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We study the Columbia plot for the chiral phase transition in the framework of a three-flavor linear sigma
model based on the Cornwall-Jackiw-Tomboulis (CJT) formalism. The conventional CJT approach with the
Hartree truncation suffers from artificial chiral breaking, leading to the violation of the Nambu-Goldstone
theorem and the (anomalous) chiral Ward-Takahashi identities. We apply the symmetry-improved CJT
formalism to resolve this issue. We observe a first-order phase transition and a tricritical point in the light-
quark mass regime, which is relatively independent of the size of the sigma meson, in contrast to the

conventional CJT approach. The tricritical point, found on the ms axis, is at mtri
s =m

phys
s ¼ 0.175 with mphys

s

being the physical strange quark mass in real-life QCD. The critical pion mass in the three-flavor symmetric
limit, on the second-order boundary, is measured at mπ ∼ 52.4 MeV, with the critical temperature
Tc ∼ 51.7 MeV.
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I. INTRODUCTION

Quantum chromodynamics (QCD) exhibits a rich phase
structure at high temperature associated with chiral sym-
metry restoration and deconfinement. A deep understanding
of the chiral phase transition is of importance to explore the
origin of mass and matter. The study along this line has
attracted a growing interest in not only the current terrestrial
experiments, but also astrophysical and cosmological obser-
vations; heavy-ion collisions [1–4], neutron star interiors
[5–7], and the thermal history of the early Universe [8,9].
In the general QCD parameter space, the chiral phase

transition can be characterized by the lightest quark mass
mu ¼ md ≡ml and the strange quark mass ms. The
parameter space is called the Columbia plot [10,11]. The
physical point at which QCD of the Standard Model is
located, thus, is merely a single point in the continuous

quark mass parameter space. Going off the physical point
therefore brings a broader and deeper view of how the chiral
phase transition, hence the origin of mass and matter, is
realized in real-life QCD.
The phase structure of the Columbia plot for the smallml

regime is still an open question. It is typically classified into
three “scenarios” [12–14]:

(i) the tricritical point at ms ¼ mtri
s on the ms-axis with

mu ¼ md ¼ 0 is present, at which point the first
order regime is closed and the phase transition
becomes second order, which ever persists toward
the two-flavor chiral limit, ms → ∞, reflecting the
universality class of the Oð4Þ theory with no Uð1Þ
axial symemtry restoration [11,12,15–17];

(ii) the tricritical point is absent and Uð1Þ axial
symmetry is restored; hence, that is not in the
Oð4Þ universality class, so that the first-order
regime can be observed till the two-flavor chiral
limit [16,17]; and

(iii) no first-order regime emerges and the second-order
regime shows up only on the ms axis [12,18,19].

Upon the current status of the lattice simulations, for 2þ 1

flavor QCD with smallml and largems, either scenario i) or
ii) tends to be favored [20–28]. The functional renormal-
ization group (fRG) approach to QCD has also realized
scenario i) for the two-flavor [29] and 2þ 1-flavor cases
[30]. In the three-flavor symmetric case with ml ¼ ms,
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Scenario iii) has been supported [17,17–19,31,32]. The
first-order signal has not yet been observed even for a small
pion mass, down to mπ ≲ 50 MeV with highly improved
staggered fermions [17,31] and mπ ≲ 110 MeV with
improved Wilson fermions [32]. A recent analysis using
the Dyson-Schwinger equation has also supported a second-
order phase transition for three massless quark flavors [12],
namely, implying no first-order regime in the small-quark
mass regime.
Alternatively to lattice QCD studies, low-energy effec-

tive field theories (LEFTs) can also provide a complemen-
tary view of the investigation on the chiral phase structure
on the Columbia plot [15,33–47]. These theories qualita-
tively capture the relevant infrared dynamics through
effective degrees of freedom (light mesons and quarks),
keeping the global symmetries such as the chiral symmetry
and its violation as present in QCD. The linear sigma model
(LSM) is one candidate description as such, which serves as
a particularly valuable framework for studying chiral phase
transitions.
In employing the LSM, one notices one remark made in

the literature [15], showing that fluctuations like mesonic
loop corrections substantially modify the result in the
mean-field approximation projected onto the Columbia
plot. To properly incorporate the potentially nonperturba-
tive mesonic loop corrections, one can use the Cornwall-
Jackiw-Tomboulis (CJT) method in two-particle (2PI)
irreducible effective action formulations. Plugging this
formalism into an LSM, one will solve the gap equation for
two-point functions of meson fields, which involve
resummed quantum-dressed propagators. Accordingly,
the ground state in the CJT formalism will be determined
at the stationary point for not only the chiral-order
parameter but also the meson propagators. This formalism
would thus provide an alternative approach to beyond-
perturbation study the Columbia plot based on a different
systematics compared to other nonperturbative methods,
such as the fRG and Dyson-Schwinger equations, and also
lattice simulations.
However, it has also been pointed out that the CJT

method inevitably suffers from the difficulty that the
Nambu-Goldstone (NG) theorem or the threshold property
are violated [33,35,48]. This is because a nonsystematic
truncation of the 2PI digarams, e.g., often referred to as the
Hartree approximation, is required to apply in practically
evaluating the CJT effective action at the two-loop level;
hence a nonchiral invariant set of the two-loop corrections
generates artificial chiral breaking, which feeds back to the
violent deviation from the low-energy theorem and the NG
theorem in the chiral limit as well. This issue is therefore
crucial at around the critical temperature of the chiral phase
transition. In fact, the violation of the NG theorem is
reflected in generating the massive NG boson at finite
temperature even in the case without the explicit symmetry
breaking (e.g., the chiral limit for the QCD case). In the

literature [48], it has been clarified that the loopwise
truncation deviates the Ward-Takahashi identities (WTIs)
of the one-particle irreducible (1PI) from those of 2PI
actions, with the former protecting the NG theorem at any
order of truncation.
Thus, the so-called symmetry-improved (SI) CJT for-

malism has been proposed with the enforcement of the 1PI
WTIs to preserve the original global symmetry [OðNÞ
symmetry as a reference model] [48]. An application of this
original SICJT formalism to Oð4Þ LSM has been per-
formed in [49], where the two-flavor chiral phase transition
has been addressed in the chiral limit with the exact NG
boson even at finite temperature.
In this paper, we apply the SICJT formalism to a three-

flavor LSM and explore the chiral phase structure in the
small-quark mass regime of the Columbia plot. We observe
a first-order regime and a tricritical point consistently with
Scenario i) above. This is a definitive conclusion fairly
insensitive to the size of the sigma meson mass, in contrast
to the conventional CJT approach in [33,35].
This paper is organized as follows. In Sec. II, we

introduce a three-flavor LSM and summarize what is
necessary to address the chiral phase transition in the
CJT formalism at zero and finite temperature. This section
is essentially just a review of the literature [33,35,50]. In
Sec. III, applying the argument in [48] to the present LSM
case, we discuss the violation of the NG theorem by
demonstrating the discrepancy between theWTIs associated
with the 1PI and the 2PI formalisms. Then, we introduce the
SICJT formulation established in [48]. In Sec. IV, we show
our results on the chiral phase transitions and projection
onto the Columbia plot, and discuss the related physical
consequences, in comparison with the results based on the
conventional CJT approach. We also present the critical
exponents around several critical points in the Columbia
plot evaluated from the SICJT formalism. The conclusion of
this paper is provided in Sec. V. In Appendixes A, B, C, and
D, we also present supplementary materials for more details
relevant to the present work: tree-level formulas in the LSM
(A); the CJT formalism (B); the WTIs with and without
explicit symmetry breaking (C); benchmarked temperature
dependences for the chiral phase transitions at certain
critical points in the Columbia plot (D).

II. AN LSM AND CJT FORMALISM

We begin by introducing a phenomenologically success-
ful three-flavor LSM proposed in [51] and analyzed at finite
temperature in [50] within the conventional CJT formalism
[52]. This LSM can, in particular, reproduce what is called
the inverse mass hierarchy between a0ð950Þ and κð700Þ ¼
K�

0ð700Þ spectra, due to the introduction of the explicit-
chiral breaking contribution related to the Uð1Þ-axial
anomaly-induced term [see Eq. (8)] [51]. Some of the
detailed formulas can be found in Appendixes A and B.
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The central building block of the model is the LSM field
Φ, which transforms bifundamentally under the full
Uð3ÞL ×Uð3ÞR symmetry as

Φ → gL ·Φ · g†R; ð1Þ

with gL;R ∈Uð3ÞL;R. Throughout the present paper, we
work in Euclidean spacetime. The model Lagrangian is
given as

LLSM ¼ tr½∂μΦ†
∂μΦ� þ VðΦ;Φ†Þ: ð2Þ

The mesonic field Φ is parametrized as Φ ¼ ϕaTa ¼
ðσa þ iπaÞTa for a ¼ 0;…; 8, in which σa and πa denote
the scalar and pseudoscalar fields, respectively. Ta ¼ λa=2
represents generators of the Uð3Þ group, in which λa¼1;…;8

are the Gell-Mann matrices, and λ0 ¼ ffiffiffiffiffiffiffiffi
2=3

p
13×3. The

mesonic potential VðΦ;Φ†Þ in Eq. (2) is given by

VðΦ;Φ†Þ ¼ V0 þ Vanom þ VSB þ VSB−anom: ð3Þ

The first term V0 in Eq. (3) corresponds to the Uð3ÞL ×
Uð3ÞR invariant part. This potential term is, up to mass
dimension four, given as

V0¼ μ2tr½Φ†Φ�þλ1tr½ðΦ†ΦÞ2�þλ2ðtr½Φ†Φ�Þ2: ð4Þ

The second term Vanom in Eq. (3) arises from the QCD
instanton contribution associated with the Uð1Þ axial
anomaly. It takes the determinant form, the so-called
Kobayashi-Maskawa-’t Hooft (KMT) term [53–56],

Vanom ¼ −Bðdet½Φ� þ det½Φ†�Þ: ð5Þ

The third term VSB in Eq. (3) is the leading-order explicit
chiral-breaking term tied with the low-energy theorem,

VSB ¼ −ctr½MΦ† þM†Φ�: ð6Þ

Here M is the spurion field, which transforms in the same
way as Φ in Eq. (1),

M → gL ·M · g†R; ð7Þ

and takes the vacuum expectation value (VEV) M≡
diagfmu;md;msg to incorporate the proper explicit-chiral
breaking into mesons arising from the current quark masses
present in QCD.
The fourth term VSB−anom in Eq. (3) is characteristic to

the present LSM,

VSB−anom ¼ −kc½ϵabcϵdefMa
dΦb

eΦc
f þ H:c:�: ð8Þ

This is the axial-anomaly induced flavor-breaking term,
which controls the inverse mass hierarchy for a0 and K�

0

masses [51].
The dynamical chiral symmetry breaking is monitored

by the chiral order parameter, i.e., the VEV, or the thermal
average of Φ, which is parametrized as

hΦi≡ Φ̄ ¼ σ̄aTa; ð9Þ

without loss of generality. The isospin symmetry is adopted
as mu ¼ md ≡ml ≠ ms, such that the VEVs of the σ fields
read

σ̄aTa ¼ σ̄0T0 þ σ̄8T8 ¼ diagfΦ̄1; Φ̄1; Φ̄3g; ð10Þ

together with the following relations:

Φ̄1 ¼
1ffiffiffi
6

p σ̄0 þ
1

2
ffiffiffi
3

p σ̄8;

Φ̄8 ¼
1ffiffiffi
6

p σ̄0 −
1ffiffiffi
3

p σ̄8: ð11Þ

At tree level, the stationary condition reads

δSLSM
δΦ1

����
Φ¼Φ̄

¼ 0;
δSLSM
δΦ3

����
Φ¼Φ̄

¼ 0; ð12Þ

where SLSM ¼ Rx LLSM is the Euclidean action, with the
shorthand notation

R
x ≡
R
dτ
R
d3x. The meson mass matri-

ces are given by

½m2
Sðσ̄Þ�ab ¼

∂
2VLSM

∂σa∂σb

����
σa¼σ̄a

;

½m2
Pðσ̄Þ�ab ¼

∂
2VLSM

∂πa∂πb

����
σa¼σ̄a

: ð13Þ

The explicit expressions and derivations for those formulas
can be found in Appendix A. For the scalar mesons,
½m2

Sðσ̄Þ�11 are ½m2
Sðσ̄Þ�44, respectively, identified as the

squared masses for a0ð980Þ, m2
a0 , and κð700Þ ¼ K�

0ð700Þ,
m2

κ . The f0ð500Þ and f0ð980Þ masses arise as the mass
eigenvalues from the isospin-singlet scalar mass matrix
through a mixing angle θ0S defined with an orthogonal
transformation matrix in Eq. (A14). Similarly to the scalar
mesons, ½m2

Pðσ̄Þ�11 ¼ m2
π and ½m2

Pðσ̄Þ�44 ¼ m2
K , respec-

tively. The η0 and η masses are read as the mass eigenvalues
for the isospin-singlet pseudoscalar-mass matrix with a
mixing angle θ0P, as in Eq. (A19).
To evaluate the quantum and thermal corrections arising

in the present LSM at finite temperature T, we apply the
CJT formalism [52,57]. We start from the general loop
expansion of the 2PI effective potential for the LSM with
Nf flavors, which goes like
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VCJT½σ; S; P�

¼ VðσÞ þ 1

2

Z
k
tr½logS−1ðkÞ þ logP−1ðkÞ�

þ 1

2

Z
k
tr½S̄−1ðk; σÞSðkÞ þ P̄−1ðk; σÞPðkÞ − 2 · 1adj�

þ V2½σ; S; P�; ð14Þ

where σ is a general background field; the trace is taken in
the flavor space; VðσÞ is the tree-level potential defined in
Eq. (3), and V2½σ; S; P� is the sum of all 2PI diagrams,
which are constructed by the full-meson propagators S and
P; 1adj is the unit matrix in the adjoint representation of
SUð3Þ having the size of N2

f × N2
f; the full scalar (pseu-

doscalar) propagators are denoted as S (P), which are
treated as independent variables in the present framework.
In Eq. (14), we have abbreviated the loop momentum
integral as

R
k fðkÞ≡ T

P
n

R
d3k=ð2πÞ3fðωn; kÞ with ωn

being the bosonic Matsubara frequency. In Eq. (14),
S̄−1ðk; σÞ and P̄−1ðk; σÞ are the tree-level mesonic inverse
propagators induced from the tree-level action, which reads

½S̄−1ðk; σÞ�ab ¼ k2δab þ ½m2
SðσÞ�ab;

½P̄−1ðk; σÞ�ab ¼ k2δab þ ½m2
PðσÞ�ab: ð15Þ

In the present work, we adopt the Hartree approximation,
by which the sum of the 2PI diagram terms V2 in Eq. (14) is
truncated at the two-loop level as follows:

V2½S; P� ¼ F abcd

�Z
k
SabðkÞ

Z
q
ScdðqÞ

þ
Z
k
PabðkÞ

Z
q
PcdðqÞ

�

þ 2Habcd

Z
k
SabðkÞ

Z
q
PcdðqÞ; ð16Þ

where F abcd andHabcd are associated with the four-meson
couplings λ1 and λ2 in Eq. (4), and the explicit expressions
are given in Eq. (B8). The corresponding Feynman dia-
grams are illustrated in Fig. 1. In the current setup, the
daisy-type diagrams are resumed systematically by solving
the gap equation of the meson propagators [see also
Eq. (20)].
The nonperturbative VEVs (or the thermal averages) of

σa and the full scalar and pseudoscalar meson propagators
Sab and Pab are determined by the stationary condition for
VCJT at σ ¼ σ̄; S ¼ S, and P ¼ P as

∂VCJT½σ; S; P�
∂σa

����
σ¼σ̄;S¼S;P¼P

¼ 0;

δVCJT½σ; S; P�
δSab

����
σ¼σ̄;S¼S;P¼P

¼ 0;

δVCJT½σ; S; P�
δPab

����
σ¼σ̄;S¼S;P¼P

¼ 0: ð17Þ

See also Eq. (B5). In the Hartree approximation, as evident
from Fig. 1, the loop corrections are all contact such that no
external momentum dependence is renormalized from the
tree-level one for meson-two point functions. Therefore, we
parametrize the nontrivial solution for (inverse) meson
propagators, Sab and Pab, only with momentum-indepen-
dent dynamical mass terms as follows:

½S−1ðkÞ�ab ¼ k2δab þ ½M2
S�ab;

½P−1ðkÞ�ab ¼ k2δab þ ½M2
P�ab: ð18Þ

Then, the stationary condition in Eq. (17) is cast into the
form,

0 ¼ ∂Vðσ̄Þ
∂σ̄0

− 3G0bc

�Z
k
ScbðkÞ −

Z
k
PcbðkÞ

�

þ 4F 0bcdσ̄b

Z
k
SdcðkÞ þ 4H0bcdσ̄b

Z
k
PdcðkÞ;

0 ¼ ∂Vðσ̄Þ
∂σ̄8

− 3G8bc

�Z
k
ScbðkÞ −

Z
k
PcbðkÞ

�

þ 4F 8bcdσ̄b

Z
k
SdcðkÞ þ 4H8bcdσ̄b

Z
k
PdcðkÞ; ð19Þ

and

½M2
S�ab¼½m2

Sðσ̄Þ�abþ4F abcd

Z
k
ScdðkÞþ4Habcd

Z
k
PcdðkÞ;

½M2
P�ab¼½m2

Pðσ̄Þ�abþ4F abcd

Z
k
PcdðkÞþ4Habcd

Z
k
ScdðkÞ:

ð20Þ

FIG. 1. Feynman diagrams in the Hartree approximation
contributing to V2 in Eq. (16). The solid lines represent the
scalar meson propagators Sab, and the doubled solid lines the
pseudoscalar meson propagators Pab. The black blob stands for
the bare vertices, which are denoted in the text as F abcd and
Habcd, respectively.
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The detailed expression of Gabc, which has been introduced
in Eq. (19) is given in Eq. (B26), which is associated with
the Uð1Þ axial anomaly, i.e., the KMT determinant term
proportional to B in Eq. (5).

III. (ANOMALOUS) WTIS, NG THEOREM,
AND SYMMETRY IMPROVEMENT

In this section, following [48], we review the intrinsic
issue of the 2PI formalism on the violation of the NG
theorem and the (anomalous) WTIs. For readability, wewill
pick up only the resultant key equations and the detailed
derivations of the WTIs are referred to as in Appendix. C.
Consider an action S½ϕ� having a symmetry associated

with the infinitesimal transformation of a set of general
fields ϕa (a ¼ 1;…) as ϕa → ϕa þ iϵδϵϕa, where δϵϕa is
the corresponding generator in the field space.
Momentarily, no explicit breaking is assumed for the
original symmetry. Through the symmetry transformation
of the generating functional (with the source Ja), we have
the following WTI

Ja · hδϵϕaiJ ¼ 0: ð21Þ

If the generator belongs to the linear symmetry represen-
tation in the corresponding Lie group, such as δϵϕa ¼ dbaϕb
with d being an arbitrary coefficient matrix, we then get the
following WTI for the 1PI effective action Γ:

δΓ
δðϕclÞa

· δϵðϕclÞa ¼ 0; ð22Þ

where ðϕclÞa ≡ hϕaiJ is the VEV including the source
field J.
In the case of the chiral-SUð3Þ transformation given in

Eq. (1), we find

δασa ¼ dαbaπb; δαπa ¼ −dαbaσb; ð23Þ

Following Eq. (22), in the case without explicit breaking,
i.e., in the three-flavor chiral limit, the WTIs for these chiral
rotations are then read off as

δΓ½σcl;πcl�
δðσclÞa

·dαbaðπclÞbþ
δΓ½σcl;πcl�
δðπclÞa

·dαbaðσclÞb ¼ 0: ð24Þ

Passing through a couple of algebraic computations (see
Appendix C), Eq. (24) can finally be reduced to the
following simple relations:

M2
πΦ̄1 ¼ 0; M2

KðΦ̄1 þ Φ̄3Þ ¼ 0; ð25Þ

where we have also used Eq. (11). The Mπ and MK denote
the full nonperturbative pion and kaon masses arising from
the full propagator Pab. Equation (25) manifests itself that
in the chiral limit, the spontaneously chiral broken phase

with Φ̄1 ≠ 0 or Φ̄3 ≠ 0 yields Mπ ¼ 0 and MK ¼ 0,
precisely reflecting the NG theorem. The chiral-limit
WTI only for the two-flavor chiral rotation has been
discussed in [49], which has been currently extended by
including the MK term in Eq. (25).
The above formulations can be further generalized to the

case with explicit chiral symmetry breaking supplied from
the spurion field for the current quark masses, M. The
action S, corresponding to the LSM Lagrangian (2), is
SUð3Þ chiral invariant by including the (infinitesimal)
transformation of M given in Eq. (7) together with
Eq. (23). The WTIs (22) are then generalized into the
so-called anomalous chiral WTIs,1�

δS
δM

�
J
· δϵMþ

�
δS

δM†

�
J
· δϵM† þ Ja · hδϵϕaiJ ¼ 0:

ð26Þ

After somewhat lengthy calculations (see Appendix C), we
see that Eq. (26) gives a naturally extended formula in the
presence of the current quark masses for Mπ and MK from
the chiral limit case in Eq. (25),

M2
πΦ̄1 ¼ cmlð1þ 2kΦ̄3Þ;

M2
KðΦ̄1 þ Φ̄3Þ ¼ ðcml þ cmsÞð1þ 2kΦ̄1Þ: ð27Þ

To see the more physical consequences of the constraint
relations in Eq. (27), we shall read the light and strange
quark condensates, defined as the response of the light
and strange quark masses, from the LSM Lagrangian in
Eq. (2) as

hlli ¼
�
∂LLSM

∂ml

�
¼ −2cðΦ̄1 þ 2kΦ̄1Φ̄3Þ;

hs̄si ¼
�
∂LLSM

∂ms

�
¼ −2cðΦ̄3 þ 2kΦ̄2

1Þ: ð28Þ

We also read the pion and kaon decay constants fπ and fK ,
which arise as the overlap amplitudes between the corre-
sponding axial vector currents and pseudoscalars, as

fπ ¼ 2Φ̄1;

fK ¼ Φ̄1 þ Φ̄3: ð29Þ

From these, we find that two constraint relations in Eq. (27)
take the

f2πm2
π ¼ −2mlhl̄li;

f2Km
2
K ¼ −

ml þms

2
ðhl̄li þ hs̄siÞ; ð30Þ

1Another type of anomalous chiral WTIs would be available in
Refs. [58,59].
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which are precisely the Gell-Mann-Oakes-Renner (GMOR)
relations. Thus, the low-energy theorem is intact even in the
presence of the intrinsically flavor-violating k term [50,51].
The threshold property of the (pseudo) NG bosons

(Φ̄1;3 → 0) is thus described by the anomalous WTIs in
1PI formalism. The masses of the NG modes are con-
strained to zero in the chiral broken phase (Φ̄1 ≠ 0,
Φ̄3 ≠ 0), or proportional to the explicit breaking current
masses. Since the relations (25) or (27) hold before
performing the loop expansion in the 1PI effective action,
we expect that the threshold property holds even when we
truncate the 1PI effective action loopwise. Hereafter, we
shall call both the anomalous chiral WTIs and the chiral-
limit WTIs simply the WTIs, otherwise specialized.
Examining the WTIs derived in the 2PI formalism,

however, we realize that the situation would be drastically
changed. In the chiral limit, the WTIs for the 2PI effective
action read

0 ¼ δΓ½ϕcl;Δ�
δðϕclÞa

· dabðϕclÞb

þ δΓ½ϕcl;Δ�
δΔab

· ðdbcΔac þ dacΔcbÞ; ð31Þ

which leads to the second derivatives,

0 ¼ δ2Γ½ϕcl;Δ�
δðϕclÞcδðϕclÞa

· dabðϕclÞb þ
δΓ½ϕcl;Δ�
δðϕclÞa

· dac

þ δ2Γ½ϕcl;Δ�
δðϕclÞcδΔab

· ðdacΔac þ dacΔcbÞ: ð32Þ

Due to the third term appearing in the second line of
Eq. (32), this identity does not provide a direct constraint to
prevent the NG boson from being massive. If the 1PI and
2PI effective actions are evaluated exactly without any
truncation, the solutions of ϕa

cl and the propagators Δab

should be the same since they come from the same
sourceless generating functional. In this case, the WTIs
in the 1PI formalism [e.g., Eq. (26) without the M term]
and the one in the 2PI formalism (31) should be satisfied
simultaneously at the solution to the stationary condition.
However, truncating both effective actions at the loop level
(Γ1PI

tr and Γ2PI
tr ), we find that they will follow different

WTIs. Then, since the 2PI WTI does not directly constrain
the NG boson mass, the threshold property or the NG
theorem would be violated. The schematic sketch of the
above scenario is shown in Fig. 2. This issue would be
crucial for the phase transition of the system, since the
massless nature is directly connected to the scale-invariance
of the correlators.
To resolve this issue, we employ the SICJT formalism

[48], for which the strategy is to replace the stationary
condition in Eq. (19) by the generalized GMOR relation in
Eq. (27) derived from the WTIs of the 1PI formalism, while

keeping the second constraint with the gap equations for
meson masses in Eq. (20). The solution found in this
procedure is denoted as ΓSICJT

tr in Fig. 2. This completes the
current formulation, and we shall apply this method to
study the Columbia plot.

IV. NUMERICAL ANALYSIS

In this section, we show our numerical results on the T
dependences for the chiral order parameters, masses of
scalar and pseudoscalar meson nonets, by solving the gap
equations of the meson propagators in Eq. (20) coupled
with the generalized GMOR relations in Eq. (27) based on
the SICJT formalism. The analysis is performed both at the
physical point and in the chiral limit. We then discuss the
Columbia plot and make a comparison with the results
based on the conventional CJT formalism, which follows
by solving the gap equations coupled to the stationary
conditions in Eq. (19), which significantly breaks the NG
theorem and threshold property fixed as in the generalized
GMOR relations in Eq. (27). The criticalities at the
tricritical point and the second-order phase boundary, as
well as the critical pion mass in the three-flavor symmetric
limit, are also addressed in depth.

A. Numerical implements

Before presenting our results, we briefly summarize the
numerical strategy applied in the current work. To solve the
coupled equations, we shall adapt the iteration method and

FIG. 2. Schematic sketch of the SICJT formalism. The figure is
drawn in the ðϕ;ΔÞ plane where ϕ is the sourced field VEVand Δ
denotes the sourced propagator, describing the variables of the
effective actions. The black blobs (from right to left) represent the
solution obtained from the full-quantum action Γ, the truncated
1PI effective action Γ1PI

tr , and the truncated 2PI effective action
Γ2PI
tr . The black-dashed and -dotted curves, respectively, denote

the constraint trajectories from the 1PI or the 2PI formalism, and
the blue solid line denotes the gap equation of the propagators Δ
with arbitrary ϕ. The red square mark points to the solution
realized by the SICJT formalism.
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decompose the problem into three layers to gain better
numerical stability. Given a set of test values for the VEVs
Φ̄1;3 and full meson masses MS;P, we fix the values of the
mixing angles θS;P through Eq. (B22), by using the
Newtonian iteration method with θ0S;P in Eqs. (A15) and
(A20) used as initial conditions. Then we solve the gap
equations (20) using the fixed-point iteration method with
the tree-level masses mS;P, which can be found in
Appendix A 1, used as the initial conditions. Finally, we
solve either the stationary condition in Eq. (19) or the
GMOR relations in Eq. (27) by using the Newtonian
method with tests of different initial guesses, to search
for different phases at a given temperature.

B. Parameter setup at physical point

We take two different sets of model parameters, char-
acterized by a different f0ð500Þ mass as an input, to
examine the sensitivity of the size of the f0ð500Þ mass
to the order of phase transition or the phase structure of the
Columbia plots, as was discussed earlier [33,35] based on
the conventional CJT formalism.

1. Parameter set I

The first set of parameters is chosen following the
literature [50,51] as

μ2¼1.02×104MeV2; λ1¼11.8; λ2¼20.4;

cmphys
l ¼6.11×105MeV3;

cmphys
s ¼198×105MeV3;

B¼3.85×103MeV; k¼3.40×10−3 MeV−1; ð33Þ

which provides the pion and kaon decay constants as fπ ¼
92.1 MeV and fK ¼ 109.8 MeV in Eq. (29), and the
meson mass spectra

m½f0ð500Þ� ¼ 672.4 MeV; m½f0ð980Þ� ¼ 990.4 MeV;

ma0 ¼ 937.6 MeV; mκ ¼ 863.4 MeV;

mη0 ¼ 958.2 MeV; mη ¼ 552.9 MeV;

mπ ¼ 137.9 MeV; mK ¼ 494.1 MeV: ð34Þ

The mixing angles at vacuum are

θ0S ¼ 44.3°; θ0P ¼ 6.80°: ð35Þ

2. Parameter set II

We re-fit the parameters following the χ2-fit procedure as
performed in Ref. [51], with replacing the f0ð500Þmass by
m½f0ð500Þ� ¼ 800 MeV. Then we get the following best-
fit values for the model parameters,

μ2¼−1.79×105MeV2; λ1¼30.9; λ2¼22.2;

cmphys
l ¼6.11×105MeV3;

cmphys
s ¼198×105MeV3;

B¼3.86×103MeV; k¼1.51×10−3 MeV−1; ð36Þ

which provides the pion and kaon decay constants as fπ ¼
92.1 MeV and fK ¼ 109.8 MeV, and the meson mass
spectra

m½f0ð500Þ� ¼ 797.1 MeV; m½f0ð980Þ� ¼ 1151 MeV;

ma0 ¼ 943.1 MeV; mκ ¼ 966.5 MeV;

mη0 ¼ 897.0 MeV; mη ¼ 513.9 MeV;

mπ ¼ 125.8 MeV; mK ¼ 460.1 MeV: ð37Þ

The mixing angles in the vacuum are

θ0S ¼ 45.0°; θ0P ¼ 0.291°: ð38Þ

Notice that the physical observables obviously deviate from
the inputs, which indicates that the current parameter space
may not fully cover the input observables.

C. Chiral phase transition at the physical point

In Fig. 3 we show the T dependences on Φ̄1;3, and the
scalar and pseudoscalar meson masses MS and MP at the
physical point ðml;msÞ ¼ ðmphys

l ; mphys
s Þ with the param-

eter set I provided in Sec. IV B 1. In the figure, the upper
panel refers to the conventional CJT method, while the
lower panel corresponds to the result from the SICJT
method. Comparing both methods, we find the following
qualitative characteristics:

(i) The pseudocritical temperature of the light quark
condensate, Tpc, which is defined by the temper-
ature with the maximum thermal susceptibility
χT ¼ −∂hlliT=∂T, is around ∼185 MeV in the
SICJT formalism, which is reduced compared to
the one estimated from the conventional CJT
formalism, Tpc ∼ 215 MeV. Those values of Tpc

are anyhow higher than the ones obtained from
other nonperturbative approaches, such as fRG
(e.g., Ref. [60]), Dyson-Schwinger equations
(e.g., Ref. [61]) or lattice QCD (e.g., Ref. [62]).
This higher Tpc can be understood by the lack of
dynamical quark degrees of freedom. The extended
studies including quarks would be performed in the
future; and

(ii) The pion mass Mπ shows relatively smoother T
dependence for T ≲ Tpc in the SICJT formalism,
compared to the conventional CJT case, before the
chiral restoration happens. This is due to the
realization of the proper threshold property and
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the manifest NG theorem: the introduction of loop
corrections in the conventional CJT method breaks
the low-energy theorem, i.e., the GMOR relations,
such that (pseudo-) NG boson mass spectra can
develop artificially and unphysically with finite T.

Both cases show the degeneracy of the meson mass spectra
at T > Tpc, which precisely reflects the effective restoration
of the chiral symmetry due to the reduction of the size of
the light quark condensate. The parameter set II in
Sec. IV B 2 yields essentially the same results.

D. Chiral phase transition in chiral limit

We also explore the chiral phase transitions in the chiral
limit at ðml;msÞ ¼ ð0; 0Þ for both the conventional CJTand
SICJT formalisms. See Fig. 4, where the plots have been
created by taking the parameter set I in Sec. IV B 1, but
with ml ¼ ms ¼ 0.
In the conventional CJT formalism, we have examined all

stationary points, including the local minimum as well as
the local maximum. For the latter point, those maximum
states connect the vanishing point of the chiral broken phase
and the emerging point of the chiral symmetric phase. In the
SICJT case, the tachyonic modes with negative curvatue
masses (corresponding to the local maximum states) show
up, which can be reflected as the smoother dropping blue
curve in the bottom-right panel of Fig. 4: around the phase
transition temperature Tc ∼ 25 MeV, the f0ð500Þ mass
shows the trend to be vanishing. This brings further

numerical complexity in evaluating the meson loops, but
makes milder effects on the scope of the current work; thus,
we drop the local maximum state in evaluating the chiral
order parameter in the SICJT case. For the mass spectra in
both cases, all meson masses are merged into one, denoted
by the purple line after the chiral restoration happens, and
linked with the unified mass spectra in the false vacuum,
which is marked by the red-dashed line in the right-bottom
panel of Fig. 4.
We find the following characteristics for the phase

transition in the chiral limit.
(i) From the left panels of both CJT and SICJT cases,

we find that the chiral order parameter discontinu-
ously changes with temperature around some critical
values, and the local maximum state is clearly seen
in the conventional CJT case. Those behaviors of the
chiral order parameters indicate the orders of the
phase transitions in both cases to be of the first order.
The phase transition takes place at the critical
temperature Tc ∼ 25 MeV in the case of the SICJT
formalism (the bottom-left panel of Fig. 4). This Tc
is much smaller than the one measured based on
the conventional CJT formalism, which yields
Tc ∼ 97 MeV (see the top-left panel). This reduction
can be understood by the proper reflection of the NG
theorem in the chiral limit even at finite T: thermal
loop corrections arising from lighter mesons make
the critical temperature lower. The presence of the
first-order phase transition in both two formalisms is

FIG. 3. Plots of T dependences on Φ̄1;3 (left panel) and masses of scalar (middle) and pseudoscalar mesons (right), at the physical
point, in the cases of the conventional CJT (upper panels) and SICJT (lower panels) formalisms applied to the present LSM with the
parameter set I in Sec. IV B 1.
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essentially due to the non-restoration of the Uð1Þ
axial anomaly, which is currently encoded in the
KMT determinant [the B term in Eq. (5)] providing a
negatively large cubic potential along the chiral-
order parameter direction Φ̄1 (See also the parameter
sets I and II in Secs. IV B 1 and IV B 2).

(ii) The masses of the pion Mπ and the kaon MK are
fixed to vanish in the SICJT formalism below the
exact chiral restoration (see the bottom-right panel of
Fig. 4), while they start to develop in the CJT case at
finite T, even before the chiral restoration happens
(see the top-right panel). The former feature is
closely related to the realization of the proper
threshold property and the NG theorem, which is
violated in the CJT formalism. More remarkably, at
T ¼ Tc in the chiral limit for the SICJT formalism,
the f0ð500Þ mass goes to zero, reflecting the chiral
partner of the massless pion.

Recently, based on highly improved staggered quarks on
lattices with temporal extent Nτ ¼ 8 [17]—which is an
extension of the study with Nτ ¼ 6 [31]—the three-flavor
lattice QCD study has reported that no evidence of the first-
order signal is observed for mπ ≳ 80 MeV. The critical

temperature in the three-flavor chiral limit has also been
estimated via the finite-size scaling analysis, to give
Tc ¼ 98þ3

−6 MeV, based on the data and statistical averag-
ing over different fit ansatz with mπ in a range of
80 MeV≲mπ ≲ 140 MeV. The present model with the
SICJT formalism thus tends to give a lower Tc than the
lattice result, which, however, may only be of limited
relevance because of different model setups and
systematics.

E. Columbia plots

In Fig. 5, we make the Columbia plots based on the
SICJT formalism (bottom panels) in comparison with the
conventional CJT case (top panels). The parameter sets I
and II in Secs. IV B 1 and IV B 2 have been reflected,
respectively, in the left and right panels.2

FIG. 4. Same as Fig. 3, for the chiral limit case, with the plots of the scalar and pseudoscalar meson masses combined into a single one,
which has been summarized in the right panel. The red-dashed line in the bottom-right panel denotes the degenerate masses of all
mesons in the chirally symmetric phase below the critical temperature.

2The present analysis has been limited by the large size of ms

up to 2mphys
s , above which a part of the k-term proportional to ms

[Eq. (8)] will cause an instability in the system, because of the
artificial nondecoupling effect of the strange quark in the k term.
This issue needs to be fixed in a separate publication.
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In the literature [33,35], the Columbia plot has already
been discussed based on a three-flavor LSM with the
conventional CJT formalism, which is similar to the present
model except for the k term [Eq. (8)], where the input
observables to fix the model parameters are somewhat, but
not substantially different from those used in Secs. IV B 1
and IV B 2. In the top panels of Fig. 5, we have reproduced
the resulting phase structure fully consistent with the one
observed in the references, including the overall character-
istics: the first-order regime is present, and two tricritical
points emerge at aroundms ¼ Oð0.1mphys

s Þ and≳Oðmphys
s Þ

for lighter f0ð500Þ, while those two points get merged to be
gone as mf0ð500Þ is heavier and heavier, still keeping the
presence of the first-order regime.
We find that the SICJT formalism removes the artificial

first-order regime and gives the symmetry-improved
Columbia plot (bottom panels in Fig. 5): no significant
mf0ð500Þ dependence is seen, and the first-order regime as

well as the single tricritical point are stably present. This
also implies no existence of the extra first-order regime
which has been observed in the conventional CJT formal-
ism. Those features have been measured due to the proper
realization of the low-energy theorem at finite T, which
protects the pion to be light enough and safely suppresses
the other heavier meson contributions in the thermal bath,
including those from f0ð500Þ, up to T ≲ TðpÞc. It has been
claimed in Refs. [33,35] that the existence of the extra first-
order regime in the conventional CJT formalism is tied with
the Hartree-level approximation. Our present result sup-
ports another possibility that working on the Hartree-level
approximation is not the main reason for generating the
extra first-order regime; rather, the violation of the NG
theorem may be the reason.
We also still see from Fig. 5 that in the SICJT case, the

first-order regime gets shrunken when mf0ð500Þ gets larger.
This is simply due to the generation of more stringent

FIG. 5. Conventional CJT result projected onto the Columbia plots with the parameter sets I in Sec. IV B 1 (top-left panels)
and II in Sec. IV B 2 (top-right panel), in comparison with the SICJT results (bottom-left and -right panels) on the same parameter setup.
The orange solid curves denote the second-order phase boundaries, the blue-shaded areas stand for the first-order domains, and blank
areas represent the crossover regions. The three-flavor symmetric limit (the case withml ¼ ms) has been drawn by the dotted curves, and
the red-diamond marker corresponds to the physical point where ðmc;msÞ ¼ ðmphys

l ; mphys
s Þ. The ml and ms axes have been normalized

by mphys
l .
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convex negative curvature [by the negative μ2 term in
Eq. (4) with the sign choices given in Secs. IV B 1 and
IV B 2]. On more physics grounds, the generation of
heavier f0ð500Þ tends to require dynamical chiral sym-
metry breaking essentially triggered by the negative μ2

term, while in the lighter f0ð500Þ case, the Uð1Þ axial
anomaly essentially triggers the dynamical chiral symmetry
breaking even with a positive μ2 term.
When taking a particular look at the three-flavor sym-

metric limit whereml ¼ ms, we find the critical quark mass
on the second-order boundary (red curves in Fig. 5) to be
mc

l ¼ mc
s ¼ 0.0931mphys

l , [e.g., for the parameter set I case,
in Sec. IV B 1, withm½f0ð500Þ� ¼ 672.4 MeV (bottom-left
panel)]. This quark mass value is translated into the critical
pion mass at the vacuum as mc

π ¼ 52.4 MeV. The chiral
restoration is observed at Tc ∼ 51.6 MeV.

F. Critical exponents

In this section, we present our result on the criticality of
the light quark condensate in Eq. (28) evaluated from the
SICJT formalism. The scaling behavior of the light quark
condensate hlli with respect to the temperature T and the
current quark mass ml in the vicinity of the criticality is
characterized by the critical exponents β and δ. Suppose the
critical point of the second-order phase transition is located
at ðT;mlÞ ¼ ðTc;mc

l Þ with the critical current mass for the
strange quark, mc

s , we define the following dimensionless
variables as

t≡ T − Tc

Tc ; m̃l ≡ml −mc
l

mphys
l

; ð39Þ

with the following scaling function

hlliðt; m̃lÞ − hllið0; 0Þ ¼ flðt; m̃lÞ; ð40Þ

where flðt; m̃lÞ is a dimensionful function and satisfies
flð0; 0Þ ¼ 0. The critical exponents of the thermal and the
external source response are then given by

flðt → 0; 0Þ ∝ ð−tÞβ; flð0; m̃l → 0Þ ∝ m̃1=δ
l : ð41Þ

We summarize the method and related details of the
evaluation of the critical exponents in the Appendix E.
Based on the symmetry argument, we expect the

universality classes on the second-order line in the
Columbia plot as follows. For the critical points located
at the boundary dividing the first-order and the crossover
areas (except for the tricritical point), the chiral symmetry is
explicitly broken with the presence of three massive quarks.
In this case, the chiral symmetry is reduced to remain as the
discretized one, i.e., the Z2 symmetry. We shall expect the
Z2 universality class on this boundary, described by the
three-dimensional Ising model [63]. As to the critical points
lying on the massless light flavor axis (the y axis in the

Columbia plot above the tricritical point), the criticalities
are expected to be described by the Oð4Þ universality
classes [64], since the massless two-flavor theory possesses
the SUð2ÞL × SUð2ÞR ∼Oð4Þ symmetry. Furthermore, if
one assumes that the Uð1ÞA symmetry is restored around
the critical temperature of the chiral phase transition, the
Uð2Þ ×Uð2Þ universality class would also be possible to be
found [65,66]. Regarding the tricritical point, which con-
nects the line of the first-order and second-order regions
along the y axis in the Columbia plot, the Ginzburg-Landau
description of the free energy around this point is read as
the following tricritical σ6 theory:

F ðσÞ ¼ a2ðT;msÞσ2 þ a4ðT;msÞσ4 þ a6σ6 þ � � � ; ð42Þ

where σ ∼ hlli denotes the light quark condensate, respec-
tively. The tricritical point is located where a4ðT;mtri

s Þ ¼ 0,
leading to the interplay between the first- and second-order
phase transitions. The upper critical dimension of this
tricritical σ6 theory is dc ¼ 3, which is the same as the
spatial dimension concerned in the present work, indicating
that fluctuations become irrelevant and merely referring to
mean-field exponents is validated. Thus, we shall expect
the mean-field universality class at the tricritical point in the
Columbia plot.
In Table I, we list the critical exponents evaluated at

several critical points, as well as the aforementioned
universality classes. For the critical exponents at the point
where mc

s ¼ 0, the results fit well with the Z2 universality
class. For the flavor-symmetric point (mc

l ¼ mc
s ¼

0.0931mphys
l ) and the tricritical point (mtri

l ¼ 0, mtri
s ¼

0.696mphys
s ), the values of β are relatively close to the ones

expected from the Z2 and Oð4Þ universality classes, while
the δ starts to deviate from those benchmark values. For the
values obtained at the critical point on the y axis above the
tricritical point (mc

l ¼ 0, mc
s ¼ mphys

s ), our result does not
meet any universality class mentioned above.
Given the result of the criticality in the present work, we

find that the current framework of the analysis based on the
SICJT formulation may not quantitatively capture the
critical exponents. We speculate that the observed deviation
from the expected universality class may originate from
three sources. First, the truncation scheme adopted in this
work corresponds to the Hartree-Fock level, which incor-
porates only momentum-independent corrections to the
meson propagators. Because mesonic fluctuations play a
central role near criticality, it would be valuable to explore
higher-order effects, such as wave-function (field-renorm-
alization) corrections to the mesons. Second, the inclusion
of the axial-anomaly–induced flavor-breaking term in
Eq. (8) introduces an additional source of the chiral
symmetry breaking. In this setup, the current quark masses
no longer couple linearly to the vacuum expectation value of
the mesonic field, thereby modifying the system’s response
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to external sources. Finally, the evaluation of the gap
equations for meson masses in the concave region is also
crucial near critical points. The treatment of this region
influences the convergence of the solutions and can alter the
resulting universality class. Thus, the present setup and
analysis can be used for qualitative studies, such as the
analysis of the transition temperature or the meson-mass
spectra properties; however, it needs further improvement in
several aspects to be capable of accurately evaluating the
QCD criticality.

V. CONCLUSION

In this work, we have investigated the structure of the
Columbia plot within a three-flavor LSM monitoring the
underlying QCD, which exhibits the global chiral Uð3ÞL ×
Uð3ÞR symmetry, explicitly broken by current quark
masses and by the Uð1Þ axial anomaly. We have included
both leading-order anomaly terms and anomaly-induced
flavor-breaking interactions, motivated by the phenomeno-
logical success of the model shown in the literature [51].
Our analysis was carried out within the CJT framework for
the 2PI effective action, considering both the conventional
and the symmetry-improved formulations, the latter being
dubbed the SICJT [48].
A primary focus of the present work is to address the

known issues in truncated 2PI approaches, particularly the
violation of the NG theorem and the threshold property in
the chiral broken phase. These violations become signifi-
cant near the criticality of the chiral phase transition. By
enforcing the WTIs for the 1PI effective action through the
SICJT formalism, we have refined the conventional CJT
approach on the three-flavor LSM and analyzed the
consequences for the chiral phase structure and the pro-
jection onto the Columbia plot.
Our analysis has clarified that an enhanced first-order

region, which has been detected in the conventional CJT
method with the standard Hartree-level approximation, is
merely an artifact due to the lack of the manifest NG and

low-energy theorems at finite temperature. This result
suggests that a consistent incorporation of mesonic fluc-
tuations that preserves the chiral symmetry is crucial for
properly capturing the chiral phase structure, even within
relatively simple truncation schemes.
Still, our current approach should potentially be appli-

cable as a tool for studying other qualitative behaviors of
critical phenomena, such as the search for the critical
endpoint in QCD-like theories and their LEFTs. Beyond
mean-field and large-N approximations, the SICJT approach
would sufficiently incorporate mesonic fluctuation contri-
butions through the self-consistent resummation of meson
two-point functions by respecting the necessary symmetry
constraints. Thus, our present work would be a definite step
forward in improving the reliability of exploringmesonmass
spectra near the chiral critical temperature.
The symmetry-improved 2PI formalism would also offer

a useful framework for exploring the QCD phase diagram in
terms of LEFTs, particularly for applications at some critical
point where the proper treatment of soft modes and
collective excitations is essential. Other possible and sim-
ple-minded outlooks may also be involved: extending the
current framework by including vector and axialvector
mesons; incorporation of the coupling to Polyakov loops;
finite chemical potential; the convolution with other non-
perturbative methods such as the fRG; the studies of the
electroweak phase transition and/or dark chiral phase
transitions including physics beyond the Standard Model.
In that case, in a way consistent with the (anomalous) WTIs,
the SICJT formalism would help perform a proper resum-
mation of 2PI diagram series, improving the radius of
convergence like the conventional daisy resummation, and
the validity of the conventional perturbative formulations.
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APPENDIX A: THE THREE-FLAVOR
LSM AT TREE LEVEL

In this appendix, we summarize the tree-level formulas
in the three-flavor LSM employed in the present paper.

1. The vacuum constraint by the stationary condition

At tree level, the potential (3) along the vacuum direction
specialized only by the ðΦ̄1; Φ̄3Þ-background fields reads

VðΦ̄Þ ¼ μ2ð2Φ̄2
1 þ Φ̄2

3Þ þ λ1ð2Φ̄4
1 þ Φ̄4

3Þ þ λ2ð2Φ̄2
1 þ Φ̄2

3Þ2
− 2BΦ̄2

1Φ̄3 − 2ð2cmlΦ̄1 þ cmsΦ̄3Þ − 4kðcmsΦ2
1 þ 2cmlΦ̄1Φ̄3Þ: ðA1Þ

The slopes of the classical action SLSM ¼ R d4VðΦ̄Þ are then given as

δSLSM
δΦ1

����
Φ¼Φ̄

¼ 4ðμ2Φ̄1 þ 2λ1Φ̄3
1 þ 4λ2Φ̄3

1 þ 2λ2Φ̄1Φ̄2
3 − BΦ̄1Φ̄3 − cml − 2kcmlΦ̄3 − 2kcmsΦ̄1Þ;

δSLSM
δΦ3

����
Φ¼Φ̄

¼ 2ðμ2Φ̄3 þ 2λ1Φ̄3
3 þ 4λ2Φ̄2

1Φ̄3 − BΦ̄2
1 − cms − 4kcmlΦ̄1Þ: ðA2Þ

Alternatively, using Eq. (11), the tree-level potential VðΦ̄Þ in terms of the ðσ̄0; σ̄8Þ-background fields reads

Vðσ̄Þ ¼ 1

2
μ2ðσ̄20 þ σ̄28Þ þ λ1

�
1

12
σ̄40 þ

1

2
σ̄20σ̄

2
8 −

1

3
ffiffiffi
2

p σ̄0σ̄
3
8 þ

1

8
σ̄48

�
þ λ2

4
ðσ̄20 þ σ̄28Þ2

− B

�
1

3
ffiffiffi
6

p σ̄30 −
1

2
ffiffiffi
6

p σ̄0σ̄
2
8 −

1

6
ffiffiffi
3

p σ̄38

�
−

ffiffiffi
2

3

r
ð2cml þ cmsÞσ̄0 −

2ffiffiffi
3

p ðcml − cmsÞσ̄8

− k

�
cml

3
ð4σ̄20 − 2

ffiffiffi
2

p
σ̄0σ̄8 − 4σ̄28Þ þ

cms

3
ð2σ̄20 þ 2

ffiffiffi
2

p
σ̄0σ̄8 þ σ̄28Þ

�
: ðA3Þ

The corresponding slopes of the classical action are then given as

δSLSM
δσ0

����
σa¼σ̄a

¼ μ2σ̄0 þ λ1

�
1

3
σ̄30 þ σ̄0σ̄

2
8 −

1

3
ffiffiffi
2

p σ̄38

�
þ λ2ðσ̄20 þ σ̄28Þσ̄0 − B

�
1ffiffiffi
6

p σ̄20 −
1

2
ffiffiffi
6

p σ̄28

�

−
ffiffiffi
2

3

r
ð2cml þ cmsÞ − k

�
cml

3
ð8σ̄0 − 2

ffiffiffi
2

p
σ̄8Þ þ

cms

3
ð4σ̄0 þ 2

ffiffiffi
2

p
σ̄8Þ
�
;

δSLSM
δσ8

����
σa¼σ̄a

¼ μ2σ̄8 þ λ1

�
σ̄20σ̄8 −

1ffiffiffi
2

p σ̄0σ̄
2
8 þ

1

2
σ̄38

�
þ λ2ðσ̄20 þ σ̄28Þσ̄8 þ B

�
1ffiffiffi
6

p σ̄0σ̄8 þ
1

2
ffiffiffi
3

p σ̄28

�

−
2ffiffiffi
3

p ðcml − cmsÞ − k

�
cml

3
ð−2

ffiffiffi
2

p
σ̄0 − 8σ̄8Þ þ

cms

3
ð2

ffiffiffi
2

p
σ̄0 þ 2σ̄8Þ

�
: ðA4Þ

Note that those two sets of slopes in Eqs. (A2) and (A4) are related to each other through the linear transformation arising
from the chain rule as
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0
@ δSLSM

δΦ1

δSLSM
δΦ3

1
A ¼

0
BB@ 2

ffiffi
2
3

q
2ffiffi
3

pffiffi
2
3

q
− 2ffiffi

3
p

1
CCA
0
@ δSLSM

δσ0

δSLSM
δσ8

1
A: ðA5Þ

At the classical level, the equilibrium criteria, or the
stationary conditions, read

δSLSM
δΦ1

����
Φ¼Φ̄

¼ 0;
δSLSM
δΦ3

����
Φ¼Φ̄

¼ 0; ðA6Þ

which is equivalent to

δSLSM
δσ0

����
σa¼σ̄a

¼ 0;
δSLSM
δσ8

����
σa¼σ̄a

¼ 0 ðA7Þ

through Eq. (A5).
If we adopt the SUð3ÞV flavor symmetry, i.e.,

ml ¼ ms ≡m, we find that the slope of the σ8 direction
in Eq. (A5) becomes

δSLSM
δσ8

����
σa¼σ̄a

¼ σ̄8

�
μ2 þ λ1

�
σ̄20 −

1ffiffiffi
2

p σ̄0σ̄8 þ
1

2
σ̄28

�
þ λ2ðσ̄20 þ σ̄28Þ þ B

�
1ffiffiffi
6

p σ̄0 þ
1

2
ffiffiffi
3

p σ̄8

�
þ 2kcm

	
: ðA8Þ

The stationary condition along this σ8 direction thus includes the trivial solution σ̄8 ¼ 0, i.e., Φ̄1 ¼ Φ̄3, which precisely
reflects the SUð3ÞV symmetry. This flavor symmetric solution can also be realized when we rearrange Eq. (A2) as follows:

1

4

δSLSM
δΦ1

����
Φ¼Φ̄

−
1

2

δSLSM
δΦ3

����
Φ¼Φ̄

¼ ðΦ̄1 − Φ̄3Þ½μ2 þ 2λ1ðΦ̄2
1 þ Φ̄1Φ̄3 þ Φ̄2

3Þ

þ λ2ð4Φ̄2
1 þ 2Φ̄2

3Þ þ BΦ̄1 þ 2kcml� − ðcml − cmsÞð1 − 2kΦ̄1Þ: ðA9Þ

We thus find the trivial solution Φ̄1 − Φ̄3 ¼ 0 when ml ¼ ms.

2. Curvature masses

The LSM field Φ includes the scalar and pseudoscalar meson fields as Φ ¼ ϕaTa ¼ ðσa þ iπaÞTa for a ¼ 0;…; 8. The
Hessian matrix with respect to those meson fields is found by taking the second functional derivative for SLSM ¼ Rx LLSM

with LLSM in Eq. (2). It is in four-dimensional momentum space given as

½S̄−1ðk; k0; σ̄Þ�ab ¼ δ2SLSM
δσað−k0ÞδσbðkÞ

¼ ð2πÞ4δð4Þðk − k0Þðk2δab þ ½m2
Sðσ̄Þ�abÞ

≡ ð2πÞ4δð4Þðk − k0Þ½S̄−1ðk; σ̄Þ�ab;

½P̄−1ðk; k0; σ̄Þ�ab ¼ δ2SLSM
δπað−k0ÞδπbðkÞ

¼ ð2πÞ4δð4Þðk − k0Þðk2δab þ ½m2
Pðσ̄Þ�abÞ

≡ ð2πÞ4δð4Þðk − k0Þ½P̄−1ðk; σ̄Þ�ab; ðA10Þ

where we have defined the tree-level curvature masses as

½m2
Sðσ̄Þ�ab ¼

∂
2VLSM

∂σa∂σb

����
σa¼σ̄a

; ½m2
Pðσ̄Þ�ab ¼

∂
2VLSM

∂πa∂πb

����
σa¼σ̄a

: ðA11Þ

Notice that the mixing matrix elements such as δ2SLSM
δπað−k0ÞδσbðkÞ vanish because of the parity invariance. From Eq. (A11), the

matrix elements for the square of the nonet scalar meson masses read
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½m2
Sðσ̄Þ�00 ¼ μ2 þ λ1ðσ̄20 þ σ̄28Þ þ λ2ð3σ̄20 þ σ̄28Þ − B

ffiffiffi
2

3

r
σ̄0 −

4

3
kð2cml þ cmsÞ;

½m2
Sðσ̄Þ�88 ¼ μ2 þ λ1

�
σ̄20 −

ffiffiffi
2

p
σ̄0σ̄8 þ

3

2
σ̄28

�
þ λ2ðσ̄20 þ 3σ̄28Þ þ

Bffiffiffi
3

p
�
1ffiffiffi
2

p σ̄0 þ σ̄8

�
þ 2

3
kð4cml − cmsÞ;

½m2
Sðσ̄Þ�08 ¼ ½m2

Sðσ̄Þ�80 ¼ λ1

�
2σ̄0σ̄8 −

1ffiffiffi
2

p σ̄28

�
þ 2λ2σ̄0σ̄8 þ

Bffiffiffi
6

p σ̄8 þ
2
ffiffiffi
2

p

3
kðcml − cmsÞ;

½m2
Sðσ̄Þ�11 ¼ ½m2

Sðσ̄Þ�22 ¼ ½m2
Sðσ̄Þ�33

¼ μ2 þ λ1

�
σ̄20 þ

ffiffiffi
2

p
σ̄0σ̄8 þ

1

2
σ̄28

�
þ λ2ðσ̄20 þ σ̄28Þ þ

Bffiffiffi
3

p
�
1ffiffiffi
2

p σ̄0 − σ̄8

�
þ 2kcms;

½m2
Sðσ̄Þ�44 ¼ ½m2

Sðσ̄Þ�55 ¼ ½m2
Sðσ̄Þ�66 ¼ ½m2

Sðσ̄Þ�77

¼ μ2 þ λ1

�
σ̄20 −

1ffiffiffi
2

p σ̄0σ̄8 þ
1

2
σ̄28

�
þ λ2ðσ̄20 þ σ̄28Þ þ

Bffiffiffi
3

p
�
1ffiffiffi
2

p σ̄0 þ
1

2
σ̄8

�
þ 2kcml;

ðOthersÞ ¼ 0: ðA12Þ

The matrix elements ½m2
Sðσ̄Þ�11 and ½m2

Sðσ̄Þ�44 are identified
as the square of the a0ð980Þ mass, m2

a0 , and the κð700Þ ¼
K�

0ð700Þ mass, m2
κ , respectively. The mixed ðσ0; σ8Þ sector

can be diagnolized through an orthogonal transformation

σ̃i ¼ ðO−1
S Þiaσa;

½m̃2
Sðσ̄Þ�ðiÞδij ¼ ðO−1

S Þia½m2
Sðσ̄Þ�abðOSÞbj; ðA13Þ

where ½m̃2
Sðσ̄Þ�ðiÞ denotes the diagonalized scalar mass

matrix, and the orthogonal transformation matrix OS is
given as

OS ¼


cos θ0S − sin θ0S
sin θ0S cos θ0S

�
; ðA14Þ

with the mixing angle,

θ0S ¼
1

2
arctan

�
2½m2

Sðσ̄Þ�08
½m2

Sðσ̄Þ�00 − ½m2
Sðσ̄Þ�88

�
: ðA15Þ

Note that in the three-flavor symmetric limit where σ̄8 ¼ 0

and m1 ¼ ms ¼ m, the off diagonal element ½m2
Sðσ̄Þ�08

vanishes. The f0ð500Þ and the f0ð980Þ masses are iden-
tified through the lowest and highest eigenvalues, respec-
tively, as

m2½f0ð500Þ� ¼ ½m̃2
Sðσ̄Þ�ð0Þ ¼ ½m2

Sðσ̄Þ�00cos2θ0S þ ½m2
Sðσ̄Þ�88sin2θ0S þ 2½m2

Sðσ̄Þ�08 cos θ0S sin θ0S;
m2½f0ð980Þ� ¼ ½m̃2

Sðσ̄Þ�ð8Þ ¼ ½m2
Sðσ̄Þ�00sin2θ0S þ ½m2

Sðσ̄Þ�88cos2θ0S − 2½m2
Sðσ̄Þ�08 cos θ0S sin θ0S: ðA16Þ

Similarly, from Eq. (A11), the matrix elements for the square of the nonet pseudoscalar meson masses are read off as

½m2
Pðσ̄Þ�00 ¼ μ2 þ λ1

3
ðσ̄20 þ σ̄28Þ þ λ2ðσ̄20 þ σ̄28Þ þ B

ffiffiffi
2

3

r
σ̄0 þ

4

3
kð2cml þ cmsÞ;

½m2
Pðσ̄Þ�88 ¼ μ2 þ λ1

�
1

3
σ̄20 −

ffiffiffi
2

p

3
σ̄0σ̄8 þ

1

2
σ̄28

�
þ λ2ðσ̄20 þ σ̄28Þ −

Bffiffiffi
3

p
�
1ffiffiffi
2

p σ̄0 þ σ̄8

�
−
2

3
kð4cml − cmsÞ;

½m2
Pðσ̄Þ�08 ¼ ½m2

Pðσ̄Þ�80 ¼
λ1
3

�
2σ̄0σ̄8 −

1ffiffiffi
2

p σ̄28

�
−

Bffiffiffi
6

p σ̄8 −
2
ffiffiffi
2

p

3
kðcml − cmsÞ;

½m2
Pðσ̄Þ�11 ¼ ½m2

Pðσ̄Þ�22 ¼ ½m2
Pðσ̄Þ�33

¼ μ2 þ λ1
3

�
σ̄20 þ

ffiffiffi
2

p
σ̄0σ̄8 þ

1

2
σ̄28

�
þ λ2ðσ̄20 þ σ̄28Þ −

Bffiffiffi
3

p
�
1ffiffiffi
2

p σ̄0 − σ̄8

�
− 2kcms;

½m2
Pðσ̄Þ�44 ¼ ½m2

Pðσ̄Þ�55 ¼ ½m2
Pðσ̄Þ�66 ¼ ½m2

Pðσ̄Þ�77

¼ μ2 þ λ1
3

�
σ̄20 −

1ffiffiffi
2

p σ̄0σ̄8 þ
7

2
σ̄28

�
þ λ2ðσ̄20 þ σ̄28Þ −

Bffiffiffi
3

p
�
1ffiffiffi
2

p σ̄0 þ
1

2
σ̄8

�
− 2kcml;

ðOthersÞ ¼ 0: ðA17Þ
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The matrix elements ½m2
Pðσ̄Þ�11 and ½m2

Pðσ̄Þ�44 are identified
as the squares of the pion mass,m2

π , and the kaon massm2
K ,

respectively. The mixed ðπ0; π8Þ sector can be diagonalized
through an orthogonal transformation, similarly to the
ðσ0; σ8Þ sector in Eq. (A13) as

π̃i ¼ ðO−1
P Þiaπa;

½m̃2
Pðσ̄Þ�ðiÞδij ¼ ðO−1

P Þia½m2
Pðσ̄Þ�abðOPÞbj; ðA18Þ

where ½m̃2
Pðσ̄Þ�ðiÞ denotes the diagonalized pseudoscalar

meson mass matrix, and the transformation matrix OP
reads

OS ¼


cos θ0P − sin θ0P
sin θ0P cos θ0P

�
: ðA19Þ

with the mixing angle,

θ0P ¼ 1

2
arctan

�
2½m2

Pðσ̄Þ�08
½m2

Pðσ̄Þ�00 − ½m2
Pðσ̄Þ�88

�
: ðA20Þ

The off diagonal element ½m2
Pðσ̄Þ�08 vanishes in the three-

flavor symmetric limit where σ̄8 ¼ 0. Then, the η0 and the η
masses are identified through the eigenvalues

m2
η0 ¼ ½m̃2

Pðσ̄Þ�ð0Þ ¼ ½m2
Pðσ̄Þ�00cos2θ0P þ ½m2

Pðσ̄Þ�88sin2θ0P
þ 2½m2

Pðσ̄Þ�08 cos θ0P sin θ0P;
m2

η ¼ ½m̃2
Pðσ̄Þ�ð8Þ ¼ ½m2

Pðσ̄Þ�00sin2θ0P þ ½m2
Pðσ̄Þ�88cos2θ0P

− 2½m2
Pðσ̄Þ�08 cos θ0P sin θ0P: ðA21Þ

APPENDIX B: CJT FORMALISM AT FINITE
TEMPERATURE

In this appendix, we summarize the formulations in the
conventional CJT formalism applied to the present LSM at
finite temperature.

1. CJT formalism and Hartree approximation

We begin by recasting the CJT effective potential given
by Eq. (14), i.e.,

VCJT½σ; S; P� ¼ VðσÞ þ 1

2

Z
k
tr½log S−1ðkÞ þ logP−1ðkÞ�

þ 1

2

Z
k
tr½S̄−1ðk; σÞSðkÞ

þ P̄−1ðk; σÞPðkÞ − 2� þ V2½σ; S; P�: ðB1Þ

Here, the shorthand notation of the momentum integral is
defined as

Z
k
fðkÞ ¼ T

X∞
n¼−∞

Z
d3k
ð2πÞ3 fðωn; kÞ; ðB2Þ

with ωn ¼ 2nπT being the bosonic Matsubara frequency.
The tree-level mesonic propagators S̄ðk; σ̄Þ and P̄ðk; σ̄Þ are
defined as

½S̄−1ðk; σÞ�ab ¼ k2δab þ ½m2
SðσÞ�ab;

½P̄−1ðk; σÞ�ab ¼ k2δab þ ½m2
PðσÞ�ab; ðB3Þ

where m2
Sðσ̄Þ and m2

Pðσ̄Þ are the mesonic curvature masses
that are read off from Eqs. (A12) and (A17).
The VEV of σ and the propagators S and P̄ are

determined the stationary conditions and the gap equations

∂VCJT½σ; S; P�
∂σa

����
σ¼σ̄;S¼S;P¼P

¼ 0;

δVCJT½σ; S; P�
δSab

����
σ¼σ̄;S¼S;P¼P

¼ 0;

δVCJT½σ; S; P�
δPab

����
σ¼σ̄;S¼S;P¼P

¼ 0: ðB4Þ

The latter two gap equations can be expressed as

½S−1ðkÞ�ab ¼ ½S̄−1ðk; σÞ�ab þ Σab;

½P−1ðkÞ�ab ¼ ½P̄−1ðk; σÞ�ab þ Πab; ðB5Þ

where

Σab ¼ 2
δV2½σ; S; P�

δSba

����
σ¼σ̄;S¼S;P¼P

;

Πab ¼ 2
δV2½σ; S; P�

δPba

����
σ¼σ̄;S¼S;P¼P

; ðB6Þ

are the meson self-energies, which also depend on S and P.
Notice that if we take V2 ¼ 0, in the gap equations in
Eq. (B5), the propagators are replaced by the tree-level
ones, thus the 2PI effective potential will be reduced to the
1PI effective action at one-loop level.
Since V2 includes infinite 2PI diagrams, we have to

make a truncation to close the stationary condition and gap
equations in Eq. (B5). In the present work, we apply the
double-bubble diagram truncation, as depicted in Fig. 1, for
which the truncation scheme is equivalent to the so-called
Hartree approximation. The thus truncated 2PI diagrams
are generated from the four-meson interactions in V0 given
in Eq. (3), which reads
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V2½S; P� ¼ F abcd

�Z
k
SabðkÞ

Z
q
ScdðqÞ þ

Z
k
PabðkÞ

Z
q
PcdðqÞ

�
þ 2Habcd

Z
k
SabðkÞ

Z
q
PcdðqÞ; ðB7Þ

where

F abcd ≡ 1

8

∂
4V0

∂σa∂σb∂σc∂σd

����
Φ¼0

¼ λ1
8
ðdabndncd þ dadndnbc þ dacndnbdÞ þ λ2

4
ðδabδcd þ δadδbc þ δacδbdÞ;

Habcd ≡ 1

8

∂
4V0

∂σa∂σb∂πc∂πd

����
Φ¼0

¼ λ1
8
ðdabndncd þ facnfnbd þ fbcnfnadÞ þ λ2

4
δabδcd; ðB8Þ

and the structure constants are defined as

dabc¼ 2tr½fTa;TbgTc�; fabc¼−2i tr½½Ta;Tb�Tc�: ðB9Þ

2. Gap equations of meson masses

Under the Hartree approximation as in Eq. (B7), the loop
correction does not generate the momentum-dependent
terms. As has been done in Eq. (18) of the main text,
we may therefore parametrize the full propagators as

½S−1ðkÞ�ab ¼ k2δab þ ½M2
S�ab;

½P−1ðkÞ�ab ¼ k2δab þ ½M2
P�ab; ðB10Þ

where ½MS�ab and ½MP�ab are the full masses, which include
quantum and thermal corrections. Then, the gap equations
in Eq. (B5) are reduced to

½M2
S�ab¼½m2

Sðσ̄Þ�abþ4F abcd

Z
k
ScdðkÞþ4Habcd

Z
k
PcdðkÞ;

½M2
P�ab¼½m2

Pðσ̄Þ�abþ4F abcd

Z
k
PcdðkÞþ4Habcd

Z
k
ScdðkÞ:

ðB11Þ

At the classical level, we diagonalize the mass matrices
to obtain the mass eigenstates, see Eqs. (A16) and (A21).
After incorporating the quantum and thermal corrections
into the meson propagators, we also introduce the follow-
ing orthogonal transformations to diagonalize the full
masses, in such a way that

½M̃2
S=P�ðiÞδij ¼ ðO0;−1

S=PÞia½M2
S=P�abðO0

S=PÞbj: ðB12Þ

The rotation angles are expressed as

θS=P ¼ 1

2
arctan

�
2½M2

S=P�08
½M2

S=P�00 − ½M2
S=P�88

�
: ðB13Þ

In general, the transformation matrices O0
S=P are different

from those at the tree level, i.e., Eqs. (A13) and (A18).
The full propagators S and P can also be diagonalized

simultaneously by O0
S=P in Eq. (B12), which goes like

S̃ðiÞðkÞδij ¼ ðO0;−1
S ÞiaSabðkÞðO0

SÞbj;
P̃ðiÞðkÞδij ¼ ðO0;−1

P ÞiaPabðkÞðO0
PÞbj: ðB14Þ

Then, the diagonalized meson propagators are represented
fully in terms of the mass eigenvalues, i.e.,

S̃−1
ðiÞ ðkÞ ¼ k2 þ ½M̃2

S�ðiÞ; P̃−1
ðiÞ ðkÞ ¼ k2 þ ½M̃2

P�ðiÞ; ðB15Þ

where the loop corrections constructed from the meson
propagators only include the form

Z
k
S̃ðiÞðkÞ and

Z
k
P̃ðiÞðkÞ: ðB16Þ

Here, we show the expressions of the diagonalized scalar
meson self-energies σ̃ðiÞ explicitly as
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Σ̃ð0Þ ¼
Z
k
S̃ð0ÞðkÞ ·

1

16
½27λ1 þ 48λ2 − λ1ð4 cosð2θSÞ þ 7 cosð4θSÞ þ 32

ffiffiffi
2

p
cos θSsin3θSÞ�

þ
Z
k
S̃ð8ÞðkÞ ·

1

16
½9λ1 þ 16λ2 þ λ1ð7 cosð4θSÞ − 4

ffiffiffi
2

p
sinð4θSÞÞ�

þ
Z
k
S̃ð1ÞðkÞ ·

3

4
½3λ1 þ 4λ2 þ λ1ðcosð2θSÞ þ 2

ffiffiffi
2

p
sinð2θSÞÞ�

þ
Z
k
S̃ð4ÞðkÞ · ½3λ1 þ 4λ2 þ λ1ðcosð2θSÞ −

ffiffiffi
2

p
sinð2θSÞÞ�

þ
Z
k
P̃ð0ÞðkÞ ·

1

24
½9λ1 þ 24λ2 − λ1 cosð2θPÞ

þ λ1 sinðθPÞð−4
ffiffiffi
2

p
cos θP þ 4

ffiffiffi
2

p
cosðθP þ 2θSÞ − 9 sinðθP − 2θSÞ þ 7 sinðθP þ 2θSÞÞ�

þ
Z
k
P̃ð8ÞðkÞ ·

1

24
½9λ1 þ 24λ2 þ λ1 cosð2θPÞ

þ λ1 cosðθPÞð−9 cosðθP − 2θSÞ þ 7 cosðθP þ 2θSÞ − 8
ffiffiffi
2

p
cosðθP þ θSÞ sin θSÞ�

þ
Z
k
P̃ð1ÞðkÞ ·

1

4
½3λ1 þ 12λ2 þ λ1ðcosð2θSÞ þ 2

ffiffiffi
2

p
sinð2θSÞÞ�

þ
Z
k
P̃ð4ÞðkÞ ·

1

3
½9λ1 þ 12λ2 − λ1ð5 cosð2θSÞ þ

ffiffiffi
2

p
sinð2θSÞÞ�; ðB17Þ

Σ̃ð8Þ ¼
Z
k
S̃ð0ÞðkÞ ·

1

16
½9λ1 þ 16λ2 þ λ1ð7 cosð4θSÞ − 4

ffiffiffi
2

p
sinð4θSÞÞ�

þ
Z
k
S̃ð8ÞðkÞ ·

1

16
½27λ1 þ 48λ2 þ λ1ð4 cosð2θSÞ − 7 cosð4θSÞ þ 32

ffiffiffi
2

p
cos3θS sin θSÞ�

þ
Z
k
S̃ð1ÞðkÞ ·

3

4
½3λ1 þ 4λ2 − λ1ðcosð2θSÞ þ 2

ffiffiffi
2

p
sinð2θSÞÞ�

þ
Z
k
S̃ð4ÞðkÞ · ½3λ1 þ 4λ2 − λ1ðcosð2θSÞ −

ffiffiffi
2

p
sinð2θSÞÞ�

þ
Z
k
P̃ð0ÞðkÞ ·

1

24
½9λ1 þ 24λ2 − λ1 cosð2θPÞ

þ 2λ1 sinðθPÞðcosð2θSÞ sin θP − 4 cos θSð
ffiffiffi
2

p
cosðθS þ θPÞ þ 4 cosðθPÞ sinðθSÞÞÞ�

þ
Z
k
P̃ð8ÞðkÞ ·

1

24
½9λ1 þ 24λ2 þ λ1 cosð2θPÞ

þ λ1 cosðθPÞð9 cosðθP − 2θSÞ − 7 cosðθP þ 2θSÞ þ 8
ffiffiffi
2

p
cos θS sinðθP þ θSÞÞ�

þ
Z
k
P̃ð1ÞðkÞ ·

1

4
½3λ1 þ 12λ2 − λ1ðcosð2θSÞ þ 2

ffiffiffi
2

p
sinð2θSÞÞ�

þ
Z
k
P̃ð4ÞðkÞ ·

1

3
½9λ1 þ 12λ2 þ λ1ð5 cosð2θSÞ þ

ffiffiffi
2

p
sinð2θSÞÞ�; ðB18Þ

Σ̃ð1Þ ¼
Z
k
S̃ð0ÞðkÞ ·

1

4
½3λ1 þ 4λ2 þ λ1ðcosð2θSÞ þ 2

ffiffiffi
2

p
sinð2θSÞÞ�

þ
Z
k
S̃ð8ÞðkÞ ·

1

4
½3λ1 þ 4λ2 − λ1ðcosð2θSÞ þ 2

ffiffiffi
2

p
sinð2θSÞÞ� þ

Z
k
S̃ð1ÞðkÞ ·

5

2
½λ1 þ 2λ2�

þ
Z
k
S̃ð4ÞðkÞ · 2½λ1 þ 2λ2� þ

Z
k
P̃ð0ÞðkÞ ·

1

12
½3λ1 þ 12λ2 þ λ1ðcosð2θPÞ þ 2

ffiffiffi
2

p
sinð2θPÞÞ�

þ
Z
k
P̃ð8ÞðkÞ ·

1

12
½3λ1 þ 12λ2 − λ1ðcosð2θPÞ þ 2

ffiffiffi
2

p
sinð2θPÞÞ�

þ
Z
k
P̃ð1ÞðkÞ ·

1

2
½7λ1 þ 6λ2� þ

Z
k
P̃ð4ÞðkÞ · 2½λ1 þ 2λ2�; ðB19Þ
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Σ̃ð4Þ ¼
Z
k
S̃ð0ÞðkÞ ·

1

4
½3λ1 þ 4λ2 þ λ1ðcosð2θSÞ −

ffiffiffi
2

p
sinð2θSÞÞ�

þ
Z
k
S̃ð8ÞðkÞ ·

1

4
½3λ1 þ 4λ2 − λ1ðcosð2θSÞ −

ffiffiffi
2

p
sinð2θSÞÞ� þ

Z
k
S̃ð1ÞðkÞ ·

3

2
½λ1 þ 2λ2�

þ
Z
k
S̃ð4ÞðkÞ · 3½λ1 þ 2λ2� þ

Z
k
P̃ð0ÞðkÞ ·

1

12
½9λ1 þ 12λ2 − λ1ð5 cosð2θPÞ þ

ffiffiffi
2

p
sinð2θPÞÞ�

þ
Z
k
P̃ð8ÞðkÞ ·

1

12
½9λ1 þ 12λ2 þ λ1ð5 cosð2θPÞ þ

ffiffiffi
2

p
sinð2θPÞÞ�

þ
Z
k
P̃ð1ÞðkÞ ·

3

2
½λ1 þ 2λ2� þ

Z
k
P̃ð4ÞðkÞ · ½3λ1 þ 4λ2�: ðB20Þ

For the diagonalized pseudoscalar meson self-energies Π̃ðiÞ, they are the same as Σ̃ðiÞ with the replacement

S̃ð0ÞðkÞ ↔ P̃ð0ÞðkÞ and θS ↔ θP: ðB21Þ

We do not show them explicitly for readability.
To obtain the value of the rotation angles θS=P in Eq. (B13), we look at the 08 component of the gap equations in

Eq. (B11) after performing the orthogonal transformation, which turns out to give the following constraints:

0 ¼ ½m̃2
Sðσ̄Þ�08 þ Σ̃08;

0 ¼ ½m̃2
Pðσ̄Þ�08 þ Π̃08; ðB22Þ

where

½m̃2
S=Pðσ̄Þ�08 ¼ ½m2

S=Pðσ̄Þ�08 cosð2θS=PÞ − f½m2
S=Pðσ̄Þ�00 − ½m2

S=Pðσ̄Þ�88g cosðθS=PÞ sinðθS=PÞ; ðB23Þ

and

Σ̃08 ¼
Z
k
S̃ð0ÞðkÞ ·

λ1
8
½sin θSð9 cos θS þ 7 cosð3θSÞ − 4

ffiffiffi
2

p
sinð3θSÞÞ�

þ
Z
k
S̃ð8ÞðkÞ ·

λ1
8
½cos θSð9 sin θS − 7 sinð3θSÞ − 4

ffiffiffi
2

p
cosð3θSÞÞ�

þ
Z
k
S̃ð1ÞðkÞ ·

3λ1
4

½2
ffiffiffi
2

p
cosð2θSÞ − sinð2θSÞ� −

Z
k
S̃ð4ÞðkÞ · λ1½

ffiffiffi
2

p
cosð2θSÞ þ sinð2θSÞ�

þ
Z
k
P̃ð0ÞðkÞ ·

λ1
24

sin θP½9 cosðθP − 2θSÞ þ 7 cosðθP þ 2θSÞ − 4
ffiffiffi
2

p
sinðθP þ 2θSÞ�

−
Z
k
P̃ð8ÞðkÞ ·

λ1
24

cos θP½9 sinðθP − 2θSÞ þ 7 sinðθP þ 2θSÞ þ 4
ffiffiffi
2

p
cosðθP þ 2θSÞ�

þ
Z
k
P̃ð1ÞðkÞ ·

λ1
4
½2

ffiffiffi
2

p
cosð2θSÞ − sinð2θSÞ� −

Z
k
P̃ð4ÞðkÞ ·

λ1
3
½
ffiffiffi
2

p
cosð2θSÞ − 5 sinð2θSÞ�: ðB24Þ

Again, the pseudoscalar mixing self-energy Π̃08 is obtained directly through Σ̃08 simply by the replacement in Eq. (B21).

3. The stationary condition for VEVs

The stationary conditions derived from the 2PI effective potential (B1) read

0 ¼ ∂Vðσ̄Þ
∂σ̄0

− 3G0bc

�Z
k
ScbðkÞ −

Z
k
PcbðkÞ

�
þ 4F 0bcdσ̄b

Z
k
SdcðkÞ þ 4H0bcdσ̄b

Z
k
PdcðkÞ;

0 ¼ ∂Vðσ̄Þ
∂σ̄8

− 3G8bc

�Z
k
ScbðkÞ −

Z
k
PcbðkÞ

�
þ 4F 8bcdσ̄b

Z
k
SdcðkÞ þ 4H8bcdσ̄b

Z
k
PdcðkÞ; ðB25Þ
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where Vðσ̄Þ is given in Eq. (A3), and

Gabc ≡ −
1

6

∂
3Vanom

∂σa∂σb∂σc

����
Φ¼0

¼ 1

6

∂
3Vanom

∂σa∂πb∂πc

����
Φ¼0

¼ B
6

�
dabc −

3

2
ðδa0d0bc þ δb0da0c þ δc0dab0Þ

þ 9

2
d000δa0δb0δc0

�
: ðB26Þ

To regularize the meson loops, we perform the vacuum-
subtraction prescription, such that

Z
k
S̃ðiÞðkÞ ¼

Z
d3k
ð2πÞ3

1

ϵS;ðiÞk



exp

�
ϵS;ðiÞk

T

	
− 1

�−1

;

Z
k
P̃ðiÞðkÞ ¼

Z
d3k
ð2πÞ3

1

ϵP;ðiÞk



exp

�
ϵP;ðiÞk

T

	
− 1

�−1

; ðB27Þ

where

ϵS=P;ðiÞk ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ ½M̃2

S=P�ðiÞ
q

: ðB28Þ

APPENDIX C: DERIVATIONS OF WTIS AND
EXTENSION TO ANOMALOUS WTIS

1. Chiral-limit WTIs in 1PI formalism and threshold
property of pseudo-NG masses

Consider a continuous symmetry (∈ groupG) associated
with the infinitesimal variation ðδϵÞ of the field ϕ (in the
linear symmetry realization) and the action S½ϕ� as follows:

δϵS½ϕ� ¼
δS
δϕa

· δϵϕa ¼ 0; δϵϕa ¼ dabϕb ðC1Þ

where dab is an arbitrary coefficient matrix in the field
space, and A · B≡ Rx AðxÞBðxÞ. The generating functional
for the action S½ϕ� is defined together with the source Ja for
ϕa as

Z½J� ¼
Z

½Dϕa�e−S½ϕ�þJa·ϕa ¼ eW½J�: ðC2Þ

Imposing this Z½J� to be invariant under the symmetry
transformation in Eq. (C1), we have

Z
½Dϕ0

a�e−S½ϕ0�þJa·ϕ0
a

����
ϕ0
a¼ϕaþiϵδϵϕa

¼
Z

½Dϕa�e−S½ϕ�þJa·ϕa :

ðC3Þ

Supposing that the path integral measure ½Dϕa� is invariant
under this symmetry, i.e., no anomaly there, we find the
following identity:

Z
½Dϕa�½e−S½ϕ0�þJa·ϕ0

a −e−S½ϕ�þJa·ϕa �ϕ0
a¼ϕaþiϵδϵϕa

¼−iϵ
Z

½Dϕa�
�
δS
δϕa

·δϵϕa−Ja ·δϵϕa

�
e−S½ϕ�þJa·ϕa þOðϵ2Þ

¼ iϵ½Ja · hδϵϕaiJ�Z½J�þOðϵ2Þ
¼ 0; ðC4Þ

where

hOiJ ≡ 1

Z½J;M�
Z

½Dϕa�Oe−S½ϕ;M�þJa·ϕa : ðC5Þ

Equation (C4) gives the WTI at the generating functional
level,

Ja · hδϵϕaiJ ¼ 0: ðC6Þ

Defining the 1PI effective action

Γ½ϕcl� ¼ sup
J
ðJ · ϕcl −W½J�Þ; ðC7Þ

we have

δW
δJa

¼ hϕaiJ ≡ ðϕclÞa;
δΓ

δðϕclÞa
¼ Ja: ðC8Þ

Replacing Ja with Γ as above, the WTI in Eq. (C6) is cast
into the form

δΓ
δðϕclÞa

· δϵðϕclÞa ¼ 0; ðC9Þ

where δϵðϕclÞa ¼ dabðϕclÞb.
We apply the WTI arguments above to the present LSM

case. First of all, consider the chiral limit. In the chiral limit,
the LSM action is invariant under the chiral SUð3ÞL ×
SUð3ÞR transformation,

Φ → gL ·Φ · g†R; ðC10Þ

with gL=R ¼ expfiðθL=RÞαTαg and α ¼ 1;…; 8. Under the
SUð3Þ axial rotation with ðθLÞα ¼ −ðθRÞα ¼ ðθAÞα, the σa
and πa thus infinitesimally transform like

δαðσaTaÞ ¼ fTα; πaTag;
δαðπaTaÞ ¼ −fTα; σaTag: ðC11Þ

Or equivalently,

δασa ¼ dαbaπb; δαπa ¼ −dαbaσb; ðC12Þ

where
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dαba ≡ 2tr½fTα; TbgTa�; dαb0 ¼
ffiffiffi
2

3

r
δαb: ðC13Þ

When the general WTI in Eq. (C9) is applied to the 1PI effective action in the LSM, we have

0 ¼ δΓ½σcl; πcl�
δðσclÞa

· δαðσclÞa þ
δΓ½σcl; πcl�
δðπclÞa

· δαðπclÞa ¼
δΓ½σcl; πcl�
δðσclÞa

· dαbaðπclÞb þ
δΓ½σcl; πcl�
δðπclÞa

· dαbaðσclÞb: ðC14Þ

Performing one more functional derivative with respect to the external (background) pseudoscalar field ðπclðyÞÞb1 on the
WTIs in Eq. (C14), we get

δ

δðπclðyÞÞb1



δΓ½σcl; πcl�
δðσclÞa

· dαbaðπclÞb þ
δΓ½σcl; πcl�
δðπclÞa

· dαbaðσclÞb
�

¼ δΓ
δðσclÞa

· δð4Þðx − yÞdαb1a −
δ2Γ

δðπclðyÞÞb1δðπclðxÞÞa
· dαbaðσclÞb: ðC15Þ

Imposing the quantum equations of motion such that
δΓ

δðσclÞa ¼ 0 at the background field values Φ̄, Eq. (C15) is

simplified to

−
δ2Γ

δðπclðyÞÞb1δðπclðxÞÞa
·dαbaσ̄b¼−

Z
x
½P−1ðy;xÞ�b1adαbaσ̄b;

ðC16Þ

where ðP−1ðy; xÞÞb1a is the full inverse propagator of the
pseudoscalar mesons satisfying the gap equations in
Eq. (B4). In the present system, the translation invariance
holds when we turn off the external sources, thus in
Euclidean momentum space, ðP−1ðy; xÞÞb1a can be
Fourier transformed like

½P−1ðy; xÞ�b1a ¼
Z

d4k
ð2πÞ4 ½P

−1ðkÞ�b1aeiðy−xÞ·k: ðC17Þ

In the Hartree approximation, as done in Eq. (B10), P−1ðkÞ
can have momentum dependence only from the canonical
kinetic part, which reads

½P−1ðkÞ�b1a ¼ k2δb1a þ ½M2
P�b1a: ðC18Þ

Putting Eqs. (C17) and (C18) into Eq. (C16), we are able to
perform the above x integral in Eq. (C16), to get

−
Z
x
½P−1ðy; xÞ�b1adαbaσ̄b

¼ −
Z

d4x
Z

d4k
ð2πÞ4 ½P

−1ðkÞ�b1aeiðy−xÞ·kdαbaσ̄b
¼ −½P−1ð0Þ�b1adαbaσ̄b
¼ −½M2

P�b1adαbaσ̄b: ðC19Þ

Taking b1 ¼ 1 in Eq. (C19), we find the right-hand side
to be

−½M2
P�1adαbaðσ̄0δ0b þ σ̄8δ8bÞ: ðC20Þ

Since the SUð3Þ vectorial symmetry is present in the
system, the SUð2Þ triplet pions and the SUð2Þ doublet
kaons do not mix with each other, hence we have
½M2

P�1a ¼ ½M2
P�11δ1a. Noting also that dα01 ¼

ffiffiffiffiffiffiffiffi
2=3

p
δα1

and dα81 ¼ 1=
ffiffiffi
3

p
δα1 , we then get

−½M2
P�11dαb1ðσ̄0δ0b þ σ̄8δ8bÞ ¼ −M2

π

 ffiffiffi
2

3

r
σ̄0 þ

1ffiffiffi
3

p σ̄0

!
δα1

¼ −2M2
πΦ̄1δ

α
1: ðC21Þ

By taking b1 ¼ 4 in Eq. (C19), the right-hand side is
evaluated to be

−½M2
P�44dαb4ðσ̄0δ0b þ σ̄8δ8bÞ: ðC22Þ

Here, we have dα04 ¼
ffiffiffiffiffiffiffiffi
2=3

p
δα0 and dα84 ¼ −1=ð2 ffiffiffi

3
p Þδα4 ,

such that
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−½M2
P�44dαb4ðσ̄0δ0bþ σ̄8δ8bÞ ¼−M2

κ


 ffiffiffi
2

3

r
σ̄0−

1

2
ffiffiffi
3

p σ̄0

�
δα4

¼−M2
κðΦ̄1þ Φ̄3Þδα4: ðC23Þ

Taking α ¼ 1 and α ¼ 4 individually, we thus find the
following threshold property for the pion and kaon masses

M2
πΦ̄1 ¼ 0; M2

κðΦ̄1 þ Φ̄3Þ ¼ 0; ðC24Þ

which precisely follows the massless NG boson when Φ̄1 or
Φ̄8 takes a nonzero value, i.e., the spontaneous breaking of
the chiral symmetry takes place.

2. Anomalous WTIs and GMOR relations

In the present LSM, actually, the chiral SUð3Þ symmetry
is explicitly broken by the current quark masses encoded in

the spurion field M. We therefore extend the formulation
described above on the chiral-limit WTIs by including M.
As in the main text, the spurion fieldM is introduced so

as to compensate for the explicit chiral breaking by quark
masses in the action. The spurion field M therefore
transforms under the chiral SUð3Þ symmetry in the same
way as ϕ does in Eq. (C10),

M → gL ·M · g†R: ðC25Þ

Thus, the chiral variation of the action, as generically given
in Eq. (C1), gets shifted as

δϵS½ϕ�¼
δS
δϕa

·δϵϕaþ
δS
δM

·δϵMþ δS
δM† ·δϵM

†¼0: ðC26Þ

On the level of the generating functional, Eq. (C4) is then
modified as

Z
½Dϕa�½e−S½ϕ0;M�þJa·ϕ0

a − e−S½ϕ;M�þJa·ϕa �ϕ0
a¼ϕaþiϵδϵϕa

¼ −iϵ
Z

½Dϕa�
�
δS
δϕa

· δϵϕa − Ja · δϵϕa

�
e−S½ϕ;M�þJa·ϕa þOðϵ2Þ

¼ iϵ
Z

½Dϕa�
�
δS
δM

· δϵMþ δS
δM† · δϵM

† þ Ja · δϵϕa

�
e−S½ϕ;M�þJa·ϕa þOðϵ2Þ

¼ iϵ

��
δS
δM

�
J
· δϵMþ

�
δS

δM†

�
J
· δϵM† þ Ja · hδϵϕaiJ

�
Z½J;M� þOðϵ2Þ

¼ 0: ðC27Þ

We then find the general form of the anomalous WTIs
including M,

�
δS
δM

�
J
· δϵMþ

�
δS

δM†

�
J
· δϵM† þ Ja · hδϵϕaiJ ¼ 0:

ðC28Þ

Written in terms of the 1PI effective action in Eq. (C7), the
anomalous WTIs take the form

δS
δM

����
ϕa¼ðϕclÞaþΔab·

δ
δðϕclÞb

· δϵMþ δS
δM†

����
ϕa¼ðϕclÞaþΔab·

δ
δðϕclÞb

· δϵM† þ δΓ
δðϕclÞa

· δϵðϕclÞa ¼ 0; ðC29Þ

where

Δabðx; yÞ ¼
δ2W

δJðxÞδJðyÞ ðC30Þ

denotes the full connected two-point function.

With Eq. (C29) at hand, we are ready to derive the
GMOR relations at the 1PI level. In the last subsection, we
have dealt with the first term in Eq. (C29), hence, we focus
on the latter two terms. Following Eq. (C25) the infini-
tesimal transformation of M goes like

δαMmn ¼ fTα;Mgmn: ðC31Þ

Decomposing M into scalar and pseudoscalar parts as
M ¼ Ms þ iMp ¼ Ms

aTa þ iMp
aTa, the transformation

of Ms=p
a then reads as

δαMs
a ¼ dαbaM

p
b ; δαMp

a ¼ −dαbaMs
b: ðC32Þ

Consider

δSLSM
δMmn

¼ −cðΦ†Þnm − kcϵmbcϵ
nefΦb

eΦc
f

¼ −cðσa − iπaÞTa
nm − kcðσa1 þ iπa1Þ

× ðσa2 þ iπa2Þϵmbcϵ
nefðTa1ÞbeðTa2Þcf: ðC33Þ
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Replacing ϕa by ðϕclÞa þ Δab · δ
δðϕclÞb, we obtain

δSLSM
δMmn

����
ϕa¼ðϕclÞaþΔab·

δ
δðϕclÞb

· δαMmn ¼ −c½ðσclÞa − iðπclÞa� · ½Mp
a2 − iMs

a2 �Tb
nmTa

nmdαa2b

− kc½Sa1a2ðx; xÞ þ iPa1a2ðx; xÞ� · ½Mp
a3 − iMs

a3 �ϵmbcϵ
nefðTgÞmn ðTa1ÞbeðTa2Þcfdαa3g

− kc½ðσclÞa1ðσclÞa2 þ iðσclÞa1ðπclÞa2 þ iðπclÞa1ðσclÞa2 − ðπclÞa1ðπclÞa2 � · ½M
p
a3 − iMs

a3 �
× ϵmbcϵ

nefðTgÞmn ðTa1ÞbeðTa2Þcfdαa3g; ðC34Þ

where Sa1a2ðx; yÞ and Pa1a2ðx; yÞ are the full-dressed scalar and pseudoscalar propagators. We further get the following.

δ

δðπclðyÞÞb1
ðC34Þ ¼ cδð4Þðx − yÞ½δb1a � · ½Ms

a2 þ iMp
a2 �Tb

mnTa
nmdαa2b

− kc

�
δ

δðπclðyÞÞb1
Sa1a2ðx; xÞ þ i

δ

δðπclðyÞÞb1
Pa1a2ðx; xÞ

�
· ½Mp

a3 − iMs
a3 �

× ϵmbcϵ
nefðTgÞmn ðTa1ÞbeðTa2Þcfdαa3g

− kcδð4Þðx − yÞ½ððσclÞa1 þ iðπclÞa1Þδ
b1
a2 þ δb1a1ððσclÞa2 þ iðπclÞa2Þ� · ½Ms

a3 þ iMp
a3 �

× ϵmbcϵ
nefðTgÞmn ðTa1ÞbeðTa2Þcfdαa3g

¼ c
2
δð4Þðx − yÞ½δb1a � · ½Ms

a2 þ iMp
a2 �δabdαa2g − kc½Hb1

a1a2ðy; xÞ� · ½Mp
a3 − iMs

a3 �T ga1a2dαa3g

− kcδð4Þðx − yÞ½ððσclÞa1 þ iðπclÞa1Þδ
b1
a2 þ δb1a1ððσclÞa2 þ iðπclÞa2Þ� · ½Ms

a3 þ iMp
a3 �T ga1a2dαa3g; ðC35Þ

where

T ga1a2 ≡ ϵmbcϵ
nefðTgÞmn ðTa1ÞbeðTa2Þcf: ðC36Þ

In Eq. (C35), we have defined the meson scattering kernel Hb1
a1a2ðy; xÞ as

Hb1
a1a2ðy; xÞ≡

δ

δðπclðyÞÞb1
Sa1a2ðx; xÞ þ i

δ

δðπclðyÞÞb1
Pa1a2ðx; xÞ: ðC37Þ

The corresponding diagrammatic interpretation is available in Fig. 6.
The meson scattering kernel Hb1

a1a2ðy; xÞ includes the fully dressed three-point meson vertex. In the present work, we
adopt the truncation scheme such that the three-point meson vertex is replaced by the tree-level vertex, i.e.,

δ3Γ
δσaðxÞδσbðyÞδσcðzÞ

¼ −
δ3Γ

δσaðxÞδπbðyÞδπcðzÞ
¼ δ3SLSM

δσaðxÞδσbðyÞδσcðzÞ
¼ −6Gabcδð4Þðx − yÞδð4Þðx − zÞ; ðC38Þ

where Gabc is defined in Eq. (B26). We find that within the current truncation scheme, the contribution from the meson
scattering kernel vanishes in the anomalous WTIs, in Eq. (C35).
Taking the background field values σ̄aTa ¼ diagfΦ̄1; Φ̄1; Φ̄3g, M ¼ diagfml;ml; msg, and π̄a ¼ 0, we see that for

b1 ¼ α ¼ 1,

FIG. 6. Feynman diagram of the meson scattering kernel defined in Eq. (C37). The solid line connected to the point y denotes the
pseudoscalar meson propagator, and the lines involving the point x represent the scalar or pseudoscalar meson propagators. The hatched
blob stands for the dressed three-point meson vertex in the 1PI formulation.
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ðC35Þ ¼ cml þ 2kcmlΦ̄3; ðC39Þ

and for b1 ¼ α ¼ 4,

ðC35Þ ¼ 1

2
ðcml þ cmsÞ þ kðcml þ cmsÞΦ̄1; ðC40Þ

where we have integrated spacetime over x. The Hermitian
conjugate term ∝ M† gives the same result as above.
Combining Eqs. (C21), (C23), (C39), and (C40), we get

the GMOR relations expressed in terms of the LSM
parameters, as in Eq. (27),

M2
πΦ̄1 ¼ cmlð1þ 2kΦ̄3Þ;

M2
κðΦ̄1 þ Φ̄3Þ ¼ ðcml þ cmsÞð1þ 2kΦ̄1Þ: ðC41Þ

These two relations coincide with those obtained from the
tree-level action, as we expected, meaning that the con-
tributions to the explicit chiral breaking terms generated
from the quantum fluctuations are dropped in the current
truncation scheme. In the 1PI formulation, the above
GMOR relations are actually equivalent to the stationary
conditions for Φ̄1 and Φ̄3, which substantially deviate from

each other in the 2PI formalism, as noted in the main text
and will be further clarified in the next section.

3. (Anomalous) WTIs in 2PI formalism

Considering the generating functional with a bilocal
source Kabðx; yÞ,

Z½J; K� ¼
Z

½Dϕa�e−S½ϕ�þJa·ϕaþ1
2
ϕa·Kab·ϕb ¼ eW½J;K�; ðC42Þ

we have

δW½J; K�
δJa

¼ hϕaiJ;K ≡ ðϕclÞa;
δW

δJaδJb
¼ hϕaϕbiJ;K − hϕaiJ;KhϕbiJ;K ≡ Δab; ðC43Þ

and

δW½J; K�
δKab ¼ 1

2
ðΔab þ ðϕclÞaðϕclÞbÞ: ðC44Þ

The 2PI effective action is obtained by performing the
following double-Legendre transformation,

Γ½ϕcl;Δ� ¼ sup
K

�
Kab ·

δΓ½ϕcl; K�
δKab − sup

J
ðJa · ðϕclÞa −W½J; K�Þ

�

¼ sup
K

inf
J

�
W½J; K� − Ja · ðϕclÞa −

1

2
Kab · ðΔab þ ðϕclÞaðϕclÞbÞ

�
; ðC45Þ

where we have used

δΓ½ϕcl; K�
δKab ¼ −

δW½J; K�
δKab : ðC46Þ

We then have

δΓ½ϕcl;Δ�
δðϕclÞa

¼−Ja−Kab · ðϕclÞb;
δΓ½ϕcl;Δ�
δΔab

¼−
1

2
Kab: ðC47Þ

In a manner similar to what has been done in Eq. (C4), the symmetry variation as in Eq. (C1) and its invariantce of the
generating functional Z½J; K� in Eq. (C42) leads to the WTIs in terms of Z½J; K�,
Z

½Dϕa�½e−S½ϕ0�þJa·ϕ0
aþ1

2
ϕ0
a·Kab·ϕ0

b − e−S½ϕ�þJa·ϕaþ1
2
ϕa·Kab·ϕb �

¼ −iϵ
Z

½Dϕa�
�
δS
δϕa

· δϵϕa − Ja · δϵϕa −
1

2
ϕa · Kab · δϵϕb −

1

2
δϵϕa · Kab · ϕb

�
e−S½ϕ�þJa·ϕaþ1

2
ϕa·Kab·ϕb þOðϵ2Þ

¼ iϵ

�
Ja · hδϵϕai þ

1

2
Kab · hϕa · δϵϕbi þ

1

2
Kab · hδϵϕa · ϕbi

�
Z½J; K� þOðϵ2Þ

¼ 0: ðC48Þ
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Taking into account Eqs. (C43) and (C47), we rewrite
Eq. (C48) into the form

δΓ½ϕcl;Δ�
δðϕclÞa

·dabðϕclÞbþ
δΓ½ϕcl;Δ�
δΔab

· ðdbcΔacþdacΔcbÞ¼ 0:

ðC49Þ

This is the exact form of WTIs in the 2PI formalism. Taking
the functional derivative of both sides in Eq. (C49) with
respect to ðϕclÞc, we reach the form of Eq. (32) in the main
text,

δ2Γ½ϕcl;Δ�
δðϕclÞcδðϕclÞa

· dabðϕclÞb þ
δΓ½ϕcl;Δ�
δðϕclÞa

· dac

þ δ2Γ½ϕcl;Δ�
δðϕclÞcδΔab

· ðdbcΔac þ dacΔcbÞ ¼ 0: ðC50Þ

APPENDIX D: THERMAL EVOLUTIONS OF
CHIRAL ORDER PARAMETERS AND MESON

MASSES AT CRITICAL POINTS

In this appendix, we present the results based on the
SICJT formalism on the T dependences of the chiral order
parameters Φ̄1;3 and scalar and pseudoscalar meson masses

FIG. 7. Benchmarked chiral phase transitions at critical points (a), (b), and (c) defined in the text.
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at several critical points in the Columbia plot, as seen in
Fig. 5. We take the parameter set I in Sec. IV B 1 to fix the
f0ð500Þ mass: m½f0ð500Þ� ¼ 672.4 MeV.
The chosen critical points are:

(a) ðml;msÞ=mphys
l ≃ ð0.1474; 0Þ: the second-order criti-

cal line on the ml-axis,
(b) ðml;msÞ=mphys

l ≃ ð0.0931; 0.0939Þ: the second-order
critical line on the three-flavor symmetric curve, and

(c) ðml;msÞ=mphys
s ≃ ð0; 0.696Þ: the second-order critical

line on the ms-axis, i.e., vicinity of the tricritical point.
In Fig. 7, we plot the T dependences of the chiral order
parameters Φ̄1;3 and scalar and pseudoscalar meson masses
at those critical points.

APPENDIX E: SYSTEMATICS ON EVALUATION
OF THE CRITICAL EXPONENTS

We read off the critical exponents of the light quark
condensate hlli in the vicinity of the critical points based
on the formulas in Eq. (41). To this end, we first try to
observe the order of the phase transition by varying the
temperature for selected points in the Columbia plot on the
ðcml; cmsÞ plane. Once the critical point is found out, we
next shrink the range of the external parameters ðT; cmlÞ
with the step sizes ΔT ¼ 0.3 MeV and ΔðcmlÞ ¼
5 × 10−3 ðMeV3Þ. For the current strange quark mass
cms, we fix it to the critical values listed in Table I, as
also reflected in Fig. 7. We then read off the cml
dependence of the light quark condensate to fit the scaling
functions with the spline interpolation.
For the case of cmc

l ¼ 0, we use the following three-
parameter ansatz to fit the phase transition curve across the
critical point with the variation of T,

hlliðT; 0Þ ¼ θðTc − TÞA


T − Tc

Tc

�
β

; ðE1Þ

where A, B, and Tc are parameters to be determined. When
going along the cml direction, we apply the following
scaling function:

hlliðTc; cmlÞ ¼ CðcmlÞ1δ; ðE2Þ

to extract the exponent δ, where C and δ are the parameters
to be determined.
For the case of cmc

l ≠ 0, to fit the scaling condensate
with T, we introduce the following fit ansatz:

hlliðT; cmc
l Þ ¼ A



T − Tc

Tc

�
β

þ B; ðE3Þ

with a constant B part. In moving in the cml direction, we
follow the following scaling function:

hlliðTc; cmlÞ ¼ C



cml − cmc

l

cmc
l

�1
δ þ B: ðE4Þ

When the B part becomes relevant, the size of the scaling
steps for (T; cml) would be crucial to determine the critical
exponent. In that case, we have taken the step sizes as
ΔT ¼ 1 × 10−3 MeV and ΔðcmlÞ=cmc

l ¼ 1 × 10−5.
We use the least-squares fitting to determine the param-

eters in the scaling functions versus our numerical data.
One example at the critical point is shown in Fig. 8, where
we have taken mc

l ¼ 0 and mc
s ¼ mphys

s together with the
parameter set I in Sec. IV B 1.

FIG. 8. Plots of the light quark condensate hlli around the critical points where mc
l ¼ 0 and mc

s ¼ mphys
s as a function of the

temperature T (left panel) and the light current quark mass cml (right panel). The plus markers in the left panel denote the benchmark
points evaluated from the numerical approach, the solid line in the top denotes the fit result of the scaling function, and the rest of the
solid lines represent the spline-interpolation functions. The correspondence between the benchmarks and the light current quark mass is
shown in the colorbar. The red-triangle markers denote the points obtained by the spline interpolation at the critical temperature Tc. In
the right panel, the red-triangle markers denote the same points obtained from the left panel, and the blue solid line shows the scaling fit
function.
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