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We present a systematic analysis of Coulomb corrections for leptonic (Bg_s — £7¢7), semileptonic
(82.5 — Worte, Bg. VO¢+¢~) and radiative leptonic (Bg. , = y£¢7) decays of neutral B-mesons. The
relativization of the Coulomb factor was performed by comparing the Gamow-Sommerfeld-Sakharov factor,
the exact relativistic approach of Crater-Alstine-Sazdjian applied by us to scalar systems, and well-known
one-loop QED calculations. Coulomb corrections are calculated for differential, angular, and double-
differential distributions, as well as for partial decay widths. We also discuss the role of the Coulomb factor
among other QED corrections, in particular, the contribution of soft-photon radiation, which is effectively
simulated in experiments by tools such as pHOTOS. For the BY — u*u~ channel, Coulomb corrections
improve the prediction of the partial width to § = |B(®) — B(theony)| /B(exp) = 29, This improvement brings
the prediction closer to the LHCb/CMS experimental results within the current experimental (11%) and
theoretical (5% lattice QCD) errors. In the decays B — K%y~ and B® — K% utu~, Coulomb effects also
reduce the discrepancies between theoretical predictions and experimental data (from 6§ = 2% to less than
0=1% and from 6 = 11% to 0 = 4% respectively). Finally, for the decays involving z-leptons, the
Coulomb correction reaches 4%. While currently smaller than the dominant form-factor uncertainties and
experimental errors, the Coulomb correction represents a non-negligible systematic effect. It should be
accounted for in the high-precision era of B-physics, where such effects may become significant for the

interpretation of potential new physics signals.

DOI: 10.1103/78yr-pjnm

I. INTRODUCTION

Rare semileptonic and ultrarare leptonic decays of B
mesons are under intensive investigation at the LHCb
[1-10], CMS [11-13], and ATLAS [14] experiments at the
Large Hadron Collider, as well as in the Belle-1I experi-
ment [15-17]. At present, the partial widths of the leptonic
decays ngs — pu~ have been measured [6,13,14], along
with the semileptonic decays B | — X°¢*¢~ (where X° =
K% .., 7, p°, ... is a pseudoscalar or vector meson)
[1,15]. Upper limits have also been established for the
leptonic radiative decay BY — y#+#~ [2]. Differential and
angular distributions have been obtained for the decays
B —» K%yt~ and BY — ¢utu~ [1,8-11].
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These decays have been theoretically studied in detail
both within the Standard Model (SM) and in its extensions.
Some works on this broad topic can be found in Refs.
[18-32]. One of the most precisely measured quantities
is the partial width of the B — u*u~ decay, determined
by the ATLAS [14], CMS [13], and LHCb [5,7]
Collaborations. While early measurements (before 2022)
tended to lie below the SM prediction [21], the latest CMS
result [13] shows a central value slightly above it, with
theory and experiment remaining consistent within the
current uncertainties.

A different picture emerges from the differential
distributions of B® — K%*u~ [9], B® - K% u*tyu~ [1,8],
and BY — ¢utu~ [10,33]. For B® - K% u~, the LHCb
analysis [9] shows that the SM predictions lie systemati-
cally above the measured branching fraction at low
q¢* = (pg — px)*. The situation is more complex for
BY — K*%*u~. The 2016 LHCb analysis [8] also indi-
cated a deficit at low g2, but the recent 2024 work [1] finds
that the differential observables are compatible with the
SM within uncertainties. However, a mild tension remains
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in the Wilson coefficient Cy, which exhibits a 2.1¢
deviation from the SM prediction. Another interesting
difference appears in the BY — ¢u*u~ channel. Already
the first measurement in 2013 suggested a deficit [33]. The
latest LHCb results (2021) confirm a persistent discrep-
ancy of about 3.60 [10].

The existing discrepancies between theoretical predic-
tions and experimental data motivate more precise calcu-
lations of various QCD and QED corrections. For the
B‘s)‘ 4 — W p~ decays, a systematic calculation of the leading
logarithmic QED corrections and the mixed QED-QCD
corrections (hard-collinear and soft) was performed in
Ref. [21] within the framework of a soft-collinear effective
theory; this work is often used as a benchmark by
experimental collaborations (e.g., [5,13]). Physically, the
dominant QED correction originates from the interaction
of a final-state lepton with the spectator quark inside the
B-meson. Such interactions give rise to power-enhanced
logarithms: the large logarithms In(n1,/Aqcp) come multi-
plied by a factor m;, / Agcp, making the radiative corrections
numerically much larger than expected from the a.p,
suppression alone. We note that this effect was first
identified in [25] and was later extended to other decays,
such as BY ; — z¥7~ [26] and B~ -y, [27].

In contrast to the structure-dependent effects analyzed in
Ref. [21], a complementary line of research addresses
structure-independent QED corrections. For the semilep-
tonic decays B — K#*£~, such corrections were evaluated
in Ref. [28] using the slicing method, where the impact of
soft- and hard-collinear photon radiation is accounted for at
the double-differential level, while the mesons are treated
as pointlike particles.

On general grounds, it is well understood that only a
suitably defined decay rate I'=T(BY — X'¢¢7)+
>, T(BY, — X°¢*¢7y)0(AE - Y~ E, ), in which the non-
radiative part includes virtual corrections, is infrared finite
and well defined. The result retains a dependence on the
photon-energy cutoff AE imposed by the experimental
setup, which requires the inclusion of an arbitrary number
of undetected real photons with energy E, < AE in the
theoretical prediction. The soft-photon emission from the
final-state leptons is currently simulated in experimental
analyses with tools like PHOTOS [34,35], such that the
measured branching fraction is interpreted as the non-
radiative one [29].

While PHOTOS accounts for real soft radiation, it does not
model virtual photon exchanges, and in particular does not
include the Coulomb interaction that arises between two
charged final-state particles (see Ref. [30] for a demon-
stration in B — D*£~1, decays). The Coulomb correction
has also been addressed in the recent comprehensive
analysis of QED effects in inclusive B — X .Zv decays
[31]. That work includes, among many other contributions,
the Coulomb interaction between the final-state charm

quark and lepton, and explicitly retains it even far from
the threshold region.

Given the importance of the Coulomb effect, one may
ask whether it has been taken into account in the rare
decays of neutral B-mesons with an Z"#~ pair. Despite
the comprehensive treatment of QED corrections in
Refs. [21,28], neither analysis incorporates the Coulomb
interaction between the charged final-state leptons. The
work of Ref. [21], as discussed, concentrates on structure-
dependent QED-QCD effects; its soft-radiation contribu-
tion [Eq. (8.13)] reduces to the universal factor simulated
by PHOTOS, so no lepton-lepton Coulomb interaction is
present. The calculation of Ref. [28] has been shown to be
numerically equivalent to PHOTOS [32], again omitting
Coulomb interaction between the final-state particles.
Thus, the Coulomb correction is still missing from the
literature on neutral B-meson decays.

In this paper we fill this gap by systematically account-
ing for the Coulomb interaction between charged leptons in
the final state of neutral B-meson decays. In Sec. II, several
approaches for calculating Coulomb corrections are com-
pared: the nonrelativistic Gamow-Sommerfeld-Sakharov
(GSS) method, the relativistic Crater-Alstine-Sazdjian
(CAS) formalism based on exact two-particle relativistic
equations, and the approach based on QED loop calcu-
lations. The relation between the Coulomb correction and
soft-photon radiation is also addressed. In Sec. III, the
Coulomb correction is applied for the analysis of ultrarare
leptonic decays Bg.s — £7¢7; in Sec. 1V, for the analysis of
rare semileptonic decays BY, — h°/* ¢~ with a pseudo-
scalar meson h°; in Sec. V, for the analysis of rare
semileptonic decays Bg’s — VO¢+ ¢~ with a vector meson

V0; and in Sec. VI, for the analysis of rare radiative
semileptonic decays BY , — y£ "¢~

II. ROLE OF THE COULOMB INTERACTION
IN QED CORRECTIONS AND METHODS
FOR ITS TREATMENT

The Coulomb interaction is described by the /C-factor:

B(Coulomb)

Ke = ; (1)

B(free)

where B(Couomb) denotes the branching fraction with the
Coulomb interaction in the final state, and B(fee) denotes
the branching fraction without such interaction.

The K-factor can be calculated using several methods.
To validate the approach for neutral B-meson decays, we
first benchmark these methods against a simpler process: the
decay of a hypothetical neutral scalar particle B°(M) into
two hypothetical charged scalars S*(m) and S™(m). In
Sec. IT A, we discuss the approach of Gamow, Sommerfeld,
and Sakharov, while in Sec. II B we apply the relativistic
two-particle equation formalism developed by Crater,
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Alstine, and Sazdjian. In Sec. II C, we place the Coulomb
correction in the context of the complete QED soft-photon
resummation and discuss its factorization to soft K and
Coulomb K¢ terms.

A. GSS method

The Gamow-Sommerfeld-Sakharov coefficient [36-38]
accounts for the Coulomb interaction at nonrelativistic
velocities. This correction, obtained from the Schrodinger
equation for the relative motion, takes the form

2o/ ¥
= 1— 6_2””em/7/ ’ (2)

where v = v, is the relative velocity of particles ST and
S~, and a., ~ 1/137 is the fine structure constant.

B. CAS formalism

The Crater-Alstine-Sazdjian formalism [39-41] is a
method based on constructing exact relativistic two-particle
equations. This approach utilizes classical relativistic
dynamics with constraints followed by quantization. A
brief overview of the CAS approach using the example of
scalar particles is provided in Appendix A. Applying this
formalism to the scalar decay leads to the following
Coulomb correction (proof is given in Appendix B):

1 2 1 7 Qem 2
KEAS) () = F<\/Z_aem+§+17)

.e”aem/v’ 3
¢ 0(\/1 =402, + 1) G)

where I'(x) is Euler’s gamma function.

The dependence of the KC-factor on the relative velocity
v of the TS~ pair is shown in Fig. 1, top. It can be seen that
the smaller the final relative velocity, the larger the
magnitude of the Coulomb correction. The CAS and
GSS corrections yield practically identical results over
the entire physically significant velocity range. The ratio
of these factors is shown in Fig. 1, bottom.

The numerical difference between the CAS and GSS
corrections does not exceed 0.3% in the nonrelativistic limit
(v = 107B¢):

’C(CCAS)

GSS
IC(C ) v=10"1¢

~0.997. (4)

In the relativistic regime (v = ¢), the discrepancy between
the methods becomes even smaller:

(CAS)

. C ~
C

1.5 4

1.4

IC(CAS) or K(GSS)

1.0 T T T T
0.2 0.4 0.6 0.8 1.0

1.002

— j(CAS)/§(GSS)

1.001 A

1.000 A

0.999 ~

]C(CAS)/IC(GSS)

0.998 -

0.997 T T T T T T
107 107 107°° 1077 1073 1073 107t
v

FIG. 1. The dependence of the Coulomb Kc-factor as a
function of the relative velocity v = v, (top), and the ratio
IC(CAS) /IC(GSS) of the factors as a function of v (bottom). The
smaller the velocity, the larger the Coulomb enhancement. It
can be seen that the CAS and GSS methods yield practically
identical results over the entire range of significant velocities
v € [10713, 1]. The relative difference across the considered range
of velocities does not exceed 0.3%.

Thus, the two methods are numerically equivalent with
the required precision, IC(CGSS) ~ IC<CCAS). Thus, we will
denote the Coulomb correction simply by K¢ and employ

the CAS result in the actual calculations.

C. Soft-photon resummation and the Coulomb term

In quantum field theory, the Coulomb correction natu-
rally emerges as one of the parts of the soft photon QED
correction [42]. Adapting the formulas for a decay
BY(M) — S*(m)S~(m), we have

Koep = Koot - Ke - [1 —g(F—i—HIR)} , where
n

2AE) * i) =
Ko = <7> ;o Ke=1+ ; + O(m),
(6)

where v = v, is the relative velocity of the final-state
scalars and AE is the experimental photon-energy cutoff.
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The explicit expressions for F and H™ are given in
Ref. [42]; numerically they are of O(%=(F + H™)) ~
O(%m) ~0.2% and can be safely neglected in the present
analysis.

The one-loop expression for /C¢ in Eq. (6) coincides with
the first-order expansion of the GSS factor, confirming that
the Coulomb correction is part of the soft-photon QED
dressing. The relativistic generalization of the GSS factor
has a long history. Two distinct approaches exist in the
literature. The first relies on direct loop QED calculations
[43-45]. The second uses so-called relativistic quasipoten-
tial equations [46-48]. Both approaches find that the
correction retains the GSS form, with the nonrelativistic
relative velocity simply replaced by its relativistic analog
V= = /1 —4m?/s/(1 —2m?/s). Our CAS analysis
(Sec. 11 B) confirms this conclusion, agreeing with GSS
with required accuracy.

Another important feature of the Coulomb correction K¢
should be emphasized. This factor does not reduce to unity
even in the relativistic regime v — 1. This can be seen from
the explicit structure of the virtual correction, which can be
decomposed as H = HYV + H® 4+ HC [42]. The ultra-
violet part HYY becomes finite after renormalization,
while the infrared divergence H™ cancels against the

|

_ GFae_rn C7(/") -

_75271'

b—qt ¢ .
e (x) VipVig | —2imy,

corresponding divergence from real photon emission.
Finally, there is a nonvanishing contribution H® = 7%/
(2v), which is directly related to the Coulomb correction.
One readily sees that HC grows as v — 0, so the Coulomb
correction is particularly important near threshold.
However, it remains nonzero (and enhanced by z?) even
as v — 1, i.e., far from threshold.

Thus, the full correction effectively factorizes into
a soft KCy,n and a Coulomb K factors. As discussed in
the Introduction, the gy is effectively captured by
Monte Carlo tools such as PHOTOS, while the ¢ is not
included in those simulations. In the following sections we
apply K¢ to the analysis of leptonic, semileptonic and
radiative leptonic decays of neutral B-mesons.

1. COULOMB INTERACTION
IN B} — ¢*¢~ DECAYS

In this section we consider the decay of a neutral
B-meson (P, M) into a lepton pair £ (p,m,)¢™ (p,,my)
accounting for the Coulomb interaction in the final state.

Neglecting the masses of the light quarks g, the effective
Hamiltonian for b — gZ*¢~ transitions (g =d, s) is
written as a Wilson operator product expansion [19,49]:

A0 (14 19)b(3) - 2007 E(x)

+ Coy () - q(x)7, (1= 5)b(x) - £(X)r*¢(x) + Croa(w) - q(x)7,, (1 = 75)b(x) - £(x)ryst (x) | + Hee,  (7)

where G is the Fermi constant, V, and V,, are elements of
the Cabibbo-Kobayashi-Maskawa matrix [50], ¢* is the
4-momentum of the lepton pair, and ¢*> = ¢q,. Here,
o =Ly y"], v’ = iy°'y*py’, and €' = —1. The scale
parameter u ~ m; ~ 5 GeV separates perturbative and non-
perturbative contributions of the strong interaction. The
perturbative contribution is contained in the Wilson coef-
ficients C(u), Coy (), and Cjos(u). The nonperturbative
contribution arises mainly in the computation of the matrix
elements of the Hamiltonian (7) between the initial and
final hadronic states.

Within the SM, at py = 5 GeV, the following numerical
values for the Wilson coefficients can be obtained:
Ci(ug) =0.241, Co(up) =—1.1, Cs3(ug) = —0.0104,
C4(po) = 0.02433, Cs(up) = —0.00706, Ce(uo) =
0.0294, C;(uy) =0.312, Coy(pg) =—4.21, and Cjg4(pg) =
4.41 [19,49,51].

The matrix element of the axial current is determined via
the decay constant f B [52]:

|
(01g(0)"r*b(0)|BS (M. P)) = if o P*.  (8)

Application of the Coulomb correction for the leptonic
decay yields the following value for the partial decay width
of BY - ¢

(Coulomb) _ ~(free)
e St K. )
where Fgg“i 4+ - 1s the decay width without accounting for
d.s

the Coulomb interaction, the exact formula for which is
given in [21]. The argument », which we substitute into the
correction factor Kc(v), is equal to

V1 —4(ms/Mpg)?

N 1—2(mf/MB)2 7

and represents the relative velocity of the #t£~ pair.

053003-4



COULOMB CORRECTIONS IN RARE DECAYS OF NEUTRAL B ...

PHYS. REV. D 114, 053003 (2026)

TABLE 1. Partial decay widths for B} — #*#~. Comparison
of experimental data [13,50], theoretical SM predictions without
Coulomb interaction [21,26], and predictions including this
interaction. The relative Coulomb correction is given by
AK ¢ = K¢ — 1. The full correction Kopp including soft photons
is given in Table V in Appendix C.

Decay Blexp) Bfree) B(Coulomb) A Ke

BY -ty [107°]  3.8370%  3.66+0.14 3.75+0.14 2.3%

B = utu [1071] <19 1.03+0.05 1.05+0.05 2.3%
(95% CL)

BY = ete [1074] <9.4 x 105 8.60 +0.36 8.79 +0.37 2.3%
(95% CL)

BY = et [1071%] <3.0 x 10° 2.41 £0.13 247 £0.13 2.3%
(95% CL)

B —» 7t [1077] <6.8 x 10° 6.94+1.88 7.11 +1.93 2.4%
(95% CL)

B% = 7t [107%]  <2.1x 107 1.99 +0.22 2.04 +0.23 2.4%
(95% CL)

A comparison of experimental data and theoretical
predictions for the decays Bg.s — £T¢7 is presented in
Table I. As a measure of the theory-experiment discrep-
ancy, we use the quantity

|Blexp) _ Btheory)|

0= Bl

, (10)

where B*P) and B™Y) are the experimental and theo-
retical branching fractions.

The SM predictions for the decays Bg,s — ptu~ without
an account of the Coulomb interaction are taken from [21].
The value of the Coulomb correction for all decays is about
AKc=Ke—1=2.3%. It can be seen that for the decay
BY — utyu~, accounting for the Coulomb interaction
improves the agreement between the SM predictions and
the experimental data: the discrepancy between the average
experimental value and the corrected theoretical prediction
reduces to 6 = 2%. It should be noted that this improve-
ment remains smaller than the current experimental and
theoretical uncertainties. The experimental error is 11%
[13], while the SM prediction has a theoretical uncertainty
of about 5%, coming from several sources: the decay
constant fpo [52], the Cabibbo-Kobayashi-Maskawa
matrix parameters, and other inputs [21].

For completeness, we have evaluated the full soft-photon
QED correction (6), which accounts for both the soft and
Coulomb contributions. The values of Kqpp for different
photon energy cutoffs AE are listed in Table V in
Appendix C.

free o -0, +,,—
151.+I‘:W B_>K/JJ/JJ

Coulomb

0.0 0.2 0.4 0.6 0.8

FIG. 2. Dependence of the differential branching fraction
107dB/ds for the decay B®—K%u*p~ on 3=(pg—px)?/M3—
the squared transferred momentum normalized to the square of
the B-meson mass. The black band corresponds to predictions
without Coulomb interaction, and the gray band, with Coulomb
interaction. The overlap region is indicated by black-gray
hatching.

IV. COULOMB INTERACTION
IN Bg‘s — h'¢+*¢- DECAYS
This section applies the Coulomb correction to analyze

the decays B — h°/+¢#~, where h° is a neutral pseudo-
scalar meson. The differential decay widths are given by

(Coulomb) (free)
di By —hre drBSJ—»h"f*t” Ke(v) (1)
s & e

where § = q*/M% = (pg — pn)*/M3%, = (my/Mp),

and Ty ... /d§ is the differential width without
s.d

Coulomb interaction, whose exact form is provided in
[22]. Relative velocity v is equal to

V1 —4m/s
YT omgs

Within this study, calculations were performed for the
decays B® - {K° z°}¢T¢~ and BY - {n,y/,K°}¢ "¢~
Differential, angular, and double differential distributions
are shown in Figs. 3-5 in Appendix D. A typical example
of the differential distribution for the decay B® — K%u*u~
is shown in Fig. 2. The main contribution to the calculation
uncertainty is associated with the error in the hadronic
transition form factors (values taken from [53,54]).
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TABLE II.

from [50]. The relative Coulomb correction is given by A(K¢) =

Partial decay widths for B® — {K°, z9}£+¢~ and BY — {n, 5, K}#*¢~. Experimental data are taken

(Kc) = 1, where (K¢) is defined in (13). The full

correction (Kqgp) including soft photons is given in Table VI in Appendix C.

B(exp) B(free) B(Coulomb) A <K:C>
B® > K%*e~[107] 254 3.34+0.37 3424039 2.3%
B = KOutu[1077] 3.39+£0.35 3.334+0.38 3.414+0.38 2.3%
BY - K% 77[1078)] 50£2.1 5.18+£2.2 3.3%
B — 20" e~ [107] <84 117403 1.19£03 2.3%
B —)71:/,1 Tum[10 8] <6.9 1.16 £0.3 1.19 4+ 0.3 2.3%
B — 207+77[107] e 3.05 +0.73 3.15+0.76 3.0%
BY — 176+ ~[10” 7] 4.12+0.79 4.22 +0.80 2.3%
BY — nutu[1077] 4.11 +0.79 421 +0.80 2.4%
B0 — et (107 ] 7.04+1.2 728 £ 1.3 3.3%
BY = ylete[1077) 3.04 £0.58 3.11 £0.59 2.3%
BY =yt [1077] 3.03 £ 0.58 3.10 £ 0.59 2.3%
BY — n'ttr7[1078) 2.37+0.36 2.47 +£0.38 3.9%
BY — K%*e[1078) 1.35+0.34 1.38 £0.35 2.3%
BY — KOt~ [107%] 134 +£034 1374035 2.4%
BY —» K% 7z7[1079)] 2.55+0.59 2.64 +£0.62 3.3%

Accounting for the Coulomb interaction leads to a slight
upward shift of the entire curve, remaining within the
error band.

In accordance with the experimental procedure [8], when
calculating the total decay width, resonant peaks for J/y
and y(2S) mesons are excluded in the regions

2e[8,11] GeV?, and ¢*€[12.5,15] GeV?. (12)
To estimate the contribution of nonresonant processes in
the excluded regions, the value of the differential width was
assumed constant and equal to the arithmetic mean of the
values at the boundaries of the intervals. The values of the
partial decay widths are given in Table II.

The average Coulomb correction is defined as the ratio of
the integrated widths:

(Coulomb)
BO —n0¢tem

Y
(Ke) = % (13)
BO —p0pt
S

For B — K%u*u~, the Coulomb corrections reduce the
discrepancy between theory and experiment from 6 =
1.7% to 6 = 0.5%. Given the 10% uncertainties in both
experimental and theoretical predictions, this level of
agreement may reflect statistical fluctuations.

For the decay BY - K%te~, the Coulomb correction
formally increases the discrepancy from & =33% to
0 = 36%, while still remaining within the 45% experimen-
tal uncertainty.

For decays involving z-leptons, the Coulomb correction
is of the order of A(K¢) = (K¢) — 1 = 4%. While this is
currently smaller than the dominant form-factor uncertain-
ties, it constitutes a systematic effect that must be accounted
for in future high-precision experimental analyses.

As for the leptonic decays, we have obtained the full
soft-photon QED correction for the semileptonic channels.
The results are presented in Table VI of Appendix C.

V. COULOMB INTERACTION
IN B! — V'¢*#- DECAYS

This section examines the Coulomb interaction in the
decays B° — {K%,p%Y¢+¢~ and BY — {¢p. K"}t
involving a neutral vector meson. The differential decay
width is determined similarly to (11) with the pseudoscalar

meson h° replaced by the vector meson V°. The explicit

(free)

expression for dF _yop+p-/d5 is derived from the theo-

retical framework descrlbed in the [22].

Differential, angular and double differential distributions
are shown on Figs. 6-8 in Appendix D. The predicted
partial widths, obtained with the procedure of cutting out
the peak regions defined in (12), are presented in Table III.

An interesting feature can be observed in the angular
distributions dB3/d cos 8, where 6 is the angle between the
direction of the neutral hadron 4° and the positive lepton £+
in the £t~ rest frame. When comparing the BY —
Voutu~ and BY — VeTe™ differential distributions,
the curvature changes from convex to concave for some
decay modes (this transition is present in B® — p¢+¢~
and BY — K%#+¢~, but absent in B - K”#*¢~ and
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TABLE III.
Coulomb correction is given by A(K¢) =

Partial decay widths for B — VO¢+¢~. Experimental data are taken from [50]. The relative
(ICC) — 1, where (KC¢) is defined similarly to (13). The full correction

(Kqrp) including soft photons is given in Table VII in Appendix C.

B(exp) B(free) B(Coulomb) A <K:C>
BY — K%eTe 1079 1.19 £0.20 1.36 £0.15 1.40 £0.15 2.4%
B — K%utpu~[107] 1.06 £ 0.09 0.94 £0.11 1.02 £0.11 2.4%
BY - K%rt77[1078] 6.67 £ 0.87 6.92 +0.90 3.7%
B = plete[107] 1.07 £0.18 1.10 +0.19 2.4%
BY — pOutp~[1077] 89+1.6 9.1+1.7 2.4%
B — pO7t7[1077] 1.05 £ 0.19 1.09 + 0.20 3.4%
BY — gete[1079] 1.52 £0.17 1.56 +0.17 2.4%
BY — gt [107] 0.84 +0.4 1.15+0.14 1.18 £ 0.15 2.4%
BY = ¢z [1074] 8.11+0.10 841 +0.11 3.8%
BY — K%eTe [1078) xx 5.56 £ 0.65 5.69 £+ 0.67 2.4%
BY — K% putu~[1078) 29+ 1.1 4.42 £0.56 4.53 +0.57 2.4%
BY — K%rt77[1077] e 4.30 £ 0.50 4.45+0.52 3.5%

BY — ¢¢*¢7). This change in behavior is almost entirely
determined by the energy region §€ (4m2/M>

4mﬁ/M%2 v). While the muonic decay is kinematically

B";

forbidden in this region, the electronic channel still yields
a nonzero differential distribution.

In the B® — K%u*u~ decay, accounting for Coulomb
interaction reduces the discrepancy with experiment from
6=11% to 6 = 4%. For the B - K*e*e™ decay, the
Coulomb correction increases the discrepancy from 6 =
14% to 6 = 17%, though the prediction remains within
experimental uncertainty. The decays Bg’s — VOrtes
with z-leptons demonstrate a Coulomb correction up
to A(K¢) = (Kc) — 1 = 3.8%.

The full soft-photon QED corrections for BY —
VO¢+¢~ are listed in Table VII in Appendix C.

VI. COULOMB INTERACTION
IN B} — y£*#~ DECAYS

In this section, we provide the Coulomb interaction in
the decays B, — y£*¢~. The differential decay width is
determined similarly to (11) with the pseudoscalar meson
h° replaced by the photon y. The explicit expression for

(free)
dr'y, Lyt /ds is taken from [55].

leferentlal, angular and double differential distributions
are shown in Figs. 9—-11 in Appendix D.

The partial decay widths for B}, — ye*e™ and B} —
yuTp~ are typically calculated within the interval
q* €[1,6] GeV?. This choice is motivated by the relatively
small contribution from charming loops in this region,
which is at the level of a few percentages. Consequently,
the branching fractions can be predicted with controlled

TABLE IV. Partial decay widths for BY — y£"¢~ in the interval ¢*>€[1,6] GeV? for # = {e,u} and
q* € [4m?, M2 ] for £ = 7. Experimental data are taken from [2]. The relative Coulomb correction is given by

AlK¢) = <ICC) — 1, where (K¢) is defined similarly to (13). The full correction (Kqgp) including soft photons is
given in Table VIII in Appendix C.

q2 c [] , 6] GeV? B(exp) B(free) B(Coulomb) A<Kc>
BY > ye+e_[10_9] e 2.97+0.49 3.04 £ 0.50 2.4%
BY = yutu[107°) <119 at 90% CL 3.03 £0.50 3.10 £ 0.50 2.4%
BY = yete[10712] 5.09 +£0.59 5.21+0.61 2.3%
BY — yutpu~[10712] 5.31 +0.57 5.43 +0.58 2.3%
q c [4m2 M2 } B(exp) B(free) B(Coulomb) A<K:C>
BY = yrt 7 [107] 1.13+0.30 1.16 +0.31 2.7%
BY — yrrr7[1071] 3.10£0.93 3.19 £0.95 2.7%
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accuracy, limited primarily by the uncertainty in the form
factors [55].

In the considered decays, the resonant peaks p°, , J/y
and y(2S) influence the differential decay width. The J/w
and y(2S) peaks are removed according to the procedure
(12), while the p° and @ fall outside the integration region
q* €[1,6] GeV?. Predictions for partial widths are pre-
sented in Table IV.

To compute decays involving z-leptons, a different
procedure must be employed, as a large part of the interval
g*€[1,6] GeV? is kinematically forbidden. The only
resonant peak that needs to be excluded is w(2S), which
we remove according to (12). The partial width, presented
in Table IV, is obtained by integrating over the entire
allowed energy range ¢> € [4m§,M§8 ].

The full soft-photon QED corrections for radiative
leptonic decays are given in Table VIII in Appendix C.

VII. CONCLUSION

In the present work,

(1) We have systematically investigated the Coulomb
correction in the relativistic regime. In particular, for
scalar particles we compared the nonrelativistic GSS
factor and the CAS approach of exact relativistic
two-particle equations. Using CAS equations, we
derived the Coulomb correction [(3), Appendix B].
We then placed the Coulomb correction in the
context of a full QED soft-photon calculation. We
recalled that the complete correction factorizes as
Koep = Kot - K¢ (up to negligible terms). The soft
factor K. depends on the experimental photon-
energy cutoff AE and is routinely simulated by
Monte Carlo tools such as PHOTOS. The Coulomb
factor K¢, however, is not included in those simu-
lations. Based on the conducted analysis, we con-
clude that the Coulomb correction, although often
associated with threshold effects, remains nonzero
even for relativistic decays and should not be over-
looked in precision theoretical predictions.

(2) The Coulomb correction has been obtained for
(a) ultrarare leptonic decays Bg"Y — T (see

Table 1),

(b) Rare semileptonic decays B® — {K°, 7%} ¢~
and BY — {n.n',K°}¢*¢~ involving pseudo-
scalar mesons (see Table II, Figs. 2-5),

(c) Rare semileptonic decays B® — {K%*, p}Z+¢-
and BY — {¢, K" }¢#*¢~ involving vector mes-
ons (see Table III, Figs. 6-8), and

(d) Rare radiative leptonic decays B® — y£+£~ (see
Table IV, Figs. 9-11).

(3) A complete analysis of the soft-photon QED cor-
rections, including the factorized soft and Coulomb
contributions, has been performed. The results are

summarized in Tables V (leptonic), VI and VII
(semileptonic), and VIII (radiative leptonic) in Ap-
pendix C.

(4) The following key results have been obtained:

(a) Accounting for the Coulomb interaction in the
decay BY — utu~ reduces the discrepancy be-
tween the average experimental value and the
theoretical prediction within the SM to 6 = 2%.
However, this improvement is small compared to
the current experimental (11% [13]) and theo-
retical (5% [52]) uncertainties for the partial
width of this decay.

(b) In the decay B° — K%u*u~, the correction
reduces the discrepancy between theoretical
predictions and experimental data from & =
11% to 6 = 4%, against the background of an
8% experimental error [50].

(c) In the decay B — K%e*e™, the Coulomb cor-
rection increases the discrepancy between theo-
retical predictions and experimental data from
0=14% to 6 = 17%, yet remains within the
experimental uncertainty (17%, [50]).

(d) In the decay B — K°u*yu~, the correction re-
duces the discrepancy between theoretical pre-
dictions and experimental data from 6 = 1.7% to
0 = 0.5%, against the background of a 10%
experimental error [50].

(e) In decays with z-leptons in the final state (par-
ticularly in B — 5’777~ and B? — ¢r*77), the
correction reaches KC ~ 4%.

The obtained results demonstrate that accounting for
Coulomb corrections is an essential element of the theo-
retical analysis of rare leptonic and semileptonic decays of
neutral B-mesons. In particular, for decays with electrons
and muons, the corrections (2-3%), although smaller than
the current experimental uncertainties (5-15% [50]), may
shift the central values and potentially improve the agree-
ment between theory and experiment. For channels with
z-leptons, the corrections reach 4%. This suggests that the
discussed correction may become significant for future
high-precision experiments in B-physics, especially those
involving z-leptons in the final states.
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APPENDIX A: RELATIVISTIC
TWO-PARTICLE EQUATIONS

This appendix outlines the relativistic two-particle for-
malism developed by CAS [39-41] based on relativistic
classical constrained dynamics with the following quanti-
zation. The CAS approach provides a rigorous, fully
relativistic description of two-body interactions. Since
the original derivation is rather involved we present here
a condensed version of the formalism, focusing only on the
essential steps required to derive the relativistic Coulomb
factor used in our analysis.

Let us consider a system of two interacting scalar
particles. In the most general form the equations these
scalar particles must obey can be written as follows:

Hily) = (p1 —mi — ®y)ly) = 0;
Holy) = (p3 — m3 — @,)|w) =0, (A1)

where p? = p Piy is the squared momentum operator of
the i-th particle, m; is the mass of the i-th particle, and ®; is
the interaction operator.

The key condition (or constraint) for these equations is
the requirement [H;, H,]|y) = 0. In the simplest case, this
can be achieved when

D, =0, =0(x, ), (A2)
where x| = x* — (x- P)P*/P? is the transverse relative
coordinate orthogonal to the total 4-momentum of the
system P* = pi + p5 = (E,P). Equation (A2) can be
regarded as a relativistic generalization of Newton’s
third law.

We introduce the center of mass energy variables,

P2+ mi —m3 P+ m3 —m}

Hly) = Hilw) = Holw) = (e —mi + ¢* = ®(x1))|w)

= (e —m3+ ¢ = @(x1))lw) = (b*(P*.mi.m3) + ¢* = ®(x,))ly) =0,

where the relativistic invariant b? is defined as

b2(P2 2 2) 2 2 2 2

,ml,m2 :€1 _ml :€2—m2

Using Todorov’s kinematic variables [46],

2 2
m1m2 S — ml - m2 o
= , == = P-, A7
my NG € NG s (A7)
and an auxiliary momentum,
P P A8
Ho— gl i
q" + ¢ 7 (A8)
the equation takes the form
(b*(s*,m7, m3) + ¢* = ®(x1))|y)
= (e —m3 + g% — ®(x1))|y)
= (P* = mg = ®(x_))ly) =0. (A9)

This is the equation of relative motion for scalar particles in
its most general form. Next, we need to specify the form of

€ = , €6 =—"F-, (A3
| N > VPt (A3)
and the relative 4-momentum g*:
u €1 n €
P = P+ g*, ph = Pt — g, Ad
= N (A4)
Then the equation of motion takes the form
(AS)
oz (PH=2P%(mi 4 m3) + (m} —m3)?). (A6)

the interaction potential ®(x,). We are interested in the
Coulomb interaction, which can be derived using the
standard procedure,

Pr > Pr—Ar A= (U(r).0) = (—a,/r.0), (A10)
which leads to the final equation in the center of mass
system (P = 0),

(e, = U(r)* =@ —milw(r) =0, (All)

where ¢ = V2.

APPENDIX B: DERIVATION OF THE COULOMB
CORRECTION WITHIN THE CAS APPROACH

This appendix presents the derivation of the Coulomb
correction factor (3) within the CAS approach for the scalar
decay B — S*S~. We begin by solving the CAS equation
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for the relative motion of the charged scalar S S~ -pair in
the s-wave (I = 0) state. The obtained solution exhibits a
weak divergence at the origin. We analyze this divergence,
show that it lies outside the domain of validity of the CAS
approximation, and estimate the range of particle velocities
where its contribution is negligible. This allows us to arrive
at the final expression for the correction factor.

To solve the CAS equation (All), we separate
the variables in the wave function, y/(CoUomb)(r) =
R,/(r)Y;,,(0, ), which yields the equation for the radial
component:

@ 2d _I(1+1)
dz?  zdz 22

2 2
+_7’]+(Xem_|_ 1>Rn1(”) =0, (BI)
7z Z

where z = pr, p = eg —mi, 0= Qem/V, V= p/e,.

Note that the velocity v in this case coincides with the
relative velocity:

2_ 2 2 4m?
= \/€S s = \/S n; : = Urel- (Bz)
my s—2m
The positive-frequency solution of Eq. (B1) is [57]:
r L
R(Jlr>(iﬂ):—| <Cl)'e’mﬂ-(2ipr)"‘ie””F(a,b,—2ipr) (B3)
! I(b)
|
a:u+§+m, b=2u+1;
1\ 2
u=/(1+3) = (B4)

where I'(z) is Euler’s gamma function, and F(a, b, z) is
Kummer’s confluent hypergeometric function. The
Coulomb correction is typically computed as the ratio
|W(COU]0mb)(O)|2/|W (free) ( )|2 |l// Coulomb)(o)’Z, where we
have used that () (r)|? = |e™P¥|> = 1. It is important to
note that in this standard approach, the wave function is
evaluated not at the strict mathematical origin, but at a
“physical zero”—a distance much smaller than any typical
scale of the problem and within the domain of validity of
the underlying equations.

In our case, the decay B — ST S~ has zero orbital angular
momentum (/ = 0), and therefore the wave function exhib-
its a weak divergence at r — 0, associated with the factor
(2ipr)*~'/2. This divergence is removed by evaluating the
wave function at a point shifted by a small distance R from
the center. Such a regularization is possible because the
derivation of the CAS equations assumed a constant
electromagnetic coupling, @y, (r) % deyn ~ 1/137, which
is valid only at distances larger than the Compton wave-
length, R > 1/m. Consequently, the solutions of the CAS
equation are physically reliable only on the scale r > 1/m.

To quantify when this regularization is negligible, we
examine the factor (2ipr)#~'/? at the scale x = pR < 1.
Expanding its squared modulus yields

|(2i}{)ﬂ—1/2|2 _ (2}{)2\/1/4—0@,“—1 _
=1-202,In(2x) + O(ad,In?(x)).

e—Zagm In(2x)+0(oy)
(B5)

This factor can be treated as constant (x1) provided
—2a2,In(2x) < 1. Using (B2) for the relative velocity v
and the condition R ~ 1/m, we find the resulting constraint
on the velocity of the S*S~ pair:

m > o= 1/(20) o 104000

This inequality is satisfied for any physically relevant
velocity.

Therefore, the weak divergence at the origin can be
safely ignored. The CAS factor is obtained by evaluating
the wave function in Eq. (B3) at r = 0, discarding the
divergent factor (2ipr)#~'/? (which is set to unity as shown
above), and using F(a,b,0) = 1. The final, regularized
result is

emxcm/(zv) . e”“cm/”

as) | T(a) 2 | T(a)|?
e =1 -5

2
1 2 1 . Q
C(y/7— e +5+i%m)
— . @™ %em / v

C(y/1—4a2, +1)

(B6)

APPENDIX C: FULL SOFT-PHOTON QED
CORRECTIONS

This appendix presents the results of the full soft-photon
QED correction given by Eq. (6). For the purely leptonic
decays Bg.s — £T¢~, Eq. (6) is applied directly. For all
other channels (semileptonic and radiative leptonic), the
results are obtained via the average:

(Coulomb) . (free) ~ ~
<K:C> de d _ dBd§ "ICC(S)dS (Cl)
a’Bd;'ee ds dB;gee) ds ’
(Coulomb+-soft) ,\ (free) ~
<]C > f dB B dB ICQED( )d (Cz)
QED d Bdf:ee dg - d Bdt:ee d ~ N
s s

The numerical results for the full soft-photon QED
factors are organized as follows.

(1) Table V lists the Coulomb factors - and the full

QED factors Kqgp for the purely leptonic decays

B, — 76~ (¢ =e, p, 1) at three values of the
photon energy cutoff AE.

(2) Table VI presents the phase-space averaged factors

(Kqep) and (Kc) for semileptonic decays with
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TABLE V. Full QED factors Kqpp = Kyof - K¢ for the decays BS‘S — ¢T¢~ at different soft-photon energy

cutoffs AE = {0.05,0.1,0.5} GeV.

Decay ICC ’CQED(OOS GCV) ICQED(OI GeV) ICQED(OS GeV)
BY — uty- 1.0231 0.9514 0.9635 0.9922
BY = utyu 1.0231 0.9520 0.9640 0.9926
BY = ete 1.0231 0.8648 0.8905 0.9531
BY — ete 1.0231 0.8611 0.8874 0.9517
BY - tt¢” 1.0241 1.0051 1.0084 1.0160
B — ¢t¢ 1.0242 1.0056 1.0088 1.0163

TABLE VI. Full QED (Kqgpp) and Coulomb (Kc) factors for semileptonic decays BY — h°£T¢~ with a
pseudoscalar meson A° at different soft photon energy cutoffs AE = {0.05,0.1,0.5} GeV.

B? — KO%te 1.0233 0.8754 0.8996 0.9584
B —» KOutyu~ 1.0233 0.9657 0.9755 0.9987
B — KOrtr~ 1.0334 1.0206 1.0228 1.0280
BY = 7%*e~ 1.0233 0.8735 0.8980 0.9575
B = 2Oty 1.0233 0.9636 0.9738 0.9978
BY = 70¢t¢- 1.0303 1.0164 1.0188 1.0245
BY = pete 1.0233 0.8743 0.8986 0.9575
BY = nutu- 1.0233 0.9649 0.9748 0.9982
BY = e 1.0331 1.0201 1.0223 1.0276
BY - plete 1.0233 0.8761 0.9000 0.9583
BY = putu 1.0233 0.9667 0.9763 0.9990
BY = y/vte 1.0385 1.0266 1.0286 1.0334
BY - K%*e~ 1.0233 0.8739 0.8982 0.9574
BY —» KOutyu- 1.0233 0.9645 0.9745 0.9980
BY — KOrtz- 1.0326 1.0194 1.0217 1.0270

TABLE VIL.  Full QED (Kgp) and Coulomb (K¢) factors for semileptonic decays Bg,s — VO¢* ¢~ with a vector
meson V at different soft photon energy cutoffs AE = {0.05,0.1,0.5} GeV.

Decay (Kc) (Kqep) (0.05 GeV) (Kqep) (0.1 GeV) (Kqep) (0.5 GeV)
BY — K%ete 1.0233 0.8989 0.9194 0.9690
B — K%yt 1.0234 0.9676 0.9771 0.9996
BY —» K%t 1.0366 1.0244 1.0265 1.0315
BY = plete 1.0234 0.9134 0.9315 0.9754
B = pOutyu 1.0235 0.9696 0.9788 1.0005
BY = pOrte 1.0338 1.0212 1.0234 1.0285
BY = gpete” 1.0234 0.9207 0.9377 0.9785
BY = putu 1.0236 0.9728 0.9815 1.0018
BY - ¢prte 1.0370 1.0249 1.0270 1.0319
BY - K%ete 1.0234 0.9167 0.9342 0.9767
BY — K%utp~ 1.0235 0.9712 0.9801 1.0011
BY — K%7tr” 1.0352 1.0227 1.0248 1.0299
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TABLE VII Full QED (Kqpp) and Coulomb (Kc) factors for radiative leptonic decays By — yZ¢~ at
different soft photon energy cutoffs AE = {0.05,0.1,0.5} GeV. The integration ranges are g> € [1,6] GeV? for

¢ =e, pand ¢> € [4m;, M3 | for £ =z.

BY = yete 1.023 0.881 0.905 0.961
B = yutu 1.023 0.972 0.981 1.002
BY = yete 1.023 0.889 0911 0.964
B = yutu 1.023 0.981 0.988 1.005
B =yt~ 1.027 1.012 1.015 1.021
BY — yrto~ 1.027 1.011 1.014 1.020

pseudoscalar mesons B’ — {K°, z°}¢#*¢~ and
B - {n.n/.K°}e*¢m.

(3) Table VII gives the same quantities for semileptonic
decays with vector mesons B? — {K%, pO}/t¢-
and BY — {¢, K"}t~

(4) Table VIII contains the results for radiative leptonic
decays B, — y£t¢.

Several general observations can be made. First, Kqgp
increases with AE: a larger cutoff allows more real
radiation to be treated as undetected, which suppresses
the branching fraction less strongly, so KCyy approaches
unity from below. As a result, Kopp also rises with AE.

Second, for decays into electrons or muons, the full QED
correction is typically below unity: the soft-photon sup-
pression dominates over the Coulomb enhancement. For
777~ final states, the Coulomb factor is larger and the soft
suppression is weaker, so Kqgp > 1.

As discussed in the Introduction, the soft part [y is
simulated by pHOTOS, while the Coulomb part K¢ is not.
Experimental branching fractions are usually presented
after applying PHOTOS to unfold the soft radiation (i.e.
they correspond to the nonradiative width with Co5 = 1).
Therefore, when comparing theory with experiment, only
the Coulomb correction K¢ (as in Tables I-1V) should be
included.

APPENDIX D: DIFFERENTIAL, ANGLE AND
DOUBLE DIFFERENTIAL DISTRIBUTIONS

This appendix contains the complete set of differential,
angular, and double differential distributions for all decay

channels studied in this work. The figures are organized as
follows:

(1) Figure 3: Differential distributions d53/ds for decays
with pseudoscalar mesons Bg"Y - hoftem.

(2) Figure 4: Angular distributions dB/d cos @ for the
same pseudoscalar channels.

(3) Figure 5: Double differential distributions dB/
dsd cos 0 for pseudoscalar meson decays.

(4) Figure 6: Differential distributions d5/ds for decays
with vector mesons BY  — Vo7 t¢-.

(5) Figure 7: Angular distributions dBB/d cos 6 for vec-
tor meson channels.

(6) Figure 8: Double differential distributions
dB/dsd cos 6 for vector meson decays.

(7) Figure 9: Differential distributions dB/ds for radi-
ative leptonic decays B)  — y£ "¢~

(8) Figure 10: Angular distributions dB/dcos@ for
radiative leptonic decays.

(9) Figure 11: Double differential distributions di3/
dsd cos 0 for radiative leptonic decays.

Here § = (pp - rx)? /Még denotes the squared trans-

ferred four-momentum normalized to the square of the
Bg‘s—meson mass, where X stands for the corresponding

final-state particle (h°, V° or y) and the angular variable
cos 0 is defined via the angle 8 between the momentum of
the particle X and the momentum of the positive lepton £+
in the dilepton (£¢7) rest frame.

In all plots, the black band represents theoretical pre-
dictions without Coulomb interaction, the gray band
includes Coulomb corrections, and the overlapping region
is shown with black-gray hatching.
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FIG. 3. Dependence of the differential branching fraction 107dB/d5 for the decays B — {K°, z°}¢*+#~ and B — {n.5/,K°}¢*¢~
on§=(p B~ Pw)? /M%}(J —the squared transferred momentum normalized to the square of the B-meson mass. The black band
»S d.s

corresponds to predictions without Coulomb interaction, and the gray band, with Coulomb interaction. The overlap region is indicated
by black-gray hatching.
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107dB/d cos 0

FIG. 4. Angular distributions 107dB/d cos @ for the decays B — {K°, 2°}¢*¢~ and BY — {.#/, K°}£* ¢~ as a function of cos 0,
where @ = Z(p,0, ps+) is the angle between the direction of the neutral hadron /° and the positive lepton £ in the £+ £~ rest frame. The
black band corresponds to predictions without Coulomb interaction, and the gray band, with Coulomb interaction. The overlap region is
indicated by black-gray hatching.

053003-14



COULOMB CORRECTIONS IN RARE DECAYS OF NEUTRAL B ... PHYS. REV. D 114, 053003 (2026)
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FIG. 5. Double differential distributions 107 - dB/d3d cos @ for the decays B — {K°,z°}¢*¢~ and B? — {n,n', K°}¢*¢~. Here
S=(p B —P )2/ M%;O and @ = Z(p,p, ps+) is the angle between the direction of the neutral hadron 4° and the positive lepton Z+ in
S ds

the £7 ¢~ rest frame.
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FIG. 6. Dependence of the differential branching fraction 107dB/d5 for the decays B® — {K*, p°}£+£~ and BY — {¢, K*}£¢~ on
§= (pBoI = pyp)?/M? B —the squared transferred momentum normalized to the square of the B-meson mass. The black band

corresponds to predlctlons without Coulomb interaction, and the gray band, with Coulomb interaction. The overlap region is indicated
by black-gray hatching.
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FIG.7. Angular distributions for B® — {K%, p*}#+¢~ and B — {¢, K*}£+ £~ as a function of cos @, where @ = Z(pyo, pz+) is the
angle between the direction of the neutral hadron V° and the positive lepton #+ in the #+#~ rest frame. The black band corresponds to

predictions without Coulomb interaction, and the gray band, with Coulomb interaction. The overlap region is indicated by black-gray
hatching.
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FIG. 8. Double differential distributions 107 -dB/dsdcos® for B — {K%, p%Y¢+*¢~ and BY = {¢, K*}ctem.
Here § = ( Pry py)? /Mlz;0 and @ = Z(pyo.,py+) is the angle between the direction of the neutral hadron V° and the positive
s d.s

lepton £+ in the £+£~ rest frame.
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FIG. 9. Dependence of the differential branching fraction 10°dB/ds for the decays BY — y£™¢~ on § = ( PR~ py)2/M§2‘.

The black band corresponds to predictions without Coulomb interaction, and the gray band, with Coulomb interaction. The overlap
region is indicated by black-gray hatching.
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FIG. 10. Angular distributions for Bg,s — y£" ¢~ as afunction of cos 8, where @ = Z(p,. p,+) is the angle between the direction of the
photon y and the positive lepton £+ in the £ £~ rest frame. The black band corresponds to predictions without Coulomb interaction, and
the gray band, with Coulomb interaction. The overlap region is indicated by black-gray hatching.
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FIG. 11. Double differential distributions 10° - dB/d3d cos 6 for B}, — y¢*¢~. Here § = (pg — p,)Z/MégAS and 0 = Z(p,, ps+) is
the angle between the direction of the photon y and the positive lepton #* in the #7¢~ rest frame.
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