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We present a comprehensive analysis of high-resolution transition-edge sensors (TESs) as a quantum
sensing platform for detecting dark matter (DM). Operating near the thermodynamic noise limit with sub-
eV energy resolution, TESs offer a powerful approach for probing light DM in the sub-GeV mass range.
Optical TESs, realized on superconducting films with critical temperatures below 150 mK, achieve energy
thresholds below 100 meV and enable precise calorimetric detection of individual energy depositions. We
model TES response by incorporating fundamental noise sources and applying optimal filtering techniques,
and we evaluate their sensitivity across a range of DM interaction channels, accounting for material
responses in the target material. We show that even nanogram-month-scale exposures can reach previously
unexplored DM-electron scattering cross sections below 10727 ¢cm? for sub-MeV masses and can probe the
MeV-scale mass range for DM-nucleon couplings. Combining high-energy resolution, photon-number
sensitivity, and scalability, optical TESs provide a compelling quantum sensing platform for rare-event

searches at the intersection of particle physics and quantum metrology.

DOIL: 10.1103/74pr-jbat

I. INTRODUCTION

Dark matter (DM), which constitutes approximately 85%
of the matter content of the Universe, remains one of the
most significant open problems in physics. While decades
of experimental efforts have focused on weakly interacting
massive particles with masses above the GeV scale, con-
clusive detection observations are absent. There is a rapidly
growing interest and frontier aiming to explore sub-GeV
DM candidates [1]. Detection of light DM through its
scattering/absorption by electrons/phonons in various types
of materials has been extensively studied in Refs. [2-21].
These lighter DM particles typically deposit only ~ eV-scale
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energies in interactions, pushing detection requirements
into new regimes. Realizing sensitivity to such low-energy
deposits calls for quantum sensors with single-quanta
resolution, sub-eV thresholds, and low noise levels.
Recently, several classes of superconducting sensors have
been proposed for DM detection, including superconduct-
ing nanowire single photon detector (SNSPD) [22-24] and
kinetic inductance detector (KID) [25] as both target
materials and sensors for DM detection. Here, we inves-
tigate and demonstrate the distinct potential of sub-eV
resolution superconducting transition-edge sensors (TESs)
for highly sensitive DM detection.

Superconducting TESs [26] constitute a broad class of
quantum detectors that are especially well positioned to
fulfill stringent requirements to realize necessary DM
sensitivity. Operated at the sharp superconducting-normal
transition, TESs transduce minute energy deposits into
detectable resistance changes via strong electrothermal feed-
back. A TES “thermometer” can be utilized either as a
bolometer to measure continuous power input or a calorim-
eter to measure energy depositions. TES-based detectors
have already demonstrated their potential across a range
of basic physics applications. Notably, the TESSERACT

Published by the American Physical Society
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experiment recently reported the first TES-based nuclear
recoil limits on DM as light as ~50 MeV, using silicon
targets with thresholds in the 10-100 eV range [27].
TESs have also been proposed or implemented in diverse
experimental contexts related to physical processes, includ-
ing relic neutrino detection [28], coherent elastic neutrino-
nucleus scattering [29], neutrinoless double f decay [30],
and calorimetric electron-capture measurements [31].
Ongoing developments aim to reduce photonlike dark
counts to levels compatible with rare-event searches [32].

Optical TESs have emerged as a highly sensitive TES
class with the ability to resolve individual eV-scale photons
with exceptional precision. These devices operate near the
boundary of classical and quantum thermodynamics, con-
verting the energy of a single photon into a quantifiable
signal. Recently, optical TESs using ultrathin Au/Ti
bilayers with critical temperatures below 120 mK have
achieved full width at half maximum (FWHM) energy
resolutions as low as AE ~ 67 meV at 0.8 eV [33]. This
performance places highly sensitive optical TESs in the
quantum calorimetric regime, where thermodynamic
energy fluctuations are governed by quantum statistics
and individual energy quanta become resolvable. Optical
TESs are qualitatively distinct from the calorimetric TESs
typically used in x-ray spectroscopy. They offer not only
superior energy resolution, but also faster response times
and the potential for scalable array integration.

In addition to their high-energy resolution, optical TESs
offer true photon-number-resolving capability. When illu-
minated by a monochromatic light source, the number of
simultaneously absorbed photons can be determined from
the total deposited energy. This property can be crucial for
quantum optics and quantum information applications,
where distinguishing between photon events is essential.
Photon-number resolution has enabled key advances in
quantum computing [34], quantum communication and
receivers [35], and quantum metrology [36,37]. Combined
with low dark count rates and sub-eV thresholds, this
functionality makes optical TESs stand out among quantum
detectors able to provide both spectral and number-resolv-
ing information, with applications spanning from quantum
state reconstruction to multiplexed imaging and fundamen-
tal physics searches. Here, we demonstrate that high-
resolution optical TESs offer a powerful platform for
DM detection, with the ability to probe rare energy
depositions from DM across a wide range of interaction
types. Their sub-eV sensitivity, combined with quantum-
limited resolution and well-understood thermal modeling,
opens new discovery space for low-mass DM.

In this work we present a comprehensive end-to-end
modeling of optical TES performance in the sub-eV energy
regime and demonstrate their unprecedented capabilities
for DM detection. The use of TES to probe light DM
scattering was proposed in Ref. [4] and is being considered
for repurposing the ALPS II TES system for DM-electron

scattering [38,39]. Our analysis distinctly includes detailed
treatments of TES noise sources, optimal signal filtering, and
full in-medium interaction calculations across a range of DM
detection channels. We combine ultralow TES thresholds,
material-specific response modeling, and realistic detector
simulations to project sensitivities for next-generation dark
matter experiments. These results show that optical TES
arrays are not only viable, but also highly competitive quan-
tum sensors for broad rare-event searches at the intersection
of particle physics and quantum metrology.

In Sec. II, we characterize the basic properties of high-
resolution optical TESs and perform simulations and fits of
their response. In Sec. III, we discuss key quantities for
characterizing the target material, including the dynamic
structure factor and the energy-loss function. In Sec. IV, we
derive sensitivity projections for various DM search chan-
nels, including DM-electron scattering, DM-nucleon scat-
tering, DM absorption, the Migdal effect, and power
deposition. We conclude in Sec. V.

I1. HIGH-RESOLUTION OPTICAL TES
A. Optical TES characterization

As a representative high-resolution TES for DM searches,
we consider an optical TES that is 20 nm/10 nm Ti/Au
bilayer with critical temperature of 7. = 115 mK, as
recently realized in Ref. [33]. Figure 1 illustrates a
schematic of the detection concept. DM interactions deposit
energy into a superconducting target material (e.g., Al),
breaking Cooper pairs and generating quasiparticles. These
excitations are subsequently thermalized and measured by
the quasiparticle-trap-assisted electrothermal-feedback tran-
sition-edge sensor [40], which operates near the super-
conducting transition to achieve high-energy resolution. The
TES operates near the fundamental noise limit, where the
dominant noise contributions arise from intrinsic thermal
and Johnson fluctuations. These limits define the ultimate
sensitivity achievable for energy deposition events, placing
optical TESs among the most sensitive quantum calorim-
eters currently realizable.

In Fig. 2 we the depict bias circuit as well as the thermal
model of TES. Here, voltage bias is supplied through a shunt
resistor of Ry, = 18 mQ. The TES resistance changes are
converted into measurable current signals, which are read
out using a superconducting quantum interference device
(SQUID) of input inductance L = 18 nH. The SQUID
readout provides sub-eV energy sensitivity with minimal

Quasiparticles
@oonoo—> Al -TES
Cooper

pair

FIG. 1. Setup for quasiparticle-trap-assisted electrothermal-
feedback transition-edge sensors.
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FIG. 2. Left: bias circuit of TES-R. Right: thermal model of the TES-R.

excess noise. For characterization of TES properties and
behavior, we follow Ref. [26].

In Table I we summarize the relevant electrical and
thermal parameters of reference TES (TES-R) we consider
at the bias point R/R, = 0.10, where R is the TES
resistance and R, is its normal state value. The steady-
state bias current is /) and the TES resistance at that point is
R,. Logarithmic temperature and current sensitivities are

TR

I, 0R
o0=———, =——
R, oT

- , 1
Ry ol |, m

Heat flows from the TES electron system to the bath
through two thermal conductances G;, (TES-bath) and
through G ; (TES-absorber node C,). The effective small-
signal thermal conductance is Gegr = Gesp + Gies1- The
associated loop gain

IoRoa -
Gefch

'Ceff = 53 (2)

TABLEI. TES design parameters used in this work considering
reference TES as realized in Ref. [33] and proposed optimized
TES where energy resolution can be reduced by half.

Parameter Value for TES-R (TES-O)

p 9.22

Ry 0.284 Q

Lege 53

71 11.4 ps (45.6 ps)
92-body 0.326

Gegr 6.32 x 10712 W/K (9.95 x 10713 W/K)
Iy 6.98 x 1077 A (220 x 1077 A)
70 13.9 ps (55.6 ps)

77 —0.27 ps (—1.07 ps)

Ry, 1.8x1072Q

L 1.8 x 1078 H

M? 2.17

T, 115 mK (72 mK)

Than 7 mK

kg 1.380649 x 1073 J/K

is sizable, ensuring strong electrothermal feedback (ETF)
and fast return to equilibrium recovery time.
The small-signal thermal time constants are

ths Cl
=, T = s
Gtes,b + Gtes,l Gtes,l

(3)

70

while ETF modifies the electrical time constant to
71 =179/ (1 = Leg). Coupling between the two thermal
nodes is described by

Prbody = Gtes,l (Ttes)Gtes,l (Tl)
o (Gtes,l (Ttes) + Gtes,b)(Gtes,l (Tl) + Gl,b) '

(4)

where T, and 7' are the electron temperatures of the TES
and node Cy, respectively.

The complex TES impedance is then determined entirely
by the parameters in Table I as

RoLe(2 +
Zrgs(w) = Ry(1 + ) +M
1- ‘Ceff
92-body -1

1 1 -
| e (1 = Legt) (1 + icwry) ©)

This impedance is the main electrical input required for the
signal characterization we describe below.

Two intrinsic fundamental noise sources dominate in the
100 Hz-1 MHz band and set the ultimate sensitivity of
TES, Johnson noise, and thermal-fluctuation noise (TFN).
The Johnson current noise given by

(1+M?)
ﬁeff

|1, = 4kpT I5R, (1 + @*zg)|s;(w) ], (6)

where M is empirically obtained from data to determine
excess Johnson noise [33]. The small-signal responsivity is
given by

1 Zrgs — Ro(1 + )
(ZTES + Rsh + l(l)L)IO R0(2 + ﬁ)

(7)

si(w) = —

036006-3



CHEN, TAKHISTOV, NAKAYAMA, and HATTORI

PHYS. REV. D 113, 036006 (2026)

The TFEN noise is given by

T a n+1
o [7en = 2kpTEGegr K ;th> + 1}

1.15 ]2
1 + o?7}
« ’ Zrgs — Ro(1+ )

(Zrgs + Ry + ioL)(2 + B) IR,

X [4.12—

2

- (8)

Here, the effective thermal conductance G, is determined
from the Joule power dissipation characterizing the power
flow to the heat bath

T n
Py =n"'GyT., <1 - <;flﬂl> > )

and n~5 determined from measurements implies TES
cooling by electron-phonon coupling [33].

In Fig. 3, we plot noise contributions together with the
measured noise baseline reproduced from Ref. [33]. The
total noise spectral density is given by

|Iw|t20ta1 = |Iw|_% + |Iw|%‘FN (10)

For an ideal calorimeter, the FWHM TES energy
resolution can be estimated as [26]

1 14+ M?
AEpwiv = 2V21n2 4kBTg£\/”( +ﬂ)2( + )’
a
(11)

where C denotes the heat capacity. The energy resolution can
be improved by lowering 7., the heat capacity C, and the
current sensitivity parameter £ or by increasing the temper-
ature sensitivity parameter a. Since o and f are largely
determined by the material properties and are challenging to
modify, in this work we investigate improvement of the
energy resolution by lowering 7. For a fixed volume, the
electronic heat capacity scales linearly with 7'.. Hence,
Eq. (11) implies the scaling relation A Epyyy & T2, Using
the reference TES-R parameter values in Table I, we
determine AFEpwpy =~ 31 meV considering 7. = 115 mK
and for M = 1.474.

In the small-signal limit, a more precise evaluation of the
FWHM TES energy resolution can be obtained with the
total current noise-weighted responsivity

AEpwhm = 2v21n2{/def} _1/2. (12)

0 |1w‘t0tal

For the integral expression in Eq. (12), the T, dependence
is more complicated. From Egs. (6) and (8) we can find

. 5/2 _
the scalings Iy x T7/%, G o« T* and 0.7, 7, & T35,

T — T T — T T

1070 Ro/R,=0.1

Hz]

t TFN + Johnson noise (M = 14474_1)
10-11F . i e

. ,
.. Measured noise:

10712 E Johnson noise (M=1.474)

Current noise [A/

t Johnson noise (M=0)

1073
100 1000 10* 10° 108
Frequency [Hz]
FIG. 3. Current noise spectrum for TES-R considering funda-

mental Johnson noise (dashed) and TEN noise (dot-dashed). The
total noise as measured in Ref. [33] is overlaid.

Combining these factors, the thermal-fluctuation noise
term |/, |rpy dominates the integral. Hence, the overall

scaling again approximately follows A Epwim & T3/?. With
the reference parameters for TES-R in Table I, this gives
AEpwym =~ 36 meV (M = 1.474).

In order to improve the energy resolution by approx-
imately a factor of 2 requires reducing the critical temper-
ature from 7. = 115 mK for TES-R to approximately
T. =72 mK, which we consider as a characteristic opti-
mized TES configuration that we call TES-O, and rescaling
all T,.-dependent parameters in Table I. Since the thermal
fall time scales as ¢, o 723, we adopt 7g,; = 16 ps for the
TES-O.

To more precisely evaluate the TES energy resolution, we
simulate the detector response and extract the resolution by
applying optimal filtering to the generated data. Although we
model the response of a single 100 x 100 pm optical TES in
detail, the exposure can be increased almost linearly by tiling
many pixels on a common substrate. Modern microwave
SQUID multiplexing (uMUX) architectures routinely read
out O(10?) channels per feedline without significant deterio-
ration of the intrinsic energy resolution [41]. To keep the
discussion concrete, we consider an 80-pixel subarray—
readily achievable with a single uMUX module. Larger
arrays up to and beyond the 103-pixel scale would simply
translate the projected sensitivity curves according to the
typical exposure scalings.

To isolate and highlight the fundamental, noise-limited
reach of our detectors for DM searches, we quote signal-only
sensitivities. These correspond to 95% confidence level (CL)
projections obtained from Poisson statistics, with Sgs5 >~ 3
expected signal events. We do not consider backgrounds that
depend on experimental site such as stray photons, radio-
genics, or cosmogenics, and they must be evaluated sepa-
rately for each specific experimental configuration.

In the presence of a flat, uncorrelated background B,
the median-significance prescription [42] approximately
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FIG. 4. Left: ideal pulse response of TES after the addition of the electronic noise simulated with TEN and Johnson noise for reference
TES parameters of Table I and considering M = 1.474 (cyan) and M = 0 (orange) excess noise contributions. Right: calibration photon
energy Fgrr fitted by optimal filtering from simulated data with TFN and Johnson noise for M = 1.474, for 4000 realizations.

rescales the required signal as § — S+/1 + B/Sys and thus

the DM interaction cross sections as ¢ = o4/ 1 + B/Sgs.
As a reference, the recently observed low-energy excess
in some TES devices [43] exhibits an integrated event
rate of O(1-10) eventss~' g=! below ~5eV. For our
benchmark exposures of 1.6 ng - month, 220 - month, and
8.6 pg - month, this corresponds to background counts
B~2x1072, 2.9, and 1.1 x 10%, respectively, which
would relax the projected sensitivity reaches by factors
of ~1, 1.4, and 6, respectively.

Thus, we expect our analysis projections to remain
robust within a factor of several for well-mitigated back-
grounds and can be readily rescaled as discussed above
once improved background estimates become available or
for specific setups. A dedicated mitigation strategy, which
can include underground laboratory operation, shielding,
and vetoing, will be essential for optimal specific future
realizations.

B. TES simulations and response fit

To more precisely evaluate the TES energy resolution,
we simulate the detector response and extract the resolution
by applying optimal filtering to the generated data.

We simulate the TES output signal as the sum of a
deterministic pulse response and stochastic baseline noise.
The signal component is modeled using a phenomenologi-
cal template calibrated to describe single-photon events in
optical TESs [26]. The current response is expressed as

B 24,
B exp[—(t - tO)/Trise} + CXp[(l‘ - tO)/Tfall] ’

Isig(t) (13)

where A; is half the peak amplitude, ¢ is the trigger time,
Thse 18 the rise time governed by the L/R electrical time
constant, and 7y, is the decay time determined by the ETF
and the effective thermal conductance G to the bath. This

template accurately describes TES signals and provides a
well-defined pulse kernel for matched filtering.

In Fig. 4, we display an example of the analytic template
evaluated for an 80 ns sampling grid using best fit
parameters (7. = 50 ns, #y = 20 ps, g, = 4 ps) and sig-
nal amplitude A; = 1.62 x 10~7 A for TES-R as well as
(7se = 50 ns, tg = 20 ps, 7,y = 16 ps) and signal ampli-
tude A; = 5.54 x 1078 A for TES-O calculated from

Egrr = —/loRolsig(f)dt (14)

with the calibration photon energy Egrg = 0.8 eV used in
Ref. [33]. We note that current can be readily converted to
voltage, considering a factor of 270 kQ.

To simulate the baseline noise, we construct the time-
domain noise signal from the theoretical current noise
spectral density |/, fml, which includes both the fundamen-
tal Johnson noise and TFN, as discussed above. For each
Fourier frequency bin f; up to the Nyquist frequency
Sy = 12.5 MHz, we generate two independent Gaussian
random variables with zero mean and unit variance, and
scale them by (|I,,(f;)|?Af/2)'/? to define the real and
imaginary parts of the Fourier-domain noise. The negative-
frequency components are set by complex conjugation to
ensure a real time-domain signal. An inverse fast Fourier
transform yields the time-domain noise stream &I(1).
Adding the noise to the pulse template gives

I(t) = Igy(t) + SI(1). (15)

To extract the energy resolution, we apply an optimal filter
in the frequency domain [44]. The optimal filter is designed
to minimize the variance of the amplitude estimate for a
known signal template in the presence of stationary Gaussian
noise. Denoting the discrete Fourier coefficients of the signal
waveform as I, the unit-normalized Fourier template

as fzk = Vsig.k/A, and the noise spectral density as S;,
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TABLE II. Comparison of energy resolution A Epyypy obtained
using Eq. (11), the small-signal expression Eq. (12), and full
optimal filtering simulation. TES-R denotes reference TES at
T. =115 mK, while TES-O refers to a lower-7,. design at
72 mK.

Excess Johnson noise (M) 0 1.474
TES-R Eq. (11) (AE, eV) 0.023 0.031
TES-R Eq. (12) (AE, eV) 0.027 0.036
TES-R optimal filtering (AE, eV) 0.026 0.031
TES-O Egq. (11) (AE, eV) 0.011 0.015
TES-O Eq. (12) (AE, eV) 0.013 0.018
TES-O optimal filtering (AE, eV) 0.012 0.016

the maximume-likelihood estimator for the pulse amplitude is

i Sl / Sk

==K - X (16)
Sl /S
and its variance
63‘ = % (17)
il /1 x

This estimator yields both the reconstructed pulse amplitude
and the minimum statistical uncertainty for a linear meas-
urement. We can then convert the amplitude variance to an
energy resolution.

We simulate 4000 pulse response realizations and apply
an optimal filtering procedure with realistic noise condi-
tions for TES-R and TES-O. In Table II, we compare the
results of optimal filtering against the analytic small-signal
limit from Eq. (12) for both TES-R with 7. = 115 mK and
TES-O with T, = 72 mK. We include two cases for the
excess Johnson noise factor M =0 and M = 1.474, as
inferred from experimental fits.

The agreement between the analytic and numerical
results confirms the robustness of the optimal filter
approach. Furthermore, our simulations reproduce the
experimentally measured single-photon resolution of
AFEpwpm =~ 67 meV from Ref. [33], validating the TES
design and confirming that its performance is fundamen-
tally limited by Johnson noise and TFN under low-back-
ground conditions, such as those expected in underground
laboratories.

For sensitivity projections in DM searches, we model the
TES as a near-ideal calorimeter. The interaction rates are
calculated in terms of true deposited energy Eq., and
convolved with the detector response to obtain the mea-
sured energy distribution. From our simulations, the base-
line variance ai for zero-energy events is determined using
the same optimal filter method. Assuming Gaussian sta-
tistics, the single-event energy resolution is AEpwpym =
2.3550,. We adopt a 3¢ threshold criterion for triggering,
giving a conservative but realistic detection threshold of

Ey =304 ~0.1 eV, which we use throughout our sensi-
tivity estimates.

III. TES TARGET PROPERTIES

To explore DM interactions, we consider TES itself as
the Al target and also consider additional Al absorbers. The
interactions of DM with a condensed-matter target are
governed by two complementary response functions. The
dynamic structure factor S(g,®) encodes microscopic
density-density correlations and controls processes consid-
ering energy @ and momentum ¢ are transferred to the
medium. On the other hand, the energy-loss function (ELF)
Im[—1/¢e(q, w)] is a macroscopic quantity derived from the
complex longitudinal dielectric function € and governs the
dissipation of an external electromagnetic field. Both
quantities can be expressed in terms of equilibrium corre-
lators of number-density operators. They depend only on
the intrinsic properties of the material and not on the
specific probe that excites it, such as DM interactions.

In the remainder of this section, we summarize the Al
response needed for our DM-scattering and DM-absorption
calculations—namely, S,(gq,®) for nuclei, S,(q,w) for
electrons, and dielectric function €(g, w). For numerical
computations, we employ DarkELF [15] code, which com-
bines experimental data with ab initio calculations.

A. Dynamic structure factor

For a target material of volume V7, the dynamic structure
factor for species i, with i = e, n for electrons and nuclei,
respectively, is defined by (see the Appendix for details)

Sa.0) =~ [ de (n(g.0)m(-0.0)

T [
2r 5
:V—T pm|<m|nl(q)|n>| 5(w+Em_En)’ (18)

where n;(q,t) is the Fourier transform of the number
density n;(x,1), ¢ =|q| is the momentum transfer, and
o is the energy transfer. The states |m) are many-body
eigenstates of the unperturbed Hamiltonian with energies
E,, and p,, = e En/T/3" ¢7E/T are the Boltzmann
occupation probabilities at temperature 7. Equation (18)
is valid for electrons and for the center-of-mass motion of
the atomic cores. The latter can include single- and multi-
phonon excitations, as well as recoil of the individual nuclei
in the impulse limit. For our analysis, we consider scenarios
where DM is the dark photon or DM couples to material
through a scalar/vector mediator. In these cases, the
dynamic structure factor of the electron/nucleus number
density captures the effect of DM absorption/scattering in
the nonrelativistic limit.

If the DM or its mediator couples to the electronic charge
density, the relevant quantity is the electron dynamic
structure factor S,(¢,®). The fluctuation-dissipation
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theorem connects this microscopic quantity to the macro-
scopic longitudinal dielectric function ¢(q, ) through [45]

q° Im[-1/e(q. o)]
2ra, 1 —exp(—w/T)’

Se(q. ) = (19)

where a, = ¢?/(4n) is the fine structure constant and
m[—1/e(q, w)] is the ELE.' The ELF quantifies dissipation
under an external driving field and is therefore the
appropriate quantity to employ when Standard Model
(SM) photons, dark photons, or millicharged DM particles
interact with the target.

The factor 1/e in Eq. (19), rather than ¢ itself, can be
understood from standard electrodynamics of interfaces
[46]. Across the boundary between the material and
vacuum, the displacement field D; = ¢;;E; is continuous,
whereas the microscopic electric field is not. Writing the
fields just inside (“in”) and outside (“out”) the sample,

one has eE!™ = p™ = p{* = gl

nal driving field is E°") = E(") /e. The electromagnetic
energy stored per unit volume inside the medium is
Uy = £|E|? = L|ECW|2. Dissipation therefore scales
with Im[l/e], which is the quantity that appropriately
describes energy loss in response to an external field. A
systematic derivation of this result in the context of DM
absorption is given in Ref. [16].

If DM or the mediator couples instead to nucleons, the
relevant quantity is the nuclear structure factor S,(q, ®).
With the number density of nucleons n being n,(x) =
>, A8(x — x,), where A = 27 is the mass number of the
nucleus for Al and 7 labels the lattice sites, Eq. (18)
becomes”

Hence, the exter-

S, (0.q) = X Z‘ZK Fleiax|0) ‘ Sw—E,). (20)

where |0) is the 7 — 0 ground state and V; is the total
target volume. For light DM, the intermediate state |f) can
generally contain one or more phonons. Accordingly, S,
must be evaluated in various kinematic regimes [10,17,21].

For low-momentum transfers within the first Brillouin
zone, g < gpy = 27/ ay, with aj, ~0.44 nm for Al, the
response is dominated by creation of a single longitudinal-
acoustic (LA) phonon,

27[142 qZ (LA)
——dw—w 21
Vcell 2mA1w,(1LA) ( ! ) ( )

St (g, 0) =

'We note that the measured ELF in experiments can contain
contributions from phononic absorption. For @ higher than the
typical phonon energy, interactions with electrons give dominant
contribution.

Here we assume that a unit cell contains one atom, which is
true for Al. Consequently, there are no optical-phonon branches.

where V. is the primitive-cell volume, m,; = 25.0 GeV

is the Al atomic mass, and wéLA) = gcp represents the

dispersion relation of the LA mode with sound
speed cpp ~6.2 kms™!

For momentum transfers exceeding the first Brillouin
zone boundary, g > gp,, single-phonon creation is no
longer kinematically favored and the response is instead
governed by multiphonon and, at still higher g, by nuclear
recoil processes. For gg, < g < 2y/2mp @ the scattering
excites n > 1 phonons. In the incoherent approximation

_ 2247 e—zwwz( 9’ )”i
Vel 2my;) n!

(I 32 e)

(22)

Sglmultl) (q, a))

Here, D(w) denotes the phonon density of states. The
Debye-Waller factor that resums virtual phonon exchange
W(q) is given by

Wig) =L JEt (23)

4mAl a)/

Expression (22) is valid for momentum transfers in the
range qg, < q < 2v/2my @, where @ is a representative
phonon energy—for Al we take the average acoustic
phonon energy @ = [ dw D(w)w = 25 meV [15].

At still higher momentum, g > 21/2ma @, energy and
momentum are deposited abruptly and lattice ions behave
as quasifree particles. In this impulse approximation (IA),
the response is a Gaussian centered on the free recoil
energy

(IA) 27TA2 1
Sn(gw) = ———F—=——
( ) Vcell V ZﬂA(Q)

(0= Ciz/zmm)2

2A%(q) @)

X exp | —

with variance A%(q) = ¢*@/(2my;).

For energy-momentum (g, ) transfers that probe the
internal structure of the nucleus, the scattering reduces to
incoherent nuclear recoil modified by the nuclear form

factor,
2
(475 ( o — 2 25
¢ (a) 2mAl>’ (25)

27A? 3j1(qrar)
Vcell (qrAl)

S(NR) (q, a)) =

where j; is the spherical Bessel function, rp;
1.14A'3 fm ~3.42 fm is the effective nuclear radius,
and s ~ 0.9 fm parametrizes the surface-diffuseness “skin
depth” of the nucleus.
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FIG. 5.
Im[—1/e(w, q)] for aluminum.

In Fig. 5, we display S,(q, ®) for several representative
q values. The low-w acoustic ridge dominates DM scatter-
ing for m, < 50 MeV, whereas multiphonon and impulse-
approximation continua control the response at higher
masses.

B. Dielectric function

Al is a simple metal with no electronic band gap. The
ELF in the electronic regime, Im[—1/e(q, )], can be
deduced at small momentum from reflection-electron-
energy-loss and optical data by fitting to the Mermin
oscillator model [47]. Those data provide the complete
complex dielectric function in the ¢ — 0 limit for Eq. (19).
For larger momenta, where direct measurements are more
sparse, we match the empirical fit onto a Lindhard model
calculation that reproduces the electron-hole continuum.

The fluctuation-dissipation theorem makes the imagi-
nary part of the dielectric function the central quantity for
DM-electron interactions, because it is directly related to
the electron dynamic structure factor as through Eq. (19).
The dielectric response of the conduction electrons, which
directly encodes the medium’s optical and energy dissipa-
tion properties, characterizes Al sensitivity to DM energy
deposits.

The zero-temperature Lindhard dielectric function for a
free electron gas with Fermi velocity v (e.g., [46,48,49]) is
given by

3wk o+in  q
SL(q, a)) =1+ qzy% %1_1)1(1) |:f( qup ’Zme UF>:| ’ (26)

where

fluz) =3

o(2) = (1= )l

+8iz[g(z+ u) + g(z — u)],

14+x
1—x|’

(27)

Log,[Im(-1/€)]

50

100 500 1000

Left: density plot of the nuclear dynamic structure factor S,,(¢, @) for aluminum. Right: density plot of the energy-loss function

w, = 15.3 eV is the Al bulk plasma frequency, and m, is
the electron mass.

Dissipation from impurities and electron-phonon scatter-
ing can be incorporated through the Mermin dielectric
function prescription [47], which generalizes the Lindhard
model by including a finite electron collision rate y,

(1 +iy/w]le.(q. 0+ iy) — 1]

iy eL(qo+iy)—1 ’
I+ o €(q.0)-1

e(q,w) =1+ (28)

where y is the phenomenological electron-collision rate.

In Fig. 5, we display the resulting nuclear structure factor
S,(q,®) calculated as described in Sec. IIIA and
Im[—1/e(q, w)] calculated considering Mermin dielectric
function for several representative momenta. A pronounced
plasmon peak appears near @ =~ w,, which also dominates
dark photon absorption. The broad Landau tail below 1 eV
is governed by sub-eV electron recoils as relevant for
light DM.

IV. DARK MATTER SEARCHES

Having developed optical TES characterization, we now
turn to exploring DM detection strategies that leverage its
sensitivity.3

A. Electron scattering

We consider DM interactions with electrons through a
mediator particle in our optical Al TES target. As discussed
above, the relevant in-medium scattering rate is governed
by the ELF of the material, Im[—1/e(w, ¢)]. Additional
discussion of DM-electron scattering in materials can be
found in Refs. [13,14].

*While a comprehensive model survey is beyond the scope of
this work, we note that DM scenarios capable of generating
sizable cross sections in the relevant parameter space have been
proposed, including HYPER DM [50] for DM-nucleon scattering
and dark sink models [51,52] for DM-electron scattering.
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One motivated scenario is DM-electron scattering through
a vector (dark photon) mediator A/, although the scalar
mediator case can be analyzed in analogous way [13]. The
Lagrangian is

1 1
LD _ZFWFW - ZF/””F;,,, + o + my iy

+ %m%,A;,A’” + (g.J% + g,J%) A, (29)
where F,, and F),, are the field strengths of the photon and
dark photon, y is the DM fermion, my is the dark photon
mass, m, is the DM fermion mass, J4 the electron current,
and JY the DM current with coupling constants g, and Gy
In-medium photon-A’ mixing modifies the propagator
through the longitudinal dielectric function e(w, ) of the
target. Here, these effects are taken into account by the ELF.
Although we focus on the vector mediator below, analogous
calculation also applies to the case of scalar mediator, after
reinterpreting my as the scalar mass m, and g, (g.) as the
scalar-DM (scalar-electron) couplings. See Ref. [53] for a
review of such light DM coupled through a mediator.

For a nonrelativistic DM particle scattering with incom-
ing velocity v and outgoing velocity V', the energy transfer

1

is given by @ = $m,, (v* — v'?) and the momentum transfer

by q = m,(v —V'); hence there is a relation

7
=q-V——o. 30
@=qV 2’”;( (30)

This implies the kinematic threshold

w q
wlw.q) =2+ -1 31

For the DM halo velocity distribution f(v), we use the
truncated Maxwell-Boltzmann distribution following the
standard halo model [54]

1
F(v) = e O DO (rege = v+ v,
0

), (32)

where N is the normalization factor, |v,| = 240 km/s is
the velocity of Earth in the Galactic rest frame, vy =
230 km/s is the average speed of DM in the halo, and
Vese = 600 km/s is the Galactic escape velocity at the
Sun’s location. One can define the inverse mean velocity
weighted by the halo distribution

'I(Umin) = />‘ . d31jm. (33)

v

The DM-scattering rate per unit time per detector mass
(e.g., in units of s~' kg™!) is given by (see the Appendix for
detail)

Py 2 &Eq [ 9.9, \?
R=—"" [ & S, (o,
o o [ 50 <q2+m2v ) J(o.q)
213 2R P 1
= L /d%f(v) 74 g 7 296912 2 m[ }
prm, (27)° e*(q” + my) (. q)
(34)

considering isotropic targets. Here, p, = 0.4 GeV cm™ is

taken as the local DM density (e.g., [55]) and py is the mass
density of the target material, and we have taken the zero-
temperature limit. We note that @ in Eq. (34) should be
understood as a function of q and v through Eq. (30).
Equation (34) can be also conveniently stated in terms of
the reference DM-electron cross section as [2,3,14]

R=Pr % /d%f(v)

primy, 2ae:u)2(e

< [ el FmaaP [ 2] 33)

where the mediator form factor is

2 2
my +dqg.,
Fiea(q) = m (36)
and the DM-electron reference cross section is
22,2
_ Ge Gyl
, =——p (37)

- w(my +q3,)*

with reference momentum ¢, , = a,m, and p,, being the
reduced mass of the electron and DM.

To estimate the DM interaction event rate, we need to
account for the detector’s energy threshold Ey,. This is
implicitly encoded in Eq. (35) through the integration limits
over q and v. For clarity, it is convenient to rewrite the
expression as follows. We insert a trivial identity,
1= [dws(w—q-v+q*>/2m,), and exchange the order
of integration. Introducing the angle 8 between q and v, we
perform the 0 integral using the 6 function, which yields a
Jacobian factor (qv)~!. After determining the physical
integration ranges of @ and ¢, we arrive at the expression
presented in Ref. [17],

Drmax dR
R = do—, 38
S (38)

where

dR 1% 5(3 q+ q3dq
o= £ 2 / 2 |Fmed(Q)|2
do primy, 2“6”}(9 q- (271')
x Im |— N(Vmin(@, q)).- 39
o a0 (39)
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FIG. 6. Left: sensitivity projections for TES detection of DM-electron scattering considering heavy mediator at the 95% CL, for
various exposures (solid lines). The sensitivity is calculated using ELF calculated from the Mermin method, with energy threshold
E;, = 0.1 eV. The shaded regions indicate existing terrestrial detection constraints derived from KID [25] and SNSPD [23] data, from
XENONI100 [56], XENONIT [single electron (SE) and S2 only (S20)] [57,58], PANDAX-II [59], DarkSide-50 [60], EDELWEISS
[61], DAMIC-M [62], CDMS-HVeV [63,64], SENSEI [65-67]. Right: DM-electron scattering with light mediator.

Here 7(vpin) is given by Eq. (33), ®mpax = m, vk, /2 with
VUmax Deing the maximum DM velocity on Earth, and

2w
q+(w) =My Uy | 124 /1 ——
\ ny

Our high-resolution TES is capable of resolving energy
depositions as low as Ey, = 0.1 eV. The measured ELF of
aluminum exhibits a Landau damping continuum below
~10 eV. This enables sensitivity to DM-scattering-induced
sub-eV electron excitations. The Al plasmon peak near
w, ~ 15 eV is kinematically inaccessible for MeV-scale
DM scattering, but can be relevant for DM-absorption
processes discussed in the next subsection.

In Fig. 6, we present projected sensitivities* for bench-
mark exposures and both heavy and light mediator scenar-
ios of DM interactions, corresponding, respectively, to flat
and Coulomb-like F.4(g) form factors. The smallest
considered exposure, 1.6 ng-month, corresponds to a
40-pixel optical TES subarray and a month live time of
experiment setup operation. The intermediate benchmark
of “80 TES + blocks” corresponds to an 80-pixel subarray,
augmented by Al collection blocks attached to each TES to
increase the target mass without significantly compromis-
ing energy resolution. These blocks are assumed to con-
tribute an additional factor of ~70 in mass per pixel,
consistent with designs that enhance absorber volume while
maintaining thermal coupling. The total effective target
mass for this configuration is approximately 220 ng.
Finally, the 8.2 pg-month exposure represents a forward-
looking scenario achievable with large multiplexed TES

(40)

*We focus on comparing the projected TES reach with existing
direct DM detection limits. Cosmological constraints, which may
be relevant in parts of parameter space, typically carry additional
model dependence and are omitted here for clarity.

arrays [e.g., O(10%) pixels], extended integration time, and
optimized absorber engineering. These values are chosen to
span current capabilities and optimistic but realistic near-
future projections for quantum calorimetric rare-event
searches.

The excellent energy resolution and low threshold of the
TES setup enable sensitivity to previously unexplored
parameter space for m, ~0.1-10 MeV, reaching cross
sections as low as &, < 107* cm? with gram-scale expo-
sures. We note that there is some uncertainty for o 2 15 eV
(¢ Z 20 keV) where ELF models diverge.

B. Absorption

Light bosonic DM particles with masses in the sub-keV
range can be efficiently absorbed by a material, in analogy
with photon absorption. Let us consider a dark photon A
with mass my kinetically mixed with the photon’

1
~myALA,

K
SPREL 4

1
LD>——FWF, —
47 2

%F/””Fjw -
(41)

where « is the kinetic mixing parameter. After removing the
kinetic mixing term with the field redefinition, the dark
photon couples to electric current with a suppressed
coupling ke. The coupling to the electromagnetic current
enables absorption into electronic or phononic excitations.
The dark photon mass my determines which absorption
process is relevant, since the absorbed energy  is almost
equal to my.

The absorption rate per unit detector mass is governed by
the imaginary part of the dielectric function in the ¢ — 0
limit (see the Appendix for more details)

See Refs. [68—79] for production mechanisms of the dark
photon DM.
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FIG. 7. Sensitivity projections for TES detection of DM absorp-
tion, for different exposures and energy thresholds (dot-dashed
and solid lines). The shaded regions indicate existing terrestrial
detection constraints derived from KID [25] and SNSPD [23] data,
from XENONIT [57,58], EDELWEISS [61], DAMIC-M [62],
SENSEI [65-67], XENON10, and CDMSlite [82].

k=Lt ) )

where e(w) is the complex dielectric function evaluated
at w = my.

DM absorption can proceed through excitation of con-
duction band electrons. At lower energies (my < 0.1 eV),
the dominant absorption channel is a multiphonon
process—there are no optical-phonon modes for Al. The
ELF in this regime is well measured or modeled using
analytical fits [15]. We extract the ELF for Al from optical
data using the Mermin model and evaluate Im[—1/¢(w)] in
the ¢ — O limit using DarkELF.

Figure 7 shows projected sensitivities for dark photon
DM absorption in our TES setup, assuming benchmark
exposures. A clear plasmon peak is seen at my ~ 15 eV. A
dip around ~70 eV corresponds to the L edge [80,81].
With a 0.1 eV threshold and no excess background, the
single-photon sensitivity enables testing kinetic mixing
down to x ~ 107'3, surpassing astrophysical limits in the
meV—-eV mass range.

C. Nucleon scattering

In addition to DM-electron scattering, our TES setup is
sensitive to interactions where sub-GeV DM scatters
coherently off target nuclei. This is the case if the mediator
interacts with nucleon n through £ = gnA;,Jﬁ in Eq. (29).
The associated scattering rate is governed by the nuclear
structure factor S, (¢, ). Note that, if the mediator only
couples to proton (but not to neutron), for example, then
S, (g, w) should be multiplied by (Z/A)? with Z (A) being
the atomic (mass) number of the nucleus.

The differential scattering rate is calculated in a similar
way to Eq. (39) as

[ Heavy mediator
10-3¢} 8.2 yg-month

0.01 0.10 1 10 100 1000
m, [MeV]

FIG.8. DM-nucleon coupling with phonon regimes, for 8.2 pg-
month exposure, considering different thresholds.

dR G, [4+qd
o= [1 I ()
do  prmyu, ), 4=
X Sn (0), Q)’?(Umm(a% C])), (43)

where F,.4(q) takes the same form given in Eq. (36) but
with a different reference momentum transfer g, = m, v;.
Here, 6, is the reference DM-nucleon cross section
given by

_ GG

"+ ) “
with the DM-nucleon reduced mass u,, = m,m, /
(m, + m,). The total rate is then obtained by Eq. (38).

We consider the full structure factor S, (¢, ®), compris-
ing both single-phonon contributions at low-g momentum
transfer and multiphonon or impulse-approximation tails at
higher ¢. This unified approach enables a comprehensive
treatment of DM-nucleus scattering in materials with
crystalline structure. The DM-nucleon scattering event rate
for a superconducting Al target has been -calculated
following this approach in Ref. [21]; however, the phonon
regime, which dominates the low-energy nuclear response,
is not accessible in our TES setup due to the limited
detection threshold. Specifically, phonon excitations lie in
the O(meV) range, while our TES has an effective
threshold of Ey = 0.1 eV. As a result, for our projected
exposures and threshold, phonon and multiphonon excita-
tions are not observable, and the rate is entirely dominated
by nuclear recoil tails at higher @, consistent with a
standard elastic recoil treatment.

In Fig. 8, we illustrate sensitivity for DM-nucleon
scattering with heavy mediator considering different energy
thresholds, showcasing significant suppression of phonon-
induced scattering at Eg 2 0.1 eV. For DM masses
m,, < 100 MeV, most scattering would proceed via phonon
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FIG. 9. Left: sensitivity projections for TES detection of DM-nucleon scattering with heavy mediator at the 95% CL, for various
exposures (solid lines). The blue and green shaded regions indicate existing terrestrial detection constraints based on SNSPD data
[22,23] and KID data [25], and orange and gray shaded regions indicate elastic collisions and the Migdal effect, respectively, including
XENONIT [83], PANDA-4T [84], LUX [85], CRESST-III [86], DarkSide-50 [87,88], EDELWEISS [89,90], SuperCDMS [91,92],
DAMIC-M [62], and SENSEI [93]. Right: DM-nucleon scattering for light mediator.

channels. However, these contributions become suppressed
above threshold, leading to rapidly decreasing sensitivity.

In Fig. 9, we further demonstrate that in both the light
and heavy mediator scenarios, respectively, sensitivity
improves substantially with lower thresholds. The regime
transitions, from phonon dominated to impulse dominated,
depend on the energy threshold. Our scenarios lie in the
latter.

D. Migdal effect

We distinguish between elastic DM-nucleon scattering
and the Migdal effect analysis. The Migdal effect [94,95]
refers to an inelastic atomic process wherein a DM-induced
nuclear recoil causes a sudden displacement of the nucleus
relative to the electron cloud, leading to the ionization or
excitation of bound electrons [96-98]. This effect provides
additional electromagnetic signatures that could potentially
be more easily detectable than the recoils itself. These
electromagnetic signatures are often easier to detect than
the nuclear recoils themselves. While the elastic channel
discussed in the previous subsection produces nuclear
recoils or, at lower energies, lattice phonons, the Migdal
channel yields prompt electronic energy deposits that can
be recorded calorimetrically by TES.

For an isotropic target material such as Al, the differ-
ential event rate is

do dP

/ dSDUf(U)E%, (45)

dR Py

dodEy  mym, [,

where my is the mass of the Al nucleus, Ey = ¢?/2my is

the nuclear recoil energy, and vy, = \/2Ey/u,y is the
minimum velocity for recoil. The probability density for
Migdal transitions considering deposited energy @ in
electronic system

dP  4a,Z}E ~1
el N / dkk® Im . (46)
do 3ro’my e(k,w)

The factor 1/Ey(0P/dw) is independent of v and Ej.
Hence, following Ref. [15], we can define

do

J(v,®) :/dENENdEN (47)

so that differential rate with respect to @ becomes

dR 1 oP
_NP—X{E_Ng} Ammaﬂvvf(v)f(v,w). (48)

do m,my

Within the free atom approximation in the massive media-
tor (my — oo0) and massless mediator (my — 0) limits,
Eq. (47) reduces to [15]

A6
Jo =555 (¢4 —q%).
16ﬂ2va2,u§n( b )
A%5,q; q
Jo=——"2"_log {—ﬂ (49)
0 4 myvips, q-

The momentum transfer limits are taken as

11 f1-2
q+ = Vi, N - s
+ y iy

2
I_UZ:)N \/2myElr | (50)
X

where EW is a possible nuclear recoil-energy analysis cut.
For our calorimetric TES analysis, we set here Eﬁr =0.1 eV.

g- =max |vp,y | 1 -
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FIG. 10. Left: sensitivity projects for TES detection of DM-nucleon scattering through the Migdal effect with heavy mediator at the
95% CL, considering different exposures (solid lines). The solid lines are calculated using the free atom approximation with nuclear
recoil threshold EY = 0.1 eV and electronic excitation threshold @y, = 5 eV. Here we also indicate existing terrestrial detection
constraints as shown in Fig. 9. Right: DM-nucleon scattering through the Migdal effect with light mediator.

Al is a metal and has no band gap. Promoting an electron
above the Fermi sea requires overcoming the work function
~4.1 eV. Hence, for the Migdal channel, we conservatively
integrate electronic excitations above these energies with
@ 2 5 eV. In semiconductors, such as silicon and germa-
nium, the analogous energy threshold can instead be set
approximately by the energy required to generate two
ionization electrons 2e~ [3]. The TES energy threshold
Ey = 0.1 eV is applied to the total deposited energy
Eqep = Ey + o and is far below the considered w energies.
Hence, TES threshold in our analysis does not limit Migdal
effect reach.

In Fig. 10, we display the resulting DM-nucleon cross
section sensitivity for heavy and light mediators, respec-
tively. We observe that our TES setup can achieve for
multipixel configuration sensitivity that exceeds existing
SNSPD and KID limits.

E. Power deposition

DM can also be probed by quantum sensors through
power deposition [99]. The total power deposited in the
TES absorber due to DM-nucleon scattering is

S

where we consider contributions above the superconduct-
ing Al gap energy A = 340 peV. The upper @ integration
limit is determined by vanishing S(g,w), typically
O(100 meV).

For characteristic values of m, ~100 MeV and
6, = 10732 cm?, from Eq. (43) the maximum rate is
dR/dw ~ 1078 (meVpgs)~!. Hence, the resulting depos-
ited power can be roughly estimated, assuming o =
dw=~0.1eV, as P~10"" eV (pgs)~!, or equivalently,
P ~1073" Wum™3. Considering as reference optical TES

dR
dow—,

- (51)

realized in Ref. [33] with a bias power of 1.4 x 10713 W
and Al absorber with a volume of 10° um?, i.e., single pixel
with typical size 100 x 100 x 0.1 pm, yields a power
density of Ppgg =~ 1.4 x 107'® Wum™3. Thus, even under
optimistic considerations, the DM-induced power P can
be expected to be orders of magnitude below the TES
detection threshold.

V. CONCLUSIONS

We have demonstrated that multiplexed optical TES
arrays operating as quantum sensors near thermodynamic
noise limit capable of resolving sub-eV energy deposits can
significantly broaden the experimental frontier of sub-GeV
DM. Our analysis shows that state-of-the-art high-resolu-
tion optical TES, recently experimentally demonstrated
with energy resolution below <70 meV and thresholds
around 0.1 eV, offer unprecedented sensitivity to DM
interactions. We comprehensively model realistic TES
noise and pulse response as well as in-medium material
effects for DM interactions. We demonstrate that the same
TES platform can simultaneously efficiently target multiple
DM interactions—including DM-electron scattering, DM
absorption, and DM-nucleon scattering and DM-Migdal-
assisted nuclear recoils—making it particularly versatile
among quantum sensors. We show that even nanogram-
month experimental exposures can probe DM-electron
cross sections down to ¢, <1072 cm? for sub-MeV
DM masses and DM-nucleon cross sections down to
6, < 1072% cm? for DM masses at the MeV scale. A scalable
TES array with 80 pixels can improve this reach by
approximately 2 orders of magnitude, with further gains
achievable through additional multiplexing.

The results presented here indicate that optical TES
arrays—combining sub-eV energy resolution, photon-
number  discrimination, and characterized noise
performance—can significantly extend the experimental
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reach of sub-GeV DM searches. By uniting detailed
quantum calorimetric modeling with in-medium calcula-
tions of DM interactions, this work links advances in
quantum sensing to a central question in particle physics
and cosmology. Sub-eV, high-resolution TES arrays there-
fore constitute a compelling and scalable quantum sensing
platform for future rare-event searches.
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APPENDIX: THEORETICAL FRAMEWORK

In this appendix, we present detailed event rate calcu-
lations for completeness. Analogous calculations have been
considered in, e.g., Refs. [10,14,16].

1. Intrinsic material properties

The space-time correlation function of an operator
O(t,x), typically representing the electron or nuclear
number density in a material, is defined as

1 ! it ! !
:V—T/dt/d3x 1 {O(t,x + ') 0(0. %)),
(A1)

where V7 is the material volume and the expectation
value is taken over thermal equilibrium state ensemble
(&) =3, pmim| *|m), where p,, =eEn/T/Z with Z
being the partition function. The dynamic structure factor,
which characterizes the material response to external
probes, is obtained by taking the Fourier transform in space

So(w.q) = / P xe=1% 5o, x) (A2)

1

dt iwt O t,
=y [ a0l

q)0(0, -q)), (A3)

where the operator in momentum space is defined by

X0t q). (Ad)

O(t,x) :/(621733

The dynamic structure factor admits a Kéllén-Lehmann
spectral representation

So(@.q) =7, me [(m|O(q)|n) *6(e + E,, = E,).

m,n

(AS)

This quantity encapsulates intrinsic properties of the
medium and governs its response to weak external pertur-
bations such as DM interactions.

To understand how a material responds to an external
perturbation—such as an electromagnetic wave or DM
interaction—the (retarded) susceptibility yz 4(®, q) plays a
central role. It quantifies the linear response of the expect-
ation value of the operator B due to a perturbation coupled
to the operator A, and is defined by

x8A(0,q) =

VLT A oodzeiwfi<[zs’(t, q),A(0,-q)])

1 (P = pn){m|A(=q)|n)(n|B(q)|m)
V_TZ w+E,—E,+in

9’

m,n

(A6)

where p,, = e En/T/7Z is the Boltzmann weight, and
n — 0" is taken at the end of the calculation to ensure
causal (retarded) behavior.

For the case where B" = A = O, and using the identity

1 1
lim—— = (—) — ind(x), (A7)
n=0x 4+ in X
we obtain the imaginary part of the susceptibility,
] —e a)/T
Imyoio(@, q) = me (m|O(q)[n)[?
X (27:)5(00 +E,—-E,). (A8)

The imaginary part of y encodes the dissipative response of
the system to external driving at frequency @ and momen-
tum q.

This leads directly to the fluctuation-dissipation theorem,

1— e—w/T

> So(w, ),

Imyoro(@. q) = (A9)
which relates the dissipative response to the intrinsic
thermal fluctuations of the operator O. In particular, when
O corresponds to the electron number density, y is propor-
tional to the photon self-energy polarization tensor” and thus

®Up to a factor of the electromagnetic coupling ¢2.
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is directly linked to the material’s electric conductivity and
ELF. The latter is given by Im[—1/¢(w, ¢)], as expressed
in Eq. (19).

2. DM scattering

As an example, let us consider the interaction
Hamiltonian density
H, = ¢(gln1 + gin;), (A10)

where ¢ is a mediator scalar, and n, and n; are number-
density operators of DM particle y and SM field i (electron
or nucleon), respectively.” The initial state |y;(0)) in the
interaction picture evolves according to

o) =Tesp |=i [ Hlo)] w0 (A1)

where T denotes time ordering, and

H,(f) = ¢ifot < / d3xH1(x)>e‘i”0’. (A12)

Suppose the initial state is |p,; i) and the final state is
|p: f), where p, and p’, denote the momenta of the initial
and final dark matter particle y, and i and f represent the
initial and final states of an electron in the material. The
transition amplitude arises at second order in perturbation
theory with respect to H; and is given by

ag(t) :—9;(9;<P}§f/d4x1/d4x2

x T[n | (x1) 1 (x1) s xz)”u(xz)”P;p i)

:_g;(gt/dxl/d4x2/

X e i(E,~E,—w)t

q/,t_m[p

ez(E —Eftw)t

X Pyl (xp)e ™ p, ) (flni(x2) e~ 42 i), (A13)

where we have defined the four-momentum ¢* = (w, q).
Making use of the Fourier-transformed operators for n;

and n,, the amplitude can be rewritten as
ro dq i
(1) = —a.0; dt l(Ef—Ei—w)/ -
af,( ) g)(glA e (271.) _ mi
X (pyln, (=q)|p,) {fIni(q)|i). (Al4)

"The operator of the form jyy corresponds to number density in
the nonrelativistic limit. In the case of vector mediator A, it
couples to the current yy*y but it reduces to the form of Eq. (A10)
since A{, exchange dominates the interaction.

Here the momentum eigenstate of the DM particle is
defined as

+

Py} = \/%IOX

with aj,l the creation operator and V the quantization
volume, taken to infinity at the end of the calculation. The
transition probability per unit time is then given by

lasi ()

t

B 9,9 N
= (vt 2y Nomcaloe
X (27)6(E; — Ef — w).

(A15)

Ffi -

(A16)

This result can be interpreted as Fermi’s golden rule. It
represents the scattering rate for the case where a single y
particle with momentum p, in a volume V transitions to a
final momentum p;,. To obtain the physical scattering rate,
we must multiply by the total number of DM particles in the
volume, Ny = p,V/m,, and take an average over the DM
velocity distribution f(v). In addition, we integrate over
the allowed final states, which contributes a factor
V [dq/(27)3, and perform a thermal average over the
initial electron states |i) in the material. This yields the total
scattering rate as

Py U)/dq < 9,9i )2
qﬂ_mrﬁ

pr, [?2m)5(E; — E; — ),

where p; is the thermal occupation probability of the
initial state |/). Identifying in the above the form of the
dynamic structure factor S;(w, ¢) defined in Eq. (A5), we
obtain

p)(VT/ 3 / &Eqg (9,9 \?
F = = d‘ S ) 9
m, v f(v) @ \ @ —m2 i(@.q)

(A18)

(A17)

where V7 denotes the total target volume.

To obtain the scattering rate per unit detector mass, we
divide the total rate by the total target mass M = prVr,
yielding

oy / s /d3q ( 9,9i )2
R=—2" [ dvf(v — Si(w, q).
oy f(v) Gy \ G -] (@.9)

(A19)
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This expression is used in Eq. (34), after making the
standard approximation ¢*q, =~ —q?, which is valid in the
nonrelativistic regime. Here, @ should be regarded as a
function of g and v, determined by the kinematic relation
given in Eq. (30).

3. DM absorption

Next, let us consider the absorption of dark matter
by the material. Focusing for illustration on dark
photon DM, the relevant interaction Hamiltonian den-
sity is

H, = keA}J;, (A20)
where « is the kinetic mixing parameter, A, is the dark
photon field, and J, is the electromagnetic current of
the electrons.

In this case, the transition occurs at first order in
perturbation theory with respect to H;. Repeating a similar
procedure as in the previous subsection, we find the
transition amplitude

au(t) = (f [—i / 'drH,m] paci)

Y E d*q

_ i(Ef—Ei~w)
= meA drellEr—E /(27r)3
x (0|4}, (q)|pa) (fII¥(=q)|i),

for a one-particle initial dark photon state.

(A21)

The total absorption rate is then given by

K2€2pv .
I'= 2—w22|€ﬂ<f|f'3(—@|1>|2
if

x (27)0(E; — E; — w), (A22)
where €, is the polarization vector of the dark photon, and
py 1is the local dark photon DM energy density. For a
massive, nonrelativistic dark photon, the timelike (¢ = 0)
component is suppressed and can be safely neglected. Since
the two transverse modes and one longitudinal mode
contribute similarly, we average over the polarizations.
Using current conservation g,J* = 0, we arrive at

_ K*e*pyVr

r
26]2

Se(@.q), (A23)

where @ ~ my and ¢ ~ 0 in the nonrelativistic limit.
The absorption rate per unit target mass is thus

K*e’py
= ) Se(a)7 q)
2q°pr

2 -1
Sl
pr (o, q)

R

(A24)
where we have used® Eq. (19). This yields Eq. (42).

*Note that the absorption of scalar dark matter cannot be
accurately captured by the dielectric function formalism [16].
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