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Quantum energy teleportation (QET) has been studied in continuum field theory and in lattice many-
body systems, but the relation between the twowithin a single interacting model is still not well understood.
To address this question, we consider the massive Thirring model, equivalently the sine-Gordon theory. In
the continuum, the trigonometric measurement is a weak binary positive operator-valued measure (POVM),
and its leading signal is set by a conserved-current correlator in the bosonized theory, with both gapless
behavior and gapped large-distance asymptotics. On the lattice, the conventional protocol does not access
this neutral current sector. For Alice’s local measurement, a lattice Uð1Þ selection rule removes the neutral
current contribution from Bob’s subsystem, and the separated signal lies in charged sectors. On the same
lattice Hamiltonian we construct a neutral current protocol whose weak signal is exactly a coarse-grained
current correlator and whose extracted energy scales quadratically with the measurement strength. This
identifies the neutral sector shared by the lattice and continuum descriptions, while separating it from the
charged sector that governs the conventional qubit protocol.
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I. INTRODUCTION

Quantum energy teleportation (QET) uses quantum
correlations already present in a ground/vacuum state to
extract energy at a distant site through a local measure-
ment, classical communication, and feed-forward opera-
tions [1,2]. (Detailed reviews are available in [3–5].)
Experimental demonstrations were recently conducted at
finite temperature [6] and near zero temperature [7]. The
subject spans relativistic field theory and lattice many-body
systems. In relativistic field theory, local algebraic struc-
ture, passivity, and constraints on negative energy provide
the basic framework [8–12]. In many-body physics, the
same protocol is tied to critical correlations and entangle-
ment structure [13–15]. Finite-dimensional realizations and
operational bounds were examined in [16].
Continuum and near-continuum protocols were developed

for trapped ions, electromagnetic fields, harmonic chains,
and quantum Hall edge channels [17–20]. The relation
between teleported energy and entanglement resources,
including long distance variants based on squeezed states,
was studied in [21–23]. Extensions to relativistic protocols
with qudit probes, negative stress-energy generated through
QET, and quasilocal measurements in two-dimensional
conformal field theory were analyzed in [24–26]. Recent

work has also clarified local limits on extraction, strong local
passive states, experimental activation, information-theoretic
formulations of minimal protocols, and upper bounds on
extractable energy [16,27–34].
QET has also become a probe of many-body structure

and control. Examples include criticality in the massive
Thirring model [35], symmetry-protected topological phase
diagrams [36], robustness of postmeasurement quantum
correlations [37], quantum networks [38], quantum crypto-
graphic settings [39–41], quantum batteries [42], game
theory [31], and feedback activation of observables beyond
energy, including current and charge [32].
Yet continuum and lattice QET are usually written in

different operator languages. The continuum construction
is naturally formulated with local positive operator-valued
measures (POVMs), while lattice studies often use pro-
jective qubit measurements. In an interacting theory this is
not a superficial difference. After bosonization and open
boundaries are imposed, it is not obvious which lattice
sector should reproduce a given continuum observable.
The massive Thirring model is a natural place to

examine this question. Through bosonization it is equiv-
alent to the sine-Gordon theory, and the conserved fermion
current becomes a local bosonic field [43,44]. In the
continuum construction of Refs. [1,18,19], Alice’s meas-
urement is a weak binary POVM in the standard quantum-
information sense: for small measurement strength, each
Kraus operator stays close to the identity and the leading
QET coefficient is set by a smeared current correlator.
This is not a weak-value protocol with an auxiliary meter
and postselection.
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On the lattice, the open-chain protocol of Ref. [35] uses
single-site Pauli measurements and local Pauli feedback on
the same massive Thirring Hamiltonian. Those measure-
ments are projective. The small parameter there is the weak
signal ratio that governs the optimized extracted energy. In
the original Alice-XnA circuit, a lattice Uð1Þ selection rule
removes the Bob-side neutral current channel, so the
separated signal lies in charged sectors. Related chiral-
ity-based projective protocols can activate local current and
charge on the lattice [32], but the protocol studied here
isolates the neutral conserved current channel and matches
it to the continuum weak binary POVM.
A second protocol on the same lattice Hamiltonian,

built from coarse-grained current observables, restores the
neutral channel, and yields a weak signal that is exactly
the corresponding lattice current correlator. This gives a
direct neutral-sector comparison between lattice and con-
tinuum, while the charged part of the original qubit
protocol is treated separately and checked against a
boundary sign test.
The rest of this article is organized as follows. Section II

recalls the continuum QET protocol in canonical normali-
zation and fixes the weak binary POVM together with its
weak-measurement expansion. Section III rewrites the
leading continuum coefficient in bosonized massive
Thirring variables and gives its exact bulk form-factor
representation. Sections IV and V then treat the continuum
theory in the gapless and gapped regimes, including the
open-boundary gapless kernel and the large-distance
massive asymptotics. Section VI turns to the open-chain
lattice problem. It first analyzes the conventional QET
protocol, then introduces a modified neutral-current pro-
tocol on the same Hamiltonian, and finally compares the
remaining charged sector with a boundary description.
Section VII discusses the sector structure of the compari-
son, Sec. VIII summarizes the main results, and Appendix
records the relation to the Lukyanov-Zamolodchikov
normalization.

II. CONTINUUM QET PROTOCOL IN
CANONICAL NORMALIZATION

A. Canonical field, local energy, and Bob’s local unitary

We use a canonically normalized bosonic field ϕ and its
conjugate momentum Π

½ϕðt; xÞ;Πðt; yÞ� ¼ iδðx − yÞ: ð1Þ

Throughout the continuum field-theory analysis we work in
relativistic units with propagation speed set to 1, so every
occurrence of T below is the relativistic continuum time
coordinate.
For the bosonized sine-Gordon (SG) theory we take the

Hamiltonian density in canonical form

HðxÞ ¼ 1

2
ΠðxÞ2 þ 1

2
ð∂xϕðxÞÞ2 þ 2μð1 − cosðβCϕðxÞÞÞ;

ð2Þ

with the additive constant chosen so that the ground-state
energy density vanishes. Let wBðxÞ be a non-negative
window function supported in Bob’s region and define

ĤB ≡
Z

dxwBðxÞε̂ðxÞ; ð3Þ

where ε̂ is the normal-ordered local energy density asso-
ciated with (2). We assume wBðxÞ ¼ 1 on the support of
Bob’s smearing profile pBðxÞ.
Bob’s outcome-dependent local unitary is the local shift

operator used in Ref. [1],

ÛnðBÞ ¼ exp

�
i κan

Z
dxpBðxÞϕ̂ðxÞ

�
; ð4Þ

where an ∈R labels the classical outcome and κ is Bob’s
control parameter. By the Baker-Campbell-Hausdorff for-
mula

ÛnðBÞ†Π̂ðxÞÛnðBÞ ¼ Π̂ðxÞ þ κanpBðxÞ: ð5Þ

Therefore

ÛnðBÞ†ĤBÛnðBÞ ¼ ĤB þ κanÔB

þ κ2a2n
2

Z
dxwBðxÞpBðxÞ2; ð6Þ

where

ÔB ≡
Z

dxwBðxÞpBðxÞΠ̂ðxÞ: ð7Þ

The factor 1=2 in the quadratic term is the one appropriate
to the canonical normalization (2).

B. Trigonometric POVM

Alice uses a two-valued POVM localized in region A

M̂0ðAÞ ¼ cos Φ̂A; M̂1ðAÞ ¼ sin Φ̂A; ð8Þ

with

Φ̂A ≡ π

4
− X̂A; X̂A ≡ λ0

Z
dx fAðxÞΠ̂ð0; xÞ; ð9Þ

where fA is supported in A and λ0 controls the measure-
ment strength. Define the POVM elements D̂n ¼ M̂†

nM̂n
and outcome labels an ¼ ð−1Þn. Then
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D̂A ≡X
n

anD̂n; ð10Þ

ˆ̃D 2
A ≡X

n

a2nD̂n: ð11Þ

For (8) one has the exact identities

D̂A ¼ D̂0 − D̂1 ¼ cosð2Φ̂AÞ ¼ sinð2X̂AÞ;
ˆ̃D 2

A ¼ D̂0 þ D̂1 ¼ 1: ð12Þ

The coefficient multiplying κ2 depends on ˆ̃D 2
A rather

than D̂ 2
A, and for the present POVM one has ˆ̃D 2

A ¼ 1
exactly.

C. Weak binary POVM

The measurement in Eqs. (8) and (9) is weak in the
standard quantum-information sense of an unsharp two-
outcome POVM. Expanding for small λ0 gives

M̂0ðAÞ ¼
1ffiffiffi
2

p ð1þ X̂AÞ þOðλ20Þ;

M̂1ðAÞ ¼
1ffiffiffi
2

p ð1 − X̂AÞ þOðλ20Þ: ð13Þ

The associated POVM elements therefore obey

D̂0 ¼
1

2
1þ X̂A þOðλ30Þ;

D̂1 ¼
1

2
1 − X̂A þOðλ30Þ: ð14Þ

Each Kraus operator is thus close to the identity and the
outcome bias is linear in X̂A. This is the usual weak or
unsharp binary measurement.
This is not a weak-value schemewith a separate meter and

postselection. No auxiliary pointer system enters, and there
is no postselection. The single-site Pauli measurement of
Ref. [35] is projective rather than weak in the POVM sense.
On the lattice side, the small parameter appears only after
Bob’s optimization through the signal ratio jηlatj=ξlat ≪ 1 in
Eq. (71). The neutral current lattice protocol of Sec. VI is the
direct lattice analog of the continuum weak binary POVM.

D. Spacelike timing and the quadratic form

Let ÛðTÞ ¼ e−iĤT be the system time evolution. We
impose a spacelike protocol,

T < L − ðRA þ RBÞ; ð15Þ

where L is the separation between the supports of A and B
and RA;B denote their radii. Then every operator supported
in A at t ¼ 0 commutes with every operator supported in B

at t ¼ T. In particular, the commutator conditions needed
for the quadratic form follow directly from microcausality
in the spacelike regime [1]. In this formulation the classical
communication step is treated as an external side channel,
while the field theory governs the measurement and feed-
back operators themselves.
Averaging over outcomes after Bob’s conditional uni-

tary, one obtains

hĤBiρF ¼ 1

2
ξκ2 þ ηκ; ð16Þ

with

ξ≡ h ˆ̃D 2
Aig
Z

dxwBðxÞpBðxÞ2; ð17Þ

η≡ hD̂AÔBðTÞig; ÔBðTÞ≡ ÛðTÞ†ÔBÛðTÞ: ð18Þ

Because (12) gives h ˆ̃D 2
Aig ¼ 1, we have

ξ ¼
Z

dxwBðxÞpBðxÞ2: ð19Þ

Optimizing (16) over κ yields

κ� ¼ −
η

ξ
; Emax

B ¼ η2

2ξ
: ð20Þ

E. Weak-measurement expansion

For the interacting SG vacuum, the remaining step
beyond the exact quadratic form is the weak measurement
expansion,

D̂A ¼ sinð2X̂AÞ ¼ 2X̂A þOðλ30Þ: ð21Þ

Hence

η ¼ 2hX̂AÔBðTÞig þOðλ30Þ: ð22Þ

Substituting (9) and (7) gives the exact leading-order
formula

η ¼ 2λ0

Z
dx dy fAðxÞwBðyÞpBðyÞ

× hΠð0; xÞΠðT; yÞig þOðλ30Þ: ð23Þ

Writing

ηðλ0Þ ¼ η1λ0 þOðλ30Þ;

η1 ≡ 2

Z
dx dy fAðxÞwBðyÞpBðyÞhΠð0; xÞΠðT; yÞig;

ð24Þ
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one obtains the leading extracted energy

Emax
B ðλ0Þ ¼

η21
2ξ

λ20 þOðλ40Þ: ð25Þ

This expresses the leading QET coefficient entirely in terms
of the interacting current correlator. No Gaussian identities
are used inside the interacting SG vacuum.

III. BOSONIZATIONOF THEMASSIVE THIRRING
CURRENT SECTOR

A. Canonical SG action, Coleman relation,
and current map

The bosonized massive Thirring theory [45], equiva-
lently the sine-Gordon theory, provides a natural setting in
which to compare continuum and lattice descriptions. See
textbook [46] for the details about the model.
We work throughout with the canonically normalized

SG field

SSG ¼
Z

d2x

�
1

2
ð∂μϕÞ2 − 2μð1 − cosðβCϕÞÞ

�
: ð26Þ

The bosonized Thirring current is

jμ ¼ −
βC
2π

ϵμν∂νϕ; ð27Þ

so that

j1 ¼ βC
2π

Π; Π ¼ 2π

βC
j1: ð28Þ

The Coleman relation takes the standard form

4π

β2C
¼ 1þ g

π
: ð29Þ

The cosine perturbation has scaling dimension Δcos ¼
β2C=ð4πÞ and is therefore marginal at

β2C ¼ 8π ⇔ g ¼ −
π

2
: ð30Þ

This is the Berezinskii–Kosterlitz–Thouless (BKT) line in
Coleman’s canonical normalization.
Via (28), the leading QET coefficient becomes a func-

tional of the current correlator

η1 ¼
8π2

β2C

Z
dx dy fAðxÞwBðyÞpBðyÞhj1ð0; xÞj1ðT; yÞig:

ð31Þ

The weak measurement signal is therefore controlled by a
bosonized Thirring current correlator.

B. Implementation in bosonized Thirring variables

At leading order in the weak measurement, the con-
tinuum protocol can be implemented directly in bosonized
Thirring variables without further reference to lattice
observables. Writing

X̂A ¼ λ0
2π

βC

Z
dx fAðxÞĵ 1ð0; xÞ;

ÔBðTÞ ¼
2π

βC

Z
dy gBðyÞĵ 1ðT; yÞ; ð32Þ

with gBðyÞ≡ wBðyÞpBðyÞ, the continuum construction in
the current sector may be summarized as follows.
(a) Choose the SG and Thirring couplings ðβC; μÞ and

smooth compactly supported smearings fA, gB with
spacelike-separated supports.

(b) Evaluate the exact leading-order coefficient η1ðL; TÞ
either from the current correlator (31) or from the bulk
spectral formula (38) below.

(c) Compute ξ ¼ R dxwBðxÞpBðxÞ2 and then

κ� ¼ −
η1
ξ
λ0 þOðλ30Þ; Emax

B ðλ0Þ ¼
η21
2ξ

λ20 þOðλ40Þ:

ð33Þ

Within the continuum protocol and the standard spectral
and form-factor formalism for the current sector, the
bosonized massive Thirring implementation is exact at
the level of the leading weak measurement coefficient η1
and its representation (38). The protocol is already written
in bosonized Thirring current variables through (32), while
the SG field provides a convenient representation of the
same current sector Wightman function. In the gapped
theory, only the further reduction to large distance asymp-
totics is approximate.

C. Exact bulk form-factor implementation of η1
Equation (31) is exact at leading order in λ0 for any SG

vacuum. In the bulk gapped theory, translation invariance
allows a direct form-factor implementation. Let Alice’s
smearing be centered at the origin and write Bob’s local
weight as

gBðyÞ≡ wBðyÞpBðyÞ ¼ gðy − LÞ; ð34Þ

with L > 0 the center-to-center separation. Define the
Fourier transforms

f̃ðqÞ ¼
Z

dx e−iqxfAðxÞ; g̃ðqÞ ¼
Z

du e−iqugðuÞ:

ð35Þ

The bulk Wightman function of the current has the exact
spectral expansion
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hj1ð0; 0Þj1ðT; zÞig

¼
X∞
n¼1

1

n!

X
a1;…;an

Z
dθ1 � � � dθn

ð2πÞn jFj1ja1…an
n ðθ1;…; θnÞj2

× e−iTEnðθÞþizPnðθÞ; ð36Þ

where

EnðθÞ ¼
Xn
k¼1

mak cosh θk; PnðθÞ ¼
Xn
k¼1

mak sinh θk:

ð37Þ
Substituting (36) into (31) and performing the x, y integrals
yields the exact leading-order bulk implementation formula

η1ðL; TÞ ¼
8π2

β2C

X∞
n¼1

1

n!

X
a1;…;an

Z
dθ1 � � � dθn

ð2πÞn jFj1ja1…an
n ðθÞj2

× e−iTEnðθÞþiLPnðθÞf̃ðPnðθÞÞg̃ð−PnðθÞÞ: ð38Þ
Equation (38) gives the exact continuum QET formula in
the current sector of the bosonized Thirring theory at
leading order in the measurement strength. All later gapped
asymptotics are derived from this expression. For smooth
compactly supported smearings, f̃ and g̃ are entire and
rapidly decaying, so the spectral integrals are well behaved.

IV. GAPLESS CONTINUUM IMPLEMENTATION

A. Exact full-line kernel and fixed rapidity law

At the gapless fixed point, the canonical momentum
correlator on the full line is

hΠð0; xÞΠðT; yÞi0 ¼ −
1

4π

�
1

ðx − y − TÞ2 þ
1

ðx − yþ TÞ2
�
;

ð39Þ
valid in the spacelike regime jx − yj > jTj as a distribution
away from coincident points. Substituting (39) into (23)
shows that, for smearings localized on scales much smaller
than the separation

η1ðL; TÞ ∝
1

ðL − TÞ2 þ
1

ðLþ TÞ2

¼ 2ðL2 þ T2Þ
ðL2 − T2Þ2

¼ 2 coshð2χÞ
r2

; ð40Þ

where we parametrize the spacelike separation as

L ¼ r cosh χ; T ¼ r sinh χ; r≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 − T2

p
> 0:

ð41Þ

Hence

Emax
B ðL; TÞ ∝ r−4 at fixed spacelike rapidity χ: ð42Þ

The hyperbolic factor coshð2χÞ makes the approach to the
light cone anisotropic even though the overall radial decay
is r−2 at fixed χ.

B. Compact-support continuum implementation

To make the continuum QET construction explicit, we
choose smooth compactly supported bump profiles

fAðxÞ ¼ N A exp
�
−

1

1 − ðx=RAÞ2
�
ΘðRA − jxjÞ;

gBðyÞ ¼ N B exp

�
−

1

1 − ððy − LÞ=RBÞ2
�

ΘðRB − jy − LjÞ; ð43Þ

with
R
dx fAðxÞ ¼ 1 and

R
dy gBðyÞ2 ¼ 1, so that ξ ¼ 1

exactly. In the massless fixed-point theory the leading weak
measurement coefficient is therefore

η1ðL; TÞ ¼ −
1

2π

Z
A
dx
Z
B
dy fAðxÞgBðyÞ

×

�
1

ðx − y − TÞ2 þ
1

ðx − yþ TÞ2
�
; ð44Þ

and the leading energy signal is

Eð2Þ
B;currðL; TÞ≡ η1ðL; TÞ2

2
λ20: ð45Þ

At large fixed rapidity one finds

η1ðL; TÞ ¼ −
PB

2π

�
1

ðL − TÞ2 þ
1

ðLþ TÞ2
�
þOðr−3Þ;

PB ≡
Z

dy gBðyÞ; ð46Þ

which reproduces (42). Figure 1 shows a direct numerical
implementation of (44) and (45) with compactly supported
smearings. It provides a concrete continuum realization of
the bosonized QET protocol in the Thirring current sector,
independent of any lattice construction.

C. Open boundaries in the gapless regime

On a half line, the method of images gives

GOBC
ΠΠ ðx; y;TÞ ¼ G∞

ΠΠðx− y;TÞ þ sbcG∞
ΠΠðxþ y;TÞ; ð47Þ

where sbc ¼ þ1 for Neumann and sbc ¼ −1 for Dirichlet
boundary conditions for the boson field. On a finite interval
ð0;lÞ one obtains the corresponding image sum over
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y → �yþ 2nl. Consequently

η1;OBCðL;TÞ ∝
1

ðL− TÞ2 þ
1

ðLþ TÞ2

þ sbc

�
1

ðL0 − TÞ2 þ
1

ðL0 þ TÞ2
�
þ � � � ; ð48Þ

where L0 ¼ xA þ xB is the distance to the image point and
the omitted terms come from further images on a finite
interval. These formulas are derived only in the gapless
theory. Later, when the open-chain lattice geometry of
Ref. [35] is compared with the continuum description, the
exact no-flux lattice continuity equation singles out the
Dirichlet choice sbc ¼ −1 as the natural boundary con-
dition for the neutral current sector. For the interacting
gapped theory, however, the corresponding boundary SG
correlator is not yet available, so the finite-interval image
kernel used below serves as a reference kernel for that
comparison.

V. GAPPED BULK SG: SPECTRAL FORMULAAND
LARGE DISTANCE ASYMPTOTICS

A. General bulk asymptotics from the
current spectral formula

For β2C < 8π, the cosine is relevant and the SG theory is
massive. In the spacelike regime it is convenient to use the
Euclidean spectral representation and then continue back to

r≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 − T2

p
> 0: ð49Þ

Let Meff denote the smallest total mass that appears with a
nonvanishing current form factor in (38). Then the exact
form-factor implementation implies the large distance bulk
law

η1ðL; TÞ ∼Ajr−γje−Meffr;

Emax
B ðL; TÞ ∼ r−2γje−2Meffr; ð50Þ

where γj is the threshold exponent of the lightest current
channel and Aj is a nonuniversal amplitude determined by
the corresponding form factor and smearing overlap. The
leading asymptotic assumes that the chosen smearings have
nonzero overlap with the lightest current channel. If the
threshold overlap vanishes by symmetry or moment con-
straints, then either the same channel reappears with a
higher threshold power or the next allowed channel con-
trols the right tail.
Writing

s≡ r

ξðjÞcorr

¼ Meffr; ξðjÞcorr ≡ 1

Meff
; ð51Þ

the asymptotic regime of (50) is s ≫ 1. At fixed finite r,

approaching the BKT line drives ξðjÞcorr → ∞, so eventually
s≲ 1 and the gapped expression crosses over to the gapless
fixed-point law. The gapped formula therefore explains the
enhancement of the teleported energy on the gapped side as
the current-channel correlation length increases, but not the
full peak profile.

FIG. 1. Direct continuum implementation of the leading weak measurement energy signal Eð2Þ
B;curr ¼ η21λ

2
0=2 at the massless fixed point

using the compactly supported smearings (43) with RA ¼ RB ¼ 0.15 and ξ ¼ 1. (a) exact numerical evaluation of Eq. (44) for two fixed
spacelike rapidities, as well as the asymptotic form implied by Eq. (46). (b) ratio of the exact result to the asymptotic expression,
showing convergence to the predicted fixed rapidity r−4 tail.
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B. One-particle neutral current channel

If the lightest nonvanishing current channel is a single
neutral mode of mass m�, then the channel-truncated
correlator can be written exactly in terms of the Bessel
kernel. Equivalently, one may think of this as an effective
current mode with

hj1ðxÞj1ð0Þið1Þ ¼ ZjG
ð1Þ
j1j1

ðxÞ; ð52Þ

where Zj is the channel amplitude and

Gð1Þ
j1j1

ðL; TÞ ¼ −
1

2π
∂
2
TK0ðm�rÞ

¼ −
1

2π

�
m� coshð2χÞ

r
K1ðm�rÞ

þm2�sinh2χK0ðm�rÞ
�
; ð53Þ

with L ¼ r cosh χ and T ¼ r sinh χ. The corresponding
channel-truncated QET coefficient is

ηð1Þ1 ðL; TÞ ¼ 8π2Zj

β2C

Z
dx dy fAðxÞgBðyÞGð1Þ

j1j1
ðy − x; TÞ:

ð54Þ

It is convenient to factor out the channel amplitude as

ηð1Þ1 ðL; TÞ ¼ Zeff
j η̂ð1Þ1 ðL; TÞ; Zeff

j ≡ 8π2Zj

β2C
; ð55Þ

so that the leading weak measurement energy in the one-
particle truncation is

Eð2;1Þ
B;currðL; TÞ ¼

1

2
½ηð1Þ1 ðL; TÞ�2λ20

¼ 1

2
ðZeff

j Þ2½η̂ð1Þ1 ðL; TÞ�2λ20: ð56Þ

This statement is exact within the one-particle channel
truncation of (38). In the numerical illustration below we
use the equivalent ΠΠ normalization and plot the dimen-

sionless combination Eð2;1Þ
B;curr=½ðZeff

j Þ2λ20�, setting Zeff
j ¼ 1

only after this normalization.
Equation (53) immediately shows the directional asymp-

totics

Gð1Þ
j1j1

ðL; TÞ ∼ e−m�r½A1ðχÞr−1=2 þ B1ðχÞr−3=2 þ � � ��; ð57Þ

with A1ðχÞ ∝ sinh2 χ and B1ðχÞ ∝ coshð2χÞ. Therefore,

γj ¼
1

2
for a generic fixed spacelike rapidity χ ≠ 0;

ð58Þ

whereas on the equal-time slice T ¼ 0 one has A1ð0Þ ¼ 0
and therefore

γj ¼
3

2
for the equal-time one-particle channel: ð59Þ

The limit χ → 0 is nonuniform: because A1ðχÞ ∝ sinh2 χ,
the crossover to the generic r−1=2e−m�r law for small but
nonzero χ occurs only at parametrically large r, schemati-
cally m�r≳Oðsinh−2 χÞ.
For compactly supported smearings with support radii

held fixed while the center-to-center separation L becomes
large, the channel-truncated compact-support integral
admits the reduced approximation

ηð1Þ1;c2cðL; TÞ ¼
8π2Zj

β2C
f̃ð0Þg̃ð0ÞGð1Þ

j1j1
ðL; TÞ; ð60Þ

with the corresponding leading energy signal

Eð2;1Þ
B;curr;c2cðL; TÞ ¼

1

2
½ηð1Þ1;c2cðL; TÞ�2λ20: ð61Þ

The pure large distance tail is the further reduction of (61)
to the asymptotic powers listed in Eqs. (58)–(59).
To implement this channel-truncated continuum theory

concretely, we reuse the compactly supported smearings (43)
and evaluate (54) numerically. Figure 2 compares three
levels of description: the exact compact-support double
integral within the one-particle truncation, the correspond-
ing large distance center-to-center reduction (60)–(61)
obtained by evaluating the exact kernel at the support
separation, and a faint pure-tail guide proportional to
r−2γje−2m�r. The solid and dashed curves therefore test
the center-to-center reduction within the one-particle trun-
cation. The figure provides a continuum implementation of
the gapped current sector formula at the level of the lightest
one-particle channel.

C. Repulsive/BKT regime

On the repulsive side relevant near the BKT line
(4π ≤ β2C < 8π), breathers are absent and the lightest
neutral current channel is typically the soliton-antisoliton
threshold, so that

Meff ¼ 2M ðrepulsive side; assuming the current first couples at the ss̄ thresholdÞ: ð62Þ
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However, the threshold exponent γj depends on the actual
threshold behavior of the current form factor and is not
fixed here. We therefore keep the repulsive/BKT asymp-
totic in the channel-dependent form

η1ðL; TÞ ∼ r−γje−2Mr; Emax
B ðL; TÞ ∼ r−2γje−4Mr; ð63Þ

with γj left unspecified.
Near the BKT line, the SG mass scale has an essential

singularity. Because the RG flow depends on both the

stiffness and the cosine amplitude, the distance to the critical
separatrix is a nonuniversal combination of bare couplings,
schematically

δ ∼ a1ðβ2C − 8πÞ þ a2μþ � � � ; ð64Þ

so that

M ∼ Λ exp
�
−

cffiffiffi
δ

p
�
; ξðjÞcorr ≡ 1

Meff
: ð65Þ

Therefore the continuum QET envelope on the gapped side
takes the form

Emax
B ðL; TÞ ∼ r−2γj exp

�
−

2r

ξðjÞcorr

�
; r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 − T2

p
;

ð66Þ

in the large distance regime s ¼ r=ξðjÞcorr ≫ 1. (See Fig. 3). At
fixed r, the approach to the BKT line eventually enters the
crossover region s≲ 1, where the correct behavior is
governed by the gapless law Emax

B ∝ r−4 from Eq. (42).
Equation (66) therefore describes the right tail on the gapped
side, but not the full peak profile.

VI. LATTICE ANALYSIS AND CONNECTION TO
THE OPEN-CHAIN LATTICE PROTOCOL

A. Structure of the lattice problem

The lattice problem separates naturally into a neutral
current sector and a charged sector. The original single-site

FIG. 2. Compact-support implementation of the one-particle contribution to the continuum signal, using the kernel (53). (a) numerical
evaluation of (54) for two fixed spacelike rapidities (solid) as well as the large distance center-to-center approximation (60)–(61)
(dashed). Faint dotted curves indicate the asymptotic tail r−2γj e−2m�r. The plotted vertical scale is the dimensionless quantity

Eð2;1Þ
B;curr=½ðZeff

j Þ2λ20�. (b) ratio of the exact one-particle result to the center-to-center approximation.

FIG. 3. Normalized large distance behavior of the bulk gapped
continuum signal for the one-particle channels whose exponents
are fixed in the text. The generic spacelike one-particle channel has
γj ¼ 1=2, while the equal-time one-particle slice has γj ¼ 3=2.
The shaded region s≲ 2 indicates the crossover regime, and the
asymptotic formulas apply for s ≫ 1. On the repulsive/BKT side
the same exponential scale uses Meff ¼ 2M, but the threshold
exponent depends on the channel and is therefore not plotted.
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Pauli protocol of Ref. [35] probes only the charged part at
separated sites, while a modified protocol on the same
Hamiltonian isolates the neutral current sector and can
be compared directly with the continuum current result.
The charged remainder of the original protocol is compared
with a minimal boundary-state ansatz. This keeps the exact
neutral current statements separate from the more qualita-
tive boundary discussion of the charged sector.

B. The conventional single-site QET protocol

1. Weak-signal structure

A directly relevant lattice QET study is the open-chain
massive-Thirring analysis of Ref. [35]. There the qubit
protocol is written in the generic Pauli form

PnAðμÞ ¼
1

2
ð1þ μσnAÞ;

UnBðμÞ ¼ cos θ 1 − iμ sin θσnB;

μ ¼ �1; ð67Þ

with σnA ; σnB ∈ fX; Y; Zg. In the concrete open-chain cir-
cuit shown in Fig. 1 of Ref. [35], Alice uses σnA ¼ XnA
while Bob scans the three local Pauli axes at his site.
The exact extracted energy is

EB;lat ¼
1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2lat þ η2lat

q
− ξlat

�
; ð68Þ

with

ξlat ¼ hσnB HσnBig;
ηlat ¼ hσnA σ̇nBig;
σ̇nB ¼ i½H; σnB �: ð69Þ

Equivalently, before optimizing over θ, Bob’s local energy
has the form

hHnBilatðθÞ ¼ ξlatsin2θ þ ηlat cos θ sin θ: ð70Þ

In the weak signal regime jηlatj=ξlat ≪ 1 one obtains

θ� ¼ −
ηlat
2ξlat

þOððηlat=ξlatÞ3Þ;

EB;lat ¼
η2lat
4ξlat

þO

�
η4lat
ξ3lat

�
: ð71Þ

Here Alice’s measurement is projective. The weak limit in
Eq. (71) is a small-signal expansion of the optimized
energy, not a weak measurement in the POVM sense.
This provides the structural point of contact with the

continuum analysis. The bosonized continuum protocol
gives

hHBicontðκÞ ¼
1

2
ξκ2 þ ηκ; Emax

B;cont ¼
η2

2ξ
; ð72Þ

and hence at weak measurement

Emax
B;contðλ0Þ ¼

η21
2ξ

λ20 þOðλ40Þ: ð73Þ

Both descriptions therefore share the same quadratic
structure, namely an Alice-Bob correlator squared divided
by a local energetic cost. The remaining question is which
lattice operator sector corresponds to the continuum coef-
ficient η1. For the original single-site protocol of Ref. [35],
the answer is not the neutral current sector, as shown below.
A direct continuum comparison therefore requires a sep-
arate neutral current construction on the same lattice
Hamiltonian.

2. Commutator decomposition

Write the open-chain spin Hamiltonian of Ref. [35] in
the equivalent commutator-relevant form

Hlat ¼ −
1

4a

XN−1

n¼1

ðXnXnþ1 þ YnYnþ1Þ þ
m
2

XN
n¼1

ϵnZn

þ ΔðgÞ
4a

XN−1

n¼1

ðZnZnþ1 þ Zn þ Znþ1Þ þ const; ð74Þ

where ϵn ¼ �1 alternates along the chain and additive
constants are omitted because they do not affect commu-
tators. For a bulk site 2 ≤ n ≤ N − 1 the exact operator
identities are

Ẋn ¼ −
1

2a
ðYn−1Zn þ ZnYnþ1Þ −mϵnYn

−
ΔðgÞ
2a

ðZn−1Yn þ YnZnþ1 þ 2YnÞ; ð75Þ

Ẏn ¼ þ 1

2a
ðXn−1Zn þ ZnXnþ1Þ þmϵnXn

þ ΔðgÞ
2a

ðZn−1Xn þ XnZnþ1 þ 2XnÞ; ð76Þ

Żn ¼
1

2a
ðYn−1Xn − Xn−1Yn þ XnYnþ1 − YnXnþ1Þ: ð77Þ

At the endpoints one must do slightly more than simply
drop the nonexistent-neighbor terms: the ΔðgÞ-induced on-
site contribution is also halved because only one adjacent
bond remains. Explicitly
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Ẋ1 ¼ −
1

2a
Z1Y2 −mϵ1Y1 −

ΔðgÞ
2a

ðY1Z2 þ Y1Þ;

Ẏ1 ¼ þ 1

2a
Z1X2 þmϵ1X1 þ

ΔðgÞ
2a

ðX1Z2 þ X1Þ;

ẊN ¼ −
1

2a
YN−1ZN −mϵNYN −

ΔðgÞ
2a

ðZN−1YN þ YNÞ;

ẎN ¼ þ 1

2a
XN−1ZN þmϵNXN þ ΔðgÞ

2a
ðZN−1XN þ XNÞ:

ð78Þ

Equation (77) itself needs only the obvious deletion of the
absent bond-current term at the boundary. Defining the

bond current with the same orientation as Table II of
Ref. [35],

J Ik
nþ1=2 ≡ XnYnþ1 − YnXnþ1

4a
; ð79Þ

Eq. (77) becomes

Żn ¼ 2ðJ Ik
nþ1=2 − J Ik

n−1=2Þ: ð80Þ

Specializing now to the concrete Alice choice XnA of
Ref. [35], the three Bob channels decompose as

ηðXÞlat ¼ −
1

2a
hXnAðYnB−1ZnB þ ZnBYnBþ1Þig −mϵnBhXnAYnBig −

ΔðgÞ
2a

hXnAðZnB−1YnB þ YnBZnBþ1 þ 2YnBÞig
≡ ηðX;kin=strÞlat þ ηðX;stagÞlat þ ηðX;ρ−strÞlat ; ð81Þ

ηðYÞlat ¼ þ 1

2a
hXnAðXnB−1ZnB þ ZnBXnBþ1Þig þmϵnBhXnAXnBig þ

ΔðgÞ
2a

hXnAðZnB−1XnB þ XnBZnBþ1 þ 2XnBÞig
≡ ηðY;kin=strÞlat þ ηðY;stagÞlat þ ηðY;ρ−strÞlat ; ð82Þ

ηðZÞlat ¼ 2hXnAðJ Ik
nBþ1=2 − J Ik

nB−1=2Þig ≡ ηðZ;jÞlat : ð83Þ

The notation on the left indicates Bob’s chosen control axis
σnB ¼ XnB; YnB ; ZnB . Equations (81)–(83) are the interior-
site formulas for 2 ≤ nB ≤ N − 1. If Bob is placed at an
endpoint, the boundary commutators (78) are used instead.
The sector content is now explicit. Under the Jordan-

Wigner map

Xn ¼ Sn−1ðχn þ χ†nÞ;
Yn ¼ −iSn−1ðχn − χ†nÞ;

Sn−1 ≡
Y
m<n

ð1 − 2χ†mχmÞ; ð84Þ

up to a convention-dependent phase. Hence every term in
(81) and (82) contains a nonlocal string/disorder factor on
Bob’s side, as well as either the explicit staggered mass
factor mϵnB or density dressing through the neighboring Z
operators. By contrast, the Z channel (83) is a pure local
current difference on Bob’s side. At the operator level, the
conserved current sector appears cleanly only in the Bob-
side Z channel, whereas the X=Y channels remain charged
string/disorder sectors.

3. Uð1Þ selection rule: Why the actual
current channel vanishes

The previous subsection isolates the neutral current
channel on Bob’s side, but for the concrete Alice choice
XnA of Ref. [35] that neutral channel does not survive inside

the actual weak signal. The reason is the exact lattice Uð1Þ
symmetry generated by the total fermion number

Q≡XN
n¼1

nn ¼
1

2

XN
n¼1

ðZn þ 1Þ; ½Hlat; Q� ¼ 0: ð85Þ

Introduce raising/lowering operators

σ�n ≡ Xn � iYn

2
;

Xn ¼ σþn þ σ−n ;

Yn ¼ −iðσþn − σ−n Þ: ð86Þ

Then

J Ik
nþ1=2 ¼

i
2a

ðσþn σ−nþ1 − σ−nσ
þ
nþ1Þ;

½Q;J Ik
nþ1=2� ¼ ½Q;Zn� ¼ 0; ð87Þ

so both the bond current and Zn are neutral under the
conserved charge. By contrast, Xn and Yn form a charged
doublet

eiαQ
�
Xn

Yn

�
e−iαQ ¼

�
cos α − sin α

sin α cos α

��
Xn

Yn

�
: ð88Þ

On a finite open chain the ground state used in exact
diagonalization can be chosen as a simultaneous eigenstate
jgqi ofHlat andQ. Therefore, for any neutral operatorOneut
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with ½Q;Oneut� ¼ 0, the vector

vnðOneutÞ≡
 hXnOneutigq
hYnOneutigq

!
ð89Þ

must satisfy vnðOneutÞ ¼ RðαÞvnðOneutÞ for every rotation
matrix RðαÞ from (88). The only such vector is the zero
vector, so

hXnOneutigq ¼ hYnOneutigq ¼ 0 for every neutralOneut:

ð90Þ

Applying this toOneut ¼ J Ik
nBþ1=2 − J Ik

nB−1=2 gives the exact
finite chain result

ηðZÞlat ¼ 0 for the concrete Alice choiceXnA: ð91Þ

The neutral smooth-current sector therefore does not con-
tribute to the actual weak signal when Alice uses XnA . Hence
any nonzero actual weak signal must reside in the charged
X=Y channels, namely in the string/disorder and staggered/
density sectors exhibited explicitly in (81) and (82).
Determining which of those charged sectors dominates is
a separate dynamical question.
Figure 4 illustrates (91) numerically on a small interacting

open chain. The Bob-side Z channel sits at machine
precision throughout, whereas the surviving separated signal
lies predominantly in the charged Y channel. In the displayed
example the X channel survives only at the contact point
nB ¼ nA þ 1 and is otherwise strongly suppressed. The next

subsection sharpens that observation into an exact real basis
suppression statement for separated Bob sites.

4. Real-basis constraint: The separated signal is
effectively a Y channel

The exact Uð1Þ null result still leaves the charged X=Y
channels. On a finite open chain in the computational σz

basis, the lattice Hamiltonian is real symmetric, and for
the nondegenerate finite-chain ground states used below
one may choose the ground-state vector real. Only under
these finite-chain, real-basis, and nondegenerate-ground-
state assumptions can one sharpen the statement further.
For Bob sites separated from Alice

nB ≥ nA þ 2; ð92Þ

Eq. (75) shows that ẊnB contains exactly one Y matrix and
otherwise only real matrices, hence it is purely imaginary in
that basis. Since its support is now disjoint from XnA , the
product XnAẊnB is both Hermitian and purely imaginary.
Therefore

ηðXÞlat ðnA; nBÞ ¼ hXnA ẊnBig ¼ 0; nB ≥ nA þ 2; ð93Þ

in the real ground-state convention. By contrast, Eq. (76) is
real, so XnAẎnB is real Hermitian and can remain nonzero at
separated sites. Thus, in the displayed open-chain geom-
etries the actual separated signal is effectively a Bob-side
Y-channel signal, while the Bob-side X channel survives
only as a contact or very short distance effect. Accordingly,
the direct boundary comparison of the charged sector is
carried out for ηY rather than for ηX.
The original protocol therefore has a clear sector

structure. The neutral current sector is absent and the
surviving separated signal lies in a charged Y channel. A
direct comparison with the continuum current result there-
fore requires a distinct neutral current protocol on the same
lattice Hamiltonian.

C. Neutral-current lattice realization

1. Current sector on the lattice

Because Eq. (91) removes the Bob-side neutral current
from the original Alice-X protocol, any direct comparison
with the continuum current sector must use a separate
neutral observable defined on the same lattice Hamiltonian.
It can be formulated either as a coarse grained current
correlator or as a modified lattice protocol whose weak
signal is exactly that correlator.
Define the lattice density

nn ≡ Zn þ 1

2
: ð94Þ

FIG. 4. Exact-diagonalization illustration of the Uð1Þ selection
rule on an interacting open chain. For the concrete Alice choice
XnA used in Ref. [35], the Bob-side Z channel of the actual weak
signal is symmetry forbidden and remains at machine precision.
In the displayed example the separated nonzero signal is carried
predominantly by the charged Y channel, while the charged X
channel survives only at the short distance contact point
nB ¼ nA þ 1. The example shown uses N ¼ 8, m ¼ 0.4,
ΔðgÞ ¼ 0.3, and Alice at nA ¼ 2.
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Equation (80) implies the exact discrete continuity equation

ṅn þ J Ik
n−1=2 − J Ik

nþ1=2 ¼ 0; ð95Þ

which fixes (79) as the natural local current up to the trivial
choice of spatial orientation. This is the correct starting
point for a continuum current comparison.

2. Modified neutral current protocol

A neutral current construction on the same lattice
Hamiltonian is defined through coarse grained lattice
currents centered at Alice and Bob

JðAÞcg;l ¼
XN−1

m¼1

fA;lðxmþ1=2ÞJ Ik
mþ1=2;

JðBÞcg;l ¼
XN−1

n¼1

gB;lðxnþ1=2ÞJ Ik
nþ1=2; ð96Þ

with smooth envelopes of width l chosen in the scaling
window

a ≪ l ≪ ξðjÞcorr: ð97Þ
The associated same-current sector lattice observable is

ηlatJJ;lðL; TÞ≡ 2hJðAÞcg;lð0ÞJðBÞcg;lðTÞig: ð98Þ

This is not a sector decomposition of the actual Alice-X weak
signal. It is a separately defined neutral sector observable on
the same massive-Thirring lattice Hamiltonian.
The same quantity is also the weak signal functional of a

modified neutral protocol on the same lattice Hamiltonian.
Let Alice use the lattice analog of the two-outcome current
POVM of Refs. [1,18],

MðJÞ
A ðμÞ ¼ 1ffiffiffi

2
p ½cosðλ0JðAÞcg;lÞ þ μ sinðλ0JðAÞcg;lÞ�;

μ ¼ �1; ð99Þ
and let Bob use a bounded neutral unitary generated by a
localized smeared Z operator,

UðhÞ
B ðμÞ ¼ exp½−iμθOB;h�; OB;h ≡

XN
n¼1

hB;lðxnÞZn:

ð100Þ
At leading order in the measurement strength the corre-
sponding lattice weak signal is

ηlatJZ;l½hB�ðTÞ≡ hJðAÞcg;lð0Þ ȮB;hðTÞig: ð101Þ

Using (80) and the open-chain relations J Ik
1=2¼J Ik

Nþ1=2¼0,
one finds the exact discrete integration-by-parts identity

ȮB;hðTÞ ¼ 2
XN−1

n¼1

½hB;lðxnÞ− hB;lðxnþ1Þ�J Ik
nþ1=2ðTÞ: ð102Þ

Therefore, if Bob’s bond-current smearing is chosen as

gB;lðxnþ1=2Þ≡ hB;lðxnÞ − hB;lðxnþ1Þ; ð103Þ

then the modified neutral weak signal reduces exactly to

ηlatJZ;l½hB�ðL; TÞ ¼ 2hJðAÞcg;lð0Þ JðBÞcg;lðTÞig ¼ ηlatJJ;lðL; TÞ:
ð104Þ

The same lattice Hamiltonian thus supports a neutral current
protocol whose weak signal is exactly the corresponding
current correlator. This is the lattice sector compared with the
continuum current result.
To complete the modified neutral construction as a lattice

QET protocol, one also needs its energetic cost. Write the
kinetic bond operator

Knþ1=2 ≡ −
XnXnþ1 þ YnYnþ1

4a
; ð105Þ

so that Hlat ¼
P

N−1
n¼1 Knþ1=2 þHZ þ const, where HZ con-

tains the staggered-mass and density terms and com-
mutes with OB;h. Because OB;h generates site-dependent
Z rotations

UðhÞ
B ðμÞ†σ�n UðhÞ

B ðμÞ ¼ e�2iμθhB;lðxnÞσ�n ; ð106Þ

one obtains the exact bondwise conjugation formula

UðhÞ
B ðμÞ†Knþ1=2U

ðhÞ
B ðμÞ

¼ Knþ1=2 cosð2μθgB;lðxnþ1=2ÞÞ
− J Ik

nþ1=2 sinð2μθgB;lðxnþ1=2ÞÞ: ð107Þ

Thus only the bonds with nonzero gB;l contribute to Bob’s
local energy change. At Bob time T, the postfeedback
energy change relative to the post-Alice state obeys the
weak measurement expansion

ΔEðJÞ
B;latðθ;L; TÞ ¼ −θhDðJÞ

A ȮB;hðTÞig þ
θ2

2
ξlatJZ;l½hB�

þOðλ30θ; λ20θ2; θ3Þ; ð108Þ

where

DðJÞ
A ≡ X

μ¼�1

μMðJÞ
A ðμÞ†MðJÞ

A ðμÞ ¼ sinð2λ0JðAÞcg;lÞ; ð109Þ

and
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ξlatJZ;l½hB�≡ h½OB;h; ½Hlat; OB;h��ig

¼ −4
XN−1

n¼1

gB;lðxnþ1=2Þ2hKnþ1=2ig ≥ 0: ð110Þ

Using DðJÞ
A ¼ 2λ0J

ðAÞ
cg;l þOðλ30Þ as well as (104), the lead-

ing weak measurement lattice QET law becomes

ΔEðJÞ
B;latðθ;L; TÞ ¼ −2λ0θηlatJJ;lðL; TÞ þ

θ2

2
ξlatJZ;l½hB�

þOðλ30θ; λ20θ2; θ3Þ: ð111Þ
Minimizing over θ yields

θðJÞ� ¼ 2λ0η
lat
JJ;lðL; TÞ

ξlatJZ;l½hB�
þOðλ30Þ;

EðJÞ;max
B;lat ¼ 2λ20½ηlatJJ;lðL; TÞ�2

ξlatJZ;l½hB�
þOðλ40Þ: ð112Þ

The overall factor 2 reflects the convention OB;h ¼
P

hZ.
Rescaling the generator by 1=2would absorb it. The neutral
current construction is therefore a lattice QET protocol at
leading order, with the same quadratic structure as the
continuum analysis. Figure 5 checks this directly on a small
interacting open chain.
In the continuum scaling window one expects

ηlatJJ;lðL; TÞ ¼ CðJÞ
lat ðl; x�; y�Þ

β2C
8π2

η1ðL; TÞ
þ scaling corrections; ð113Þ

but the normalization factor is not left free. It is fixed by a
one-point equal-time current correlator matching condition,

CðJÞ
lat ðl; x�; y�Þ≡ Γlat

l ðx�; y�Þ
Γcont;cand
l ðx�; y�Þ

;

Γlat
l ðx; yÞ≡ hJcg;lð0; xÞJcg;lð0; yÞig; ð114Þ

with

Γcont;cand
l ðx; yÞ≡

Z
du dvϕlðu − xÞϕlðv − yÞ

× hj1ð0; uÞj1ð0; vÞicont;cand: ð115Þ

Equation (113) gives the continuum-lattice relation for the
neutral current sector. For the numerical test we fix the
coupling, the open-chain geometry, the smoothing pre-
scription, and the time slice, and work at the free open-
chain point m ¼ ΔðgÞ ¼ 0. After one-point normalization,
the remaining distance dependence is parameter-free within
that setting.

3. Free-point boundary test

Because Ref. [35] uses an open chain, the relevant
continuum boundary condition must be tied to the lattice
geometry. The exact lattice statement is simply that there
is no bond outside the chain, so the external current
vanishes. The continuum counterpart is therefore the
no-flux condition

j1ðt; xÞjx∈ ∂I ¼ 0: ð116Þ

FIG. 5. Neutral-current protocol on the same interacting open chain (N ¼ 8, m ¼ 0.4, ΔðgÞ ¼ 0.3). (a) Bob-induced energy change

ΔEðJÞ
B;latðθÞ for three weak measurement strengths λ0, compared with the quadratic prediction (111). (b) extracted energy EðJÞ;max

B;lat ¼
−minθ ΔE

ðJÞ
B;latðθÞ as a function of λ20, with slope 2½ηlatJJ;l�2=ξlatJZ;l. The agreement verifies the leading weak measurement QET law for the

lattice current sector.
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Using the bosonization map

j1 ¼ βC
2π

Π ¼ βC
2π

∂tϕ; ð117Þ

the most natural bosonic realization is Dirichlet for ϕ
(equivalently Neumann for the dual field), for which the
equal-time finite-interval reference kernel is

hj1ð0; xÞj1ð0; yÞicand;D ∝
X
m∈Z

�
1

ðx − yþ 2mLsysÞ2

−
1

ðxþ yþ 2mLsysÞ2
�
: ð118Þ

The Neumann kernel has the opposite sign in front of
the image term. Because the interacting gapped boundary
SG correlator is not computed here, (118) is used as a
boundary-dependent continuum reference kernel for the
neutral sector.
We test this same current sector numerically at the

gapless free open-chain point m ¼ ΔðgÞ ¼ 0. Panel (a)
of Fig. 6 compares the one-point matched lattice current
correlator with the Dirichlet and Neumann image-kernel
references. The Dirichlet kernel follows the lattice profile
closely, whereas the Neumann kernel does not. Panel
(b) shows that this agreement survives changes of the
coarse-graining width: for R=a∈ f2.0; 2.5; 3.0g the one-
point matched Dirichlet ratios remain within a few percent
of unity, while the corresponding Neumann ratios remain
order-one away. Moving the normalization point from

L� ¼ 19a to 38a to 49a does not change this conclusion.
The free-point comparison therefore favors the Dirichlet
image kernel as the continuum reference for the neutral
conserved current sector.
With the neutral current relation in place, the actual

nonzero weak signal of the Alice-X circuit lies in the
charged sector. That sector is analyzed at the operator level
and then compared with a boundary-state sign test.

D. Charged sector and boundary comparison

1. Charged scaling fields

The selection rule shows that the next step toward the
actual minimal qubit protocol of Ref. [35] is the bosoniza-
tion of the surviving charged X=Y sector itself. The natural
objects are the ladder operators σ�l . In the critical XXZ/
Thirring scaling limit, Ref. [47] gives the expansion in
semilocal Gaussian fields as

σ�l ∼ C0ad1;0O�1;0ðxÞ þ
ð−1ÞlC1

2
ad1;2ðO�1;2ðxÞ

þO�1;−2ðxÞÞ þ � � � ; ð119Þ

σzl ∼
a

2π
ffiffiffiffiffiffiffiffiffiffi
ηXXZ

p ∂tφðxÞ þ
ð−1ÞlCz

1

2i
ad0;2ðO0;2ðxÞ

−O0;−2ðxÞÞ þ � � � ; ð120Þ

with x ¼ la and

FIG. 6. Free-point boundary test for the neutral current sector at m ¼ ΔðgÞ ¼ 0. (a) lattice data for the coarse grained bond-current
correlator Γlat

l ðxA; xBÞ on an open chain, compared with Dirichlet and Neumann finite-interval image kernels normalized at a single
reference point through (114). (b) after the same one-point matching, the Dirichlet ratio stays close to unity for R=a ¼ 2.0, 2.5, 3.0. The
same conclusion holds when the reference point is changed, which supports a no-flux/Dirichlet interpretation for the neutral conserved
current sector at the gapless free point.
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Os;nðx; tÞ ¼ Λds;n lim
ϵ→þ0

exp

�
in

4
ffiffiffiffiffiffiffiffiffiffi
ηXXZ

p
Z

x

−∞
dx0∂tφðx0; tÞ

�

× exp

�
is

ffiffiffiffiffiffiffiffiffiffi
ηXXZ

p
2

φðxþ ϵ; tÞ
�
;

ds;n ¼
s2ηXXZ

2
þ n2

8ηXXZ
: ð121Þ

The first exponential is precisely the disorder/Jordan-Wigner
string, whereas the second is a local vertex operator. Under
the lattice Uð1Þ symmetry these fields carry charge s

UαOs;nU−1
α ¼ eisαOs;n; ð122Þ

soO�1;0 are the leading charged continuum avatars of σ�. In
the SG language they are the topologically charged dual
exponentials/Mandelstam operators that create one-soliton
charge [44,48], whileO�1;�2 are the first charged harmonics
obtained by dressing them with the neutral σz harmonic.
To avoid any clash with the QET weak signal coeffi-

cient ηðλ0Þ, we denote the Lukyanov-Terras XXZ param-
eter by ηXXZ. In the critical XXZ window −1 < ΔXXZ < 1
one may write

ΔXXZ ¼ − cosðπηXXZÞ;

K ¼ 1

2ηXXZ
;

β2C ¼ 8πηXXZ; ð123Þ
where K is the Luttinger parameter and βC is the canonical
SG coupling used in the continuum sections. In this
notation, ηXXZ fixes the charged UV power, K ¼
ð2ηXXZÞ−1, β2C ¼ 8πηXXZ, and ΔðgÞ is used below only
as the lattice-side interaction parameter in the finite-mass
examples. Table I summarizes the notation so that the
charged formulas can be read without repeatedly translating
between the XXZ and SG conventions. For the massless limit
m ¼ 0 of the open-chain lattice Hamiltonian, a staggered π
rotation about Z flips the sign of the XY term and identifies

the coefficient ΔðgÞ with the usual XXZ anisotropy ΔXXZ in
this scaling-field dictionary. For the finite-mass, finite-size
open-chain examples below, Eq. (123) and Table I are used
only to organize the leading scaling fields and not as an exact
quantitative map. In particular

d1;0 ¼
ηXXZ
2

;

hOþ1;0ðrÞO−1;0ð0Þi ∝ r−ηXXZ ðMr ≪ 1Þ; ð124Þ

so the charged critical power is ηXXZ-dependent even though
the massive infrared tail used later is universal.

2. Ultraviolet and infrared regimes

The UV law r−ηXXZ and the infrared one-soliton tail
r−1=2e−Mr belong to different regimes. The comparison
here uses only the infrared regime. Interpolating between
the two, including the exact boundary normalization, is not
attempted.
Equations (119)–(121) give a bosonized description of

the actual nonzero weak signal. Define the opposite-charge
pairings

Cþ−ðnA; nBÞ≡ hσþnA σ̇−nBig;
C−þðnA; nBÞ≡ hσ−nA σ̇þnBig: ð125Þ

Because the ground state has definite total charge, the
same-sign pairings vanish exactly,

hσþnA σ̇þnBig ¼ hσ−nA σ̇−nBig ¼ 0; ð126Þ

so the actual Bob-side X=Y channels reduce to the exact
identities

ηðXÞlat ¼ Cþ− þ C−þ; ηðYÞlat ¼ iðCþ− − C−þÞ: ð127Þ

Combined with the separated-site suppression (93), this
means that for nB ≥ nA þ 2 the actual weak signal is

TABLE I. Parameter dictionary used in the charged sector. For the finite-mass, finite-size open-chain examples below, this is a
dictionary of leading long distance sectors, not an exact quantitative finite-size map.

Symbol Meaning in this paper Relation used here

ηXXZ Lukyanov–Terras scaling-field parameter ΔXXZ ¼ − cosðπηXXZÞ, K ¼ ð2ηXXZÞ−1

K Luttinger parameter of the critical XXZ/Thirring
scaling limit

β2C ¼ 4π=K ¼ 8πηXXZ

βC Canonical SG coupling used in Secs. II–V same coupling that appears in the bosonized current map

ΔXXZ Massless XXZ anisotropy entering the
scaling-field dictionary

identified with the lattice coefficient ΔðgÞ only in the massless,
staggered-rotated dictionary

ΔðgÞ Interaction coefficient of the open-chain lattice
Hamiltonian used numerically

treated only as the lattice-side parameter whose long distance
charged sector is organized by the XXZ dictionary
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encoded in a single opposite-charge pairing,

C−þðnA; nBÞ ¼ −Cþ−ðnA; nBÞ;
ηðYÞlat ðnA; nBÞ ¼ 2iCþ−ðnA; nBÞ: ð128Þ

Thus the entire nonzero separated part of the actual Alice-X
weak signal is encoded in oppositely charged pairings of
semilocal fields. The neutral current result of Sec. VI
therefore identifies the charged correlators that replace the
current correlator in the continuum description of the
original protocol.
At leading continuum order the correspondence with the

exact lattice decomposition (81)–(82) is direct. The

kinetic/string piece ηðY;kin=strÞlat is the descendant of the
leading charged field O�1;0, the explicit staggered term

ηðY;stagÞlat multiplies that same charged field by the con-
tinuum mass perturbation, and the density-dressed string

piece ηðY;ρ−strÞlat feeds the first charged harmonic through the
σz expansion (120). The bosonized continuum ansatz for
the actual charged weak signal can therefore be written as

Ccontþ− ðL; TÞ ¼ Akin∂TG
ð0Þ
þ−ðL; TÞ þ Astagð−1ÞnBGð0Þ

þ−ðL; TÞ
þ AρG

ð2Þ
þ−ðL; TÞ þ � � � ; ð129Þ

Gð0Þ
þ−ðL; TÞ≡ hOþ1;0ðxA; 0ÞO−1;0ðxB; TÞig; ð130Þ

Gð2Þ
þ−ðL; TÞ≡ hOþ1;0ðxA; 0ÞðO−1;2 þO−1;−2ÞðxB; TÞig;

ð131Þ

with nonuniversal matching coefficients Akin, Astag,
and Aρ. Here Astag denotes the effective continuum
amplitude obtained by coarse-graining the lattice stag-
gered-mass operator mϵnZn onto the leading charged field.
It is therefore a matching coefficient in the charged weak
signal channel, not a new microscopic mass parameter
separate from the lattice staggered term. The actual qubit
channels are then the real and imaginary combinations of
the charged pairings

ηðXÞact;cont ¼ Ccontþ− þ Ccont
−þ ; ηðYÞact;cont ¼ iðCcontþ− − Ccont

−þ Þ;
ð132Þ

with Ccont
−þ obtained by charge conjugation. In the concrete

open-chain examples below, the separated signal appears
predominantly in the Y channel, which simply means that
the imaginary opposite-charge pairing dominates over the
real one.
This charged-sector identification changes the expected

gapped scale of the actual minimal protocol. BecauseO�1;0
carry unit topological charge, their bulk form-factor expan-
sion is governed by one-soliton intermediate states rather
than by the neutral current channel. At short distance the
critical power is fixed by Eq. (124).
The ηXXZ-dependent power in Eq. (124) controls the

critical ultraviolet scaling of the charged field. The
r−1=2e−Mr behavior used below is the universal one-soliton
infrared tail of a massive charged propagator. The com-
parison in this subsection therefore addresses the large
distance structure of the charged sector rather than the full

FIG. 7. Charged-sector anatomy of the actual weak signal. (a) free massive open chain with ΔðgÞ ¼ 0. The separated Bob-side
Y signal is produced by the interference between the leading charged descendant (the continuum image of the kinetic/string term) and
the staggered charged harmonic. (b) interacting open chain with ΔðgÞ ¼ 0.3. The same two contributions remain, and the interaction
adds the density-dressed harmonic associated with the first charged harmonic generated by σz dressing. In both panelsN ¼ 10,m ¼ 0.4,
and Alice is fixed at nA ¼ 2. These data provide the lattice evidence underlying Eqs. (129)–(132).
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crossover from the critical ultraviolet regime to the massive
infrared regime.
The charged-sector comparison is restricted to the

universal massive one-particle infrared tail

K0ðMrÞ ∼
ffiffiffiffiffiffiffiffiffi
π

2Mr

r
e−Mr;

K1ðMrÞ ∼
ffiffiffiffiffiffiffiffiffi
π

2Mr

r
e−Mr;

Mr ≫ 1; ð133Þ

so the fixed r−1=2 power in the boundary state comparison
below is the infrared one-soliton tail. Accordingly,

Gð0Þ
þ−ðrÞ ∼ r−1=2e−Mr;

ηðX=YÞact ðrÞ ∼ r−1=2e−Mr; r → ∞; ð134Þ

with M the soliton mass. The boundary amplitudes and the
full crossover from the critical ηXXZ-dependent power to the
massive infrared tail are not determined here. The charged
sector identified above is therefore the part that must be
computed in any fuller continuum treatment of the minimal
qubit protocol.
Figure 7 confirms the operator content numerically. On a

free massive open chain (ΔðgÞ ¼ 0), the separated actual Y
signal is generated by the interference of the leading
charged descendant and the staggered charged harmonic,
with no density-dressed piece. Turning on ΔðgÞ leaves the
same two pieces in place and adds the density-dressed
harmonic predicted by (82) and (120). The exact opposite-
charge reconstruction (127) is also satisfied numerically
to machine precision in the interacting example used
for Fig. 4.

3. Boundary comparison for ηY
The operator identities above determine the sector

content of the actual nonzero weak signal, but not the
interacting boundary correlator of the charged semilocal
fields. The comparison in this subsection uses a minimal
boundary state description in which the boundary sign is
fixed by the reflection properties of the charged sector,
while the nonuniversal bulk amplitudes are obtained from
an interior calibration.
In integrable boundary QFT the boundary state is built

from opposite rapidities, and the boundary state amplitude
is obtained from the reflection factor by the crossed relation
KðθÞ ¼ Rðiπ=2 − θÞ [49]. For the SG charged sector the
classical and semiclassical half-line analysis shows that
Dirichlet boundaries reflect a kink as a kink, whereas
Neumann boundaries reflect a kink as an antikink [50]. In
the conformal/massless limit the ϕ0 ¼ 0 Dirichlet problem
also reduces to the odd-extension image law [50,51]. Using
the boundary reflection relation and exact boundary

exponential expectation values [52], one finds the minimal
one-soliton charged image sign

sD ¼ þ1; sN ¼ −1: ð135Þ

Only this sign is taken from the boundary data, and it is not
fitted to the edge data. The charged comparison then keeps
only the universal one-soliton infrared propagator on the
half line and uses the minimal Euclidean boundary-state
kernel

Gχ;sðxA; xBÞ≡ K0ðMχLÞ þ sK0ðMχSÞ;
L≡ xB − xA;

S≡ xA þ xB; ð136Þ

where Kν denotes the modified Bessel function of the
second kind. Its derivative, needed for the charged descend-
ant piece, is

∂LGχ;sðxA; xBÞ ¼ −MχK1ðMχLÞ − sMχK1ðMχSÞ: ð137Þ

At large distance this kernel reproduces Eq. (133), so the
fixed r−1=2 power used here is the universal massive
infrared tail. The ηXXZ dependence remains in the operator
identification and in the nonuniversal matching coeffi-
cients, not in the asymptotic Bessel exponent itself.
Because the actual separated Y signal is already organized
in Eq. (82) as a leading charged descendant plus staggered
and density-dressed harmonics, the continuum ansatz used
in the comparison is

ηcontY;s ðnA; nBÞ ¼ Bbulk
kin ∂LGχ;sðxA; xBÞ

þ ð−1ÞnBBbulk
stagGχ;sðxA; xBÞ

þ Bbulk
ρ Gχ;sðxA; xBÞ; ð138Þ

with Bbulk
ρ ¼ 0 when ΔðgÞ ¼ 0. The nonuniversal constants

in Eq. (138) are obtained from an interior calibration rather
than from an edge fit. We determine Mbulk

χ , Bbulk
kin , Bbulk

stag ,
and Bbulk

ρ once from an interior geometry (nA ¼ 3) using
the same bulk charged tail but with the image term
removed. In the free case this means three bulk parameters
ðMbulk

χ ; Bbulk
kin ; Bbulk

stag Þ calibrated from 10 separated interior
points, while in the interacting case it means four bulk
parameters ðMbulk

χ ; Bbulk
kin ; Bbulk

stag ; Bbulk
ρ Þ calibrated from 8

such points. Those bulk-calibrated coefficients are then
transferred unchanged to the edge geometry nA ¼ 1. The
resulting comparison uses no fitted boundary amplitude.
The only boundary input is the sign s ¼ �1 inherited from
the Dirichlet/Neumann charged reflection rule.
Figure 8 shows the result. In the free massive example

(N ¼ 14, m ¼ 0.4, ΔðgÞ ¼ 0), the bulk parameters are
calibrated on 10 separated interior points and then trans-
ferred unchanged to the edge geometry. In the interacting
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example (N ¼ 12, m ¼ 0.4, ΔðgÞ ¼ 0.3), the same pro-
cedure uses 8 interior points. In both cases the Dirichlet
sign improves the separated-window agreement relative to
the bulk-only curve, whereas the Neumann sign worsens it.
The comparison is qualitative but nontrivial. Once the bulk

amplitudes are fixed away from the edge, the edge profile
favors the charge-preserving Dirichlet sign.
This comparison does not include the exact boundary form

factors of O�1;0 and O�1;�2 or the corresponding ultraviolet
and infrared normalization of their boundary amplitudes.

FIG. 8. Boundary comparison for the charged ηY signal using the sign choice of Eqs. (135)–(138). The charged bulk coefficients are
calibrated once in the interior geometry nA ¼ 3 with the image term removed and then transferred unchanged to the edge geometry
nA ¼ 1. No boundary amplitude is fitted at the edge. The solid curve uses the Dirichlet sign Kχð0Þ ¼ þ1, the dash-dot curve the
Neumann sign Kχð0Þ ¼ −1, and the dashed curve the bulk-only result without an image term. The point L ¼ a is shown for
completeness but excluded from the separated-window rms comparison. (a) free massive open chain (N ¼ 14, m ¼ 0.4, ΔðgÞ ¼ 0).
(b) interacting open chain (N ¼ 12, m ¼ 0.4, ΔðgÞ ¼ 0.3). In both cases the Dirichlet sign improves the separated ηY profile, while the
Neumann sign worsens it.

FIG. 9. Edge sensitivity of the charged boundary comparison. Panel (a) shows the free chain and panel (b) the interacting chain. The
bulk calibration is fixed at nA ¼ 3, and the test geometry is moved from the edge inward through the scan nA ¼ 1;…; 5. The vertical axis
shows the percentage rms change relative to the bulk-only curve. The sign discrimination is large at the edge and quickly collapses away
from it. The edge/off-edge separation is roughly two orders of magnitude in the free case and about forty in the interacting case.
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Keeping the same interior calibration fixed at nA ¼ 3 and
moving the test geometry inward makes the spatial range of
the comparison explicit. In the scan nA ¼ 1;…; 5, the sign
discrimination is strongest at the edge. At nA ¼ 1 the
Dirichlet choice improves the rms relative to the bulk-only
curve by about one third in the free example and by about
three quarters in the interacting example, while the
Neumann choice worsens it by a comparable amount.
One site inward the changes are already near zero in the
free case and only at the few-percent level in the interacting
case, and the remaining inward points show similarly weak
discrimination. The edge/off-edge sign-separation measure
is therefore larger at the boundary by roughly two orders of

magnitude in the free example and by roughly forty times
in the interacting example. Figure 9 shows that the sign
discrimination is localized near the edge in the short chains
studied here.

4. Implications near criticality

Reference [35] observed that the extracted energy peaks
near phase-transition lines. The continuum analysis of the
neutral current sector on the same lattice Hamiltonian gives
a closely related statement. Within the neutral current
protocol of Eqs. (99)–(104), the weak signal obeys the
same crossover law as the continuum coefficient η1

ηlatJJ;lðLlat; TÞ ∼
(
L−2
lat ; Llat ≪ ξðjÞcorr ðcritical or crossover windowÞ;

L
−γj
lat exp

�
− Llat

ξðjÞcorr

�
; Llat ≫ ξðjÞcorr ðgapped bulk asymptotic regimeÞ:

ð139Þ

Consequently the corresponding weak signal energy scales as

EðJÞ
B;currðLlatÞ ∝

(
L−4
lat ; Llat ≪ ξðjÞcorr;

L
−2γj
lat exp

�
− 2Llat

ξðjÞcorr

�
; Llat ≫ ξðjÞcorr:

ð140Þ

These are bulk crossover laws for the neutral current sector.
The boundary-to-bulk geometry of Fig. 6 serves only to
select the free-point continuum reference kernel and is
separate from the asymptotic statement above. Increasing

ξðjÞcorr near a critical line therefore enhances the neutral current
QET mechanism available on the same lattice Hamiltonian.
This does not by itself explain the optimized qubit peak of
the original Alice-X protocol, because Eq. (91) shows that
the neutral current sector does not contribute there. The
nonzero signal of the original protocol instead comes from
the charged string/disorder and staggered/density sectors in
the X=Y channels. The charged asymptotic form (134)
suggests a one-soliton bulk scale e−Mr for that signal,
whereas the neutral current sector on the repulsive side is
governed by e−2Mr. A complete continuum account of the
original protocol therefore requires the interacting charged
boundary correlators and their amplitudes.

VII. DISCUSSION

The continuum analysis yields an exact quadratic func-
tional in the current sector, with D̃2

A ¼ 1 and a leading
coefficient η1 determined by a current correlator. In the
gapped theory, the spectral and form-factor representation of
η1 is exact at leading order in the weak measurement, while

the asymptotic formulas apply in the regime r=ξðjÞcorr ≫ 1.
For the single-site Pauli protocol of Ref. [35], the lattice

analysis gives a different sector structure. Under the stated
finite chain assumptions, the Bob-side neutral current

channel vanishes for Alice’s XnA measurement, the sepa-
rated X channel is suppressed in the real basis convention,
and the surviving signal is organized by opposite-charge
pairings. The nonzero weak signal of the original protocol
is therefore not described by the neutral current sector.
The direct continuum-lattice comparison instead con-

cerns the neutral current protocol defined on the same
lattice Hamiltonian. Its weak signal reduces exactly to a
coarse-grained current correlator, and its leading extracted
energy has the same quadratic QET structure with an
explicit local energetic cost. At the free open-chain point,
the boundary comparison favors the Dirichlet image kernel
as the natural continuum reference for this sector.
For the original qubit protocol, the missing continuum

ingredient is the charged correlator with open boundaries.
The lattice sector analysis identifies the relevant charged
scaling fields and shows that the Dirichlet sign gives the
better edge comparison in the short chains studied here.
A full continuum treatment still requires the interacting
boundary correlators and the ultraviolet and infrared
normalization of the charged operators.

VIII. CONCLUSIONS

We studied QET in the bosonized massive Thirring
model from both continuum and lattice perspectives. In
canonical normalization, the trigonometric POVM of
Refs. [1,18] satisfies D̃2

A ¼ 1, so the leading weak meas-
urement signal is governed by a smeared current correlator.
This gives an explicit continuum protocol in the current
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sector, with the gapless law r−4 for the extracted energy and
the gapped large-distance behavior Emax

B ∼ r−2γje−2Meffr.
We then analyzed the open-chain single-site Pauli pro-

tocol of Ref. [35]. The central lattice result is that the
Bob-side neutral current channel vanishes exactly for
Alice’s XnA measurement by a Uð1Þ selection rule. The
separated signal therefore lies in charged X=Y sectors,
which explains why the original protocol does not couple
directly to the continuum current sector.
A neutral current protocol on the same lattice

Hamiltonian gives the corresponding lattice version of that
continuum sector. Its weak signal is exactly a coarse-
grained current correlator, and its leading extracted energy
follows the expected quadratic QET law. Related chirality-
based projective protocols of Ref. [32] can activate local
current and charge on the lattice, but the protocol studied
here isolates the neutral conserved current channel and
matches it to the continuum weak binary POVM.
For the charged sector of the original protocol, the

relevant continuum operators are O�1;0 and O�1;�2. The
short-chain edge comparison favors the Dirichlet sign in
the boundary state description. Extending this part of the
analysis requires the corresponding interacting charged
correlators with open boundaries and their ultraviolet
and infrared normalization.
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APPENDIX: RELATION TO THE LUKYANOV-
ZAMOLODCHIKOV NORMALIZATION

Some SG references use the field φ normalized by

S ¼
Z

d2x

�
1

16π
ð∂φÞ2 − 2μð1 − cosðβφÞÞ

�
: ðA1Þ

The relation to the canonical field used in the main text is

φ ¼
ffiffiffiffiffiffi
8π

p
ϕ; β2C ¼ 8πβ2: ðA2Þ

In this convention the current map becomes

jμ ¼ −
β

2π
ϵμν∂νφ; ðA3Þ

which is equivalent to (27). The BKT line β2C ¼ 8π is
therefore the same as β2 ¼ 1.
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