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Quantum gravity in the Landau background gauge
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We examine, in the Landau background gauge, the effective action of a quantum theory of gravitational
and matter fields. We analyze the Becchi-Rouet-Stora-Tyutin invariance of this theory and study the Ward
identities which implement the symmetry of the background effective action. The off-shell and on-shell
counterterm Lagrangians are explicitly calculated in this gauge at one-loop order. We argue that the matter
self-energy in the Landau background gauge, which is finite to this order, may be finite also at higher loops.
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I. INTRODUCTION

In quantum field theory, there are two ways in which a
model can be perturbatively renormalizable. The first is a
strict renormalizability, when the theory has a finite number
of terms in the Lagrangian that cancel out all infinities, which
occurs in the Standard Model. The second way, although
nonrenormalizable in the strict sense, may be thought to be
renormalizable in a more general sense, when an infinite
number of counterterms are needed to cancel all infinities.
This is the case of quantum gravity, where the divergences
can be canceled by introducing all possible counterterms
consistent with the symmetries of the theory. The current
point of view is that general relativity can be regarded as a
low-energy effective field theory. Despite the presence of an
infinite number of free parameters, this theory retains a good
deal of predictive power that follows in consequence of the
properties of unitarity and analyticity of the S-matrix. This
fact allows us to calculate the nonanalytic parts of Feynman
amplitudes and can be used to carry out useful perturbative
calculations also at higher loop orders [1-6].

The use of the Landau gauge leads to a significant
simplification of calculations and is very useful for the
understanding of many physical phenomena. This gauge
has been widely used in QED [7,8] and in QCD, where it
has been employed in the study of phase transitions through
numerical simulation of lattice QCD [9]. Moreover, the
Landau gauge has many suitable properties for the analysis of
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the infrared properties of QCD, which are manifest in the
realm of its nonperturbative sector. This study has been
developed through approaches such as the functional renorm-
alization group or the Dyson-Schwinger equations and
provides a description of QCD in terms of the quark and
gluon correlation functions, which exhibit characteristic mass
gaps [10] (see also, for example, the reviews [11-13] and
references cited therein).

Some of these studies have been done by using the
background field method [14], which is convenient
because it preserves the gauge symmetry at all stages
of the calculations [15-20]. In quantum gravity, the
Landau gauge has also been widely employed in the
context of the functional renormalization group [21-26],
since the Landau gauge corresponds to a fixed point of the
renormalization group flow [27,28].

In this work, we aim to discuss some pertinent aspects of
the quantization of an interacting quantum theory of
gravitational and scalar fields in the Landau background
gauge. Using the Becchi-Rouet-Stora-Tyutin (BRST) sym-
metry [29,30], we outline in Sec. II some basic elements of
this theory and discuss the Slavnov-Taylor identity that
reflects this symmetry. In Sec. III, we evaluate in this gauge
the off-shell counterterm Lagrangian at one-loop order,
which turns out to be much simpler than that computed in
other background gauges [31]. However, on-shell, one can
verify that this Lagrangian yields a result that is consistent
with the Kallosh-DeWitt theorem [32,33], which implies
that the on-shell effective action must be independent of the
gauge-fixing parameters. In Sec. IV, we deduce the Ward
identities which implement the invariance of the back-
ground effective action. Such identities may imply the
finiteness, in the Landau background gauge, of the scalar
self-energy at higher orders. A brief discussion of the
results is given in Sec. V. Some useful details of the
calculations are presented in the Appendixes.
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II. BRST QUANTIZATION IN THE LANDAU
BACKGROUND GAUGE

Let us consider a theory of gravitational g and massless
scalar ¢ fields described by the Lagrangian [34]

. 1 K2
‘C’mv(gv ¢) = _p g|:R + ?gﬂvaﬂ¢av¢:| s (21)

where k2 = 162Gy, Gy is the Newton constant and R is
the Ricci scalar. In order to preserve the basic diffeo-
morphism of the theory, we use the background field
method, where the fields are splitted into a background
and a quantum part as

b=¢+0.

9 = g/w + Kh/u/; (22)

Here, g,, and ¢ are background fields, while h,, and @ are
quantum fields.

The Lagrangian (2.1), with the substitution (2.2) is
invariant under the gauge transformation

5gm/ =0, 5¢ =0; (23&)

6h,, = D,e, +D,e,; S = ke“d,(p + ). (2.3b)
where D, is the full covariant derivative. To quantize the
theory in a manner that maintains its background sym-
metry, one must introduce a gauge-fixing term which
breaks only the quantum symmetry. To this end, a con-
venient choice is the generalized de Donder gauge (£ is a
generic gauge parameter)

_ - | 1= 2
ng(g’ ¢7 h, §0) = _25\/§<Dbh/w - 2Dﬂhg> ’ (24)

where I:_)” is the covariant derivative with respect to the
background field g,,. The Landau background gauge is
obtained in the limit £ — 0. After inverting the two point
function, one may take in the propagator the limit £ — 0.
But, the interaction vertices arising from Eq. (2.4) are
individually divergent in this limit, so that setting £ — 0 at
the outset would introduce spurious divergences that only
cancel once the different contributions to a given calcu-
lation are combined. Hence, using Eq. (2.4), the gauge
parameter £ must be kept finite throughout the intermediate
steps, and the limit can only be taken at the end, after these
cancellations have taken place.

However, there is an equivalent way of gauge-fixing,
which allows to take from the beginning the limit & — 0.
This requires the introduction of a Nakanishi-Lautrup
[35,36] auxiliary field B,. The alternative gauge-fixing
Lagrangian may be written in the form

Ly = /B, (Dbhﬂ” - % D"hg) , (2.5)

Integrating the exponential exp(i [d*xLy) over the
B, field yields the delta function

_ 1-
) {Dbh"” ~5 D"hg} , (2.6)
which imposes the Landau background gauge condition.

The relevant Faddeev-Popov ghost Lagrangian at one-
loop order [37] is given by

’Cgh = \/EW*M[DQD(Z”/; - Rﬂy'le (27)

where I_i’m, is the background Ricci tensor and #*, *# are
vector ghost fields.

Proceeding in this way, it turns out that the effective
Lagrangian

Le(G. ¢, h.@.B.n*.n)

=L™(G+kh,d+ @) + L1+ Lap (2.8)

is invariant under the BRST transformations
89w =0, 8¢ =0; (2.9a)
Shy, =Dy, + Dy Sp =k (@ + @) (2.9b)
sy = kn*D,nt; sn, = —B,; (2.9¢)
sB, =0, (2.94d)

In order to derive the corresponding Slavnov-Taylor
identity [38] which reflects this symmetry, it is useful to
introduce the external sources G*** and C** coupled
respectively to the BRST transformations of the graviton
field h,, and the ghost field 5, [39]. These sources have
dimensions of mass®, ghost number —1 and —2 and are
invariant under BRST transformations, so that

SG*# = sC* = 0. (2.10)

Using Eq. (2.8), the full Lagrangian L, becomes
L = Lege + G**¥Shy, + C*'s,. (2.11)
From the BRST symmetry of the theory, one thus

obtains the ST identity for the action T'y(g, ¢; k. @, B,n",
n; G*, C*) = fd4)C£fu11:
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oI’ oI ol oI’
x| =9 gpur 1 T Ogpu 0 gprn 1.2 0g
/ XLS% +5f7" 1 +5n*" 1 +5co ¢

_ / e[ @T0 8Ty 8Ty 8Ty ol
Sy, 6G* " 6, 5C* H o,

—0. (2.12)

oT,
+K(0”¢)np5—ﬂ

Moreover, one also gets from Eq. (2.11) the relation

T,

s = Vi[>

8T
5G

ol
H 5G*p0

1—0'_ _
59D ] —0, (2.13)

which allows to simplify the ST identity. Substituting
Eq. (2.13) into Eq. (2.12) leads to the equation

5T 8T ST 6T 5T
dx | L0+ L0 k() —2| = 0.
/ * [511,4” 5G* G, 5CH k@D,

(2.14)

where the action I is obtained from I'j by subtracting the
Landau gauge-fixing term (2.5):

_ 1 -
F6 = FO - / d4X\/§B” <Dyhm, - E Dﬂhg> . (215)

It may be shown, by using a similar reasoning to that
in [38], that the Eq. (2.14) holds to all orders for the
generating functional T" of one-particle irreducible Green
functions, which reduces at lowest order to I7. Thus,
one gets

or- or’ or or’ or’
a* — o’ —| =0.
/ X |:5hm/ SG*H + 6’7/4 SC*H + K( ¢>’1ﬂ (SQD

(2.16)

The above ST identity, which has an universal form, is most
useful to prove, in a gauge invariant way, the renormaliz-
ability of quantum gravity. Although quantum gravity is
nonrenormalizable by power counting, this theory is renor-
malizable in the modern sense that the divergences can be
canceled by introducing all possible counterterms allowed
by its gauge symmetry [4,40,41].

Infinitely many counterterms are required, so that the
theory is not renormalizable in the strict sense. Nevertheless,
it remains predictive as a low-energy expansion [1]. At each
order only finitely many terms contribute, and while the
local (polynomial) part of an amplitude carries free cou-
plings, the nonanalytic parts (the logarithms and cuts
demanded by unitarity) are constrained by the symmetries
and by lower-order data. Through the renormalization group
this extends to higher orders, the leading logarithms at each
loop order being fixed by lower-order coefficients and thus
obtainable without computing the corresponding higher-
loop integrals [1].

III. COUNTERTERM LAGRANGIAN IN THE
LANDAU BACKGROUND GAUGE

The gauge invariance of the background effective action
implies that the counterterm Lagrangian may be expressed
in terms of invariant functions under the background gauge
transformations. Altogether, there are nine independent
structures which exhaust all possible independent terms
expected from dimensional analysis, symmetry and the
form of the interaction terms, namely

R* R (DMD"&))Z; Ra,,q?)aﬂa;;
R“0,40,4:  (0,60'9)*s R¢pD,D ¢;
Rv$D,D,¢;  $0"$*¢D,D, .
Here, we have taken into account that, owing to the
identity [34]

(3.1)

/ dxyG(RY,, + R —4R2) =0,  (3.2)

the square of the Riemann tensor R2,,, is not an indepen-
dent quantity. In our model, characterized by the Landau
gauge fixing term (2.5), the last three structures in the
Eq. (3.1) do not actually appear.

The one-loop background counterterm Lagrangian in the
Landau gauge may be expressed in terms of six indepen-
dent structures as

7. - _ o
167[26 [C1R2 + CzRﬂDR’MD + K2C3<D”Dﬂ¢)2

+ K2C4R6ﬂ$6"(§5 =+ chsieﬂvaﬂésayés
+ KACﬁ(aﬂa)aug_b)z]v

where € = (4 — D)/2, D is the spacetime dimension and c;
are dimensionless coefficients.

The Feynman rules necessary for the calculation of the
counterterm Lagrangian are derived in Appendix A. The
tree-level propagators are determined by inverting the
quadratic part of the quantum fields present in the
Lagrangian (2.8), where the gauge fixing term £ is given
in Eq. (2.5). Because this quadratic part is not diagonal, one
gets mixed propagators involving the graviton 4, and the
Nakanishi-Lautrup fields B,. However, the (0|7B,B,|0)
propagator vanishes in consequence of the fact that B, is a
nondynamical Lagrange multiplier field.

In order to fix the coefficients ¢, and c,, we first consider
the background graviton self-energy diagrams illustrated in
Fig. 1. As shown in Appendix B, these graphs yield in
momentum space the divergent contribution

Ler =

(3.3)

214
kk ﬁ T;,wTa/J' + 1 (T;mTu/} + Ty/)’lea)
6 b

TPt (k) = 1672¢ 40

(3.4)
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FIG. 1. One-loop contributions to (§“g**) [(a)~(e)] and to (¢ ¢)
[(D)] (permutation have been omitted). The wavy, double wavy, curly,
dotted, dashed and solid lines denote the quantum graviton £,
Nakanishi-Lautrup B,,, background graviton g,,,, ghost 7 and *#,
quantum scalar ¢, and the background scalar ¢ fields, respectively.
The momenta satisfies the relation: ¢ = p + k.

where T# = k*k* /k> — n**. We note that this expression is
transverse with respect to the momentum k, which is a
consequence of the diffeomorphism invariance of the
theory [see Eq. (4.6)].

q
ki
uv uv
k ‘ k
P
(@)

(d)

We can connect the above result with the counterterm
Lagrangian (3.3), by using the relations

R(k) = kk*T*g,, + O(k*3%), (3.5)
Rap K uv ,alp k2 ap Ty av TP | &
+ 0(x*g?). (3.6)

where we have defined a nonflat background field g,
such that

gpw = 77;41/ + Kg/u/' (37)
Then, one may verify that the Eq. (3.4) determines the
coefficients ¢; and ¢, as

43 43

=0 2T

(3.8)

Moreover, the divergent part of the scalar self-energy,
shown in Fig. 1(f) vanishes in the Landau background
gauge, so that

c3 = 0. (3.9)

In order to fix the coefficients ¢4 and c5 in Eq. (3.3), we
consider the diagrams illustrated in Fig. 2. As shown in
Appendix B, by using the Egs. (3.5) and (3.6), the divergent
contributions of such diagrams determine these coefficients
to be

uv q
ki s TN
k k2
k2 _kl
p+k
(b) (©
ky
q/
uy -
00000X r
k SO
p
ko
©)] ()

FIG.2. One-loop contributions (permutations have been omitted) to the background 3-point function (g (k)@ (k) (k,)) [(a)—(F)]. We

have that g = p + k, r=p + k—k;, and k = k; + k».
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FIG. 3.
[(@—(c)]. Here, g = p + ki + ko, r = p + ky, and s = p + k».

4 == 5 =——. (3.10)

Finally, we consider the divergent parts of the diagrams
shown in Fig. 3, which fix the coefficient c4. These
contributions are evaluated in Appendix B and determine
this coefficient as

(3.11)

Ce = — .

Substituting the coefficients (3.8)—(3.11) in the Eq. (3.3),
we obtain at one-loop order that the off-shell background
counterterm Lagrangian in the Landau gauge is given by

VG [43 o
67 340 (R* + 2R, R"™) + gsza,,qbaﬂd;

Ler =

- gxzkwaﬂ&avg?s + %K‘*(a,,(;saﬂ(];)z ) (3.12)
This result coincides with that found in Ref. [31] in a
general background gauge, when all gauge parameters are
set, at the end of the computations, equal to zero. We note
that the present method of calculation, in the Landau gauge,
is much simpler and direct.

In order to obtain the on-shell background counterterm
Lagrangian, we use Einstein’s equation

- I K2 o
RﬂU_ERgMV :?""WJ’ (313)
where the energy-momentum tensor <, corresponding to

the Lagrangian (2.1) is given by

(I
sﬂl/ = Eg;waa¢a (p - aﬂ¢al/¢ (314)

From the above equations, we obtain the on-shell relations

2 K'2

2

R,w:—’%aﬂ&ay&s; R 0,0h.  (3.15)

k3

ki _ q_ _ k3
|
| r S r
|
ko _[7 - ky
kg
(©

One-loop contributions (permutations have been omitted) to the background 4-point function (¢p(k)d(ks)e(ks3)p(ks))

Using these relations in Eq. (3.12), the on-shell counter-
term Lagrangian turns out to be

VK 203

£CT|on—shell = m% (aﬂ&')aﬂ&)Z (316)

This result is consistent with that obtained on-shell in the
Feynman background gauge in Ref. [34].

IV. BACKGROUND EFFECTIVE ACTION

The action corresponding to the Lagrangian £V [see
Eq. (2.1)] is also invariant under the background gauge
transformations

89 = K(Dﬂey + Dyeﬂ); 8¢ = ke®0,p  (4.1)

and
oh,, = k(€0,h,, + h,,0,€" + h,,d,€); ¢ = ke 0,0,
(4.2)

where €“ is an arbitrary infinitesimal parameter. The actions
corresponding to £; and Ly, [see Egs. (2.5) and (2.7)] are
invariant under these transformations, provided the fields
By, n,, and 7, transform as a covariant vector field

6V, = —€°0,V, — V,0,€°. (4.3)
The background effective action I' is obtained by

evaluating the effective action I' at vanishing quantum
fields and sources, namely

[(g.¢) =T(3.9:0:0).

The gauge invariance of this action under the background
gauge transformations may be expressed in coordinate
space as

(4.4)

or or -
d*x( —89,,(x) + =6p(x) | =0. 4.5
[ (o + b ) 0. @)
Taking the functional derivative of this equation with
respect to g,4, evaluated at g = 0 and ¢ = 0, one obtains,
after a Fourier transformation to momentum space, the
relation
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kT, o5 (k) = 0, (4.6)

where we have used the relation g,, = n,, + g, together
with Eq. (4.1). This equation shows that the background
graviton self-energy is a transverse quantity.

Another Ward identity may be obtained by taking
functional derivative of the Eq. (4.5) with respect to
345(y) and @,,(z), evaluated at § = 0 and ¢ = 0. We then
obtain in momentum space the expression

V55, (K P 4)
K B — -
= E{Pﬁ[’/lvpn/waﬁ((n + ”]I/O'H/{paﬂ(q)] - vaaﬂpa(Q)

+ (p,ap) < (q,p0)}, (4.7)

which relates the four-divergence of the background
graviton 3-point vertex to the background graviton self-
energies.

Moreover, taking the functional derivative of the Eq. (4.5)
with respect to ¢(y) and ¢(z) evaluated at § = ¢ = 0, we
obtain in momentum space the relation

- K
¥Vg,aik p.a) =3 [a.2(p) + p.2(q)].

(4.8)
where £ is the background scalar self-energy function. In the
previous section, we have verified, at one-loop order, that the
divergent part of this function vanishes in the Landau gauge.
This implies that the background graviton-scalar-scalar
vertex satisfies the transversality condition

k”VgZM(k, p,q) =0. (4.9)
Conversely, this equation implies, by using Eq. (4.8), that
the scalar self-energy in the Landau background gauge
must be finite at this order. The transversality property may
be explicitly verified at one loop order by noting that the
divergent part of the above vertex can be expressed, as we
have seen in the previous section, in terms of the gauge-
invariant structures R0,¢d%$ and R*9,¢dy¢. Taking func-
tional derivatives of these structures with respect to
Qﬂy,(iﬁ,(fb evaluated at § = ¢ = 0, one obtains transverse
results due to the form of the Ricci scalar and the Ricci
tensor shown in Egs. (3.5) and (3.6).

A similar feature might occur at higher orders. Drawing
on the behavior at one-loop order, one may suppose that at
two loop order the divergent part of the background
graviton-scalar-scalar vertex could also be expressed in
terms of gauge-invariant structures like

ﬁg% = K4[d1 (D(zDaR)aﬂ$6ﬂ4_5

+d (DaDﬁRaﬂ)apq_ﬁapa) + - ] (410)
By taking a functional derivative of such structures with
respect to g,,, evaluated at g =0, one gets a vanishing
result unless this derivative acts directly on the back-
ground field appearing in the scalar Ricci R and in the
Ricci tensor R, Then, as explained above, these con-
tributions will be transverse.

Thus, such a reasoning suggests that in the Landau
background gauge, due to the transversality condition (4.9),
the Ward identity (4.8) may imply the finiteness of the

FIG. 4. Two-loop contributions to the background scalar self-energy [(a)—(j)]. Diagram (T) represents tadpoles contributions, which
vanish in dimensional regularization. The blob in (a) denotes the one-loop quantum graviton self-energy, which is similar to that shown

in Fig. 1.
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massless scalar self-energy function also at higher orders.
The Feynman diagrams contributing at two-loop order to
this function are shown in Fig. 4. The evaluation of the
divergent parts of these diagrams, which is rather involved,
will be subsequently addressed.

V. CONCLUSION

The Landau gauge is very useful as it leads to a
significant simplification of calculations as well as to an
improved understanding of various phenomena in particle
physics. It has been much used in QED to study quantum
electromagnetic processes [7] and in QCD in the analysis of
the properties of quarks and gluons [11-13]. In quantum
gravity, much work has also been done in the Landau gauge
in the context of the functional renormalization (see
Refs. [21-26] and references therein).

In this work, we employed the background field
approach, which has the important virtue of preserving
the diffeomorphism invariance of the theory at all stages of
the calculations. We examined some basic aspects of the
BRST symmetry of quantum gravity in the Landau back-
ground gauge and analyzed the Ward identities which
reflect the invariance of the background effective action.
We have calculated, at one-loop order, the gauge invariant
off-shell effective action of this theory [Eq. (3.12)] and
shown that, on-shell, this action yields a result [Eq. (3.16)]
which is in agreement with the one obtained by ’t Hooft and
Veltman in the Feynman background gauge [34]. This
result is expected in view of the Kallosh-DeWitt theorem,
which asserts that the on-shell effective action should be
independent of the gauge-fixing parameters [32,33].

An interesting outcome of the present analysis in
quantum gravity concerns the possible finiteness, in the
Landau background gauge, of the off-shell scalar self-
energy at higher orders [On symmetry and power counting
grounds, it is evident that the on-shell (k* = 0) massless
scalar self-energy vanishes at all orders]. We indicated that
such a property, which was explicitly verified at one-loop
order, may follow at higher orders in consequence of the
background Ward identity involving the background grav-
iton-scalar-scalar vertex [see Eq. (4.8)]. This inference
could be attested at two loop order by explicitly computing
the contributions coming from the scalar self-energy
diagrams shown in Fig. 4. We are currently considering
this issue.
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APPENDIX A: FEYNMAN RULES

In this appendix, we show the Feynman rules required to
compute the one-loop counterterms in the Einstein-Hilbert
theory coupled to a scalar field in the background Landau
gauge. Some Feynman rules are derived in the Ref. [31] for
a general background gauge.

Here, we follow the usual definitions and conventions
used in Ref. [34]:

Riyap = =0pl e + 0T, + Tyl , =TT, (Al)
Rﬂvaﬁ = gm'Ryvaﬂ’ Rvﬁ = Rﬂv/f’ﬂ’ R= Rvﬁgvﬂ'
(A2)
Moreover, we will use that
D = My + KB (A3)

where 7, is a flat background and g, is the background
graviton field.

In order to derive the Feynman rules, we used the
definitions (2.2) and (A3)

g =n" =@ =k nPhgs + 0§ hy

+ k23N hop + K Hah™, (Ada)
K_, K s K SHY K ainob
\/§ =1 +§gl4 +§’7 h/w _Eg h/w +Zg/4’7 haﬁ
K2 a2 apb
+ g (hi? = 2h3h). (A4b)
— K _ — —
Do = 517 (0,8 + 948y = 9p8) (Adc)
_ K _ _ _
D(ih;w = arrh;w - 5’7 p[(ao'gpﬂ + aﬂgpd - apgﬂa)hav
+ (aag/)zz + ayg/m - apgua)h/m}’ (A4d)

in the effective EH Lagrangian (2.8). .
Consider the perturbation g,, — @w = N + K@, One
can show that, in momentum space,

VIR = kg*Tg,5 + O(x*). (ASa)
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© 7 where the matrix M is equal to
VR =2 | T7(q)q " = [T (9)T7(q)
<A/w/)o' Bm//} )
=~ M — B (A9)
LT )il - O). (asH) Co Dy
where where
v qﬂqb v vpe o O AU 1 2 ov 1 2,00 U
(q) = === n" (A6)  Arr” = — | PO — O = S P + S Py

We also have that + symmetrizations y <> v and p <o

+ permutation (u,v) <> (p,0); (A10)
VIR = R4 T (@) 1" (9)8,8ap + O(). (A7a)

B;wﬂ = %(pﬂnm/ —Pullup — py’//ﬂﬂ)’ Capa = _Bpaa and
D,z = &ngp. Note that, in order to obtain the propagators,
we have to introduce the parameter £ as a regulator. In the
1 o end, we can set £ — 0 to obtain the propagators in the

+ 3 T”G(Q)Tbﬂ(CI)] 3,8, +O(K*).  (A7b)  Landau gauge.
The propagators are given by iM~!. In order to invert the

matrix M, we use that

=D puv 1 ey v 1 va
ViR,R = @ [ TP (0) + (@) (g)

1. Propagators 1 x-! _X-'BD"!
The quadratic form in the quantum fields for the graviton M= = ( -D'cx~' D' +D'CX'BD"!
sector is given by

), (Al1)

| i where X = A — BD~'C is the Schur complement. Then, we
Z / d4x< i B,,) M( ’”’) (A8) need to find D!, X and its inverse The inverse of D is
2 By straightforward to obtain: D} = = n,p/&. Using this, we get
|

1/1 1 1 1 1
Xrvaf — [E <§ Hon? — oy + Eda&ﬁn’“’ - Zazn“ﬁn"”> + o — 0% — Edzn“”nﬁ” + zazn“ﬁn””} (A12)

+ symmetrizations p <> v and «a <>+ permutation (u,v) <> (a, ff). (A13)

Going to momentum space (d — ip) and computing i[X****(p)]~! with computer algebra (throughout this work we have
used Package-X [42]), we obtain the graviton propagator:

-1

DIt 5(p) = — el Mllpe = Mol + =3 (PpP My + PpPullaw + Palillpy + pap,,nﬂy)] . (Al4)

i
p? +ie {
We can also compute the mixed propagators, which reads

( ) pﬂrll/(l + pl/”ﬂ(l

DBh
p2

auy

and Dyl (p) = D, (—p)- (A15)

Interestingly, the Nakanishi-Lautrup field do not propagates, that is, the (0|TB,B|0) propagator vanishes: DBB =0.

At this point we may set £ = 0 directly, obtaining the propagators in the Landau gauge. Only the graviton propagator is
modified. In this gauge it reads

1
Dﬂuaﬂ( ) - N pu + NoyMpy — Napyw — ? (pﬁpvr]au + PpPyulay + PaPullpu + papﬂnﬁl/) . (A16)

p2+i€

Similarly, from Eq. (2.7) we also can obtain the ghost propagator, which reads
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n
D = - Al7
w(P) e (A17)
2. Vertex ghh in the background Landau gauge
The interactions terms ghh arises from, where the terms with £ (from the gauge fixing) does not appear,
1 auu — = = \/.5 D 1 1 v DuUY a
L2 = - ST Pro\/GDh,, Dyh,s — 5 [R (Z h? — 5 ) + R*(2h%h,, — hhy,) |, (A18)
where h = h, By and
T{mv[)’yﬁ — H(O)aﬂvﬂJ/& + lH(l)aﬂ’/ﬂ}’é — lH(l)aﬂyﬂ’/‘s + H(Uaﬂﬂ}’l’é - H(l)a/‘”‘s}’ﬂ‘ (A19)
2 2
with
1 1
HOapuprs — 5 naﬁnﬂrnvé — Enaﬁn/wnré + narnuvnﬁé — naﬁnﬂynvﬁ ( A2())
and
HWP = (=55, 30,7 n*® = 83, 8,0 — "8, 8, ) g™
= KG””’]“/‘”/}}"SQ”]UI. (A21)

The total result for the g, ,, h,,,,h,,,, interactions vertex is given by

Hal

K 1 " 1 (0) auvByo 1 S
_15{5,425;25735;31920{19%[EnﬂmH + EGHM auvpy

_ lGl‘lVl apypvs | grivi appyvs _ Grivi apvSyp
2

Jals

Bys||1
+H O [(E(6ﬁ36¥3p1yp3a6,?6’§2n"‘” + 84026 pipp3adly 6k

P2

u = 81067 P17 p3ady 656 ) +y © 6) + (@, 1, v) < (B,7,9)

pan

1 1

D3 +p% THI (p]) (Znﬂzvznﬂzvz _ zn,uzltsnvzvs)
H3V3

2

1 p
+5 | T (PP P — 71 (TH (p)T™ (p1) + T (p)TH (p1))

(27]"3"2 628y =t 6ﬁ36¥3) } + Symmetrizations u; <> v;

+ permutation (u2,v2, p2) < (13,3, p3).

3. Nakanishi-Lautrup vertex B,g,sh,,
The Nakanishi-Lautrup field B, in Eq. (2.5) leads to the following interactions terms, which are relevant to the one-loop order:

1_ 1 B = Lo s | uia
xB, {2 [ - mn =3 (i )] — g — @ + 5 (087 + @) | 0;hay

K 1 _ _ - _ _ -
- EB” |}7lt0l;,l/1ﬁ' - E’I’M’?aﬂ} ’76’)[(5/19/)(1 + aagpi - apgall)haﬂ + (aﬁgpﬂ + aﬂgpi - pg[ﬂ)haa]‘ (A22)

In momentum space, the vertex can be written as
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of
K
P 7 [P P pin P & pYn P+ plin ™ - PIneenty — penPent — phynPr
000 + pynPnPE 4 pInPrnP — pin®nPY + pin®PnPY + pYn®nPP + phin® PP + pin Pyt
" — AN = pSuPPnt — pYn Py + pEn ke + pSuP e — phn PP + phninP).
p
(A23)

4. Ghost vertex
The ghost vertex is given by

K
o H i { = PP + S & P+ py it pi e

= pu PP 4 2pS Y = pr pan 0 Pyt (A24)
B . , : ,
oo™ Dy psn +prps = pi (Pl + pinP)

., + p’l’p‘l’naﬁ + p%n’“’n"ﬁ} + symmetrizations @ < f3.

5. Gravity coupled to a scalar field

The vertices with the matter field are presented as follows:

/Pl K2
/ -i7l- PPy = pP phn®™ — pepynPt + pY (ph P — pEnt — pinPr)
— pIpEnPY + pt (P3P — P = pSnPY) + pS Pt + p phnt

aff e = p1- PPt + pr - pon® 0P+ p1 - pan™ P,

P2

(A25)

BO0000X i% (MuvP1 - P2 = PruP2y = PivP2u) » (A26)

nv
K
i5 [1"p1 - p2 = ppy = pip2"], (A27)
y% 2

K
P —i—
4

[P% pynf + p¥ pyn P — ph pYy — pP pyn et — pb ptn@ — p phine

a MLV a H_Bv (A28)

— VNP — pe pYnPr — pS PP — pOpEnPY + pg PP + p e pEnY
" o + 0P pr - pa+ ™0 pr py =00 pr - pal.
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APPENDIX B: ONE-LOOP COUNTERTERMS

Here, we compute the diagrams in Figs. 1-3 in the
Landau background gauge using the Feynman rules derived
in the Appendix A. We will use dimensional regularization
with D =4 —2¢, where D is the spacetime dimension.
With these results, we derive the corresponding one-loop
counterterm Lagrangians.

1. 2-point diagrams

Here, we present the divergent part of the diagrams
shown in Fig. 1. We introduce the following tensor basis:

T;(wa/)’ K kakv kP, (Bla)
,Z-;(w)aﬁ ey (B1b)
T;g)a/i — iy gragth, (Blc)
Tﬂpaﬂ Kk + ke, (B1d)
T;uzaﬂ KKt ko ket + kP + K kP, (Ble)

a. Graviton self-energy

First, we compute the graviton loop, which corresponds
to the diagrams depicted in Figs. 1(a)-1(d). These diagrams
lead to the following counterterms

NG
»Cz[(a)+(b)+ (

©+@ = T672¢ 40 S 2RL).

(B2)

Next, we consider the scalar loop diagram shown in
Fig. 1(e). In the basis B 1, we obtain that the scalar loop
diagram is equal to

K 1
Tﬂmﬂ Tﬂl/aﬂ jE— Tﬂmﬁ K4
167%€¢ <60 "% 80 + 480
_ L gmane L T””“/’ K> B3
80" 4 480 (B3)
This result leads to the following counterterms
Y >
L 2R B4
20 = Ton2e2a0 K+ 2R (B4

One can find the graviton self-energy in the Landau
gauge by summing the diagrams in Figs. 1(a)-1(e). The
divergent part of the graviton self-energy leads to the
counterterm Lagrangian:

Vg 43 (R
162%€ 240

Lof(a)+(0)+(e)+(d)+(e)] = +2R2). (BS)

k AA N N k
[ =0
p—k I ¢
1 1

FIG. 5. Diagrammatic identity between the background grav-
iton-scalar-scalar vertex and the graviton propagator in Landau
gauge. The arrow indicates the momentum flow. All external
lines are amputated.

b. Scalar self-energy =

The scalar self-energy X is shown in Fig. 1(f). The
divergent part of this diagram vanishes in the Landau gauge:

v — 0, (B6)

Since the identity shown in Fig. 5 holds, in any spacetime
dimension D in the Landau gauge, the scalar self-energy
must vanish in any spacetime dimension D as well.

2. 3-point function

The one-loop diagrams that contributes to the 3-point
function g(k)¢(k,)¢(k,) are shown in Fig. 2. In order to
simplify our results, we will introduce the tensor basis:

T;I%D(k’ kl’ kz) = —2k] . kz(k#ky - k277lw), (B7a)

2

k
TI;?Z,,(", ki ky) = (k- ki)(k- ko) +E(k2”k1" + ki'ky”)

1
) [k k¥ (k- ky) + k*ky* (k- ky)

+ k#k (k- ky) + k'K (k- ky)]. (B7b)
The above tensor structures corresponds, in mo-
mentum space, to the invariants: R, (k;)d"¢(k,)
and R;w(k)a”qﬁ(kl)ayq’)(kQ)

Using this basis, one can show that the sum of the
divergent part of the diagrams Figs. 2(a) and 2(b) can be
written as

4 |1
3 1
gK ZT/I% (k, k],kz)

ST (kkk)| (BS)

Now, we consider the divergent part of the diagrams in
Figs. 2(c)-2(f). Summing all these contributions, we
obtain a transverse result that can be written in terms
of the basis (B7):

3
K v
ET%W}(kl + ko, ki, ky). (B9)

The total result, using Egs. (B8) and (B9), leads to the
counterterms
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» V9 |1
167% |3

Lip =K Ro, 0" ¢ — %Rﬂyaﬂésav&z . (B10)

3. 4-point scalar function

Next, let us consider the divergent part of the 4-point
scalar function. Note that permutations are implied.

The diagram shown in Fig. 3(a) (summing all the
permutations) leads to the following divergent contribution:

Ky q ko
——\VWN——
[t |
q7k1| |k27q

which is the top-half of the graph [when k; = k, =k,
Eq. (B12) reduces to the identity in Fig. 5]. Joining it
with the bottom-half and using above identity for both
parts, we obtain that the loop integrand has the momen-
tum dependence

~—
loop N~~~ ~—~—~ ~~
top—half scalar bottom—half scalar

where D = 4 is the dimension of the spacetime. By power
counting, we find that the box diagram is finite. An

= i B (s — kK o) + 2T (ha — kK o)
q s

26*[(ky - ky) (ks - k) + (ky - k3) (ko - ky)

+ (ki - ko) (k3 - ky)]. (B11)

Now, one can compute the divergent part of the triangle
and box diagrams shown in Figs. 3(b) and 3(c) to show that
both vanishes. On the other hand, by power counting, it is
easy to see that both diagrams are finite in the Landau gauge.

The finiteness of diagram 3(c) comes from a generali-
zation of the identity shown in Fig. 5. In the Landau gauge,
we have that

(B12)

analogous argument applies to the triangle diagram in
Fig. 3(b), but now it relies on the observation that the vertex
defined in Eq. (A28) depends solely on external momenta.

Thus, the counterterm Lagrangian, in the Landau gauge,
induced by the 4-point function is given by

_l 4 \/E —uvy H3 AH\2
Lyp —4’< l622¢ (7 5,44"51,47) .

(B14)

Adding all contribution [Egs. (BS), (B6), (B10),
and (B14)], we obtain the off-shell background counterterm
Lagrangian (3.12).
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