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Many quantum gravity theories predict deviations from Lorentz invariance, a foundational principle of
modern physics, at energy scales exceeding the Planck scale. The presence of Lorentz invariance violation
(LIV) would modify the dispersion relations of particles in vacuum and render certain decay channels
kinematically permissible. In this study, we derive stringent constraints on the energy scale of LIV in the
neutrino sector by investigating the impact of neutrino decay channels on the neutrino spectrum in the
presence of LIV. Utilizing the spectra derived from the joint fit of KM3NeT, IceCube, and Auger data as a
benchmark, we demonstrate that to be compatible with the highest-energy neutrino event ever detected,
known as event KM3-230213A, the second-order LIV energy scale must satisfy Λ2 > 5.0 × 1019 GeV at
90% confidence level. Furthermore, our analyses indicate that the current data do not impose a stringent
constraint on the energy scale associated with the first-order LIV.
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I. INTRODUCTION

Lorentz invariance, a fundamental symmetry within
Einstein’s theory of relativity, has withstood rigorous
experimental tests for over a century [1]. However, many
quantum gravity theories, which attempt to reconcile
quantum mechanics with general relativity, predict devia-
tions from Lorentz invariance at energies above the Planck
scale EPl ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏc5=G

p
≈ 1.22× 1019 GeV [2–10]. Although

the magnitude of Lorentz invariance violation (LIV) is
expected to be extremely small at energies well below EPl,
its impact can be amplified through cumulative effects over
cosmological propagation distances. Consequently, astro-
physical observations of high energy particles emitted from
distant celestial sources provide uniquely powerful oppor-
tunities for probing LIV [11–16].
The presence of LIV would lead to modifications in the

dispersion relation of particles in vacuum, which can be
expressed in natural units (c ¼ 1) as [17]

E2 ¼ m2 þ p2

�
1þ sn

�
E
Λn

�
n
�
; ð1Þ

where sn ¼ �1 determines the sign of LIV, distinguishing
between subluminal (sn ¼ −1) and superluminal (s ¼ þ1)
scenarios, and Λn represents the energy scale of LIV. In the
regime where particle energies are significantly lower than
Λn, the LIV correction is suppressed by the n-th power. As
a result, only the first two leading orders corresponding to
n ¼ 1 and n ¼ 2 are typically considered for LIV tests,
commonly referred to as first-order and second-order LIV
corrections, respectively.
Moreover, the modification of the free particle’s disper-

sion relation in the superluminal LIV scenario facilitates the
emergence of new particle decay channels that would
otherwise be kinematically forbidden within the framework
of standard Lorentz-invariant physics. A particular mani-
festation of this phenomenon is expected in superluminal
neutrinos, which could potentially undergo previously
prohibited decay processes, including neutrino splitting
ν → ννν̄ [18–20] and vacuum electron-positron pair pro-
duction ν → νeþe− [18,21,22]. The unique advantage of
neutrinos in probing LIV effects stems from their excep-
tionally weak interactions with other standard model
particles, allowing high-redshift neutrinos to traverse cos-
mological distances to Earth with minimal attenuation or
distortion. This remarkable propagation property facilitates
the accumulation of LIV effects over cosmological scales,
making ultrahigh-energy (UHE) neutrino observations a
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particularly sensitive probe for constraining the energy
scale of LIV.
Recently, the KM3NeT collaboration [23] reported

the detection of an UHE neutrino event, designated as
KM3-230213A [24]. This remarkable event is estimated to
have an energy of approximately 220 PeV, making it the
highest-energy neutrino detected to date. Following this
detection, several recent studies [25,26] have placed strin-
gent constraints on the energy scale of LIV within the
neutrino sector. These constraints are based on the consid-
eration that a neutrino with such extreme energy would
decay before reaching Earth if the LIV energy scale is
insufficiently high. However, it is important to note that
the constraints derived in these studies rely solely on the
assumption that the mean decay length of this neutrino
exceeds the distance from its source to Earth. The probability
distribution concerning the distance from the neutrino
source, as well as the randomness of the actual decay length
of this neutrino, have not been addressed in these analyses.
In this study, we establish constraints on the energy scale

of LIV, incorporating various statistical considerations into
our analysis. We assume that the KM3-230213A event is
part of a diffuse astrophysical neutrino spectrum. Firstly,
we generate a sample of neutrinos whose energies are
generated according to some benchmark neutrino spectra,
derived from a joint analysis [27] of data collected by
KM3NeT [24,27], IceCube [28–31], and Auger [32]. The
redshifts of these neutrinos are sampled according to a
physically motivated distribution of neutrino sources [33],
which aligns with the redshift distribution of the star
formation rate [34]. Subsequently, we simulate the propa-
gation of each neutrino toward Earth under a specific LIV
energy scale, taking into account the effects of energy
loss due to redshift, neutrino splitting, and vacuum
electron-positron pair production. This approach allows
us to determine the expected neutrino spectrum on Earth
based on the energies after propagation. We then compare
the expected neutrino spectrum with the full two-dimen-
sional posterior distribution of the UHE neutrino spectrum
inferred from a joint analysis [27] of the KM3-230213A
event observed by KM3NeT, along with the nonobserva-
tions from IceCube and Auger. The presence of LIV would
result in a significant suppression of the neutrino spectrum
at high energies. Our analyses indicate that in order to be
consistent with the UHE neutrino data,1 the energy scale of
second-order LIV in the superluminal scenario must satisfy
the constraint Λ2 > 5.0 × 1019 GeV at 90% confidence
level (CL). However, the current data do not impose a
stringent constraint on the energy scale of first-order LIV.
The paper is organized as follows. In Sec. II, we present

the observational data and the benchmark neutrino spectra

utilized in our study. In Sec. III, we describe the methods
employed. The resulting constraints and corresponding
discussions are presented in Sec. IV. Finally, we conclude
with a summary of our findings in Sec. V.

II. OBSERVATIONAL DATA AND BENCHMARK
NEUTRINO SPECTRUM

The best estimated energy of the UHE neutrino event
KM3-230213A, detected by KM3NeT, is 220 PeV, with a
68% (90%) CL interval of [110 PeV, 790 PeV] ([72 PeV,
2.6 EeV]). Assuming a E−2 spectrum within the interval of
[72 PeV, 2.6 EeV], Ref. [27] conducted a joint analysis of
this single event observed by KM3NeT [24], along with
nonobservations from IceCube [28] and Auger [32] within
this energy interval. From this analysis, they derived a
per-flavor neutrino spectrum of E2

νΦ1f
νþν̄ðEνÞ ¼ 7.5þ13.1

−4.7 ×
10−10 GeVcm−2 s−1 sr−1 [27]. By assuming a Gaussian
distribution for the logarithm of this neutrino spectrum, we
derive the 90% CL interval for it as ½1.45; 38.66�×
10−10 GeVcm−2 s−1 sr−1. The 68% (90%) CL intervals
for both the energy of KM3-230213A event and
the spectrum obtained from the joint fit are illustrated
in Fig. 1 with blue (light blue) cross. We consider the
area enclosed by four quarter ellipses centered at
ð220 PeV; 7.5 × 10−10GeV cm−2s−1 sr−1Þ, with the end-
points of the light blue cross serving as vertices, on the
Eν − E2

νΦ1f
νþν̄ plane to represent the 90% confidence region

for the UHE neutrino data. This region is depicted as the
light blue shaded area in Fig. 1 on a logarithmic coordinate
plot. If the curve of a neutrino spectrum intersects this
region, we consider it to be consistent with the UHE data at
a CL of at least 90% [35,36]. A detailed description of this
method is provided in Appendix A. For comparison, we
also conduct an analysis that disregards the energy uncer-
tainty of the data, simply requiring that the expected
neutrino spectrum does not fall below the lower bound
of the 90% CL interval at 220 PeV.
We refer to the expected neutrino spectrum in the

absence of LIV as the benchmark spectrum. In this study,
we examine three distinct forms of this spectrum. The first
form is the E−2 spectrum, with its normalization derived
from the joint fitting of KM3NeT, IceCube, and Auger
UHE data, as mentioned earlier. Specifically, we adopt the
best-fit result reported in Ref. [27]

Φ1f
νþν̄ðEνÞ ¼ 7.5 × 10−10 GeVcm−2s−1 sr−1E−2

ν : ð2Þ

This spectrum is depicted as the blue dashed line in the left
panel of Fig. 1.
The second form of the benchmark spectrum we con-

sider is a single power-law (SPL), expressed as

Φ1f
νþν̄ðEνÞ ¼ ϕ ×

�
Eν

100 TeV

�
−γ1

; ð3Þ
1In this paper, the terms “UHE neutrino data” or “UHE data”

specifically refer to the observational results of KM3NeT, Ice-
Cube, and Auger within the energy interval ½72 PeV; 2.6 EeV�.
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where the normalization ϕ and spectral index γ1 are
obtained in Ref. [27] through a fit of the UHE neutrino
data from KM3NeT, IceCube, and Auger, along with the
high-energy (below tens of PeV) measurements from
IceCube. The IceCube high-energy measurements include
three samples: High-Energy Starting Events (HESE) [29],
Enhanced Starting Track Event Selection (ESTES) [30],
and Northern-Sky Tracks (NST) [31]. Each of these
samples is independently combined with the UHE data
to obtain three sets of best-fit values for ϕ and γ1, as
reported in Ref. [27]. Accordingly, we refer to these three
SPL benchmark spectra as SPL-HESE, SPL-ESTES, and
SPL-NST, respectively. The SPL-NST spectrum is depicted
as the blue dashed line in the middle panel of Fig. 1, with
the purple crosses representing the NST data points.
The third form of the benchmark spectrum is a broken

power-law (BPL), expressed as

Φ1f
νþν̄ðEνÞ ¼ ϕ ×

8><
>:

�
Eν

100 TeV

�
−γ1 ; Eν ≤ Eb;�

Eν
Eb

�
−γ2

�
Eb

100 TeV

�
−γ1 ; Eν > Eb:

ð4Þ

In this case, there are three sets of best-fit values for ϕ, γ1,
γ2, and Eb in Ref. [27], also obtained by separately fitting
the HESE, ESTES, and NST samples with the UHE data.
Similarly, we refer to these three BPL benchmark spectra
as BPL-HESE, BPL-ESTES, and BPL-NST, respectively.
The BPL-HESE spectrum is depicted as the blue dashed
line in the right panel of Fig. 1, with the pink crosses
representing the HESE data points. All detailed fitting
results, including those for the E−2, SPL, and BPL spectra,
can be found in Ref. [27].

III. METHOD

In this work, we establish constraints on the super-
luminal LIV energy scale by investigating the suppressive

effect of LIV on the high-energy end of the expected
neutrino spectrum on Earth [18,33]. In the absence of LIV,
the expected neutrino spectrum on Earth is the same as one
of the above-mentioned benchmark spectra. With the
exception of the SPL-HESE spectrum, which we exclude
from our subsequent analyses, all other benchmark spectra
intersect the 90% confidence region of the UHE data, as
illustrated in Fig. 1. However, under a specific superluminal
LIVenergy scale, the introduction of decay channels results
in significant energy loss for neutrinos, particularly at the
high-energy end. This leads to a pronounced decrease in
the expected neutrino spectrum on Earth compared to the
scenario without LIV. When this expected neutrino spectrum
tangentially exits the 90% confidence region of the UHE
data, the corresponding LIV energy scale can be considered
as a lower limit on the LIV energy scale at 90% CL.
In our analysis, we utilize a Monte Carlo method to

simulate the energy loss of neutrinos during their propa-
gation. To achieve this, we construct an event sample
comprising 107 neutrinos. Since the initial spectrum of
the emitted neutrinos is unknown, we assume that in the
absence of LIV, the neutrino spectrum observed on Earth
follows one of the aforementioned benchmark spectral
forms. Specifically, we sample 107 energies EðiÞði ¼ 1;
2;…; 107Þwithin the range of ½1; 104� PeV according to the
benchmark spectrum. The interpretation of these energies
depends on the specific form of the benchmark spectrum,
which will be elaborated upon in Sec. III A. Additionally,

the redshifts zðiÞemitði ¼ 1; 2;…; 107Þ of these neutrinos, as
they are emitted from their sources, are sampled within the
range of [0, 7] according to the redshift distribution
described in Ref. [33], which aligns with the redshift
distribution of the star formation rate [34].

A. Redshift effect

In the absence of LIV, neutrinos experience energy loss
due to cosmological redshift during their propagation.

FIG. 1. Expected neutrino spectra with the second-order superluminal LIV effect. The blue (light blue) crosses in all three panels
denote the 68% (90%) CL intervals for both the energy of KM3-230213A event and the spectrum obtained from the joint fit of the UHE
data of KM3NeT, IceCube, and Auger. The light blue shaded region represents the 90% confidence region for the UHE neutrino data on
the Eν − E2

νΦ1f
νþν̄ plane. From left to right, the three blue dashed lines in the three panels represent the E−2, SPL-NST, and BPL-HESE

benchmark neutrino spectra in the absence of LIV, respectively. The purple (pink) crosses in the middle (right) panel represent data
points for NST [31] and HESE [29], respectively. In each panel, the different colored solid lines depict the expected neutrino spectra
under various second-order LIV energy scales in the superluminal scenario.
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The energy loss can be expressed as

∂ lnEν

∂t
¼ −HðzÞ ¼ −H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmð1þ zÞ3 þ ΩΛ

q
; ð5Þ

where the cosmological constants are taken to be H0 ¼
67.8 km s−1 Mpc−1, ΩΛ ¼ 0.7, and Ωm ¼ 1 −ΩΛ ¼ 0.3,
respectively.
In the absence of LIV, when a neutrino is emitted from its

source with energy Eemit and zemit, its energy upon reaching
Earth is reduced to Eredshift ¼ Eemit=ð1þ zemitÞ due to the
redshift effect. Consequently, if we assume that the emitted
energies of the neutrinos in our event sample adhere to the
benchmark spectrum, the expected neutrino spectrum on
Earth may deviate from the benchmark spectrum due to the
redshift effect, even in the absence of LIV. However, for an
initial sample generated with the power-law benchmark
spectrum, it can be shown that the expected spectrum on
Earth still follows a power-law with the same spectral index
when LIV is absent. We have confirmed this conclusion
through actual Monte Carlo simulations, as described in
Appendix B. Therefore, for the E−2 and SPL benchmark

spectra, we can identify the emitted energy EðiÞ
emit to be the

previously sampled energy EðiÞ. This allows us to establish

the initial condition for our event sample as fEðiÞ
emit ¼

EðiÞ; zðiÞemitji ¼ 1; 2;…; 107g in the E−2 and SPL benchmark
spectrum cases.
Conversely, if we assume that the emitted energies of the

neutrinos in our event sample conform to a BPL benchmark
spectrum, the expected spectrum on Earth would deviate
from this BPL spectrum. This can be understood by
recognizing that the redshifted break energy Eb;expected ¼
Eb=ð1þ zemitÞ varies with redshift. Consequently, for
the BPL benchmark spectrum case, to ensure that the
expected neutrino spectrum on Earth aligns with the
benchmark spectrum, we multiply the previously sampled
energy EðiÞ of each neutrino by the corresponding redshift

factor 1þ zðiÞemit to obtain its emitted energy EðiÞ
emit ¼

ð1þ zðiÞemitÞEðiÞ. This approach allows us to establish the

initial condition for our event sample as fEðiÞ
emit ¼ ð1þ

zðiÞemitÞEðiÞ; zðiÞemitji ¼ 1; 2;…; 107g in the context of the
BPL benchmark spectrum. We have verified through
Monte Carlo simulations that, in the absence of LIV, the
expected neutrino spectrum on Earth indeed conforms to
the same BPL spectrum.

B. Superluminal neutrino decay

In the presence of LIV, superluminal neutrinos undergo
decay in vacuum primarily through two processes: vacuum
electron-positron pair production ν → νeþe− and neutrino
splitting ν → ννν̄. The threshold for the ν → νeþe− process
is given by [17,18,33]

EthðEνÞ ¼ 2me

�
Eν

Λn

�
−n=2

; ð6Þ

whereme is the electron mass and Eν is the neutrino energy.
The threshold for ν → ννν̄ is significantly lower than the
energy range under consideration [18], allowing us to
neglect it. Ignoring the contribution of charged current
W-exchange channels [33], the decay rate of the ν →
νeþe− process [33,37] is calculated by

Γν→νeþe−ðEνÞ ¼
1

14

G2
FE

5
ν

192π3

�
Eν

Λn

�
3n
; ð7Þ

where GF is the Fermi coupling constant. The decay rate of
the ν → ννν̄ process is three times the above result [18]

Γν→ννν̄ðEνÞ ¼
3

14

G2
FE

5
ν

192π3

�
Eν

Λn

�
3n
: ð8Þ

When neutrinos decay during their propagation, they
generate lower-energy neutrinos. In the ν → νeþe− proc-
ess, we assume that the neutrino loses 78% of its energy
[37]. In the ν → ννν̄ process, the original neutrino trans-
forms into three new neutrinos,2 with each of the resulting
neutrinos carrying approximately 1=3 of the original
energy.

C. Simulation of neutrino propagation process

For a given LIVenergy scale Λn, we simulate the energy
loss due to both the redshift and decay effects for the

neutrinos events fEðiÞ
emit; z

ðiÞ
emitji ¼ 1; 2;…; 107g during

propagation. The distance of a neutrino at redshift z must
travel before reaching Earth is expressed as (with c ¼ 1)

DðzÞ ¼ 1

H0

Z
z

0

dz0

ð1þ z0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmð1þ z0Þ3 þ ΩΛ

p : ð9Þ

Due to the process of neutrino splitting, the total number
of neutrinos during the propagation process generally
exceeds 107. We denote the state of the j-th neutrino at
any moment during its propagation by EðjÞ; zðjÞ, and
DðjÞðj ¼ 1; 2;…Þ, where DðjÞ and zðjÞ can be mutually
determined through Eq. (9).
The propagation step of the neutrinos is set to

ΔD ¼ 1 Mpc, and we have verified that the results remain
consistent with smaller propagation steps. In each propa-
gation step for the neutrino labeled j, we sequentially
update its distance, energy, and redshift as follows:

2In the following discussions, unless otherwise specified, we
will collectively refer to neutrinos and antineutrinos as “neu-
trinos,” since the detectors cannot distinguish between the two.
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DðjÞ → DðjÞ − ΔD;

EðjÞ → EðjÞ exp
h
−ΔDH0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmð1þ zðjÞÞ3 þ ΩΛ

q i
;

zðjÞ → zðDðjÞ − ΔDÞ: ð10Þ

Here, the energy update, which is derived from Eq. (5),
accounts for the energy lost by the neutrino due to redshift
during this step of propagation. The function zðDÞ serves as
the inverse of Eq. (9), linking a specific distance D to its
corresponding redshift value. This inverse function can be
expressed analytically as

zðDÞ ¼ ð4ΩΛÞ1=3e
ffiffiffiffiffi
ΩΛ

p
H0D

½1þ ffiffiffiffiffiffiffi
ΩΛ

p
− ð1 − ffiffiffiffiffiffiffi

ΩΛ
p Þe3

ffiffiffiffiffi
ΩΛ

p
H0D�2=3 − 1: ð11Þ

Accordingly, the term zðDðjÞ − ΔDÞ represents the updated
redshift value associated with the updated distance.
The effect of neutrino decay should be considered during

the same propagation step. However, this effect varies
depending on whether it is first-order (n ¼ 1) or second-
order (n ¼ 2) LIV. In the case of second-order LIV, CPT
symmetry is preserved [18], resulting in the same signs of
LIV for both neutrinos and antineutrinos. Assuming that
both are superluminal, both of them are likely to decay in
the propagation step described by Eq. (10). The proba-
bilities for the occurrences of the processes ν → νeþe− and
ν → ννν̄ in this step are given by

Pðν → νeþe−Þ ¼ θ
�
EðjÞ − EthðEðjÞÞ�

×
�
1 − e−Γν→νeþe− ðEðjÞÞΔD�; ð12Þ

and

Pðν → ννν̄Þ ¼ 1 − e−Γν→ννν̄ðEðjÞÞΔD; ð13Þ

respectively. Here, the θðxÞ is the Heaviside step function,
which accounts for the threshold effect of the process
ν → νeþe−. If the process ν → νeþe− occurs, we reduce
the energy of this neutrino to 0.22EðjÞ. If the process
ν → ννν̄ occurs, we replace the original neutrino with three
neutrinos, each carrying an energy of EðjÞ=3.
In the context of first-order LIV, the CPT symmetry is

also violated [18]. This implies that if the neutrino is
superluminal, the antineutrino must be subluminal, and
vice versa. In this scenario, there is always a fraction
of particles that remain subluminal and do not undergo
decay, with energy loss occurring solely due to redshift.
Consequently, the initial ratio of superluminal to sublumi-
nal particles plays a significant role in influencing the
results. In our analysis, this ratio is assumed to be 1∶1, and
its specific value does not affect our main conclusion.
Furthermore, during the process of neutrino splitting, a
superluminal particle generates two superluminal particles

and one subluminal particle. The resulting subluminal
particle does not undergo decay during its subsequent
propagation. This characteristic has been taken into account
in our simulation.
After all the neutrinos have propagated to Earth, we

conduct a statistical analysis on the obtained energies
to determine the expected neutrino spectrum on Earth.
Given that low-energy neutrinos remain unaffected by LIV
effects, we normalize the expected spectrum at Eν ¼ 1 PeV
to the value of the corresponding benchmark spectrum at
the same energy. As shown in Fig. 1, the spectral shape
around 1 PeV indeed remains unchanged after propagation,
confirming that our choice of normalization point is
reasonable.

IV. RESULTS AND DISCUSSIONS

In the case of second-order LIV, assuming that both
neutrino and antineutrino are superluminal, the expected
neutrino spectra on Earth are illustrated in Fig. 1 as solid
lines of various colors, each corresponding to different
LIV energy scales. The three panels of this figure present
results associated with the E−2, SPL-NST, and BPL-HESE
benchmark spectra, respectively. A notable feature of the
expected spectrum is the presence of a pileup prior to the
steep dropoff, which emerges naturally from the decay of
higher-energy neutrinos into lower-energy neutrinos. The
contribution to the pileup from the process ν → ννν̄ is
greater than that from the process ν → νeþe−. This is
because the former process generates three new neutrinos
with lower energies, whereas the latter leads to only one
new neutrino with a lower energy. This phenomenon has
also been discussed in Ref. [18].
In the case of a E−2 benchmark spectrum, when the LIV

energy scale is 7.0 × 1019 GeV, the resulting neutrino
spectrum becomes tangent to the 90% confidence region
of the UHE neutrino data, as shown by the cyan solid line in
the left panel of Fig. 1. This enables us to establish a lower
limit for the second-order LIV energy scale at 7.0 ×
1019 GeV at the 90% CL. Similarly, for the SPL-NST,
as represented by the cyan solid line in the middle panel of
Fig. 1, and for the SPL-ESTES cases, the corresponding
90% CL lower limits are determined to be 5.0 × 1019 GeV
and 2.0 × 1020 GeV, respectively. Additionally, as the
SPL-HESE benchmark spectrum does not intersect with
the 90% confidence region, we choose not to utilize it to
impose constraints. The 90% CL lower limits obtained
for the BPL-HESE, corresponding to the cyan solid line
in the right panel of Fig. 1, as well as for the BPL-NST
and BPL-ESTES benchmark spectra, are 1.2 × 1020 GeV,
8.0 × 1019 GeV, and 1.0 × 1020 GeV, respectively. Based
on these results, we can conservatively establish a 90% CL
lower limit on the second-order LIV energy scale as
5.0 × 1019 GeV. All these constraints are summarized in
the third row of Table I.
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Using the E−2 benchmark spectrum as a case study, the
simulation results for the first-order LIV scenario are
presented in Fig. 2. The lines of various colors represent
the expected neutrino spectra on Earth, calculated for
different LIV energy scales. It is evident that, owing to
the significant presence of subluminal particles, these
spectra do not exhibit a substantial decrease at the high-
energy end, consistently passing through the 90% confi-
dence region of the UHE data. This indicates that the
current observational data do not impose constraints on the
first-order LIV energy scale.
To better understand the impact of the energy uncertainty

associated with the KM3-230213A event on the constraint
results, we perform an alternative analysis under the
assumption that the event’s energy is exactly 220 PeV,
disregarding its uncertainty. In this approach, the 90% CL
lower limit on the second-order LIVenergy scale is directly
taken to be the energy scale at which the expected spectrum
on Earth reaches the lower edge of the 90% CL interval of
the observed data point at 220 PeV, as indicated by the
green solid lines in Fig. 1. The resulting constraint values

are summarized in the fourth row of Table I. A comparison
of the third and fourth rows of Table I shows that
incorporating the energy uncertainty of KM3-230213A
weakens the constraints by a factor of approximately 2–4.
An event with a true energy below 220 PeV would naturally
yield weaker constraints on LIV compared to those derived
under the assumption of a fixed energy of 220 PeV.
Many previous studies have placed constraints on LIV

in the neutrino sector, enabling a meaningful comparison
with our results. Since many of these studies present their
limits in terms of the parameter δ ¼ ðv=v0Þ2 − 1≃
ðEν=ΛnÞn, we convert all previous constraints into direct
limits on Λn to facilitate comparison. Here, we focus
specifically on the case of second-order LIV. Using data
from SN1987A, Stodolsky obtained a constraint of Λ2 ≳
100 GeV [38], considering that the typical energy of
supernova neutrinos is Eν ≃ 10 MeV [17]. Based on two
cascade neutrino events with energies around 1 PeV
observed by IceCube during 2011-2012, Borriello et al.
derived a strong constraint of Λ2 ≳ 1015 GeV [17]. Stecker
and Scully analyzed the energy spectrum of neutrinos
observed by IceCube below ∼2 PeV and obtained a
constraint of Λ2 ≳ 1016 GeV [33]. In the context of the
KM3-230213A event, other studies have reported con-
straints comparable to our results. Satunin [25] and the
KM3NeT Collaboration [26] both derived limits around
Λ2 ≳ 1019 GeV. Therefore, the exceptionally high energy
of KM3-230213A imposes significantly more stringent
constraints on the second-order LIVenergy scale compared
to previous observations.

V. CONCLUSION

In this study, we utilize the recently observed UHE
neutrino event KM3-230213A, along with the energy
spectra obtained from a joint fit of data from KM3NeT,
IceCube, and Auger, to impose constraints on the LIV
energy scale. Our analysis indicates that the current data do
not impose strict constraints on the first-order LIV energy
scale. For the second-order LIV energy scale, under the
assumption that both neutrino and antineutrino are super-
luminal, we establish a lower limit of 5.0 × 1019 GeV at
a 90% CL.

TABLE I. 90% CL lower constraints on the second-order LIV energy scale derived in this study. The first row
specifies the form of neutrino benchmark spectrum used, while the second row identifies the IceCube data samples
employed in fitting the benchmark spectrum. The third and fourth rows present the 90% CL lower bounds of the
second-order LIV energy scale, obtained with and without considering the energy uncertainty of KM3-230213A,
respectively. All results are expressed in units of 1019 GeV.

SPL BPL

E−2 HESE ESTES NST HESE ESTES NST

Considering energy uncertainty 7.0 � � � 20.0 5.0 12.0 10.0 8.0
Ignoring energy uncertainty 19.0 � � � 39.0 21.0 31.0 31.0 29.0

FIG. 2. Impact of first-order LIV on the expected neutrino
spectrum on Earth, for a benchmark E−2 spectrum. In our event
sample, the initial ratio of superluminal to subluminal particles is
set to be 1∶1. The different colored solid lines represent the
results for various LIV energy scales. The meanings of the blue
and light blue crosses, along with the light blue shaded region, are
the same as those depicted in Fig. 1.
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APPENDIX A: THE CRITERION OF 90%
CONSTRAINTS

To illustrate the methodology, we take the second-order
LIV as an example, where the sole parameter to be
constrained is the LIVenergy scale Λ2. Each specific value
of Λ2 determines an expected spectrum on Earth, denoted
as E2

νΦ1f
νþν̄;Λ2

ðEνÞ. To quantify the compatibility between
the KM3-230213A data point and the theoretical curve
depending on Λ2 in the Eν − E2

νΦ1f
νþν̄ plane, we introduce a

distance as follows

dðΛ2Þ¼min
Eν

	
 ðEν−EbestÞ2
ðEbest−ElowerÞ2

þ ½E2
νΦ1f

νþν̄;Λ2
ðEνÞ−E2

bestΦ1f
νþν̄;bestðEbestÞ�2

½E2
bestΦ1f

νþν̄;bestðEbestÞ−E2
bestΦ1f

νþν̄;lowerðEbestÞ�2
�1

2
�
;

ðA1Þ

where Ebest and Elower represent the best estimate and
lower bound of the 90% CL interval for the energy of the
KM3-230213A event, respectively, and Φ1f

νþν̄;bestðEbestÞ and
Φ1f

νþν̄;lowerðEbestÞ denote the best estimate and lower bound
of the 90% CL for the observed flux at Ebest, respectively.
It is important to note that Eq. (A1) is formulated for the
case in which the point on the expected spectrum curve
minimizing the distance always lies in the lower-left
quadrant relative to the data point’s configuration precisely
encountered in our analysis, as illustrated in Fig. 1.
Our definition of distance in Eq. (A1) is inspired

by the concept of the Mahalanobis distance [35,36]. The
Mahalanobis distance can be formally defined by setting
the denominators in Eq. (A1) with the squares of the
standard deviations of the data point’s horizontal and
vertical coordinates, in the case of a Gaussian distribution.
Furthermore, the Mahalanobis distance follows a χ2 dis-
tribution. However, since the estimated energy of KM3-
230213A does not follow a standard Gaussian distribution,
the standard deviation cannot be directly inferred from the
experimentally reported CL intervals. Consequently, in
Eq. (A1), we directly use the 90% CL interval of the
energy to define the corresponding term in the distance.
We use dðΛ2Þ as a measure of the compatibility between

the expected spectrum curve (or, equivalently, the sole

parameter Λ2) and the data point. Thus, the values of Λ2

that satisfy dðΛ2Þ ≤ 1 are considered consistent with the
data at a CL of at least 90%. Consequently, the value of Λ2

that satisfies dðΛ2Þ ¼ 1 is defined as the lower bound of Λ2

at the 90% CL. Geometrically, the set of points satisfying
d ¼ 1 in the Eν − E2

νΦ1f
νþν̄ plane forms an ellipse, which

corresponds to the boundary of the light blue shaded region
shown in Fig. 1. In practice, we take this shaded region as
the 90% confidence region of the data point. The energy
scale Λ2 for which the expected spectrum curve is tangent
to this region satisfies dðΛ2Þ ¼ 1.

APPENDIX B: THE IMPACT OF REDSHIFT ON
POWER-LAW SPECTRA

Even in the absence of LIV, emitted neutrinos lose
energy during propagation due to cosmological redshift,
which can potentially cause the spectrum on Earth to
deviate from the originally emitted spectrum. However,
in this section, we demonstrate that if the emitted spectrum
follows a power-law distribution, the expected spectrum on
Earth will retain the same power-law form in the absence of
LIV. This conclusion is validated through both theoretical
analysis and Monte Carlo simulations.
We begin with a theoretical derivation, which necessi-

tates the introduction of specific notation. Let ΦðEÞ denote
the overall spectrum of neutrinos emitted across all red-
shifts, without considering propagation effects. The spec-
trum of neutrinos emitted specifically at redshift z is
denoted as Φz, which is assumed to be independent of
redshift. For a power-law spectrum, we define the spectral
index as α, such that ΦzðEÞ ∝ E−α. Let PðzÞ represent the
redshift distribution of neutrino sources. The overall
spectrum can be given by ΦðEÞ ∝ R

PðzÞΦzðEÞdz ∝
E−α R PðzÞdz ¼ E−α, which retains a power-law form.
Next, we consider neutrinos emitted at a specific redshift

z, including propagation effects. The emitted energies lie
within the intervals ½E0; E0 þ ΔE� and ½E;Eþ ΔE�, where
ΔE ≪ E0 < E. Let N0 and N denote the number of
neutrinos within these two energy intervals, respectively.
Then we have

N
N0

¼ ΦzðEÞΔE
ΦzðE0ÞΔE

¼ ΦzðEÞ
ΦzðE0Þ

¼
�
E
E0

�
−α
: ðB1Þ

After propagation, the energy of the neutrinos is redshifted,
causing the energy distribution intervals of these N0

and N neutrinos to shift to ½E0=ð1þ zÞ; E0=ð1þ zÞ þ
ΔE=ð1þ zÞ� and ½E=ð1þ zÞ; E=ð1þ zÞ þ ΔE=ð1þ zÞ�,
respectively. Let Φ̃zðz; EÞ denote the spectrum of neutrinos
emitted at redshift z after propagating to Earth. We then
obtain

N
N0

¼ Φ̃zðz; E
1þzÞ ΔE

1þz

Φ̃zðz; E0

1þzÞ ΔE
1þz

¼ Φ̃zðz; E
1þzÞ

Φ̃zðz; E0

1þzÞ
: ðB2Þ
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From Eqs. (B1) and (B2), it follows that

Φ̃z

�
z;

E
1þ z

�
¼ Φ̃z

�
z;

E0

1þ z

��
E
E0

�
−α

∝ E−α: ðB3Þ

This implies that Φ̃z can be expressed as Φ̃zðz; EÞ≡
fðzÞE−α, where fðzÞ is a redshift-dependent function.
Consequently, the overall spectrum of all neutrinos on
Earth, after propagating from all redshifts, is given by

Φ̃ðEÞ ∝
Z

PðzÞΦ̃zðz; EÞdz ¼ E−α
Z

PðzÞfðzÞdz ∝ E−α:

ðB4Þ
Therefore, we have theoretically demonstrated that, in the
absence of LIV, the expected spectrum on Earth retains the
same power-law as the originally emitted spectrum.
We further verify this conclusion through Monte Carlo

simulations. In Fig. 3, the solid black line represents the
expected spectrum of neutrinos on Earth, assuming an
SPL-NST benchmark spectrum at emission and in the
absence of LIV. It is obvious that the expected spectrum on
Earth closely matches the emitted spectrum, represented by
the blue dashed line. The right endpoint of the black curve
falls below 104 PeV, reflecting the maximum energy of
emitted neutrinos in our simulation, which is reduced by

cosmological redshift. The fluctuations at the high-energy
end of the black curve result from statistical fluctuation, a
consequence of the limited number of neutrinos in this
energy range.
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