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We apply the framework of Vlasov perturbation theory (VPT) to the two-loop matter power spectrum
within Λ cold dark matter cosmologies. The main difference to standard perturbation theory (SPT) arises
from taking the velocity dispersion tensor into account, and the resulting screening of the backreaction of
UV modes renders loop integrals cutoff independent. VPT is informed about nonperturbative small-scale
dynamics via the average value of the dispersion generated by shell-crossing, which impacts the evolution
of perturbations on weakly nonlinear scales. When using an average dispersion from halo models, the VPT
power spectrum agrees with the one from the simulation, up to differences from missing three-loop
contributions. Alternatively, treating the average dispersion as a free parameter we find a remarkably stable
prediction of the matter power spectrum from collisionless dynamics at percent level for a wide range of the
dispersion scale. We quantify the impact of truncating the Vlasov hierarchy for the cumulants of the phase-
space distribution function, finding that the two-loop matter power spectrum is robust to neglecting third
and higher cumulants. Finally, we introduce and validate a simplified fast scheme fast VPT that can be
easily incorporated into existing codes and is as numerically efficient as SPT.
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I. INTRODUCTION

Ongoing stage-IV galaxy surveys such as DESI [1]
and Euclid [2] call for pushing theoretical predictions
of structure formation to a new level, covering in particular
the weakly nonlinear regime for which information on
the underlying cosmological model can be retrieved
using semianalytical perturbative methods, based on
first-principle calculations of galaxy clustering that respect
the underlying symmetries.
Within the standard Λ cold dark matter (ΛCDM) model

of cosmology, the formation of structure in the universe is
driven at large scales by gravity acting on collisionless cold
dark matter working against the expansion of the universe,
which at late times accelerates due to a cosmological
constant. This dynamics is described by the Vlasov (or
collisionless Boltzmann) equation coupled to Poissonian
gravity for the most relevant scales (well below the Hubble

radius). While this dynamical system underlies the N-body
method, perturbative techniques such as standard pertur-
bation theory (SPT) (see [3] for a review) are based instead
on a fluid description, leading to well-known limitations
such as a spurious sensitivity to backreaction from UV
modes, see e.g. [4–8]. The fluid approximation ultimately
restricts either the accuracy or, when including correction
terms with free parameters within the effective field theory
(EFT) approach [9], the predictivity.
This motivates a perturbative treatment that is directly

derived from the Vlasov-Poisson system, on equal footing
with N-body simulations. This is precisely the objective
of Vlasov Perturbation Theory (VPT) [10–12], see also
[13–22] for related work along these lines. The novel
feature of Vlasov-Poisson dynamics, as opposed to a fluid,
is that orbit crossing of collisionless particles generates
dispersion and higher cumulants of the distribution func-
tion. This means that the velocity dispersion tensor devel-
ops a nonzero spatial average, or expectation value, which
in VPT defines a (time-dependent) dispersion scale kσ
comparable to the nonlinear scale. Fourier modes that cross
such scale (k > kσ) stop growing, an effect already present
in VPT at the linear level, leading to nontrivial linear
kernels for perturbations. At the nonlinear level, this gives
rise to a large suppression of the mode coupling between
large-scale and small-scale modes q > kσ, capturing the
physically expected screening of the backreaction of UV
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modes within perturbation theory, absent in SPT and the
cause of its demise. Furthermore, since the dispersion scale
is close to the nonlinear scale, loops in VPT get most of
their contribution from modes within perturbative control.
In previous work [10–12], we applied VPT to scale-free

cosmologies with blue spectral indices, for which effects of
orbit crossing and velocity dispersion are enhanced and
SPT becomes UV divergent. This provided a good stress
test for VPT, and led to a number of important results:

(i) VPT captures UV screening and leads to finite
results at any loop order and for any spectral index
consistent with hierarchical clustering;

(ii) All qualitative features of VPT are captured already
when including the velocity dispersion tensor (sec-
ond cumulant) alone, which gives a significant
difference from SPT no matter how small the
dispersion is (i.e. for spectral indices ns ≥ −1 it
gives finite answers to loop corrections, versus
divergent answers in SPT). On the other hand, the
impact of truncating the Vlasov hierarchy at higher
order in the cumulant expansion can be systemati-
cally computed and was found to be small for
density and velocity power spectra, its main effect
being making the screening of UV modes even
more efficient;

(iii) both scalar and vector modes (such as vorticity) are
relevant while tensor and higher-helicity modes are
highly suppressed; average values of fourth and
higher cumulants are quantitatively by far subdomi-
nant compared to the average of the second cumu-
lant (related to kσ), and are furthermore constrained
by universal (independent of spectral index) stability
conditions;

(iv) VPT results for density and velocity spectra as well
as the bispectrum agree well with N-body simula-
tions when taking the dispersion scale kσ as a single
nonperturbative input parameter.

In this work we extend these results and apply VPT to a
realistic ΛCDM cosmology. We focus on the matter density
power spectrum in real space, and present VPT results up
to two-loop order. It is well known that two-loop SPT is
highly dependent on the UV cutoff as a consequence of
using a fluid description. We analyze in detail how VPT
overcomes limitations of SPT, and thereby allows for a
physically meaningful (cutoff-independent) inclusion of
corrections to the power spectrum beyond one-loop order.
We stress that due to UV screening captured by VPT, such
higher-order corrections are dominated by contributions
to the loop integration from weakly nonlinear scales, in
contrast to SPT. Consequently, within VPT adding the two-
loop correction increases the accuracy, without the need to
include any additional free parameters. That is, two-loop
VPT retains predictive power, while being more accurate
than the one-loop approximation. The finding that VPT
cures the sizeable UV sensitivity of the SPT result for the

two-loop correction to the power spectrum within ΛCDM
can be seen as being analog to the corresponding finding
for scale-free cosmologies, for which a sizeable UV
sensitivity (or even UV divergence) occurs in SPT already
at one-loop order, while VPT yields finite and meaningful
results [11,12].
We quantitatively assess the role of the dispersion scale

kσ , demonstrate robustness with respect to truncating the
Vlasov hierarchy, and verify the physically expected UV
insensitivity. When taking kσ as nonperturbative input,
we arrive at a prediction for collisionless matter clustering
that can be unambigously compared to N-body results.
As a first possibility, we extract the dispersion scale
from the simulation itself, leading to consistent results.
Alternatively, we allow for variations in kσ and find a
remarkable insensitivity of the two-loop matter power
spectrum to the precise value of this scale. This result is
summarized in Fig. 1, where the VPT prediction obtained
for a large range of choices for kσ, spanning over a factor of
3, is shown. Nevertheless, it varies only at the one percent
level on weakly nonlinear scales k≲ 0.2 h=Mpc. Together
with our findings regarding truncation-independence (at
subpercent level) this VPT result can thus be viewed as a
genuine prediction for collisionless matter clustering, up to
the missing three-and-higher loop contributions.

FIG. 1. Matter power spectrum PðkÞ at redshift z ¼ 0.34 in
VPT, compared to N-body simulation results. The various
colored lines for VPT show the (small) dependence on the
background dispersion scale kσ which is varied by more than a
factor of 3, as labeled. We additionally find the VPT result to be
highly insensitive to the truncation order of the Vlasov cumulant
hierarchy, the average value of higher cumulants, as well as the
UV cutoff, making it a genuine prediction for collisionless matter
clustering. For illustration we also show the SPT result, which
could only be brought in agreement with N-body results when
adding free fitting parameters within the EFT approach. Both
VPT and SPT are evaluated at two-loop order. Residual
differences to the N-body result can be associated to missing
three-and-higher loop corrections. We also highlight the non-
monotonic dependence of PðkÞ on kσ , see Secs. III A and IV B for
details.
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After a review of the VPT setup in Sec. II, we present
and discuss our results for the matter power spectrum
up to two-loop level in Sec. III. Point (ii) above, that all
qualitative effects ofVPT are present with dispersion alone,
added to the fact that its effects already appear in linear
theory, raises the question of whether one can approximate
VPT by a simplified scheme that is much faster to compute.
In Sec. IV, we propose and validate such an approximate
scheme that we refer to as fast VPT (fVPT). It is
numerically as efficient as SPT and can be easily included
in SPT-based implementations. We use fVPT to analyze
the kσ dependence in detail and comment also on relations
to the EFT approach, before concluding in Sec. V. The
Appendix demonstrates independence of our results on
the UV cutoff.
For illustration, throughout this work we compare

our results to N-body data from LasDamas-Oriana [23–25]
runs using the Gadget2 code [26] with 2LPT initial conditions
[27,28] (box size L ¼ 2400 Mpc=h, N ¼ 12803), with
cosmological parameters Ωm ¼ 0.25;Ωb ¼ 0.04; h ¼ 0.7;
σ8 ¼ 0.8; ns ¼ 1.

II. VLASOV PERTURBATION THEORY SETUP

Clustering of collisionless matter is governed by the
Vlasov equation,

0 ¼ df
dτ

¼ ∂f
∂τ

þ pi

a
∂f
∂xi

− að∇iΦÞ ∂f
∂pi

; ð1Þ

for the phase-space distribution function fðτ; x; pÞ along
with the Poisson equation ∇2Φðτ; xÞ ¼ 3

2
H2Ωmδðτ; xÞ for

the gravitational potentialΦ sourced by the density contrast
1þ δ ¼ R

d3pfðτ; x; pÞ. Here H ¼ d ln a=d ln τ with a the
scale factor measuring the expansion of the universe,
conformal time τ and time-dependent matter density
parameter Ωm.
VPT [10–12] is a systematic framework for solving

the Vlasov-Poisson equations for the perturbations of the
distribution function. In a first step, the Vlasov equation is
rewritten into a coupled set of equations for its cumulants
Ci1i2���icðτ; xÞ ¼ ∂

nC=∂li1 � � � ∂lic jl¼0 derived from the gener-

ating function

eCðτ;x;lÞ ≡
Z

d3pel·p=afðτ; x; pÞ: ð2Þ

The equations for the zeroth cumulant [related to δðτ; xÞ],
the first cumulant viðτ; xÞ≡ Ci (i.e. the peculiar velocity
field), the second cumulant σijðτ; xÞ ¼ Cij (i.e. the velocity
dispersion tensor) and the third one read

∂τδþ∇ivi ¼ −∇iðδviÞ;
∂τvi þHvi þ∇iΦþ∇jσij ¼ −vj∇jvi − σij∇jA;

∂τσij þ 2Hσij þ∇kCijk ¼ −vk∇kσij − σjk∇kvi

− σik∇kvj − Cijk∇kA;

∂τCijk þ 3HCijk þ∇mCijkm ¼ −vm∇mCijk − ðσkm∇mσij

þ Cjkm∇mvi þ 2permÞ
− Cijkm∇mA; ð3Þ

where A≡ lnð1þ δÞ with ∂τAþ∇ivi ¼ −vi∇iA. The
equation for the cth cumulant depends on those up to
cþ 1, such that the coupled hierarchy needs to be truncated
at some order c ≤ cmax. The truncation cmax ¼ 1 corre-
sponds to the pressureless perfect fluid approximation
underlying SPT, while VPT assumes cmax ≥ 2. The
dependence on the truncation order has been investigated
in [12], finding that all essential features of VPT are present
already for cmax ¼ 2, i.e. when including the velocity
dispersion tensor as a dynamical variable. Reference [12]
also provided a setting for systematically solving the
hierarchy up to—in principle—arbitrarily large cmax, find-
ing a small quantitative impact on the matter power
spectrum from cumulants beyond second order in scale-
free models. In Sec. III we extend this analysis to ΛCDM.
For convenience we introduce the rescaled variables

ui ≡ vi
−fH

; ϵij ≡ σij
ðfHÞ2 ; ð4Þ

and similarly for higher cumulants. Here f ¼ d lnD=d ln a
is the growth rate, and DðzÞ the usual growth function.
A key feature of VPT is the split of cumulants into

perturbation and average values. The latter are generated by
small-scale dynamics via shell crossing, and can therefore
be treated as physical, nonperturbative input in VPT,
sourcing in turn (small) perturbations of second and higher
cumulants on weakly nonlinear scales, affecting the evo-
lution of the density field. The lowest cumulant that can
possess an average value allowed by isotropy and con-
servation laws is the dispersion tensor,1

hϵijðτ; xÞi ¼ ϵðzÞδKij; ð5Þ

with Kronecker symbol δK and ϵðzÞ ¼ hσiii=ð3ðfHÞ2Þ.
The average dispersion ϵðzÞ introduces a new scale,

kσðzÞ≡ ϵðzÞ−1=2; ð6Þ

with value of the order of the nonlinear scale [11]. We also
use the notation

1The zeroth cumulant, A ¼ lnð1þ δÞ, has an expectation value
but only gradients of it appear in the equations of motion, see
Eq. (3).
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kσ ≡ kσð0Þ: ð7Þ

While we discuss the choice and impact of kσðzÞ in detail
below, we stress already that the appearance of this scale
leads to screening of UV modes above kσ within VPT,
resulting in perturbative predictions that are dominated by
modes under theoretical control. We emphasize that this
feature is not put by hand, but a consequence of Vlasov-
Poisson dynamics, in agreement with expectations [4]
and simulation results [7,8]. The next cumulant with an
average is at order four, given by E4ðzÞ≡ hCiijji=ð5ðfHÞ4Þ.
We parametrize it by the kurtosis, or dimensionless ratio
Ē4 ≡ E4=ϵ2.
We then define perturbations δCij��� ≡ Cij��� − hCij���i

around the average, and insert this split into Eq. (3) to
obtain equations of motion for δCij���. Furthermore, the
cumulant perturbations are decomposed into scalar, vector,
and tensor modes, as well as higher-helicity modes for
cumulant order three or more, see [12] for details. For
example, the velocity field ui contains one scalar mode
(related to θ ¼ ∇iui) and two vector modes related to
vorticity ∇ × u. The perturbations of the dispersion tensor
δϵij ¼ ϵij − ϵδKij contain two scalar, two vector, and two
tensor degrees of freedom. All perturbation modes can be
collected into a large vector ψa ¼ ðδ; A; ui; δϵij;…Þ, with a
generalized index a labeling all individual components.
The modes included in this work are summarized in Table I.
In Fourier space, the equation of motion for the cumulant

perturbations takes the form

∂

∂ lnDðzÞψaðz; kÞ þΩabðz; kÞψbðz; kÞ

¼
Z

d3pd3qδð3ÞD ðk − p − qÞγabcðp; qÞψbðz; pÞψcðz; qÞ:

ð8Þ

The linear evolution matrix Ωabðz; kÞ depends on time and
scale, via ϵðzÞk2, and Ē4 (or in general even higher average
cumulants). Ē4 appears when including third cumulant
perturbations or higher. Note that we use a truncation
scheme where we account for Ē4 even when truncating the
cumulant perturbations at third order. Nonlinear mode
coupling is described by the vertices γabc, see [10] ([12])
for explicit expressions in Cartesian (spherical harmonic)
bases for the cumulant perturbations, with the latter
including the most general case at arbitrary cumulant order.
The vertices mix modes of different type, e.g. scalar
and vector modes, and capture vorticity generation and
backreaction [11]. The perturbations of each degree of
freedom ψa can be expanded in terms of the initial density
contrast δk0 ¼ δ0ðkÞ,

ψaðz; kÞ ¼
X
n

Z
d3k1 � � � d3knδð3ÞD ðk − k1 − � � � − knÞ

×DðzÞnFn;aðk1;…; kn; zÞδk10 � � � δkn0; ð9Þ

with nonlinear kernels Fn;aðk1;…; kn; zÞ for all modes
labeled by the generalized index a and orders n ≥ 1. In
particular, the kernels Fn ≡ Fn;a¼δ generalize those from

TABLE I. Summary of VPT approximation schemes used in this work. All of them take the average dispersion ϵðzÞ ¼ kσðzÞ−2 into
account. For perturbation modes, we consider the second cumulant truncation cmax ¼ 2 as fiducial choice, as well as cmax ¼ 3. For
cmax ¼ 3 we also take into account the average value Ē4 of the fourth cumulant, which enters in the evolution equations for third-
cumulant perturbations. In both cases we include scalar and vector modes, but omit tensor and higher modes (their impact on density
kernels is highly suppressed, see [12]). The notation for the spherical (cartesian) basis for cumulant perturbations follows [12] ([10]).
Note that for technical reasons we further include the log-density δC000 ¼ A − hAi in addition to δ, see [10]. In this work, we
additionally introduce a simplified scheme fVPT, which captures the dominant effects from velocity dispersion on the density field
(including the average dispersion ϵðzÞ and the impact of scalar perturbation modes g and δϵ on linear density and velocity kernels; see
Sec. IV for details) but is computationally as fast as SPT. For a detailed study on the truncation-dependence within full VPT, including
perturbations of fourth and higher cumulants (cmax ¼ 4, 5, 6) as well as tensor and higher-helicity modes, we refer to [12].

Cumulant order 0 1 (velocity ui) 2 (velocity dispersion ϵij) 3 (Cijk) 4

Type Perturbation Perturbation Perturbation δϵij Average
Perturbation

Average
Perturbation type Scalar Scalar Vector Scalar Vector Tensor Scalar Vector Tensor jmj ¼ 3

Number of degrees
of freedom 1 1 2 2 2 2 2 4 2 2

Spherical basis [12] δ δC100 δC1;�1;0 δC200 δC2;�1;0 δC2;�2;0 ϵðzÞ δC300 δC3;�1;0 δC3;�2;0 δC3;�3;0 E4

(Used here) ¼ θ=3 δC002 δC102 δC1;�1;2

Cartesian basis [10] δ θ ¼ ∇iui εijk∇juk g; δϵ νi tij ϵðzÞ π; χ E4

SPT ✓ ✓

VPT cmax ¼ 2 ✓ ✓ ✓ ✓ ✓ ✓

VPT cmax ¼ 3 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

fVPT cmax ¼ 2 ✓ ✓ (✓) ✓
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SPT to VPT. Inserting Eq. (9) into Eq. (8) yields evolution
equation for the kernels, that can be solved recursively. The
matter power spectrum at linear, one-loop and two-loop
order can be computed in VPT analogously as in SPT, by
replacing the SPT by VPT Fn kernels, and taking into
account that also the F1 kernel is nontrivial in VPT,

Plinðk; zÞ ¼ DðzÞ2F1ðk; zÞ2P0ðkÞ;

P1Lðk; zÞ ¼ DðzÞ4
Z

d3p½6F1ðk; zÞF3ðk; p;−p; zÞP0ðkÞ

þ 2F2ðk − p; p; zÞ2P0ðjk − pjÞ�P0ðpÞ;

P2Lðk; zÞ ¼ DðzÞ6
Z

d3pd3q½ð30F1ðk; zÞ

× F5ðk; p;−p; q;−q; zÞ
þ 9F3ðk; p;−p; zÞF3ðk; q;−q; zÞÞP0ðkÞ
þ 6F3ðk − q − q; p; q; zÞ2P0ðjk − p − qjÞ
þ 24F2ðk − p; p; zÞF4ðk − p; p; q;−q; zÞ
× P0ðjk − pjÞ�P0ðpÞP0ðqÞ: ð10Þ

Here P0ðkÞ is the usual linear input spectrum. For given
ϵðzÞ and Ē4, we compute the kernels entering the loop
integrand numerically, see Sec. IVA in [12] for details,
and compute the loop integrals as described in [6,29]. The
VPT kernels are suppressed compared to SPTwhen one or
more wave number arguments exceed kσðzÞ [11], capturing
the physically expected effect of UV screening men-
tioned above.
Within VPT, the average dispersion ϵðzÞ is taken as

nonperturbative input, and we consider two distinct para-
metrizations in this work. As we will see, VPT predictions
are only mildly dependent on its choice. First, we consider
a simple power-law parametrization in terms of the growth
function DðzÞ,

ϵðzÞ ¼ ϵDðzÞα; ð11Þ
with two parameters α and ϵ≡ k−2σ . Second, we use a
determination based on a halo model approach [11]
informed by N-body simulation results,

ϵðzÞ ¼
Z

ϵ̄hðm; zÞfðm; zÞdm; ð12Þ

where fðm; zÞ ¼ ρ̄=mdn=dm is the fraction of mass in
halos of mass m, being related to the halo mass function
dn=dm, and ϵ̄hðm; zÞ is the dispersion averaged over a
single halo. For dn=dm we use a simple parametrization
[30,31] with parameters fit to N-body results, while
ϵ̄hðm; zÞ is computed assuming a Navarro-Frenk-White
(NFW) halo, see Eq. (118) in [10]. This approach assumes
all mass (and dispersion) is in dark matter halos. To
account for dispersion outside halos, we assign to each
halo a dispersion that sums up contributions up to

r ≤ ð1.5; 2.0Þrvir, in addition to the canonical choice of
one virial radius (also calculated) that can be considered as
a lower limit. Given that dispersion is described reasonably
well also somewhat outside of the virial radius for NFW
halos [32], we consider 1.5rvir as fiducial choice while
2.0rvir is included to bracket the uncertainty from above.
The resulting ϵðzÞ for these three cases are shown in

Fig. 2 for the cosmology considered in this work. They
have a very similar z dependence and differ mainly in their
normalization, with kσ≡ϵð0Þ−1=2¼0.70;0.36;0.25h=Mpc,
respectively. We find that the z dependence can be fit by a
broken power law of the form ϵðzÞ ¼ k−2σ DðzÞαgðzÞ=gð0Þ
with gðzÞ¼1=ð1þðDðzcÞ=DðzÞÞpΔαÞ1=p with p ¼ 5, such
that ϵðzÞ→k−2σ DðzÞα for z≪ zc and ϵðzÞ ∝ DðzÞαþΔα for
z ≫ zc. A fit for our fiducial case gives α ¼ 3.23,
αþ Δα ¼ 4.53 and zc ¼ 1.52. The parameters for the
other two cases are very similar. The broken power-law
fit as well as the single power-law approximation for
z ≪ zc are also shown as dashed (dotted) lines in Fig. 2.

III. MATTER POWER SPECTRUM IN VPT

Our result for the matter power spectrum in linear, one-
loop, and two-loop approximation within VPT is shown
in Fig. 3, at z ¼ 0 (left) and z ¼ 0.34 (right), respectively.
Here we use our fiducial choice, being the truncation
cmax ¼ 2 (see Table I) and average dispersion from
halos, see Eq. (12), cut at 1.5rvir (middle line in
Fig. 2), with kσ ¼ 0.36 h=Mpc at z ¼ 0 (for comparison
knl ¼ 0.27 h=Mpc) and kσ ¼ 0.47 h=Mpc at z ¼ 0.34
(knl ¼ 0.37 h=Mpc). We discuss the (in)dependence on
these choices below.

FIG. 2. Average velocity dispersion ϵðzÞ ¼ 1
3
hσiii=ðfHÞ2 esti-

mated from halo profiles, associating the contribution from halos
with their dispersion up to 1.0,1.5,2.0 times the virial radius. We
also show a broken power-law fit (dashed) and a single power-law
approximation ϵðzÞ ∝ DðzÞα ¼ eαη for low z (dotted), both offset
by a factor 1.1 for better readability. The average dispersion
determines the scale kσ ¼ ϵ−1=2 which enters VPT as a non-
perturbative input.
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We see that the linear VPT result already differs from
SPT (dotted lines in Fig. 3), showing the onset of
suppression when k approaches the dispersion scale kσ.
This suppression is partly compensated at one-loop (dashed
lines), which we associate with a less negative contribution
from P13 [second line in Eq. (10)] due to the impact of
screening on the F3 kernel. This effect is much more
pronounced for P15 at two-loop order [fifth line in
Eq. (10)], where the F5 kernel shows a spurious UV
dependence in SPT that is not present in VPT. This makes
the two-loop correction smaller in magnitude than in SPT,
i.e. less negative, leading to a larger total result for the
power spectrum (full circles vs solid lines in Fig. 3). As is
well known, within SPT, the spurious UV sensitivity from
treating small-scale modes as obeying the dynamics of an
ideal pressureless fluid translates into a significant
dependence of the two-loop result on the UV cutoff used
in the loop integration. In contrast, the VPT result is
independent of the cutoff (see the Appendix for more
details on this).
The two-loop power spectrum in VPT matches the

N-body result very well for z ¼ 0.34, with less than
∼1% deviation up to ∼0.22 h=Mpc. We stress that for
the VPT result, no free parameters were adjusted. We also
checked that the agreement with N-body data persists at
higher redshift. At z ¼ 0, the two-loop VPT prediction falls
slightly below the N-body result at k≲ 0.2 h=Mpc, with a
maximal deviation of 2% at k ∼ 0.15 h=Mpc. This small
deviation is fully compatible with missing contributions
from even higher loop orders. In particular, the residual
deviations between two-loop and N-body results are
expected to increase with ½DðzÞ�8, implying a relative
increase of order ðDð0Þ=Dð0.34ÞÞ8 ∼ 3.7 between z ¼ 0.34
and z ¼ 0. We checked that the VPT result is consistent
with this expectation.

Evaluating the three-loop in VPT is beyond the scope
of this work. While within SPT, the three-loop correction
is highly UV sensitive [6], we expect that UV screening
captured by VPT leads to a physically meaningful result
with loop integrations being dominated by scales below kσ.
This is supported by the finding that for scale-free
cosmologies, loop corrections at any loop order are finite
within VPT even for spectral indices up to the maximal
value ns ≤ 4 consistent with hierarchical clustering, for
which SPT loops would be badly divergent [12]. Apart
from the cutoff-independence of the VPT two-loop cor-
rection discussed above, a further indication that the VPT
loop expansion is better behaved than for SPT is that the
relative size of the two-loop correction to the one-loop
correction is significantly smaller in VPT than in SPT, as
can be seen by comparing the differences between linear,
one-, and two-loop results in Fig. 3. For example, at z ¼ 0
and for 0.1h=Mpc≲ k≲ 0.2 h=Mpc, the ratio of two- to
one-loop corrections, jP2L=P1Lj, is smaller by a factor of
about two in VPT compared to SPT. The relative smallness
of the two-loop correction in VPT suggests that the three-
loop is even smaller, being consistent with the level of
agreement of the two-loop power spectrum with N-body
results.

A. Dependence on average velocity dispersion

Let us now discuss the impact of various settings and
approximations within the VPT setup. Figure 4 shows the
dependence on the background dispersion ϵðzÞ, using the
three choices displayed in Fig. 2, that conservatively
bracket physically viable values following from Eq. (12).
Consequently, these cases span a wide range for
the dispersion scale, with values at z ¼ 0 given by
kσ ¼ 0.70; 0.36; 0.25 h=Mpc, respectively. As expected,
the linear VPT result (dotted) is the more suppressed the

FIG. 3. VPT matter power spectrum in linear (dotted), one-loop (dashed), and two-loop (circles) approximation at z ¼ 0 (left) and
z ¼ 0.34 (right). N-body data are shown in red, and SPT results in black for comparison. Here we use our fiducial setup with cmax ¼ 2
and ϵðzÞ from halos cut at 1.5rvir, see Figs. 4–10 for a discussion of the (in)dependence on these settings. VPT residuals from
simulations at z ¼ 0 and z ¼ 0.34 are consistent with a growth-factor scaling ½DðzÞ�8, indicating evidence for the need of three-loop
corrections.
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larger kσ. The same holds at one-loop (dashed). However,
remarkably, the two-loop result is almost independent
of kσ (symbols). This occurs because the two-loop correc-
tion becomes smaller in magnitude for larger kσ, due to
stronger UV screening of P15. Thus, it is less negative and
therefore counteracts the suppression of the linear and one-
loop results.
This cancellation has the interesting consequence that

the VPT prediction for the matter power spectrum is almost
insensitive to kσ at the percent level, even for the wide range
covered by the three choices used in Fig. 2 that differ
almost by a factor of 3. While this particular feature may be
a coincidence that does not occur for other summary
statistics, it is nevertheless relevant due to the important
role of the matter power spectrum. Moreover, as we discuss
in more detail below, the competition between linear
suppression and screening of P15 leads to a nonmonotonic
variation of the power spectrum when changing kσ . Thus,
within the range k≲ 0.2 h=Mpc, the VPT two-loop result
attains a maximum at a certain value of kσ. Indeed, it can
be seen in Fig. 4 that the two-loop result obtained for
kσ ¼ 0.36 h=Mpc (blue circles) is larger than for both
0.70 and 0.25 h=Mpc. This implies that even when
allowing for a wide variation of kσ, the resulting power
spectrum cannot be adjusted arbitrarily, but rather varies
only within a small band. This can also be seen clearly
in Fig. 1, see also Sec. IV where we explore this in
more detail.

B. Dependence on truncation

To assess the impact of truncating the Vlasov hierarchy
at a certain cumulant order, we compare the fiducial result
obtained for cmax ¼ 2 with that obtained when including
also all scalar and vector modes of the third cumulant, as

well as all nonlinear interactions among modes up to this
order resulting from the Vlasov-Poisson equations (the
cmax ¼ 3 scheme in Table I). The perturbation equations in
this truncation depend on the average value of the fourth
cumulant, and we consider two choices Ē4 ¼ �0.6. These
values are consistent with constraints from requiring
stability of the coupled set of perturbation equations for
scalar and vector (and higher) modes [10,12], being
−6 ≤ Ē4 ≤ 2.
The VPT results for cmax ¼ 3 shown in Fig. 5 are almost

indistinguishable from those for cmax ¼ 2. This is in line
with previous findings for scale-free models [12]. While
higher cumulants influence VPT kernels on scales suffi-
ciently far above kσ , this region gives a negligible con-
tribution to the integrated loop corrections since the kernels
are highly suppressed on these UV scales. Thus, the
independence on the truncation order beyond cmax ¼ 2 is
also a consequence of UV screening captured already by
cmax ¼ 2 within VPT.

IV. FAST VPT

Above we found that the VPT result for the matter power
spectrum yields a genuine prediction for gravitational
clustering of collisionless matter, being robust to assump-
tions on truncation of the hierarchy as well as on the value
of the average velocity dispersion. Since the extended set
of perturbation modes and their non-linear interactions
makes VPT numerically more expensive than SPT, it is
desirable to search for an approximate treatment of
velocity dispersion effects that allows for quick numerical
evaluation. Here we propose such a scheme, that we dub
“fVPT,” and then use it to investigate the dependence
of the matter power spectrum on the average velocity
dispersion in more detail.

FIG. 4. Dependence of the matter power spectrum on the average dispersion ϵðzÞ in linear (dotted), one-loop (dashed) and two-loop
(symbols) approximation. The different colors correspond to results obtained from Eq. (12) for the three cases for ϵðzÞ shown in Fig. 2,
that conservatively bracket the viable range. The dispersion scale at z ¼ 0 is kσ ¼ 0.70; 0.36; 0.25 h=Mpc, respectively. At two-loop the
results lie almost on top of each other, especially for z ¼ 0.34. The nonmonotonic dependence on kσ for the two-loop case is evident at
z ¼ 0 (see Fig. 8 for more details on this).
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A. Approximate VPT kernels

The starting point for fVPT is the observation that
(i) already linear evolution in VPT is nontrivial and
captures suppression of modes with k≳ kσ , and (ii) for
ΛCDM cosmologies the quantitative differences between
one- and especially two-loop integrals in VPT and SPT
arise mainly from the integration region where VPT kernels
are only moderately suppressed compared to the SPT case.
Thus, it is most important to capture the onset of sup-
pression in linear and nonlinear kernels when approaching
the dispersion scale kσ. While the kernels in the deeply
screened region p; q ≫ kσ are sensitive to the full and
precise VPT description, and require the inclusion of
higher and higher cumulants when approaching smaller
and smaller scales, this region does not yield a sizable
contribution to the loop integrals for the matter power
spectrum evaluated on weakly nonlinear scales.
This motivates the following ansatz for nonlinear kernels

of the density and velocity fields,

FfVPT
n ðk1;…; kn; zÞ
¼ FSPT

n ðk1;…; knÞFVPT
1 ðk1; zÞ � � �FVPT

1 ðkn; zÞ;
GfVPT

n ðk1;…; kn; zÞ
¼ GSPT

n ðk1;…; knÞGVPT
1 ðk1; zÞ � � �GVPT

1 ðkn; zÞ; ð13Þ

where FSPT
n ; GSPT

n are the standard SPT kernels, and
FVPT
1 ðk; zÞ; GVPT

1 ðk; zÞ the linear VPT kernels for the
density field δ and the normalized velocity divergence θ,
respectively. Both approach unity on large scales, such that
VPT approaches SPT when all arguments are small, as
expected. The suppression of FVPT

1 ðk; zÞ and GVPT
1 ðk; zÞ

when approaching kσ approximately captures the onset of
UV screening predicted in full VPT. Finally, by construc-
tion, the linear kernels in full and fast VPT agree exactly.
In addition, the ansatz in Eq. (13) satisfies the required

symmetries, i.e. constraints from momentum conservation
which requires Fn ∝ k2 when k≡P

i ki → 0, and Galilean
invariance which requires that in the squeezed limit p → 0,

Fnþ1ðp; k1;…; kn; zÞ →
1

nþ 1

k · p
p2

Fnðk1;…; kn; zÞ; ð14Þ

which holds in full VPT [11] and SPT [33], and in fVPT as
a result of FVPT

1 ðp; zÞ → 1 as p → 0 and the corresponding
SPT result.
In general, for a given truncation order and choice

of average cumulants, FVPT
1 ðk; zÞ and GVPT

1 ðk; zÞ can be
computed numerically by solving Eq. (8) for the coupled
set of cumulant perturbation modes in linear approxima-
tion. However, since Eq. (13) is expected to be a reasonable
approximation only as long as wavenumbers are not too far
above kσ , using our fiducial choice cmax ¼ 2 for computing
the linear kernels is sufficient, since the differences
between second and higher cumulant truncations are
small on those scales [10,12]. When adopting in addition
the power-law parametrization Eq. (11) for the average
dispersion, as well as the common EdS approximation,
analytical expressions for the linear kernels in terms of
generalized hypergeometric functions 1F2 exist [10],

FVPT
1 ðk; zÞ ¼ 1F2

�
4þ α

3α
; 1þ 2

α
; 1þ 5

2α
;
−3k2ϵðzÞ

α2

�
;

GVPT
1 ðk; zÞ ¼ FVPT

1 ðk; zÞ − 2ð4þ αÞk2ϵðzÞ
ð2þ αÞð5þ 2αÞ

× 1F2

�
4þ 4α

3α
; 2þ 2

α
; 2þ 5

2α
;
−3k2ϵðzÞ

α2

�
:

ð15Þ

The fVPT kernels in Eq. (13) can be easily evaluated, with
the same numerical cost as in SPT. When computing the

FIG. 5. Dependence of the matter power spectrum on the truncation order cmax of the cumulant hierarchy, in linear, one-loop, and two-
loop approximation. The differences between cmax ¼ 2 (blue) and cmax ¼ 3 are very small, with all results lying almost on top of each
other. For cmax ¼ 3, two results for Ē4 ¼ �0.6 are shown (diamond and square symbols) for each loop order, respectively.
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matter density power spectrum, it is equivalently possible
to rescale the input power spectrum as P0ðkÞ ↦
FVPT
1 ðk; zÞ2P0ðkÞ, making fVPT compatible with e.g.

loop evaluations based on fast Fourier transformation
methods [34].
As a validation check, we compare full and fast VPT

results in Fig. 6, for identical choice of ϵðzÞ as in Fig. 3.
We find that differences between full and fast VPT are
below the percent level both at z ¼ 0 and z ¼ 0.34, and are
comparable to or smaller than the sensitivity to ϵðzÞ, see
Fig. 4. For this comparison, we use numerically computed
linear VPT kernels that are identical to those for the full
VPT setup. However, we find that using the analytical
power-law result instead, with exponent α matched to ϵðzÞ
at low redshift, yields very similar results.
Thus, we find that the fVPT approximation is accurate at

the (sub)percent level (particularly given that kσ ¼ ϵ−1=2 is

an adjustable parameter) and a useful approach, greatly
facilitating numerical evaluation and implementation.

B. Cancellation of the dependence on kσ
In this section we return to the finding from Sec. III A

concerning the dependence of the VPT matter power
spectrum on the average dispersion ϵðzÞ. In fVPT with
analytical linear kernels, the matter power spectrum
depends on the average dispersion via the two parameters
kσ ¼ ϵð0Þ−1=2 and α ¼ d ln ϵ=d lnDðzÞ, see Eq. (11). In
Fig. 7, we show the variation of the linear, one-loop and
two-loop matter power spectrum when varying kσ, while
fixing α ¼ 3.3. As noted before, the two-loop result is
almost insensitive due to a cancellation of the impact of kσ
on the linear spectrum and on P15. This feature is also
captured by fVPT. Remarkably, the uncertainty band of the

FIG. 6. Comparison of full VPT results (squares and circles at one- and two-loop) with fVPT [dashed and solid lines at one- and two-
loop, using kernels from Eq. (13)], for the same underlying average dispersion ϵðzÞ as in Fig. 3. The linear results (dotted) are identical in
full and fast VPT by construction. Both one- and two-loop agree in full and fast VPT at the percent level.

FIG. 7. Dependence of VPT linear (dotted), one- (dashed) and two-loop (solid) results on the dispersion scale
kσ ≡ ϵð0Þ−1=2 ¼ 0.25; 0.3;…; 0.8 h=Mpc, for ϵðzÞ ∝ DðzÞα with α ¼ 3.3. The two-loop result is almost insensitive to kσ despite
the variation over a very large range, due to a cancellation of the impact of kσ on the linear and (two-)loop contributions. This
feature, observed before in full VPT (see Fig. 4), can thus be well reproduced in the fVPT approximation employed here, using
Eqs. (13) and (15).
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two-loop result at z ¼ 0.34 is only at the (sub)percent level
for k≲ 0.2 h=Mpc, even though kσ is varied over a very
large range 0.25–0.8 h=Mpc. At z ¼ 0 the relative variation
slightly increases to about 2–4% at k ∼ 0.15–0.2 h=Mpc.
To illustrate the nonmonotonic behavior of the two-loop

power spectrum when varying kσ , we show the dependence
on this scale for a fixed value of k ¼ 0.15 h=Mpc in Fig. 8.
While both the linear and one-loop VPT results increase
monotonically with kσ, the two loop features a maximum
and a very flat plateaulike behavior. All VPT results
approach the corresponding SPT limit for kσ → ∞, since
the kernels within the relevant integration domain approach
the SPT limit when k=kσ; p=kσ; q=kσ → 0. Note that this
would be different for scaling models for which the one-
and two-loop integrals are UV divergent in SPT, since they
feature relevant contributions to the loop integral within
VPT for p; q ∼ kσ no matter how large kσ is. Nevertheless,
even for ΛCDM initial spectra, the fact that the two-loop

result approaches the SPT limit only very slowly when
increasing kσ (see blue and black solid lines in Fig. 8) is
related to the large, spurious UV sensitivity of P15 in SPT.
In contrast, the VPT result is regulated by the UV screening
captured by VPT.
Finally, we also assess the sensitivity of the matter power

spectrum on α, which characterizes the redshift dependence
of the average dispersion. In Fig. 9 we show results for the
wide range α ¼ 2;…; 5. Again, the dependence of the two-
loop result is very mild. This further supports our finding
that the VPT prediction is robust despite allowing for large
variations in the average dispersion.

C. Relation to EFT approach

While VPT can be viewed as a (conceptually straight-
forward) perturbative solution of the Vlasov-Poisson sys-
tem for collisionless dynamics, the EFT approach [9] is

FIG. 8. Dependence of the VPT linear (blue dotted), one-loop (blue dashed) and two-loop (blue solid) matter power spectrum on the
average dispersion scale kσ , for fixed k ¼ 0.15 h=Mpc and α ¼ 3.3 using fVPT. For comparison, the (constant) N-body (red) and SPT
(black) results at k ¼ 0.15 h=Mpc are shown as horizontal lines. While linear and one-loop results increase monotonically, the two-loop
features a maximum and varies only very mildly despite changing kσ over a wide range. The non-monotonic behavior can be traced back
to a cancellation between the impact of kσ on the two-loop contribution (dominantly P15) and on the linear VPT result.

FIG. 9. Similar to Fig. 8, but varying the power-law exponent α ¼ 2, 3, 3.3, 4, 5 of the average dispersion ϵðzÞ ∝ DðzÞα while keeping
kσ ≡ ϵð0Þ−1=2 ¼ 0.45 h=Mpc fixed. We observe a very mild dependence of the two-loop result, despite a significant variation of α. This
further confirms that the two-loop VPT result is a robust prediction of collisionless dynamics.
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completely agnostic about the dynamics on scales for
which the pressureless perfect fluid approximation breaks
down. The price for this ignorance is the appearance of free
parameters, that are unconstrained and need to be fitted to
simulations or data.
The EFT expansion yields a priori an infinite set of

correction terms, with associated free parameters, that can
be classified according the order in perturbation theory and
in a derivative expansion in powers of k=knl. The leading
correction term in the derivative expansion, and at one-loop
order, is ΔP ¼ c2sk2P0ðkÞ with a free parameter c2s. In
addition, at one loop the leading noise term yields another
additive correction ∝ k4, being suppressed on small scales
due to momentum conservation. At two-loop order, in
principle all EFT terms consistent with momentum con-
servation constraints that renormalize up to fifth order
kernels need to be added. Even when disregarding noise
terms and restricting to the leading terms in the derivative
expansion, there are four terms for renormalizing the fourth
order kernel [35], and (at least) 13 terms at fifth order [36],
leading to 1þ 4þ 13 ¼ 18 free parameters (for each
considered redshift). In practice, not all of these are
included, e.g. [37] use a two parameter EFT model (at a
given redshift) at two-loop order.
The VPT approach differs from the EFT by being

informed about the collisionless dynamics. Thus, a priori,
VPT has no free parameters. Moreover, it does not employ
a derivative expansion, but resums corrections of higher
powers in k=kσ , being instrumental for capturing UV
screening. In practice, the average dispersion ϵðzÞ is taken
as nonperturbative input in VPT. However, we find that the
dependence on the parameters kσ and α associated to ϵðzÞ
(see Eq. (11) is highly nontrivial, and allows only for a very
small variation in the two-loop power spectrum. In this
sense kσ and α cannot be regarded on the same footing as
EFT parameters. Furthermore, the average dispersion ϵðzÞ
has a clear physical interpretation, in contrast to EFT
corrections that need to absorb the errors made by SPT.
Moreover, as demonstrated in [11,12], VPT is able to
predict also other summary statistics such as the bispectrum
or velocity power spectra, for which additional free
parameters would be needed in an EFT treatment.
Nevertheless, one may also consider the possibility of

adding EFT corrections to VPT, to account for effects on
the power spectrum beyond collisionless clustering, or
mimick the leading contribution from missing higher-order
corrections at two-loop order. Since the VPT result is
already close to N-body data, we expectedly find that when
adding a c2s-correction to VPT, the fit to N-body data
improves significantly only at z ¼ 0 where VPT is slightly
below the N-body result. As compared to SPT, the value of
c2s at z ¼ 0 is a factor of ∼3 smaller. Thus, VPT can allow
for putting tighter priors on EFT corrections, since it yields
predictions that are closer to data than SPT. We leave a
more detailed analysis of this possibility to future work.

V. CONCLUSIONS

We apply the framework of VPT to ΛCDM cosmology
and present results for the matter power spectrum at up to
two-loop order. Our main findings are:

(i) The impact of the truncation of the cumulant
hierarchy is well below the percent level on weakly
nonlinear scales. Including scalar and vector modes
of the velocity dispersion tensor, as well as the
average dispersion, captures the physics that is
missed in SPT while third-cumulant perturbations
play only a negligible role quantitatively. This can be
understood in terms of the physically expected
screening that is captured in VPT but not in SPT,
making the result of loop computations largely
insensitive to UV scales. The VPT two-loop result
is also independent of the UV cutoff, in contrast
to SPT.

(ii) When using the average velocity dispersion esti-
mated from a halo model as input, the VPT result
agrees at the (sub)percent level with N-body data up
to k ∼ 0.22 h=Mpc without any free parameters at
z ¼ 0.34. At z ¼ 0, the VPT prediction is slightly
below the N-body result, by about ∼2% at
k ¼ 0.15 h=Mpc. This can be attributed to missing
higher loop corrections, as indicated by the scaling
with redshift of the residuals.

(iii) We find that the two-loop VPT result for the matter
power spectrum is remarkably insensitive to the
value of the average dispersion, and thus the
associated dispersion scale kσ. Even when varying
kσ by a factor of ∼3, the two-loop result at
k≲ 0.2 h=Mpc changes only by ≲1% (≲4%) at
z ¼ 0.34 (z ¼ 0). This can be understood by a
cancellation of the kσ dependence of linear and
loop contributions occurring for the matter power
spectrum. We also find insensitivity to the redshift-
dependence of the average dispersion at a similar
level.

(iv) We propose and validate an approximate treatment
of the impact of velocity dispersion on the density
and velocity fields, dubbed fVPT, that can be easily
included in existing perturbation theory codes. The
effort of numerical evaluation for fVPT is identical
to SPT. We show that it captures the dominant
effects from velocity dispersion on the matter power
spectrum, including in particular UV screening, and
agrees with full VPT at the percent level on weakly
nonlinear scales.

Altogether, we find that the VPT two-loop result is a
robust prediction for gravitational clustering of collision-
less matter in ΛCDM cosmologies at weakly nonlinear
scales. It is sufficient to achieve percent accuracy for the
matter power spectrum at k≲ 0.2 h=Mpc and z≲ 0.3,
while the dependence on uncertainties in the knowledge
of the average velocity dispersion generated from
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small-scale shell crossing is remarkably small. We expect a
somewhat stronger dependence for power spectra sensitive
to the velocity field, such as in redshift space, opening the
possibility of inferring the scale kσ , while maintaining
predictivity even at two-loop order. We leave a detailed
analysis of this topic to future work.
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APPENDIX: CUTOFF INDEPENDENCE

Here we demonstrate the independence of the VPT two-
loop result for the power spectrum on the UV cutoff used
for the loop integration in Fig. 10. We also show the
corresponding SPT results for comparison, featuring the
well-known unphysical cutoff dependence, as a result of
the ideal pressureless fluid approximation not capturing the
UV screening arising from velocity dispersion and higher
cumulants.
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