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We study the quasinormal modes (QNMs) of dilaton black holes in Einstein-Maxwell-dilaton gravity
through a correspondence with the quantum Seiberg-Witten (SW) curve ofN ¼ 2 SU(2) gauge theory with
Nf ¼ 3 hypermultiplets. By mapping both the black hole perturbation equation and the quantum SW curve
to the confluent Heun form, the QNM problem is reformulated in a gauge-theoretic framework, and the
spectrum is obtained via the SW quantization condition. The resulting frequencies show excellent
agreement with those computed using the WKB and continued fraction methods, with typical deviations
below 10−3. The QNM spectrum exhibits consistent trends: increasing the black hole charge or scalar field
mass raises the oscillation frequency, while higher angular momentum reduces the damping rate. These
results demonstrate the precision of the quantum SW framework in describing black hole perturbations and
reveal new links between supersymmetric gauge theories and gravitational dynamics.
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I. INTRODUCTION

Quasinormal modes (QNMs) play a central role in black
hole physics, as they characterize the response of black
holes to external perturbations. The QNM spectrum enc-
odes crucial information about spacetime stability and
appears as the ringdown signals observed in gravitational
wave detections [1]. Beyond general relativity, QNMs also
serve as probes of extended theories of gravity. In particu-
lar, low-energy string-inspired models such as Einstein-
Maxwell-dilaton (EMd) gravity introduce a scalar dilaton
field coupled to the electromagnetic sector, giving rise to
novel charged black hole solutions [2,3]. Studying the
QNM spectrum in such backgrounds not only deepens our
understanding of black hole dynamics but also provides
a window into the broader landscape of gravitational
theories.
Previous analyses of EMd or related dilatonic black holes

have mostly employed conventional techniques [4–8],
whereas our work establishes a direct link to the quantum
Seiberg-Witten (SW) framework. InN ¼ 2 supersymmetric
Yang-Mills theory, the SW construction provides exact
results for strongly coupled dynamics, with the quantum
SW curve encoding nonperturbative physics [9,10]. For the

case with Nf ¼ 3 hypermultiplets, the quantum SW curve
can be cast into the form of the confluent Heun equation.
Similar structures arise in black hole perturbation theory:
the radial equation for a massive scalar field in an EMd
background can also be expressed in confluent Heun form.
This parallelism suggests a novel correspondence between
black hole perturbations and the quantum SW curve, open-
ing new opportunities to connect gravitational dynamics
with gauge-theoretic methods [11–17].
In this work, we establish a concrete correspondence

between the quantum SW curve with Nf ¼ 3 and the
confluent Heun equation, and further demonstrate its
connection to the perturbation equations of EMd black
holes. By employing the normal form of the confluent
Heun equation as a bridge, we show that the QNM problem
in the EMd background can be reformulated in gauge-
theoretic terms. We also analyze the boundary conditions
relevant to both the SW curve and black hole perturbations,
and compute the QNM spectrum using the WKB and
continued fraction methods. These results not only deepen
the understanding of QNMs in dilatonic black hole space-
times but also reveal a new aspect of the gauge/gravity
correspondence.
The paper is organized as follows: in Sec. II, we derive

the field equations of EMd black holes. In Sec. III, we
construct the correspondence between the quantum SW
curve and the perturbation equations of EMd black holes
via the confluent Heun form, and derive the QNM spectrum
by imposing the QNM boundary conditions together with
the SW quantization condition. Section IV presents the
numerical QNM spectra of EMd black holes obtained from
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the quantum SWapproach, benchmarked against the results
from the WKB and continued fraction methods. Finally,
Sec. V summarizes our findings and confirms the accuracy
and effectiveness of the SW framework in capturing the
quasinormal dynamics of EMd black holes.

II. BASIC EQUATIONS

In this work, we focus on the EMd gravity, whose
dynamics are governed by the action

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p ½R − 2ð∇ϕÞ2 − e−2aϕFμνFμν�; ð1Þ

where R denotes the Ricci scalar, ϕ is the dilaton scalar
field, and Fμν represents the Maxwell field strength. The
parameter a controls the strength of the coupling between
the dilaton and the Maxwell field.
In this setting, the choice a ¼ 0 reduces the action to the

standard Einstein-Maxwell theory, while a ¼ 1 corre-
sponds to the low-energy limit of string theory. For the
case a ¼ 1, the static spherically symmetric charged black
hole solution was derived in Refs. [2,3], and the corre-
sponding line element is given by

ds2 ¼ −
�
1 −

2M
r

�
dt2 þ

�
1 −

2M
r

�
−1
dr2

þ r

�
r −

Q2e−2ϕ0

M

�
ðdθ2 þ sin2 θdφ2Þ; ð2Þ

where M denotes the mass of the black hole and
Q is its charge. The dilaton field takes the form

e−2ϕ ¼ e−2ϕ0ð1 − Q2e−2ϕ0
Mr Þ, where ϕ0 is the asymptotic con-

stant value of the dilaton field at spatial infinity. The special
choice ϕ0 ¼ 0 corresponds to an asymptotically flat
spacetime.
In our work, we restrict to the case ϕ0 ¼ 0, for which the

metric takes the form

ds2 ¼ −
�
1 −

2M
r

�
dt2 þ

�
1 −

2M
r

�
−1
dr2

þ r

�
r −

Q2

M

�
ðdθ2 þ sin2θdφ2Þ: ð3Þ

For simplicity, we write it as

ds2 ¼ −fðrÞdt2 þ 1

fðrÞ dr
2 þ hðrÞdθ2 þ hðrÞ sin2 θdφ2;

ð4Þ

where

fðrÞ ¼
�
1 −

2M
r

�
; hðrÞ ¼ r

�
r −

Q2

M

�
: ð5Þ

For a massive scalar field, its evolution is governed by
the Klein-Gordon equation

1ffiffiffiffiffiffi−gp ∂μð
ffiffiffiffiffiffi
−g

p
gμν∂νΦÞ − μ2Φ ¼ 0; ð6Þ

where μ denotes the mass of the scalar field. Substituting
the background metric into this equation, one can obtain the
explicit wave equation for Φ. Exploiting the spherical
symmetry of the spacetime, the scalar field can be decom-
posed as

Φ ¼ e−iωtYlmðθ;ϕÞψðrÞ; ð7Þ

where Ylmðθ;ϕÞ are the spherical harmonics and ψðrÞ is the
radial function. Subsequently, the radial equation we obtain
reads

d
dr

�
hðrÞfðrÞ dψ

dr

�
þ
�
ω2

hðrÞ
fðrÞ − lðlþ 1Þ − μ2hðrÞ

�
ψ

¼ 0: ð8Þ

For this equation, we introduce the tortoise coordinate r�,
defined by dr�

dr ¼ 1
fðrÞ. We define ψðrÞ ¼ 1ffiffiffiffiffiffi

hðrÞ
p ϕðrÞ to

rewrite the radial equation in a Schrödinger-like form, as
follows:

�
d2

dr2�
þ ω2 − VðrÞ

�
ϕðrÞ ¼ 0; ð9Þ

where

VðrÞ ¼ fðrÞð2hðrÞðf0ðrÞh0ðrÞ þ fðrÞh00ðrÞ þ 2lðlþ 1ÞÞ − fðrÞh0ðrÞ2 þ 4μ2hðrÞ2Þ
4hðrÞ2 : ð10Þ

For radial equation (8), in order to establish a correspondence with the quantum SW curve, we need to transform it into the
normal form of the confluent Heun equation. We perform the following coordinate transformation and wave function
rescaling:

z ¼ r − Q2

M

2M − Q2

M

; ψðrÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zðz − 1Þp φðzÞ: ð11Þ
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Then, we will obtain

d2

dz2
φðzÞ þ

�
1

z2ðz − 1Þ2
X4
i¼0

Aizi
�
φðzÞ ¼ 0; ð12Þ

where

A0 ¼
1

4
;

A1 ¼ l2 þ l;

A2 ¼ −l2 − l −
μ2Q4

M2
þQ4ω2

M2
þ 2μ2Q2;

A3 ¼ 4μ2M2 þ 2μ2Q4

M2
−
2Q4ω2

M2
− 6μ2Q2 þ 4Q2ω2;

A4 ¼ −4μ2M2 −
μ2Q4

M2
þQ4ω2

M2
þ 4M2ω2

þ 4μ2Q2 − 4Q2ω2: ð13Þ

III. DICTIONARY AND CONNECTION FORMULA

In this section, we employ the normal form of the
confluent Heun equation as a bridge to establish the cor-
respondence between the quantum SW curve and the
equations of the EMd system. In addition, we discuss
the associated boundary conditions.

A. Correspondence between Seiberg-Witten curve
and dilaton black hole

The SW theory offers an exact solution to four-dimen-
sional N ¼ 2 supersymmetric Yang-Mills theory, describ-
ing the moduli space of vacua and the low-energy dynamics
through geometric methods, with significant implications
for strong coupling and dualities. In this work, we mainly
focus on the SU(2) N ¼ 2 supersymmetric Yang-Mills
theory with Nf ¼ 3 hypermultiplets (hypermatter fields).
The corresponding quantum SW curve can be expressed in
the form of a confluent Heun equation [12], as follows:

ℏ2Ψ00ðzÞ þ 1

z2ðz − 1Þ2
X4
i¼0

ÂiziΨðzÞ ¼ 0; ð14Þ

with

Â0 ¼ −
ðm1 −m2Þ2

4
þ ℏ2

4
;

Â1 ¼ −E −m1m2 −
m3Λ3

8
−
ℏ2

4
;

Â2 ¼ Eþ 3m3Λ3

8
−
Λ2
3

64
þ ℏ2

4
;

Â3 ¼ −
m3Λ3

4
þ Λ2

3

32
;

Â4 ¼ −
Λ2
3

64
: ð15Þ

Here, m1, m2, m3 denote the masses of the fundamental
hypermultiplets, Λ3 represents the gauge coupling/dynami-
cal scale of the theory, E stands for the eigenenergy, and
ℏ is the Planck constant.
On the torus, the integration contours can be chosen along

the A-cycles and B-cycles. The corresponding quantization
condition for the SW spectrum reads

ΠðNfÞ
I ðE;m;ΛNf

;ℏÞ ¼ NI

�
nþ 1

2

�
;

I ¼ A;B; n ¼ 0; 1;…; ð16Þ
with the identification NA ¼ i and NB ¼ 2π.
The quantum A- and B-periods are then given by

ΠðNfÞ
A ðE;m;ΛNf

;ℏÞ¼aðE;m;ΛNf
;ℏÞ;

ΠðNfÞ
B ðE;m;ΛNf

;ℏÞ¼ ∂aF ðNfÞða;m;ΛNf
;ℏÞj

a¼aðE;m;ΛNf
;ℏÞ;

ð17Þ
where F ðNfÞ denotes the Nekrasov-Shatashvili (NS) free
energy of the SU(2) theory.
By comparing the wave equation Eq. (12) with Eq. (14),

we establish the following correspondence:

Λ3 ¼ −
8ið2M2 −Q2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − μ2

p
M

;

E ¼ −
1

4
− lðlþ 1Þ þQ2μ2 − 2Q2ω2 þ 2M2ð4ω2 − μ2Þ;

m1 ¼ −2iMω;

m2 ¼ −2iMω;

m3 ¼ −
iMð2ω2 − μ2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ω2 − μ2
p : ð18Þ

B. Connection formula

We now focus on the QNM boundary conditions. The
wave function in the tortoise coordinate satisfies the
standard QNM boundary conditions:

r� → −∞; ϕðr�Þ ∼ e−iωr� ;

r� → þ∞; ϕðr�Þ ∼ eþik̃r� ;

k̃ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − μ2

q
; ð19Þ

where only ingoing waves are present at the horizon and
only outgoing waves at spatial infinity.
Then, we obtain the boundary conditions of Eq. (12),

z → 1; φ ∼ ðz − 1Þ12−2iMω;

z → ∞; φ ∼ e∓
ið2M2−Q2Þk̃

M z∓2ik̃M: ð20Þ
Subsequently, by applying the quantization condition

with the Matone relation
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Πð3Þ
B ðE;m;Λ3;ℏÞ ¼ ∂aF ð3Þða;m;Λ3;ℏÞja¼aðE;m;Λ3;ℏÞ

¼ 2π

�
nþ 1

2

�
; ð21Þ

we obtain the QNMs. The NS free energy can be obtained
by instanton counting techniques (see Appendix A). The
derivation of the connection formula and the quantization
condition are presented in Appendix B.

IV. NUMERICAL RESULTS

We computed the QNMs of the dilaton black hole under
various parameter settings using the quantum SW quantiza-
tion condition. In this work, the calculations were carried out
up to Λ4

3. To verify the validity and accuracy of our results,
we further employed two well-established semianalytical
methods: the WKB approximation [18–22] and the con-
tinued fraction method (CFM) [23,24], both widely used in
the study of black hole QNMs. The detailed computation
procedure for the CFM is presented in Appendix C.
Tables I and II list the quasinormal frequencies for l ¼ 1

and l ¼ 2, respectively, obtained using the quantum SW,
WKB [25], and continued fraction methods for different
values of the scalar field mass Mμ ¼ 0.01; 0.1; 0.2 and
black hole charge Q ¼ 0.01; 0.2; 0.4. The three approaches
exhibit excellent consistency across all parameter sets,

confirming the reliability of the quantum SW framework
in reproducing the QNM spectra of dilaton black holes.
For both l ¼ 1 and l ¼ 2, the QNM frequencies display

systematic trends with respect to the black hole charge Q
and the scalar mass parameter Mμ. The real part of the
frequency increases with larger Q or Mμ, corresponding to
higher oscillation frequencies, while the imaginary part
decreases in magnitude as Mμ grows, indicating slower
damping and longer-lived modes. As expected, higher
overtone numbers n lead to faster decay rates.
Quantitatively, the results from the three methods agree

within a relative difference of less than 10−3. For l ¼ 1, all
methods nearly coincide, while for l ¼ 2, the WKB
approximation slightly underestimates the real part com-
pared to the SW and CFM results, particularly in the
fundamental mode. Moreover, increasing the angular
momentum number l raises the oscillation frequency and
reduces the damping rate, consistent with the general
behavior of black hole quasinormal spectra.
These consistent results demonstrate that the quantum

SW framework not only reproduces the established semi-
analytical predictions but also provides an independent and
highly accurate approach to probing black hole perturba-
tions. This strong agreement across methods further sup-
ports the validity of the proposed correspondence between
the quantum SW curve and the dilaton black hole pertur-
bation equation.

TABLE I. QNM frequencies (l ¼ 1) of the dilaton black hole computed via quantum SW, WKB, and CFM for
Mμ ¼ 0.01; 0.1; 0.2 and Q ¼ 0.01; 0.2; 0.4.

n Mμ Q SW WKB CFM

0 0.01 0.01 0.291310-0.096916i 0.292959-0.097735i 0.292989-0.097628i
0.2 0.293323-0.097121i 0.294957-0.097936i 0.295251-0.097931i
0.4 0.299655-0.097751i 0.301241-0.098556i 0.302320-0.099037i

0.1 0.01 0.295836-0.094184i 0.297393-0.095059i 0.297706-0.094336i
0.2 0.297803-0.094427i 0.299347-0.095297i 0.299924-0.094691i
0.4 0.303996-0.095172i 0.305500-0.096029i 0.306857-0.095958i

0.2 0.01 0.309659-0.085654i 0.310929-0.086695i 0.312345-0.083739i
0.2 0.311486-0.086017i 0.312751-0.087050i 0.314423-0.084266i
0.4 0.317251-0.087126i 0.318495-0.088135i 0.320902-0.086063i

1 0.01 0.01 0.264229-0.306756i 0.264480-0.306485i 0.264450-0.306213i
0.2 0.266442-0.307233i 0.266689-0.306969i 0.267265-0.306214i
0.4 0.273393-0.308711i 0.273629-0.308461i 0.276363-0.306406i

0.1 0.01 0.264420-0.303382i 0.264722-0.303109i 0.263794-0.301787i
0.2 0.266650-0.303888i 0.266946-0.303621i 0.266640-0.301807i
0.4 0.273649-0.305455i 0.273926-0.305202i 0.275834-0.302063i

0.2 0.01 0.264692-0.293296i 0.265810-0.292598i 0.260718-0.288344i
0.2 0.266978-0.293885i 0.268019-0.293216i 0.263666-0.288406i
0.4 0.274140-0.295708i 0.274926-0.295116i 0.273185-0.288824i

JIAHUI JIANG and WENHE CAI PHYS. REV. D 113, 046007 (2026)

046007-4



V. SUMMARY AND DISCUSSION

In this work, we studied the QNMs of dilaton black holes
in EMd gravity by mapping the scalar field equation to the
quantum SW curve of SU(2) N ¼ 2 gauge theory with
Nf ¼ 3. This correspondence allowed us to derive the QNM
spectrum from the quantum SW quantization condition,
yielding results in excellent agreement with the WKB
method and the CFM, with discrepancies typically below
10−3. The frequencies exhibit consistent trends: larger
charge Q or scalar mass Mμ enhance the oscillation
frequency, while increasing Mμ reduces the damping rate,
and higher angular momentum l leads to longer-lived modes.
Compared with traditional approaches such as the WKB

or CFM, the quantum SW framework provides a geometric
and analytic formulation that interprets QNM spectra as
quantized periods and systematically incorporates non-
perturbative and instanton corrections, revealing the global
and field-theoretic structure of the spectrum beyond purely
numerical computations.
These results not only confirm the reliability of the

quantum SW framework in capturing black hole QNMs,
but also highlight a deeper connection between black hole
perturbations and supersymmetric gauge theory dynamics.
Looking ahead, it would be interesting to extend the

present analysis in several directions. Since the Nf ¼ 3
quantum SW curve can be written as a confluent Heun
equation, one natural step is to explore the cases Nf ¼
0; 1; 2, whose curves can be expressed in terms of special
forms of the biconfluent Heun equation. Some of these may
be connected to the perturbation equations of black branes

such as D3 [26,27], M5 [28], and M2 branes, though their
boundary conditions are typically more involved and
deserve further study. In addition, we plan to investigate
the QNMs of dilaton black holes under different types of
perturbations, such as Proca and Dirac fields, in order to
better understand the universality and robustness of the
gauge/gravity correspondence revealed in this work.
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APPENDIX A: INSTANTON COUNTING

In this appendix, we provide a brief account of the
computation of the NS free energy using instanton counting
techniques [29,30]. This approach, originally developed in
the context of four-dimensional N ¼ 2 supersymmetric

TABLE II. QNM frequencies (l ¼ 2) of the dilaton black hole computed via quantum SW, WKB, and CFM for
Mμ ¼ 0.01; 0.1; 0.2 and Q ¼ 0.01; 0.2; 0.4.

n Mμ Q SW WKB CFM

0 0.01 0.01 0.492651-0.095929i 0.483682-0.096756i 0.483686-0.096747i
0.2 0.495921-0.096194i 0.486949-0.096967i 0.487118-0.097119i
0.4 0.506211-0.097022i 0.497237-0.097620i 0.497792-0.098435i

0.1 0.01 0.495705-0.094971i 0.486810-0.095682i 0.487038-0.095443i
0.2 0.498943-0.095251i 0.490044-0.095909i 0.490433-0.095836i
0.4 0.509131-0.096121i 0.500230-0.096608i 0.500992-0.097218i

0.2 0.01 0.504996-0.092043i 0.496332-0.092397i 0.497295-0.091417i
0.2 0.508133-0.092365i 0.499466-0.092671i 0.500578-0.091876i
0.4 0.518013-0.093362i 0.509340-0.093511i 0.510781-0.093460i

1 0.01 0.01 0.463739-0.294861i 0.463871-0.295605i 0.463876-0.295576i
0.2 0.467171-0.295448i 0.467291-0.296194i 0.467819-0.296072i
0.4 0.477965-0.297260i 0.478047-0.298011i 0.480253-0.297893i

0.1 0.01 0.465352-0.292533i 0.465475-0.293288i 0.465393-0.292673i
0.2 0.468775-0.293148i 0.468886-0.293906i 0.469334-0.293206i
0.4 0.479543-0.295050i 0.479615-0.295811i 0.481756-0.295144i

0.2 0.01 0.470201-0.285410i 0.470295-0.286203i 0.469919-0.283682i
0.2 0.473600-0.286116i 0.473681-0.286910i 0.473854-0.284332i
0.4 0.484288-0.288293i 0.484328-0.289086i 0.486244-0.286636i
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gauge theories, allows for a systematic evaluation of the instanton contributions to the prepotential and its Ω-deformed
extensions.
The NS free energy of the SU(2) theory is composed of the classical, one-loop, and instanton contributions. Its derivative

with respect to the quantum mirror map a admits an explicit closed-form expression, as follows:

∂aF ðNfÞða;m;ΛNf
;ℏÞ ¼ −2að4 − NfÞ log

"
ΛNf

2
− 1
2−Nf=2

ℏ

#
− πℏ − 2iℏ log

2
64Γ

�
1þ 2ia

ℏ

�
Γ
�
1 − 2ia

ℏ

�
3
75

− iℏ
XNf

j¼1

log

2
64Γ

�
1
2
þ mj−ia

ℏ

�
Γ
�
1
2
þ mjþia

ℏ

�
3
75þ ∂F

ðNfÞ
inst ða;m;ΛNf

;ℏÞ
∂a

: ðA1Þ

The explicit computation of the instanton part ∂F
ðNfÞ
inst ða;m;ΛNf

;ℏÞ can be found in the appendix of Ref. [12]. The quantum
mirror map can be obtained by inverting the Matone relation [31], as follows:

E ¼ a2 −
ΛNf

4 − Nf

∂F
ðNfÞ
inst ða;m;ΛNf

;ℏÞ
∂ΛNf

: ðA2Þ

In the case of Nf ¼ 3 considered in this work, we have

F ð3Þ
instða;m;Λ3;ℏÞ ¼ −

m1m2m3

8a2 þ 2ℏ2
Λ3 þ

Λ2
3

4096ð4a4 þ 5a2ℏ2 þ ℏ4Þ
�
ð4a2 þ ℏ2Þð4a2 þ 5ℏ2Þ − 4ð4a2 þ ℏ2Þðm2

1 þm2
2 þm2

3Þ

− 48ðm2
1m

2
2 þm2

2m
2
3 þm2

1m
2
3Þ −

1280a2 − 448ℏ2

ð4a2 þ ℏ2Þ2 m2
1m

2
2m

2
3

�
þOðΛ3

3Þ ðA3Þ

and

a ¼
ffiffiffiffi
E

p
−

m1m2m3ffiffiffiffi
E

p ð16Eþ 4ÞΛ3 þOðΛ2
3Þ: ðA4Þ

APPENDIX B: CONNECTION FORMULA AND QUANTIZATION CONDITION

After transforming the black hole perturbation equation into the normal form of the confluent Heun equation, the
boundary conditions given in Eq. (20) can be rewritten, using the correspondence relation in Eq. (18), as

z → 1; φ ∼ ðz − 1Þ12þm1þm2
2 ; z → ∞; φ ∼ e�

Λ3
8 z�m3 ; ðB1Þ

where we have used m3 ¼ −2ik̃M þ 3iMμ2ffiffiffiffiffiffiffiffiffiffi
ω2−μ2

p ≈ 2ik̃M.

For convenience, throughout this appendix we adopt the notation convention of Ref. [11]. The differences between their
convention and ours are Λ ¼ Λ3=4 and a → −ia. Furthermore, in deriving the quantization condition below, we employ the
relations between the conformal field theory (CFT) and gauge theory parameters, namely a2 ¼ ðm1 þm2Þ=2
and a1 ¼ ðm1 −m2Þ=2.
Using the boundary condition at the horizon together with the transfer matrix, the asymptotic behavior of the wave

function at infinity can be expressed as

φðz → ∞Þ ∼ C1ðΛ; a;mÞeΛ2ðΛzÞm3 þ C2ðΛ; a;mÞe−Λ
2ðΛzÞ−m3 ; ðB2Þ

where

C1ðΛ; a;mÞ ¼ ΛaMα2þ;αþAαþ;m0þ

hΔαþ ;Λ0; m0þjVα2ð1ÞjΔα1i
hΔα;Λ0; m0jVα2þð1ÞjΔα1i

þ Λ−aMα2þ;α−Aα−;m0þ
hΔα− ;Λ0; m0þjVα2ð1ÞjΔα1i
hΔα;Λ0; m0jVα2þð1ÞjΔα1i

;

C2ðΛ; a;mÞ ¼ ΛaMα2þ;αþAαþ;m0−

hΔαþ ;Λ0; m0−jVα2ð1ÞjΔα1i
hΔα;Λ0; m0jVα2þð1ÞjΔα1i

þ Λ−aMα2þ;α−Aα−;m0−

hΔα− ;Λ0; m0−jVα2ð1ÞjΔα1i
hΔα;Λ0; m0jVα2þð1ÞjΔα1i

: ðB3Þ
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To compute the QNMs, we impose the condition that the ingoing wave at infinity vanishes. This requirement leads to
C1ðΛ; a;mÞ ¼ 0, yielding

1þ Λ−2a Mα2þ;α−Aα−;m0þhΔα− ;Λ0; m0þjVα2ð1ÞjΔα1i
Mα2þ;αþAαþ;m0þhΔαþ ;Λ0; m0þjVα2ð1ÞjΔα1i

¼ 0: ðB4Þ

In the NS limit, we have

hΔα− ;Λ0; m0þjVα2ð1ÞjΔα1i
hΔαþ ;Λ0; m0þjVα2ð1ÞjΔα1i

¼ ZðΛ; aþ ϵ2
2
; m1; m2; m3 þ ϵ2

2
Þ

ZðΛ; a − ϵ2
2
; m1; m2; m3 þ ϵ2

2
Þ

¼ exp
1

ϵ1ϵ2

�
F inst

�
Λ; aþ ϵ2

2
; m1; m2; m3 þ

ϵ2
2

�
− F inst

�
Λ; a −

ϵ2
2
; m1; m2; m3 þ

ϵ2
2

��

→ exp
∂aF instðΛ; a; m1; m2; m3Þ

ϵ1
: ðB5Þ

Moreover,

Mα2þ;α−Aα−;m0þ

Mα2þ;αþAαþ;m0þ
¼

Γð2aϵ1ÞΓð1þ 2a
ϵ1
ÞΓð1

2
þ a2þa1−a

ϵ1
ÞΓð1

2
þ a2−a1−a

ϵ1
ÞΓð1

2
þ m3−a

ϵ1
Þ

Γð− 2a
ϵ1
ÞΓð1 − 2a

ϵ1
ÞΓð1

2
þ a2þa1þa

ϵ1
ÞΓð1

2
þ a2−a1þa

ϵ1
ÞΓð1

2
þ m3þa

ϵ1
Þ

¼
Γð2aϵ1ÞΓð1þ 2a

ϵ1
Þ

Γð− 2a
ϵ1
ÞΓð1 − 2a

ϵ1
Þ
Y3
i¼1

Γð1
2
þ mi−a

ϵ1
Þ

Γð1
2
þ miþa

ϵ1
Þ

¼ e−iπ
�Γð1þ 2a

ϵ1
Þ

Γð1 − 2a
ϵ1
Þ
�2Y3

i¼1

Γð1
2
þ mi−a

ϵ1
Þ

Γð1
2
þ miþa

ϵ1
Þ

¼ exp

"
−iπ þ 2 log

Γð1þ 2a
ϵ1
Þ

Γð1 − 2a
ϵ1
Þ þ

X3
i¼1

log
Γð1

2
þ mi−a

ϵ1
Þ

Γð1
2
þ miþa

ϵ1
Þ

#
: ðB6Þ

We also note that

Λ−2a ¼ expð−2a logΛÞ: ðB7Þ

By setting ϵ1 ¼ 1, the exponent becomes

− 2a logΛ − iπ þ 2 log
Γð1þ 2aÞ
Γð1 − 2aÞ

þ
X3
i¼1

log
Γð1

2
þmi − aÞ

Γð1
2
þmi þ aÞ þ ∂aF inst

¼ ∂aF ð3ÞðΛ; a;m; 1Þ; ðB8Þ

from which we finally obtain the quantization condition

1þ e∂aF
ð3ÞðΛ;a;m;1Þ ¼ 0;

⇒ ∂aF ð3ÞðΛ; a;m; 1Þ ¼ ið2nþ 1Þπ: ðB9Þ

APPENDIX C: CONTINUED FRACTION
METHOD

In this section, we present the detailed procedure for
computing the QNMs in the background of a dilaton black

hole using the CFM. We first introduce the coordinate
transformation

x ¼ 1 −
2M
r

; ðC1Þ

and, according to the boundary conditions, consider the
following ansatz:

ψ ¼ x−2iMωð1 − xÞ1−2ik̃Me−2ik̃M
x−1 SðxÞ: ðC2Þ

Substituting this ansatz into Eq. (8), we obtain

ðx − 1Þ2S00ðxÞ þ pðxÞS0ðxÞ þ qðxÞSðxÞ ¼ 0; ðC3Þ

where pðxÞ and qðxÞ are expanded as Laurent series:

pðxÞ ¼ p−1

x
þ p0 þ p1xþ � � � ;

qðxÞ ¼ q−2
x2

þ q−1
x

þ q0 þ � � � ; ðC4Þ

with
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p−1 ¼ −iðiþ 4MωÞ;

p0 ¼
−8M2 þ 5Q2 þ 16iM3ðk̃þωÞ − 8iMQ2ðk̃þωÞ

2M2 −Q2
;

p1 ¼
12M4 − 16M2Q2 þ 4Q4 − 4iMð2M2 −Q2Þ2ðk̃þωÞ

ð2M2 −Q2Þ2 ;

q−2 ¼ 0;

q−1 ¼
Q2 þ 8iM3ðk̃þωÞ− 2iMQ2ð2k̃þ 3ωÞ− 8M4ðμ2 − 4ωðk̃þωÞÞ

2M2 −Q2
−
2M2ð1þ lþ l2 þQ2ð−2μ2 þ 8ωðk̃þωÞÞÞ

2M2 −Q2
;

q0 ¼ −
2

ð−2M2 þQ2Þ2 ½−Q
4 þ 8iM5ðk̃þωÞ − 12iM3Q2ðk̃þωÞ þ iMQ4ð4k̃þ 3ωÞ þ 16M6ð2k̃2 þ μ2 þ k̃ω−ω2Þ

þM2Q2ð3− l− l2 þ 8k̃2Q2 þ 4Q2μ2 þ 4k̃Q2ω− 4Q2ω2Þ − 2M4ð1þ 16k̃2Q2 þ 8k̃Q2ωþ 8Q2ðμ2 −ω2ÞÞ�: ðC5Þ

By expressing SðxÞ as a power series, SðxÞ ¼ P∞
n¼0 anx

n, we can then obtain the corresponding continued fraction
relation:

α0a1 þ β0a0 ¼ 0; αnanþ1 þ βnan þ γnan−1 ¼ 0; ðn > 0Þ; ðC6Þ

where the recurrence coefficients are given by

αn ¼ ðnþ 1Þðnþ p−1Þ þ q−2; βn ¼ −2n2 þ nðp0 þ 2Þ þ q−1; γn ¼ ðn − 1Þðn − 2þ p1Þ þ q0: ðC7Þ

Finally, the quasinormal frequencies are determined by the continued fraction equation

0 ¼ β0 −
α0γ1

β1 −
α1γ2

β2−
α2γ3
β3−���

: ðC8Þ
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