the regular representation.

There is a simple demonstration that the regular
and nonregular representations are indeed inequivalent.
Consider the partition function Z,,, of a particle in an n-
dimensional box with each side L and the Hamiltonian
p?/2m. When the box size L is very large, the spacing
between the energies is small enough for the sum to be
approximated as an n-dimensional Gaussian integral. This
gives Z,,., the average energy (E),,,, and the specific heat
capacity Cp,, to be

mL?\ % ologZy,, n _
Zpox = ( ) ’ <E>b0x:_—b:§ﬁ 1’

2rp ap
o(E), n
= or — E2
Cbox oT 2 ( )

These are of course the well-known results. In particular,
for a free particle in contact with a thermal bath, the specific
heat is independent of temperature.

Alternately, we can consider an isotropic n-dimensional
harmonic oscillator and compute the partition function,
average energy, and specific heat:

1 n
2sinhf2)

dlogZ nay Pay
(E)sno = —TSHO =— coth==,

po, \?
Csno =n (2 sin/}% )

If we tune the oscillator frequency @, to zero, the
Hamiltonian goes over to that of a free particle, but the
other thermodynamic quantities do not. In particular,

ZSHO -

(E3)

lim Cbox ;é lim CSHO? (E4)
L—oo wy—0

proving the somewhat surprising result that Z¢yo is not
analytic at @y = 0. This lack of analyticity arises because
Zsuo 1s computed in the regular representation. In contrast,
the thermal average value (O) r,..0 parricte = Mo {O) oy

094001-17



ACHARYYA, AICH, BANDYOPADHYAY, and VAIDYA

PHYS. REV. D 113, 094001 (2026)

(2)

(b)

400 600 800 1000
N,

(©

250 |

200

®

100 -

50 ¢

150

0t

200

400

600
Ny

800 1000

0.0030f & S
K 0.008F *,
. 0.0025F
>
20
2 0.0020f 2 0.006f
o a0
g -~ £ ~
= L o, -,
E 0.0015 ¥ 000a]
=
2 0.0010F T )
2 ~e-
3 - 0.002
& 0.0005f he
0.0000E 0.000k
200 400 600 800 1000 200
N,

One-dimensional translationally invariant system: (a) the ground-state energy, (b) the energy gap, and (c) (i) as a function of

the cutoff NV, in the limit of # — oo and @, — 0. The blue dots represent the numerical data, and the black dashed lines represent the fits:
ground-state energy ~0.615N; 1, energy gap ~ 1.83N; 1, and (%%) ~ 0.13 + 0.26N,,.

is computed in the nonregular translationally invariant
representation. A mathematically rigorous discussion of
this point is provided in Ref. [44].

How does a nonregular representation show itself
numerically? To this end, let us consider the translationally
invariant Hamiltonian H = % in one dimension and
set out to “discover” its ground-state energy and wave
function by variational methods, using the first N, states of
a one-dimensional simple harmonic oscillator. Using the

ground-state wave function, we can estimate (). The
results are shown in Fig. 18, where we have taken
N, =1000. The ground-state energy and the energy
gap, as expected, vanish as 1/N,,. On the other hand, (%?) ~
a+ bN;, with a~0.13 and b ~ 0.26. As a consequence,
(%) diverges in the N, — oo limit, showing that 2 is ill
defined. This situation closely mimics what happens to the
ground-state wave function of our matrix model at the
critical point gj.
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