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We examine, in the Landau background gauge, the effective action of a quantum theory of gravitational
and matter fields. We analyze the Becchi-Rouet-Stora-Tyutin invariance of this theory and study the Ward
identities which implement the symmetry of the background effective action. The off-shell and on-shell
counterterm Lagrangians are explicitly calculated in this gauge at one-loop order. We argue that the matter
self-energy in the Landau background gauge, which is finite to this order, may be finite also at higher loops.
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I. INTRODUCTION

In quantum field theory, there are two ways in which a
model can be perturbatively renormalizable. The first is a
strict renormalizability, when the theory has a finite number
of terms in the Lagrangian that cancel out all infinities, which
occurs in the Standard Model. The second way, although
nonrenormalizable in the strict sense, may be thought to be
renormalizable in a more general sense, when an infinite
number of counterterms are needed to cancel all infinities.
This is the case of quantum gravity, where the divergences
can be canceled by introducing all possible counterterms
consistent with the symmetries of the theory. The current
point of view is that general relativity can be regarded as a
low-energy effective field theory. Despite the presence of an
infinite number of free parameters, this theory retains a good
deal of predictive power that follows in consequence of the
properties of unitarity and analyticity of the S-matrix. This
fact allows us to calculate the nonanalytic parts of Feynman
amplitudes and can be used to carry out useful perturbative
calculations also at higher loop orders [1–6].
The use of the Landau gauge leads to a significant

simplification of calculations and is very useful for the
understanding of many physical phenomena. This gauge
has been widely used in QED [7,8] and in QCD, where it
has been employed in the study of phase transitions through
numerical simulation of lattice QCD [9]. Moreover, the
Landau gauge has many suitable properties for the analysis of

the infrared properties of QCD, which are manifest in the
realm of its nonperturbative sector. This study has been
developed through approaches such as the functional renorm-
alization group or the Dyson-Schwinger equations and
provides a description of QCD in terms of the quark and
gluon correlation functions, which exhibit characteristic mass
gaps [10] (see also, for example, the reviews [11–13] and
references cited therein).
Some of these studies have been done by using the

background field method [14], which is convenient
because it preserves the gauge symmetry at all stages
of the calculations [15–20]. In quantum gravity, the
Landau gauge has also been widely employed in the
context of the functional renormalization group [21–26],
since the Landau gauge corresponds to a fixed point of the
renormalization group flow [27,28].
In this work, we aim to discuss some pertinent aspects of

the quantization of an interacting quantum theory of
gravitational and scalar fields in the Landau background
gauge. Using the Becchi-Rouet-Stora-Tyutin (BRST) sym-
metry [29,30], we outline in Sec. II some basic elements of
this theory and discuss the Slavnov-Taylor identity that
reflects this symmetry. In Sec. III, we evaluate in this gauge
the off-shell counterterm Lagrangian at one-loop order,
which turns out to be much simpler than that computed in
other background gauges [31]. However, on-shell, one can
verify that this Lagrangian yields a result that is consistent
with the Kallosh-DeWitt theorem [32,33], which implies
that the on-shell effective action must be independent of the
gauge-fixing parameters. In Sec. IV, we deduce the Ward
identities which implement the invariance of the back-
ground effective action. Such identities may imply the
finiteness, in the Landau background gauge, of the scalar
self-energy at higher orders. A brief discussion of the
results is given in Sec. V. Some useful details of the
calculations are presented in the Appendixes.
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II. BRST QUANTIZATION IN THE LANDAU
BACKGROUND GAUGE

Let us consider a theory of gravitational g and massless
scalar ϕ fields described by the Lagrangian [34]

Linvðg;ϕÞ ¼ −
1

κ2
ffiffiffi
g

p �
Rþ κ2

2
gμν∂μϕ∂νϕ

�
; ð2:1Þ

where κ2 ¼ 16πGN , GN is the Newton constant and R is
the Ricci scalar. In order to preserve the basic diffeo-
morphism of the theory, we use the background field
method, where the fields are splitted into a background
and a quantum part as

gμν ¼ ḡμν þ κhμν; ϕ ¼ ϕ̄þ φ: ð2:2Þ

Here, ḡμν and ϕ̄ are background fields, while hμν and φ are
quantum fields.
The Lagrangian (2.1), with the substitution (2.2) is

invariant under the gauge transformation

δḡμν ¼ 0; δϕ̄ ¼ 0; ð2:3aÞ

δhμν ¼ Dμϵν þ Dνϵμ; δφ ¼ κϵα∂αðϕ̄þ φÞ: ð2:3bÞ

where Dμ is the full covariant derivative. To quantize the
theory in a manner that maintains its background sym-
metry, one must introduce a gauge-fixing term which
breaks only the quantum symmetry. To this end, a con-
venient choice is the generalized de Donder gauge (ξ is a
generic gauge parameter)

Lgfðḡ; ϕ̄; h;φÞ ¼ −
1

2ξ

ffiffiffī
g

p �
D̄νhμν −

1

2
D̄μhαα

�
2

; ð2:4Þ

where D̄μ is the covariant derivative with respect to the
background field ḡμν. The Landau background gauge is
obtained in the limit ξ → 0. After inverting the two point
function, one may take in the propagator the limit ξ → 0.
But, the interaction vertices arising from Eq. (2.4) are
individually divergent in this limit, so that setting ξ → 0 at
the outset would introduce spurious divergences that only
cancel once the different contributions to a given calcu-
lation are combined. Hence, using Eq. (2.4), the gauge
parameter ξmust be kept finite throughout the intermediate
steps, and the limit can only be taken at the end, after these
cancellations have taken place.
However, there is an equivalent way of gauge-fixing,

which allows to take from the beginning the limit ξ → 0.
This requires the introduction of a Nakanishi-Lautrup
[35,36] auxiliary field Bμ. The alternative gauge-fixing
Lagrangian may be written in the form

LL ¼ ffiffiffī
g

p
Bμ

�
D̄νhμν −

1

2
D̄μhαα

�
; ð2:5Þ

Integrating the exponential expði R d4xLLÞ over the
Bμ field yields the delta function

δ

�
D̄νhμν −

1

2
D̄μhαα

�
; ð2:6Þ

which imposes the Landau background gauge condition.
The relevant Faddeev-Popov ghost Lagrangian at one-

loop order [37] is given by

Lgh ¼
ffiffiffī
g

p
η�μ½D̄αD̄

αημ − R̄μνη
ν�; ð2:7Þ

where R̄μν is the background Ricci tensor and ημ, η�μ are
vector ghost fields.
Proceeding in this way, it turns out that the effective

Lagrangian

Leffðḡ; ϕ̄; h;φ; B; η�; ηÞ
¼ Linvðḡþ κh; ϕ̄þ φÞ þ LL þ Lgh ð2:8Þ

is invariant under the BRST transformations

sḡμν ¼ 0; sϕ̄ ¼ 0; ð2:9aÞ

shμν ¼ Dμην þ Dνημ; sφ ¼ κ∂τðϕ̄þ φÞητ; ð2:9bÞ

sημ ¼ κηνDνη
μ; sη�μ ¼ −Bμ; ð2:9cÞ

sBμ ¼ 0; ð2:9dÞ

In order to derive the corresponding Slavnov-Taylor
identity [38] which reflects this symmetry, it is useful to
introduce the external sources G⋆μν and C⋆μ coupled
respectively to the BRST transformations of the graviton
field hμν and the ghost field ημ [39]. These sources have
dimensions of mass2, ghost number −1 and −2 and are
invariant under BRST transformations, so that

sG⋆μν ¼ sC⋆μ ¼ 0: ð2:10Þ

Using Eq. (2.8), the full Lagrangian Lfull becomes

Lfull ¼ Leff þG⋆μνshμν þ C⋆μsημ: ð2:11Þ

From the BRST symmetry of the theory, one thus
obtains the ST identity for the action Γ0ðḡ; ϕ̄; h;φ; B; η�;
η;G⋆; C⋆Þ ¼ R

d4xLfull:
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Z
d4x

�
δΓ0

δhμν
shμνþδΓ0

δημ
sημþ δΓ0

δη�μ
sη�μþδΓ0

δφ
sφ

�

¼
Z

d4x

�
δΓ0

δhμν

δΓ0

δG⋆μνþ
δΓ0

δημ

δΓ0

δC⋆μ−Bμ
δΓ0

δη�μ
þ κð∂ρϕÞηρ

δΓ0

δφ

�

¼ 0: ð2:12Þ

Moreover, one also gets from Eq. (2.11) the relation

δΓ0

δη�μ
¼ ffiffiffī

g
p �

Dν δΓ0

δG⋆μν −
1

2
ḡρσD̄μ

δΓ0

δG⋆ρσ

�
¼ 0; ð2:13Þ

which allows to simplify the ST identity. Substituting
Eq. (2.13) into Eq. (2.12) leads to the equation

Z
d4x

�
δΓ0

0

δhμν

δΓ0
0

δG⋆μν þ
δΓ0

0

δημ

δΓ0
0

δC⋆μ þ κð∂ρϕÞηρ
δΓ0

0

δφ

�
¼ 0:

ð2:14Þ

where the action Γ0
0 is obtained from Γ0 by subtracting the

Landau gauge-fixing term (2.5):

Γ0
0 ¼ Γ0 −

Z
d4x

ffiffiffī
g

p
Bμ

�
D̄νhμν −

1

2
D̄μhσσ

�
: ð2:15Þ

It may be shown, by using a similar reasoning to that
in [38], that the Eq. (2.14) holds to all orders for the
generating functional Γ0 of one-particle irreducible Green
functions, which reduces at lowest order to Γ0

0. Thus,
one gets

Z
d4x

�
δΓ0

δhμν

δΓ0

δG⋆μν þ
δΓ0

δημ

δΓ0

δC⋆μ þ κð∂ρϕÞηρ
δΓ0

δφ

�
¼ 0:

ð2:16Þ

The above ST identity, which has an universal form, is most
useful to prove, in a gauge invariant way, the renormaliz-
ability of quantum gravity. Although quantum gravity is
nonrenormalizable by power counting, this theory is renor-
malizable in the modern sense that the divergences can be
canceled by introducing all possible counterterms allowed
by its gauge symmetry [4,40,41].
Infinitely many counterterms are required, so that the

theory is not renormalizable in the strict sense. Nevertheless,
it remains predictive as a low-energy expansion [1]. At each
order only finitely many terms contribute, and while the
local (polynomial) part of an amplitude carries free cou-
plings, the nonanalytic parts (the logarithms and cuts
demanded by unitarity) are constrained by the symmetries
and by lower-order data. Through the renormalization group
this extends to higher orders, the leading logarithms at each
loop order being fixed by lower-order coefficients and thus
obtainable without computing the corresponding higher-
loop integrals [1].

III. COUNTERTERM LAGRANGIAN IN THE
LANDAU BACKGROUND GAUGE

The gauge invariance of the background effective action
implies that the counterterm Lagrangian may be expressed
in terms of invariant functions under the background gauge
transformations. Altogether, there are nine independent
structures which exhaust all possible independent terms
expected from dimensional analysis, symmetry and the
form of the interaction terms, namely

R̄2; R̄2
μν; ðD̄μD̄

μϕ̄Þ2; R̄∂μϕ̄∂μϕ̄;

R̄μν
∂μϕ̄∂νϕ̄; ð∂μϕ̄∂μϕ̄Þ2; R̄ ϕ̄ D̄μD̄

μϕ̄;

R̄μνϕ̄D̄μD̄νϕ̄; ϕ̄∂μϕ̄∂νϕ̄D̄μD̄νϕ̄: ð3:1Þ
Here, we have taken into account that, owing to the
identity [34]Z

d4x
ffiffiffī
g

p ðR̄2
μνρσ þ R̄2 − 4R̄2

μνÞ ¼ 0; ð3:2Þ

the square of the Riemann tensor R̄2
μνρσ is not an indepen-

dent quantity. In our model, characterized by the Landau
gauge fixing term (2.5), the last three structures in the
Eq. (3.1) do not actually appear.
The one-loop background counterterm Lagrangian in the

Landau gauge may be expressed in terms of six indepen-
dent structures as

LCT ¼
ffiffiffī
g

p
16π2ϵ

½c1R̄2 þ c2R̄μνR̄μν þ κ2c3ðD̄μD̄
μϕ̄Þ2

þ κ2c4R̄∂μϕ̄∂μϕ̄þ κ2c5R̄μν
∂μϕ̄∂νϕ̄

þ κ4c6ð∂μϕ̄∂μϕ̄Þ2�; ð3:3Þ
where ϵ ¼ ð4 −DÞ=2, D is the spacetime dimension and ci
are dimensionless coefficients.
The Feynman rules necessary for the calculation of the

counterterm Lagrangian are derived in Appendix A. The
tree-level propagators are determined by inverting the
quadratic part of the quantum fields present in the
Lagrangian (2.8), where the gauge fixing term LL is given
in Eq. (2.5). Because this quadratic part is not diagonal, one
gets mixed propagators involving the graviton hμν and the
Nakanishi-Lautrup fields Bμ. However, the h0jTBμBνj0i
propagator vanishes in consequence of the fact that Bμ is a
nondynamical Lagrange multiplier field.
In order to fix the coefficients c1 and c2, we first consider

the background graviton self-energy diagrams illustrated in
Fig. 1. As shown in Appendix B, these graphs yield in
momentum space the divergent contribution

Π̄μναβðkÞ ¼ κ2k4

16π2ϵ

43

40

�
TμνTαβ þ 1

6
ðTμαTνβ þ TμβTναÞ

�
;

ð3:4Þ
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where Tμν ¼ kμkν=k2 − ημν. We note that this expression is
transverse with respect to the momentum k, which is a
consequence of the diffeomorphism invariance of the
theory [see Eq. (4.6)].

We can connect the above result with the counterterm
Lagrangian (3.3), by using the relations

R̄ðkÞ ¼ κk2Tμνḡμν þOðκ2ḡ2Þ; ð3:5Þ

R̄αβðkÞ ¼ κ

2

�
Tμνkαkβ −

k2

2
ðTαμTβν þ TανTβμÞ

�
ḡμν

þOðκ2ḡ2Þ: ð3:6Þ

where we have defined a nonflat background field ḡμν
such that

ḡμν ¼ ημν þ κḡμν: ð3:7Þ

Then, one may verify that the Eq. (3.4) determines the
coefficients c1 and c2 as

c1 ¼
43

240
; c2 ¼

43

120
: ð3:8Þ

Moreover, the divergent part of the scalar self-energy,
shown in Fig. 1(f) vanishes in the Landau background
gauge, so that

c3 ¼ 0: ð3:9Þ

In order to fix the coefficients c4 and c5 in Eq. (3.3), we
consider the diagrams illustrated in Fig. 2. As shown in
Appendix B, by using the Eqs. (3.5) and (3.6), the divergent
contributions of such diagrams determine these coefficients
to be

(a) (b)

(c) (d)

(e) (f)

FIG. 1. One-loop contributions to hḡμνḡαβi [(a)–(e)] and to hϕ̄ ϕ̄i
[(f)] (permutation have been omitted). Thewavy, doublewavy, curly,
dotted, dashed and solid lines denote the quantum graviton hμν,
Nakanishi-Lautrup Bμ, background graviton ḡμν, ghost ημ and η�μ,
quantum scalar φ, and the background scalar ϕ̄ fields, respectively.
The momenta satisfies the relation: q ¼ pþ k.

(a) (b) (c)

(d) (f)(e)

FIG. 2. One-loop contributions (permutations have been omitted) to the background 3-point function hḡμνðkÞϕ̄ðk1Þϕ̄ðk2Þi [(a)–(f)]. We
have that q ¼ pþ k, r ¼ pþ k − k1, and k ¼ k1 þ k2.
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c4 ¼
1

3
; c5 ¼ −

5

6
: ð3:10Þ

Finally, we consider the divergent parts of the diagrams
shown in Fig. 3, which fix the coefficient c6. These
contributions are evaluated in Appendix B and determine
this coefficient as

c6 ¼
1

4
: ð3:11Þ

Substituting the coefficients (3.8)–(3.11) in the Eq. (3.3),
we obtain at one-loop order that the off-shell background
counterterm Lagrangian in the Landau gauge is given by

LCT ¼
ffiffiffī
g

p
16π2ϵ

�
43

240
ðR̄2 þ 2R̄μνR̄μνÞ þ 1

3
κ2R̄∂μϕ̄∂μϕ̄

−
5

6
κ2R̄μν

∂μϕ̄∂νϕ̄þ 1

4
κ4ð∂μϕ̄∂μϕ̄Þ2

�
: ð3:12Þ

This result coincides with that found in Ref. [31] in a
general background gauge, when all gauge parameters are
set, at the end of the computations, equal to zero. We note
that the present method of calculation, in the Landau gauge,
is much simpler and direct.
In order to obtain the on-shell background counterterm

Lagrangian, we use Einstein’s equation

R̄μν −
1

2
R̄ḡμν ¼

κ2

2
Tμν; ð3:13Þ

where the energy-momentum tensor Tμν corresponding to
the Lagrangian (2.1) is given by

Tμν ¼
1

2
ḡμν∂αϕ̄∂αϕ̄ − ∂μϕ̄∂νϕ̄: ð3:14Þ

From the above equations, we obtain the on-shell relations

R̄μν ¼ −
κ2

2
∂μϕ̄∂νϕ̄; R̄ ¼ −

κ2

2
∂μϕ̄∂

μϕ̄: ð3:15Þ

Using these relations in Eq. (3.12), the on-shell counter-
term Lagrangian turns out to be

LCTjon−shell ¼
ffiffiffī
g

p
κ4

16π2ϵ

203

320
ð∂μϕ̄∂μϕ̄Þ2: ð3:16Þ

This result is consistent with that obtained on-shell in the
Feynman background gauge in Ref. [34].

IV. BACKGROUND EFFECTIVE ACTION

The action corresponding to the Lagrangian Linv [see
Eq. (2.1)] is also invariant under the background gauge
transformations

δḡμν ¼ κðD̄μϵν þ D̄νϵμÞ; δϕ̄ ¼ κϵα∂αϕ̄ ð4:1Þ
and

δhμν ¼ κðϵγ∂γhμν þ hμγ∂νϵγ þ hνγ∂μϵγÞ; δφ ¼ κϵα∂αφ;

ð4:2Þ
where ϵα is an arbitrary infinitesimal parameter. The actions
corresponding to LL and Lgh [see Eqs. (2.5) and (2.7)] are
invariant under these transformations, provided the fields
Bμ, η�μ, and ημ transform as a covariant vector field

δVμ ¼ −ϵσ∂σVμ − Vσ∂μϵ
σ: ð4:3Þ

The background effective action Γ̄ is obtained by
evaluating the effective action Γ at vanishing quantum
fields and sources, namely

Γ̄ðḡ; ϕ̄Þ ¼ Γðḡ; ϕ̄; 0; 0Þ: ð4:4Þ
The gauge invariance of this action under the background
gauge transformations may be expressed in coordinate
space as

Z
d4x

�
δΓ̄
δḡμν

δḡμνðxÞ þ
δΓ̄
δϕ̄

δϕ̄ðxÞ
�

¼ 0: ð4:5Þ

Taking the functional derivative of this equation with
respect to ḡαβ, evaluated at ḡ ¼ 0 and ϕ̄ ¼ 0, one obtains,
after a Fourier transformation to momentum space, the
relation

(a) (b) (c)

FIG. 3. One-loop contributions (permutations have been omitted) to the background 4-point function hϕ̄ðk1Þϕ̄ðk2Þϕ̄ðk3Þϕ̄ðk4Þi
[(a)–(c)]. Here, q ¼ pþ k1 þ k2, r ¼ pþ k4, and s ¼ pþ k2.
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kμΠ̄μν;αβðkÞ ¼ 0; ð4:6Þ

where we have used the relation ḡμν ¼ ημν þ κḡμν together
with Eq. (4.1). This equation shows that the background
graviton self-energy is a transverse quantity.
Another Ward identity may be obtained by taking

functional derivative of the Eq. (4.5) with respect to
ḡαβðyÞ and ḡρσðzÞ, evaluated at ḡ ¼ 0 and ϕ̄ ¼ 0. We then
obtain in momentum space the expression

kμV̄ ḡμνḡαβ ḡρσðk; p; qÞ
¼ κ

2
fpλ½ηνρΠ̄λσαβðqÞ þ ηνσΠ̄λραβðqÞ� − pνΠ̄αβρσðqÞ

þ ðp; αβÞ ↔ ðq; ρσÞg; ð4:7Þ

which relates the four-divergence of the background
graviton 3-point vertex to the background graviton self-
energies.
Moreover, taking the functional derivative of the Eq. (4.5)

with respect to ϕ̄ðyÞ and ϕ̄ðzÞ evaluated at ḡ ¼ ϕ̄ ¼ 0, we
obtain in momentum space the relation

kμV̄ ḡμνϕ̄ ϕ̄ðk; p; qÞ ¼
κ

2
½qνΣ̄ðpÞ þ pνΣ̄ðqÞ�; ð4:8Þ

where Σ̄ is the background scalar self-energy function. In the
previous section, we have verified, at one-loop order, that the
divergent part of this function vanishes in the Landau gauge.
This implies that the background graviton-scalar-scalar
vertex satisfies the transversality condition

kμV̄div
ḡμνϕ̄ ϕ̄

ðk; p; qÞ ¼ 0: ð4:9Þ

Conversely, this equation implies, by using Eq. (4.8), that
the scalar self-energy in the Landau background gauge
must be finite at this order. The transversality property may
be explicitly verified at one loop order by noting that the
divergent part of the above vertex can be expressed, as we
have seen in the previous section, in terms of the gauge-
invariant structures R̄∂αϕ̄∂αϕ̄ and R̄αβ

∂αϕ̄∂βϕ̄. Taking func-
tional derivatives of these structures with respect to
ḡμν; ϕ̄; ϕ̄ evaluated at ḡ ¼ ϕ̄ ¼ 0, one obtains transverse
results due to the form of the Ricci scalar and the Ricci
tensor shown in Eqs. (3.5) and (3.6).
A similar feature might occur at higher orders. Drawing

on the behavior at one-loop order, one may suppose that at
two loop order the divergent part of the background
graviton-scalar-scalar vertex could also be expressed in
terms of gauge-invariant structures like

Lð2Þ
CT ¼ κ4½d1ðDαDαRÞ∂βϕ̄∂βϕ̄

þ d2ðDαDβR̄αβÞ∂ρϕ̄∂ρϕ̄þ � � ��: ð4:10Þ

By taking a functional derivative of such structures with
respect to ḡμν, evaluated at ḡ ¼ 0, one gets a vanishing
result unless this derivative acts directly on the back-
ground field appearing in the scalar Ricci R and in the
Ricci tensor R̄αβ. Then, as explained above, these con-
tributions will be transverse.
Thus, such a reasoning suggests that in the Landau

background gauge, due to the transversality condition (4.9),
the Ward identity (4.8) may imply the finiteness of the

(a) (b) (d)(c)

(e) (f) (h)(g)

(j)(i) (T)

FIG. 4. Two-loop contributions to the background scalar self-energy [(a)–(j)]. Diagram (T) represents tadpoles contributions, which
vanish in dimensional regularization. The blob in (a) denotes the one-loop quantum graviton self-energy, which is similar to that shown
in Fig. 1.
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massless scalar self-energy function also at higher orders.
The Feynman diagrams contributing at two-loop order to
this function are shown in Fig. 4. The evaluation of the
divergent parts of these diagrams, which is rather involved,
will be subsequently addressed.

V. CONCLUSION

The Landau gauge is very useful as it leads to a
significant simplification of calculations as well as to an
improved understanding of various phenomena in particle
physics. It has been much used in QED to study quantum
electromagnetic processes [7] and in QCD in the analysis of
the properties of quarks and gluons [11–13]. In quantum
gravity, much work has also been done in the Landau gauge
in the context of the functional renormalization (see
Refs. [21–26] and references therein).
In this work, we employed the background field

approach, which has the important virtue of preserving
the diffeomorphism invariance of the theory at all stages of
the calculations. We examined some basic aspects of the
BRST symmetry of quantum gravity in the Landau back-
ground gauge and analyzed the Ward identities which
reflect the invariance of the background effective action.
We have calculated, at one-loop order, the gauge invariant
off-shell effective action of this theory [Eq. (3.12)] and
shown that, on-shell, this action yields a result [Eq. (3.16)]
which is in agreement with the one obtained by ’t Hooft and
Veltman in the Feynman background gauge [34]. This
result is expected in view of the Kallosh-DeWitt theorem,
which asserts that the on-shell effective action should be
independent of the gauge-fixing parameters [32,33].
An interesting outcome of the present analysis in

quantum gravity concerns the possible finiteness, in the
Landau background gauge, of the off-shell scalar self-
energy at higher orders [On symmetry and power counting
grounds, it is evident that the on-shell (k2 ¼ 0) massless
scalar self-energy vanishes at all orders]. We indicated that
such a property, which was explicitly verified at one-loop
order, may follow at higher orders in consequence of the
background Ward identity involving the background grav-
iton-scalar-scalar vertex [see Eq. (4.8)]. This inference
could be attested at two loop order by explicitly computing
the contributions coming from the scalar self-energy
diagrams shown in Fig. 4. We are currently considering
this issue.
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APPENDIX A: FEYNMAN RULES

In this appendix, we show the Feynman rules required to
compute the one-loop counterterms in the Einstein-Hilbert
theory coupled to a scalar field in the background Landau
gauge. Some Feynman rules are derived in the Ref. [31] for
a general background gauge.
Here, we follow the usual definitions and conventions

used in Ref. [34]:

R̄μ
ναβ ¼ −∂βΓ̄

μ
να þ ∂αΓ̄

μ
νβ þ Γ̄μ

γαΓ̄γ
νβ − Γ̄μ

γβΓ̄
γ
να ðA1Þ

R̄μναβ ¼ ḡμγR̄γ
ναβ; R̄νβ ¼ R̄μ

νβμ; R̄ ¼ R̄νβḡνβ:

ðA2Þ

Moreover, we will use that

ḡμν ¼ ημν þ κḡμν; ðA3Þ

where ημν is a flat background and ḡμν is the background
graviton field.
In order to derive the Feynman rules, we used the

definitions (2.2) and (A3)

gμν ¼ ημν − κḡμν − κημαηνβhαβ þ κ2ημαḡνβhαβ

þ κ2ḡμαηνβhαβ þ κ2hμαhαν; ðA4aÞ

ffiffiffi
g

p ¼ 1þ κ

2
ḡμμ þ κ

2
ημνhμν −

κ2

2
ḡμνhμν þ

κ2

4
ḡμμηαβhαβ

þ κ2

8
ðhα2α − 2hαβh

β
αÞ; ðA4bÞ

Γ̄λ
μν ¼

κ

2
ηλρð∂νḡρμ þ ∂μḡρν − ∂ρḡμνÞ; ðA4cÞ

D̄σhμν ¼ ∂σhμν −
κ

2
ηαρ½ð∂σ ḡρμ þ ∂μḡρσ − ∂ρḡμσÞhαν

þ ð∂σ ḡρν þ ∂νḡρσ − ∂ρḡνσÞhμα�; ðA4dÞ

in the effective EH Lagrangian (2.8).
Consider the perturbation ḡμν → ˜̄gμν ¼ ημν þ κ ˜̄gμν. One

can show that, in momentum space,

ffiffiffī̃
g

p
˜̄R ¼ κq2Tαβ ˜̄gαβ þOðκ2Þ; ðA5aÞ
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ffiffiffī̃
g

p
˜̄Rμν ¼ κ

2

�
TρσðqÞqμqν − q2

2
½TμσðqÞTρνðqÞ

þ TμρðqÞTσνðqÞ�
�
˜̄gρσðqÞ þOðκ2Þ: ðA5bÞ

where

TμνðqÞ ¼ qμqν

q2
− ημν: ðA6Þ

We also have that

ffiffiffī̃
g

p
R̃2 ¼ κ2q4TαβðqÞTμνðqÞ ˜̄gμν ˜̄gαβ þOðκ3Þ; ðA7aÞ
ffiffiffī̃
g

p
R̃μνR̃μν ¼ κ2q4

�
1

4
TαβðqÞTμνðqÞ þ 1

8
TναðqÞTμβðqÞ

þ 1

8
TμαðqÞTνβðqÞ

�
˜̄gμν ˜̄gαβ þOðκ3Þ: ðA7bÞ

1. Propagators

The quadratic form in the quantum fields for the graviton
sector is given by

1

2

Z
d4x

�
hμν Bα

�
M
�
hρσ
Bβ

�
ðA8Þ

where the matrix M is equal to

M ¼
�
Aμνρσ Bμνβ

Cαρσ Dαβ

�
; ðA9Þ

where

Aμνρσ ¼ −
�
∂
σ
∂
νηρμ − ∂

ρ
∂
σημν −

1

2
∂
2ηρμησν þ 1

2
∂
2ηρσημν

�

þ symmetrizations μ ↔ ν and ρ ↔ σ

þ permutation ðμ; νÞ ↔ ðρ; σÞ; ðA10Þ

Bμνβ ¼ I
2
ðpβημν − pμηνβ − pνημβÞ, Cαρσ ¼ −Bρσα and

Dαβ ¼ ξηαβ. Note that, in order to obtain the propagators,
we have to introduce the parameter ξ as a regulator. In the
end, we can set ξ → 0 to obtain the propagators in the
Landau gauge.
The propagators are given by iM−1. In order to invert the

matrix M, we use that

M−1 ¼
�

X−1 −X−1BD−1

−D−1CX−1 D−1 þ D−1CX−1BD−1

�
; ðA11Þ

where X ¼ A − BD−1C is the Schur complement. Then, we
need to find D−1, X and its inverse. The inverse of D is
straightforward to obtain: D−1

αβ ¼ ηαβ=ξ. Using this, we get

Xμναβ ¼ −
�
1

ξ

�
1

2
∂
μ
∂
νηαβ − ∂

β
∂
νηαμ þ 1

2
∂
α
∂
βημν −

1

4
∂
2ηαβημν

�
þ ∂

β
∂
νηαμ − ∂

α
∂
βημν −

1

2
∂
2ηαμηβν þ 1

2
∂
2ηαβημν

�
ðA12Þ

þ symmetrizations μ ↔ ν and α ↔ β þ permutation ðμ; νÞ ↔ ðα; βÞ: ðA13Þ

Going to momentum space (∂ → ip) and computing i½XμναβðpÞ�−1 with computer algebra (throughout this work we have
used Package-X [42]), we obtain the graviton propagator:

Dhh
μναβðpÞ ¼ −

i
p2 þ iϵ

�
ηανηβμ þ ηαμηβν − ηαβημν þ

ξ − 1

p2
ðpβpνηαμ þ pβpμηαν þ pαpνηβμ þ pαpμηβνÞ

�
: ðA14Þ

We can also compute the mixed propagators, which reads

DBh
α μνðpÞ ¼

pμηνα þ pνημα
p2

and DhB
μν αðpÞ ¼ DBh

α μνð−pÞ: ðA15Þ

Interestingly, the Nakanishi-Lautrup field do not propagates, that is, the h0jTBαBβj0i propagator vanishes: DBB
αβ ¼ 0.

At this point we may set ξ ¼ 0 directly, obtaining the propagators in the Landau gauge. Only the graviton propagator is
modified. In this gauge it reads

D̊hh
μναβðpÞ ¼ −

i
p2 þ iϵ

�
ηανηβμ þ ηαμηβν − ηαβημν −

1

p2
ðpβpνηαμ þ pβpμηαν þ pαpνηβμ þ pαpμηβνÞ

�
: ðA16Þ

Similarly, from Eq. (2.7) we also can obtain the ghost propagator, which reads
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DμνðpÞ ¼ −i
ημν

p2 þ iϵ
: ðA17Þ

2. Vertex ḡhh in the background Landau gauge

The interactions terms ḡhh arises from, where the terms with ξ (from the gauge fixing) does not appear,

Lð2Þ ¼ −
1

2
Tαμνβγδ

ffiffiffī
g

p
D̄αhμνD̄βhγδ −

ffiffiffī
g

p
2

�
R̄

�
1

4
h2 −

1

2
hμνhμν

�
þ R̄μνð2hαμhνα − hhμνÞ

�
; ðA18Þ

where h≡ hμνhμν and

Tαμνβγδ ¼ Hð0Þαμνβγδ þ 1

2
Hð1Þαμνβγδ −

1

2
Hð1Þαμγβνδ þHð1Þαμβγνδ −Hð1Þαμνδγβ: ðA19Þ

with

Hð0Þαμνβγδ ≡ 1

2
ηαβημγηνδ −

1

2
ηαβημνηγδ þ ηαγημνηβδ − ηαδημγηνβ ðA20Þ

and

Hð1Þαμνβγδ ¼ κð−δαμ1δβν1ημγηνδ − ηαβδμμ1δ
γ
ν1η

νδ − ηαβημγδνμ1δ
δ
ν1Þḡμ1ν1 :

≡ κGμ1ν1αμνβγδḡμ1ν1 : ðA21Þ
The total result for the ḡμ1ν1hμ2ν2hμ3ν3 interactions vertex is given by

3. Nakanishi-Lautrup vertex Bμḡαβhσρ
TheNakanishi-Lautrup fieldBμ in Eq. (2.5) leads to the following interactions terms, which are relevant to the one-loop order:

κBμ

�
1

2
ḡαβ½ημαηλβ þ ημαηλβ −

1

2
ðημληαβ þ ημληαβÞ� − ημαḡλβ − ḡμαηλβ þ 1

2
ðημλḡαβ þ ḡμληαβÞ

�
∂λhαβ

−
κ

2
Bμ

�
ημαηλβ −

1

2
ημληαβ

�
ησρ½ð∂λḡρα þ ∂αḡρλ − ∂ρḡαλÞhσβ þ ð∂λḡρβ þ ∂βḡρλ − ∂ρḡβλÞhασ�: ðA22Þ

In momentum space, the vertex can be written as
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ðA23Þ

4. Ghost vertex

The ghost vertex is given by

ðA24Þ

5. Gravity coupled to a scalar field

The vertices with the matter field are presented as follows:

ðA25Þ

ðA26Þ

ðA27Þ

ðA28Þ
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APPENDIX B: ONE-LOOP COUNTERTERMS

Here, we compute the diagrams in Figs. 1–3 in the
Landau background gauge using the Feynman rules derived
in the Appendix A. We will use dimensional regularization
with D ¼ 4 − 2ϵ, where D is the spacetime dimension.
With these results, we derive the corresponding one-loop
counterterm Lagrangians.

1. 2-point diagrams

Here, we present the divergent part of the diagrams
shown in Fig. 1. We introduce the following tensor basis:

T μναβ
ð1Þ ¼ kμkαkνkβ; ðB1aÞ

T μναβ
ð2Þ ¼ ημνηαβ; ðB1bÞ

T μναβ
ð3Þ ¼ ημβηαν þ ημαηνβ; ðB1cÞ

T μναβ
ð4Þ ¼ kαkβημν þ kμkνηαβ; ðB1dÞ

T μναβ
ð5Þ ¼ kνkβημα þ kαkνημβ þ kμkβηαν þ kμkαηνβ: ðB1eÞ

a. Graviton self-energy

First, we compute the graviton loop, which corresponds
to the diagrams depicted in Figs. 1(a)–1(d). These diagrams
lead to the following counterterms

L2½ðaÞþðbÞþðcÞþðdÞ� ¼
ffiffiffī
g

p
16π2ϵ

7

40
ðR̄2 þ 2R̄2

μνÞ: ðB2Þ

Next, we consider the scalar loop diagram shown in
Fig. 1(e). In the basis B 1, we obtain that the scalar loop
diagram is equal to

κ2

16π2ϵ

�
1

60
T μναβ

ð1Þ þ 1

80
T μναβ

ð2Þ k4 þ 1

480
T μναβ

ð3Þ k4

−
1

80
T μναβ

ð4Þ k2 −
1

480
T μναβ

ð5Þ k2
�
: ðB3Þ

This result leads to the following counterterms

L2ðeÞ ¼
ffiffiffī
g

p
16π2ϵ

1

240
ðR̄2 þ 2R̄2

μνÞ: ðB4Þ

One can find the graviton self-energy in the Landau
gauge by summing the diagrams in Figs. 1(a)–1(e). The
divergent part of the graviton self-energy leads to the
counterterm Lagrangian:

L2½ðaÞþðbÞþðcÞþðdÞþðeÞ� ¼
ffiffiffī
g

p
16π2ϵ

43

240
ðR̄2 þ 2R̄2

μνÞ: ðB5Þ

b. Scalar self-energy Σ
The scalar self-energy Σ is shown in Fig. 1(f). The

divergent part of this diagram vanishes in the Landau gauge:

Σdiv ¼ 0: ðB6Þ

Since the identity shown in Fig. 5 holds, in any spacetime
dimension D in the Landau gauge, the scalar self-energy
must vanish in any spacetime dimension D as well.

2. 3-point function

The one-loop diagrams that contributes to the 3-point
function ḡðkÞϕ̄ðk1Þϕ̄ðk2Þ are shown in Fig. 2. In order to
simplify our results, we will introduce the tensor basis:

T μν
R̄ ðk; k1; k2Þ ¼ −2k1 · k2ðkμkν − k2ημνÞ; ðB7aÞ

T μν
R̄αβ

ðk; k1; k2Þ ¼ ðk · k1Þðk · k2Þημν þ
k2

2
ðk2μk1ν þ k1μk2νÞ

−
1

2
½k2μkνðk · k1Þ þ kμk2νðk · k1Þ

þ k1μkνðk · k2Þ þ kμk1νðk · k2Þ�: ðB7bÞ

The above tensor structures corresponds, in mo-
mentum space, to the invariants: R̄∂μϕ̄ðk1Þ∂μϕ̄ðk2Þ
and R̄μνðkÞ∂μϕ̄ðk1Þ∂νϕ̄ðk2Þ.
Using this basis, one can show that the sum of the

divergent part of the diagrams Figs. 2(a) and 2(b) can be
written as

4

3
κ3
�
1

4
T μν

R̄ ðk; k1; k2Þ − T μν
R̄αβ

ðk; k1; k2Þ
�
: ðB8Þ

Now, we consider the divergent part of the diagrams in
Figs. 2(c)–2(f). Summing all these contributions, we
obtain a transverse result that can be written in terms
of the basis (B7):

κ3

2
T μν

R̄αβ
ðk1 þ k2; k1; k2Þ: ðB9Þ

The total result, using Eqs. (B8) and (B9), leads to the
counterterms

FIG. 5. Diagrammatic identity between the background grav-
iton-scalar-scalar vertex and the graviton propagator in Landau
gauge. The arrow indicates the momentum flow. All external
lines are amputated.
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L3P ¼ κ2
ffiffiffī
g

p
16π2ϵ

�
1

3
R̄∂μϕ̄∂μϕ̄ −

5

6
R̄μν∂

μϕ̄∂νϕ̄

�
: ðB10Þ

3. 4-point scalar function

Next, let us consider the divergent part of the 4-point
scalar function. Note that permutations are implied.
The diagram shown in Fig. 3(a) (summing all the

permutations) leads to the following divergent contribution:

2κ4½ðk1 · k4Þðk2 · k3Þ þ ðk1 · k3Þðk2 · k4Þ
þ ðk1 · k2Þðk3 · k4Þ�: ðB11Þ

Now, one can compute the divergent part of the triangle
and box diagrams shown in Figs. 3(b) and 3(c) to show that
both vanishes. On the other hand, by power counting, it is
easy to see that both diagrams are finite in the Landau gauge.
The finiteness of diagram 3(c) comes from a generali-

zation of the identity shown in Fig. 5. In the Landau gauge,
we have that

ðB12Þ

which is the top-half of the graph [when k1 ¼ k2 ¼ k,
Eq. (B12) reduces to the identity in Fig. 5]. Joining it
with the bottom-half and using above identity for both
parts, we obtain that the loop integrand has the momen-
tum dependence

pD|{z}
loop

pμpν

p4|ffl{zffl}
top−half

1

p2|{z}
scalar

pαpβ

p4|ffl{zffl}
bottom−half

1

p2|{z}
scalar

∼
Iμναβ
p4

; ðB13Þ

where D ¼ 4 is the dimension of the spacetime. By power
counting, we find that the box diagram is finite. An

analogous argument applies to the triangle diagram in
Fig. 3(b), but now it relies on the observation that the vertex
defined in Eq. (A28) depends solely on external momenta.
Thus, the counterterm Lagrangian, in the Landau gauge,

induced by the 4-point function is given by

L4P ¼
1

4
κ4

ffiffiffī
g

p
16π2ϵ

ðḡμν∂μϕ̄∂νϕ̄Þ2: ðB14Þ

Adding all contribution [Eqs. (B5), (B6), (B10),
and (B14)], we obtain the off-shell background counterterm
Lagrangian (3.12).
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