PHYSICAL REVIEW D 114, 055050 (2026)

Ricardo Avila®,"" Albert Yu. Petrov®,>" Carlos M. Reyes®,>* César Riquelme®,

Higher-order Chern-Simons extensions to QED in 2 +1 dimensions
4

"Escuela de Fonoaudiologia, Facultad de Ciencias de la Salud,
Universidad Catolica Silva Henriquez, Chile
2Departamento de Fisica, Universidade Federal da Paraiba, Caixa Postal 5008, 58051-970,
Jodo Pessoa, Paraiba, Brazil
3Centro de Ciencias Exactas, Facultad de Ciencias, Universidad del Bio-Bio, Chilldn, Chile
4Departamento de Fisica, Universidad de Concepcion, Concepcion, Casilla 160-C, Chile
5Departamento de Fisica, Facultad de Ciencias, Universidad Nacional Autonoma de México,
Apartado Postal 70-542, Ciudad de México 04510, Mexico

® (Received 2 September 2025; accepted 3 September 2026; published 28 September 2026)

In this work, we investigate radiative corrections in the higher-order extension of the Maxwell-Chern-
Simons model coupled to standard spinor matter in 2 + 1 dimensions. We begin analyzing the higher-order
gauge sector, where we find four canonical modes. One massive transverse photon, a ghost mode, a
massless longitudinal mode and an additional degenerate massless mode associated with the double pole
structure of the propagator. The higher-order gauge model is canonically quantized and as expected the
resulting algebra of creation and annihilation operators exhibits an indefinite metric structure. Sub-
sequently, we compute all relevant one-loop diagrams in the modified QED starting with the fermion self-
energy. We show that the induced corrections to the fermion two-point function produce two independent
fermionic degrees of freedom, which can be included in a redefined Lagrangian describing two decoupled
fermions fields, one corresponding to a particle and the other to a negative-norm ghost state. We take
advantage of this decomposition to compute the photon polarization operator and the vertex correction,
both of which are found to be finite. Finally, we analyze the causal behavior of the model by computing the
commutator of gauge fields at different spacetime points, and found that microcausality is preserved.
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I. INTRODUCTION

Chern-Simons (CS) theory is a topological quantum field
theory that arises naturally in odd-dimensional spacetimes.
It was first derived as an effective contribution from the
high-temperature limit of QCD and electroweak models in
four dimensions [1-3]. The CS theory provides a rich
framework for exploring a wide range of physical phenom-
ena. In particular, the CS term generates a gauge-invariant
mass for the gauge field in 2 + 1 spacetime dimensions
[4,5]. Moreover, the definitions of various topological
invariants, such as the Jones polynomial in knot theory,
can be connected with the non-Abelian CS action [6],
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revealing a deep interplay between topological aspects of
quantum field theory and lower dimensional conformal
field theory. Furthermore, the CS term presents interesting
possibilities in describing various physical systems, as the
quantum Hall effect [7-10], topological materials including
topological insulators [11,12], spectroscopic features in
Weyl semimetals [13—16], and also extensions of gravity
[5,17], vortex dynamics [18,19], Skyrme models [20],
Higgs mechanism [21], topological gravity [22], super-
symmetric CS [23] and anisotropic QED [24]; see also the
reviews [25,26].

A topic that has attracted growing interest over the years is
the quantum behavior of the Abelian CS term. Perturbative
calculations in CS-modified QED are of particular interest
because they show that topological gauge contributions can
emerge dynamically through quantum fluctuations. In
(2 4+ 1) dimensions, fermion-loop corrections generate par-
ity-odd Chern-Simons terms in the effective action, establish-
ing a deep connection between topology, anomalies, and
parity violation [25]. Furthermore, the coefficient of the
induced CS term is known to depend sensitively on the
regularization prescription, so that different schemes may
produce distinct finite contributions or even a vanishing

Published by the American Physical Society
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result [27]. This regularization ambiguity makes perturbative
analyses especially relevant, since they provide a natural
framework for investigating gauge invariance, anomaly
consistency, and the ultraviolet structure of the theory. In
the present higher-derivative extension, these issues become
even more significant due to the modified propagator
structure and the appearance of additional poles generated
by the higher-order sector.

Quantum corrections to modified QED incorporating the
CS term exhibit several noteworthy features, such as the
smoothness of infrared divergencies resulting from the
massive gauge mode generated by the gauge-invariant CS
term. Moreover, in modified QED the polarization tensor
receives only one-loop corrections, with all higher-order
contributions vanishing due to a remarkable cancellation
[27], a result known as the Coleman-Hill theorem [28]. The
CS term has also been studied to extend to parity violating
mass terms [29,30].

The higher-derivative extension of the CS term was
proposed some years ago by S. Deser and R. Jackiw in
order to describe the momentum expansion of the effective
action in three-dimensional QED [31]. Some works on such
an extension have focused on relic symmetries [32],
thermal effects [33,34], Lorentz-violating planar electro-
dynamics [35-38], analysis of unitarity [39,40], and vector
multiplets [41]. It is well known that higher time derivatives
can improve the ultraviolet behavior of a theory by
introducing higher powers of momentum in the denomi-
nators of propagators. However, they may also lead to an
indefinite metric, with additional degrees of freedom
associated to ghost fields [42,43]. In four dimensions,
one can consider an analogue, which, however, is not
topological in essence and necessarily breaks Lorentz
invariance [44]. In this work, we explore the higher-order
CS term in 2 4 1 dimensions, with particular emphasis on
quantum corrections induced by ghost states associated
with the indefinite metric of the theory.

The work is organized as follows. In Sec. II, we present
the QED model, finding the gauge propagator together with
its polarization vectors. In Sec. III, we canonically quantize
the model and derive the commutator algebra of creation
and annihilation operators. In Sec. IV we compute the
radiative correction up to one-loop level of the fermion self-
energy, photon polarization operator, and vertex function.
Also, we analyze the superficial degree of divergence of
each one-loop diagram. In Sec. V, we study microcausality
and prove that it is preserved. Finally, in Sec. VI we present
our concluding remarks. In order to provide some details of
the calculations, especially regarding microcausality and
the canonical quantization formalism, we have included
three Appendixes. Appendix A contains the calculation of a
component of the gauge-field commutator for microcau-
sality in a general frame. Appendix B is devoted to the
Hamiltonian formulation of the constrained theory, while

Appendix C provides details of the propagator calculation,
including the emergence of a double-pole structure.

II. EXTENDED QED MODEL IN
(2+1)-DIMENSIONS

Our model is based on the higher-derivative QED
Lagrangian in 2 4+ 1 dimensions, given by

. 1 1
L= ll/(lﬁ-i‘ eA - m)l// - 4_}/FMDFMI/ - 2_5 (auAM)z + Leses
(1)

where Lcg. includes both the CS term and its higher-
derivative extension [31], written as

1
Lese = §€aﬁyAa<# + g00)04A, . (2)

In the Lagrangian (1), we have coupled the photons with
standard fermions and considered the usual interaction
term. Also, we have included a covariant gauge-fixing term
with £ > 0 and a constant y in the standard Maxwell term,
which allow us to obtain the pure CS theory by taking the
limit y — oo together with g — 0. Let us emphasize that the
CS term has been included from the outset, as it is naturally
generated from the standard photon polarization operator
diagram [27].

Taking into account that the action is dimensionless, we
find that the mass dimensions of the parameters and fields
are

W=l l=-1. [d=gbl=1. []=

while the constants y and & are dimensionless.

In this work we employ the mostly minus sign con-
vention for the metric signature, i.e., #** = diag(1, -1, 1),
together with the Levi-Civita convention €°'? = 1 and the
two-dimensional realization of the Dirac algebra

10
e 2)
4 0 —1
0 i
()
4 i 0

p=ie=(" ) @

with ¢!, 62, 6° being the Pauli matrices. Furthermore, one
can check that the Dirac matrices satisfy the Clifford
algebra

vy =2, (5)

and the relations
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7 =g — €%,
w(yy'y’) = =2ie,
=" (6)

where 1,,, is the 2 X 2 unit matrix.

A. The gauge propagator

Let us consider the free Lagrangian in the gauge sector:

1 1 1
La= =g Ful™ =5 (9,A")? + 5" Ayt + gL)9pA,
(7)

The generalized Euler-Lagrange equation for the second-
order Lagrangian £, can be written as

—0,0, 9L +0, L - % =
0(0.0,A,) 5(0PA6) 0A,

0. (8)
From the Lagrangian (7) and using (8), we have the

equation of motion

{”—WD - (1 - 1) # + M+ gT)d | Au(x) = 0. (9)
4 v ¢ ‘

Contracting Eq. (9) with 9, yields
1
ED(()-A) =0, (10)

which, by imposing suitable boundary conditions at infin-
ity, gives the condition 0-A = 0.

Now, we go to momentum space expanding the gauge
field in Fourier modes

A, (x) :/d3kA”(k)e_ik‘x. (11)

Replacing in the equation of motion (9), we obtain in
momentum space

5 (k)A, (k) = 0, (12)

where we have defined the operator

K2 11
s (k) = —711"” + <; —~ E) KR — iM(k)e ks, (13)

and we have introduced the function of momentum
M(k) = p — gk, (14)

which has dimension of mass.

By inverting the operator we find the propagator

) ==

T,(k), (15)

which satisfies S””G,,p = iéﬁ, with the definition

& M\ kk, . K
Tzz/)(k) = 771//) - |:1 _; <] - k2 k2ﬂ - lyMeu/}/)P'

(16)

The propagator in the Landau gauge setting £ = 0 reads

iy Kk %
A, (k) = Ry Ve (mp - k—zp —iyMeysy 5 ) (17)

which avoids infrared divergencies and will prove most
convenient to use in the subsequent sections.

The dispersion relation can be inferred from the pole
structure of the propagators in Egs. (15) and (17), which
contain both massive and massless poles. In the first place,
the massive transverse modes arise from

K —y* M2 =0. (18)

Solving (18) yields two massive propagating modes

(19a)

W, = /K + M3,

(19b)

with masses

V1+ 4 ug—1

2yg

V1+47ug+1

2yg

(20a)

m; =

M, = (20b)

Both solutions are guaranteed to be real, ensuring the
absence of tachyons in the theory. Also, the first solution @,
corresponds to a massive photon, while the second solution
W, corresponds to a massive ghost state. This explicitly
demonstrates the indefinite metric structure of the theory
[42,43] as one can show by taking the low energy limit
g — 0. Hence, expanding our dispersion relations up to the
second order in g, we have

W) ~ \/]_6)24-}/2/12—

gy’

K+ v

+ O(¢%), (21a)
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1 Ky
Wor —+yu+g(—— + O(g%). 21b
aRC g<2 7#) (9%) (21b)
my & py — pPyig + O(4?), (21c)
1
M, =~ g T wrig+ O(g%). (21d)

and we can see that in the limit g — 0, the solution remains
regular, as expected, while the ghost solution exhibits a
singularity, consistent with its problematic nature, in
particular, connected to stability and causality.

From (16) we also find solutions associated to massless
modes with k> = 0, which give rise to both simple and
double poles. In the Landau gauge, £ — 0, only simple
poles remain in the propagator, whereas in the Feynman
gauge, £ =y, double poles appear in addition to the
simple ones.

Furthermore, the equations (21c) and (21d) reveal a
significant mass gap between ghost and particle, given by
M, —my = 1/(yg). This gap disappears in the pure Chern-
Simons limit by taking the limit y — oo, at which both
masses coincide M, = m;. Throughout this work, and
without loss of generality, we assume u >0, g>0
and y > 0.

B. Polarization vectors

We begin by defining an orthogonal basis of (2 + 1)-
dimensional Minkowski spacetime, given by the real
vectors

A — (22a
N )
1
e(l)ﬂ — —€'Mﬂyk/}ny, (22b)
G
1
6(2)” — ——zgﬂﬁYkﬁey)
L tew (k) (22¢)
VG
where G = (k- n)? — k*n® and n# is an auxiliary field.

The three-vector basis e(“* are normalized according to
e . o) =g . (23)

with a =0, 1, 2 and g,, = diag(1,—1,—1). They also
satisfy

eﬂﬁykﬂeﬁz) = Vk2eWn, (24)

erigel) = —\/I2e@n, (25)

We define the complex basis

eOr = O (26a)
(e@H 4 jelm), (26b)
\/_
1
el = — (e — jell) (26¢)
\/i ’

and introduce the index 4 = 0, £. Here the 4+ modes are
orthogonal to the momentum, i.e., k - e#) = 0. The vectors
defining the complex basis satisfy the relations

8(@ . 8(’1/)* g g/u/, (27)
ok e —:F iV kel (28)
with gy = dlag(l, —1, —1)

This set of complex basis vectors diagonalizes the S* as
follows:

SE(p)e®” = Ay(p)e® (29a)

S5 (p)e™ = AL (p)etr, (29b)

Si(p)el™ = A_(p)er, (29¢)

where
Ao(k) = —k—z, (30a)
¢
k2
Al ===~ VIEM(K), (30b)
A_(k) = —— + VIEM(k) (30c)

The dispersion equation follows from the product of the
three eigenvalues of S*

TT Ap) = - (;3 G

A=0,£+

—-yPM?(k)) =0. (31)
One can show that

1) (4)+ 1 k,k, K’
8,3 )g,(/ > _ -5 <’7/w - k2 :I:leﬂﬁy\/k_ . (32)

from where we make the connection with the propagator,
by calculating
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(2) ()x

e,'€
E g/w,,y

AN =

= —iG,, (33)

We can also make a connection with the equation of motion
operator in momentum space

Z gM’Aisﬂ 81/ » = Sﬂl/(f’ k) (34)

A=

Thus the set {¢®*#} corresponds to independent eigenvec-
tor solutions of the equation of motion operator.

III. CANONICAL QUANTIZATION

According to Ostrogradsky variational formalism [45],
the momentum variables in our model can be written as

oL, oI
= aAA_ o’ (35)
o= %54 (36)
oA,

The explicit form of momentum variables looks like

1 1 1 .
Pt =——F% —— (0, A" + ~e"% (u+ g0)A, —geﬂﬂyaﬁAy,
Y ¢ 2 2
(37)
v = L emrg A (38)
- 2 P

We impose the equal-time commutation relations on the
canonical variables

[Au (1. %), P (1. 5)]

[A(1.%). TL(1.5)]

= inuvé(z) ()_E - )_;)’ (39)
= in,6% (X - ), (40)

where all the others are defined to vanish.

As shown in Refs. [32,39], the higher-order theory
constitutes a constrained system, leading to the appearance
of Dirac brackets [46-48]. Accordingly, we perform the
Hamiltonian analysis and determine the nonvanishing
Dirac brackets in Appendix B. A direct counting of degrees
of freedom, involving four second-class constraints, yields
4 total degrees of freedom that must be incorporated into
the field expansion. To this end, the gauge field is expanded
by means of the spectral decomposition of the equation-of-
motion operator (30). This decomposition gives rise to
three independent modes, encoded in the fields Aﬂ, G,, and
AY. In addition, there exists a second type of solution
associated with the degeneracy of the massless pole, which
we denote by A,?. This additional field accounts for the
extra degree of freedom originating from the double

multiplicity of the pole at k> = 0; see the propagator
(15). We therefore expand the gauge field as

A (x) =A,(x) + G,(x) + AG(x) + AR (x).  (41)

We see that the wave vector in the expansion must be a
solution to the following eigenvector equation:
SE(k)eP (k) = A, (k)eW (k) = 0. (42)

Since A ,(x) is a massive photon with the positive energy ;
and mass m, satisfying A_(w;) = 0 we conclude that it
belongs to the subspace (—). Proceeding similarly for the
ghost with A, (W;) = 0, we conclude that it is related to
the (4) subspace. Furthermore, we notice that Au and G,
satisfy the orthogonality condition for the A, field,
kA, = k"G, =0. Finally, the A and AP fields are
solutions associated with a polan'zation -vector basis
that remains regular at w, =
Ref. [49].

Taking all this into account, we arrive at the expansion of
the field

|k| as explicitly shown in

] @k 1 e a0 e 4 el g M
A = —zk-x+ * ik-x _
u(x) = /( 27)? Za)lﬂ[ ap e & ap e ]kofwl
(43)

G.(x) = / 2k 1
o) =
B (277.') 2W2ﬂ

% |:£I(4+)bl(c )e—zk-x +8’<4+>*b1(€+ﬁeik~x] , (44)

ko=W,

&2k —ik . .
AG x _/ _)/‘ c e—tk-x _ CTetk-x 2 45
;4( ) (271_)2 2|k‘ [ k k ]ko—\k| ( )

2k 1 .
AP (x _/——_,v Xo, k)d e~ kx
/4( ) (2”)22|k|[ﬂ(0 ) k
+ vixo, K)dpe™™ ), (46)

V IH4ripg 1+47 H9

polarization Vector

where = and we define the time-dependent

v,(xo, k) = uxok, + iun, — %eﬂpgk/’n", (47)
with n, = (1,0,0).

The field A,? is an ordinary eigenmode of the wave
operator, whereas A corresponds to a generalized eigen-
mode associated with the repeated massless root. In the
space of solutions, these fields form a generalized eigen-
mode chain under successive applications of the wave
operator,
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AP (x)>AG (x)50.

(48)

Thus, Af,) is not annihilated by a single application of [, but
rather satisfies DZA,? = 0. The term proportional to x; in
A/If is a characteristic consequence of this repeated root and
provides the time-dependent contribution required by the
generalized solution. Furthermore, one can check that the
fields (43)—(46) satisty the Dirac brackets given in
Appendix B.

From the ETCR of modified commutators, we impose
the creation and annihilation operator algebra

a7, a7 = 2m)2w, f60 (k- 3),  (49)

b BT = —(22)2W 5D (k- §),  (50)
2k & >,

epncl] = <2n>2(—y'ﬂz'+|];|) §F-3).  (51)

e d]] = (22)? §6<2><%—5>, (52)

(dy. ] = (22)° fa@(ié— ) (53)

Note that the algebra (50) admits negative-norm states, as

evidenced by the sign of the b§,+> sector, leading to an

indefinite metric in Hilbert space. In addition, the nontrivial
mixing between the operators (cy, dy) signals the presence
of a dipole structure. Accordingly, we expect the emer-
gence of a dipole ghost field [50,51]. This expectation is
confirmed by diagonalizing the (cy,d;) sector, which
admits a regular £ — O limit, as shown in Ref. [49].

As a consistency check, we have tested the field
expansion by explicitly computing the Feynman propagator
in Appendix C, confirming that the system correctly
accounts for the four degrees of freedom identified in
the Hamiltonian analysis.

IV. RADIATIVE CORRECTIONS

In this section, we compute the relevant one-loop
radiative corrections of the higher-order QED model in
(2 + 1) dimensions. Since we introduce a higher-derivative
extension of the standard CS-QED theory, our goal is to
analyze how the new sector modifies the original model
through the three fundamental quantum corrections of CS-
QED. In this framework, the higher-derivative parameter g
is treated as a fundamental parameter of the classical theory,
and incorporated exactly into the gauge propagator,
whereas the parameters y and y retain their usual roles
as coefficients of the Chern-Simons and Maxwell sectors,
respectively. Accordingly, the perturbative expansion is
organized in the standard loop expansion associated with

the gauge interaction, while the effects of the higher-
derivative sector are fully encoded in the modified propa-
gator. In the first subsection, we analyze the divergences of
the model. Next, we compute the fermion self-energy and
show that it induces a higher-order contribution propor-
tional to g[J, originating from the higher-order gauge
sector. This result motivates the construction of a local
higher-derivative extension of the fermionic Lagrangian,
which is subsequently regarded as a classical effective
theory with the same parameter g. Accordingly, we redefine
the fermionic Lagrangian in terms of two decoupled
fermion fields. In the last two subsections, we compute
the vacuum polarization tensor and the vertex correction
within this higher-derivative fermionic theory by employ-
ing the modified fermion propagator.

A. Analysis of divergences

Let us perform an analysis of the superficially divergent
integrals in our modified QED. Using the UV asymptotic
for the gauge propagator in the Landau gauge (17), one has
the superficial degree of divergence D

D =3L-3P,—-P,=3+2P, -3V, (54)
where L is the number of loops, and P, and P, are the
numbers of gauge and spinor propagators respectively.
Here we used the topological identity L +V — P =1,
together with the fact that the total number of propagators
are P=P,+ P,.

Then, we can relate numbers of vertices, propagators,
and external legs (E, for external photons and E,, for
external fermions) calculating the numbers of all fields
associated to all vertices. Since we have basically a QED
theory with the standard gauge-spinor vertex, we have

V:2PA+EA—)PA: (V—EA), (55)

| —

2V = 2P«// + El// - Pl// = (2V - El//>’ (56)

| =

for the gauge and fermion fields respectively, relating the
number of vertices, propagators, and external legs. This
allows us to write D as
D=3-E,-V. (57)
From the formula for D we find that in divergent diagrams,
one has E,, <2. In particular, we have for the photon
polarization tensor graph V =2, F, =0, and so D = 1.
We will see that within the dimensional regularization
scheme this contribution is finite; see Sec. IV. For the
fermion one-loop self-energy graph, one has V =2,
E, =2,D = —1 which is finite. The fermion-photon triple
vertex function is also finite, corresponding to D = —2. All
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one-loop Feynman diagrams with more numbers of legs
and vertices are finite as well. Performing a general analysis
we have that the mass dimension in our interacting theory is
A =1/2[52,53].

We conclude that our theory is super-renormalizable and
we can have divergences up to two loops, by straightfor-
ward consideration of Feynman diagrams. However, for
gauge-symmetry reasons, the only potentially divergent
contribution from the gauge sector, namely, the A%A,, term,
cannot arise even at two loops, whereas derivative correc-
tions (the CS and Maxwell terms) are finite at two loops.
Therefore, the only possible divergences, in principle, are
the two-loop corrections to the spinor kinetic term and the
spinor-vector vertex.

B. Fermion self energy

Let us write down the two-point function for the spinor
field:

3
12(p) = (i€ [ GrSulp ~ R Bp). (59

We work in the Landau gauge (17) and set y = 1 ensuring a

nontrivial impact of the Maxwell term.
The fermion propagator is the standard one

i

So(k) :k—m.

(59)

This expression can be written as a following sum of four
terms:

2(p) = 2D (p) + =¥ (p) + =V (p) + ZW(p).  (60)

where the first one is

[ Bk —k+m !
201 =16 [ v (1 2 <y

(61a)
the second one
d*k p—k+m
SO (p) = —ie? / ’ v
(p) e (271_)3 y (p _ k)2 _ m2 y
1 k, k
) <k2 —MZ(k)> el (61b)
the third one
d*k p—k+m
SO p) = pe? / ’ ,
€, kP 1
(e 2w e (61)

and the fourth one

d3k ﬁ—k—l—m }k/)’
2(4) — 2/ u Vs Cupy
(P)==9¢" | Grays? (<p—k>2—m2>7 K2 M (k)

(61d)

To simplify the calculation of the different pieces, we
rewrite the pole structure of the gauge propagator into its
particle and ghost contributions as

1 1 1 1
Py VETS g(MZ—mn(kZ ‘kZ—M%) (62)

The first term is dominated by the particle mass m; and the
second term by the ghost mass M,. This decomposition
turns out to be crucial for radiative corrections.

In order to compute the above corrections we shall use
the Feynman parametrization

1 ! 1
SR [ P 63
AB A YAx+ B(1—x) (63)

With suitable choices of A and B together with a shift in the
momenta, k + xp — [, and parity properties, the first piece
of the fermion self-energy in (61a) reduces to

A 1
Sﬂ/ Mz—ml) L/A(ml) VA(M,)
(64)

9’

with
Ale;) = p*x(x = 1) + m*x + a?(1 —x),  (65)

where q; is the notation for either m; or M,.
In an analogous way, the second piece is

2 2 ldx l—xd 1
P =) o P08 =)

) [3a<\/Q1(m1) ) ¢Q1MZ)>

_ﬂ<(Q(m11))3/2 B (Q(Mlz))s/zﬂ’ (66)

with
a:§(1+5x)+m, (67)

B ==pp*(1 = x)x* + p*x’m, (68)

O(a;) = p*x(x — 1) + m*x + aty, (69)
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the third piece is

=) C e [Tay
(p)__ﬁ 0 /0 ng(M%_m%)
1 1

. [3” <\/Q(m1) ) ¢Q<Mz>>
(g~

and, finally, the fourth piece is

2 1 1
s@) () =9 / P S
(P) 27 Jo  gF(M5—m})

{‘Amdrﬁ—kl/omdrﬁ], (71)

(72)

(70)

with
A=mxp—2p*(1 —x)x.

The first integral in (71) has to be analytically continued
from arbitrary d dimensions to d = 3 in order to produce a
finite result.

Finally, the total radiative corrections induce in the
fermion self-energy the following higher-order operator
of the form

2(p) = A(p*.g.u)p — B(p*. g.u)m — gp*C(p*. ), (73)

where A, B, and C are functions that do not contribute to the
p? order. Motivated by the term proportional to gp?, we
phenomenologically identify the leading higher-derivative
contribution with the local operator giy[lys and consider the
following higher-derivative extension of the fermionic
Lagrangian,

Ly =p(io —m)y + gply, (74)
where ¢ denotes the same higher-derivative parameter
introduced in the gauge sector. This identification also
enables a direct comparison with the standard CS-QED
results in the limit g — 0.

We decompose the above Lagrangian in two parts

Ly =y (i0 = my )y — @2 (i0 — iy )y, (75)
where
w1 = B(id — imy)y. (76)
w2 = i = m ), (77
with

- g 1/2
p=—"—= . (78)
my — ny
The fermionic masses are
1-v1-4
29
_ 1+ 1 —-4mg
g

where the first corresponds to a fermion and the second to a
ghost fermion of very high mass of the order 1/g.
The two massive poles are real provided that

1 —4mg > 0. (81)
Hereafter, we assume this condition to ensure the reality of
both poles.

It is interesting to note the analogy of the two fermion
species that arises when including an odd mass term in the
fermion Lagrangian [33].

Both propagators can be written as

(82)

i
p—iny’

Note that the fermion propagator described in (74) can be
also obtained without resorting to the explicit decomposi-
tion of the fermion fields y,, that is to say, we can
consider

5:(p) = (83)

S(p) i _my+my

(Si1(p) = S2(p)),  (84)

Cp-m—gp* iy —im

with S1,(p) given in (82) and (83). In the next section, we
shall use the decomposed expression (84) in order to
evaluate the photon polarization operator.

C. Photon polarization operator

Now we evaluate the photon polarization operator (PPO)

(g) = —ie* [ Ssulpsr S a). (89

For this, we use the decomposed fermion propagator given
in (84), and define the contributions

3
I (q) = ~i” / (;,,I;s alySi(0)7'S,(k+ @)l (86)

with
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i

Silp) =55 (87)
S e my + m,
- (ﬁlz - ”711>’ )

where i, j = 1, 2. We also introduce the notation for the
different contributions

" (q) =11 (q)

Since each contribution in (89) has a similar form, we
compute the general contribution

wo e [ B 1

I (@) ‘2’62/ (2n)? (@ =m?)((k+q)" =)
x [k (k+q)" + k" (k+q)* =n (k- (k+q) —m;m;)
—ie"? (in;(k+q) 5= kg)], (90)

—20T5(q) +h5(q).  (89)

where we have used the expressions (5) and (6) in the trace
calculation.

Using the Feynman parametrization together with a shift
in the momenta, k + xq — [, and using parity properties,
the PPO in (90) reduces in d dimensions to

" (q) = 2ie’u*- d/ a1 /ldx—]
Y (Zﬂ)d 0 Uz_(aij]z
2
< | (G-1)Pre 210 -0 - )

+1#(0;; + mgm; — (1 = x)m; — xin3)

—i((1 = x)m; + xrhj)qﬂe"”ﬁ] , (91)

where we have used dimensional regularization together
with the symmetrization #[* — élzn/”’ and introduced the
element

©;; = (1 —x)m} + xm; — x(1 - x)g*. (92)
In this way, the integral over momenta can be straightfor-

wardly performed using the identities given in Ref. [53],
arriving at

Hﬂ”( — MU __ qﬂq He /u/HW '/wﬁqﬂno
ii(q)=(n 2 2(q) +1n 1T (q) +ie r 7i(a),

(93)

~ 2é2ﬂ3—dq2l—‘(2 _
(47[)d/2

D[ 2x(1-x)
J= et

2
e

| 2e 23~r(2 - 9)
H?j( ) = d/2
(47)

m;im; — X)m; — xin;

/ dx — . (95)
e’
ij

2823 4qr(2 =9 11 (1 =x)m; + xin
12 dx ! 1. (96
o) =" i 00

To analyze the divergent behavior in the PPO in 2 + 1
dimensions, let us introduce the dimensional regularization
requiring the spacetime dimension to be d = 3 — ¢ and take
the limit € — 0, obtaining

48’q*\/n
H?j(q) =~ 471_ 3/2 / dx P (97)
282z [V, mm;— (1 —x)mi—xin3
.(q) = ! L. (98
ij
, 28’ q/m [V, (1 —x)m; + xm,
Hij( ) = (99)

All these contributions are finite, as can be seen from the
absence of 1/e terms.
After integrating over the Feynman parameter, we have

e (g) = — 482\ /zq* [3(m? - 5)2 2(rh,2+ﬁ1j2-)q2—q4
i\4)= (4,[)3/2 8q5
ol BRI (30—
m;+m;+q 44*
(100)
- = N(7 o \2
IT,(q) =2 e Uk mj)(zml — )
J (4”)3/2 q
7. -4 )2 — g2 .7 —
x [1+<m’+_m’) Ty | T q}, (101)
ZQ(mt+mj) mi+mj+q
and
, _ ”1/2 (ﬁ’ll—ﬁ’l«j)z
Hij(Q) 2e (47[)3/2Q|: qz
(m; +m; )((mi_mj)z_qz)ln m;+m;—q
24° m; +mj;+q

Taking into account the above-defined notation, in an
analogous way, we define for the pieces e, o0, 1 the total
contributions [1¢¢ = T1{{"* — 21175 + I15,"°, and we can
see that
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[1¢(q) = —az> 7> €Tt m)
(4r)32 (iy—imy )?
{—4"71%—61 | ‘Zml—q‘_%
8q3 2m1+q 4q2
LA 2ﬁ12—q’_@
8¢° 2imy+q|  44*
=) =2( )
8q°
<1 ’m1+m2—q} (my+my)(3(/m, —in,) _qz)}
m1+ﬁ12+q 4q ’
(103)
I"(q) = 2& a'l2 (=2) (i + i) (i, — iy )
(4”)3/2 qz
T I TN I
X{1+(m1+_mz)_ q ln’;fwrzizz q’}’ (104)
2q(imy + ;) my+mp+gq
and
w2 q(imy + iny)?
I°(q) = 2&* —
(4ﬂ)3/2 (my —m2>2
o
g |2mi+q| q |2my+gq
5 (m, —my)* 2(’711 + 1) () = 113)* = ¢°)
q* 24
l\w'} (105)
my +m2 +q

Let us explore the behavior of the contributions (103),
(104), and (105), when g is very small. In this case the mass
m, becomes the dominant energy scale compared to
my, — m, which yields

1/2 4m? 4 ¢* 4m
1°(q) ~ —4e> " qz{—7q<l+—>

(47[)3/2 8q3 I’hz
2m — 2 11 2m?
xin| =242 S (106)
2m+q| 4q~ 30m, qg°m,
7?2 (4 4m?\  4q*
M (q)~2e>———< = (3m—iny——— | — ., (107
(g)~2e (4”)3/2{3(m " ﬁlz) 15’7’12} (107)

and
7'/? m 4m 2m—q| 1 4m
M°(q)~26 g = 14— ) In| >4 20
(4r) q my 2m+q| 3 my
(108)

Another interesting scenario corresponds to the UV limit
so that the higher-derivative terms have important

contributions. In this case with ¢ — oo, each coefficient
has the form

1/2 3(7 = \4

. g—o0 o, T 2 . (ml +m2)
11 (q) ~ —4de WQ {—UZT
16(imy + my)*(m? + i, + m3)

3 } (109)

Note that I1¢ in our case has a better ultraviolet behavior
than in the case of the absence of higher-derivative
contributions where it has the form

1/2 2 2 3
o) 47 /2 . q-+4m~ 8m

For the metric coefficient, we have

gq—0

I"(q) ~ 2e

, 7' {m(’h1+ﬁ12)2

4y + ’712)3}
(4r)3/? q q '

2

(111)

Note that in the absence of higher-derivative contributions,
this term does not exist.
Finally, in this limit the odd term gives

N 1/2 (i = \3
0/ NIT® o T () + )
°(q) ~ 282WQ{_MT

A(7iy + i1y 2 (52 + 8imy iy + S
+ <m1+m2) ( ml+ mym, + mZ)}’ (112)

3q*

from where we notice that the ultraviolet behavior is
different to the standard CS QED result (see, e.g., [54]):

1/2 4 2
q—00 T . m m

D. The vertex diagram

Let us expand the propagator S(k + p) given in (84) into
a power series in the external momentum p up to the first
order as

S(k+ p) = S(k) = S(K)pS(k) + ..., (114)

in such a way that the two-point function of the spinor field
given in (58) can be expanded as
Z(p) =Z0)+Z(p)+ ..., (115)

with
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5(0) = =& [ Sr SISO lH) + v (116

where dots are for irrelevant terms of zero, second, and
higher orders.

On the other hand, the three-point vertex function, in
zero order in external momenta and in the Landau gauge,
looks like

%(0,0) = —e? / (;1:;3 reS(k)y*S(k)yP Agp(k).

(117)

Comparing this expression with (116), we see that they are
equal up to the overall factor. Therefore we see that the
corrections to the kinetic term for the spinor field and the
triple spinor-vector vertex are described by the same
integral over momenta; hence, the gauge symmetry is
not jeopardized by quantum corrections which is consistent
with the Ward identities up to first order in external
momenta. In other words, the “covariant derivative” term
wDy receives the quantum correction wI* Dy, where

3
I'*(0,0) :_ez/(;l”l;3 y“S(k)y”S(k)yﬁAaﬁ(k). (118)

Now it is instructive to check the gauge invariance of the
quantum correction generated on the spinor sector which as
it is well known, is deeply related with the Ward identities.
We proceed with the computation of the vertex function and
take advantage of the previous computation.

Within our study, we consider the lower (zero) order
contributions to the three-point function only. Therefore,
we require p = 0 and p’ = 0 and arrive at

3
D0.0) = =¢* [ 5SS S0 8,0

(119)

Similarly to the above PPO calculation, we use the
decomposed fermion propagator (84) in (119), so the vertex
contributions read

_ &k
(0.0 = =2 [ 5558 (7S, 0 ).

(120)

where i, j = 1, 2. As before, we introduce the notation for
the different contributions

%(0,0) = T* (0,0) — 2I'",(0,0) +I%,(0,0).  (121)

Since all contributions have the same form, we calculate
its general form given by

&k y? (k=) (k=mm;)y”  yT 0k
r;;(o,O):—iéZ/ PR Ry pToo)
(2n)° (k*=m;)(k*=m3) — k*—y*M
(122)
Using the identity
(k — im;)y# (k — ;) = —k*p* + 2kk¥ — ky*in;
— my*k + mmy*, (123)

together with (6), the three-point vertex function in (122)
becomes

F’I-’j(O, 0) = (F’fj)“ + (F’l‘j b, (124)
where the (I'};)* and (I'};)” are the contributions without
and with the Levi-Civita symbol coming from the gauge
boson propagator, respectively. These are given by

() = —iéz/ Bk y? (k2" + 2Kk + imgm ) y?
ij) =

(27)* (k* = m) (k> — m3)
y(’/l c k ko/kz)

and

(Fu)béz/ d’k VP(kV”’hj‘i‘ﬁiiV”k)}’ax}’(}’Mep K /K2
i (27)3 (kK*—m3)(k*—m?) KR—=y?M>

(126)

Now, we use (6) together with symmetry properties on the
integral over momenta in the above equations, getting

&k k* 4 mm
(27)3 (k* =) (k* — 5

(F’;].)“ =ie’yy* x

(127)
and
3k Wy (m; +m ;)M
)0 = ig2yyt / 3 ! J )
TP =11 | Gap = (- ) (e =7 A0)
(128)

Once we carried out the Wick rotation, we have two
integrals of the form

7 /00 rdr
1 pr—
o (Pgrt+y2ur + 7 + 1)

X 5 , (129)
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and

/ /00 rdr
2 pr—
o (FPPrt+y2gur’ + v+ r?)

: (130)

which can be easily performed using a standard procedure,
yielding

I _ T m1+M2+ﬁ1,—|—rh]
! 2¢%y* (my + ;) (my + i) (M + ;) (M, + ;)
1
X — ) 131
(m; + m;)(my + M,) (131)
and
Lo _ % (my + M) (mim;) + (m; + ;) (m M)
2 ) — — —
2g%y* (my + m;)(my + ;) (Mo + m;) (M, + ;)
1
x . (132)

With these results, we can see that I* = I'j; — 2I'}, +
I}, has the form

. e’ { (2im, +my + M,)(imy +20yu)
4ngy | 6(my +My) (g +my)* (i + M,)?
(my (my + My) +2mM,)(3 +20ygm, )
6(my + M) (i +my)? (7 +M,)?
(2/my +my + M) (i, + 207u)
6(my + M) (imy + my ) (i + M5)?
(my(my + M) +2mM;) (3 +20ygim,)
6(my +My)(imy +my)? (g + My)?
2
() + 1) (my + M) (i +my)
() + iy +my +My)(10yu (i, +imy) + miimy)
3(my +my) (i + My) (7y + M)
my Mo (i + i) (1 + Ry g(imy +imy))
(g +my)(imy + M) (g + M;)
my iy (my + My) (1 4+Lyg(m +’712))}} b (133)
(7 +my) (i + M) (my + M)

Since this one-loop correction to the vertex has a simple y*
structure, its coefficient can be identified as the form factor
F,(g* = 0), so the vertex can be written as

I = F(0)y", (134)

which is expected, as we set p = p’ = 0, eliminating any
other available tensor structure.

As (133) is a complete result for an arbitrary value of y,
to make contact with the literature, let us consider a pure CS
theory by taking the limit y — oo in (133), getting

o € 5(y/E = /G(m = 3))
423(/gu + m) + Ry
where we use (20a), (20b), (79), and (80). Additionally, if

we take off the higher-derivative contributions in (135) by
setting g — 0, we arrive at [27]

F1(0)

(135)

g—0€> 5

RO 5 (136)

V. MICROCAUSALITY IN THE GAUGE SECTOR

The causal structure of a quantum field theory is
determined by the behavior of the commutator of funda-
mental fields at two distinct spacetime points, x and Yy,
outside the light cone. In what follows, we analyze the
implications of this criterion for causality in the gauge
sector. Hence, let us consider the commutator

Dy x = y) = [4,().4,(y)] (137)
and verify whether it vanishes outside the light cone, i.e.,
when (x —y)? < 0.

From the decomposition of the gauge field (41), we
separate into two types of contributions. We consider a first
contribution due to massive modes which we denote by

DY) (x = y) = [A,(), A,(0)] + [G,(x). G, (v, (138)

and a second contribution due to massless modes

D) (x—y) = [A2(x), AZ(y)] + [AZ (x), AP (y)]

+ (A7 (x), A7 ()], (139)
and define the total contribution
Dyu(x =y) = Dy (x = y) + Dyl (x = y). (140)
We begin to evaluate the first contribution, with
e
(27)? 2w,
- ef,_)*sl(,_)eik'("_y)) o (141)
and
(G, (x). G,(y)] = — / (‘21:;2 2v;2B (el ki)
- eL+>*e£+)eik'<x—y))k0:W2. (142)

055050-12



HIGHER-ORDER CHERN-SIMONS EXTENSIONS TO QED IN ...

PHYS. REV. D 114, 055050 (2026)

Let us define z = x — y and change k — —k in the second
terms of Eq. (141) and (142), obtaining

_ _ dZ];> eil?-f =) .
A (y)] = £ K
4,09 4,0) (zﬂ)zzwlﬁw (1.0
XSy ( ) —iw; 2
7 o ~B) (@1, D), (143)
and
d2]€ eil:-f

G0.Gu)= = [ (o lel (W)
el (W, By

_gl(¢ ) (WZ’_k>8l(/ )< 2’_];)6”4/220)1 (144)

where we have used that the denominators are even

functions of .
We recall the identity (32)

1 Kk, K
5 nﬂy—ﬁilé‘”ﬂy\/—k_z .
(145)

5/4 (ko, ) (ko, )

We take the complex conjugate

ef" (ko. k)l (ko K) =

1 kuk, K
_i Muw — k2 + l€ \/]_{7 .
(146)

Thus, we conclude that

ex" (koo K)el™ (ko, k) = e (=ko, —k) x " (=ko, =),

(147)
which leads to the relations
D e (o B — 7 (—eor E i
e (01, —k)ey (), —k) = &, ' (—w, )Xgu ( wy, k),
(148)

e,(f)* (W, —E)e,(,
(149)

Using these results, the total expression for the com-
mutator is

D (Wa,—k) = el (= Wa, k) x el (=W, k).

27 LikZ
(1 Ph e o o)
pY(z) = ‘£  K)el
H: (Z> /(zﬂ)Zzwlﬂ(eﬂ (601 )8

X e~i1Z0 — 8,(,_)(—(01, l_c))e,(,_

/ dzl_é eil;f ( (+
(27)22W,

el (- Wa, D)l (=W, K)eiWa),
(150)

(o1, lz)
" (or, Kere)

(W k)el (W k)

e e—inZo —

Let us recall some previous results (16), and by evaluating
ko in a root of k* — y> M?, we arrive at

kP
# U:I:le

e

We can establish a connection with the combination of
polarization vectors

T/w(p)|Ai:0 =M — (151)

- e - 1
e (For. De " (201, 0) = =2 T (K)lgesn,. (152)
1
e (EWo Kl (£ W2 K) = =2 T (D), (153)
Therefore
g 2p) (22 20,
% e_imlz() _ T}ll/(k)|k0:—w| ei(”lzo
20)1
/ d2 /?Z T/w(k)|k0:W2
"2 Gy 2W,
ey _ DBl
—iWszo _ 0 2 oiWazo 154
X e W, ) (154)

Now we compute the terms for the second contributions,
which give

&k (ik,) &

AP ATO = [ s (oo
x e 4 0 g, ),
(155)
-
G420 = [ S5 (4|k2>—< £ K)e

+ v, (o, k)elk (= y))kozmv (156)
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[AG (x), AG (y)] = / @k kuk, {_% |k|]

27)* 4k> L v
x (e7H ) — ikl (157)
Considering z = x —y, we arrive at
P = [ Kk
a (22 2l
— &0k, + kyn )) e - (K,’ZD(ZO,—k)
with
) 2i -
K/,w(ZO’ k) = lfzokﬂkv - ; |k|€[l ykﬂ
21K :)
+ k,k, < + 159
N7 T (159)

Now we look for the individual components of the
commutator (154). To find the contributions to D,,y we use
the following relations

k,k, . k?
Tﬂu(k)|k0:(u] =Nw — ”—2 — €y — ’ (160)
my lky=w, I ko=w,
k,k, %
T, (k)| =N ——— —i€,5,— , (16l
! ( )|k0 1 ! ml ko=—w, " m ko=—w, ( )
k,k 1%
Tv(k)|k =w, =11 u_ﬂ +ie vy ’ (162)
JZ 0=W> H M% _— up M, —
k,k, kP
Tv(k)| = =N — + ie 7vE ’
H ko==W> H 1‘42 p— up M, P
(163)
where we have used (30b) and (30c¢).
For the contributions Doo , we have
Too(@y. k) N Too(—wy. k) iz
2(1)1 2(0]
i w?
= ——si 1-—1), 164
sin(zgon) (1~ 21) (164)
and
Too(Wzak) o—izoWs +Too(—W2’k) pizW>
2W, 2W,
i W2
= Wzsm(zowz) ( - ﬁ%) (165)

(1)

For the contributions D", we have
Tk, o _ T0Olkg0, i,
2601 20)1
k; 1 kK
= ——-Cos ——¢€;;—sin R 166
m% (zo) s €ji "y (zo) (166)
and
_ TOi(k)|k0:W2 e_iZOWZ + TOi(k)|k0:—W2 eiZOWZ
2W, 2W,
ki 1 kK
= —cos(zgW,) — —¢€;; —sin(zoW>» ), 167
M% (20W>) W, €ji M, in(zoW>) (167)

where we defined ey;; =

wibutions D)

€;;- The last ones, are the con-

- -

Tij(@1,k) omitomr _ Tyj(-o1. k) iz,
2w, 2w,
.5ij . . kikj ;
= la)l sin(zow, ) + lm%a)l sin(zow)
+ lel] cos(zgw ), (168)
m
and
_ (Wz’ k) e~izWa | M elzoW2
2W2 2W2
O;;
= —IWzsm(zOWz) - lM2W sin(zoW,)
1
+ ie;;—cos(zgW5). (169)
M,

Note that the elements have the expected symmetry of z —
—z and swapping y — v.
Each element can be written as

My =L
00 (2) 2p
X/ RE ip sin(zow;) _ sin(zoW») oikZ
(27)° mioy MWy )
(170a)

d2k cos(zow;)  cos(zgWs)
01 (2) 2 2 ki
Zﬂ m’ M3

n (Sln(Zowl) i Sln(ZOW2)> €ijkj] eil?Z’ (170b)

mywq M,W,

and
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Dg% () = / a2k [ (sin(zm;) _sin(zpWy) 5,
! 2ﬁ o) W,

sin(zpw sin(zgW
. ( o 1> (2 2>>k,.k,
mjw, M5W,

1 1
+ <m—100$(z0w1) + ECOS(ZQW2)> e,»j] etk

In the same way the components of the second con-
tribution are

&k (i >
DR = [ G (eostfla

+ [ ¢ + |k|]zsin(|lz|zo)> ek, (171)
20k vm
D0 = [ ok (K cos(iay
§Z0k k:| 7o
=—| sin([klz) e™%, (172)
LIkI HIK]
and
27 .
(2) N d°k <|:I§Z()kikj l€,j:|
D (z —/ =+ cos(|K|z
V0 = [ G ([t st
kik; [ 2|k
-l _.j< L—l— >sm(|k|z )) ekZ (173)
206\ v k|

Because of Lorentz covariance, the commutator can be
evaluated in any convenient frame. Since we are interested
in the spacelike region z> = (x —y)? < 0, we choose a
frame where z, = 0. For completeness, a part of Dgy(z) is
also evaluated in a general frame in Appendix A.

In the frame with z, = 0, it is not difficult to show that
the first component contribution reduces to

Dy (0,Z) = 0. (174)
The second component contribution gives
and
D2(0.3) = - / S (176)
) (2x)

The last one is

W 2 i1 1 / 2k
D;j(0.2) = —=(—+—— ) [ ozee™ (177
ij ( Z) Zﬂ <m1 +M2> (27[)2€J€ ( )
and
D0 ?)—1/ Fh ot (178)
1 u (2 )2 J
Hence, we find
Dy;(0,2) = D;;(0,2) =0, (179)
where we have used
1 1 20
—2——22—’2, (180)
my M5 yp
1 1 2p
— ———ﬂ. (181)
M, u

We confirm that microcausality is preserved in our model.

VI. FINAL REMARKS

In this work, we have studied the higher-derivative
extension of three-dimensional QED which incorporates
gauge-invariant CS modifications. In particular, we have
considered a QED with standard fermions, CS gauge
invariant extensions including higher-order and a standard
interaction term. While earlier gauge extensions were
treated mostly at the tree level [39], now we studied the
one-loop perturbative impact of the presence of the higher-
derivative CS term.

We have found that the higher-order gauge field prop-
agates through four different modes. We have two massive
transverse modes corresponding to the subspaces A, and
A_ of the spectral decomposition of the equation-of-motion
operator. In addition to the two massive modes we find two
massless solutions that arise from the multiplicity of the
root at k> = 0 in the dispersion relations. This degeneracy
is also reflected in the propagator through the correspond-
ing pole. We have derived the polarization vectors for both
Proca-like fields, each described by transverse vectors in
momentum space {£*)}, and also for the massless modes.

We have developed the Hamiltonian formulation of the
theory and identified four second-class constraints, which
give rise to Dirac brackets and consequently modify the
standard Poisson structure. According to the corresponding
constraint counting, yielding 4 degrees of freedom, we
constructed the most general field expansion and verified
the resulting Dirac brackets explicitly. In addition, we
derived the propagators directly from the definition of
time-ordered vacuum expectation values of the fields. At
this stage, we have shown that the theory exhibits an
indefinite-metric structure, manifested through the commu-
tation relations of the creation and annihilation operators.
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The focus of the present work is the operator-level formu-
lation of the theory. A detailed analysis of the Hamiltonian,
the Hilbert-space structure, and related aspects is left for
future work.

An interesting feature of the canonical formalism is the
emergence of double poles and the way in which they are
incorporated into the field expansion. Such structures may
be relevant for the quantization of gauge theories in the
Landau gauge, particularly in higher-derivative theories,
Lee-Wick-type models, dipole-field theories, and gauge
theories exhibiting degenerate massless sectors. Exploring
these possible applications constitutes an interesting direc-
tion for future work.

Microcausality has been verified by explicitly computing
the commutator of gauge fields at spacelike-separated
points, z> < 0. Interestingly, although our analysis is per-
formed at the level of the gauge field rather than gauge-
invariant observables, we find that the commutator vanishes
identically when z; = 0. This behavior suggests a nontrivial
distributional structure, distinct from that of conventional
QED in (2 4+ 1) dimensions, where the commutator is
supported on the light cone. We leave for future work the
investigation of this effect and its possible connection with
the massive modes arising in the Landau gauge.

We have computed the two-point function of the spinor
field which induces radiative correction that allows us to
redefine a Lagrangian in terms of two decoupled standard
fermions, one being a ghost, which has served to compute
the rest of radiative corrections. With this decomposition,
we have computed the PPO where the complete depend-
ence on the external momentum was obtained, and calcu-
lated the two- and three-point functions involving the
spinor field. We have seen that in the gauge sector a
redefinition of variables to cast the theory into the sum of
Proca-like fields may be prohibited since these will
eventually destroy gauge invariance. Moreover, we explic-
itly checked that our theory is microcausal in the gauge
sector. The results for the spinor sector can be used within
the studies of the three-dimensional effective field theories
applied within the condensed matter context, especially
within studies of graphene which is a perfect three-dimen-
sional model. We also leave for future work the finite
renormalization of the model.
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APPENDIX A: THE CALCULATION OF D}

Here we analyze a more general frame with z, # 0,

starting from Eq. (170). The contribution D(%) in (171) has
a similar form; however, we restrain from this calculation.
In polar coordinates, defined by

42k = |k|d|k|de, (A1)
k-7 = |K||Z] cos 6. (A2)
= (k| cos 6, |k| sin6), (A3)
we obtain
PV = i zn/ |k|3d\k|d6

Sm(Zo W)
m%wl M2 W2

2n |k|d|k|d9
2u 2ﬁ/ /
" [(cos(zoa)l) B cos(ZOW2)>k‘
mi M3 ’

+ Sin(ZOwl)+Sin(ZOW2) ek ei\EHZ\COSG’
nmyw; M2W2 e

y (sm(zoa)1) _ )eiZECose’, (Ada)

(A4b)

and

/2n/ |k|d|k|d¢9

e o,

W
(ot o)),
ml(z)l M2W2

1 1
l\kHz\com‘)
+ <m1 cos(zow1) +Mzcos(zo W2)> }

Considering the following known integrals:

/ do z|kHz|cos€
0 27

(AS)
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2z d@
/ 2 cos 00 = iy (F|ED). (A6)
0

T

7d0 o iffifFcoso _ L 0| 7
5-cos” OeHAet == (Jo(|k|2]) = S (Kl[21)). (A7)
0 27 2

2zdO > 7
/zsmzee”"ﬂm” 2(J0(|k||ﬂ)+12(|k||ﬂ))’ (A8)
0 T

and using the fact that the following integrals vanish due to
parity symmetry

27 d@ i
/ — sin @elklElcos? — (A9)
0 271'
27 do -
/ —cos @sin eIkl cos? — (A10)
0 27'[

we are led to the following set of integrals to evaluate. For
D<1>( )
00 \Z

| i [ kPdlk]
D(()O)(Z):_ﬁl 27

% sin(zw, ) _ sin(zoW»)
miw; M3W,

)Jo<|1‘<’||2|>. (Al1)

For D\!(z) we have the components

| i [ |k|Adlk|
Dél)(z):ﬁ/) Tor

cos(zpw cos(zgW =
x( e I CIENED
my 2
| [k |d]k]
D(()z)(Z)— 2ﬁ o
sin(zow;)  sin(zoW,) -
J1(|k]|Z])- Al2b
o (o) SHETD) g ). (Ar2n

Finally for the Dg})(z) components we have

D) = 2ﬁ/
x [(S‘“(joj“’” - SCo2)) o )

n W_|2 sin(zow;) _ sin(zgW»)
2 miw, M5W,

|k|dlk|

x (Jo(|KI[Z]) = Jz<|1?||z>>] (Al3a)

I i [ |k|dk]
D<12)(Z>:_ﬁ\/0‘ o

y cos(zgm;) cos(zoW>) 7

(cotaoen) WD) s ). (a13v)

D21 Zﬂ//
<C°Sfj1?“’l>+°°S§‘Z;2W2>)Jo<|z€|z1>, (A13¢)

1 i [ |kldA
Dgz)(z) = _ZB/O Ton
sin(zow;)  sin(zoW,) -
- Jo(lk
<|( 202 1)

o
B Sin(ZOW2)>

K sin(zoon)
2 miw, M3W,

x (Jo([k][2]) +J2<|1?||:7r|>>] (A13d)

To illustrate how the case with z5 # 0 leads to the same
conclusion as the zy = 0 frame, we explicitly compute the
D(():)) (z) integral given in Eq. (11). In this case, we encounter
an integral of the form:

I(z) = /0 KsinGoo®) ) oorak, (A14)

(k)

for ® = w;, W,. We know that the Bessel functions satisfy
the ordinary differential equation

d*J dJ
that in our particular case means
d? 1 d 5
Jo(kZ) = -k Jo(kZ) (A16)
dz zdz

By using this expression we can write the integral as

__ 1 *sin(zow (k)
1(z) = <a§+zaz> M () Jo(kz)kdk|. (A17)

Now by changing the integration variable as 7=

w(k),dr = % then we obtain
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/ = sino0k) ) k= / " sin(zor)o(V/ 7 —m?)dr,
0 m

w(k)
(A18)

From [55] (item 6.677-1), the previous integral has the
form

© 0, O<c<b
/ Jo(b\/xz—az)sin(cx)dx—{COS( VTR gep e
a \/— 9
(A19)

In our case a = m, b = z, and ¢ = z;, thus

" 0, O0<zp<z
/ Sin(ZQT)]O(Z \% T2—m2)d’f: cos(m \/Zo L 0<z< .
m \/Z—z L0

(A20)

We conclude that outside the light cone the integral I(z)
vanishes. The other integrals can be calculated in the
same way.

APPENDIX B: THE HAMILTONIAN FORMALISM

To develop the Hamiltonian formalism it is more
convenient to work with the integrated-by-parts
Lagrangian (7)

1 1
L=——F,F"—

1
3 Fu = 52 QA £ 5E0A, (- GIA,,

(B1)

which has only second-order derivatives.
Following the Ostrogradsky formalism momenta are

0
" = _’C _9 "IOuA., (B2)
0Aﬂ 2
oL oI 1, . 1
YW 7/( ) 5( LA
1 9 y
+ 5+ gL)A, =T 0yA,. (B3)
In components
0 1 . . g ...
PV = _E(AO +0'A;) — Ee’/()iAj, (B4)
k 1 Ak k 1 ki j
Pk = —;(A = 0"Ao) + 5" (u + 90/9))A;
+ gekiAl- — gé‘kjajAo, (BS)

9 i
HO = EejaiAj, (B6)

Hk = —§€k1A + 2€ki5,-A0.

(B7)
Some momenta define a surface between extended phase
space variables and hence are identified with primary
constraints; these are denoted by

9 i
(po = HO —56'/0[14], (BS)
i iy 9y 9.
@ =11 —|—§€]Aj—§€JajA0, (Bg)
1 . qg ... .
lI/O = PO +E(A0 + akAk) +§€Ual’AJ‘. (BIO)

The Hamiltonian can be obtained through the Legendre
transform of extended phase space variables

He=A,Pr+AJIF - L. (B11)
For this we consider the identities
oI = —ZligA, (B12)
k B i1
Ay = —0'A; — EPO + £0,ITF, (B13)
i =9
Si/H = E (Al — aiAo), (B14)
. 1 . oy 1 . g,
€ijP] = ——Gij(Aj —0’A ) _5('“ +gaja])Al _gAl —EaiA().
14
(B15)
These can be used to write
Ay = —0'A; — EPY + &0, TTF, (B16)
. 2 j
Ai = alA() + 56”1_[ N (B17)
A =1 Pf+2H 1(+afa)A
i = | 7€ — =7 W T g0'0;)A;
gl " vg "t 2 !
g . .
+§a,-(afA,»+§P0—gaij) : (B18)

After some calculation we have the canonical Hamiltonian
density
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H=

l\)lbﬁm

2 . 2 .
(=(P%)? + (9I1)%) + — II'TL; + —e;; P'TV
14 g
1_. . . .
- _Hl(,u + gajaj)Al - O’AIPO + al'A()Pl
g
1

o1 .
+_F,'jFl] —EeklakAl(/t + gaja/)Ao

” (B19)

We notice that the canonical Hamiltonian density only
depends on spatial derivatives of the extended phase space
variables (A, P*, TI*). We incorporate the constraints to the
Hamiltonian, obtaining

2 2
H= /d2 ( —(P)? + (0, IT%)? )+—H’H+ €;;P'TV
g
1 3
—fl'I’(,quga’() YA;—0'A; P°+0A0P’+4 Fj;F
g
1 . )
—EeklakAz(ll‘i‘gajaj)Ao +20¢° + 29 +90V’0> . (B20)

Considering the Poisson brackets

{A,(1,%), P“(1,5)} = 8,6P (3 = 5),  (B21)
{A,(.%).T(1,5)} = 846D (X - ),  (B22)
we have the constraints algebra
{0°(1,%),¢°(1,5)} = 0, (B23)
{0°(1,%),°(1.5)}  {o"(1.%), 9' (2,
- {0 (1,%),0°(1.5)} {o'(1.%),0'(
CAB(t"x’y) = 2 - 0 - 2 — 1
{o°(1.%),0°(1,5)} {o°(t.%), 0 (2,
{Y0(1.%), (1,5} {w°(1.%).0' (1,
and find
0 0 0 —-1/&
- 0 0 g —go -
Cap(t:3.3) = P00 (F-7). (B34)

0 —-g 0 g9
1/ —go, go, O

The inverse matrix becomes

[°(0.9).9/(1.5)} = 0, (B24)
(DY) =500 G-5). (529
(/L. 0(1.5)} = geis®(F-5).  (B26)

{¢/(£.9),9°(1.5)} = —ge76? (R -5),  (B27)

WO R (1. 5)} = 0. (B25)

Evolving in time all constraints we find four consistency
relations

0o = o,IT', (B29)
o2 1 o .
AO = —aiPl -1 + - eijalH] - alal’Ao
g 4
+0,J1¥ + geio, A, (B31)

where A; is a function of phase space variables;
see Eq. (B18).

To continue with the Dirac algorithm we introduce the
notation for the four constraints

pa = {0, 0", 0* w°}. (B32)
We define the matrix
b (13,0 (1.5)} {9°(6,%),y0(1.5)}
O O N U L U R R U1
}AP(0.%). 02 (1.5)} {0 X))} |
bow0(n3), 07 (1)) {06 3).90(1 )}
I
0 =89, =60, &
e |20 0 —1g0
CHEEN=| o o [PUED B39)
-£ 0 0 0

After some calculation, the Dirac brackets for Ay (z, X) are

{Ao(1. %), Ag(2.5)}" = 0, (B36)
{Ao(1, %), 4;(1.5)}" =0, (B37)
{Ao(1.3). Ag(1.5)} = =P (3 -5)  (B38)
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[Ao(t. ). A,(1.5)} = 0. (B39)
[Ao(t. D). P15 =62(F-5).  (B40)
(Aot 3). P(5) = Leho o3 -5).  (Ba)
[Ag(t. ). 10(1.5)}* = 0, (B42)
[Ao(t. D). TV (1.5)}* =0, (B43)

for A,(#, %)
[AL 3. A (L5} =0, (B44)
[AL.). Ag(1.5)}* =0, (B43)
{A(L).A (L)} =0, (B46)
(A1), P15} =0, (B47)
[AL).PI(LF) = 6s0(F-5).  (B4g)
{30 5)) =0, (B49)
(AL IV (1.5} =0, (B50)

for Ay(t,X)
{Ao(t. ). Ag(1.5)}" = 0. (B31)
[Ao(t. D). A1 7)) = €000 (-9, (BS2)
[Ag(t. ). PO(1.5)}* =0, (B53)
[Ao(t.). PI(1.5)} = ~0/80(F—5).  (BS4)
{Ag(t. ). T0(1.5)}* = 0, (B55)
{Ao(t.). TV (1.5)}* =0, (B56)

for A,(1,%)
(AR A0 == eo?GE-3). (BT
(A0 3), POT)Y = 505(F-5),  (BSS)
AP =T e0060(E-5).  (B59)
{130 5)) = 0. (B60)

(AR, T)) = 58/00E-3). (B6I)

for P°(, %)
{PO(1.3), P(1.5)}" =0, (B62)
{PO(.%), PI(1.5)} =0, (B63)
{PO(.3). 101, 5)} = 0. (B64)
{PO(1.3).V(15)} =Tt 6 (F-5).  (B6S)

for Pi(t,X)
{P/(1.3). Pi(1.5)}" = -5 elidho 80 (-5).  (Boo)
(P35} = e 062 (F~5).  (B6T)
{P(t.3).V(1.5)} = 0. (B68)

and for I1°(z, X)

{2, ),10(1,5)}* = 0, (B69)
{01, %), V(1. )}* = 0. (B70)
{I1(e. ). 10(1.§)} = -els@ (3 -5).  (BT1)

gives the number (6 x
— 4(second-class constraints)) =

A direct counting
2(phase space variables)
4 of degrees of freedom.

Imposing strongly the second-class constraints we have
the Hamiltonian

1 ; 9 v
H = /d2 (-AZ zé(aA) EefdiAjAo

+ z—y(A 0,A0) (AT — 0'Ag) + Ze’fA (1 + g0, )A;

N RN y
— €U0,A; (1 + 90,0 Ag + AP + 4—F,»jF’/) . (B72)
v

1. Dirac commutators

Here, we verify the Dirac structure of the theory by
explicitly evaluating several commutators using the field
expansions. The first step is to promote the Dirac brackets
to Dirac commutators according to

1

<A, Bl

{Ax), B(y)}" < (B73)
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a. The commutator [A,(x),A,(y)]p

We begin to verify the commutator

[Ao(x). Ao (y)] p = —i&8?) (% - ). (B74)

Replacing the field we have the contributions

[A0(x). Ao()]p = [AF (). AT (¥)]p + [AF (). AT (¥)]p
+ [A§ (%), AT (9] + [Ag (%), Ao ()]

+ [Go(x). Go(»)]p- (B75)
We take first derivatives
AP (x) _/ o 12 — ifk])dye
0 ) (2r)22 g
+ (2 + itlk)dfe™], iz (B76)
G dﬁé _|I;| ik-x ik-x
Af§(x) = (2ﬂ)27[cke +ce }ko i (B77)
- CE PO ) e
0( >_/(2ﬂ)22ﬂ[ 0 k e
ey a e, (B78)
&k i )
G, — _ —ik-x
0( ) /(2 )2 2,6[ 0 k
ey ek, (B79)
We obtain
. a2k —lcf
AP AG O = [ Gy et (B0
G AR = [ ki, (B8]
0 2420 D (2”)

a2k ilk| [ 20k|

- S| ik(imy
AG G — e
4500450 = [ o kJ i

(27)? 2
(BS2)
= = oh 2k —i ik ey
Aol Aol = (1-23) [ S5, osy
: W3\ [ Ak i
[Go(x),Go(y)]p = (1_ﬁ§>/(2n)2z_ﬁek( ). (B84)

Adding all the contributions, we find

[Ag(x). Ag(V)]p =1i

£ |i€|[ 20| ]
——¢&+ —+
275 v k|

2
(1= W etk (=)
2 2ﬁ

(BSS)

or

a2k L |1'<’_|2
(27)?

i
Sl
+ — ) [e*6=y) | (B86)
28 \md M3

and using (180), we arrive at

Ao(x). Ag(y)]p = i /

[Ao(x), Ag()]p = —i&8?) (3 = ). (B87)
b. The commutator [Ay(x), P\(y)]p
We continue to verify the commutator
i 15 i
[A0(x), P'(y)]p = =5 €"0;62 (X -5).  (BSS)

Using the definition of momentum (5), and the previous
Dirac brackets, we have

[Ag(x). P (y)lp = _i([AO(x)’Ai(y)]D =9, [A0(x). Ao (y)]p)

+;€u(ﬂ+ga'(< 0 [A(x).4;(9)]p
+ g€l [Ag(x), A;(3)]p

= €0 4o ). Ao (). (B89)

where the notation emphasizes the spatial derivatives acting
on the second coordinate y. Some commutators are zero,
and we obtain

[Ao(x), P'()]p = gei’[Ao( )-A;(0)]p

zg €0,;57 (X -7)).  (B90)

The second time derivatives on the fields are
. &k i o 2|k] i
AJD(X)Z/WE |:— (ﬂ(z—l|k|t)kj+lT€jkkk dke k

_ 2|k| .
+ <ﬂ(2+l|k|t)k]—lﬂejkkk> dlelk.x:| B
¢ ko=IA]

(B91)
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cre kx4 CZeik"‘]koz‘];l, (B92)

. &2k —ililk;
A%(x) = / S

d2k TO1(5) (5) ik () () ik
AJ('X) _/( ) zﬂ [ ap e +£J a € ]k0=(ul’

(B93)

o d2lg -Ws —ik-x * T ikx
6,0)= [ EE M e ey,

(B94)

The contributions to the bracket [Ay(x).A;(y)], are
given by

[Ao(x),A;(0)]p = [AF (x), AT (»)]p + [AF (x), AP (»)]pp
+ [AF (x), AT (9)]p + [Ao (%), A;(0)]p
+[Go(x). G;()]p (B95)
Each term contributes with
2
AP A = - [ %gk S0 (BOG)
27
[AF (x), AP ()]p = - / é ];2 Ekjei =) (BY7)

. a2k (k| 20k &
[AS"(x%A?(y)]D=/(2ﬂ)27[‘—2+@ x ket ),

TH
(B98)
= = &k 1 w? ,
[Ao(x), A;(¥)]p = 72 ﬂml jet =) (B99)
. k1w
Go(w). 600 = = [ samaa ke (B100)
The sum of all contributions give
“ &2k
(A0(2)- A0l = = [ ket
a2k |k
/(2)||k]€ “(x=y)
b3
27 1712 1
n)? m1
(B101)

Using (180), we obtain

2
) A0 = - [ e i)

(27)

Thus, the Dirac bracket becomes
[Ag(x), PI(y)]p = i&ge0;6®) (3 = 7) — f €0,6%) (% - )
- iggei/aj5(2> - 7). (B103)

c. The commutator [A;(x), P (y)]p
We verify the Dirac bracket

[A;(x). PI(y)]p = i6]8*) (R ~F).  (BI104)

Again using the definition of momentum P/ we have

[Ai(x). PI()]p = ge™[A;(x). Ac()]p-

From (93)-(96), we have

(B105)

Ip + [AF (x). AP (¥)]p

A,(x), Ac(¥)]p
(B106)

We compute and obtain

27 .
4P AZONp= [ <§ ’; 2’5 (ﬂtk._%,.,kz) e eilen)

Gi(x). G = / T e

Adding all the contributions

) &k [i ,
[A;(x),Ar(¥)]p = 2n)? —(ekky — kiegk')
lco1 iw3 e (ey)
o e WY, B112
Zﬁ m, lk+2ﬂM2 lk:|e ( )
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We consider the identity

Gﬂklkk - ki(:'klkl = _eik|]_€|2- (B113)

Replacing the expression above, we have

%[ i - i 2P
A0 Al = [ % {——|k|2 o

2
l|k| 2%5] k)
2p

a2k
—/Wl lkelk<x_y). (B114)
m)’g

Finally

. A S A
AP = g [ 55t =
(B115)

We have presented the details for the first three cases; the
remaining ones can be checked analogously.

APPENDIX C: THE FEYNMAN PROPAGATOR

In this part we give the Feynman propagator using the
definition. Recall the time ordered product of fields

Dy, (x —y) = 0(x = y°){0[A,(x)A, (»)[0)

+00° = x%)(0]A, (y)A,(x)[0).  (C1)

We first consider the case xy >

(014, (x)A, ()]0} = (0]A2 (x)AT () |0) + (OIAF (x) A (¥)[0)
+(0JAF (x)AF (¥)10) +(0[A, (x)A, (»)]0)
+(0lG,(x)G, ()]0). (€2)

We compute each piece

&2k &g ,k)q,
<0|AD X)AG |0 // q v ()C() )q
2(27)° 41k|q]

<0|d~c*|0>

dkw(xo, )kg_k )
i x y , C3
/(2n) I )

i(k-x—q-y)

also

i5/62) (X -7).

d2k d?g (—ik,)v} (o,
P@n)t o 4li|q)

X <0|C*di |0) e (k=a)

2
/ dk ( )vu(y07k)§€_,'k4(x_y)’
27)* 4k m
(C4)
and
2 2—) .k .
<0|AG AG |0 // d k2 d ! ;1)(_1"11/)
(27)* () 4]k||q]
% <O|C]€C(;|O>e_l kx—q-y)
5
_ / d kzk,,_lf [_i’ﬁ N }e_iux_y).
Q) alk> L rv* |k
(C5)

Thus the contributions coming from the massless sector
correspond to

(01AZ ()AZ ()10} +{0]AG (x)AP ()[0) +(0]AC (x)AS () 0}
[Pk
= [ G (G w00
kﬂk” _i]a £ e~ ik(x=y)
+4l€|2{ J/M2+|E|D ' (ce)

Considering

Uu(xo’k)ku—kﬂvi(yo’k) ZM(XO_YO)kﬂku+iﬂ(nukv+kﬂnu)

2/K|
e (1)

and replacing above, we have
(0142 (x)AZ (y)[0 2 ()10} + (0]AF (x) AT (v)|0)

)+ (0]AS (x)A
a2k [ (-1)
(27)? << |k])2

+&(n,k, +k,n,)+

& 2k
(|:—1§(X0 yO) |k| J’L :|k/4kz/

2|k] ‘
l|—€”ﬁykﬂ) ek lx=y),
H

Finally we identify the residue of the propagator (15) times

(C8)

the plane wave at the double pole k, = |E|

Res(G,, (k)e™* ) ko = [K|)
i O e 10 g0 2lK|
TS K( J = |k|+7ﬂ )k"k”

2/k|

+ f(l’lﬂky + kﬂn,,) + 1.76‘”/},/](/{| . (C9)

055050-23



AVILA, PETROV, REYES, RIQUELME, and SANCHEZ

PHYS. REV. D 114, 055050 (2026)

This means that

(0142 (x)AD (¥)[0) + (0]AZ (x)A

v (¥)[0)
+ <0|A,? (x)AD ()]0) + (O]AF (x) AT (¥)10)
&2k

= ——5Res(G,, (k)e= 0 = [k)).

oy (C10)

For the massive contributions we have

a2k d2* 1
(0A,(x)A,()|0) = // 4w1(k)wl(q)ﬁ2

. |()>e—i(k-x—q-y)

xsfl & <0|a~

_ / CE 1) iy
(27)* 20, (k)5 " ’
(C11)

together with
d2 q 1

7)* AW, (k)W (q)p*
JpHT|0) gilkv=a)

(01Gu(x

w00 = [0y

X 8,<4 et (0|b]:

_ / Ph 1) eibxey),
(2m)*2W,(k)p "

We recognize the residue

Res(GW(k)e_’k x=y) ko—a)l)

and
Res(G,, (k)e k) ko =W,) = (=1)

es( ;w( )e 0 2) (2W2ﬂ)

« [8,(¢+)8£+)*€_ik'(x_y)]k0:
(C13)

Thus we obtain

(04, (x)A,()]0) + (0]G,(x)G,(¥)|0)

1 [ &%k ks

ZY/W[RCS(G#D(k)e k(. ) k _CU])

+ Res(G,, (k)e™ ") kg = W,)). (C14)

The result for x, > y, of the propagator becomes

004,000 = [ 5
x [Res(G,, (k)e =) ko = o)

+ Res(G,, (k)e™ ") kg = wy)
+ Res(G,, (k)e™ ") kg = W,)).
(C15)
Finally, we arrive at
d’k dkg .
0A 0 ——5 | oox G (k)em ),
O WA =i [ 5 [ S G

where the contour Cy is the usual path that has a positive
slope and encloses the positive poles ky = |1€\, w;, and W,
when xo > y,. A similar analysis for x, < y, then leads to
the propagator given in Eq. (15).
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