PHYSICAL REVIEW D 114, 045016 (2026)

Quantum energy teleportation across a lattice and the continuum

Kazuki Tkeda (#th FH—%%)
Department of Physics, University of Massachusetts, Boston, Massachusetts 02125, USA

® (Received 13 April 2026; accepted 11 August 2026; published 21 August 2026)

Quantum energy teleportation (QET) has been studied in continuum field theory and in lattice many-
body systems, but the relation between the two within a single interacting model is still not well understood.
To address this question, we consider the massive Thirring model, equivalently the sine-Gordon theory. In
the continuum, the trigonometric measurement is a weak binary positive operator-valued measure (POVM),
and its leading signal is set by a conserved-current correlator in the bosonized theory, with both gapless
behavior and gapped large-distance asymptotics. On the lattice, the conventional protocol does not access
this neutral current sector. For Alice’s local measurement, a lattice U(1) selection rule removes the neutral
current contribution from Bob’s subsystem, and the separated signal lies in charged sectors. On the same
lattice Hamiltonian we construct a neutral current protocol whose weak signal is exactly a coarse-grained
current correlator and whose extracted energy scales quadratically with the measurement strength. This
identifies the neutral sector shared by the lattice and continuum descriptions, while separating it from the
charged sector that governs the conventional qubit protocol.
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I. INTRODUCTION

Quantum energy teleportation (QET) uses quantum
correlations already present in a ground/vacuum state to
extract energy at a distant site through a local measure-
ment, classical communication, and feed-forward opera-
tions [1,2]. (Detailed reviews are available in [3-5].)
Experimental demonstrations were recently conducted at
finite temperature [6] and near zero temperature [7]. The
subject spans relativistic field theory and lattice many-body
systems. In relativistic field theory, local algebraic struc-
ture, passivity, and constraints on negative energy provide
the basic framework [8—12]. In many-body physics, the
same protocol is tied to critical correlations and entangle-
ment structure [13—15]. Finite-dimensional realizations and
operational bounds were examined in [16].

Continuum and near-continuum protocols were developed
for trapped ions, electromagnetic fields, harmonic chains,
and quantum Hall edge channels [17-20]. The relation
between teleported energy and entanglement resources,
including long distance variants based on squeezed states,
was studied in [21-23]. Extensions to relativistic protocols
with qudit probes, negative stress-energy generated through
QET, and quasilocal measurements in two-dimensional
conformal field theory were analyzed in [24-26]. Recent
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work has also clarified local limits on extraction, strong local
passive states, experimental activation, information-theoretic
formulations of minimal protocols, and upper bounds on
extractable energy [16,27-34].

QET has also become a probe of many-body structure
and control. Examples include criticality in the massive
Thirring model [35], symmetry-protected topological phase
diagrams [36], robustness of postmeasurement quantum
correlations [37], quantum networks [38], quantum crypto-
graphic settings [39-41], quantum batteries [42], game
theory [31], and feedback activation of observables beyond
energy, including current and charge [32].

Yet continuum and lattice QET are usually written in
different operator languages. The continuum construction
is naturally formulated with local positive operator-valued
measures (POVMs), while lattice studies often use pro-
jective qubit measurements. In an interacting theory this is
not a superficial difference. After bosonization and open
boundaries are imposed, it is not obvious which lattice
sector should reproduce a given continuum observable.

The massive Thirring model is a natural place to
examine this question. Through bosonization it is equiv-
alent to the sine-Gordon theory, and the conserved fermion
current becomes a local bosonic field [43,44]. In the
continuum construction of Refs. [1,18,19], Alice’s meas-
urement is a weak binary POVM in the standard quantum-
information sense: for small measurement strength, each
Kraus operator stays close to the identity and the leading
QET coefficient is set by a smeared current correlator.
This is not a weak-value protocol with an auxiliary meter
and postselection.
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On the lattice, the open-chain protocol of Ref. [35] uses
single-site Pauli measurements and local Pauli feedback on
the same massive Thirring Hamiltonian. Those measure-
ments are projective. The small parameter there is the weak
signal ratio that governs the optimized extracted energy. In
the original Alice-X,, circuit, a lattice U(1) selection rule
removes the Bob-side neutral current channel, so the
separated signal lies in charged sectors. Related chiral-
ity-based projective protocols can activate local current and
charge on the lattice [32], but the protocol studied here
isolates the neutral conserved current channel and matches
it to the continuum weak binary POVM.

A second protocol on the same lattice Hamiltonian,
built from coarse-grained current observables, restores the
neutral channel, and yields a weak signal that is exactly
the corresponding lattice current correlator. This gives a
direct neutral-sector comparison between lattice and con-
tinuum, while the charged part of the original qubit
protocol is treated separately and checked against a
boundary sign test.

The rest of this article is organized as follows. Section II
recalls the continuum QET protocol in canonical normali-
zation and fixes the weak binary POVM together with its
weak-measurement expansion. Section III rewrites the
leading continuum coefficient in bosonized massive
Thirring variables and gives its exact bulk form-factor
representation. Sections IV and V then treat the continuum
theory in the gapless and gapped regimes, including the
open-boundary gapless kernel and the large-distance
massive asymptotics. Section VI turns to the open-chain
lattice problem. It first analyzes the conventional QET
protocol, then introduces a modified neutral-current pro-
tocol on the same Hamiltonian, and finally compares the
remaining charged sector with a boundary description.
Section VII discusses the sector structure of the compari-
son, Sec. VIII summarizes the main results, and Appendix
records the relation to the Lukyanov-Zamolodchikov
normalization.

II. CONTINUUM QET PROTOCOL IN
CANONICAL NORMALIZATION

A. Canonical field, local energy, and Bob’s local unitary

We use a canonically normalized bosonic field ¢ and its
conjugate momentum II

[#(2,x). T1(z, y)] = i6(x = y). (1)

Throughout the continuum field-theory analysis we work in
relativistic units with propagation speed set to 1, so every
occurrence of T below is the relativistic continuum time
coordinate.

For the bosonized sine-Gordon (SG) theory we take the
Hamiltonian density in canonical form

1 1
H(x) = ST + 35 (0,p(1))? + 2u(1 = cos(Be(x))),
(2)
with the additive constant chosen so that the ground-state

energy density vanishes. Let wg(x) be a non-negative
window function supported in Bob’s region and define

Hy E/dow(x)é(x), (3)

where & is the normal-ordered local energy density asso-
ciated with (2). We assume wg(x) = 1 on the support of
Bob’s smearing profile pg(x).

Bob’s outcome-dependent local unitary is the local shift
operator used in Ref. [1],

0,(8) = exp(ixay [ drpa(b0). @

where a, € R labels the classical outcome and « is Bob’s
control parameter. By the Baker-Campbell-Hausdorff for-
mula

Un (B)-I-ﬁ(x)i\]n(B) = ﬁ(x) + Kaan(x)' (5)

Therefore

On(B)TIfIBOn(B) = I:IB + KanOB

+55 [ anmpaer. ()
where
Oy = / dxwy(x) pp()I(x). (7)

The factor 1/2 in the quadratic term is the one appropriate
to the canonical normalization (2).

B. Trigonometric POVM

Alice uses a two-valued POVM localized in region A

A

My(A) = cos D,

A

M, (A) = sind,, (8)
with

A

b, ="_%,, XAElo/dfo(x)fI(O,x), )

T
4

where f, is supported in A and A, controls the measure-
ment strength. Define the POVM elements D, = MM,
and outcome labels a,, = (—1)". Then
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DA = Zanbnv (10)

Dy=Y"ab,. (11)

n

For (8) one has the exact identities

ﬁA = D() — Dl = COS(2(AI)A) = Sin(ZJA(A),
D2 =Dy+D, =1. (12)

The coefficient multiplying &> depends on D

2
A
than D3, and for the present POVM one has D3 =1
exactly.

C. Weak binary POVM

The measurement in Eqgs. (8) and (9) is weak in the
standard quantum-information sense of an unsharp two-
outcome POVM. Expanding for small 4, gives

My(A) = \2(1 +X,) +0(23),
i1,(A) =é<l _X) +O(). (13)

The associated POVM elements therefore obey

N 1 5

A 1 “

Each Kraus operator is thus close to the identity and the
outcome bias is linear in X,. This is the usual weak or
unsharp binary measurement.

This is not a weak-value scheme with a separate meter and
postselection. No auxiliary pointer system enters, and there
is no postselection. The single-site Pauli measurement of
Ref. [35] is projective rather than weak in the POVM sense.
On the lattice side, the small parameter appears only after
Bob’s optimization through the signal ratio |1, |/&, << 1 in
Eq. (71). The neutral current lattice protocol of Sec. VI is the
direct lattice analog of the continuum weak binary POVM.

D. Spacelike timing and the quadratic form

Let U(T) = ¢=H7T be the system time evolution. We
impose a spacelike protocol,

T < L—(Ry+Ry). (15)

where L is the separation between the supports of A and B
and R, p denote their radii. Then every operator supported
in A at t = 0 commutes with every operator supported in B

at t = T. In particular, the commutator conditions needed
for the quadratic form follow directly from microcausality
in the spacelike regime [1]. In this formulation the classical
communication step is treated as an external side channel,
while the field theory governs the measurement and feed-
back operators themselves.

Averaging over outcomes after Bob’s conditional uni-
tary, one obtains

A

(Hs)y, =586 + %, (16)
with

§= (DY), [ drws(ps(o (17)
O5(T) = U(T)10xU(T). (18)

Because (12) gives <5i) s = L, we have

e= [ domxpuler (19)
Optimizing (16) over « yields
2
n n
= —=—= Emax —_ . 2

E. Weak-measurement expansion

For the interacting SG vacuum, the remaining step
beyond the exact quadratic form is the weak measurement
expansion,

D, =sin(2X,) = 2X, + O(2). (21)
Hence

n=2(X405(T)), + O(4). (22)

Substituting (9) and (7) gives the exact leading-order
formula

n =24 / dxdy fx(x)wg(y)ps(y)
< (TH(0.X)TL(T. )}, + O(3). (23)
Writing
10) = Mg + O,
1=2 [ drdy F2Wws(0)pa() IO ST. ),

(24)
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one obtains the leading extracted energy

’71 2 4

— A5+ 0 25
SR+ 0. 25)
This expresses the leading QET coefficient entirely in terms
of the interacting current correlator. No Gaussian identities
are used inside the interacting SG vacuum.

E§™ () =

III. BOSONIZATION OF THE MASSIVE THIRRING
CURRENT SECTOR

A. Canonical SG action, Coleman relation,
and current map

The bosonized massive Thirring theory [45], equiva-
lently the sine-Gordon theory, provides a natural setting in
which to compare continuum and lattice descriptions. See
textbook [46] for the details about the model.

We work throughout with the canonically normalized
SG field

S0 = [ dszwﬂd))Z—z/t(l —cos(fe))|.  (26)

The bosonized Thirring current is

= -Leavap, (27)
2
so that
) ﬂC 2’” 1
—TI, II= 28
=5 5! (28)

The Coleman relation takes the standard form
(29)

The cosine perturbation has scaling dimension A., =
2/(4x) and is therefore marginal at

2 —8r e g=— (30)

b2
5
This is the Berezinskii—Kosterlitz—Thouless (BKT) line in
Coleman’s canonical normalization.

Via (28), the leading QET coefficient becomes a func-
tional of the current correlator

m = ﬂzz/dxdyfA(X)wB( )ps(y) (' (0.%)1 (T, )),.
(31)

The weak measurement signal is therefore controlled by a
bosonized Thirring current correlator.

B. Implementation in bosonized Thirring variables

At leading order in the weak measurement, the con-
tinuum protocol can be implemented directly in bosonized
Thirring variables without further reference to lattice
observables. Writing

N 2 N
n-%—/an@f&ﬁ

. 2
O5(T) = ﬁ:

with gg(y) = wp(y)ps(y), the continuum construction in

the current sector may be summarized as follows.

(a) Choose the SG and Thirring couplings (¢, u) and
smooth compactly supported smearings f,, gp with
spacelike-separated supports.

(b) Evaluate the exact leading-order coefficient (L, T)
either from the current correlator (31) or from the bulk
spectral formula (38) below.

(c) Compute & = [dxwg(x)pp(x)* and then

/@%Uﬂaw, (32)

i M3z + 0.

K. = -0+ O(R), 2h

¢ Ep™ (o) =
(33)

Within the continuum protocol and the standard spectral
and form-factor formalism for the current sector, the
bosonized massive Thirring implementation is exact at
the level of the leading weak measurement coefficient #;
and its representation (38). The protocol is already written
in bosonized Thirring current variables through (32), while
the SG field provides a convenient representation of the
same current sector Wightman function. In the gapped
theory, only the further reduction to large distance asymp-
totics is approximate.

C. Exact bulk form-factor implementation of 7,

Equation (31) is exact at leading order in 4, for any SG
vacuum. In the bulk gapped theory, translation invariance
allows a direct form-factor implementation. Let Alice’s
smearing be centered at the origin and write Bob’s local
weight as

g8(y) =wp(y)pg(y) = g(y = L), (34)

with L > 0 the center-to-center separation. Define the
Fourier transforms

ﬂ@—/Mf%mw, m@—/Wowm
(35)

The bulk Wightman function of the current has the exact
spectral expansion
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(71(0,0)1(T. 2)),

= 1 delden J'lay...a, 2
ZZE Z /W'Fﬂ ! (91,...,0n)|

n=1 Alseees
x @—iTEx(0)+izP, (0)’ (36)
where

E,0) = Z my,, cosh 6y, P,(0) = Z my, sinh 6.
k=1 =1
(37)

Substituting (36) into (31) and performing the x, y integrals
yields the exact leading-order bulk implementation formula

872 K 1 do,---do,
(L) =S Y [

-------

x e~ TELOHLP.O) F(P (0))5(—P,(0)).  (38)

2

“(0)]

Equation (38) gives the exact continuum QET formula in
the current sector of the bosonized Thirring theory at
leading order in the measurement strength. All later gapped
asymptotics are derived from this expression. For smooth
compactly supported smearings, f and § are entire and
rapidly decaying, so the spectral integrals are well behaved.

IV. GAPLESS CONTINUUM IMPLEMENTATION
A. Exact full-line kernel and fixed rapidity law

At the gapless fixed point, the canonical momentum
correlator on the full line is

(I(0, x)IL(T, y))o = _i (x — yl— T)? * (x - y1+ T)z] ’

(39)

valid in the spacelike regime |x — y| > |T| as a distribution
away from coincident points. Substituting (39) into (23)
shows that, for smearings localized on scales much smaller
than the separation

1

;’]1(L,T)0< (L—I—T)z

=17 "

C2(L2+T?)
(LZ _ T2)2
2 cosh(2y)

=—", (40)

r

where we parametrize the spacelike separation as

T = rsinhy, r=VL*-T?>0.

(41)

L = rcoshy,

Hence

EPX(L,T) < r~* at fixed spacelike rapidity y. (42)

The hyperbolic factor cosh(2y) makes the approach to the
light cone anisotropic even though the overall radial decay
is 72 at fixed y.

B. Compact-support continuum implementation

To make the continuum QET construction explicit, we
choose smooth compactly supported bump profiles

FA8) = Nyexp | =] OCRs = )

x/Ry)?

1
95(y) = Npexp {_ 1= ((y—- L)/RB)2:|
O(Rg — |y - L|). #3)

with [dxfa(x) =1 and [dygg(y)*> =1, so that £ =1
exactly. In the massless fixed-point theory the leading weak
measurement coefficient is therefore

(L) == [ dx [ asfualy)
1

1

X + , 44
e e v

and the leading energy signal is

2 m(L,T)*

Eg (L. T) =25 (45)

At large fixed rapidity one finds

Pp 1 1
LT)=—-— o(r3),

Py= [ dvasty), (46)

which reproduces (42). Figure 1 shows a direct numerical
implementation of (44) and (45) with compactly supported
smearings. It provides a concrete continuum realization of
the bosonized QET protocol in the Thirring current sector,
independent of any lattice construction.

C. Open boundaries in the gapless regime

On a half line, the method of images gives
G (x.3:T) = G (x = »: T) + suc G (x +3: 7). (47)

where s, = +1 for Neumann and s, = —1 for Dirichlet
boundary conditions for the boson field. On a finite interval
(0,¢) one obtains the corresponding image sum over
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Direct continuum implementation of the leading weak measurement energy signal Ej; .. = #143/2 at the massless fixed point

using the compactly supported smearings (43) with R4 = Ry = 0.15 and ¢ = 1. (a) exact numerical evaluation of Eq. (44) for two fixed
spacelike rapidities, as well as the asymptotic form implied by Eq. (46). (b) ratio of the exact result to the asymptotic expression,

showing convergence to the predicted fixed rapidity r~* tail.

y — £y + 2nZ. Consequently

1 1
L-T7 (L+T)

n.osc(L.T) °<(

1
L-T)

+ She 2+ +ee (48)

(L'+T)

where L' = x, + xp is the distance to the image point and
the omitted terms come from further images on a finite
interval. These formulas are derived only in the gapless
theory. Later, when the open-chain lattice geometry of
Ref. [35] is compared with the continuum description, the
exact no-flux lattice continuity equation singles out the
Dirichlet choice s, = —1 as the natural boundary con-
dition for the neutral current sector. For the interacting
gapped theory, however, the corresponding boundary SG
correlator is not yet available, so the finite-interval image
kernel used below serves as a reference kernel for that
comparison.

V. GAPPED BULK SG: SPECTRAL FORMULA AND
LARGE DISTANCE ASYMPTOTICS

A. General bulk asymptotics from the
current spectral formula

For % < 8, the cosine is relevant and the SG theory is
massive. In the spacelike regime it is convenient to use the
Euclidean spectral representation and then continue back to

r=VI6I*=T2?>0.

(49)

Let M denote the smallest total mass that appears with a
nonvanishing current form factor in (38). Then the exact
form-factor implementation implies the large distance bulk
law

n (L, T)~ Ajrtie=Merr,

ERX(L,T) ~ r=2ie=2Mar, (50)
where y; is the threshold exponent of the lightest current
channel and A; is a nonuniversal amplitude determined by
the corresponding form factor and smearing overlap. The
leading asymptotic assumes that the chosen smearings have
nonzero overlap with the lightest current channel. If the
threshold overlap vanishes by symmetry or moment con-
straints, then either the same channel reappears with a
higher threshold power or the next allowed channel con-
trols the right tail.
Writing

r .
SE—<:Meffi’, ff:é)rrz

51) (51)

the asymptotic regime of (50) is s > 1. At fixed finite r,

approaching the BKT line drives 5&{% — 00, so eventually
s < 1 and the gapped expression crosses over to the gapless
fixed-point law. The gapped formula therefore explains the
enhancement of the teleported energy on the gapped side as
the current-channel correlation length increases, but not the
full peak profile.
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B. One-particle neutral current channel

If the lightest nonvanishing current channel is a single
neutral mode of mass m,, then the channel-truncated
correlator can be written exactly in terms of the Bessel
kernel. Equivalently, one may think of this as an effective
current mode with

GO = 2,61 (), (52)

where Z; is the channel amplitude and

1
1
G (L.T) = =5~ 03 Ko(m.r)

_271_ ,(m*r)

1 {m* cosh(2y)
r

+ misinhz)(KO(m*r)} , (53)

with L = rcoshy and T = rsinhy. The corresponding
channel-truncated QET coefficient is

(1) 8772, 0
(L. 7) == [ dvdy £uan)G) 0= 2.7,
C

(54)
It is convenient to factor out the channel amplitude as
2
pe

so that the leading weak measurement energy in the one-
particle truncation is

(L. 1) =z, T), zef =

J J

(55)

2,1 1 2
EGo (L.T) =" (L. T2

Z2 (L TR (56)

N = N =

This statement is exact within the one-particle channel
truncation of (38). In the numerical illustration below we
use the equivalent IIT normalization and plot the dimen-

sionless combination Eg’Clu)rr/ [(Z5T)225), setting Z5T =1
only after this normalization.
Equation (53) immediately shows the directional asymp-

totics
GUh(L.T) ~ e (A, () ™ + By () 4], (57)

with A; (y) o« sinh? y and B, (y)  cosh(2y). Therefore,
|

Meff - 2M

1
V=3 for a generic fixed spacelike rapidity y # 0,

(58)

whereas on the equal-time slice 7 = 0 one has A,(0) =0
and therefore

3
vi=5 for the equal-time one-particle channel. (59)

The limit y — 0 is nonuniform: because A;(y) o sinh? ,
the crossover to the generic r~/2¢="" law for small but
nonzero y occurs only at parametrically large r, schemati-
cally m,r = O(sinh=2 y).

For compactly supported smearings with support radii
held fixed while the center-to-center separation L becomes
large, the channel-truncated compact-support integral
admits the reduced approximation

8727 ..
ggﬂwwwﬂ

1
1!

L (L T) = (L, T),  (60)

with the corresponding leading energy signal

E&D

B.curr,c2¢

(L.1) = 3o L. TR (61)

The pure large distance tail is the further reduction of (61)
to the asymptotic powers listed in Eqs. (58)—(59).

To implement this channel-truncated continuum theory
concretely, we reuse the compactly supported smearings (43)
and evaluate (54) numerically. Figure 2 compares three
levels of description: the exact compact-support double
integral within the one-particle truncation, the correspond-
ing large distance center-to-center reduction (60)—(61)
obtained by evaluating the exact kernel at the support
separation, and a faint pure-tail guide proportional to
r~%je=2m-" The solid and dashed curves therefore test
the center-to-center reduction within the one-particle trun-
cation. The figure provides a continuum implementation of
the gapped current sector formula at the level of the lightest
one-particle channel.

C. Repulsive/BKT regime

On the repulsive side relevant near the BKT line
(4n < % < 8x), breathers are absent and the lightest
neutral current channel is typically the soliton-antisoliton
threshold, so that

(repulsive side, assuming the current first couples at the s5 threshold). (62)
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FIG.2. Compact-support implementation of the one-particle contribution to the continuum signal, using the kernel (53). (a) numerical
evaluation of (54) for two fixed spacelike rapidities (solid) as well as the large distance center-to-center approximation (60)—(61)
(dashed). Faint dotted curves indicate the asymptotic tail r~2ie~>"". The plotted vertical scale is the dimensionless quantity

EZD [(Z57)225]. (b) ratio of the exact one-particle result to the center-to-center approximation.

B.curr

However, the threshold exponent y; depends on the actual
threshold behavior of the current form factor and is not
fixed here. We therefore keep the repulsive/BKT asymp-
totic in the channel-dependent form

(L, T) ~r7ie”Mr, ERX(L,T) ~r2ie= M (63)
with y; left unspecified.

Near the BKT line, the SG mass scale has an essential
singularity. Because the RG flow depends on both the

== y;=1/2 (generic one-particle, fixed y = 0)
104 = ;= 3/2 (equal-time one-particle)

T 10°4
£a
S 107
g
a
€ 1077
@
o
E 10
©
E
2 1074

10*5 4

10-° T T T T

1 2 3 4 5 6
Rescaled separation s =r/EY,

FIG. 3. Normalized large distance behavior of the bulk gapped

continuum signal for the one-particle channels whose exponents
are fixed in the text. The generic spacelike one-particle channel has
y; = 1/2, while the equal-time one-particle slice has y; = 3/2.
The shaded region s < 2 indicates the crossover regime, and the
asymptotic formulas apply for s > 1. On the repulsive/BKT side
the same exponential scale uses M.z = 2M, but the threshold
exponent depends on the channel and is therefore not plotted.

stiffness and the cosine amplitude, the distance to the critical
separatrix is a nonuniversal combination of bare couplings,
schematically

S~a\(fe—8x) +ay+---, (64)
so that
¢ G 1
M ~ Aexp (——), Eeor = ——. 65
V6 M ¢ (65)

Therefore the continuum QET envelope on the gapped side
takes the form

2
ER(L, T) ~ r25 exp (—Tr)> r=V6L =T,
g

corr

(66)

in the large distance regime s = r/ §£{))H > 1. (See Fig. 3). At
fixed r, the approach to the BKT line eventually enters the
crossover region s <1, where the correct behavior is
governed by the gapless law ET™ « r™* from Eq. (42).
Equation (66) therefore describes the right tail on the gapped
side, but not the full peak profile.

VI. LATTICE ANALYSIS AND CONNECTION TO
THE OPEN-CHAIN LATTICE PROTOCOL

A. Structure of the lattice problem

The lattice problem separates naturally into a neutral
current sector and a charged sector. The original single-site
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Pauli protocol of Ref. [35] probes only the charged part at
separated sites, while a modified protocol on the same
Hamiltonian isolates the neutral current sector and can
be compared directly with the continuum current result.
The charged remainder of the original protocol is compared
with a minimal boundary-state ansatz. This keeps the exact
neutral current statements separate from the more qualita-
tive boundary discussion of the charged sector.

B. The conventional single-site QET protocol

1. Weak-signal structure

A directly relevant lattice QET study is the open-chain
massive-Thirring analysis of Ref. [35]. There the qubit
protocol is written in the generic Pauli form

1

Pm(:“) = 5(1 +/’lO-nA)’

p==*l, (67)

with 6, ,0, €{X,Y,Z}. In the concrete open-chain cir-
cuit shown in Fig. 1 of Ref. [35], Alice uses ¢, = X,,,

while Bob scans the three local Pauli axes at his site.
The exact extracted energy is

1 /
EB,lat = 5 ( 51231 + leat - glat> ’ (68)

with

G, = ilH.0, . (69)

Equivalently, before optimizing over 8, Bob’s local energy
has the form

(H oy )1 (0)

In the weak signal regime |1,|/&j. << 1 One obtains

= E1SIN%0 + 1y, cOs O sin 6. (70)

Mat
25 lat

Epa = 'llzat + 0<@)' (71)
' 4513[ f?at

Here Alice’s measurement is projective. The weak limit in
Eq. (71) is a small-signal expansion of the optimized
energy, not a weak measurement in the POVM sense.
This provides the structural point of contact with the

0, =-

+ 0((’11at/§lat)3)’

continuum analysis. The bosonized continuum protocol
gives

1 max
<HB>cont(K) = EQEKZ + K, EBiont 2_5 ’ (72)
and hence at weak measurement
ax ’7
Emcont(’IO) = )“2 =+ 0(’14) (73)

267

Both descriptions therefore share the same quadratic
structure, namely an Alice-Bob correlator squared divided
by a local energetic cost. The remaining question is which
lattice operator sector corresponds to the continuum coef-
ficient 5, . For the original single-site protocol of Ref. [35],
the answer is not the neutral current sector, as shown below.
A direct continuum comparison therefore requires a sep-
arate neutral current construction on the same lattice
Hamiltonian.

2. Commutator decomposition

Write the open-chain spin Hamiltonian of Ref. [35] in
the equivalent commutator-relevant form

Z

-1 N
m
(X X n+1 +Y Yn+1) + = 2 Zenzn
1 n=1
N—-1
Z (Z,Z, .\ +Z,+Z,,,)+const, (74)

n=1

‘S\H

Hyy =

n

(9)
4a

l>

where ¢, = +1 alternates along the chain and additive
constants are omitted because they do not affect commu-
tators. For a bulk site 2 <n < N —1 the exact operator
identities are

. 1
Xn = _% (Yn—lzn + Znyn+1) - menyn
A(g)
5 (Znor Yo + YouZyy1 +2Y,), (75)
. 1
Yn = +%<Xn—lzn + ZnXiH-l) + mean

A
+%(zn—lxn +XnZn+1 +2Xn>7 (76)

1
Py (Yn—IXn - Xn—IYn + XnYn-H -

2a Yan—H)' (77)

At the endpoints one must do slightly more than simply
drop the nonexistent-neighbor terms: the A(g)-induced on-
site contribution is also halved because only one adjacent
bond remains. Explicitly
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. 1 A(g)
X1 = _ZZIYZ_m(':IYl —W(lez‘f' Yl)’
1 Alg)
Yi=+-Z Xy + me X, +—— (X1 Zy + X)),
2a 2a
. 1 A(g)
Xy = —2—YN_1ZN —meyYy —Z—(ZN—IYN +Yy),
1 A(g)
YN—+2 Xn_1Zy + meyXy +—2- a (Zy1 Xy + Xy).
(78)

Equation (77) itself needs only the obvious deletion of the
absent bond-current term at the boundary. Defining the
|

x _ 1

bond current with the same orientation as Table II of
Ref. [35],

XnYn+1 - Ynxn+l
jn+l/2 - da ’ (79)
Eq. (77) becomes
z, = 2('»7}1111/2 - \72(—1/2)- (80)

Specializing now to the concrete Alice choice X, of
Ref. [35], the three Bob channels decompose as

)

Ma' =~7, Xy (Vo1 Zyy + Zp Y1)y — mey, (X, Yo, ), 2 Xy (Zny1 Yoy + Y0, Zyp i1 +2Y,,)),
= i ) =) o, (81)
) — +% K, Xyo1Zoy + ZugXngs1))g + M, (X X )y + %f) KXo, (ZugrXomy + Xy Zu 1+ 2% )}y
)4 -

’71(azt) = 2(X,, (T 12 = T 1))y = ’75?)- (83)
The notation on the left indicates Bob’s chosen control axis
6, = Xny» Y0, Zy,- Equations (81)—(83) are the interior-
site formulas for 2 < ngp < N — 1. If Bob is placed at an
endpoint, the boundary commutators (78) are used instead.

The sector content is now explicit. Under the Jordan-

Wigner map

ng?

Xn = Sn—l()(n +)(ll)’
- _i‘sn—lwn _)(’];)7
Sn—l = H(l - 2)(2-;1)(m>7

m<n

(84)

up to a convention-dependent phase. Hence every term in
(81) and (82) contains a nonlocal string/disorder factor on
Bob’s side, as well as either the explicit staggered mass
factor me,, or density dressing through the neighboring Z
operators. By contrast, the Z channel (83) is a pure local
current difference on Bob’s side. At the operator level, the
conserved current sector appears cleanly only in the Bob-
side Z channel, whereas the X/Y channels remain charged
string/disorder sectors.

3. UQ1) selection rule: Why the actual
current channel vanishes

The previous subsection isolates the neutral current
channel on Bob’s side, but for the concrete Alice choice
X, of Ref. [35] that neutral channel does not survive inside

the actual weak signal. The reason is the exact lattice U(1)
symmetry generated by the total fermion number

N 1
EZ n EZ (Z,+1 [Hya, Q] = 0. (85)
Introduce raising/lowering operators
X, xiY
+ __ “Dn n
oy = I
X, =0, + oy,
Y, = —i(oy —o3). (86)
Then
i
ijH/z =5 (GYJZFG;+1 G0 1)
Q. T 0] = 10.2,] = (87)

so both the bond current and Z, are neutral under the
conserved charge. By contrast, X,, and Y, form a charged

doublet
—sina\ /X,
)( ) (58)
cosa Y,

pic0 X, pmia0 _ cosa
Y, sina

On a finite open chain the ground state used in exact
diagonalization can be chosen as a simultaneous eigenstate
lg,) of Hy, and Q. Therefore, for any neutral operator O,
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H
<
L

._.
<
L

H
N
L

o [n%|
. == n|
1074 -

10-13

weak-signal channel magnitude

10716 4

Bob site ng

FIG. 4. Exact-diagonalization illustration of the U(1) selection
rule on an interacting open chain. For the concrete Alice choice
X,,, used in Ref. [35], the Bob-side Z channel of the actual weak
signal is symmetry forbidden and remains at machine precision.
In the displayed example the separated nonzero signal is carried
predominantly by the charged Y channel, while the charged X
channel survives only at the short distance contact point
ng =ny + 1. The example shown uses N =38, m =04,
A(g) = 0.3, and Alice at ny = 2.

with [Q, Opey) = 0, the vector

o <Xn 0neut>gq
vn(Oneut> = ( <Yn0nem>gq ) (89)

must satisfy v,(0eut) = R(@)v,,(Oyey) for every rotation
matrix R(a) from (88). The only such vector is the zero
vector, so

(X, Oeut) 9 = (Y, 0pneut) 4, =0 for every neutral Oyey.
(90)

Applying this to Oy = T 1/, = T 1 gives the exact
finite chain result

nfi) =0 for the concrete Alice choice X, . (91)
The neutral smooth-current sector therefore does not con-
tribute to the actual weak signal when Alice uses X, . Hence
any nonzero actual weak signal must reside in the charged
X /Y channels, namely in the string/disorder and staggered/
density sectors exhibited explicitly in (81) and (82).
Determining which of those charged sectors dominates is
a separate dynamical question.

Figure 4 illustrates (91) numerically on a small interacting
open chain. The Bob-side Z channel sits at machine
precision throughout, whereas the surviving separated signal
lies predominantly in the charged Y channel. In the displayed
example the X channel survives only at the contact point
ng = ny + 1 and is otherwise strongly suppressed. The next

subsection sharpens that observation into an exact real basis
suppression statement for separated Bob sites.

4. Real-basis constraint: The separated signal is
effectively a Y channel

The exact U(1) null result still leaves the charged X/Y
channels. On a finite open chain in the computational ¢°
basis, the lattice Hamiltonian is real symmetric, and for
the nondegenerate finite-chain ground states used below
one may choose the ground-state vector real. Only under
these finite-chain, real-basis, and nondegenerate-ground-
state assumptions can one sharpen the statement further.
For Bob sites separated from Alice

ng Z ny + 2, (92)

Eq. (75) shows that X ny CONtains exactly one Y matrix and
otherwise only real matrices, hence it is purely imaginary in
that basis. Since its support is now disjoint from X, , the
product X,, X, is both Hermitian and purely imaginary.
Therefore

M (nasng) = (X, X,y =0, ng>ny+2,  (93)
in the real ground-state convention. By contrast, Eq. (76) is
real, s0 X, Y np 18 real Hermitian and can remain nonzero at
separated sites. Thus, in the displayed open-chain geom-
etries the actual separated signal is effectively a Bob-side
Y-channel signal, while the Bob-side X channel survives
only as a contact or very short distance effect. Accordingly,
the direct boundary comparison of the charged sector is
carried out for 5y rather than for #y.

The original protocol therefore has a clear sector
structure. The neutral current sector is absent and the
surviving separated signal lies in a charged Y channel. A
direct comparison with the continuum current result there-
fore requires a distinct neutral current protocol on the same
lattice Hamiltonian.

C. Neutral-current lattice realization

1. Current sector on the lattice

Because Eq. (91) removes the Bob-side neutral current
from the original Alice-X protocol, any direct comparison
with the continuum current sector must use a separate
neutral observable defined on the same lattice Hamiltonian.
It can be formulated either as a coarse grained current
correlator or as a modified lattice protocol whose weak
signal is exactly that correlator.

Define the lattice density

(94)
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Equation (80) implies the exact discrete continuity equation

: Ik k

i+ Tnip =T, =0, (95)
which fixes (79) as the natural local current up to the trivial
choice of spatial orientation. This is the correct starting
point for a continuum current comparison.

2. Modified neutral current protocol

A neutral current construction on the same lattice
Hamiltonian is defined through coarse grained lattice
currents centered at Alice and Bob

cgf ZfAf m+1/2>x7m+1/2,

m=1

N—
cgf Zng n+1/2>u7n+1/2, (96)

n=1

with smooth envelopes of width # chosen in the scaling
window

A<kt 5&{,)” (97)
The associated same-current sector lattice observable is

WAL T) =2 O GT)), (98)
This is not a sector decomposition of the actual Alice-X weak
signal. It is a separately defined neutral sector observable on
the same massive-Thirring lattice Hamiltonian.

The same quantity is also the weak signal functional of a
modified neutral protocol on the same lattice Hamiltonian.
Let Alice use the lattice analog of the two-outcome current
POVM of Refs. [1,18],

1
M () = s [eosod ) + wsin(iol iy ).
u==+l, (99)

and let Bob use a bounded neutral unitary generated by a
localized smeared Z operator,

N
Uy () = expl=iu00g,),  Ogp= hyo(x,)Z,
n=1

(100)

At leading order in the measurement strength the corre-
sponding lattice weak signal is

0% hs)(T) = (JL),(0) O 4(T)),-

Using (80) and the open-chain relations J¥ = =T n=
one finds the exact discrete integration-by-parts 1dent1ty

(101)

N-1

Opn(T) =2 [hp.r(x,) = hpp (x| TS, 1o (T).

n=1

(102)

Therefore, if Bob’s bond-current smearing is chosen as

9p.r(Xni12) = hpe(xy) = hgp(x,40),  (103)

then the modified neutral weak signal reduces exactly to

1 ) (L. T) = 2(78,(0) 12,(T)), = nl¥ (L. T).
(104)

The same lattice Hamiltonian thus supports a neutral current
protocol whose weak signal is exactly the corresponding
current correlator. This is the lattice sector compared with the
continuum current result.

To complete the modified neutral construction as a lattice
QET protocol, one also needs its energetic cost. Write the
kinetic bond operator

Xan+l + YnYrrH
4a

Kn+l/2 == (105)

so that Hy,, = Zﬁ’:‘ll K, 1/» + Hz + const, where H, con-
tains the staggered-mass and density terms and com-
mutes with Op ;. Because Op, generates site-dependent
Z rotations

Uy ()10 Uy () = =2l (106)

one obtains the exact bondwise conjugation formula

h h
U () K, 12Ul ()
= Ky11/2c08(2u095 ¢ (X,11/2))

- Jnuirl/z Sin(zﬂegB,f(an/z))- (107)

Thus only the bonds with nonzero g » contribute to Bob’s
local energy change. At Bob time 7, the postfeedback

energy change relative to the post-Alice state obeys the
weak measurement expansion

AEY) (0:L.T) = (D) 0y ,(T)), + 2 55% 5]

+ 0(230,226%,6%), (108)
where
DY =3 uMY ()M (w) = sin(2475),).  (109)

p==1

and
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(a) (b)
m— eXxact, Ap =0.08 0.000200 A ® exact Eg”,’"a"
— = quadratic, Ao =0.08 A2 at
0.0020 4 =—— exact, Ao =0.12 | — 2AgNjlSz
== quadratic, A =0.12 0.000175
m— exact, Ao =0.16
== quadratic, Ag=0.16 0.000150 -
0.0015 A >
o 0.000125 +
2 5
<2 kel
Sa 0.0010 | 9 0.000100 +
< s
=
& 0.000075
0.0005 1
0.000050 A
0.000025 A
0.0000 -
T T T T T 0.000000 + T T T T T
—0.10 —0.05 0.00 0.05 0.10 0.000 oO. 005 0. 010 0. 015 0.020 0.025 0.030 0.035 0.040
Bob angle 6 A2

FIG. 5. Neutral-current protocol on the same interacting open chain (N = 8, m = 0.4, A(g) = 0.3). (a) Bob-induced energy change

(J),max __

AE(BJ,L“(Q) for three weak measurement strengths 4, compared with the quadratic prediction (111). (b) extracted energy Ej .

— miny AE;EM(Q) as a function of 43, with slope 2[5} ,]* /%, ,. The agreement verifies the leading weak measurement QET law for the
lattice current sector.

&% [hg) = ((Op 1, [Hia- Op )]) p but the.normalizqtion factor is not left free. It- is ﬁxed. l?y a
N1 one-point equal-time current correlator matching condition,

=—4% gpr(Xp12)*(Kpi12), 2 0. (110) a
2 9neConin2) Ko, F(x,0y.)

lat (f Xor y*) I—‘cfont.cand (x* . y*) ’

Fl;t(xvy) = <‘]Cg.f(0’x)JCg,f<Ovy)>g’ (114)

Using D, U) = 2707 Cg)f + O(43) as well as (104), the lead-
ing weak measurement lattice QET law becomes

with
J
AEY) (0:L.7) = 200 (L.T) + % &8t ]
+0(330.736%.6°). a1y ) = / dudv s (u— )¢y (v —y)
Minimizing over 6 yields X (710, 0)7(0, ¥) contcana: (115)
2200 (L, T) Equation (113) gives the continuum-lattice relation for the
oY) = + + O0(R), neutral current sector. For the numerical test we fix the
Jze [715] coupling, the open-chain geometry, the smoothing pre-
22 [;11!3; AL, T)]2 scription, and the time slice, and work at the free open-
E;f fldt—[] O(%3).- (112)  chain point m = A(g) = 0. After one-point normalization,
JZ,¢

the remaining distance dependence is parameter-free within

The overall factor 2 reflects the convention Op ), = > hZ. that setting.

Rescaling the generator by 1,/2 would absorb it. The neutral

current construction is therefore a lattice QET protocol at 3. Free-point boundary test

leading order, with the same quadratic structure as the Because Ref. [35] uses an open chain, the relevant

continuum analysis. Figure 5 checks this directly onasmall  ¢ontinuum boundary condition must be tied to the lattice

interacting open chain. geometry. The exact lattice statement is simply that there
In the continuum scaling window one expects is no bond outside the chain, so the external current

P vanishes. The continuum counterpart is therefore the
WAL T) = CL (6 v) £ m (L. T) no-flux condition
7
+ scaling corrections, (113) JHt,x)| e = 0. (116)
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(a)

° Elattice riat
— EDirichIet candidate (1-point matched)
— gNeumann candidate (1-point matched)

10744

—T(Xa, XB)

105 4

10 20 30 40

separation L = xg — Xa

50 60

lattice / Dirichlet after 1-point match

(b)

1.020

== Dirichlet, R/la=2.0
=== Dirichlet, R/a=2.5
=== Dirichlet, R/a=3.0

1.015 A

1.010 A

1.005 ~

0.995 4

0.990 ; . ; — : :
30 40

separation L = xg — Xa

FIG. 6. Free-point boundary test for the neutral current sector at m = A(g) = 0. (a) lattice data for the coarse grained bond-current
correlator I'% (x4, xz) on an open chain, compared with Dirichlet and Neumann finite-interval image kernels normalized at a single
reference point through (114). (b) after the same one-point matching, the Dirichlet ratio stays close to unity for R/a = 2.0, 2.5, 3.0. The
same conclusion holds when the reference point is changed, which supports a no-flux/Dirichlet interpretation for the neutral conserved

current sector at the gapless free point.

Using the bosonization map

jl ﬂC PCyr = ﬂC

o 0:h.

(117)

the most natural bosonic realization is Dirichlet for ¢
(equivalently Neumann for the dual field), for which the
equal-time finite-interval reference kernel is

< (OX) (Oy canchxZ

mezZ

{ (x—y+ 2ngyg)

1
- . (118)
(x+y+ ZmLsys)2:|

The Neumann kernel has the opposite sign in front of
the image term. Because the interacting gapped boundary
SG correlator is not computed here, (118) is used as a
boundary-dependent continuum reference kernel for the
neutral sector.

We test this same current sector numerically at the
gapless free open-chain point m = A(g) = 0. Panel (a)
of Fig. 6 compares the one-point matched lattice current
correlator with the Dirichlet and Neumann image-kernel
references. The Dirichlet kernel follows the lattice profile
closely, whereas the Neumann kernel does not. Panel
(b) shows that this agreement survives changes of the
coarse-graining width: for R/a €{2.0,2.5,3.0} the one-
point matched Dirichlet ratios remain within a few percent
of unity, while the corresponding Neumann ratios remain
order-one away. Moving the normalization point from

« = 19a to 38a to 49a does not change this conclusion.
The free-point comparison therefore favors the Dirichlet
image kernel as the continuum reference for the neutral
conserved current sector.

With the neutral current relation in place, the actual
nonzero weak signal of the Alice-X circuit lies in the
charged sector. That sector is analyzed at the operator level
and then compared with a boundary-state sign test.

D. Charged sector and boundary comparison

1. Charged scaling fields

The selection rule shows that the next step toward the
actual minimal qubit protocol of Ref. [35] is the bosoniza-
tion of the surviving charged X /Y sector itself. The natural
objects are the ladder operators o7. In the critical XXZ/
Thirring scaling limit, Ref. [47] gives the expansion in
semilocal Gaussian fields as

=e
o7 ~ Coa00; o(x) + %ad"z(oﬂ,z(x)
+ Oy (X)) + -, (119)
a (-1t
05~ ————0,(x) + ——=—La®2(Oy,(x
[ 2”\/@2 l(p( ) 2l ( 0,2( )
- Op(x)) + (120)

with x = la and
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O, (x, 1) = A% lim ex [ / dx'0,p(x, t]
(X, 1) = A lim exp b (X', 1)
X exp [L "’27XXZ(p(x+e, t)],
2 2
d,, =1z, T (121)

2 8nxxz '

The first exponential is precisely the disorder/Jordan-Wigner
string, whereas the second is a local vertex operator. Under
the lattice U(1) symmetry these fields carry charge s
U(IOS,V! U(;l = eiS(lOS,ﬂ’ (122)

s0 O  are the leading charged continuum avatars of 6. In
the SG language they are the topologically charged dual
exponentials/Mandelstam operators that create one-soliton
charge [44,48], while O_ | 1, are the first charged harmonics
obtained by dressing them with the neutral 6° harmonic.

To avoid any clash with the QET weak signal coeffi-
cient 7(4y), we denote the Lukyanov-Terras XXZ param-
eter by nxxz. In the critical XXZ window —1 < Axxy < 1
one may write

Axxz = —cos(nnxxz),
1

B 2nxxz '

ﬂzc = 8nnxxz>

(123)

where K is the Luttinger parameter and f3 is the canonical
SG coupling used in the continuum sections. In this
notation, #yxz fixes the charged UV power, K =
(2nxxz)~", p% = 8anxxz, and A(g) is used below only
as the lattice-side interaction parameter in the finite-mass
examples. Table I summarizes the notation so that the
charged formulas can be read without repeatedly translating
between the XXZ and SG conventions. For the massless limit
m = 0 of the open-chain lattice Hamiltonian, a staggered z
rotation about Z flips the sign of the XY term and identifies

TABLE 1.

the coefficient A(g) with the usual XXZ anisotropy Axxz in
this scaling-field dictionary. For the finite-mass, finite-size
open-chain examples below, Eq. (123) and Table I are used
only to organize the leading scaling fields and not as an exact
quantitative map. In particular

Nxxz
dig=—=,

1.0 )
(0110(r)0-10(0)) e ree (Mr<1),  (124)
so the charged critical power is nxxz-dependent even though
the massive infrared tail used later is universal.

2. Ultraviolet and infrared regimes

The UV law r7™xz and the infrared one-soliton tail
r~1/2¢=M belong to different regimes. The comparison
here uses only the infrared regime. Interpolating between
the two, including the exact boundary normalization, is not
attempted.

Equations (119)—(121) give a bosonized description of
the actual nonzero weak signal. Define the opposite-charge
pairings

Ci_(ny.ng) = (o, 6"_lg>g’

C_,(ny,ng) = (o3, 63,) (125)

e
Because the ground state has definite total charge, the
same-sign pairings vanish exactly,

(O, Giy)g = (O, O )g = 0, (126)
so the actual Bob-side X/Y channels reduce to the exact
identities

X Y) .
nl(at) =C_+C, Wl(at) =i(Cio—C_y). (127)
Combined with the separated-site suppression (93), this
means that for nz > ny + 2 the actual weak signal is

Parameter dictionary used in the charged sector. For the finite-mass, finite-size open-chain examples below, this is a

dictionary of leading long distance sectors, not an exact quantitative finite-size map.

Symbol Meaning in this paper Relation used here

nxxz Lukyanov—Terras scaling-field parameter Axxz = —cos(mnxxz), K = 2nxxz)™!

K Luttinger parameter of the critical XXZ/Thirring 2C =4r/K = 8anxxy
scaling limit

Pc Canonical SG coupling used in Secs. [I-V same coupling that appears in the bosonized current map

Axxz Massless XXZ anisotropy entering the identified with the lattice coefficient A(g) only in the massless,
scaling-field dictionary staggered-rotated dictionary

A(g) Interaction coefficient of the open-chain lattice treated only as the lattice-side parameter whose long distance

Hamiltonian used numerically

charged sector is organized by the XXZ dictionary
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encoded in a single opposite-charge pairing,

C_i(ny,ng) = —C,_(na, np),

rll(:;)(nA7 nB) = 2iC+_(nA, nB).

(128)
Thus the entire nonzero separated part of the actual Alice-X
weak signal is encoded in oppositely charged pairings of
semilocal fields. The neutral current result of Sec. VI
therefore identifies the charged correlators that replace the
current correlator in the continuum description of the
original protocol.

At leading continuum order the correspondence with the
exact lattice decomposition (81)-(82) is direct. The
kinetic/string piece nfaY;k‘“/“” is the descendant of the

leading charged field O, the explicit staggered term

nl(;;mg) multiplies that same charged field by the con-

tinuum mass perturbation, and the density-dressed string
piece m(;;p =) feeds the first charged harmonic through the
o° expansion (120). The bosonized continuum ansatz for

the actual charged weak signal can therefore be written as

COM(L, T) = Ain07GYL (L, T) + Agag (—1) G (L, T)

+AGH(L,T)+ -, (129)
GYUL,T) = (0,10(x4,0)0_1 (x5, 7)), (130)

GULL.T) = (041 0(x4. 0)(O_12 + Oy ) (x5.T)) e
(131)
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with nonuniversal matching coefficients Ay,  Agpags
and A,. Here Ag,, denotes the effective continuum
amplitude obtained by coarse-graining the lattice stag-
gered-mass operator me, Z, onto the leading charged field.
It is therefore a matching coefficient in the charged weak
signal channel, not a new microscopic mass parameter
separate from the lattice staggered term. The actual qubit
channels are then the real and imaginary combinations of
the charged pairings

(¥)

x) _
Mact,cont =

i( (cont cont
Mact,cont = l<C+_ - C_+ ),

(132)

cont cont
Ceont | Coont,

with C<" obtained by charge conjugation. In the concrete
open-chain examples below, the separated signal appears
predominantly in the ¥ channel, which simply means that
the imaginary opposite-charge pairing dominates over the
real one.

This charged-sector identification changes the expected
gapped scale of the actual minimal protocol. Because O o
carry unit topological charge, their bulk form-factor expan-
sion is governed by one-soliton intermediate states rather
than by the neutral current channel. At short distance the
critical power is fixed by Eq. (124).

The nyxz-dependent power in Eq. (124) controls the
critical ultraviolet scaling of the charged field. The
r~1/2¢=M" behavior used below is the universal one-soliton
infrared tail of a massive charged propagator. The com-
parison in this subsection therefore addresses the large
distance structure of the charged sector rather than the full

(b)

® actual nY

=== Kin/string descendant
== = staggered charged harmonic
=—e— density-dressed harmonic

0.2 A

actual Y-channel weak signal

3 4 5 6 7 8 9
Bob site ng

10

Charged-sector anatomy of the actual weak signal. (a) free massive open chain with A(g) = 0. The separated Bob-side

Y signal is produced by the interference between the leading charged descendant (the continuum image of the kinetic/string term) and
the staggered charged harmonic. (b) interacting open chain with A(g) = 0.3. The same two contributions remain, and the interaction
adds the density-dressed harmonic associated with the first charged harmonic generated by ¢° dressing. In both panels N = 10, m = 0.4,
and Alice is fixed at ny = 2. These data provide the lattice evidence underlying Egs. (129)—(132).
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crossover from the critical ultraviolet regime to the massive
infrared regime.

The charged-sector comparison is restricted to the
universal massive one-particle infrared tail

b2
Kn(Mr) ~ - —Mr’
o(M7) 2M re
b2
K (Mr) ~ | =M,
1(M7) 2M re
Mr>1, (133)
so the fixed ~!/2 power in the boundary state comparison

below is the infrared one-soliton tail. Accordingly,

GS?Z(r) ~ 2o Mr

X/Y _ —Mr
i ()~ 2,

r — oo, (134)
with M the soliton mass. The boundary amplitudes and the
full crossover from the critical #xxz-dependent power to the
massive infrared tail are not determined here. The charged
sector identified above is therefore the part that must be
computed in any fuller continuum treatment of the minimal
qubit protocol.

Figure 7 confirms the operator content numerically. On a
free massive open chain (A(g) = 0), the separated actual Y
signal is generated by the interference of the leading
charged descendant and the staggered charged harmonic,
with no density-dressed piece. Turning on A(g) leaves the
same two pieces in place and adds the density-dressed
harmonic predicted by (82) and (120). The exact opposite-
charge reconstruction (127) is also satisfied numerically
to machine precision in the interacting example used
for Fig. 4.

3. Boundary comparison for 1y

The operator identities above determine the sector
content of the actual nonzero weak signal, but not the
interacting boundary correlator of the charged semilocal
fields. The comparison in this subsection uses a minimal
boundary state description in which the boundary sign is
fixed by the reflection properties of the charged sector,
while the nonuniversal bulk amplitudes are obtained from
an interior calibration.

In integrable boundary QFT the boundary state is built
from opposite rapidities, and the boundary state amplitude
is obtained from the reflection factor by the crossed relation
K(0) = R(iz/2 — 0) [49]. For the SG charged sector the
classical and semiclassical half-line analysis shows that
Dirichlet boundaries reflect a kink as a kink, whereas
Neumann boundaries reflect a kink as an antikink [50]. In
the conformal/massless limit the ¢ = 0 Dirichlet problem
also reduces to the odd-extension image law [50,51]. Using
the boundary reflection relation and exact boundary

exponential expectation values [52], one finds the minimal
one-soliton charged image sign

SD:+1, SN:—I. (135)
Only this sign is taken from the boundary data, and it is not
fitted to the edge data. The charged comparison then keeps
only the universal one-soliton infrared propagator on the
half line and uses the minimal Euclidean boundary-state
kernel

g){,s('xAva) = KO(M)(L) + SKO(M)(S)’

(136)

where K, denotes the modified Bessel function of the
second kind. Its derivative, needed for the charged descend-
ant piece, is

01.G, s(x4.xp) = =M, K\ (M,L) — sM ,K,(M,S). (137)
At large distance this kernel reproduces Eq. (133), so the
fixed r~!/2 power used here is the universal massive
infrared tail. The #xx7 dependence remains in the operator
identification and in the nonuniversal matching coeffi-
cients, not in the asymptotic Bessel exponent itself.
Because the actual separated Y signal is already organized
in Eq. (82) as a leading charged descendant plus staggered
and density-dressed harmonics, the continuum ansatz used
in the comparison is

N5 (na, ng) = BR<0,G, (x4, xp)
+ (_I)HBBE&]&(Q;(..T(XAPXB)

+ BBU]kg)(,s(xA’xB)ﬂ (138)
with B)"! = 0 when A(g) = 0. The nonuniversal constants
in Eq. (138) are obtained from an interior calibration rather

than from an edge fit. We determine MY, BPtk, BOuk,

and B5" once from an interior geometry (n, = 3) using
the same bulk charged tail but with the image term
removed. In the free case this means three bulk parameters
(MBI, BRulk, BhAK) calibrated from 10 separated interior
points, while in the interacting case it means four bulk
parameters (MO, Bhulk poulk Bhulk) - calibrated from 8
such points. Those bulk-calibrated coefficients are then
transferred unchanged to the edge geometry ny = 1. The
resulting comparison uses no fitted boundary amplitude.
The only boundary input is the sign s = 41 inherited from
the Dirichlet/Neumann charged reflection rule.

Figure 8 shows the result. In the free massive example
(N =14, m =04, A(g) =0), the bulk parameters are
calibrated on 10 separated interior points and then trans-
ferred unchanged to the edge geometry. In the interacting
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FIG. 8. Boundary comparison for the charged 7y signal using the sign choice of Eqs. (135)—(138). The charged bulk coefficients are
calibrated once in the interior geometry n, = 3 with the image term removed and then transferred unchanged to the edge geometry
ny = 1. No boundary amplitude is fitted at the edge. The solid curve uses the Dirichlet sign K,(0) = +1, the dash-dot curve the
Neumann sign K,(0) = —1, and the dashed curve the bulk-only result without an image term. The point L = a is shown for
completeness but excluded from the separated-window rms comparison. (a) free massive open chain (N = 14, m = 0.4, A(g) = 0).
(b) interacting open chain (N = 12, m = 0.4, A(g) = 0.3). In both cases the Dirichlet sign improves the separated 7y profile, while the
Neumann sign worsens it.

(@) (b)
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FIG. 9. Edge sensitivity of the charged boundary comparison. Panel (a) shows the free chain and panel (b) the interacting chain. The
bulk calibration is fixed at n, = 3, and the test geometry is moved from the edge inward through the scan n, = 1, ..., 5. The vertical axis
shows the percentage rms change relative to the bulk-only curve. The sign discrimination is large at the edge and quickly collapses away
from it. The edge/off-edge separation is roughly two orders of magnitude in the free case and about forty in the interacting case.

example (N =12, m = 0.4, A(g) =0.3), the same pro-  amplitudes are fixed away from the edge, the edge profile
cedure uses 8 interior points. In both cases the Dirichlet  favors the charge-preserving Dirichlet sign.

sign improves the separated-window agreement relative to This comparison does not include the exact boundary form
the bulk-only curve, whereas the Neumann sign worsens it.  factors of O, o and O, 4, or the corresponding ultraviolet
The comparison is qualitative but nontrivial. Once the bulk  and infrared normalization of their boundary amplitudes.
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Keeping the same interior calibration fixed at n, = 3 and
moving the test geometry inward makes the spatial range of
the comparison explicit. In the scan ny =1, ..., 5, the sign
discrimination is strongest at the edge. At ny, =1 the
Dirichlet choice improves the rms relative to the bulk-only
curve by about one third in the free example and by about
three quarters in the interacting example, while the
Neumann choice worsens it by a comparable amount.
One site inward the changes are already near zero in the
free case and only at the few-percent level in the interacting
case, and the remaining inward points show similarly weak
discrimination. The edge/off-edge sign-separation measure
is therefore larger at the boundary by roughly two orders of
|

magnitude in the free example and by roughly forty times
in the interacting example. Figure 9 shows that the sign
discrimination is localized near the edge in the short chains
studied here.

4. Implications near criticality

Reference [35] observed that the extracted energy peaks
near phase-transition lines. The continuum analysis of the
neutral current sector on the same lattice Hamiltonian gives
a closely related statement. Within the neutral current
protocol of Egs. (99)-(104), the weak signal obeys the
same crossover law as the continuum coefficient 7,

P (L T) ~ { Ll‘atz, Ly < 5&& (critical or crossover window), (139)
M L. exp (— §L§§:)’ Ly > fﬁf,)n (gapped bulk asymptotic regime).
Consequently the corresponding weak signal energy scales as
B (L) { i b (140)

These are bulk crossover laws for the neutral current sector.
The boundary-to-bulk geometry of Fig. 6 serves only to
select the free-point continuum reference kernel and is
separate from the asymptotic statement above. Increasing

55:{))” near a critical line therefore enhances the neutral current
QET mechanism available on the same lattice Hamiltonian.
This does not by itself explain the optimized qubit peak of
the original Alice-X protocol, because Eq. (91) shows that
the neutral current sector does not contribute there. The
nonzero signal of the original protocol instead comes from
the charged string/disorder and staggered/density sectors in
the X/Y channels. The charged asymptotic form (134)
suggests a one-soliton bulk scale e™" for that signal,
whereas the neutral current sector on the repulsive side is
governed by e=?"". A complete continuum account of the
original protocol therefore requires the interacting charged
boundary correlators and their amplitudes.

VII. DISCUSSION

The continuum analysis yields an exact quadratic func-
tional in the current sector, with Df‘ =1 and a leading
coefficient #; determined by a current correlator. In the
gapped theory, the spectral and form-factor representation of
n; is exact at leading order in the weak measurement, while

the asymptotic formulas apply in the regime r/ §£{))n > 1.
For the single-site Pauli protocol of Ref. [35], the lattice

analysis gives a different sector structure. Under the stated

finite chain assumptions, the Bob-side neutral current

Ll_at " exp (_ 2<L/])al) s Ly > fégrr

corr

|

channel vanishes for Alice’s X, measurement, the sepa-
rated X channel is suppressed in the real basis convention,
and the surviving signal is organized by opposite-charge
pairings. The nonzero weak signal of the original protocol
is therefore not described by the neutral current sector.

The direct continuum-lattice comparison instead con-
cerns the neutral current protocol defined on the same
lattice Hamiltonian. Its weak signal reduces exactly to a
coarse-grained current correlator, and its leading extracted
energy has the same quadratic QET structure with an
explicit local energetic cost. At the free open-chain point,
the boundary comparison favors the Dirichlet image kernel
as the natural continuum reference for this sector.

For the original qubit protocol, the missing continuum
ingredient is the charged correlator with open boundaries.
The lattice sector analysis identifies the relevant charged
scaling fields and shows that the Dirichlet sign gives the
better edge comparison in the short chains studied here.
A full continuum treatment still requires the interacting
boundary correlators and the ultraviolet and infrared
normalization of the charged operators.

VIII. CONCLUSIONS

We studied QET in the bosonized massive Thirring
model from both continuum and lattice perspectives. In
canonical normalization, the trigonometric POVM of
Refs. [1,18] satisfies D = 1, so the leading weak meas-
urement signal is governed by a smeared current correlator.
This gives an explicit continuum protocol in the current

045016-19



KAZUKI IKEDA

PHYS. REV. D 114, 045016 (2026)

sector, with the gapless law r~* for the extracted energy and
the gapped large-distance behavior ER™ ~ r=27je=2Menr,

We then analyzed the open-chain single-site Pauli pro-
tocol of Ref. [35]. The central lattice result is that the
Bob-side neutral current channel vanishes exactly for
Alice’s X,, measurement by a U(1) selection rule. The
separated signal therefore lies in charged X/Y sectors,
which explains why the original protocol does not couple
directly to the continuum current sector.

A neutral current protocol on the same lattice
Hamiltonian gives the corresponding lattice version of that
continuum sector. Its weak signal is exactly a coarse-
grained current correlator, and its leading extracted energy
follows the expected quadratic QET law. Related chirality-
based projective protocols of Ref. [32] can activate local
current and charge on the lattice, but the protocol studied
here isolates the neutral conserved current channel and
matches it to the continuum weak binary POVM.

For the charged sector of the original protocol, the
relevant continuum operators are Oy and O, 4,. The
short-chain edge comparison favors the Dirichlet sign in
the boundary state description. Extending this part of the
analysis requires the corresponding interacting charged
correlators with open boundaries and their ultraviolet
and infrared normalization.
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APPENDIX: RELATION TO THE LUKYANOV-
ZAMOLODCHIKOV NORMALIZATION

Some SG references use the field ¢ normalized by

s [ x| 0or -2t —cosipo|. (A

The relation to the canonical field used in the main text is

@ = V8rnP, p% = 8ap”. (A2)
In this convention the current map becomes
: p
= ——e"a,p, A3
j 5,60 (A3)

which is equivalent to (27). The BKT line % = 8z is
therefore the same as > = 1.
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