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In this work, we investigate radiative corrections in the higher-order extension of the Maxwell-Chern-
Simons model coupled to standard spinor matter in 2þ 1 dimensions. We begin analyzing the higher-order
gauge sector, where we find four canonical modes. One massive transverse photon, a ghost mode, a
massless longitudinal mode and an additional degenerate massless mode associated with the double pole
structure of the propagator. The higher-order gauge model is canonically quantized and as expected the
resulting algebra of creation and annihilation operators exhibits an indefinite metric structure. Sub-
sequently, we compute all relevant one-loop diagrams in the modified QED starting with the fermion self-
energy. We show that the induced corrections to the fermion two-point function produce two independent
fermionic degrees of freedom, which can be included in a redefined Lagrangian describing two decoupled
fermions fields, one corresponding to a particle and the other to a negative-norm ghost state. We take
advantage of this decomposition to compute the photon polarization operator and the vertex correction,
both of which are found to be finite. Finally, we analyze the causal behavior of the model by computing the
commutator of gauge fields at different spacetime points, and found that microcausality is preserved.
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I. INTRODUCTION

Chern-Simons (CS) theory is a topological quantum field
theory that arises naturally in odd-dimensional spacetimes.
It was first derived as an effective contribution from the
high-temperature limit of QCD and electroweak models in
four dimensions [1–3]. The CS theory provides a rich
framework for exploring a wide range of physical phenom-
ena. In particular, the CS term generates a gauge-invariant
mass for the gauge field in 2þ 1 spacetime dimensions
[4,5]. Moreover, the definitions of various topological
invariants, such as the Jones polynomial in knot theory,
can be connected with the non-Abelian CS action [6],

revealing a deep interplay between topological aspects of
quantum field theory and lower dimensional conformal
field theory. Furthermore, the CS term presents interesting
possibilities in describing various physical systems, as the
quantum Hall effect [7–10], topological materials including
topological insulators [11,12], spectroscopic features in
Weyl semimetals [13–16], and also extensions of gravity
[5,17], vortex dynamics [18,19], Skyrme models [20],
Higgs mechanism [21], topological gravity [22], super-
symmetric CS [23] and anisotropic QED [24]; see also the
reviews [25,26].
A topic that has attracted growing interest over the years is

the quantum behavior of the Abelian CS term. Perturbative
calculations in CS-modified QED are of particular interest
because they show that topological gauge contributions can
emerge dynamically through quantum fluctuations. In
(2þ 1) dimensions, fermion-loop corrections generate par-
ity-odd Chern-Simons terms in the effective action, establish-
ing a deep connection between topology, anomalies, and
parity violation [25]. Furthermore, the coefficient of the
induced CS term is known to depend sensitively on the
regularization prescription, so that different schemes may
produce distinct finite contributions or even a vanishing
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result [27]. This regularization ambiguity makes perturbative
analyses especially relevant, since they provide a natural
framework for investigating gauge invariance, anomaly
consistency, and the ultraviolet structure of the theory. In
the present higher-derivative extension, these issues become
even more significant due to the modified propagator
structure and the appearance of additional poles generated
by the higher-order sector.
Quantum corrections to modified QED incorporating the

CS term exhibit several noteworthy features, such as the
smoothness of infrared divergencies resulting from the
massive gauge mode generated by the gauge-invariant CS
term. Moreover, in modified QED the polarization tensor
receives only one-loop corrections, with all higher-order
contributions vanishing due to a remarkable cancellation
[27], a result known as the Coleman-Hill theorem [28]. The
CS term has also been studied to extend to parity violating
mass terms [29,30].
The higher-derivative extension of the CS term was

proposed some years ago by S. Deser and R. Jackiw in
order to describe the momentum expansion of the effective
action in three-dimensional QED [31]. Someworks on such
an extension have focused on relic symmetries [32],
thermal effects [33,34], Lorentz-violating planar electro-
dynamics [35–38], analysis of unitarity [39,40], and vector
multiplets [41]. It is well known that higher time derivatives
can improve the ultraviolet behavior of a theory by
introducing higher powers of momentum in the denomi-
nators of propagators. However, they may also lead to an
indefinite metric, with additional degrees of freedom
associated to ghost fields [42,43]. In four dimensions,
one can consider an analogue, which, however, is not
topological in essence and necessarily breaks Lorentz
invariance [44]. In this work, we explore the higher-order
CS term in 2þ 1 dimensions, with particular emphasis on
quantum corrections induced by ghost states associated
with the indefinite metric of the theory.
The work is organized as follows. In Sec. II, we present

the QEDmodel, finding the gauge propagator together with
its polarization vectors. In Sec. III, we canonically quantize
the model and derive the commutator algebra of creation
and annihilation operators. In Sec. IV we compute the
radiative correction up to one-loop level of the fermion self-
energy, photon polarization operator, and vertex function.
Also, we analyze the superficial degree of divergence of
each one-loop diagram. In Sec. V, we study microcausality
and prove that it is preserved. Finally, in Sec. VI we present
our concluding remarks. In order to provide some details of
the calculations, especially regarding microcausality and
the canonical quantization formalism, we have included
three Appendixes. Appendix A contains the calculation of a
component of the gauge-field commutator for microcau-
sality in a general frame. Appendix B is devoted to the
Hamiltonian formulation of the constrained theory, while

Appendix C provides details of the propagator calculation,
including the emergence of a double-pole structure.

II. EXTENDED QED MODEL IN
(2 + 1)-DIMENSIONS

Our model is based on the higher-derivative QED
Lagrangian in 2þ 1 dimensions, given by

L ¼ ψ̄ði=∂þ e=A −mÞψ −
1

4γ
FμνFμν −

1

2ξ
ð∂μAμÞ2 þ LCSe;

ð1Þ

where LCSe includes both the CS term and its higher-
derivative extension [31], written as

LCSe ¼
1

2
ϵαβγAαðμþ g□Þ∂βAγ: ð2Þ

In the Lagrangian (1), we have coupled the photons with
standard fermions and considered the usual interaction
term. Also, we have included a covariant gauge-fixing term
with ξ > 0 and a constant γ in the standard Maxwell term,
which allow us to obtain the pure CS theory by taking the
limit γ → ∞ together with g → 0. Let us emphasize that the
CS term has been included from the outset, as it is naturally
generated from the standard photon polarization operator
diagram [27].
Taking into account that the action is dimensionless, we

find that the mass dimensions of the parameters and fields
are

½μ� ¼ 1; ½g� ¼−1; ½e� ¼ 1

2
; ½ψ � ¼ 1; ½Aμ� ¼

1

2
; ð3Þ

while the constants γ and ξ are dimensionless.
In this work we employ the mostly minus sign con-

vention for the metric signature, i.e., ημν ¼ diagð1;−1;−1Þ,
together with the Levi-Civita convention ϵ012 ¼ 1 and the
two-dimensional realization of the Dirac algebra

γ0 ¼ σ3 ¼
�
1 0

0 −1

�
;

γ1 ¼ iσ1 ¼
�
0 i

i 0

�
;

γ2 ¼ iσ2 ¼
�

0 1

−1 0

�
; ð4Þ

with σ1, σ2, σ3 being the Pauli matrices. Furthermore, one
can check that the Dirac matrices satisfy the Clifford
algebra

fγμ; γνg ¼ 2ημν; ð5Þ

and the relations
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γμγν ¼ ημν12×2 − iϵμναγα;

trðγμγνγρÞ ¼ −2iϵμνρ;

γμ ¼ ημνγν; ð6Þ

where 12×2 is the 2 × 2 unit matrix.

A. The gauge propagator

Let us consider the free Lagrangian in the gauge sector:

LA ¼ −
1

4γ
FμνFμν −

1

2ξ
ð∂μAμÞ2 þ 1

2
ϵαβγAαðμþ g□Þ∂βAγ:

ð7Þ

The generalized Euler-Lagrange equation for the second-
order Lagrangian LA can be written as

−∂κ∂λ
∂LA

∂ð∂κ∂λAσÞ
þ ∂ρ

∂LA

∂ð∂ρAσÞ
−
∂LA

∂Aσ
¼ 0: ð8Þ

From the Lagrangian (7) and using (8), we have the
equation of motion

�
ημν

γ
□ −

�
1

γ
−
1

ξ

�
∂
μ
∂
ν þ ϵμβνðμþ g□Þ∂β

�
AνðxÞ ¼ 0: ð9Þ

Contracting Eq. (9) with ∂μ yields

1

ξ
□ð∂ · AÞ ¼ 0; ð10Þ

which, by imposing suitable boundary conditions at infin-
ity, gives the condition ∂ · A ¼ 0.
Now, we go to momentum space expanding the gauge

field in Fourier modes

AμðxÞ ¼
Z

d3kAμðkÞe−ik·x: ð11Þ

Replacing in the equation of motion (9), we obtain in
momentum space

SμνðkÞAνðkÞ ¼ 0; ð12Þ

where we have defined the operator

SμνðkÞ ¼ −
k2

γ
ημν þ

�
1

γ
−
1

ξ

�
kμkν − iMðkÞϵμβνkβ; ð13Þ

and we have introduced the function of momentum

MðkÞ ≔ μ − gk2; ð14Þ

which has dimension of mass.

By inverting the operator we find the propagator

GνρðkÞ ¼
−iγ

k2 − γ2M2ðkÞTνρðkÞ; ð15Þ

which satisfies SμνGνρ ¼ iδμρ, with the definition

TνρðkÞ ≔ ηνρ −
�
1 −

ξ

γ

�
1 −

γ2M2

k2

��
kνkρ
k2

− iγMϵνβρ
kβ

k2
:

ð16Þ

The propagator in the Landau gauge setting ξ ¼ 0 reads

ΔνρðkÞ ¼
−iγ

k2 − γ2M2

�
ηνρ −

kνkρ
k2

− iγMϵνβρ
kβ

k2

�
; ð17Þ

which avoids infrared divergencies and will prove most
convenient to use in the subsequent sections.
The dispersion relation can be inferred from the pole

structure of the propagators in Eqs. (15) and (17), which
contain both massive and massless poles. In the first place,
the massive transverse modes arise from

k2 − γ2M2 ¼ 0: ð18Þ

Solving (18) yields two massive propagating modes

ω1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2 þm2

1

q
; ð19aÞ

W2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2 þM2

2

q
; ð19bÞ

with masses

m1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4γ2μg

p
− 1

2γg
; ð20aÞ

M2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4γ2μg

p
þ 1

2γg
: ð20bÞ

Both solutions are guaranteed to be real, ensuring the
absence of tachyons in the theory. Also, the first solutionω1

corresponds to a massive photon, while the second solution
W2 corresponds to a massive ghost state. This explicitly
demonstrates the indefinite metric structure of the theory
[42,43] as one can show by taking the low energy limit
g → 0. Hence, expanding our dispersion relations up to the
second order in g, we have

ω1 ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2 þ γ2μ2

q
−

gγ4μ3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2 þ γ2μ2

q þOðg2Þ; ð21aÞ
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W2 ≈
1

γg
þ γμþ g

�
k⃗2γ
2

− γ3μ2
�
þOðg2Þ; ð21bÞ

m1 ≈ μγ − μ2γ3gþOðg2Þ; ð21cÞ

M2 ≈
1

γg
þ μγ − μ2γ3gþOðg2Þ; ð21dÞ

and we can see that in the limit g → 0, the solution remains
regular, as expected, while the ghost solution exhibits a
singularity, consistent with its problematic nature, in
particular, connected to stability and causality.
From (16) we also find solutions associated to massless

modes with k2 ¼ 0, which give rise to both simple and
double poles. In the Landau gauge, ξ → 0, only simple
poles remain in the propagator, whereas in the Feynman
gauge, ξ ¼ γ, double poles appear in addition to the
simple ones.
Furthermore, the equations (21c) and (21d) reveal a

significant mass gap between ghost and particle, given by
M2 −m1 ¼ 1=ðγgÞ. This gap disappears in the pure Chern-
Simons limit by taking the limit γ → ∞, at which both
masses coincide M2 ¼ m1. Throughout this work, and
without loss of generality, we assume μ > 0, g > 0
and γ > 0.

B. Polarization vectors

We begin by defining an orthogonal basis of (2þ 1)-
dimensional Minkowski spacetime, given by the real
vectors

eð0Þμ ¼ 1ffiffiffiffiffi
k2

p kμ; ð22aÞ

eð1Þμ ¼ 1ffiffiffiffi
G

p ϵμβγkβnγ; ð22bÞ

eð2Þμ ¼ −
1ffiffiffiffiffi
k2

p ϵμβγkβe
ð1Þ
γ

¼ 1ffiffiffiffiffiffiffiffi
k2G

p ðk2nμ − kμðk · nÞÞ; ð22cÞ

where G≡ ðk · nÞ2 − k2n2 and nμ is an auxiliary field.
The three-vector basis eðaÞμ are normalized according to

eðaÞ · eðbÞ ¼ gab; ð23Þ

with a ¼ 0, 1, 2 and gab ¼ diag ð1;−1;−1Þ. They also
satisfy

ϵμβγkβe
ð2Þ
γ ¼

ffiffiffiffiffi
k2

p
eð1Þμ; ð24Þ

ϵμβγkβe
ð1Þ
γ ¼ −

ffiffiffiffiffi
k2

p
eð2Þμ: ð25Þ

We define the complex basis

εð0Þμ ¼ eð0Þμ; ð26aÞ

εðþÞμ ¼ 1ffiffiffi
2

p ðeð2Þμ þ ieð1ÞμÞ; ð26bÞ

εð−Þμ ¼ 1ffiffiffi
2

p ðeð2Þμ − ieð1ÞμÞ; ð26cÞ

and introduce the index λ ¼ 0;�. Here the � modes are
orthogonal to the momentum, i.e., k · εð�Þ ¼ 0. The vectors
defining the complex basis satisfy the relations

εðλÞ · εðλ0Þ� ¼ gλλ0 ; ð27Þ

ϵμβσkβε
ð�Þ
σ ¼∓ i

ffiffiffiffiffi
k2

p
εð�Þμ; ð28Þ

with gλλ0 ¼ diag:ð1;−1;−1Þ.
This set of complex basis vectors diagonalizes the Sμν as

follows:

SμνðpÞεð0Þν ¼ Λ0ðpÞεð0Þμ; ð29aÞ

SμνðpÞεðþÞν ¼ ΛþðpÞεðþÞμ; ð29bÞ

SμνðpÞεð−Þν ¼ Λ−ðpÞεð−Þμ; ð29cÞ

where

Λ0ðkÞ ¼ −
k2

ξ
; ð30aÞ

ΛþðkÞ ¼ −
k2

γ
−

ffiffiffiffiffi
k2

p
MðkÞ; ð30bÞ

Λ−ðkÞ ¼ −
k2

γ
þ

ffiffiffiffiffi
k2

p
MðkÞ: ð30cÞ

The dispersion equation follows from the product of the
three eigenvalues of Sμν

Y
λ¼0;�

ΛλðpÞ ¼ −
ðk2Þ2
ξγ2

ðk2 − γ2M2ðkÞÞ ¼ 0: ð31Þ

One can show that

εð�Þ
μ εð�Þ�

ν ¼ −
1

2

�
ημν −

kμkν
k2

� iϵμβν
kβffiffiffiffiffi
k2

p
�
; ð32Þ

from where we make the connection with the propagator,
by calculating
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X
λ;λ0¼0;�

gλλ0
εðλÞμ εðλ

0Þ�
ν

Λλ
¼ −iGμν: ð33Þ

We can also make a connection with the equation of motion
operator in momentum space

X
λ;λ0¼0;�

gλλ0Λλε
ðλÞ
μ εðλ

0Þ�
ν ¼ Sμνðξ; kÞ: ð34Þ

Thus the set fεðλÞμg corresponds to independent eigenvec-
tor solutions of the equation of motion operator.

III. CANONICAL QUANTIZATION

According to Ostrogradsky variational formalism [45],
the momentum variables in our model can be written as

Pμ ≔
∂LA

∂Ȧμ

−
∂Πμ

∂t
; ð35Þ

Πμ ≔
∂LA

∂Äμ

: ð36Þ

The explicit form of momentum variables looks like

Pμ ¼−
1

γ
F0μ−

1

ξ
ð∂λAλÞη0μþ1

2
ϵα0μðμþg□ÞAα−

g
2
ϵμβγ∂βȦγ;

ð37Þ

Πμ ¼ g
2
ϵμβγ∂βAγ: ð38Þ

We impose the equal-time commutation relations on the
canonical variables

½Aμðt; x⃗Þ; Pνðt; y⃗Þ� ¼ iημνδð2Þðx⃗ − y⃗Þ; ð39Þ

½Ȧμðt; x⃗Þ;Πνðt; y⃗Þ� ¼ iημνδð2Þðx⃗ − y⃗Þ; ð40Þ

where all the others are defined to vanish.
As shown in Refs. [32,39], the higher-order theory

constitutes a constrained system, leading to the appearance
of Dirac brackets [46–48]. Accordingly, we perform the
Hamiltonian analysis and determine the nonvanishing
Dirac brackets in Appendix B. A direct counting of degrees
of freedom, involving four second-class constraints, yields
4 total degrees of freedom that must be incorporated into
the field expansion. To this end, the gauge field is expanded
by means of the spectral decomposition of the equation-of-
motion operator (30). This decomposition gives rise to
three independent modes, encoded in the fields Āμ, Gμ, and
AG
μ . In addition, there exists a second type of solution

associated with the degeneracy of the massless pole, which
we denote by AD

μ . This additional field accounts for the
extra degree of freedom originating from the double

multiplicity of the pole at k2 ¼ 0; see the propagator
(15). We therefore expand the gauge field as

AμðxÞ ¼ ĀμðxÞ þ GμðxÞ þ AG
μ ðxÞ þ AD

μ ðxÞ: ð41Þ

We see that the wave vector in the expansion must be a
solution to the following eigenvector equation:

SμνðkÞεðλÞνðkÞ ¼ ΛλðkÞεðλÞνðkÞ ¼ 0: ð42Þ

Since ĀμðxÞ is a massive photon with the positive energy ω1

and mass m1 satisfying Λ−ðω1Þ ¼ 0 we conclude that it
belongs to the subspace (−). Proceeding similarly for the
ghost with ΛþðW2Þ ¼ 0, we conclude that it is related to
the (þ) subspace. Furthermore, we notice that Āμ and Gμ

satisfy the orthogonality condition for the Aμ field,
kμĀμ ¼ kμGμ ¼ 0. Finally, the AG

μ and AD
μ fields are

solutions associated with a polarization-vector basis
that remains regular at ω0 ¼ jk⃗j, as explicitly shown in
Ref. [49].
Taking all this into account, we arrive at the expansion of

the field

ĀμðxÞ¼
Z

d2k⃗
ð2πÞ2

1

2ω1β̄
½εð−Þμ að−Þk e−ik·xþ εð−Þ�μ að−Þ†k eik·x�k0¼ω1

;

ð43Þ

GμðxÞ ¼
Z

d2k⃗
ð2πÞ2

1

2W2β̄

×
h
εðþÞ
μ bðþÞ

k e−ik·x þ εðþÞ�
μ bðþÞ†

k eik·x
i
k0¼W2

; ð44Þ

AG
μ ðxÞ ¼

Z
d2k⃗
ð2πÞ2

−ikμ
2jk⃗j

½cke−ik·x − c†ke
ik·x�k0¼jk⃗j; ð45Þ

AD
μ ðxÞ ¼

Z
d2k⃗
ð2πÞ2

1

2jk⃗j
½vμðx0; kÞdke−ik·x

þ v�μðx0; kÞd†keik·x�k0¼jk⃗j; ð46Þ

where β̄ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4γ2μg

p
2γ and we define the time-dependent

polarization vector

vμðx0; kÞ ¼ μx0kμ þ iμnμ −
2

ξ
ϵμρσkρnσ; ð47Þ

with nμ ¼ ð1; 0; 0Þ.
The field AG

μ is an ordinary eigenmode of the wave
operator, whereas AD

μ corresponds to a generalized eigen-
mode associated with the repeated massless root. In the
space of solutions, these fields form a generalized eigen-
mode chain under successive applications of the wave
operator,
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AD
μ ðxÞ↦□ AG

μ ðxÞ↦□ 0: ð48Þ

Thus, AD
μ is not annihilated by a single application of□, but

rather satisfies □2AD
μ ¼ 0. The term proportional to x0 in

AD
μ is a characteristic consequence of this repeated root and

provides the time-dependent contribution required by the
generalized solution. Furthermore, one can check that the
fields (43)–(46) satisfy the Dirac brackets given in
Appendix B.
From the ETCR of modified commutators, we impose

the creation and annihilation operator algebra

½að−Þk ; að−Þ†q � ¼ ð2πÞ22ω1β̄δ
ð2Þðk⃗ − q⃗Þ; ð49Þ

½bðþÞ
k ; bðþÞ†

q � ¼ −ð2πÞ22W2β̄δ
ð2Þðk⃗ − q⃗Þ; ð50Þ

½ck; c†q� ¼ ð2πÞ2
�
−
2jk⃗j
γμ2

þ ξ

jk⃗j

�
δð2Þðk⃗ − q⃗Þ; ð51Þ

½ck; d†q� ¼ ð2πÞ2 ξ
μ
δð2Þðk⃗ − q⃗Þ; ð52Þ

½dk; c†q� ¼ ð2πÞ2 ξ
μ
δð2Þðk⃗ − q⃗Þ: ð53Þ

Note that the algebra (50) admits negative-norm states, as

evidenced by the sign of the bðþÞ
p sector, leading to an

indefinite metric in Hilbert space. In addition, the nontrivial
mixing between the operators ðck; dkÞ signals the presence
of a dipole structure. Accordingly, we expect the emer-
gence of a dipole ghost field [50,51]. This expectation is
confirmed by diagonalizing the ðck; dkÞ sector, which
admits a regular ξ → 0 limit, as shown in Ref. [49].
As a consistency check, we have tested the field

expansion by explicitly computing the Feynman propagator
in Appendix C, confirming that the system correctly
accounts for the four degrees of freedom identified in
the Hamiltonian analysis.

IV. RADIATIVE CORRECTIONS

In this section, we compute the relevant one-loop
radiative corrections of the higher-order QED model in
(2þ 1) dimensions. Since we introduce a higher-derivative
extension of the standard CS-QED theory, our goal is to
analyze how the new sector modifies the original model
through the three fundamental quantum corrections of CS-
QED. In this framework, the higher-derivative parameter g
is treated as a fundamental parameter of the classical theory,
and incorporated exactly into the gauge propagator,
whereas the parameters μ and γ retain their usual roles
as coefficients of the Chern-Simons and Maxwell sectors,
respectively. Accordingly, the perturbative expansion is
organized in the standard loop expansion associated with

the gauge interaction, while the effects of the higher-
derivative sector are fully encoded in the modified propa-
gator. In the first subsection, we analyze the divergences of
the model. Next, we compute the fermion self-energy and
show that it induces a higher-order contribution propor-
tional to g□, originating from the higher-order gauge
sector. This result motivates the construction of a local
higher-derivative extension of the fermionic Lagrangian,
which is subsequently regarded as a classical effective
theory with the same parameter g. Accordingly, we redefine
the fermionic Lagrangian in terms of two decoupled
fermion fields. In the last two subsections, we compute
the vacuum polarization tensor and the vertex correction
within this higher-derivative fermionic theory by employ-
ing the modified fermion propagator.

A. Analysis of divergences

Let us perform an analysis of the superficially divergent
integrals in our modified QED. Using the UV asymptotic
for the gauge propagator in the Landau gauge (17), one has
the superficial degree of divergence D

D ¼ 3L − 3PA − Pψ ¼ 3þ 2Pψ − 3V; ð54Þ

where L is the number of loops, and PA and Pψ are the
numbers of gauge and spinor propagators respectively.
Here we used the topological identity Lþ V − P ¼ 1,
together with the fact that the total number of propagators
are P ¼ PA þ Pψ .
Then, we can relate numbers of vertices, propagators,

and external legs (EA for external photons and Eψ for
external fermions) calculating the numbers of all fields
associated to all vertices. Since we have basically a QED
theory with the standard gauge-spinor vertex, we have

V ¼ 2PA þ EA → PA ¼ 1

2
ðV − EAÞ; ð55Þ

2V ¼ 2Pψ þ Eψ → Pψ ¼ 1

2
ð2V − Eψ Þ; ð56Þ

for the gauge and fermion fields respectively, relating the
number of vertices, propagators, and external legs. This
allows us to write D as

D ¼ 3 − Eψ − V: ð57Þ

From the formula for D we find that in divergent diagrams,
one has Eψ ≤ 2. In particular, we have for the photon
polarization tensor graph V ¼ 2; Eψ ¼ 0, and so D ¼ 1.
We will see that within the dimensional regularization
scheme this contribution is finite; see Sec. IV. For the
fermion one-loop self-energy graph, one has V ¼ 2;
Eψ ¼ 2; D ¼ −1 which is finite. The fermion-photon triple
vertex function is also finite, corresponding toD ¼ −2. All
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one-loop Feynman diagrams with more numbers of legs
and vertices are finite as well. Performing a general analysis
we have that the mass dimension in our interacting theory is
Δ ¼ 1=2 [52,53].
We conclude that our theory is super-renormalizable and

we can have divergences up to two loops, by straightfor-
ward consideration of Feynman diagrams. However, for
gauge-symmetry reasons, the only potentially divergent
contribution from the gauge sector, namely, the AαAα term,
cannot arise even at two loops, whereas derivative correc-
tions (the CS and Maxwell terms) are finite at two loops.
Therefore, the only possible divergences, in principle, are
the two-loop corrections to the spinor kinetic term and the
spinor-vector vertex.

B. Fermion self energy

Let us write down the two-point function for the spinor
field:

iΣðpÞ ¼ ð−ieÞ2
Z

d3k
ð2πÞ3 γ

αS0ðp − kÞγβΔαβðkÞ: ð58Þ

Wework in the Landau gauge (17) and set γ ¼ 1 ensuring a
nontrivial impact of the Maxwell term.
The fermion propagator is the standard one

S0ðkÞ ¼
i

k −m
: ð59Þ

This expression can be written as a following sum of four
terms:

ΣðpÞ ¼ Σð1ÞðpÞ þ Σð2ÞðpÞ þ Σð3ÞðpÞ þ Σð4ÞðpÞ; ð60Þ

where the first one is

Σð1ÞðpÞ¼ ie2
Z

d3k
ð2πÞ3 γ

μ

�
=p−kþm

ðp−kÞ2−m2

�
γμ×

1

k2−M2ðkÞ ;

ð61aÞ

the second one

Σð2ÞðpÞ ¼ −ie2
Z

d3k
ð2πÞ3 γ

μ

�
=p − kþm

ðp − kÞ2 −m2

�
γν

×

�
1

k2 −M2ðkÞ
�
kμkμ
k2

; ð61bÞ

the third one

Σð3ÞðpÞ ¼ μe2
Z

d3k
ð2πÞ3 γ

μ

�
=p − kþm

ðp − kÞ2 −m2

�
γν

×

�
ϵμβνkβ

k2 −M2ðkÞ
�

1

k2
; ð61cÞ

and the fourth one

Σð4ÞðpÞ¼−ge2
Z

d3k
ð2πÞ3γ

μ

�
=p−kþm

ðp−kÞ2−m2

�
γν×

ϵμβνkβ

k2−M2ðkÞ:

ð61dÞ

To simplify the calculation of the different pieces, we
rewrite the pole structure of the gauge propagator into its
particle and ghost contributions as

1

k2 −M2ðkÞ ¼
1

g2ðM2
2 −m2

1Þ
�

1

k2 −m2
1

−
1

k2 −M2
2

�
: ð62Þ

The first term is dominated by the particle mass m1 and the
second term by the ghost mass M2. This decomposition
turns out to be crucial for radiative corrections.
In order to compute the above corrections we shall use

the Feynman parametrization

1

AB
¼

Z
1

0

dx
1

Axþ Bð1 − xÞ : ð63Þ

With suitable choices of A and B together with a shift in the
momenta, kþ xp → l, and parity properties, the first piece
of the fermion self-energy in (61a) reduces to

Σð1ÞðpÞ¼ e2

8π

Z
dx
=pð1−xÞ−3m
g2ðM2

2−m2
1Þ

×

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

Δðm1Þ
p −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔðM2Þ

p �
;

ð64Þ

with

ΔðαiÞ ¼ p2xðx − 1Þ þm2xþ α2i ð1 − xÞ; ð65Þ

where αi is the notation for either m1 or M2.
In an analogous way, the second piece is

Σð2ÞðpÞ ¼ e2

16π

Z
1

0

dx
Z

1−x

0

dy
1

g2ðM2
2 −m2

1Þ

×

�
3α

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Qðm1Þ
p −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QðM2Þ

p �

−β
�

1

ðQðm1ÞÞ3=2
−

1

ðQðM2ÞÞ3=2
��

; ð66Þ

with

α ¼ =p
3
ð1þ 5xÞ þm; ð67Þ

β ¼ −=pp2ð1 − xÞx2 þ p2x2m; ð68Þ

QðαiÞ ¼ p2xðx − 1Þ þm2xþ α2i y; ð69Þ
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the third piece is

Σð3ÞðpÞ ¼ −
e2

16π

Z
1

0

dx
Z

1−x

0

dy
1

g2ðM2
2 −m2

1Þ

×

�
3μ

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Qðm1Þ
p −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QðM2Þ

p �

−μλ
�

1

ðQðm1ÞÞ3=2
−

1

ðQðM2ÞÞ3=2
��

; ð70Þ

and, finally, the fourth piece is

Σð4ÞðpÞ¼ ge2

2π2

Z
1

0

dx
1

g2ðM2
2−m2

1Þ�
−
Z

∞

0

dr
r4

ðr2þΔÞ2þ λ

Z
∞

0

dr
r2

ðr2þΔÞ2
�
; ð71Þ

with

λ ¼ mx=p − 2p2ð1 − xÞx: ð72Þ

The first integral in (71) has to be analytically continued
from arbitrary d dimensions to d ¼ 3 in order to produce a
finite result.
Finally, the total radiative corrections induce in the

fermion self-energy the following higher-order operator
of the form

ΣðpÞ ¼ Aðp2; g; μÞ=p − Bðp2; g; μÞm − gp2Cðp2; μÞ; ð73Þ

where A, B, andC are functions that do not contribute to the
p2 order. Motivated by the term proportional to gp2, we
phenomenologically identify the leading higher-derivative
contribution with the local operator gψ̄□ψ and consider the
following higher-derivative extension of the fermionic
Lagrangian,

Lf ¼ ψ̄ði∂ −mÞψ þ gψ̄□ψ ; ð74Þ

where g denotes the same higher-derivative parameter
introduced in the gauge sector. This identification also
enables a direct comparison with the standard CS-QED
results in the limit g → 0.
We decompose the above Lagrangian in two parts

Lf ¼ ψ̄1ði∂ − m̄1Þψ1 − ψ̄2ði∂ − m̄2Þψ2; ð75Þ

where

ψ1 ¼ β̃ði∂ − m̄2Þψ ; ð76Þ

ψ2 ¼ β̃ði∂ − m̄1Þψ ; ð77Þ

with

β̃ ¼
�

g
m̄2 − m̄1

�
1=2

: ð78Þ

The fermionic masses are

m̄1 ¼
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4mg

p
2g

; ð79Þ

m̄2 ¼
1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4mg
p
2g

; ð80Þ

where the first corresponds to a fermion and the second to a
ghost fermion of very high mass of the order 1=g.
The two massive poles are real provided that

1 − 4mg ≥ 0: ð81Þ

Hereafter, we assume this condition to ensure the reality of
both poles.
It is interesting to note the analogy of the two fermion

species that arises when including an odd mass term in the
fermion Lagrangian [33].
Both propagators can be written as

S1ðpÞ ¼
i

=p − m̄1

; ð82Þ

S2ðpÞ ¼
i

=p − m̄2

: ð83Þ

Note that the fermion propagator described in (74) can be
also obtained without resorting to the explicit decomposi-
tion of the fermion fields ψ1;2, that is to say, we can
consider

SðpÞ≡ i
=p −m − gp2

¼ m̄1 þ m̄2

m̄2 − m̄1

ðS1ðpÞ − S2ðpÞÞ; ð84Þ

with S1;2ðpÞ given in (82) and (83). In the next section, we
shall use the decomposed expression (84) in order to
evaluate the photon polarization operator.

C. Photon polarization operator

Now we evaluate the photon polarization operator (PPO)

ΠμνðqÞ ¼ −ie2
Z

d3k
ð2πÞ3 tr½γ

μSðkÞγνSðkþ qÞ�: ð85Þ

For this, we use the decomposed fermion propagator given
in (84), and define the contributions

Πμν
ij ðqÞ ¼ −iē2

Z
d3k
ð2πÞ3 tr½γ

μSiðkÞγνSjðkþ qÞ�; ð86Þ

with
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SiðpÞ ¼
i

=p − m̄i
; ð87Þ

ē ¼ e

�
m̄1 þ m̄2

m̄2 − m̄1

�
; ð88Þ

where i, j ¼ 1, 2. We also introduce the notation for the
different contributions

ΠμνðqÞ≡ Πμν
11ðqÞ − 2Πμν

12ðqÞ þ Πμν
22ðqÞ: ð89Þ

Since each contribution in (89) has a similar form, we
compute the general contribution

Πμν
ij ðqÞ¼2iē2

Z
d3k
ð2πÞ3

1

ðk2−m̄i
2ÞððkþqÞ2−m̄j

2Þ
× ½kμðkþqÞνþkνðkþqÞμ−ημνðk ·ðkþqÞ−m̄im̄jÞ
−iϵμνβðm̄iðkþqÞβ−m̄jkβÞ�; ð90Þ

where we have used the expressions (5) and (6) in the trace
calculation.
Using the Feynman parametrization together with a shift

in the momenta, kþ xq → l, and using parity properties,
the PPO in (90) reduces in d dimensions to

Πμν
ij ðqÞ ¼ 2iē2μ3−d

Z
ddl
ð2πÞd

Z
1

0

dx
1

½l2 − Θij�2

×

��
2

d
− 1

�
l2ημν − 2xð1 − xÞðqμqν − ημνq2Þ

þ ημνðΘij þ m̄im̄j − ð1 − xÞm̄2
i − xm̄2

jÞ

− iðð1 − xÞm̄i þ xm̄jÞqβϵμνβ
�
; ð91Þ

where we have used dimensional regularization together
with the symmetrization lμlν → 1

d l
2ημν and introduced the

element

Θij ≡ ð1 − xÞm̄2
i þ xm̄2

j − xð1 − xÞq2: ð92Þ

In this way, the integral over momenta can be straightfor-
wardly performed using the identities given in Ref. [53],
arriving at

Πμν
ij ðqÞ¼

�
ημν−

qμqν

q2

�
Πe

ijðqÞþημνΠη
ijðqÞþ iϵμνβ

qβ
q
Πo

ijðqÞ;

ð93Þ

with

Πe
ijðqÞ ¼ −

2ē2μ3−dq2Γð2 − d
2
Þ

ð4πÞd=2
Z

1

0

dx
2xð1 − xÞ

Θ2−d
2

ij

; ð94Þ

Πη
ijðqÞ ¼ −

2ē2μ3−dΓð2 − d
2
Þ

ð4πÞd=2

×
Z

1

0

dx
m̄im̄j − ð1 − xÞm̄2

i − xm̄2
j

Θ2−d
2

ij

; ð95Þ

Πo
ijðqÞ ¼

2ē2μ3−dqΓð2 − d
2
Þ

ð4πÞd=2
Z

1

0

dx
ð1 − xÞm̄i þ xm̄j

Θ2−d
2

ij

: ð96Þ

To analyze the divergent behavior in the PPO in 2þ 1
dimensions, let us introduce the dimensional regularization
requiring the spacetime dimension to be d ¼ 3 − ϵ and take
the limit ϵ → 0, obtaining

Πe
ijðqÞ ¼ −

4ē2q2
ffiffiffi
π

p
ð4πÞ3=2

Z
1

0

dx
xð1 − xÞ

Θ
1
2

ij

; ð97Þ

Πη
ijðqÞ ¼−

2ē2
ffiffiffi
π

p
ð4πÞ3=2

Z
1

0

dx
m̄im̄j− ð1− xÞm̄2

i − xm̄2
j

Θ
1
2

ij

; ð98Þ

Πo
ijðqÞ ¼

2ē2q
ffiffiffi
π

p
ð4πÞ3=2

Z
1

0

dx
ð1 − xÞm̄i þ xm̄j

Θ
1
2

ij

: ð99Þ

All these contributions are finite, as can be seen from the
absence of 1=ϵ terms.
After integrating over the Feynman parameter, we have

Πe
ijðqÞ¼−

4ē2
ffiffiffi
π

p
q2

ð4πÞ3=2
�
3ðm̄2

i −m̄2
jÞ2−2ðm̄2

i þm̄2
jÞq2−q4

8q5

×ln

���� m̄iþm̄j−q

m̄iþm̄jþq

����þðm̄iþm̄jÞð3ðm̄i−m̄jÞ2−q2Þ
4q4

�
;

ð100Þ

Πη
ijðqÞ ¼ 2ē2

π1=2

ð4πÞ3=2
ðm̄iþ m̄jÞðm̄i− m̄jÞ2

q2

×

�
1þðm̄iþ m̄jÞ2 −q2

2qðm̄iþ m̄jÞ
ln

���� m̄iþ m̄j−q

m̄iþ m̄jþq

����
�
; ð101Þ

and

Πo
ijðqÞ ¼ 2ē2

π1=2

ð4πÞ3=2 q
�ðm̄i − m̄jÞ2

q2

þðm̄i þ m̄jÞððm̄i − m̄jÞ2 − q2Þ
2q3

ln

���� m̄i þ m̄j − q

m̄i þ m̄j þ q

����
�
:

ð102Þ

Taking into account the above-defined notation, in an
analogous way, we define for the pieces e, o, η the total
contributions Πe;η;o ¼ Πe;η;o

11 − 2Πe;η;o
12 þ Πe;η;o

22 , and we can
see that
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ΠeðqÞ¼−4ē2
π1=2

ð4πÞ3=2
q2ðm̄1þm̄2Þ2
ðm̄2−m̄1Þ2

×

�
−4m̄2

1−q2

8q3
ln

����2m̄1−q
2m̄1þq

����−2m̄1

4q2

þ−4m̄2
2−q2

8q3
ln

����2m̄2−q
2m̄2þq

����−2m̄2

4q2

−2
3ðm̄2

1−m̄2
2Þ2−2ðm̄2

1þm̄2
2Þq2−q4

8q5

×ln

����m̄1þm̄2−q
m̄1þm̄2þq

����−2
ðm̄1þm̄2Þð3ðm̄1−m̄2Þ2−q2Þ

4q4

	
;

ð103Þ

ΠηðqÞ¼2ē2
π1=2

ð4πÞ3=2
ð−2Þðm̄1þm̄2Þðm̄1−m̄2Þ2

q2

×

�
1þðm̄1þm̄2Þ2−q2

2qðm̄1þm̄2Þ
ln

���� m̄1þm̄2−q
m̄1þm̄2þq

����
	
; ð104Þ

and

ΠoðqÞ ¼ 2ē2
π1=2

ð4πÞ3=2
qðm̄1 þ m̄2Þ2
ðm̄1 − m̄2Þ2

×

�
−
m̄1

q
ln

���� 2m̄1 − q
2m̄1 þ q

���� − m̄2

q
ln

���� 2m̄2 − q
2m̄2 þ q

����
−2

ðm̄1 − m̄2Þ2
q2

− 2
ðm̄1 þ m̄2Þððm̄1 − m̄2Þ2 − q2Þ

2q3

× ln

���� m̄1 þ m̄2 − q
m̄1 þ m̄2 þ q

����
	
: ð105Þ

Let us explore the behavior of the contributions (103),
(104), and (105), when g is very small. In this case the mass
m̄2 becomes the dominant energy scale compared to
m̄1 → m, which yields

ΠeðqÞ ≈ −4e2
π1=2

ð4πÞ3=2 q
2

�
−
4m2 þ q2

8q3

�
1þ 4m

m̄2

�

× ln

���� 2m − q
2mþ q

���� − 2m
4q2

−
11

30m̄2

−
2m2

q2m̄2

	
; ð106Þ

ΠηðqÞ≈2e2
π1=2

ð4πÞ3=2
�
4

3

�
3m−m̄2−

4m2

m̄2

�
−

4q2

15m̄2

	
; ð107Þ

and

ΠoðqÞ≈2e2
π1=2

ð4πÞ3=2q
�
−
m
q

�
1þ4m

m̄2

�
ln

����2m−q
2mþq

����−13−4m
m̄2

	
:

ð108Þ
Another interesting scenario corresponds to the UV limit

so that the higher-derivative terms have important

contributions. In this case with q → ∞, each coefficient
has the form

ΠeðqÞ ≈
q→∞

− 4ē2
π1=2

ð4πÞ3=2 q
2

�
−iπ

3ðm̄1 þ m̄2Þ4
4q5

þ 16ðm̄1 þ m̄2Þ3ðm̄2
1 þ m̄1m̄2 þ m̄2

2Þ
3q6

	
: ð109Þ

Note that Πe in our case has a better ultraviolet behavior
than in the case of the absence of higher-derivative
contributions where it has the form

ΠeðqÞ ≈
q→∞

−4e2
π1=2

ð4πÞ3=2q
2

�
−iπ

q2þ4m2

8q3
þ8m3

3q4

	
: ð110Þ

For the metric coefficient, we have

ΠηðqÞ ≈
q→∞

2ē2
π1=2

ð4πÞ3=2
�
iπ

ðm̄1 þ m̄2Þ2
q

−
4ðm̄1 þ m̄2Þ3

q2

	
:

ð111Þ

Note that in the absence of higher-derivative contributions,
this term does not exist.
Finally, in this limit the odd term gives

ΠoðqÞ ≈
q→∞

2ē2
π1=2

ð4πÞ3=2 q
�
−iπ

ðm̄1 þ m̄2Þ3
q3

þ 4ðm̄1 þ m̄2Þ2ð5m̄2
1 þ 8m̄1m̄2 þ 5m̄2

2Þ
3q4

	
; ð112Þ

from where we notice that the ultraviolet behavior is
different to the standard CS QED result (see, e.g., [54]):

ΠoðqÞ ≈
q→∞

2ē2
π1=2

ð4πÞ3=2 q
�
−iπ

m
q
þ 4m2

q2

	
: ð113Þ

D. The vertex diagram

Let us expand the propagator Sðkþ pÞ given in (84) into
a power series in the external momentum p up to the first
order as

Sðkþ pÞ ¼ SðkÞ − SðkÞ=pSðkÞ þ…; ð114Þ

in such a way that the two-point function of the spinor field
given in (58) can be expanded as

ΣðpÞ ¼ Σð0Þ þ Σ1ðpÞ þ…; ð115Þ

with
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Σ1ðpÞ ¼ −e2
Z

d3k
ð2πÞ3 γ

αSðkÞ=pSðkÞγβΔαβðkÞ þ…; ð116Þ

where dots are for irrelevant terms of zero, second, and
higher orders.
On the other hand, the three-point vertex function, in

zero order in external momenta and in the Landau gauge,
looks like

Γμð0; 0Þ ¼ −e2
Z

d3k
ð2πÞ3 γ

αSðkÞγμSðkÞγβΔαβðkÞ: ð117Þ

Comparing this expression with (116), we see that they are
equal up to the overall factor. Therefore we see that the
corrections to the kinetic term for the spinor field and the
triple spinor-vector vertex are described by the same
integral over momenta; hence, the gauge symmetry is
not jeopardized by quantum corrections which is consistent
with the Ward identities up to first order in external
momenta. In other words, the “covariant derivative” term
ψ̄Dψ receives the quantum correction ψ̄ΓμDμψ , where

Γμð0; 0Þ ¼ −e2
Z

d3k
ð2πÞ3 γ

αSðkÞγμSðkÞγβΔαβðkÞ: ð118Þ

Now it is instructive to check the gauge invariance of the
quantum correction generated on the spinor sector which as
it is well known, is deeply related with the Ward identities.
We proceed with the computation of the vertex function and
take advantage of the previous computation.
Within our study, we consider the lower (zero) order

contributions to the three-point function only. Therefore,
we require p ¼ 0 and p0 ¼ 0 and arrive at

Γμð0; 0Þ ¼ −e2
Z

d3k
ð2πÞ3 γ

αSðkÞγμSðkÞγβΔαβðkÞ: ð119Þ

Similarly to the above PPO calculation, we use the
decomposed fermion propagator (84) in (119), so the vertex
contributions read

Γμ
ijð0; 0Þ ¼ −ē2

Z
d3k
ð2πÞ3 γ

αSiðkÞγμSjðkÞγβΔαβðkÞ; ð120Þ

where i, j ¼ 1, 2. As before, we introduce the notation for
the different contributions

Γμð0; 0Þ ¼ Γμ
11ð0; 0Þ − 2Γμ

12ð0; 0Þ þ Γμ
22ð0; 0Þ: ð121Þ

Since all contributions have the same form, we calculate
its general form given by

Γμ
ijð0;0Þ¼−iē2

Z
d3k
ð2πÞ3

γρðk−m̄iÞγμðk−m̄jÞγσ
ðk2−m̄2

i Þðk2−m̄2
jÞ

×
γTρσðkÞ

k2−γ2M2
:

ð122Þ

Using the identity

ðk − m̄iÞγμðk − m̄jÞ ¼ −k2γμ þ 2kkμ − kγμm̄j

− m̄iγ
μkþ m̄im̄jγ

μ; ð123Þ

together with (6), the three-point vertex function in (122)
becomes

Γμ
ijð0; 0Þ ¼ ðΓμ

ijÞa þ ðΓμ
ijÞb; ð124Þ

where the ðΓμ
ijÞa and ðΓμ

ijÞb are the contributions without
and with the Levi-Civita symbol coming from the gauge
boson propagator, respectively. These are given by

ðΓμ
ijÞa ¼ −iē2

Z
d3k
ð2πÞ3

γρð−k2γμ þ 2kkμ þ m̄im̄jγ
μÞγσ

ðk2 − m̄2
i Þðk2 − m̄2

jÞ

×
γðηρσ − kρkσ=k2Þ

k2 − γ2M2
; ð125Þ

and

ðΓμ
ijÞb¼ ē2

Z
d3k
ð2πÞ3

γρðkγμm̄jþm̄iγ
μkÞγσ

ðk2−m̄2
i Þðk2−m̄2

jÞ
×
γðγMϵρβσkβ=k2Þ

k2−γ2M2
:

ð126Þ

Now, we use (6) together with symmetry properties on the
integral over momenta in the above equations, getting

ðΓμ
ijÞa ¼ iē2γγμ×

Z
d3k
ð2πÞ3

k2þ 1
3
m̄im̄j

ðk2− m̄2
i Þðk2− m̄2

jÞðk2− γ2M2Þ ;

ð127Þ

and

ðΓμ
ijÞb ¼ iē2γγμ×

Z
d3k
ð2πÞ3

10
3
γðm̄iþ m̄jÞM

ðk2− m̄2
i Þðk2− m̄2

jÞðk2− γ2M2Þ :

ð128Þ

Once we carried out the Wick rotation, we have two
integrals of the form

I1 ¼
Z

∞

0

r2dr
ðγ2g2r4 þ γ22gμr2 þ γ2μ2 þ r2Þ

×
1

ðr2 þ m̄2
i Þðr2 þ m̄2

jÞ
; ð129Þ
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and

I2 ¼
Z

∞

0

r4dr
ðγ2g2r4 þ γ22gμr2 þ γ2μ2 þ r2Þ

×
1

ðr2 þ m̄2
i Þðr2 þ m̄2

jÞ
; ð130Þ

which can be easily performed using a standard procedure,
yielding

I1 ¼ −
π

2g2γ2
m1 þM2 þ m̄i þ m̄j

ðm1 þ m̄iÞðm1 þ m̄jÞðM2 þ m̄iÞðM2 þ m̄jÞ

×
1

ðm̄i þ m̄jÞðm1 þM2Þ
; ð131Þ

and

I2 ¼ −
π

2g2γ2
ðm1 þM2Þðm̄im̄jÞ þ ðm̄i þ m̄jÞðm1M2Þ

ðm1 þ m̄iÞðm1 þ m̄jÞðM2 þ m̄iÞðM2 þ m̄jÞ

×
1

ðm̄i þ m̄jÞðm1 þM2Þ
: ð132Þ

With these results, we can see that Γμ ¼ Γμ
11 − 2Γμ

12 þ
Γμ
22 has the form

Γμ ¼ ē2

4πg2γ

� ð2m̄1þm1þM2Þðm̄1þ 20γμÞ
6ðm1þM2Þðm̄1þm1Þ2ðm̄1þM2Þ2

−
ðm̄1ðm1þM2Þþ 2m1M2Þð3þ 20γgm̄1Þ
6ðm1þM2Þðm̄1þm1Þ2ðm̄1þM2Þ2

þ ð2m̄2þm1þM2Þðm̄2þ 20γμÞ
6ðm1þM2Þðm̄2þm1Þ2ðm̄2þM2Þ2

−
ðm̄2ðm1þM2Þþ 2m1M2Þð3þ 20γgm̄2Þ
6ðm1þM2Þðm̄2þm1Þ2ðm̄2þM2Þ2

−
2

ðm̄1þ m̄2Þðm1þM2Þðm̄1þm1Þ

×

�ðm̄1þ m̄2þm1þM2Þð10γμðm̄1þ m̄2Þþ m̄1m̄2Þ
3ðm̄2þm1Þðm̄1þM2Þðm̄2þM2Þ

þm1M2ðm̄1þ m̄2Þð1þ 10
3
γgðm̄1þ m̄2ÞÞ

ðm̄2þm1Þðm̄1þM2Þðm̄2þM2Þ

þ m̄1m̄2ðm1þM2Þð1þ 10
3
γgðm̄1þ m̄2ÞÞ

ðm̄2þm1Þðm̄1þM2Þðm̄2þM2Þ
�	

γμ: ð133Þ

Since this one-loop correction to the vertex has a simple γμ

structure, its coefficient can be identified as the form factor
F1ðq2 ¼ 0Þ, so the vertex can be written as

Γμ ¼ F1ð0Þγμ; ð134Þ

which is expected, as we set p ¼ p0 ¼ 0, eliminating any
other available tensor structure.

As (133) is a complete result for an arbitrary value of γ,
to make contact with the literature, let us consider a pure CS
theory by taking the limit γ → ∞ in (133), getting

F1ð0Þ ¼γ→∞ e2

4π

5ð ffiffiffi
μ

p − ffiffiffi
g

p ðm − 3μÞÞ
3ð ffiffiffi

g
p ðμþmÞ þ ffiffiffi

μ
p Þ3 ; ð135Þ

where we use (20a), (20b), (79), and (80). Additionally, if
we take off the higher-derivative contributions in (135) by
setting g → 0, we arrive at [27]

F1ð0Þ ¼g→0 e2

4π

5

3μ
: ð136Þ

V. MICROCAUSALITY IN THE GAUGE SECTOR

The causal structure of a quantum field theory is
determined by the behavior of the commutator of funda-
mental fields at two distinct spacetime points, x and y,
outside the light cone. In what follows, we analyze the
implications of this criterion for causality in the gauge
sector. Hence, let us consider the commutator

Dμνðx − yÞ ¼ ½AμðxÞ; AνðyÞ�; ð137Þ

and verify whether it vanishes outside the light cone, i.e.,
when ðx − yÞ2 < 0.
From the decomposition of the gauge field (41), we

separate into two types of contributions. We consider a first
contribution due to massive modes which we denote by

Dð1Þ
μν ðx − yÞ ¼ ½ĀμðxÞ; ĀνðyÞ� þ ½GμðxÞ; GνðyÞ�; ð138Þ

and a second contribution due to massless modes

Dð2Þ
μν ðx − yÞ ¼ ½AD

μ ðxÞ; AG
ν ðyÞ� þ ½AG

μ ðxÞ; AD
ν ðyÞ�

þ ½AG
μ ðxÞ; AG

ν ðyÞ�; ð139Þ

and define the total contribution

Dμνðx − yÞ ¼ Dð1Þ
μν ðx − yÞ þDð2Þ

μν ðx − yÞ: ð140Þ

We begin to evaluate the first contribution, with

½ĀμðxÞ; ĀνðyÞ� ¼
Z

d2k⃗
ð2πÞ2

1

2ω1β̄
ðεð−Þμ εð−Þ�ν e−ik·ðx−yÞ

− εð−Þ�μ εð−Þν eik·ðx−yÞÞk0¼ω1
; ð141Þ

and

½GμðxÞ; GνðyÞ� ¼ −
Z

d2k⃗
ð2πÞ2

1

2W2β̄
ðεðþÞ

μ εðþÞ�
ν e−ik·ðx−yÞ

− εðþÞ�
μ εðþÞ

ν eik·ðx−yÞÞk0¼W2
: ð142Þ
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Let us define z ¼ x − y and change k⃗ → −k⃗ in the second
terms of Eq. (141) and (142), obtaining

½ĀμðxÞ; ĀνðyÞ� ¼
Z

d2k⃗
ð2πÞ2

eik⃗·z⃗

2ω1β̄
ðεð−Þμ ðω1; k⃗Þ

× εð−Þ�ν ðω1; k⃗Þe−iω1z0

− εð−Þ�μ ðω1;−k⃗Þεð−Þν ðω1;−k⃗Þeiω1z0Þ; ð143Þ

and

½GμðxÞ;GνðyÞ�¼−
Z

d2k⃗
ð2πÞ2

eik⃗·z⃗

2W2β̄
ðεðþÞ

μ ðW2;k⃗Þ

×εðþÞ�
ν ðW2;k⃗Þe−iW2z0

−εðþÞ�
μ ðW2;−k⃗ÞεðþÞ

ν ðW2;−k⃗ÞeiW2z0Þ; ð144Þ

where we have used that the denominators are even
functions of k⃗.
We recall the identity (32)

εð�Þ
μ ðk0; k⃗Þεð�Þ�

ν ðk0; k⃗Þ ¼ −
1

2

�
ημν −

kμkν
k2

� iϵμβν
kβffiffiffiffiffi
k2

p
�
:

ð145Þ

We take the complex conjugate

εð�Þ�
μ ðk0; k⃗Þεð�Þ

ν ðk0; k⃗Þ ¼ −
1

2

�
ημν −

kμkν
k2

∓ iϵμβν
kβffiffiffiffiffi
k2

p
�
:

ð146Þ

Thus, we conclude that

εð�Þ�
μ ðk0; k⃗Þεð�Þ

ν ðk0; k⃗Þ ¼ εð�Þ
μ ð−k0;−k⃗Þ × εð�Þ�

ν ð−k0;−k⃗Þ;
ð147Þ

which leads to the relations

εð−Þ�μ ðω1;−k⃗Þεð−Þν ðω1;−k⃗Þ ¼ εð−Þμ ð−ω1; k⃗Þ × εð−Þ�ν ð−ω1; k⃗Þ;
ð148Þ

εðþÞ�
μ ðW2;−k⃗ÞεðþÞ

ν ðW2;−k⃗Þ¼ εðþÞ
μ ð−W2; k⃗Þ× εðþÞ�

ν ð−W2; k⃗Þ:
ð149Þ

Using these results, the total expression for the com-
mutator is

Dð1Þ
μν ðzÞ ¼

Z
d2k⃗
ð2πÞ2

eik⃗·z⃗

2ω1β̄
ðεð−Þμ ðω1; k⃗Þεð−Þ�ν ðω1; k⃗Þ

× e−iω1z0 − εð−Þμ ð−ω1; k⃗Þεð−Þ�ν ð−ω1; k⃗Þeiω1z0Þ

−
Z

d2k⃗
ð2πÞ2

eik⃗·z⃗

2W2β̄
ðεðþÞ

μ ðW2; k⃗ÞεðþÞ�
ν ðW2; k⃗Þ

× e−iW2z0 − εðþÞ
μ ð−W2; k⃗ÞεðþÞ�

ν ð−W2; k⃗ÞeiW2z0Þ:
ð150Þ

Let us recall some previous results (16), and by evaluating
k0 in a root of k2 − γ2M2, we arrive at

TμνðpÞjΛ�¼0 ¼ ημν −
kμkν
k2

� iϵμβν
kβffiffiffiffiffi
k2

p : ð151Þ

We can establish a connection with the combination of
polarization vectors

εð−Þμ ð�ω1; k⃗Þεð−Þ�ν ð�ω1; k⃗Þ ¼ −
1

2
TμνðkÞjk0¼�ω1

; ð152Þ

εðþÞ
μ ð�W2; k⃗ÞεðþÞ�

ν ð�W2; k⃗Þ ¼ −
1

2
TμνðkÞjk0¼�W2

: ð153Þ

Therefore

Dð1Þ
μν ðzÞ ¼ −

1

2β̄

Z
d2k⃗
ð2πÞ2 e

ik⃗·z⃗

�
TμνðkÞjk0¼ω1

2ω1

× e−iω1z0 −
TμνðkÞjk0¼−ω1

2ω1

eiω1z0

�

þ 1

2β̄

Z
d2k⃗
ð2πÞ2 e

ik⃗·z⃗

�
TμνðkÞjk0¼W2

2W2

× e−iW2z0 −
TμνðkÞjk0¼−W2

2W2

eiW2z0

�
: ð154Þ

Now we compute the terms for the second contributions,
which give

½AD
μ ðxÞ; AG

ν ðyÞ� ¼
Z

d2k⃗
ð2πÞ2

ðikνÞ
4jk⃗j2

ξ

μ
ðvμðx0; kÞ

× e−ik·ðx−yÞ þ v�μðx0; kÞeik·ðx−yÞÞk0¼jk⃗j;

ð155Þ

½AG
μ ðxÞ; AD

ν ðyÞ� ¼
Z

d2k⃗
ð2πÞ2

ð−ikμÞ
4jk⃗j2

ξ

μ
ðv�νðy0; kÞe−ik·ðx−yÞ

þ vνðy0; kÞeik·ðx−yÞÞk0¼jk⃗j; ð156Þ
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½AG
μ ðxÞ; AG

ν ðyÞ� ¼
Z

d2k⃗
ð2πÞ2

kμkν

4jk⃗j2
�
−
2jk⃗j
γμ2

þ ξ

jk⃗j

�

× ðe−ik·ðx−yÞ − eik·ðx−yÞÞk0¼jk⃗j: ð157Þ

Considering z ¼ x − y, we arrive at

Dð2Þ
μν ðzÞ ¼

Z
d2k⃗
ð2πÞ2

1

ð2jk⃗jÞ2
½ðKμνðz0; kÞ

− ξðnμkν þ kμnνÞÞe−ik·z − ðK�
μνðz0;−kÞ

− ξðnμkν þ kμnνÞÞeik·z�k0¼jk⃗j; ð158Þ

with

Kμνðz0; kÞ ≔ iξz0kμkν −
2i
μ
jk⃗jϵμβνkβ

þ kμkν

�
−
2jk⃗j
γμ2

þ ξ

jk⃗j

�
: ð159Þ

Now we look for the individual components of the
commutator (154). To find the contributions to Dð1Þ

μν we use
the following relations

TμνðkÞjk0¼ω1
¼ ημν −

kμkν
m2

1

����
k0¼ω1

− iϵμβν
kβ

m1

����
k0¼ω1

; ð160Þ

TμνðkÞjk0¼−ω1
¼ημν−

kμkν
m2

1

����
k0¼−ω1

−iϵμβν
kβ

m1

����
k0¼−ω1

; ð161Þ

TμνðkÞjk0¼W2
¼ ημν −

kμkν
M2

2

����
k0¼W2

þ iϵμβν
kβ

M2

����
k0¼W2

; ð162Þ

TμνðkÞjk0¼−W2
¼ ημν −

kμkν
M2

2

����
k0¼−W2

þ iϵμβν
kβ

M2

����
k0¼−W2

;

ð163Þ

where we have used (30b) and (30c).
For the contributions Dð1Þ

00 , we have

T00ðω1; k⃗Þ
2ω1

e−iz0ω1 −
T00ð−ω1; k⃗Þ

2ω1

eiz0ω1

¼ −
i
ω1

sinðz0ω1Þ
�
1 −

ω2
1

m2
1

�
; ð164Þ

and

−
T00ðW2; k⃗Þ

2W2

e−iz0W2 þ T00ð−W2; k⃗Þ
2W2

eiz0W2

¼ i
W2

sinðz0W2Þ
�
1 −

W2
2

M2
2

�
: ð165Þ

For the contributions Dð1Þ
0i , we have

T0iðkÞjk0¼ω1

2ω1

e−iz0ω1 −
T0iðkÞjk0¼−ω1

2ω1

eiz0ω1

¼ −
ki
m2

1

cosðz0ω1Þ −
1

ω1

ϵji
kj

m1

sinðz0ω1Þ; ð166Þ

and

−
T0iðkÞjk0¼W2

2W2

e−iz0W2 þ T0iðkÞjk0¼−W2

2W2

eiz0W2

¼ ki
M2

2

cosðz0W2Þ −
1

W2

ϵji
kj

M2

sinðz0W2Þ; ð167Þ

where we defined ϵ0ij ¼ ϵij. The last ones, are the con-

tributions Dð1Þ
ij

Tijðω1; k⃗Þ
2ω1

e−iz0ω1 −
Tijð−ω1; k⃗Þ

2ω1

eiz0ω1

¼ i
δij
ω1

sinðz0ω1Þ þ i
kikj
m2

1ω1

sinðz0ω1Þ

þ iϵij
1

m1

cosðz0ω1Þ; ð168Þ

and

−
TijðW2; k⃗Þ

2W2

e−iz0W2 þ Tijð−W2; k⃗Þ
2W2

eiz0W2

¼ −i
δij
W2

sinðz0W2Þ − i
kikj

M2
2W2

sinðz0W2Þ

þ iϵij
1

M2

cosðz0W2Þ: ð169Þ

Note that the elements have the expected symmetry of z →
−z and swapping μ → ν.
Each element can be written as

Dð1Þ
00 ðzÞ ¼ −

i
2β̄

×
Z

d2k⃗
ð2πÞ2 jk⃗j

2

�
sinðz0ω1Þ
m2

1ω1

−
sinðz0W2Þ
M2

2W2

�
eik⃗·z⃗;

ð170aÞ

Dð1Þ
0i ðzÞ ¼

1

2β̄
×
Z

d2k⃗
ð2πÞ2

��
cosðz0ω1Þ

m2
1

−
cosðz0W2Þ

M2
2

�
ki

þ
�
sinðz0ω1Þ
m1ω1

þ sinðz0W2Þ
M2W2

�
ϵijkj

�
eik⃗·z⃗; ð170bÞ

and
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Dð1Þ
ij ðzÞ ¼ −

i

2β̄
×
Z

d2k⃗
ð2πÞ2

��
sinðz0ω1Þ

ω1

−
sinðz0W2Þ

W2

�
δij

þ
�
sinðz0ω1Þ
m2

1ω1

−
sinðz0W2Þ
M2

2W2

�
kikj

þ
�

1

m1

cosðz0ω1Þ þ
1

M2

cosðz0W2Þ
�
ϵij

�
eik⃗·z⃗:

ð170cÞ

In the same way the components of the second con-
tribution are

Dð2Þ
00 ðzÞ ¼

Z
d2k⃗
ð2πÞ2

�
iξz0
2

cosðjk⃗jz0Þ

þ
�

ξ

2jk⃗j
þ jk⃗j
γμ2

�
i sinðjk⃗jz0Þ

�
eik⃗·z⃗; ð171Þ

Dð2Þ
0i ðzÞ ¼ −

Z
d2k⃗
ð2πÞ2

�
ki
γμ2

cosðjk⃗jz0Þ

−
�
ξz0ki
2jk⃗j

−
ϵjikj

μjk⃗j

�
sinðjk⃗jz0Þ

�
eik⃗·z⃗; ð172Þ

and

Dð2Þ
ij ðzÞ ¼

Z
d2k⃗
ð2πÞ2

��
iξz0kikj

2jk⃗j2
þ iϵij

μ

�
cosðjk⃗jz0Þ

−
ikikj

2jk⃗j2
�
−
2jk⃗j
γμ2

þ ξ

jk⃗j

�
sinðjk⃗jz0Þ

�
eik⃗·z⃗: ð173Þ

Because of Lorentz covariance, the commutator can be
evaluated in any convenient frame. Since we are interested
in the spacelike region z2 ¼ ðx − yÞ2 < 0, we choose a
frame where z0 ¼ 0. For completeness, a part of D00ðzÞ is
also evaluated in a general frame in Appendix A.
In the frame with z0 ¼ 0, it is not difficult to show that

the first component contribution reduces to

D00ð0; z⃗Þ ¼ 0: ð174Þ

The second component contribution gives

Dð1Þ
0i ð0; z⃗Þ ¼

1

2β̄

�
1

m2
1

−
1

M2
2

�Z
d2k⃗
ð2πÞ2 kie

ik⃗·z⃗; ð175Þ

and

Dð2Þ
0i ð0; z⃗Þ ¼ −

1

γμ2

Z
d2k⃗
ð2πÞ2 kie

ik⃗·z⃗: ð176Þ

The last one is

Dð1Þ
ij ð0; z⃗Þ ¼ −

i
2β̄

�
1

m1

þ 1

M2

�Z
d2k⃗
ð2πÞ2 ϵije

ik⃗·z⃗: ð177Þ

and

Dð2Þ
ij ð0; z⃗Þ ¼

i
μ

Z
d2k⃗
ð2πÞ2 ϵije

ik⃗·z⃗: ð178Þ

Hence, we find

D0ið0; z⃗Þ ¼ Dijð0; z⃗Þ ¼ 0; ð179Þ

where we have used

1

m2
1

−
1

M2
2

¼ 2β̄

γμ2
; ð180Þ

1

m1

þ 1

M2

¼ 2β̄

μ
: ð181Þ

We confirm that microcausality is preserved in our model.

VI. FINAL REMARKS

In this work, we have studied the higher-derivative
extension of three-dimensional QED which incorporates
gauge-invariant CS modifications. In particular, we have
considered a QED with standard fermions, CS gauge
invariant extensions including higher-order and a standard
interaction term. While earlier gauge extensions were
treated mostly at the tree level [39], now we studied the
one-loop perturbative impact of the presence of the higher-
derivative CS term.
We have found that the higher-order gauge field prop-

agates through four different modes. We have two massive
transverse modes corresponding to the subspaces Λþ and
Λ− of the spectral decomposition of the equation-of-motion
operator. In addition to the two massive modes we find two
massless solutions that arise from the multiplicity of the
root at k2 ¼ 0 in the dispersion relations. This degeneracy
is also reflected in the propagator through the correspond-
ing pole. We have derived the polarization vectors for both
Proca-like fields, each described by transverse vectors in
momentum space fεð�Þg, and also for the massless modes.
We have developed the Hamiltonian formulation of the

theory and identified four second-class constraints, which
give rise to Dirac brackets and consequently modify the
standard Poisson structure. According to the corresponding
constraint counting, yielding 4 degrees of freedom, we
constructed the most general field expansion and verified
the resulting Dirac brackets explicitly. In addition, we
derived the propagators directly from the definition of
time-ordered vacuum expectation values of the fields. At
this stage, we have shown that the theory exhibits an
indefinite-metric structure, manifested through the commu-
tation relations of the creation and annihilation operators.
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The focus of the present work is the operator-level formu-
lation of the theory. A detailed analysis of the Hamiltonian,
the Hilbert-space structure, and related aspects is left for
future work.
An interesting feature of the canonical formalism is the

emergence of double poles and the way in which they are
incorporated into the field expansion. Such structures may
be relevant for the quantization of gauge theories in the
Landau gauge, particularly in higher-derivative theories,
Lee-Wick-type models, dipole-field theories, and gauge
theories exhibiting degenerate massless sectors. Exploring
these possible applications constitutes an interesting direc-
tion for future work.
Microcausality has been verified by explicitly computing

the commutator of gauge fields at spacelike-separated
points, z2 < 0. Interestingly, although our analysis is per-
formed at the level of the gauge field rather than gauge-
invariant observables, we find that the commutator vanishes
identically when z0 ¼ 0. This behavior suggests a nontrivial
distributional structure, distinct from that of conventional
QED in (2þ 1) dimensions, where the commutator is
supported on the light cone. We leave for future work the
investigation of this effect and its possible connection with
the massive modes arising in the Landau gauge.
We have computed the two-point function of the spinor

field which induces radiative correction that allows us to
redefine a Lagrangian in terms of two decoupled standard
fermions, one being a ghost, which has served to compute
the rest of radiative corrections. With this decomposition,
we have computed the PPO where the complete depend-
ence on the external momentum was obtained, and calcu-
lated the two- and three-point functions involving the
spinor field. We have seen that in the gauge sector a
redefinition of variables to cast the theory into the sum of
Proca-like fields may be prohibited since these will
eventually destroy gauge invariance. Moreover, we explic-
itly checked that our theory is microcausal in the gauge
sector. The results for the spinor sector can be used within
the studies of the three-dimensional effective field theories
applied within the condensed matter context, especially
within studies of graphene which is a perfect three-dimen-
sional model. We also leave for future work the finite
renormalization of the model.
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APPENDIX A: THE CALCULATION OF Dð1Þ
00

Here we analyze a more general frame with z0 ≠ 0,

starting from Eq. (170). The contribution Dð2Þ
00 in (171) has

a similar form; however, we restrain from this calculation.
In polar coordinates, defined by

d2k⃗ ¼ jk⃗jdjk⃗jdθ; ðA1Þ

k⃗ · z⃗ ¼ jk⃗jjz⃗j cos θ; ðA2Þ

k⃗ ¼ ðjk⃗j cos θ; jk⃗j sin θÞ; ðA3Þ

we obtain

Dð1Þ
00 ðzÞ ¼ −

i
2β̄

Z
2π

0

Z
∞

0

jk⃗j3djk⃗jdθ
ð2πÞ2

×

�
sinðz0ω1Þ
m2

1ω1

−
sinðz0W2Þ
M2

2W2

�
eijk⃗jjz⃗j cos θ; ðA4aÞ

Dð1Þ
0i ðzÞ ¼

1

2β̄

Z
2π

0

Z
∞

0

jk⃗jdjk⃗jdθ
ð2πÞ2

×

��
cosðz0ω1Þ

m2
1

−
cosðz0W2Þ

M2
2

�
ki

þ
�
sinðz0ω1Þ
m1ω1

þ sinðz0W2Þ
M2W2

�
ϵijkj

�
eijk⃗jjz⃗j cos θ;

ðA4bÞ

and

Dð1Þ
ij ðzÞ ¼−

i
2β̄

Z
2π

0

Z
∞

0

jk⃗jdjk⃗jdθ
ð2πÞ2

×

��
sinðz0ω1Þ

ω1

−
sinðz0W2Þ

W2

�
δij

þ
�
sinðz0ω1Þ
m2

1ω1

−
sinðz0W2Þ
M2

2W2

�
kikj

þ
�

1

m1

cosðz0ω1Þþ
1

M2

cosðz0W2Þ
�
ϵij

�
eijk⃗jjz⃗jcosθ:

Considering the following known integrals:Z
2π

0

dθ
2π

eijk⃗jjz⃗j cos θ ¼ J0ðjk⃗jjz⃗jÞ; ðA5Þ
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Z
2π

0

dθ
2π

cos θeijk⃗jjz⃗j cos θ ¼ iJ1ðjk⃗jjz⃗jÞ; ðA6Þ

Z
2π

0

dθ
2π

cos2 θeijk⃗jjz⃗jcosθ ¼ 1

2
ðJ0ðjk⃗jjz⃗jÞ−J2ðjk⃗jjz⃗jÞÞ; ðA7Þ

Z
2π

0

dθ
2π

sin2 θeijk⃗jjz⃗jcosθ ¼ 1

2
ðJ0ðjk⃗jjz⃗jÞþJ2ðjk⃗jjz⃗jÞÞ; ðA8Þ

and using the fact that the following integrals vanish due to
parity symmetry

Z
2π

0

dθ
2π

sin θeijk⃗jjz⃗j cos θ ¼ 0; ðA9Þ

Z
2π

0

dθ
2π

cos θ sin θeijk⃗jjz⃗j cos θ ¼ 0; ðA10Þ

we are led to the following set of integrals to evaluate. For

Dð1Þ
00 ðzÞ

Dð1Þ
00 ðzÞ ¼ −

i

2β̄

Z
∞

0

jk⃗j3djk⃗j
2π

×

�
sinðz0ω1Þ
m2

1ω1

−
sinðz0W2Þ
M2

2W2

�
J0ðjk⃗jjz⃗jÞ: ðA11Þ

For Dð1Þ
0i ðzÞ we have the components

Dð1Þ
01 ðzÞ ¼

i

2β̄

Z
∞

0

jk⃗j2djk⃗j
2π

×

�
cosðz0ω1Þ

m2
1

−
cosðz0W2Þ

M2
2

�
J1ðjk⃗jjz⃗jÞ; ðA12aÞ

Dð1Þ
02 ðzÞ ¼−

i

2β̄

Z
∞

0

jk⃗j2djk⃗j
2π

×

�
sinðz0ω1Þ
m1ω1

þ sinðz0W2Þ
M2W2

�
J1ðjk⃗jjz⃗jÞ: ðA12bÞ

Finally for the Dð1Þ
ij ðzÞ components we have

Dð1Þ
11 ðzÞ ¼ −

i
2β̄

Z
∞

0

jk⃗jdjk⃗j
2π

×

��
sinðz0ω1Þ

ω1

−
sinðz0W2Þ

W2

�
J0ðjk⃗jjz⃗jÞ

þ jk⃗j2
2

�
sinðz0ω1Þ
m2

1ω1

−
sinðz0W2Þ
M2

2W2

�

× ðJ0ðjk⃗jjz⃗jÞ − J2ðjk⃗jjz⃗jÞÞ
�
; ðA13aÞ

Dð1Þ
12 ðzÞ¼−

i

2β̄

Z
∞

0

jk⃗jdjk⃗j
2π

×

�
cosðz0ω1Þ

m1

þ cosðz0W2Þ
M2

�
J0ðjk⃗jjz⃗jÞ; ðA13bÞ

Dð1Þ
21 ðzÞ¼

i
2β̄

Z
2π

0

Z
∞

0

jk⃗jdjk⃗j
2π

×

�
cosðz0ω1Þ

m1

þ cosðz0W2Þ
M2

�
J0ðjk⃗jjz⃗jÞ; ðA13cÞ

Dð1Þ
22 ðzÞ ¼ −

i

2β̄

Z
∞

0

jk⃗jdjk⃗j
2π

×

��
sinðz0ω1Þ

ω1

−
sinðz0W2Þ

W2

�
J0ðjk⃗jjz⃗jÞ

þ jk⃗j2
2

�
sinðz0ω1Þ
m2

1ω1

−
sinðz0W2Þ
M2

2W2

�

× ðJ0ðjk⃗jjz⃗jÞ þ J2ðjk⃗jjz⃗jÞÞ
�
: ðA13dÞ

To illustrate how the case with z0 ≠ 0 leads to the same
conclusion as the z0 ¼ 0 frame, we explicitly compute the

Dð1Þ
00 ðzÞ integral given in Eq. (11). In this case, we encounter

an integral of the form:

IðzÞ ¼
Z

∞

0

k2 sinðz0ωðkÞÞ
ωðkÞ J0ðkzÞkdk; ðA14Þ

for ω ¼ ω1;W2. We know that the Bessel functions satisfy
the ordinary differential equation

x2
d2JnðxÞ
dx2

þ x
dJnðxÞ
dx

þ ðx2 − n2ÞJnðxÞ ¼ 0; ðA15Þ

that in our particular case means

�
d2

dz2
þ 1

z
d
dz

�
J0ðkzÞ ¼ −k2J0ðkzÞ: ðA16Þ

By using this expression we can write the integral as

IðzÞ¼−
�
∂
2
zþ

1

z
∂z

��Z
∞

0

sinðz0ωðkÞÞ
ωðkÞ J0ðkzÞkdk

�
: ðA17Þ

Now by changing the integration variable as τ ¼
ωðkÞ; dτ ¼ kdk

ωðkÞ then we obtain
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Z
∞

0

sinðz0ωðkÞÞ
ωðkÞ J0ðkzÞkdk¼

Z
∞

m
sinðz0τÞJ0ðz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ2−m2

p
Þdτ:

ðA18Þ

From [55] (item 6.677-1), the previous integral has the
form

Z
∞

a
J0ðb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2−a2

p
ÞsinðcxÞdx¼

(
0; 0<c<b
cosða

ffiffiffiffiffiffiffiffiffi
c2−b2

p
Þffiffiffiffiffiffiffiffiffi

c2−b2
p ; 0<b<c

:

ðA19Þ

In our case a ¼ m, b ¼ z, and c ¼ z0, thus

Z
∞

m
sinðz0τÞJ0ðz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ2−m2

p
Þdτ¼

8<
:
0; 0<z0<z

cosðm
ffiffiffiffiffiffiffiffiffi
z2
0
−z2

p
Þffiffiffiffiffiffiffiffiffi

z2
0
−z2

p ; 0<z<z0
:

ðA20Þ

We conclude that outside the light cone the integral IðzÞ
vanishes. The other integrals can be calculated in the
same way.

APPENDIX B: THE HAMILTONIAN FORMALISM

To develop the Hamiltonian formalism it is more
convenient to work with the integrated-by-parts
Lagrangian (7)

L ¼ −
1

4γ
FμνFμν −

1

2ξ
ð∂μAμÞ2 þ 1

2
ϵαβγ∂βAγðμþ g□ÞAα;

ðB1Þ

which has only second-order derivatives.
Following the Ostrogradsky formalism momenta are

Πμ ≔
∂L
∂Äμ

¼ g
2
ϵμβγ∂βAγ; ðB2Þ

Pμ ≔
∂L

∂Ȧμ

−
∂Πμ

∂t
¼ −

1

γ
ðȦμ − ∂

μA0Þ − 1

ξ
ð∂λAλÞη0μ

þ 1

2
ϵα0μðμþ g□ÞAα −

g
2
ϵμβγ∂βȦγ: ðB3Þ

In components

P0 ¼ −
1

ξ
ðȦ0 þ ∂

iAiÞ −
g
2
ϵij∂iȦj; ðB4Þ

Pk ¼ −
1

γ
ðȦk − ∂

kA0Þ þ
1

2
ϵkiðμþ g∂j∂jÞAi

þ gϵkiÄi −
g
2
ϵkj∂jȦ0; ðB5Þ

Π0 ¼ g
2
ϵij∂iAj; ðB6Þ

Πk ¼ −
g
2
ϵkiȦi þ

g
2
ϵki∂iA0: ðB7Þ

Some momenta define a surface between extended phase
space variables and hence are identified with primary
constraints; these are denoted by

φ0 ≔ Π0 −
g
2
ϵij∂iAj; ðB8Þ

φi ≔ Πi þ g
2
ϵijȦj −

g
2
ϵij∂jA0; ðB9Þ

ψ0 ≔ P0 þ 1

ξ
ðȦ0 þ ∂

kAkÞ þ
g
2
ϵij∂iȦj: ðB10Þ

The Hamiltonian can be obtained through the Legendre
transform of extended phase space variables

HC ¼ ȦμPμ þ ÄμΠμ − L: ðB11Þ

For this we consider the identities

∂kΠk ¼ −
g
2
ϵij∂iȦj; ðB12Þ

Ȧ0 ¼ −∂iAi − ξP0 þ ξ∂kΠk; ðB13Þ

ϵijΠj ¼ g
2
ðȦi − ∂iA0Þ; ðB14Þ

ϵijPj ¼−
1

γ
ϵijðȦj − ∂

jA0Þ− 1

2
ðμþ g∂j∂jÞAi − gÄi−

g
2
∂iȦ0:

ðB15Þ

These can be used to write

Ȧ0 ¼ −∂iAi − ξP0 þ ξ∂kΠk; ðB16Þ

Ȧi ¼ ∂iA0 þ
2

g
ϵijΠj; ðB17Þ

Äi ¼
1

g

�
−ϵijPj þ 2

γg
Πi −

1

2
ðμþ g∂j∂jÞAi

þ g
2
∂ið∂jAj þ ξP0 − ξ∂jΠjÞ

�
: ðB18Þ

After some calculation we have the canonical Hamiltonian
density
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H ¼ ξ

2
ð−ðP0Þ2 þ ð∂kΠkÞ2Þ þ 2

γg2
ΠiΠi þ

2

g
ϵijPiΠj

−
1

g
Πiðμþ g∂j∂jÞAi − ∂

iAiP0 þ ∂iA0Pi

þ 1

4γ
FijFij −

1

2
ϵkl∂kAlðμþ g∂j∂jÞA0: ðB19Þ

We notice that the canonical Hamiltonian density only
depends on spatial derivatives of the extended phase space
variables ðAμ; Pμ;ΠμÞ. We incorporate the constraints to the
Hamiltonian, obtaining

H¼
Z

d2x

�
ξ

2
ð−ðP0Þ2þð∂kΠkÞ2Þþ 2

γg2
ΠiΠiþ

2

g
ϵijPiΠj

−
1

g
Πiðμþg∂j∂jÞAi−∂

iAiP0þ∂iA0Piþ 1

4γ
FijFij

−
1

2
ϵkl∂kAlðμþg∂j∂jÞA0þλ0φ

0þλiφ
iþθ0ψ

0

�
: ðB20Þ

Considering the Poisson brackets

fAμðt; x⃗Þ; Pνðt; y⃗Þg ¼ δνμδ
ð2Þðx⃗ − y⃗Þ; ðB21Þ

fȦμðt; x⃗Þ;Πνðt; y⃗Þg ¼ δνμδ
ð2Þðx⃗ − y⃗Þ; ðB22Þ

we have the constraints algebra

fφ0ðt; x⃗Þ;φ0ðt; y⃗Þg ¼ 0; ðB23Þ

fφ0ðt; x⃗Þ;φiðt; y⃗Þg ¼ 0; ðB24Þ

fφ0ðt; x⃗Þ;ψ0ðt; y⃗Þg ¼ −
1

ξ
δð2Þðx⃗ − y⃗Þ; ðB25Þ

fφiðt; x⃗Þ;φjðt; y⃗Þg ¼ gϵijδð2Þðx⃗ − y⃗Þ; ðB26Þ

fφiðt; x⃗Þ;ψ0ðt; y⃗Þg ¼ −gϵik∂ðxÞk δð2Þðx⃗ − y⃗Þ; ðB27Þ

fψ0ðt; x⃗Þ;ψ0ðt; y⃗Þg ¼ 0: ðB28Þ

Evolving in time all constraints we find four consistency
relations

θ0 ¼ ∂iΠi; ðB29Þ

λj ¼ ∂j∂iΠi − Äj; ðB30Þ

λ0 ¼ −∂iPi −
2

g

�
1þ 1

γ

�
ϵij∂

iΠj − ∂
i
∂iA0

þ∂kΠk þ gϵki∂kÄi; ðB31Þ

where Äi is a function of phase space variables;
see Eq. (B18).
To continue with the Dirac algorithm we introduce the

notation for the four constraints

φA ¼ fφ0;φ1;φ2;ψ0g: ðB32Þ

We define the matrix

CABðt; x⃗; y⃗Þ ≔

0
BBBB@

fφ0ðt; x⃗Þ;φ0ðt; y⃗Þg fφ0ðt; x⃗Þ;φ1ðt; y⃗Þg fφ0ðt; x⃗Þ;φ2ðt; y⃗Þg fφ0ðt; x⃗Þ;ψ0ðt; y⃗Þg
fφ1ðt; x⃗Þ;φ0ðt; y⃗Þg fφ1ðt; x⃗Þ;φ1ðt; y⃗Þg fφ1ðt; x⃗Þ;φ2ðt; y⃗Þg fφ1ðt; x⃗Þ;ψ0ðt; y⃗Þg
fφ2ðt; x⃗Þ;φ0ðt; y⃗Þg fφ2ðt; x⃗Þ;φ1ðt; y⃗Þg fφ2ðt; x⃗Þ;φ2ðt; y⃗Þg fφ2ðt; x⃗Þ;ψ0ðt; y⃗Þg
fψ0ðt; x⃗Þ;φ0ðt; y⃗Þg fψ0ðt; x⃗Þ;φ1ðt; y⃗Þg fψ0ðt; x⃗Þ;φ2ðt; y⃗Þg fψ0ðt; x⃗Þ;ψ0ðt; y⃗Þg

1
CCCCA; ðB33Þ

and find

CABðt; x⃗; y⃗Þ¼

0
BBB@

0 0 0 −1=ξ
0 0 g −g∂2
0 −g 0 g∂1
1=ξ −g∂2 g∂1 0

1
CCCAδð2Þðx⃗− y⃗Þ: ðB34Þ

The inverse matrix becomes

C−1
ABðt; x⃗; y⃗Þ¼

0
BBB@

0 −ξ∂1 −ξ∂2 ξ

−ξ∂1 0 −1=g 0

−ξ∂2 1=g 0 0

−ξ 0 0 0

1
CCCAδð2Þðx⃗− y⃗Þ: ðB35Þ

After some calculation, the Dirac brackets for A0ðt; x⃗Þ are

fA0ðt; x⃗Þ; A0ðt; y⃗Þg� ¼ 0; ðB36Þ

fA0ðt; x⃗Þ; Ajðt; y⃗Þg� ¼ 0; ðB37Þ

fA0ðt; x⃗Þ; Ȧ0ðt; y⃗Þg� ¼ −ξδð2Þðx⃗ − y⃗Þ ðB38Þ
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fA0ðt; x⃗Þ; Ȧjðt; y⃗Þg� ¼ 0; ðB39Þ

fA0ðt; x⃗Þ; P0ðt; y⃗Þg� ¼ δð2Þðx⃗ − y⃗Þ; ðB40Þ

fA0ðt; x⃗Þ; Pjðt; y⃗Þg� ¼ ξg
2
ϵjk∂kδ

ð2Þðx⃗ − y⃗Þ; ðB41Þ

fA0ðt; x⃗Þ;Π0ðt; y⃗Þg� ¼ 0; ðB42Þ

fA0ðt; x⃗Þ;Πjðt; y⃗Þg� ¼ 0; ðB43Þ

for Aiðt; x⃗Þ

fAiðt; x⃗Þ; Ajðt; y⃗Þg� ¼ 0; ðB44Þ

fAiðt; x⃗Þ; Ȧ0ðt; y⃗Þg� ¼ 0; ðB45Þ

fAiðt; x⃗Þ; Ȧjðt; y⃗Þg� ¼ 0; ðB46Þ

fAiðt; x⃗Þ; P0ðt; y⃗Þg� ¼ 0; ðB47Þ

fAiðt; x⃗Þ; Pjðt; y⃗Þg� ¼ δjiδ
ð2Þðx⃗ − y⃗Þ; ðB48Þ

fAiðt; x⃗Þ;Π0ðt; y⃗Þg� ¼ 0; ðB49Þ

fAiðt; x⃗Þ;Πjðt; y⃗Þg� ¼ 0; ðB50Þ

for Ȧ0ðt; x⃗Þ

fȦ0ðt; x⃗Þ; Ȧ0ðt; y⃗Þg� ¼ 0; ðB51Þ

fȦ0ðt; x⃗Þ; Ȧjðt; y⃗Þg� ¼ −ξ∂jδð2Þðx⃗ − y⃗Þ; ðB52Þ

fȦ0ðt; x⃗Þ; P0ðt; y⃗Þg� ¼ 0; ðB53Þ

fȦ0ðt; x⃗Þ; Pjðt; y⃗Þg� ¼ −∂jδð2Þðx⃗ − y⃗Þ; ðB54Þ

fȦ0ðt; x⃗Þ;Π0ðt; y⃗Þg� ¼ 0; ðB55Þ

fȦ0ðt; x⃗Þ;Πjðt; y⃗Þg� ¼ 0; ðB56Þ

for Ȧiðt; x⃗Þ

fȦiðt; x⃗Þ; Ȧjðt; y⃗Þg� ¼ −
1

g
ϵijδ

ð2Þðx⃗ − y⃗Þ; ðB57Þ

fȦiðt; x⃗Þ; P0ðt; y⃗Þg� ¼ 1

2
∂iδ

ð2Þðx⃗ − y⃗Þ; ðB58Þ

fȦiðt; x⃗Þ; Pjðt; y⃗Þg� ¼ −
gξ
2
ϵkj∂i∂kδ

ð2Þðx⃗ − y⃗Þ; ðB59Þ

fȦiðt; x⃗Þ;Π0ðt; y⃗Þg� ¼ 0; ðB60Þ

fȦiðt; x⃗Þ;Πjðt; y⃗Þg� ¼ 1

2
δjiδ

ð2Þðx⃗ − y⃗Þ; ðB61Þ

for P0ðt; x⃗Þ

fP0ðt; x⃗Þ; P0ðt; y⃗Þg� ¼ 0; ðB62Þ

fP0ðt; x⃗Þ; Pjðt; y⃗Þg� ¼ 0; ðB63Þ

fP0ðt; x⃗Þ;Π0ðt; y⃗Þg� ¼ 0; ðB64Þ

fP0ðt; x⃗Þ;Πjðt; y⃗Þg� ¼ g
4
ϵjk∂kδ

ð2Þðx⃗ − y⃗Þ; ðB65Þ

for Piðt; x⃗Þ

fPiðt; x⃗Þ; Pjðt; y⃗Þg� ¼ −
g
2
ϵij∂k∂kδ

ð2Þðx⃗ − y⃗Þ; ðB66Þ

fPiðt; x⃗Þ;Π0ðt; y⃗Þg� ¼ g
2
ϵji∂jδ

ð2Þðx⃗ − y⃗Þ; ðB67Þ

fPiðt; x⃗Þ;Πjðt; y⃗Þg� ¼ 0; ðB68Þ

and for Π0ðt; x⃗Þ

fΠ0ðt; x⃗Þ;Π0ðt; y⃗Þg� ¼ 0; ðB69Þ

fΠ0ðt; x⃗Þ;Πjðt; y⃗Þg� ¼ 0; ðB70Þ

fΠiðt; x⃗Þ;Πjðt; y⃗Þg� ¼ −
g
4
ϵijδð2Þðx⃗ − y⃗Þ: ðB71Þ

A direct counting gives the number 1
2
ð6×

2ðphase space variablesÞ− 4ðsecond-class constraintsÞÞ ¼
4 of degrees of freedom.
Imposing strongly the second-class constraints we have

the Hamiltonian

H ¼
Z

d2x

�
−

1

2ξ
Ȧ2
0 þ

1

2ξ
ð∂iAiÞ2 −

g
2
ϵij∂iȦjȦ0

þ 1

2γ
ðȦi − ∂iA0ÞðȦi − ∂

iA0Þ þ
1

2
ϵijȦjðμþ g∂k∂kÞAi

− ϵij∂iAjðμþ g∂k∂kÞA0 þ ȦiPi þ 1

4γ
FijFij

�
: ðB72Þ

1. Dirac commutators

Here, we verify the Dirac structure of the theory by
explicitly evaluating several commutators using the field
expansions. The first step is to promote the Dirac brackets
to Dirac commutators according to

fAðxÞ; BðyÞg� ↔ 1

i
½AðxÞ; BðyÞ�D: ðB73Þ
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a. The commutator ½A0ðxÞ; Ȧ0ðyÞ�D
We begin to verify the commutator

½A0ðxÞ; Ȧ0ðyÞ�D ¼ −iξδð2Þðx⃗ − y⃗Þ: ðB74Þ

Replacing the field we have the contributions

½A0ðxÞ; Ȧ0ðyÞ�D ¼ ½AD
0 ðxÞ; ȦG

0 ðyÞ�D þ ½AG
0 ðxÞ; ȦD

0 ðyÞ�D
þ ½AG

0 ðxÞ; ȦG
0 ðyÞ�D þ ½Ā0ðxÞ; ˙̄A0ðyÞ�D

þ ½G0ðxÞ; Ġ0ðyÞ�D: ðB75Þ

We take first derivatives

ȦD
0 ðxÞ ¼

Z
d2k⃗
ð2πÞ2

μ

2
½ð2 − itjk⃗jÞdke−ik·x

þ ð2þ itjk⃗jÞd†keik·x�k0¼jk⃗j; ðB76Þ

ȦG
0 ðxÞ ¼

Z
d2k⃗
ð2πÞ2

−jk⃗j
2

½cke−ik·x þ c†ke
ik·x�k0¼jk⃗j; ðB77Þ

˙̄A0ðxÞ ¼
Z

d2k⃗
ð2πÞ2

i
2β̄

½−εð−Þ0 að−Þk e−ik·x

þ εð−Þ�0 að−Þ†k eik·x�k0¼ω1
; ðB78Þ

Ġ0ðxÞ ¼
Z

d2k⃗
ð2πÞ2

i
2β̄

½−εðþÞ
0 bðþÞ

k e−ik·x

þ εðþÞ�
0 bðþÞ†

k eik·x�k0¼W2
: ðB79Þ

We obtain

½AD
0 ðxÞ; ȦG

0 ðyÞ�D ¼
Z

d2k⃗
ð2πÞ2

−iξ
2

eik·ðx−yÞ; ðB80Þ

½AG
0 ðxÞ; ȦD

0 ðyÞ�D ¼
Z

d2k⃗
ð2πÞ2 ð−iξÞe

ik·ðx−yÞ; ðB81Þ

½AG
0 ðxÞ; ȦG

0 ðyÞ�D ¼
Z

d2k⃗
ð2πÞ2

ijk⃗j
2

�
−
2jk⃗j
γμ2

þ ξ

jk⃗j

�
eik·ðx−yÞ;

ðB82Þ

½Ā0ðxÞ; ˙̄A0ðyÞ�D ¼
�
1−

ω2
1

m2
1

�Z
d2k⃗
ð2πÞ2

−i
2β̄

eik·ðx−yÞ; ðB83Þ

½G0ðxÞ; Ġ0ðyÞ�D ¼
�
1−

W2
2

M2
2

�Z
d2k⃗
ð2πÞ2

i
2β̄

eik·ðx−yÞ: ðB84Þ

Adding all the contributions, we find

½A0ðxÞ; Ȧ0ðyÞ�D ¼ i
Z

d2k⃗
ð2πÞ2

�
−
ξ

2
− ξþ jk⃗j

2

�
−
2jk⃗j
γμ2

þ ξ

jk⃗j

�

−
�
1−

ω2
1

m2
1

�
1

2β̄
þ
�
1−

W2
2

M2
2

�
1

2β̄

�
eik·ðx−yÞ;

ðB85Þ

or

½A0ðxÞ; Ȧ0ðyÞ�D ¼ i
Z

d2k⃗
ð2πÞ2

�
−ξ −

jk⃗j2
γμ2

þ jk⃗j2
2β̄

�
1

m2
1

−
1

M2
2

��
eik·ðx−yÞ; ðB86Þ

and using (180), we arrive at

½A0ðxÞ; Ȧ0ðyÞ�D ¼ −iξδð2Þðx⃗ − y⃗Þ: ðB87Þ

b. The commutator ½A0ðxÞ;PiðyÞ�D
We continue to verify the commutator

½A0ðxÞ; PiðyÞ�D ¼ iξg
2

ϵij∂jδ
ð2Þðx⃗ − y⃗Þ: ðB88Þ

Using the definition of momentum (5), and the previous
Dirac brackets, we have

½A0ðxÞ;PiðyÞ�D¼−
1

γ
ð½A0ðxÞ; ȦiðyÞ�D−∂

i
ðyÞ½A0ðxÞ;A0ðyÞ�DÞ

þ1

2
ϵijðμþg∂kðyÞ∂

ðyÞ
k Þ½A0ðxÞ;AjðyÞ�D

þgϵij½A0ðxÞ; ÄjðyÞ�D
−
g
2
ϵij∂ðyÞj ½A0ðxÞ; Ȧ0ðyÞ�D; ðB89Þ

where the notation emphasizes the spatial derivatives acting
on the second coordinate y. Some commutators are zero,
and we obtain

½A0ðxÞ; PiðyÞ�D ¼ gϵij½A0ðxÞ; ÄjðyÞ�D
− iξ

g
2
ϵij∂jδ

ð2Þðx⃗ − y⃗ÞÞ: ðB90Þ

The second time derivatives on the fields are

ÄD
j ðxÞ¼

Z
d2k⃗
ð2πÞ2

i
2

�
−
�
μð2−ijk⃗jtÞkjþi

2jk⃗j
ξ

ϵjkkk
�
dke−ik·x

þ
�
μð2þijk⃗jtÞkj−i

2jk⃗j
ξ

ϵjkkk
�
d†ke

ik·x

�
k0¼jk⃗j

;

ðB91Þ
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ÄG
j ðxÞ¼

Z
d2k⃗
ð2πÞ2

−ijk⃗jkj
2

½−cke−ik·xþc†ke
ik·x�k0¼jk⃗j; ðB92Þ

̈ĀjðxÞ ¼
Z

d2k⃗
ð2πÞ2

−ω1

2β̄
½εð−Þj að−Þk e−ik·x þ εð−Þ�j að−Þ†k eik·x�k0¼ω1

;

ðB93Þ

G̈jðxÞ¼
Z

d2k⃗
ð2πÞ2

−W2

2β̄
½εðþÞ

j bðþÞ
k e−ik·xþεðþÞ�

j bðþÞ†
k eik·x�k0¼W2

:

ðB94Þ

The contributions to the bracket ½A0ðxÞ; ÄjðyÞ�D are
given by

½A0ðxÞ; ÄjðyÞ�D ¼ ½AD
0 ðxÞ; ÄG

j ðyÞ�D þ ½AG
0 ðxÞ; ÄD

j ðyÞ�D
þ ½AG

0 ðxÞ; ÄG
j ðyÞ�D þ ½Ā0ðxÞ; ̈ĀjðyÞ�D

þ ½G0ðxÞ; G̈jðyÞ�D: ðB95Þ

Each term contributes with

½AD
0 ðxÞ; ÄG

j ðyÞ�D ¼ −
Z

d2k⃗
ð2πÞ2

ξ

2
kjeik·ðx−yÞ; ðB96Þ

½AG
0 ðxÞ; ÄD

j ðyÞ�D ¼ −
Z

d2k⃗
ð2πÞ2 ξkje

ik·ðx−yÞ; ðB97Þ

½AG
0 ðxÞ; ÄG

j ðyÞ�D ¼
Z

d2k⃗
ð2πÞ2

jk⃗j
2

�
−
2jk⃗j
γμ2

þ ξ

jk⃗j

�
× kjeik·ðx−yÞ;

ðB98Þ

½Ā0ðxÞ; ̈ĀjðyÞ�D ¼
Z

d2k⃗
ð2πÞ2

1

2β̄

ω2
1

m2
1

kjeik·ðx−yÞ; ðB99Þ

½G0ðxÞ; G̈jðyÞ�D ¼ −
Z

d2k⃗
ð2πÞ2

1

2β̄

W2
2

M2
2

kjeik·ðx−yÞ: ðB100Þ

The sum of all contributions give

½A0ðxÞ; ÄjðyÞ�D ¼ −
Z

d2k⃗
ð2πÞ2 ξkje

ik·ðx−yÞ

−
Z

d2k⃗
ð2πÞ2

jk⃗j2
γμ2

kjeik·ðx−yÞ

þ
Z

d2k⃗
ð2πÞ2

jk⃗j2
2β̄

�
1

m2
1

−
1

M2
2

�
kjeik·ðx−yÞ:

ðB101Þ

Using (180), we obtain

½A0ðxÞ; ÄjðyÞ�D ¼ −
Z

d2k⃗
ð2πÞ2 ξkje

ik·ðx−yÞ: ðB102Þ

Thus, the Dirac bracket becomes

½A0ðxÞ; PiðyÞ�D ¼ iξgϵij∂jδð2Þðx⃗ − y⃗Þ − iξ
g
2
ϵij∂jδ

ð2Þðx⃗ − y⃗Þ

¼ iξ
g
2
ϵij∂jδ

ð2Þðx⃗ − y⃗Þ: ðB103Þ

c. The commutator ½AiðxÞ;PjðyÞ�D
We verify the Dirac bracket

½AiðxÞ; PjðyÞ�D ¼ iδjiδ
ð2Þðx⃗ − y⃗Þ: ðB104Þ

Again using the definition of momentum Pj we have

½AiðxÞ; PjðyÞ�D ¼ gϵjk½AiðxÞ; ÄkðyÞ�D: ðB105Þ

From (93)–(96), we have

½AiðxÞ; ÄkðyÞ�D ¼ ½AD
i ðxÞ; ÄG

k ðyÞ�D þ ½AG
i ðxÞ; ÄD

k ðyÞ�D
þ ½AG

i ðxÞ; ÄG
k ðyÞ�D þ ½ĀiðxÞ; ̈ĀkðyÞ�D

þ ½GiðxÞ; G̈kðyÞ�D: ðB106Þ

We compute and obtain

½AD
i ðxÞ;ÄG

k ðyÞ�D¼
Z

d2k⃗
ð2πÞ2

−iξ
2μ

�
μtki−

2

ξ
ϵilkl

�
×kkeik·ðx−yÞ;

ðB107Þ

½AG
i ðxÞ;ÄD

k ðyÞ�D¼
Z

d2k⃗
ð2πÞ2

iξ
2μ

ki

�
μtkk−

2

ξ
ϵklkl

�
×eik·ðx−yÞ;

ðB108Þ

½AG
i ðxÞ; ÄG

k ðyÞ�D ¼ 0; ðB109Þ

½ĀiðxÞ; ̈̄AkðyÞ�D ¼
Z

d2k⃗
ð2πÞ2

iω2
1

2β̄m1

ϵikeik·ðx−yÞ; ðB110Þ

½GiðxÞ; G̈kðyÞ�D ¼
Z

d2k⃗
ð2πÞ2

iW2
2

2β̄M2

ϵikeik·ðx−yÞ: ðB111Þ

Adding all the contributions

½AiðxÞ; ÄkðyÞ�D¼
Z

d2k⃗
ð2πÞ2

�
i
μ
ðϵilklkk−kiϵklklÞ

þ iω2
1

2β̄m1

ϵikþ
iW2

2

2β̄M2

ϵik

�
eik·ðx−yÞ: ðB112Þ
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We consider the identity

ϵilklkk − kiϵklkl ¼ −ϵikjk⃗j2: ðB113Þ

Replacing the expression above, we have

½AiðxÞ; ÄkðyÞ�D ¼
Z

d2k⃗
ð2πÞ2

�
−
i
μ
jk⃗j2 þ i

2β̄

2γβ̄

γg

þ ijk⃗j2
2β̄

2γβ̄

γμ

�
ϵikeik·ðx−yÞ

¼
Z

d2k⃗
ð2πÞ2

i
g
ϵikeik·ðx−yÞ: ðB114Þ

Finally

½AiðxÞ;PjðyÞ�D ¼ gϵjk
Z

d2k
ð2πÞ2

i
g
ϵikeik·ðx−yÞ;¼ iδjiδ

ð2Þðx⃗− y⃗Þ:

ðB115Þ

We have presented the details for the first three cases; the
remaining ones can be checked analogously.

APPENDIX C: THE FEYNMAN PROPAGATOR

In this part we give the Feynman propagator using the
definition. Recall the time ordered product of fields

DF
μνðx − yÞ ¼ θðx0 − y0Þh0jAμðxÞAνðyÞj0i

þ θðy0 − x0Þh0jAνðyÞAμðxÞj0i: ðC1Þ

We first consider the case x0 > y0

h0jAμðxÞAνðyÞj0i¼h0jAD
μ ðxÞAG

ν ðyÞj0iþh0jAG
μ ðxÞAD

ν ðyÞj0i
þh0jAG

μ ðxÞAG
ν ðyÞj0iþh0jĀμðxÞĀνðyÞj0i

þh0jGμðxÞGνðyÞj0i: ðC2Þ

We compute each piece

h0jAD
μ ðxÞAG

ν ðyÞj0i¼
ZZ

d2k⃗
ð2πÞ2

d2q⃗
ð2πÞ2

ivμðx0;kÞqν
4jk⃗jjq⃗j

×h0jdk⃗c†q⃗j0ie−iðk·x−q·yÞ

¼
Z

d2k⃗
ð2πÞ2

ivμðx0;kÞkν
4jk⃗j2

ξ

μ
e−ik·ðx−yÞ; ðC3Þ

also

h0jAG
μ ðxÞAD

ν ðyÞj0i ¼
ZZ

d2k⃗
ð2πÞ2

d2q⃗
ð2πÞ2

ð−ikμÞv�νðy0; qÞ
4jk⃗jjq⃗j

× h0jck⃗d†q⃗j0ie−iðk·x−q·yÞ

¼
Z

d2k⃗
ð2πÞ2

ð−ikμÞv�νðy0; kÞ
4jk⃗j2

ξ

μ
e−ik·ðx−yÞ;

ðC4Þ
and

h0jAG
μ ðxÞAG

ν ðyÞj0i¼
ZZ

d2k⃗
ð2πÞ2

d2q⃗
ð2πÞ2

ð−ikμÞðiqνÞ
4jk⃗jjq⃗j

× h0jck⃗c†q⃗j0ie−iðk·x−q·yÞ

¼
Z

d2k⃗
ð2πÞ2

kμkν

4jk⃗j2
�
−
2jk⃗j
γμ2

þ ξ

jk⃗j

�
e−ik·ðx−yÞ:

ðC5Þ
Thus the contributions coming from the massless sector
correspond to

h0jAD
μ ðxÞAG

ν ðyÞj0iþh0jAG
μ ðxÞAD

ν ðyÞj0iþh0jAG
μ ðxÞAG

ν ðyÞj0i

¼
Z

d2k⃗
ð2πÞ2

�
i

4jk⃗j2
ξ

μ
ðvμðx0;kÞkν−kμv�νðy0;kÞÞ

þ kμkν

4jk⃗j2
�
−
2jk⃗j
γμ2

þ ξ

jk⃗j

��
e−ik·ðx−yÞ: ðC6Þ

Considering

vμðx0;kÞkν−kμv�νðy0;kÞ¼μðx0−y0ÞkμkνþiμðnμkνþkμnνÞ

−
2jk⃗j
ξ

ϵμβνkβ; ðC7Þ

and replacing above, we have

h0jAD
μ ðxÞAG

ν ðyÞj0iþh0jAG
μ ðxÞAD

ν ðyÞj0iþh0jAG
μ ðxÞAG

ν ðyÞj0i

¼
Z

d2k⃗
ð2πÞ2

� ð−1Þ
ð2jk⃗jÞ2

×

��
−iξðx0−y0Þ−

ξ

jk⃗j
þ2jk⃗j
γμ2

�
kμkν

þξðnμkνþkμnνÞþ i
2jk⃗j
μ

ϵμβνkβ
�
e−ik·ðx−yÞ: ðC8Þ

Finally we identify the residue of the propagator (15) times
the plane wave at the double pole k0 ¼ jk⃗j
ResðGμνðkÞe−ik·ðx−yÞ; k0 ¼ jk⃗jÞ

¼ −ie−ik·ðx−yÞ

ð2jk⃗jÞ2
��

ð−iξÞðx0 − y0Þ − ξ

jk⃗j
þ 2jk⃗j

γμ2

�
kμkν

þ ξðnμkν þ kμnνÞ þ i
2jk⃗j
μ

ϵμβνkβ
�
: ðC9Þ
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This means that

h0jAD
μ ðxÞAD

ν ðyÞj0i þ h0jAD
μ ðxÞAG

ν ðyÞj0i
þ h0jAG

μ ðxÞAD
ν ðyÞj0i þ h0jAG

μ ðxÞAG
ν ðyÞj0i

¼ 1

i

Z
d2k⃗
ð2πÞ2 ResðGμνðkÞe−ik·ðx−yÞ; k0 ¼ jk⃗jÞ: ðC10Þ

For the massive contributions we have

h0jĀμðxÞĀνðyÞj0i ¼
ZZ

d2k⃗
ð2πÞ2

d2q⃗
ð2πÞ2

1

4ω1ðkÞω1ðqÞβ̄2
× εð−Þμ εð−Þ�ν h0jað−Þ

k⃗
að−Þ†q⃗ j0ie−iðk·x−q·yÞ

¼
Z

d2k⃗
ð2πÞ2

1

2ω1ðkÞβ̄
εð−Þμ εð−Þ�ν e−ik·ðx−yÞ;

ðC11Þ
together with

h0jGμðxÞGνðyÞj0i¼
ZZ

d2k⃗
ð2πÞ2

d2q⃗
ð2πÞ2

1

4W2ðkÞW2ðqÞβ̄2
× εðþÞ

μ εðþÞ�
ν h0jbðþÞ

k⃗
bðþÞ†
q⃗ j0ie−iðk·x−q·yÞ

¼−
Z

d2k⃗
ð2πÞ2

1

2W2ðkÞβ̄
εðþÞ
μ εðþÞ�

ν e−ik·ðx−yÞ:

We recognize the residue

ResðGμνðkÞe−ik·ðx−yÞ;k0¼ω1Þ¼
i

ð2ω1β̄Þ
× ½εð−Þμ εð−Þ�ν e−ik·ðx−yÞ�k0¼ω1

;

ðC12Þ

and

ResðGμνðkÞe−ik·ðx−yÞ;k0¼W2Þ¼
ð−iÞ

ð2W2β̄Þ
× ½εðþÞ

μ εðþÞ�
ν e−ik·ðx−yÞ�k0¼W2

:

ðC13Þ
Thus we obtain

h0jĀμðxÞĀνðyÞj0i þ h0jGμðxÞGνðyÞj0i

¼ 1

i

Z
d2k⃗
ð2πÞ2 ½ResðGμνðkÞe−ik·ðx−yÞ; k0 ¼ ω1Þ

þ ResðGμνðkÞe−ik·ðx−yÞ; k0 ¼ W2Þ�: ðC14Þ
The result for x0 > y0 of the propagator becomes

h0jAμðxÞAνðyÞj0i ¼
1

i

Z
d2k⃗
ð2πÞ2

× ½ResðGμνðkÞe−ik·ðx−yÞ; k0 ¼ ω0Þ
þ ResðGμνðkÞe−ik·ðx−yÞ; k0 ¼ ω1Þ
þ ResðGμνðkÞe−ik·ðx−yÞ; k0 ¼ W2Þ�:

ðC15Þ
Finally, we arrive at

h0jAμðxÞAνðyÞj0i ¼ −i
Z

d2k⃗
ð2πÞ2

Z
CF

dk0
ð2πiÞGμνðkÞe−ik·ðx−yÞ;

where the contour CF is the usual path that has a positive
slope and encloses the positive poles k0 ¼ jk⃗j, ω1, and W2

when x0 > y0. A similar analysis for x0 < y0 then leads to
the propagator given in Eq. (15).
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