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We investigate the impact of the CP-violating θ term on isospin symmetry breaking in quark matter and
compact star properties using a two-flavor Nambu-Jona-Lasinio model. By incorporating the θ parameter
through the Kobayashi-Maskawa-’t Hooft determinant interaction, we derive the thermodynamic potential
and gap equations under finite temperature, baryon chemical potential, and isospin chemical potential. At
zero temperature and baryon density, θ suppresses conventional chiral (σ) and pion (π) condensates while
promoting pseudoscalar (η) and scalar-isovector (δ) condensates, thereby reducing the critical isospin
chemical potential μcritI for spontaneous symmetry breaking. For θ ¼ π, a first-order phase transition
emerges at μcritI ¼ 0.021 GeV, accompanied by CP symmetry restoration. Extending the investigation to
finite temperature and baryon chemical potential reveals that these θ-term-induced effects persist. Axion
effects (modeled via θ≡ a=fa) stiffen the equation of state of nonstrange quark stars, increasing their
maximum mass and radii, in agreement with multimessenger constraints from pulsar observations and
gravitational wave events. These results establish θ as a critical parameter modulating both the quantum
chromodynamics phase structure and compact star observables.

DOI: 10.1103/6xx5-t88h

I. INTRODUCTION

It is known that the strong interaction largely obeys
the space-time reflection symmetry (P and T symmetry).
However, this is not a direct consequence of quantum
chromodynamics (QCD). As is well known, the instanton
configurations existing in gauge fields and their close
connection with the axial anomaly permit the existence
of the CP-violating Lθ term in the QCD Lagrangian:

Lθ ¼ θ
g2

32π2
GG̃; ð1Þ

where G and G̃ denote the gluonic field strength tensor and
its dual. The parameter θ is a dimensionless real number
that can take arbitrary values. This Chern-Simons term does
not affect the classical equations of motion. Being

consistent with Lorentz invariance and gauge invariance,
it violates charge conjugation and parity unless θ¼0mod π.
Experimental constraints from the neutron electric dipole
moment require θ to be extremely small [1–5], suggesting a
possible explanation through the spontaneous breaking of a
new symmetry—the Peccei-Quinn (PQ) symmetry [6].
By endowing θ with a dynamical character and elevating
it to the axion field, θðxÞ≡ aðxÞ=fa, where fa is the axion
decay constant, PQ dynamics introduces an effective poten-
tial VeffðhθiÞ ∼ −Λ4

QCD cosðhθiÞ. This potential drives the
expectation value of the axion field toward zero in vacuum.
Spontaneous PQ symmetry breaking then generates a
pseudo-Goldstone boson—the axion [7,8]. In the original
axion models established by Peccei and Quinn [6,9],
Weinberg [10], and Wilczek [11], the PQ symmetry
breaking occurs simultaneously with electroweak sym-
metry breaking. However, this scenario conflicts with
observations of K and J=ψ meson decays [12]. This
conflict can be avoided if the PQ spontaneous symmetry
breaking occurs at a higher energy scale, producing very
light and weakly interacting axions.
The spontaneous PQ symmetry breaking predicts the

smallness of θ, providing an elegant mechanism to solve
the strong CP problem. However, the microscopic origin of
the vanishing or extreme smallness of the CP-violating
term is not fully understood. At zero temperature and
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density, according to the Vafa-Witten theorem [13], spon-
taneous parity violation does not arise at θ ¼ 0.
Meanwhile, when θ ¼ π, even though CP is conserved,
spontaneous CP violation can occur through the so-called
Dashen phenomenon with the appearance of two degen-
erate CP-violating vacua [14,15]. It is well known that the
existence of a nonzero θ value in the nonperturbative
regime of QCD leads to a rich vacuum structure, causing
condensates in the pseudoscalar channel and generating a
more complex phase diagram for the strong interaction.
Therefore, studying QCD systems with nonzero θ is
particularly interesting. However, before conducting
research on θ-dependent strong interactions, we must
rigorously identify the specific physical scenarios where
a nonzero θ value might exist, to avoid violating the
fundamental assumptions of the PQ mechanism.
First, even if CP is not violated in the QCD vacuum, CP

violation may occur in QCD matter at finite temperature or
density. It has been suggested that hot matter produced in
heavy-ion collisions could generate locally CP-violating
metastable regions through sphaleron transition processes
[16]. Such states with effective nonzero θ can decay via
CP-odd processes [17]. In addition to high temperatures,
noncentral nuclear collisions can produce strong magnetic
fields. A nonzero θ would cause a deviation between
the left- and right-handed quarks, thereby generating an
electromagnetic current along the magnetic field. This
mechanism, known as the chiral magnetic effect [18],
would induce the charge separation results observed in
STAR experiments [19]. However, for central collisions,
recent studies indicate that local parity violation leads to the
formation of pseudoscalar condensates, which may affect
excess dilepton production in such collisions [20]. In fact,
the authors of Refs. [21,22] propose that θ could be of order
1 during the QCD phase transition in the early universe
because sphalerons are sufficiently active to overcome the
potential barrier between different degenerate vacuum
states [23], while it vanishes in the present epoch [9,24–27].
Furthermore, as a leading dark-matter candidate, axions

may influence compact star properties through gravitational
capture during stellar formation and neutron star (NS)
mergers (particularly binary NS mergers). Consequently,
compact stars could accumulate substantial amounts of
dark matter [28], in particular, in the axion form [29]. The
presence of axions inside compact stars enhances inter-
actions with strongly interacting matter, substantially alter-
ing stellar structure and thermodynamic properties, which
could manifest in observational signatures [30–36]. The
self-annihilation of accumulated dark matter in compact
stars increases luminosity and temperature [37–39], and
modifies the cooling curves of stars with specific
masses [40,41].
Incorporating the axion into the models is analogous

to introducing the θ angle in QCD. In fact, formally
one can transition from QCD with a finite θ to QCD with

a finite axion background. Therefore, studying the inter-
action between QCD and axions is equivalent to
investigating finite θ. In our work, we will use θ and a=fa
interchangeably.
Because of the nonperturbative nature of QCD, studying

the QCD phase structure with arbitrary θ values in the
QCD Lagrangian is extremely challenging. In this regime,
effective models work alongside first-principle lattice
QCD calculations in exploring nonperturbative physics.
Consequently, the effects of the theta term (simply called
the θ effects or CP-violating effects) in the strong inter-
action have been extensively studied using low-energy
effective theories such as chiral perturbation theory
[21,42–45], the linear sigma model [46], the Nambu-
Jona-Lasinio (NJL) model, and its various extensions
[47–53]. Specifically, CP violation has been investigated
in chiral phase transitions [50,54,55], chiral phase tran-
sitions under magnetic backgrounds [56], and effects in
color superconducting phases [52]. Our work focuses on
using the NJL model to study θ effects at finite isospin
density. The effects at a finite isospin density without
considering CP violation have already been extensively
studied [57–63]. When spontaneous isospin symmetry
breaking occurs with nonzero θ, both scalar and pseudo-
scalar meson condensates (δ, π) will be induced.
Modulation of the QCD phase structure by the θ term

will affect the bulk properties of quark matter, thereby
influencing the equation of state (EOS) of strongly inter-
acting matter. The EOS largely determines the structure of
neutron stars and quark stars. Given a specific EOS, the
corresponding mass-radius relations can be obtained by
solving the Tolman-Oppenheimer-Volkoff (TOV) equa-
tions. At very low temperatures, quarks remain confined
in hadrons at low chemical potentials but become decon-
fined at high chemical potentials. Therefore, highly dense
pulsars are more likely to be quark stars rather than neutron
stars. Based on the hypothesis that strange quark matter
might be the true ground state of strongly interacting matter
[64–66], many authors have conducted extensive studies on
the properties of strange quark stars, including pure quark
stars and hybrid neutron stars with quark cores [67–73]. A
recent study suggests that stable quark matter might not be
strange when taking the flavor-dependent feedback of the
quark gas on the QCD vacuum into account [74], implying
that nonstrange quark stars could exist. Subsequent studies
on nonstrange quark stars have been based on this view-
point [75–78]. Furthermore, research shows that, under
combinations of vector interactions and exchange inter-
actions in quark matter, both nonstrange and strange quark
matter could be stable [79]. Thus, whether two-flavor or
three-flavor quark matter is more stable remains an open
question. Similar to previous studies [80,81], in this work
we will thoroughly investigate the properties of nonstrange
quark stars containing axions to reflect the θ effects on the
bulk properties of quark matter.
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In the present work we focus our attention on how
isospin transition is affected when there is a θ term in the
Lagrangian. For this purpose, we adopt the two-flavor NJL
model as aneffective theory for isospinsymmetrybreaking in
strong interaction. TheCP violating parameter θ is included
in the Kobayashi-Maskawa-t’ Hooft (KMT) determinant
term. In this context we note that the two-flavor scenario
for spontaneousCP violation for T − μB has been studied in
this model [50]. This will be further extended to study the
restoration of CP at finite isospin chemical potential.
This paper is organized as follows. In Sec. II, we

establish the mean-field theory of the NJL model at finite
temperature and baryon and isospin densities and θ. In
Sec. III, we study the θ effects on the isospin symmetry
breaking at zero temperature, zero baryon chemical poten-
tial, but finite isospin chemical potential. In Sec. IV,
we study the temperature behavior of condensates in the
isospin symmetry breaking phase at zero baryon chemical
potential and show the phase diagrams in the temperature
and isospin chemical potential plane with nonzero θ. We
extend phase diagram for CP transition in the T − μI plane.
In Sec. V, we discuss the θ effects at finite temperature and
baryon density in the isospin symmetry breaking phase. In
Sec. VI we briefly discuss the effects of QCD axion on the
nonstrange quark star properties. We conclude and provide
an outlook in Sec. VII.

II. θ WITHIN THE NJL MODEL AT FINITE
ISOSPIN DENSITY

A. The Lagrangian

Given that we employ the NJL model to investigate the
nonperturbative effects of the topological term, it is
necessary to briefly review this theoretical framework,
which describes the interactions between quarks, and
effectively incorporates the topological term of the gluon
field in the expression. We now review the physical
correspondence between instanton effects, the Uð1ÞA
anomaly, and the topological term in QCD with the
Kobayashi-Maskawa-’t Hooft term in the NJL model to
demonstrate the validity of the NJL framework [82–84].
As the fundamental theory of strong interactions, QCD

exhibits a crucial feature—the Uð1ÞA anomaly. At the
classical level, the QCD Lagrangian remains invariant
under chiral transformations. However, in the quantum
theory, the fermionic integration measure in the path
integral acquires a phase variation under chiral rotations
(ψ → eiαγ5ψ). Through the Fujikawa’s method, this mea-
sure variation is calculated as

DψDψ̄ → DψDψ̄ exp

�
−iα

Nfg2

16π2

Z
d4xGG̃

�
: ð2Þ

This phase factor effectively introduces an additional term

ΔL ¼ −α Nfg2

16π2
GG̃ in the Lagrangian. To maintain quantum

consistency, the original Lagrangian must explicitly contain
the topological term, Eq. (1). The dependence on the
coupling constant g renders this term negligible in pertur-
bative QCD but significant in nonperturbative regimes.
This explicitly demonstrates the intrinsic connection
between the topological term and the Uð1ÞA anomaly.
At the quantum level, the chiralUð1ÞA symmetry implied

by the QCD Lagrangian remains unrealized. The corre-
sponding conserved current jμ5 ¼ ψ̄γμγ5ψ becomes non-
conserved, satisfying in the chiral limit,

∂μj
μ
5 ¼

Nfg2

16π2
GG̃; ð3Þ

where the right-hand side denotes the topological charge
density. Its spacetime integral defines the instanton number
(Pontryagin number)

Q ¼ g2

32π2

Z
M
d4xGG̃: ð4Þ

As an integer-valued topological invariant, Q originates
from the mathematical structure of gauge fields. For SUðNÞ
gauge groups, Q is classified by the third homotopy
group π3ðSUðNÞÞ ¼ Z, representing the Chern number
of the fiber bundle topology. This classification describes
how gauge field configurations “wrap” around Euclidean
spacetime. The nonzero fluctuations of Q establish the
fundamental connection between the Uð1ÞA anomaly and
instantons. We further propose that instanton effects
through nonperturbative processes (when g is large)
break Uð1ÞA symmetry and generate topological charge
contributions.
This analysis reveals the intrinsic connections among

instanton effects, Uð1ÞA anomaly, and the topological term.
The critical challenge lies in constructing Uð1ÞA-violating
interaction terms with instanton effects in the NJL model to
match real QCD behavior. To achieve this, we must first
understand instanton-induced quark interactions.
In QCD, instantons modify quark chirality (left/right

handedness) and induce multiflavor correlations through
their topological structure. First, the chiral anomaly equa-
tion, Eq. (3), causes net chirality change. Second, instanton
gauge configurations support fermion zero modes—
solutions to the Weyl equation in massless quark
backgrounds with instanton number Q ¼ �1. The
Atiyah-Singer index theorem guarantees zero-mode solu-
tions for arbitrary Q, but higher Q contributions are
exponentially suppressed by the action Sinst ∝ jQj in the
path integral. Thus, Q ¼ �1 instantons dominate low-
energy physics. The physical consequence of these zero
modes is chirality flipping: instantons with Q ¼ 1 flip left-
handed quarks to right-handed quarks, and Q ¼ −1 anti-
instantons flip right-handed quarks to left-handed quarks
through their chiral zero modes. Crucially, this effect
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preserves flavor symmetry by simultaneously acting on all
quark flavors. These considerations motivate the effective
interaction term,

Leff ∼ e−Sinst

0
@YNf

f;f0
ψ̄L;fψR;f0 þ

YNf

f;f0
ψ̄R;fψL;f0

1
A; ð5Þ

where Sinst ¼ 8π2

g2 denotes the single-instanton action. The

factor e−Sinst weights instanton contributions, while
QNf

f;f0

enforces flavor symmetry. The operator ψ̄L;fψR;f0 repre-
sents the instanton-induced interactions which mediate the

coupling between left-handed and right-handed fermions,
leading to chirality flipping. Grassmann algebra properties
necessitate full antisymmetrization of field operators for
nonzero Grassmann integrals (Dψ†Dψ). Incorporating
the topological term Lθ in QCD introduces additional
weighting in the effective potential. The topological term’s
action is

SθðQÞ ¼
Z
M
d4xLθ ¼ θQ: ð6Þ

Thus, the complete effective Lagrangian becomes

Leff ∼ e−Sinst

0
@e−iSθðþ1ÞYNf

f;f0
ψ̄L;fψR;f0 þ e−iSθð−1Þ

YNf

f;f0
ψ̄R;fψL;f0

1
A ¼ e−Sinst

0
@e−iθ

YNf

f;f0
ψ̄L;fψR;f0 þ eiθ

YNf

f;f0
ψ̄R;fψL;f0

1
A: ð7Þ

Here, ψ̄L;fψR;f0 corresponds to positive-instanton effects,
while ψ̄R;fψL;f0 to anti-instantons. Through determinant
formation across quark flavors, we use determinant instead

of
QNf

f;f0 and recover the NJL model’s renowned ’t Hooft
interaction term,

Ldet ¼ −K½e−iθ det ψ̄ð1þ γ5Þψ þ eiθ det ψ̄ð1 − γ5Þψ �: ð8Þ

This instanton-derived interaction simultaneously incorpo-
rates the topological term, breaks Uð1ÞA symmetry, and
preserves SUðNfÞL ⊗ SUðNfÞR symmetry. Remarkably,
this mechanism dynamically generates the η0 mass within
the NJL framework [82], predating the Witten-Veneziano
formula in QCD [85,86].
The conventional method for introducing the θ term in

’t Hooft interactions employs chiral rotations of the NJL
Lagrangian, mirroring the QCD approach [53]. This yields
identical results to our path-integral derivation via topo-
logical term weighting.
We thus arrive at the two-flavor NJL Lagrangian for

investigating CP violation,

LNJL ¼ ψ̄ði∂ −mÞψ þ Lq̄q þ Ldet; ð9Þ

where ψ denotes the quark fields,m the current quark mass,
and the interaction terms are specified as

Lq̄q ¼ G
X3
a¼0

½ðψ̄τaψÞ2 þ ðψ̄iγ5τaψÞ2�: ð10Þ

Here, τa (a ¼ 1, 2, 3) are Pauli matrices and τ0 ¼ I, G
parametrizes four-quark scalar/pseudoscalar interactions,
and K controls the KMT determinant interaction. In some

conventions, K relates to an alternative coupling G0
through K ¼ −2G0.

B. The thermodynamic potential in
the mean-field approximation

To study the system at finite chemical potentials and
temperature, we introduce the chemical potentials in the
Lagrangian density,

L ¼ LNJL þ ψ̄ μ̂ γ0ψ ; ð11Þ

where μ̂ ¼ diagðμu; μdÞ is the chemical potential matrix
with

μu ¼
μB
3
þ μI

2
; ð12Þ

μd ¼
μB
3
−
μI
2
; ð13Þ

where μu, μd are the baryon, isospin potential, respectively.
Based on the mean-field approximation as detailed

in Appendix A, the above Lagrangian density can be
written as

LMF ¼ ψ̄S−1ψ − ν; ð14Þ

where

S−1ðpÞ¼
 
=pþμuγ

0−Muþβudiγ5 SþRiγ5

SþRiγ5 =pþμdγ
0−Mdþβduiγ5

!

ð15Þ

is the inverse of the quark propagator S−1ðpÞ as a function
of quark momentum p, with
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αud¼
�
−4Gσuþ2Kcos

�
a
fa

�
σd−2Ksin

�
a
fa

�
ηd

�
; ð16Þ

βud¼
�
4Gηuþ2Kcos

�
a
fa

�
ηdþ2K sin

�
a
fa

�
σd

�
; ð17Þ

S ¼ 2Gδ − K

�
sin

�
a
fa

�
π − cos

�
a
fa

�
δ

�
; ð18Þ

R ¼ 2Gπ − K

�
cos

�
a
fa

�
π þ sin

�
a
fa

�
δ

�
; ð19Þ

Mu ¼ mu þ αud; Md ¼ md þ αdu; ð20Þ

and

ν ¼ G

�
2ðη2u þ η2dÞ þ 2ðσ2u þ σ2dÞ þ π2

�

− 2K

�
cos

�
a
fa

��
σuσd − ηuηd −

δ2

4
þ π2

4

�

− sin

�
a
fa

��
σdηu þ σuηd −

δπ

2

��
ð21Þ

being the condensation energy independent of the quark
fields. In most previous calculations, particularly those
related to the QCD phase diagram, only the flavor-singlet
scalar condensate σ and nonsinglet pseudoscalar conden-
sate π were considered. For the isospin-singlet pseudoscalar
condensate η (analogous to σ) and the nonsinglet scalar
condensate δ (analogous to π), these remain dynamically
suppressed in the mean-field approximation without CP
violation. This suppression arises because they enter the
thermodynamic potential Ω through quadratic (η2, δ2) and
cross (η · δ) terms,whicharenotgeneratedbythestandardNJL
interaction mechanism and align with real physical results.
In our study, the axion-axial current coupling introduces

linear terms in Ω that explicitly source these condensates,
necessitating their inclusion in the dynamical framework.
This behavior qualitatively matches previous investigations
of normal quark matter under CP-odd conditions
[29,51,53,54]. Both scalar and pseudoscalar condensates
must now be incorporated in the analysis. Below we show
the explicit expressions on scalar and pseudoscalar con-
densates:

σq ¼ hψ̄qψqi∶ σu ¼ hūui; σd ¼ hd̄di; ð22Þ

πþ ¼ hψ̄iγ5τþψi ¼ 2hūiγ5di;
π− ¼ hψ̄iγ5τ−ψi ¼ 2hd̄iγ5ui; ð23Þ

ηq¼hψ̄qiγ5ψqi∶ ηu¼hūiγ5ui; ηd¼hd̄iγ5di; ð24Þ

δþ ¼ hψ̄τþψi ¼ 2hūdi; δ− ¼ hψ̄τ−ψi ¼ 2hd̄ui: ð25Þ

The phase factor associated with the condensates πþ, π−,
δþ, and δ− determines the spontaneous breaking direction
of the Uð1ÞI symmetry. However, this phase selection does
not alter physical observables in globally thermalized
systems [57]. For computational simplicity, we fix the phase
factor to zero in subsequent calculations, thus we take

πþ ¼ π− ¼ π; δþ ¼ δ− ¼ δ: ð26Þ

Consequently, for any solution ðπ; δÞ satisfying the gap
equations, the configuration ð−π;−δÞ constitutes another
valid solution to these equations.
Starting from the partition function as detailed in

Appendix B, the thermodynamic potential can be
expressed as

Ω¼ν−2Nc

X4
i¼1

Z
d3p⃗
ð2πÞ3

�jẼij
2

þT lnð1þe−βjẼijÞ
�
; ð27Þ

where β ¼ 1=T is the inverse of the temperature, and
the effective quark energies in the above are defined
Ẽi ¼ λi − μB=3 as detailed in Appendix B. In the present
study without considering the color superconductivity,
the color degree of freedom contributes a factor of
Nc ¼ 3 and the factor 2 comes out from the spin 1=2
nature of the fermions.

C. Gap equations

Using the quark propagator as detailed in Appendix C,
the expressions of the condensates in terms of the phase-
space distribution function can be written as

σq ¼ 4Nc

X4
i¼1

Z
d3p⃗
ð2πÞ3 gσqðẼiÞfðẼiÞ; ð28Þ

ηq ¼ 4Nc

X4
i¼1

Z
d3p⃗
ð2πÞ3 gηqðẼiÞfðẼiÞ; ð29Þ

π ¼ 4Nc

X4
i¼1

Z
d3p⃗
ð2πÞ3 gπðẼiÞfðẼiÞ; ð30Þ

δ ¼ 4Nc

X4
i¼1

Z
d3p⃗
ð2πÞ3 gδðẼiÞfðẼiÞ: ð31Þ

The net-quark densities for u, d quarks in terms of the
phase-space distribution function can be written as

ρq ¼ 4Nc

X4
i¼1

Z
d3p⃗
ð2πÞ3 gρqðẼiÞ

�
−
1

2
þ fðẼiÞ

�
; ð32Þ

with q ¼ u, d being the quark flavor. The net baryon
density ρB and the isospin density ρI can be calculated from
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ρB ¼ 1
3
ðρu þ ρdÞ, and ρI ¼ 1

2
ðρu − ρdÞ. In the above expressions, fðEÞ ¼ 1

expðβEÞþ1
is the Fermi-Dirac distribution, the g

functions have the form of

gρuðẼiÞ ¼ −

h
E2
d − ðẼi þ μdÞ2 þ β2du

i
ðẼi þ μdÞ þ ðS2 þ R2ÞðẼi þ μuÞQ

k≠iðẼi − ẼkÞ
; ð33Þ

gσuðẼiÞ ¼
−
h
E2
d − ðẼi þ μdÞ2 þ β2du

i
Mu þ ðS2 − R2ÞMd − 2SRβduQ

k≠iðẼi − ẼkÞ
; ð34Þ

gηuðẼiÞ ¼
h
E2
d − ðẼi þ μdÞ2 þ β2du

i
βud þ 2SRMd þ ðS2 − R2ÞβduQ

k≠iðẼi − ẼkÞ
; ð35Þ

gρdðẼiÞ ¼ gρuðẼiÞðu ↔ dÞ; gσdðẼiÞ ¼ gσuðẼiÞðu ↔ dÞ; gρdðẼiÞ ¼ gρuðẼiÞðu ↔ dÞ; ð36Þ

gπðẼiÞ ¼ 2
ðS2 þ R2ÞRþ SðMuβdu þMdβudÞ þ R

h
p⃗2 − ðẼi þ μuÞðẼi þ μdÞ þMuMd − βudβdu

i
Q

k≠iðẼi − ẼkÞ
; ð37Þ

gδðẼiÞ ¼ 2
ðS2 þ R2ÞSþ RðMuβdu þMdβudÞ þ S

h
p⃗2 − ðẼi þ μuÞðẼi þ μdÞ −MuMd þ βudβdu

i
Q

k≠iðẼi − ẼkÞ
; ð38Þ

and they satisfy the following relations:

X4
i¼1

gδðẼiÞ¼
X4
i¼1

gπðẼiÞ¼
X4
i¼1

gσqðẼiÞ

¼
X4
i¼1

gηqðẼiÞ¼0; ð39Þ

X4
i¼1

gρqðẼiÞ ¼ 1;
X
q

gρqðẼiÞ ¼
1

2
: ð40Þ

The gap equations (28)–(31) for the condensates are
equivalent to the extremum condition of the thermody-
namic potential,

∂Ω
∂σq

¼ ∂Ω
∂ηq

¼ ∂Ω
∂π

¼ ∂Ω
∂δ

¼ 0: ð41Þ

The flavor number densities, Eq. (32), obtained from the
matrix elements of the quark propagator are equivalent to
the thermodynamical relations,

ρq ¼ −
∂Ω
∂μq

: ð42Þ

III. ZERO TEMPERATURE

Because of the fact that we simplified the interactions
as four-fermion contact pointlike interactions in the
Lagrangian, the NJL model cannot be renormalized. To

solve the gap equations and calculate the thermodynamic
functions numerically, we should first fix the model param-
eters. It is necessary to introduce a regulator Λ that serves as
an energy scale at which the strong interaction vanishes, and
which can be thought of as indicating the onset of asymptotic
freedom [57]. In the following, we take a hard three-
momentum cutoff Λ, and following Refs. [48,49], we
introduce c as G ¼ ð1 − cÞGs and G0 ¼ −K=2 ¼ cGs;
the parameter c connecting the two couplings determines
the strength of the θ interaction, Often, in recent studies
involving flavor mixing within the NJL model and its
extensions, the couplings G and G0 are also taken equal.
Although the exact value of c is unknown, the splitting of
η − η0 in the three-flavor model shows that c ∼ 0.2 is
favorable [87]. The value c ¼ 0.2 has also been used in
Refs. [48–53]. Therefore, we also take c ¼ 0.2 here.
Hence, the two-flavor NJL model has three parameters
of m, Λ, Gs. In this work, we employ parameters
m ¼ 0.005 GeV, Λ ¼ 0.66 GeV, and Gs ¼ 4.8 GeV−2,
which are fitted by pion mass, decay constant, and the
isospin density from a recent lattice QCD study [60].
In this section, we concentrate on the θ effects with finite

isospin chemical potential when both baryon chemical
potential and temperature are vanishing. For a given isospin
chemical potential μI , temperature T, baryon chemical
potential μB, and a CP-violating parameter θ, we can solve
the coupled self-consistent gap equations (28)–(31). We
check if the solution corresponds to global minima of
thermodynamic potential. Only the one with minimal
thermodynamic potential will be chosen.
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In Fig. 1, we show the condensates as a function of
isospin chemical potential for θ ¼ 0, π=3, 2π=3, and π. We
have normalized the quark condensates with chiral con-
densate σ0 in the vacuum. In Fig. 1 (θ ¼ 0), we see that the
condensates η and δ are both zero, consistent with the
results of standard NJL model studies. It is well known that
in the isospin symmetric phase, the vacuum state is not
disturbed by small isospin chemical potential so that the
chiral condensate keeps its vacuum value and π ¼ 0. At
the critical isospin chemical potential μcritI ¼ 0.135 GeV
(which means it exceeds the pion mass [61]), the isospin
symmetry starts to break spontaneously and the pion
condensate appears. Both the chiral and pion superfluidity
phase transitions are of second order. The pion condensate
increases with μI and at the same time the chiral condensate

decreases with μI . The two condensates coexist in a wide
region. The reason for the disappearance of pion conden-
sation at high μI can be explained by asymptotic freedom
of QCD.
In Fig. 1 (θ ¼ π=3), the pseudoscalar condensate η has a

nonvanishing value in the isospin symmetric phase with
nonvanishing θ. This matches the conclusions in Ref. [55].
At the critical isospin chemical potential μcritI ¼ 0.126 GeV
(lower than the θ ¼ 0 case), the isospin symmetry starts to
break spontaneously with simultaneous emergence of both
the pseudoscalar condensate π and scalar condensate δ
through second-order phase transitions. The pion conden-
sate and δ condensate increase with μI , while the chiral
condensate and η condensate decrease with μI . All four
condensates coexist across a broad μI range. Importantly,

FIG. 1. The four condensates σ, π, η, and δ scaled by the chiral condensate σ0, as a function of isospin chemical potential μI for several
values of θ≡ a=fa. The top left plot corresponds to θ ¼ 0, the top right to θ ¼ π=3, the bottom left to θ ¼ 2π=3, and finally the bottom
right to θ ¼ π.
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both π and δ condensates vanish simultaneously at high μI ,
demonstrating that spontaneous isospin symmetry breaking
under nonzero θ is jointly manifested by the pion con-
densate and δ condensate. Throughout this process, we
observe nearly identical functional dependencies: the pion
condensate and δ condensate exhibit similar growth rates,
while the chiral condensate and η condensate show analo-
gous decay patterns. The sole distinction lies in the relative
magnitudes: normal condensates (σ, π) maintain magni-
tudes larger than their counterparts (η, δ).
In Fig. 1 (θ ¼ 2π=3), the condensates σ and η display

complementary θ dependence in the symmetric isospin
phase, preserving an approximately constant total conden-
sate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ η2

p
. In the broken phase with reduced critical

μcritI ¼ 0.097 GeV, the condensates have an analogous
behavior as before only the complementary behavior
reverses: the magnitudes of (σ, π) become smaller than
those of (η, δ). Analogous complementarity emerges
between the π and δ condensates as θ increases in the
isospin symmetry-broken phase.
In Fig. 1 (θ ¼ π), the scalar condensate σ nearly vanishes

(retaining a small residual magnitude from nonzero current
quark masses) in the isospin symmetric phase. The isospin
symmetry breaking transition becomes first order at
μcritI ¼ 0.021 GeV, contrasting with second order transi-
tions at other θ values. This transition order difference
aligns with expectations, as the transition for the conden-
sate variations with temperature becomes a second order
transition at θ ¼ π instead of a crossover for lower θ [55].
The condensates of η and pion completely vanish in the
isospin symmetry breaking phase and the vanishing of the η
condensate signals the restoration of CP symmetry which
means that spontaneous breaking of isospin symmetry
occurs simultaneously with the restoration of CP symmetry
and the phase of isospin symmetry breaking is also the CP
symmetry phase. The scalar condensate σ persists with a
minimal value due to explicit chiral symmetry breaking,
while the δ condensate dominates the isospin-symmetry-
broken phase. Last but not least, all condensates ultimately
vanish at high μI values related to the finite momentum
cutoff Λ in the NJL framework, regardless of θ.
We can preliminarily conclude that θ has two effects:

suppressing normal condensates σ and π, promoting con-
densates η and δ, and catalyzing spontaneous isospin
symmetry breaking. The striking similarity between
(σ, π) and (η, δ) evolution patterns will be further verified
under conditions of finite temperature and baryon density.
Next we consider the θ dependence of the ground state

structure with a pure isospin effect.
In Fig. 2, we first show the θ dependence of the critical

isospin chemical potential for spontaneous isospin sym-
metry breaking, μcritI ðθÞ. In particular, the second-order
isospin phase transition exhibits a strong θ sensitivity.
We observe that the critical isospin chemical potential
decreases with increasing θ, with the descending rate

accelerating at larger θ values. It should be noted that,
in previous studies [80], increasing θ was also found to
reduce the baryon chemical potential threshold for first-
order phase transitions. This suggests that larger θ values
induce system instability, thus catalyzing phase transitions
at lower critical thresholds.
In Fig. 3, we show the variations of the pseudoscalar

condensate η with respect to θ (or equivalently the scaled
axion field a=fa) for several isospin chemical potentials,
considering both subcritical and supercritical values rela-
tive to the CP symmetry restoration threshold. The pseu-
doscalar condensate η exhibits a periodic θ dependence
with a 2π periodicity. For μI < 0.021 GeV, spontaneous

FIG. 2. The critical isospin chemical potential for spontaneous
isospin symmetry breaking, μcritI , as function of CP-violating
parameter θ.

FIG. 3. The variations of the pseudoscalar condensate η with
respect to θ for several isospin chemical potentials. The black
dots are the positions of the critical θc when spontaneous isospin
symmetry breaking occurs.
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CP violation manifests itself clearly in θ ¼ π þ 2kπ, where
η bifurcates into two degenerate solutions differing only in
sign. Throughout this range μI , the system remains in the
isospin-symmetric phase without spontaneous symmetry
breaking for any θ. In the intermediate regime
0.021 GeV ≤ μI < 0.135 GeV, isospin symmetry remains
unbroken in the θ ¼ 0 vacuum. However, at a critical
θcðμIÞ (marked by black dots in the figure), spontaneous
isospin symmetry breaks. For θ < θc, the system persists in
the symmetric phase with η maintaining its θ dependent
equilibrium value. When θ > θc [i.e., μI > μcritI ðθÞ],
η decreases monotonically and eventually vanishes at
θ ¼ π. The η degeneracy at θ ¼ π observed at lower μI
is lifted beyond μcritI ¼ 0.021 GeV (see Fig. 1), signaling
the breakdown of Dashen’s phenomenon. For
μI > 0.135 GeV, spontaneous isospin symmetry breaking
already exists in the vacuum θ ¼ 0, eliminating any θ
interval where η remains static. Across all θ, η evolves
under competing effects: (1) θ enhancement of η pseudo-
scalar condensation; (2) suppression from facilitating
spontaneous isospin symmetry breaking. The enhancement
driven by θ dominates at low θ, increasing η, while the
suppression of symmetry breaking prevails at high θ,
causing the reduction η.
In Fig. 4, we present the θ dependence of pseudoscalar

condensate π and scalar condensate δ. As established in
previous studies [55], the σ − η condensate pair exhibits a
complementary relationship with approximately conserved
total condensate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ η2

p
≈ const. We investigate whether

this behavior extends to the π − δ pair in the isospin-
symmetry-broken phase.
For μI slightly above 0.135 GeV (where pion conden-

sation exists at θ ¼ 0), the π − δ system shows approxi-
mate complementarity. The decreasing rate of π with θ

remains slower than the increasing rate of δ, leading to a
monotonic increase in total condensate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2 þ δ2

p
. This

behavior stems from competing θ effects: 1. suppression
of π; 2. enhancement of δ; 3. catalyzing isospin symmetry
breaking. These mechanisms accelerate δ growth while
decelerating π suppression, collectively increasing total
condensate. In the range 0.021 GeV ≤ μI < 0.135 GeV,
isospin symmetry remains intact at θ ¼ 0 but spontane-
ously breaks at critical θcðμIÞ (marked by a black dot). For
θ < θc (isospin-symmetric phase), both π and δ vanish.
When θ > θc [μI > μcritI ðθÞ], δ increases monotonically;
π first rises, then falls, vanishing at θ ¼ π. At θ ¼ π, both
condensates exhibit continuity throughout the transition.
For θ > π, their signs are reversed. The total condensateffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2 þ δ2

p
remains nonzero throughout the symmetry-

broken phase. For μI < 0.021 GeV, the system persists
in the isospin symmetric phase with

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2 þ δ2

p
¼ 0 across

all θ, as spontaneous symmetry breaking never occurs.
In Fig. 5, we display the normalized thermodynamic

potential (axion potential) as a function of θ for different
isospin chemical potentials μI . The potential minimum
resides at θ ¼ 2iπ, consistent with the Vafa-Witten
theorem, while maxima occur at θ ¼ ð2iþ 1Þπ—a feature
also observed in NJL model studies [53,54]. For
μI < 0.021 GeV, the system remains in the isospin-
symmetric phase across all θ, with the effective potential
not affected by μI. Spontaneous CP violation at θ ¼ π
induces a discontinuity in the potential’s first derivative
at this point. As μI increases from 0.021 to 0.135 GeV,
the potential profile remains unchanged for θ < θc but
becomes flattened for θ > θc. This behavior reflects the
absence of spontaneous isospin symmetry breaking below
θc and its activation above θc. The restoration of CP

FIG. 4. The condensates π and δ as functions of θ for several
isospin chemical potentials. The black dots are the positions of the
critical θc when spontaneous isospin symmetry breaking occurs.

FIG. 5. The normalized thermodynamic potential as a function
of θ for different isospin chemical potentials. The black dots are
the positions of the critical θc when spontaneous isospin
symmetry breaking occurs.
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symmetry at θ ¼ π restores derivative continuity, produc-
ing smooth potential transitions. When μI exceeds
0.135 GeV (where spontaneous isospin breaking exists
at θ ¼ 0), two key modifications emerge: 1. the value of
the thermodynamic potential at θ ¼ 0 is smaller; 2. the
potential landscape flattens significantly throughout the θ
domain.

IV. FINITE TEMPERATURE

We now study the temperature behavior of condensates
and thermodynamic functions in the phase of isospin
symmetry breaking with θ effects, and discuss the isospin
symmetry breaking phase diagram in the T − μI plane at
μB ¼ 0. Then we extend the phase diagram for the CP

transition in the T − μI plane, which was discussed in the
T − μB plane in Ref. [55].
In Fig. 6, we present the temperature dependence of the

condensates σ, η, π, and δ for θ ¼ 0, π=3, 2π=3, and π at a
fixed isospin chemical potential μI ¼ 0.15 GeV, maintain-
ing the system in the isospin symmetry-broken phase.
All condensates are normalized by the vacuum chiral
condensate σ0.
In Fig. 6 (θ ¼ 0), the condensates η and δ vanish

identically, consistent with the results of the standard
NJL model. The pion condensate is already nonzero at
the beginning while the strength of σ condensate is larger,
then the pion condensate decreases due to the temperature
effect, while the chiral condensate increases continuously
in the coexistence region of the two condensates which is

FIG. 6. The four condensates σ, π, η, and δ scaled by the chiral condensate σ0, as a function of temperature T at μB ¼ 0 and
μI ¼ 0.15 GeV for several values of θ≡ a=fa. The dashed lines are for the total condensate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ π2 þ η2 þ δ2

p
=jσ0j. The top left plot

corresponds to θ ¼ 0, the top right to θ ¼ π=3, the bottom left to θ ¼ 2π=3, and finally the bottom right to θ ¼ π.
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qualitatively different from the decrease of σ with increas-
ing temperature in the study on chiral symmetry restora-
tion. The coexistence phase persists until a second-order
phase transition restores isospin symmetry at critical
temperature Tc ¼ 0.118 GeV, and σ decreases in the
region where the isospin symmetry is restored. Notably,
the total condensate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ π2

p
mimics the smooth cross-

over behavior characteristic of chiral phase transitions,
despite the distinct microscopic mechanisms governing σ
and π evolution.
In Fig. 6 (θ ¼ π=3), as θ increases, the condensates η and

δ begin to acquire nonzero values. Under the θ-enhanced
spontaneous isospin symmetry breaking effect, the
strengths of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2 þ δ2

p
and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ η2

p
initially become

comparable. Both the pion condensate π and δ condensate
decrease with temperature, while the chiral condensate σ
and η condensate increase continuously within the four
condensates coexistence region. Eventually, π and δ vanish
simultaneously through a second-order phase transition
restoring isospin symmetry at a higher critical temperature
Tc ¼ 0.136 GeV, followed by suppression of σ and η in
the restored phase. Throughout this process, the temper-
ature-dependent behaviors of (π, δ) and (σ, η) remain
similar, with the only distinction being that the normal
condensates (σ, π) maintain larger magnitudes than their
counterparts (η, δ).
In Fig. 6 (θ ¼ 2π=3), the initial strength of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2 þ δ2

p

exceeds
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ η2

p
, and the critical temperature Tc ¼

0.167 GeV for isospin symmetry restoration increases
further with θ, both consistent with theoretical expect-
ations. The complementary θ-dependent behaviors between
(σ, η) and (π, δ) channels persist, changing the relative
hierarchy where condensates (η, δ) exhibit larger magni-
tudes than normal condensates (σ, π).

In Fig. 6 (θ ¼ π), the δ condensate still dominates
completely in the isospin symmetry-broken phase at
finite temperature, while the scalar condensate σ retains
small nonzero values due to explicit chiral symmetry
breaking. Both η and π condensates remain absent. The
δ condensate vanishes via second-order transition at a
larger critical temperature Tc ¼ 0.183 GeV. The total
condensate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ η2 þ π2 þ δ2

p
universally displays chi-

ral-crossover-like temperature dependence across all θ
values except θ ¼ π.
Next we present the isospin symmetry breaking phase

diagram in the T − μI plane at μB ¼ 0 for different θ values
in Fig. 7(a). It is noteworthy that the criterion for
determining the isospin symmetry breaking phase has
transitioned from examining the π condensate value to
evaluating the total condensate

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2 þ δ2

p
. We observe

that the θ-dependent modulation of the critical isospin
chemical potential creates distinct phase boundaries for
different θ values in the μI < 0.4 GeV regime. However,
for μI > 0.4 GeV—where isospin symmetry becomes fully
broken for all θ—the phase boundaries converge com-
pletely across different θ values.
Analogous to standard BCS theory, the critical temper-

ature Tc and total condensate at zero temperature approx-
imately obey the linear relation:

TcðμIÞ ∝
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2 þ δ2

p
ðT ¼ 0; μIÞ; ð43Þ

which can be verified by comparing with the μI-dependent
total condensate profiles under corresponding θ values
shown in Fig. 7(b).
Finally, we present the CP violation transition phase

diagram in the T − μI plane in Fig. 8. As previously
discussed, the isospin symmetry breaking phase inherently

FIG. 7. The linear relation between the critical temperature Tc and total condensate at zero temperature for several values of θ. (a) The
phase diagram in the T − μI plane at μB ¼ 0. (b) The total condensate as a function of μI at zero temperature.
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preserves CP symmetry under pure isospin effects, and this
conclusion remains valid at finite temperatures since
thermal fluctuations tend to restore symmetries universally.
The second-order CP restoration transition lines coincide
completely for μI < 0.021 GeV, forming a rectangular
spontaneous CP violation region bounded by T ¼
0.182 GeV and μI ¼ 0.021 GeV in the phase diagram,
and the tricritical point which connects the first- and
second-order phase transitions is located at ðTc; μcritI Þ ¼
ð0.182; 0.021Þ GeV.

V. FINITE TEMPERATURE AND
BARYON DENSITY

We now turn to the discussion θ effects at finite
baryon chemical potential μB and temperature T withFIG. 8. The phase diagram forCP transition in the T − μI plane.

FIG. 9. The four condensates σ, π, η, and δ scaled by the chiral condensate σ0, as a function of baryon chemical potential at T ¼ 0 and
μI ¼ 0.15 GeV for several values of θ≡ a=fa. The top left plot corresponds to θ ¼ 0, the top right to θ ¼ π=3, the bottom left to
θ ¼ 2π=3, and finally the bottom right to θ ¼ π.
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μI ¼ 0.15 GeV to keep the system in the initial
phase of isospin symmetry breaking as we have inves-
tigated it at finite isospin chemical potential μI and
temperature T.
The μB dependence of the four condensates at different θ

values, normalized by the vacuum chiral condensate σ0 at
fixed T ¼ 0, is shown in Fig. 9.
In Fig. 9 (θ ¼ 0), only the σq and π condensates

are nonzero. Consistent with Ref. [57], the σu and σd
condensates remain nearly identical, preserving their vac-
uum values in the pion superfluidity phase. Near
the critical μcritB ¼ 0.789 GeV, the π condensate begins
to decrease while the σq condensate starts to increase.
A first-order phase transition then occurs: the π condensate
discontinuously drops to zero, while σu and σd jump to

higher values with jσdj > jσuj. Subsequently, both chiral
condensates decrease with increasing μB, exhibiting sig-
nificant splitting in the normal phase.
In Fig. 9 (θ ¼ π=3), as θ increases, the ηq and δ

condensates develop nonzero values. All six condensates
maintain their vacuum values in the isospin symmetry-
breaking phase. At a higher critical baryon chemical
potential μcritB ¼ 0.808 GeV, the π and δ condensates drop
discontinuously to zero, while the σq and ηq condensates
jump to larger values. This elevated critical μB arises from
θ-enhanced spontaneous isospin symmetry breaking.
Subsequently, the chiral condensates σu and σd decrease
with increasing μB, exhibiting more significant splitting,
while the ηq condensates remain nearly identical across the
calculated range.

FIG. 10. The four condensates σ, π, η, and δ scaled by the chiral condensate σ0, as a function of baryon chemical potential at finite T
and fixed μI ¼ 0.15 GeV for several values of θ≡ a=fa. The top left plot corresponds to θ ¼ 0, the top right to θ ¼ π=3, the bottom left
to θ ¼ 2π=3, and finally the bottom right to θ ¼ π.
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In Fig. 9 (θ ¼ 2π=3), the condensates exhibit analogous
behavior with one key distinction: σu first increases then
decreases in the

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2 þ δ2

p
¼ 0 phase with a critical baryon

chemical potential μcritB ¼ 0.856 GeV.
In Fig. 9 (θ ¼ π), the δ condensate dominates absolutely,

while the scalar condensate σ retains small nonzero values.
Both η and π condensates remain fully suppressed as in
previous cases. The δ condensate drops to zero at critical
μcritB ¼ 0.899 GeV, with only σq discontinuously emerging.
Crucially, σu evolves oppositely to σd, a phenomenon likely
driven by θ-amplified isospin asymmetry effects and
explicit chiral symmetry breaking.
When extending to finite temperatures in Fig. 10, we

observe that the temperature effect converts the phase
transition from first order to second order when T exceeds
a threshold value, concurrently reducing the critical baryon
chemical potential. Additionally, the temperature effect
induces significant splitting between the two chiral con-
densates (σu, σd) not only in the normal phase but also in
the

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2 þ δ2

p
≠ 0 regime, while the ηq condensates remain

identical throughout.
The T − μB phase diagram at fixed μI for different θ

values is shown in Fig. 11. Second-order transitions
dominate the high-temperature regime, whereas first-order
transitions persist at high μB. Increasing θ expands the
phase boundary outward due to amplified isospin

asymmetry effects, maintaining constant first-order critical
μcritB values across an extended low-temperature region. As
tabulated in Table I, the tricritical point connecting first-
and second-order transitions shifts toward higher T and
lower μB with increasing θ.

VI. AXION EFFECTS ON BULK PROPERTIES
AND THE STRUCTURE OF NONSTRANGE

QUARK STARS

To investigate the θ effects on bulk properties of two-
flavor quark matter, we can study the axion effects on the
massive compact stars which consists of nonstrange
quark matter with the assumption that two-flavor quark
matter is stable.
Including diquark pairing contributions, the computed

mass-radius relationship for compact stars containing color
superconducting quark matter [88,89] demonstrates con-
vergence with results from unpaired quark matter models.
This agreement stems from the energy scale of the diquark
condensate being orders of magnitude below the corre-
sponding Fermi energy [90–92]. Consequently, we explic-
itly exclude diquark pairing interactions to maintain focus
on primary order parameters.
To ensure computational validity in this study, the

momentum cutoff Λ must be set to satisfy Λ > μB=3,
where the baryon chemical potential in massive quark star
interiors does not exceed μB ≲ 1.8 GeV based on our
model calculations.
Considering the electrical neutrality of quark stars and

electroweak reactions in them, we should take the β
equilibrium and electric charge neutrality conditions into
account; the conditions are

μd ¼ μu þ μe; ð44Þ

2

3
ρu −

1

3
ρd − ρe ¼ 0: ð45Þ

Particle number densities depend on their chemical poten-
tials, therefore there is only one independent variable in
these chemical potentials. As we have obtained the effec-
tive thermodynamic potential at finite chemical potential
Ωða; μB; μIÞ with the physical vacuum Ωða; 0; 0Þ, the
pressure relative to the physical vacuum, and energy
density are given by

P ¼ Ωða; 0; 0Þ −Ωða; μB; μIÞ þ
μ4e

12π2
; ð46Þ

FIG. 11. The phase diagram of isospin symmetry breaking in
the T − μB plane at μI ¼ 0.15 GeV for several values of θ. The
solid part of the line indicates a first order phase transition while
the dashed part indicates one of second order. The black dots are
the positions of the tricritical point.

TABLE I. Values of the tricritical points at various θ.

θ 0 π
3

2π
3

π

ðTc; μcritB Þ (0.037, 0.702) GeV (0.060, 0.646) GeV (0.098, 0.596) GeV (0.128, 0.512) GeV

LEI ZHANG, LU-MENG LIU, and MEI HUANG PHYS. REV. D 112, 096025 (2025)

096025-14



ϵ ¼ −pþ μBρB þ μIρI þ
μ4e
3π2

: ð47Þ

It defines the normalized potential by subtracting the θ
vacuum’s value and ensures that the pressure vanishes in
the vacuum. We adopt the hypothesis that the trapped
axions can be described by a θ-dependent bag, where the
pressure from the trapped axions is incorporated into the
total pressure. Moreover, the axion contribution to the bulk
pressure is assumed to cancel by construction the energy
cost needed to produce a finite θ in the bulk.
By solving the β equilibrium and electric charge neutral-

ity conditions, the pressure and energy density as functions
of μB are displayed in Fig. 12. It can be seen that, as the
scaled axion field a=fa increases, the first order phase
transition in quark matter moves to the lower baryon
chemical potential, resulting in the earlier appearance of
chiral phase transition and free quarks so that the EOS of
quark matter becomes stiffer. It should be noted that, under
these parameters, there exists an interval with both energy
density and pressure prior to the occurrence of the first-
order phase transition. This will lead to a mass-radius
relationship similar to that of hybrid stars [60]. However,
since the thermodynamic potential within the mean-field
approximation does not incorporate degrees of freedom
from hadrons, it is still referred to as a quark star in this
paper. In the high-density quark-gluon plasma phase, where
θ couples to condensates (e.g., chiral and pseudoscalar η
condensates), all relevant condensates approach zero.
Consequently, the thermodynamic potentials for different
θ values become essentially identical in this regime. The
pressure difference between distinct θ configurations in this
phase is therefore determined solely by the vacuum
thermodynamic potential difference:

ΔP ≈Ωvacðθ1Þ −Ωvacðθ2Þ: ð48Þ

As generally done, we assume the nonstrange star to be a
spherically symmetric object. The mass-radius relation of
hybrid stars can be obtained by solving the general
relativistic equation of hydrostatic equilibrium known as
the Tolman-Oppenheimer-Volkoff (TOV) equation:

dPðrÞ
dr

¼ −
Gðϵþ PÞðM þ 4πr3PÞ

rðr − 2GMÞ ; ð49Þ

MðrÞ ¼
Z

r

0

dr04πr02ϵðr0Þ: ð50Þ

The mass-radius relation for nonstrange quark stars
incorporating the scaled axion field a=fa is presented in
Fig. 13. Observational constraints derived from Bayesian
analysis of pulse profile data for PSR J0030þ 0451 [93,94]
and PSR J0740þ 6620 [95,96], along with the analyses
of the gravitational wave signal from the NS merger
GW170817 [97] are superimposed for comparison. Key
findings include

(i) A systematic increase in maximum mass (Mmax) and
corresponding radius (RMmax

) with axion coupling
strength a=fa, consistent with equation-of-state
stiffening effects, but its effects on hybrid star matter
demonstrate counterintuitive evolutionary behavior
in the EOS of quark matter for a decrease in both the
speed of sound and the polytropic index during the
hadron-quark transition [80].

(ii) Compatibility of all parameter sets with multimes-
senger constraints from PSR J0030þ 0451,
GW170817, and PSR J0740þ 6620 (for a=fa ∼ π).

FIG. 12. The pressure and energy density varying with μB in
the dense QCD system with conditions of β equilibrium
and electric neutrality, computed for several values of the
scaled axion field a=fa.

FIG. 13. The mass and radius relation of nonstrange quark
stars, computed for several values of the scaled axion field a=fa.
The constraints from multimessenger astronomy observations are
shown by shaded regions.
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In addition, when considering the rotation of the quark star,
the value of the maximum mass is roughly 10%–20%
higher than that in the nonrotating case [98].

VII. SUMMARY AND OUTLOOK

It is well established that a nonzero CP-violating θ
parameter induces richer phase structures in quantum
chromodynamics, with the θ ¼ π case exhibiting sponta-
neous CP violation through the Dashen phenomenon. This
motivates detailed studies of θ-modified phase transitions
in hot and dense quark matter. Building upon existing
research on θ-dependent chiral symmetry breaking, decon-
finement, and color superconductivity, our work extends
the understanding of theta vacuum physics to systems with
finite isospin chemical potential (μI), mapping CP sym-
metry restoration across the T − μI phase diagram. Within
the two-flavor Nambu-Jona-Lasinio framework, we first
review the physical origin of the Kobayashi-Maskawa-
’t Hooft determinant interaction, which emulates the
topological Chern-Simons term in low-energy QCD.
Notably, the bubble summation structure in the random
phase approximation becomes significantly more complex
in the isospin symmetry-broken phase compared to the
chiral-broken regime. By deriving analytical expressions
for the thermodynamic potential Ω and quark propagators
S, we circumvent numerical matrix inversion and determi-
nant calculations in solving gap equations. The condensates
both in the scalar as well as the pseudoscalar channel are
considered.
In systems with only isospin chemical potential (μI), the

introduction of the θ term induces the following effects:
First, the θ parameter significantly enhances the magnitude
of (η, δ) meson condensates while suppressing the strength
of (σ, π) meson condensates. Second, the θ effect promotes
spontaneous isospin symmetry breaking by reducing the
critical threshold μcritI for spontaneous isospin symmetry
breaking. When θ ¼ π, the critical isospin chemical poten-
tial decreases to μcritI ¼ 0.021 GeV, where the system
undergoes a first-order phase transition. Notably, during
this process, the (σ, π) condensates and (η, δ) condensates
exhibit analogous evolutionary behavior except θ ¼ 0 or π.
Extending the investigation to systems of finite temper-

ature (T) and finite baryon chemical potential (μB) reveals
that these θ-induced effects persist. Because of the
θ-enhanced spontaneous isospin symmetry breaking, the
phase boundaries of the isospin-broken phase expand in
both T − μI and T − μB phase diagrams. Specifically, for
the spontaneous CP symmetry-breaking phase transition
occurring at θ ¼ π, we successfully extend its existence
region from the T − μB phase diagram to the T − μI phase
diagram.
In studying axion field effects on nonstrange quark star

matter, we find that the baryon chemical potential μB
corresponding to the first-order chiral phase transition
decreases with increasing a=fa. This leads to earlier

emergence of free quarks and enhances the stiffness of
the quark matter equation of state. While the axion’s
influence on pure nonstrange quark star matter aligns with
theoretical expectations, its effects on hybrid star matter
(containing coexisting quark-nucleon phases) demonstrate
counterintuitive evolutionary behavior in the equation
of state.
Last but not least, we may estimate the axion mass

and self-coupling at finite isospin chemical potential in the
near future.
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APPENDIX A: THE LAGRANGIAN FROM
MEAN-FIELD APPROXIMATION

In the mean-field approximation, it is assumed that the
deviations due to fluctuations of all quantities F from their
thermal average values hFi are small. Thus, the following
relations can be introduced to linearize the Lagrangian:

ðψ̄ΓψÞ ≈ hψ̄Γψi; ðA1Þ

ðψ̄ΓψÞ2 ≈ 2hψ̄Γψiðψ̄ΓψÞ − hψ̄Γψi2; ðA2Þ

ðψ̄ΓiψÞðψ̄ΓjψÞ ≈ ðψ̄ΓiψÞhψ̄Γjψi þ hψ̄Γiψiðψ̄ΓjψÞ
− hψ̄Γiψihψ̄Γjψi: ðA3Þ

In the mean-field approximation by using the relations of
Eqs. (A1)–(A3), the following term can be expressed as

X2
a¼1

ðψ̄iγ5τaψÞ2 ¼ 2ψ̄iγ5τ1πψ − π2; ðA4Þ

X
a¼1;2

ðψ̄τaψÞ2 ¼ 2ψ̄τ1δψ − δ2; ðA5Þ

X
a¼0;3

ðψ̄iγ5τaψÞ2¼4ψ̄iγ5diagðηu;ηdÞψ−2ðη2uþη2dÞ; ðA6Þ

X
a¼0;3

ðψ̄τaψÞ2 ¼ 4ψ̄diagðσu; σdÞψ − 2ðσ2u þ σ2dÞ; ðA7Þ
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detðψ̄ΓψÞ ¼ ψ̄Γ

 
hd̄Γdi −hd̄Γui
−hūΓdi hūΓui

!
ψ

− ðhūΓuihd̄Γdi − hūΓdihd̄ΓuiÞ: ðA8Þ

Then the fermionic interaction term can be expressed as

Lq̄q ¼ ψ̄Σsψ − νs; ðA9Þ

Σs ¼ G

�
4iγ5ηu þ 4σu 2iγ5π þ 2δ

2iγ5π þ 2δ 4iγ5ηd þ 4σd

�
; ðA10Þ

νs ¼ G½2ðη2u þ η2dÞ þ 2ðσ2u þ σ2dÞ þ π2 þ δ2�; ðA11Þ

where νs is the contribution of the condensate energy from
the fermionic interaction and Σs is the self-energy contrib-
uted by the fermionic interaction.

The KMT term in the mean-field approximation with the
θ has some difficulties; to clarify the origin of this term, we
proceed as follows:

Ldet ¼ −K
h
e−i

a
fa det ψ̄ð1þ γ5Þψ þ ei

a
fa det ψ̄ð1 − γ5Þψ

i
¼ −K · 2Re

h
e−i

a
fa det ψ̄ð1þ γ5Þψ

i
¼ −2K

�
cos

�
a
fa

�
Re½det ψ̄ð1þ γ5Þψ �

þ sin

�
a
fa

�
Im ½det ψ̄ð1þ γ5Þψ �

�
: ðA12Þ

Then, we can safely obtain the expression

Ldet ¼ ψ̄Σkψ − νk; ðA13Þ

Σk ¼−2K

0
BBB@
cos
	

a
fa



ðσd− iηdγ5Þ− sin

	
a
fa



ðηdþ iσdγ5Þ

�
cos
	

a
fa



π
2
þ sin

	
a
fa



δ
2

�
iγ5þ

�
sin
	

a
fa



π
2
− cos

	
a
fa



δ
2

�
�
cos
	

a
fa



π
2
þ sin

	
a
fa



δ
2

�
iγ5þ

�
sin
	

a
fa



π
2
− cos

	
a
fa



δ
2

�
cos
	

a
fa



ðσu− iηuγ5Þ− sin

	
a
fa



ðηuþ iσuγ5Þ

1
CCCA;

ðA14Þ

νk ¼ −2K
�
cos

�
a
fa

��
σuσd − ηuηd −

δ2

4
þ π2

4

�
− sin

�
a
fa

��
σdηu þ σuηd −

δπ

2

��
; ðA15Þ

where νk is the contribution of the condensate energy from the KMT interaction, and Σk is the self-energy contributed by the
KMT interaction.

APPENDIX B: THERMODYNAMIC POTENTIAL

According to finite-temperature field theory, the fermionic partition function is expressed via a path integral,

Z ¼
Z
anti

D½iψ†�D½ψ � exp
�Z

β

0

dτ
Z

d3x⃗Lð∂0 → i∂0Þ
�
: ðB1Þ

Under the mean-field approximation, the Lagrangian density takes the form

LMF ¼ ψ̄ Ŝ−1ψ − ν: ðB2Þ

Transforming into a momentum space with pμ ¼ ðp0; p⃗Þ where p0 ¼ ð2nþ 1ÞiπT, and replacing operators ∂μ → ipμ,
Ŝ−1 → S−1ðp⃗; nÞ, we derive the following:

Z ¼
Z

D½ψ̃nðp⃗Þ�D½iψ̃†
nðp⃗Þ� exp

�
β
X
n;p⃗

¯̃ψ S−1ðn; p⃗Þψ̃ − βVν

�
¼
Y
p⃗;n

Z
d½ψ̃ �d½iψ̃†� exp fiψ̃†γ0½−iβS−1�ψ̃ − βVνg

¼ expð−βVνÞ
Y
p⃗;n

det ðγ0½−iβS−1�Þ ¼ expð−βVνÞ
Y
p⃗;n

detðS−1Þ: ðB3Þ

Using
P

n;p⃗ ¼ V
P

n

R d3p⃗
ð2πÞ3, the partition function simplifies to
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lnZ ¼ −βVνþ V
X
n

Z
d3p⃗
ð2πÞ3 ln detðS−1Þ; ðB4Þ

Ω ¼ ν − T
Z

d3p⃗
ð2πÞ3

X
n

ln detðS−1Þ: ðB5Þ

The determinant calculation of the matrix S−1 proves
computationally intensive. While Ref. [48] employs
numerical methods, we present analytical expressions
revealing crucial mathematical structures beneficial for
quark propagator calculations, similar to the approach in
Refs. [58,59]. Exploiting four-momentum summation sym-
metry

P
n;p⃗ fðn; p⃗Þ ¼

P
n;p⃗ fð�n;�p⃗Þ,

X
n;p⃗

ln detðS−1ðpÞÞ

¼ 1

2

X
n;p⃗

½ln detðS−11 ðp1ÞÞ þ ln detðS−12 ðp2ÞÞ�

¼ 1

2

X
n;p⃗

ln detðS−11 ðp1ÞS−12 ðp2ÞÞ: ðB6Þ

Here, p2 ¼ ð�p0;�p⃗1Þ remains undetermined. We con-
struct S−12 to enhance symmetry while preserving the
determinants

S−12 ¼γ5γ0S−11 γ0γ5

¼

0
B@=p2−μuγ

0−Mu−βudiγ5 S−Riγ5

S−Riγ5 =p2−μdγ
0−Md−βduiγ5

1
CA:

ðB7Þ

Choosing p1 ¼ −p2, we express

S−11 ðpÞS−12 ð−pÞ ¼
�
Auu Aud

Adu Add

�
; ðB8Þ

where

Auu ¼ E2
u − ðp0 þ μuÞ2 þ β2ud þ S2 þ R2; ðB9Þ

Aud ¼ Rðβud þ βduÞ − ðMu þMdÞS ðB10Þ

þ ðSþ Riγ5Þðμu − μdÞγ0
þ ½ðβud − βduÞSþ ðMu −MdÞR�iγ5;

Add ¼ Auuðu ↔ dÞ; Adu ¼ Audðu ↔ dÞ: ðB11Þ

The key properties Auu ∝ I and AudAdu ∝ I yield the
following:

ln detðS−1Þ ¼ 2Nc ln
n
½ðE2

u − ðp0 þ μuÞ2 þ β2ud þ S2 þ R2Þ · ðE2
d − ðp0 þ μdÞ2 þ β2du þ S2 þ R2Þ�

− S2½ðMu þMdÞ2 þ ðβud − βduÞ2� − R2½ðMu −MdÞ2 þ ðβud þ βduÞ2�
þ 4ðβudMd þ βduMuÞSRþ ðS2 þ R2Þðμu − μdÞ2

o
¼ 2Nc lnða

�
p0 þ

μB
3

�
4

þ b

�
p0 þ

μB
3

�
3

þ c

�
p0 þ

μB
3

�
2

þ d

�
p0 þ

μB
3

�
þ eÞ

¼ 2Nc

X
k

ln

�
p0 þ

μB
3
− λk

�
: ðB12Þ

Here, λk are roots of the quartic equation for p0 þ μB
3
, with

coefficients a–e derived from the expansion

a ¼ 1; b ¼ 0;

c ¼ −E2
u − E2

d − 2R2 − 2S2 − β2du − β2ud −
μ2I
2
;

d ¼ μIðM2
u −M2

d þ β2ud − β2duÞ;
e ¼ ðE2

u þ β2ud þ S2 þ R2ÞðE2
d þ β2du þ S2 þ R2Þ

þ ðS2 þ R2ÞðμIÞ2 − S2½ðMu þMdÞ2 þ ðβud − βduÞ2�
− R2½ðMu −MdÞ2 þ ðβud þ βduÞ2�
þ 4ðβudMd þ βduMuÞSR:

We can get the analytical expressions of the four roots λk,

λ1 ¼ þ
ffiffiffiffi
X

p

2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y þ Z

4
ffiffiffiffi
X

p
s

;

λ2 ¼ −
ffiffiffiffi
X

p

2
−
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y −

Z

4
ffiffiffiffi
X

p
s

;

λ3 ¼ þ
ffiffiffiffi
X

p

2
−
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y þ Z

4
ffiffiffiffi
X

p
s

;

λ4 ¼ −
ffiffiffiffi
X

p

2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y −

Z

4
ffiffiffiffi
X

p
s

;
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with

Ξ1 ¼ c2 þ 12e; Ξ2 ¼ 2c3 þ 27d2 − 72ce;

Ξ3 ¼
�
Ξ2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4Ξ3

1 þΞ2
2

q �1
3

; Ξ¼ c
3
þ 2

1
3Ξ1

3Ξ3

þ Ξ3

3× 2
1
3

;

X ¼ −cþΞ; Y ¼ −c−Ξ; Z ¼ −8d:

Using the summation formula of the Matsubara
frequencies,

Xþ∞

n¼−∞
lnðp0 � EÞ ¼ βE

2
þ lnð1þ e−βEÞ; ðB13Þ

we can get the expression of the thermodynamic potential
as Eq. (27).

APPENDIX C: QUARK CONDENSATE AND
QUARK DENSITY

In this appendix, we elegantly derive the quark propa-
gator using the constructed S−12 . The inverse quark
propagator matrix is expressed as

S−11 ¼
�
S−10u Δ
Δ S−10d

�
: ðC1Þ

Using the critical properties Auu ∝ I and AudAdu ∝ I from
Eq. (B8), we construct

S−12 ¼
�
CuS0u Δ†

Δ† CdS0d

�
; ðC2Þ

with

Cu ¼ E2
u − ðp0 þ μuÞ2 þ β2ud; ðC3Þ

CuS0u ¼ −=p − μuγ
0 −Mu − βudiγ5; ðC4Þ

Cd ¼ Cuðu ↔ dÞ; CdS0d ¼ CuS0uðu ↔ dÞ; ðC5Þ

Δ†Δ ¼ S2 þ R2: ðC6Þ

Recalling the determinant calculation process,

Y
k

�
p0þμB

3
−λk

�
¼det

��
S−10u Δ
Δ S−10d

��
CuS0u Δ†

Δ† CdS0d

��
¼det

�
CuþΔ†Δ S−10uΔ†þCdΔS0d

S−10dΔ†þCuΔS0u CdþΔ†Δ

�

¼CuCdþðΔ†ΔÞ2−ðS−10uΔ†S−10dΔ†þΔCdS0dΔCuS0uÞ¼ðS−10u −ΔS0dΔÞðCuCdS0u−Δ†S−10dΔ†Þ: ðC7Þ

The structure ðS−10uΔ†S−10dΔ† þ ΔCdS0dΔCuS0uÞ ∝ I reflects intrinsic symmetry of the quark propagator

ðS−10uΔ†S−10dΔ† þ ΔCdS0dΔCuS0uÞ ¼
1

Δ†Δ
Δ†ðS−10uΔ†S−10dΔ† þ ΔCdS0dΔCuS0uÞΔ

¼ ðS−10dΔ†S−10uΔ† þ ΔCuS0uΔCdS0dÞ: ðC8Þ

Substituting ðS−10uΔ†S−10dΔ† þ ΔCdS0dΔCuS0uÞ into Eq. (C7), we obtain

Y
k

�
p0 þ μB

3
− λk

�
¼ ðS−10d − ΔS0uΔÞðCuCdS0d − Δ†S−10uΔ†Þ: ðC9Þ

Thus, the inverse propagator components are

ðS−10u − ΔS0dΔÞ−1 ¼
ðCuCdS0u − Δ†S−10dΔ†ÞQ

kðp0 þ μB
3
− λkÞ

: ðC10Þ

Using block matrix inversion,

S ¼
�
Suu Sud
Sdu Sdd

�
¼
� ðS−10u − ΔS0dΔÞ−1 −ðS−10u − ΔS0dΔÞ−1ΔS0d
−ðS−10d − ΔS0uΔÞ−1ΔS0u ðS−10d − ΔS0uΔÞ−1

�
; ðC11Þ

we derive
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Suu ¼
ðCuCdS0u − Δ†S−10dΔ†ÞQ

kðp0 þ μB
3
− λkÞ

; ðC12Þ

Sud ¼ −
ðCuCdS0uΔS0d − Δ†Δ†ΔÞQ

kðp0 þ μB
3
− λkÞ

; ðC13Þ

Sdd ¼ Suuðu ↔ dÞ; Sdu ¼ Sudðu ↔ dÞ: ðC14Þ

Under trace operations, we utilize

Aðp0ÞQ
k

	
p0 − Ẽk


 ¼
X4
i¼1

1

p0 − Ẽi

AðẼiÞQ
k≠i

	
Ẽi − Ẽk


 ; ðC15Þ

where Aðp0Þ is a polynomial matrix in p0 with TrAðp0Þ
being a polynomial of degree < 4. We then have

Sq1q2 ¼
X4
i¼1

1

p0 − Ẽi
gq1q2ðẼiÞ ðC16Þ

by defining

guuðẼiÞ ¼
ðCuCdS0u − Δ†S−10dΔ†Þjp0¼ẼiQ

k≠i

�
Ẽi − Ẽk

� ; ðC17Þ

gudðẼiÞ ¼ −
ðCuCdS0uΔS0d − Δ†Δ†ΔÞjp0¼ẼiQ

k≠i

�
Ẽi − Ẽk

� ; ðC18Þ

gddðẼiÞ ¼ guuðẼiÞðu ↔ dÞ;
gduðẼiÞ ¼ gudðẼiÞðu ↔ dÞ: ðC19Þ

Using the relations

σq ¼ Nc

Z
d3p⃗
ð2πÞ3 T

X
n

TrðSqqÞ ¼ 4Nc

X4
i¼1

Z
d3p⃗
ð2πÞ3 gσqðẼiÞ

�
−
1

2
þ fðẼiÞ

�
; ðC20Þ

ηq ¼ Nc

Z
d3p⃗
ð2πÞ3 T

X
n

TrðiSqqγ5Þ ¼ 4Nc

X4
i¼1

Z
d3p⃗
ð2πÞ3 gηqðẼiÞ

�
−
1

2
þ fðẼiÞ

�
; ðC21Þ

π ¼ Nc

Z
d3p⃗
ð2πÞ3 T

X
n

TrðiSudγ5 þ iSduγ5Þ ¼ 4Nc

X4
i¼1

Z
d3p⃗
ð2πÞ3 gπðẼiÞ

�
−
1

2
þ fðẼiÞ

�
; ðC22Þ

δ ¼ Nc

Z
d3p⃗
ð2πÞ3 T

X
n

TrðSud þ SduÞ ¼ 4Nc

X4
i¼1

Z
d3p⃗
ð2πÞ3 gδðẼiÞ

�
−
1

2
þ fðẼiÞ

�
; ðC23Þ

ρq ¼ Nc

Z
d3p⃗
ð2πÞ3 T

X
n

TrðSqqγ0Þ ¼ 4Nc

X4
i¼1

Z
d3p⃗
ð2πÞ3 gρqðẼiÞ

�
−
1

2
þ fðẼiÞ

�
; ðC24Þ

where

gσqðẼiÞ ¼
1

4
Tr
�
gqqðẼiÞ

�
; ðC25Þ

gηqðẼiÞ ¼
1

4
Tr
h
igqqðẼiÞγ5

i
; ðC26Þ

gπðẼiÞ ¼
1

4
Tr
	
igudðẼiÞγ5 þ igduðẼiÞγ5



; ðC27Þ

gδðẼiÞ ¼
1

4
Tr
	
gudðẼiÞ þ gduðẼiÞ



; ðC28Þ

gρqðẼiÞ ¼
1

4
Tr
h
gqqðẼiÞγ0

i
; ðC29Þ

and incorporating the quark propagator expressions
Eqs. (C12)–(C14),we derive analytical forms for condensates
as given in Eqs. (33)–(38). It can be rigorously shown that
TrðCuCdS0u − Δ†S−10dΔ†Þ and TrðCuCdS0uΔS0d − Δ†Δ†ΔÞ
yield polynomials in p0 of degree < 3, satisfying Eq. (39).
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