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We present the first lattice QCD calculation of single-channel DD scattering with quantum numbers
IðJPÞ ¼ 1ð0þÞ and 0ð1−Þ. The calculation is performed on the 2þ 1 flavor Wilson-Clover ensembles with
a lattice spacing a ≃ 0.077 fm and two different pion masses, mπ ≃ 207 and 305 MeV. The scattering
parameters are determined using the Lüscher finite-volume method. Our results indicate a weak repulsive
interaction in the 1ð0þÞ channel and a slightly attractive interaction in the 0ð1−Þ channel. The S-wave
isovector DD scattering length and effective range, extrapolated to the physical pion mass, are ð−0.25�
0.08� 0.12Þ fm and ð−5.7� 4.5� 1.7Þ fm, respectively.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is the fundamental
theory that describes the strong interaction in terms of the
quark and gluon degrees of freedom. However, in the low-
energy region (at the energy scale close to ΛQCD), a
perturbative expansion in powers of the strong coupling
constant fails, and thus, alternative methods are required to
study the strong interaction at this scale. One such method
is lattice QCD (LQCD), which allows for investigations of
the strong interaction in the nonperturbative regime from
first principles. In LQCD, hadron scattering information
can be extracted using Lüscher’s finite-volume method
[1–3] and its generalizations (for a review, see Ref. [4]).
The method relates the energy spectrum of a two-particle
system in the finite volume and the scattering information
of the two particles in the continuum. Following this path,

tremendous progress has been made with LQCD in under-
standing hadron spectra and interactions; see recent reviews
in Refs. [4–7]. As for scatterings of identical spinless
mesons, ππ scattering has been extensively investigated by
several LQCD groups for various isospin channels I ¼ 0, 1,
and 2 [8–16], and KK scattering in the I ¼ 1 channel has
also been explored in Refs. [15–18]. Here, we will focus on
DD scattering in the low-energy regime.
DD scattering is related to the study of exotic states in the

doubly charmed sector. In particular, the doubly charmed
exotic meson Tccð3875Þþ, which couples strongly to the
isoscalar DD� in the S wave, was observed in the D0D0πþ
invariant mass distribution by LHCb [19,20]. Information on
DD scattering can provide insights into the DD final state
interactions that influence predictions on the Tþ

cc width
[21–23].1 Actually, the phenomenological calculation in
Ref. [21] displayed a sizable impact of the DD final state
interaction on the Tcc width based on the one-boson-
exchange model [26]. In addition, the DDK three-body
bound state has been predicted in both continuum [27–30]
and finite-volume formalisms [31,32]. So far, in the inclu-
sive decay processes of ϒð1SÞ and ϒð2SÞ [33], the Belle
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1For explorations on the influence of the analogous DD̄ final
state interaction on the open-charm decay width for Xð3872Þ →
D0D̄0π, see Refs. [24,25].
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Collaboration has not found significant signals associated
with this state in the DþD�þ

s invariant mass distribution. To
further investigate the possible DDK bound state, model-
independent input on DD two-body scattering is essential.
LQCD has been employed to study the interaction of

the DD� system. The DD� scattering [34–36] and the
DD� −D�D� coupled-channel scattering [37] have been
explored using the interpolating operators ofDD� and both
DD� and D�D�, respectively. Additionally, the quark-mass
dependence of Tþ

cc has been analyzed with DD� and D�D�
interpolating operators [38] (see also Ref. [39]). While
analyzing the LQCD data for the DD� system, it was noted
that the one-pion exchange long-range force (the associated
left-hand cut and a zero of the scattering amplitude) could
significantly affect the extraction of scattering information
[40]. Several approaches have been proposed to address
this issue [41–45]. One natural solution is to include the
DDπ three-body operator in the DD� scattering process.
The formalism for the DDπ → DDπ three-body scattering
can be utilized to analyze the lattice data, allowing the
extraction of the D�D → D�D amplitude at energies where
D� is treated as aDπ bound state or resonance. This method
remains valid below the DDπ left-hand cut. However, the
lack of isovector DD and isoscalar DDπ scattering infor-
mation hinders further precise studies of the Tþ

cc [44].
This work presents the first LQCD calculation of DD

scattering based on the 2þ 1 flavor full QCD ensembles.
The Lüscher finite-volume method is utilized to connect the
finite-volume energy levels to infinite-volume scattering
parameters. We compute the energy levels with the DD
interpolating operators for both I ¼ 1 and I ¼ 0. The
scattering length and effective range for both S- and
P-wave channels are extracted. The calculations are per-
formed at two different pion masses, mπ ≃ 305 MeV and
mπ ≃ 207 MeV. The pion-mass dependence of the S-wave
scattering length and effective range is explored.
This paper is organized as follows. In Sec. II, details of

the lattice setup and methodology are introduced. In
Sec. III, we discuss the single- and two-meson operators
as well as the method for the extraction of the energy levels
from correlation functions. The formula, involving the
Lüscher equation modified by the dispersion relation and
the parametrization of phase shift, is discussed in Sec. IV.
The S- and P-wave scattering information for the isovector
and isoscalar DD channels, including the scattering
lengths, effective ranges, and the phase shifts, are presented
in Sec. V. We explore the pion-mass dependence of the
S-wave scattering length and effective range in Sec. VI. A
conclusion is given in Sec. VII. Finally, the Appendix
contains details of the derivation of the Lüscher equation
with the modified dispersion relation.

II. LATTICE SETUP

The results presented in this paper are based on the gauge
configurations generated by the CLQCD Collaboration

with 2þ 1 dynamical quark flavors using the tadpole
improved tree-level Symanzik gauge action and Clover
fermion action [46]. Numerous studies have been per-
formed on these configurations; see, e.g., Refs. [47–53]. In
this work, we use four ensembles with the same lattice
spacing, a ¼ 0.07746 fm, and two different pion masses,
mπ ≃ 305 MeV and mπ ≃ 207 MeV. Details of the ensem-
bles are listed in Table I. Among these ensembles, F32P21/
F48P21 and F32P30/F48P30 are two couples that share the
same pion mass but have different volumes to obtain more
kinematic points in the finite-volume spectra, rendering a
more stable and precise determination of the scattering
parameters. The valence charm quark action is the same as
the light/strange quark action used in the ensembles, and
the charm quark mass is tuned to reproduce the spin-
averaged 1S-charmonium mass, mav ¼ ðmηc þ 3mJ=ψ Þ=4.
The quark propagators are computed with the distillation

quark smearing method [54], which improves the precision
and allows for the inclusion of many interpolating operators
in the calculation of the correlation functions. The smearing
operator is composed of a small number (Nev) of the
eigenvectors associated with the Nev lowest eigenvalues
of the three-dimensional Laplacian defined in terms of the
HYP (hypercubic)-smeared gauge field. The number of
eigenvectors Nev is 100 for all four ensembles. We also
tried Nev ¼ 200 for the ensembles F48P21 and F48P30, and
the resulting energies were consistent with those obtained
using Nev ¼ 100. The statistical uncertainty is estimated by
the bootstrap method with 4000 bootstrap samples.

III. CALCULATION OF THE ENERGY LEVELS

In LQCD, the finite-volume spectra are extracted from
the two-point correlation functions

CijðtÞ ¼
X
ts

D
Oiðtþ tsÞO†

jðtsÞ
E
; ð1Þ

where Oi and Oj are the interpolating operators carrying
the quantum numbers of the system of interest. The source
time ts spans all time slices to increase statistics.
The single D-meson operators are ODþðx; tÞ ¼

d̄γ5cðx; tÞ and OD0ðx; tÞ ¼ ūγ5cðx; tÞ for the charged and
neutral D, respectively. The momentum-projected operator

TABLE I. Parameters of the ensembles, including the name, the
lattice spacing a, the pion mass mπ , the volume size L3 × T, the
number of configurations Nconf ., and the value of mπL.

Ensembles a [fm] mπ [MeV] ðL=aÞ3 × T=a Nconf mπL

F32P30 0.07746(18) 305.2(13) 323 × 96 371 3.83(2)
F48P30 0.07746(18) 305.4(9) 483 × 96 201 5.75(2)
F32P21 0.07746(18) 207.9(22) 323 × 64 201 2.61(3)
F48P21 0.07746(18) 207.2(11) 483 × 96 223 3.90(2)
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is defined as Oðp; tÞ ¼ P
x e

−ip·xOðx; tÞ. The dispersion
relation of theDmeson E2 ¼ m2

D þ Zp2, with p≡ ffiffiffiffiffi
p2

p
, is

investigated by calculating the single-particle energy at the
five lowest momenta on lattice: p ¼ (0,0,0), (0,0,1), (0,1,1),
(1,1,1), and (0,0,2) (in units of 2π=L). The parameters mD
and Z, listed in Table II, are determined by fitting the five
energies to the dispersion relation. As an example, the five
energies and the dispersion relation for the ensemble
F48P21 are shown in Fig. 1. In the continuum limit, Z
should be unity. However, due to lattice artifacts, it may
take a different value. The original Lüscher’s formula
assumes the continuum dispersion relation. In order to
account for the effects of the deviation from the continuum
dispersion relation, we modify the Lüscher’s formula as
elaborated in the Appendix.
The interacting energy levels of two particles are

extracted from the correlation functions of the two-particle
operators. The interpolating operators for the isovector and
isoscalar DD systems are given by

OP;Λ;μ
DD;I¼1 ¼

1ffiffiffi
2

p
X
p1;p2

CðP;Λ; μ; p1; p2ÞðODþðp1ÞOD0ðp2Þ

þOD0ðp1ÞODþðp2ÞÞ; ð2Þ

OP;Λ;μ
DD;I¼0 ¼

1ffiffiffi
2

p
X
p1;p2

CðP;Λ; μ; p1; p2Þð−ODþðp1ÞOD0ðp2Þ

þOD0ðp1ÞODþðp2ÞÞ; ð3Þ

where P ¼ p1 þ p2 is the total momentum; Λ denotes the
irreducible representation (irrep) of the octahedral group and
its subgroups, which are the spatial rotational symmetry
groups on lattice; μ denotes the irrep row; and

CðP;Λ; p1; p2Þ’s are the Clebsch-Gordan coefficients. In this
work, we compute the energies only in the rest frame (P ¼ 0)
and the momenta of the single particles up to jp1j ¼
jp2j ¼ 2. For I ¼ 1, the operators reside in the Aþ

1 , E
þ,

and Tþ
2 irreps, while for I ¼ 0, the operators are in the T−

1 ,
T−
2 , and A

−
2 irreps. The relevant Clebsch-Gordan coefficients

are provided in Appendix A of Ref. [11].
We do not include compact tetraquarklike interpolating

operators in the present calculation. Local color-neutral
four-quark operators can be Fierz rearranged into products
of quark bilinears in general [55]. For lattice diquark-
antidiquark interpolators, this relation and its limitations for
smeared and momentum-projected operators are discussed
explicitly in Ref. [56]. Thus, such operators do not
introduce an additional two-hadron channel below the
DD threshold, although they may have different overlap
with a compact component of the finite-volume eigenstates.
In the near-threshold region analyzed here, the lowest
relevant two-meson channel is the DD channel, while
other meson-meson components with the same valence
content correspond to higher thresholds or excited states.
We therefore expect the low-lying levels entering the DD
scattering analysis to be dominated by theDD interpolators
included in our basis. This expectation is supported by the
lattice study of Ref. [57], where in doubly charmed
channels, including the DDs sector, adding compact
tetraquarklike operators to a meson-meson basis did not
significantly change the extracted low-lying finite-volume
spectra. A dedicated calculation including such operators in
the present DD setup would be useful to quantify this
possible source of systematic uncertainty.
After computing the correlation functions, we employ

the generalized eigenvalue problem (GEVP) method [58] to
determine the energy levels in each irrep. The GEVP is
solved as follows:

CðtÞvnðt; t0Þ ¼ λnðt; t0ÞCðt0Þvnðt; t0Þ: ð4Þ

Here, t0 is set to 2, and we have checked that different
choices of t0 do not lead to a noticeable impact on the
determination of the energy levels. The energy levels

TABLE II. Parameters for the dispersion relation of the D
meson.

F32P30 F48P30 F32P21 F48P21

mD [MeV] 1966.6(8) 1966.0(6) 1903.9(16) 1900.3(5)
Z 0.926(7) 0.946(9) 0.941(1) 0.976(6)

FIG. 1. Effective energies and the dispersion relation of theDmeson for the ensemble F48P21. The left panel presents five energies of
the D meson at the five lowest momenta, and the right panel presents a fit of the dispersion relation to these energies.
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are extracted from the ratio of the eigenvalues λnðtÞ to the
single-particle correlation functions

RnðtÞ ¼
λnðtÞ

CpnD ðtÞCpnD ðtÞ ¼ A0e−ΔEnt; ð5Þ

where CpnD ðtÞ is the single D correlation function with
momentum pn, and ΔEn is the splitting between the energies
of the interacting DD system and two free D mesons. In the
DD system, where the interacting energy levels are quite
close to the free energy levels, this method can partially
cancel correlated statistical fluctuations and reduce the
contributions of excited states by fitting the ratio RnðtÞ,
and therefore, distinguish energy levels that nearly degenerate
with the free ones. The interacting energies are then obtained
by En ¼ ΔEn þ Efree

n , with Efree
n the free energy levels.

To evaluate systematic errors associated with the choice
of the fit window, we perform fits to each GEVP eigenvalue
over all time intervals ½t0; t1� within a broad range
½tmin; tmax�, subject to the constraint t1 − t0 ≥ 6=a. For each
fit result, we assign a weight based on the Akaike
information criterion (AIC) [59,60]:

ωl ¼ 1

Z
e−

1
2
AICl

; AICl ¼ χ2l þ 2npara − nldata; ð6Þ

where l labels the fit window; npara is the number of
parameters in the fit formula, which is 2 in our analysis;
and nldata is the number of data points in window l. The
normalization constant Z is the sum of all ωl, which makes
ωl interpretable as a probability distribution over the set of
fits. This procedure is carried out for each bootstrap sample.
For every bootstrap sample, we compute the weighted
mean ΔẼn ¼

P
l ω

lΔEn;l. The central value and statistical
uncertainty ofΔEn are then given by the mean and standard
deviation of ΔẼn across all bootstrap samples.
The systematic uncertainty is estimated from the

weighted standard deviation over all fit windows, evaluated
on one specific bootstrap sample (the one corresponding to
the mean of all configurations):

σn;sys ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
l

ωl
nðΔEn;l − ΔẼnÞ2

r
: ð7Þ

The total uncertainty is obtained by adding the statistical
and systematic uncertainties in quadrature.

FIG. 2. Effective energies of ΔEn for the A
þ
1 irrep on the ensemble F48P21. The red horizontal bars represent the fitted values of ΔEn

with errors that include both statistical and systematic errors. The time range expanded by the bars represents the range within which
various fit windows are chosen to do the fit.
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The effective energies of the lowest four and three energy
splittings ΔEn for Aþ

1 and T−
1 irreps on the F48P21

ensemble are presented in Figs. 2 and 3, respectively.
The horizontal bars indicate the central value and total
uncertainty of ΔEn. The time ranges expanded by the
horizontal bars represent ½tmin; tmax�.
To estimate the systematic uncertainty in the subsequent

scattering analysis (see Sec. IV), we randomly select 4000
sets of energy levels from different fit windows. Taking the
Aþ
1 irrep of F48P21 as an example, four energy levels are

used to determine the scattering parameters. For these four
levels, the numbers of fit windows are 28, 171, 91, and 153,
respectively. Thus, the total number of combinations of
energy levels taken from different windows is
28 × 171 × 91 × 153. We randomly select 4000 such
combinations as inputs to the scattering analysis and take
the variance among the 4000 results as the systematic error
arising from the choice of fit windows.
The obtained energy levels for all irreps are presented in

Figs. 4 and 5. The results show that, in the Aþ
1 irreps, the

lowest energy level for each pion mass is slightly above
the DD threshold (see also Fig. 2), indicating a weak
repulsive interaction in the S-wave I ¼ 1 DD system. The
energy levels in the Eþ and Tþ

2 irreps almost coincide with

the free ones within the current statistical precision,
indicating negligible interactions in the D wave and higher
partial waves (the angular momenta of different irreps are
listed in Table III). In the following, we ignore the mixing
from higher partial waves and utilize the energy levels
below the D�D� threshold to avoid possible contamination
from D�D�, in the Aþ

1 irrep, to determine the S-wave DD
scattering parameters in the I ¼ 1 channel. Based on
similar observations in the T−

1 , T−
2 , and A−

2 irreps, we
use the energy levels in the T−

1 irrep to determine the
P-wave DD scattering parameters in the I ¼ 0 channel.

IV. FORMALISM AND FITTING STRATEGY

For two-meson scattering, the partial-wave phase shift δl
is obtained from the determinant of the Lüscher matrix,

det ðMlm;l0m0 ðp̃Þ − δll0δmm0 cot δlÞ ¼ 0; ð8Þ

where p̃ ¼ pL=ð2πÞ is related to the on-shell momentum
p. The energy levels are calculated within the specific little
group. By selecting a particular basis for the irrep Λ,
the determinant, according to Schur’s lemma, reduces to
[3,14,61]

FIG. 3. Same as Fig. 2 but for the T−
1 irrep.
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det ðMΛ
ln;l0n0 ðp̃Þ − δll0δnn0 cot δlÞ ¼ 0; ð9Þ

where n and n0 are indices indicating the occurrence of the
lattice irrep Λ in the irrep of the SOð3Þ group labeled by the
angular momentum l. In the cases considered in this work,
the number of occurrences is 1. To further simplify the
Lüscher matrix in a specific irrep, we define the function

ωjsðp̃Þ¼
1

π3=2
ffiffiffiffiffiffiffiffiffiffiffiffi
2jþ1

p ω1ðpÞþω2ðpÞ
Z1ω2ðpÞþZ2ω1ðpÞ

Zjsðp̃Þ
p̃jþ1

; ð10Þ

where ω1;2ðpÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1;2 þ Z1;2p2
q

, and Zjs is the zeta

function. Compared to the original Lüscher formula, there
is an extra factor ½ω1ðpÞ þ ω2ðpÞ�=½Z1ω2ðpÞ þ Z2ω1ðpÞ�,
accounting for the deviation of the dispersion relation from
the continuum one. We refer to the Appendix for detailed
discussion.

In this work, we focus on extracting the partial-wave
phase shifts for L ¼ 0 and L ¼ 1, while the high partial-
wave contributions are neglected. For the Aþ

1 and T−
1 irreps,

the determinants of Eq. (9) are reduced to

− cot δ0 þ ω00ðp̃AÞ ¼ 0; − cot δ1 þ ω00ðp̃TÞ ¼ 0;

ð11Þ

where the coefficients of ωjsðp̃Þ are taken from Ref. [3],
and the subscripts A and T denote the momenta for the Aþ

1

and T−
1 irreps, respectively.

Instead of translating the phase shift from interacting
energy levels via Eq. (11), we parametrize the phase shift
using the effective range expansion (ERE) and constrain the
relevant parameters by fitting the energy levels in different
irreps. The ERE reads

FIG. 4. Energy levels for the DD system with a pion mass mπ ≃ 305 MeV. The green and blue bands represent the free energy levels
for DD and D�D� systems, respectively. These free energy levels are calculated using the continuum dispersion relation (i.e., Z ¼ 1)
with the parameters from the ensembles with lattice size L ¼ 48. For the L ¼ 32 lattice, the interacting energy levels are shifted based on
the gap between the free energy levels in different finite volumes. The red bands denote the interacting energy levels fitted by the ERE
parametrization. The width of the bands reflects both the statistical and systematic uncertainties.

FIG. 5. Energy levels for the DD system with pion mass mπ ≃ 207 MeV for the case Z ¼ 1. The color bands are the same as those in
Fig. 4.
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cot δl ¼ p−2l−1
�
1

al
þ 1

2
rlp2 þOðp4Þ

�
; ð12Þ

where al and rl are the scattering length and effective range
for the l wave, respectively. The parameters al and rl are
determined by minimizing the χ2, defined as

χ2 ¼
X
L;n;n0

½EnðLÞ − Esol
n ðL; al; rlÞ�C−1

nn0 ½En0 ðLÞ

− Esol
n0 ðL; al; rlÞ�; ð13Þ

where EnðLÞ is the nth energy level obtained on the lattice
with size L, Esol

n ðL; al; rlÞ is the nth solution of Eq. (11)
with parameters al and rl, and C is the covariance matrix of
the energies EnðLÞ. Two scenarios are considered to
determine al and rl: Z ≠ 1, where Z is fixed to the values
given in Table II, and Z ¼ 1. In each case, the interacting
energy levels are calculated using the formula
En ¼ ΔEn þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

D þ Zq2n
p

. To minimize possible
coupled-channel effects from D�D�, we use only the first
two energy levels and four energy levels for the ensembles
F32P30 and F48P30 to fit the S-wave scattering length a0
and effective range r0 in the Aþ

1 irrep. For the T−
1 irrep, the

first one and three energy levels for the ensemble F32P30
and F48P30 are employed to get the corresponding P-wave
ERE parameters, respectively. In addition, for the ensemble
F48P21, the first four and three energy levels in the Aþ

1 and
T−
1 irreps are used to determine the S- and P-wave ERE

parameters, respectively. The energy levels for the ensem-
ble F32P21 are neglected due to the small volume.

V. SCATTERING ANALYSIS RESULTS

The S- and P-wave ERE parameters are shown in
Table IV. In the case of S-wave scattering, both the
scattering length a0 and effective range r0 are negative.
In contrast, a1 and r1 for the P wave are positive. Near the
free energy levels, the Lüscher’s zeta function becomes
highly sensitive to small variations in energy levels.
Compared to the lowest interacting energy levels in Aþ

1

irrep, the statistical uncertainties of other energy levels are
enlarged by this sensitivity. Consequently, the parameters
r0, a1, and r1 have large statistical uncertainties.
As listed in Table IV, differences in the ERE parameters

between the Z ≠ 1 and Z ¼ 1 cases are within 1σ.
The p cot δl and phase shifts as a function of p2 for the
IðJPÞ ¼ 1ð0þÞ and 0ð1−Þ DD scattering calculated using
Z ¼ 1 are shown in Figs. 6 and 7, respectively. In our
convention, as the energy E increases, the S-wave phase
shift δ0 decreases, while the P-wave phase shift δ1
increases. The opposite signs for δ0 and δ1 indicate
repulsive and attractive interactions for the S- and P-wave
DD systems, respectively. Considering the heavy quark
flavor symmetry, the weakly attractive interaction in the
P-wave DD system is consistent with that in the BB
system, as calculated using a coupled-channel Born-
Oppenheimer approach [62].

VI. PION-MASS DEPENDENCE

Our results are obtained at two unphysically large pion
masses. In order to determine the scattering length and
effective range at the physical pion mass, we parametrize the
a0 and r0 as functions of the pion mass and investigate their
pion-mass dependence for the continuum dispersion relation
(the Z ¼ 1 case). We do not perform the extrapolation for the
P-wave ERE parameters due to the large statistical and
systematic uncertainties associated with them.
There are only two different pion masses, 207 and

305 MeV, in our calculations. Since the interaction is
rather weak, it is reasonable to assume that the light-quark-
mass dependence of both scattering length and effective

TABLE III. Irreps and the relative quantum numbers (orbital
angular momentum L and parity P) for the DD system with
L ≤ 4 partial waves in the rest frame. For DD, the positive- and
negative-parity irreps correspond to isospin I ¼ 1 and I ¼ 0,
respectively.

ΛP Aþ
1 A−

2 Eþ T−
1 Tþ

2 T−
2

L 0, 4 3 2, 4 1, 3 2, 4 3

TABLE IV. ERE parameters for the S- and P-wave DD scattering. The χ2 value per degree of freedom (d.o.f.) for
the fits is also given. The cases for Z ≠ 1 and Z ¼ 1 denote that the discrete and continuum dispersion relations are
used to determine al and rl, respectively. The first and second uncertainties for the values of al and rl denote the
statistical and systematic errors, respectively.

F32P30/F48P30 (mπ ¼ 305 MeV) F48P21 (mπ ¼ 207 MeV)

Z ≠ 1 Z ¼ 1 Z ≠ 1 Z ¼ 1

a0 [fm] −0.25ð6Þð1Þ −0.25ð5Þð1Þ −0.25ð5Þð6Þ −0.25ð5Þð8Þ
r0 [fm] −1.8ð13Þð2Þ −2.0ð13Þð2Þ −4.6ð29Þð11Þ −4.5ð30Þð12Þ
χ2=d:o:f: 1.28 1.66 1.02 1.04
a1 [fm3] 11(9)(10) 12(9)(7) 6(21)(14) 6(10)(8)
r1 [fm−1] 20.2(39)(95) 20.1(38)(69) 12.3(59)(65) 11.9(60)(36)
χ2=d:o:f: 1.19 1.23 1.08 1.03
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range is perturbative. Thus, we parametrize the scattering
length and effective range as simple polynomial functions2:

a0ðmπÞ ¼ ca0 þ ca1m
2
π; r0ðmπÞ ¼ cr0 þ cr1m

2
π; ð14Þ

where the parameters ca0, c
a
1, c

r
0, and cr1 can be solved for

each sample of the fitted values of a0 and r0, corresponding
to pion masses mπ ≈ 207 and 305 MeV for the ensembles
F32P21/F48P21 and F32P30/F48P30, respectively.
The resulting parameters, including statistical and system-
atic errors, are found to be ca0 ¼ −0.25ð10Þð15Þ fm,
ca1 ¼−0.00ð6Þð6Þ fm3, cr0 ¼ −6.6ð56Þð22Þ fm, and cr1 ¼
1.9ð25Þð9Þ fm3. Using the extrapolation formulae in
Eq. (14), the S-wave isovector DD scattering length and
effective range at the physical pion mass are predicted to be

aphy0 ¼ −0.25ð8Þð12Þ fm; rphy0 ¼ −5.7ð45Þð17Þ fm;

ð15Þ

and their values in the chiral limit are

aχ0 ¼ −0.25ð10Þð15Þ fm; rχ0 ¼ −6.6ð56Þð22Þ fm:

ð16Þ

Here, the first and second uncertainties account for the
statistical and systematic errors, respectively.
The pion-mass dependence of scattering length and

effective range is displayed in Fig. 8. The large uncertain-
ties of the effective range prevent a solid comparison of its
pion-mass dependence with that of the scattering length.
Quantitatively, the fitted slopes ca1 ¼ −0.00ð6Þð6Þ fm3

and cr1 ¼ 1.9ð25Þð9Þ fm3 are both consistent with zero
(the latter at the 0.7σ level), and the effective ranges
r0 ¼ −4.5ð30Þð12Þ fm at mπ ≃ 207 MeV and r0 ¼
−2.0ð13Þð2Þ fm at mπ ≃ 305 MeV agree within 1σ; hence,
neither a0 nor r0 shows a statistically significant pion-mass
dependence over the range studied. A more robust chiral
extrapolation to the physical pion mass requires results at
more pion masses in a broader range. Since we have only
one lattice spacing, we are unable to extrapolate our results
to the continuum limit.

FIG. 6. The variation of p cot δl as the function of p2 for Z ¼ 1 case. The left and right panels are the results for mπ ≃ 305 MeV and
207 MeV, respectively. The red bands denote the statistical and systematic uncertainties calculated from the ERE parametrization.

2The formula for a0 is equivalent to the relative parametriza-
tion in Ref. [36] upon neglecting the higher-order contributions,
such as the Oðm4

πÞ term.
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FIG. 7. S- (top row) and P-wave (bottom row) DD scattering phase shifts for the Z ¼ 1 case. The left and right panels are the results
formπ ≈ 305 MeV and 207 MeV, respectively. The red lines denote the phase shifts calculated from the fits using ERE parametrization,
with the bands representing the combined statistical and systematic uncertainties.

FIG. 8. Extrapolation of S-wave scattering length a0 and effective range r0 for the Z ¼ 1 case. The blue bars are extracted from energy
levels in Aþ

1 irrep, and the red bars indicate the physical results, where the uncertainties originate from both the statistical and systematic
errors.
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VII. CONCLUSIONS

Utilizing the 2þ 1 flavor full QCD Wilson-Clover
configurations, we calculated the DD scattering in the
IðJPÞ ¼ 1ð0þÞ and 0ð1−Þ channels at two different pion
masses, 207 and 305 MeV. Due to the lattice artifacts, the
dispersion relation of the D meson on the lattice deviated
from the continuum dispersion relation. We modified the
original Lüscher formula to incorporate this deviation. The
S- and P-wave ERE parameters were extracted from the
interacting energy levels, and the chiral extrapolation to the
physical pion mass was performed. Our results indicate a
weak repulsive interaction in the IðJPÞ ¼ 1ð0þÞ DD
scattering channel and a slight attractive interaction in
the IðJPÞ ¼ 0ð1−Þ channel. From a phenomenological
point of view, the S-wave isovector Dð�ÞDð�Þ interactions
from exchanging the light vector mesons ρ and ω are
repulsive while the isoscalar ones are attractive [63], and
recent lattice studies indeed indicate the importance of the
t-channel light vector-meson exchange in the DD� scatter-
ing [35,64].
The physical S-wave isovector DD scattering length,

aphy0 ¼ −0.25ð8Þð12Þ fm, indicates that the near-threshold
DD interaction is weakly repulsive. This provides useful
input for phenomenological studies of three-body systems
containing aDD pair. In theDDK system, where binding is
driven primarily by the strongly attractive DK interaction
and no DD bound-state threshold is expected [31], our
lattice result supports treating theDD interaction as a weak
repulsive correction. For Tcc and DDπ analyses, the small
DD scattering length gives quantitative support to
approaches in which the dominant dynamics is generated
by the DD� coupled channels, one-pion exchange, and the
finite D� width, without introducing a separate low-energy
DD rescattering amplitude [65,66]. At the same time,
relativistic DDπ three-body frameworks require the two-
body subchannel amplitudes, including the I ¼ 1 DD
amplitude, as input [67]. The present calculation supplies
a first-principle constraint on this input and a benchmark
for testing the weak-DD approximation.
In this initial investigation, we focus on single-channel

DD scattering in the energy range below the D�D�
threshold. In future studies, theDD-D�D� coupled-channel
scattering will be considered. Furthermore, lattice data with
a broader range of pion masses and various lattice spacings
are required to control the systematic uncertainties in a
more robust way.
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APPENDIX: EFFECT OF THE DISPERSION
RELATION TO THE LÜSCHER EQUATION

The Lüscher finite-volume method [1–3] enables us to
extract the scattering information from the finite-volume
spectra, which can be calculated in lattice QCD. The
original Lüscher’s formula is derived by assuming the
continuum dispersion relation. However, on the lattice, the
continuum dispersion relation is usually broken due to
lattice artifacts, especially for the heavy-flavor hadrons. To
incorporate the effect of the discrete dispersion relation into
the Lüscher quantization condition, we start from the
partial-wave Lippmann-Schwinger equation in the finite
volume. The energy levels are given by poles of the partial-
wave T matrix in the finite volume with a specific lattice
size L [2,72–75]. The finite-volume partial-wave T matrix
with the angular momentum l (l0) and its third component
m (m0) for initial (final) states is

T̃lm;l0m0 ðpÞ ¼ VlðpÞδll0δmm0

þ
X
l00m00

VlðpÞG̃lm;l00m00 ðpÞT̃l00m00;l0m0 ðpÞ; ðA1Þ

where VlðpÞ is the short-distance potential, and p is the on-
shell momentum. In the finite volume, the Green’s function
G̃lm;l0m0 is

G̃lm;l0m0 ðpÞ ¼ 4π

L3

Xjqnj<Λ
qn

�jqnj
p

�
lþl0

Y�
lmðq̂nÞIðqnÞYl0m0 ðq̂nÞ;

ðA2Þ

SHI, GUO, LIU, LIU, SUN, WU, and XING PHYS. REV. D 114, 034505 (2026)

034505-10



with a cutoffΛ and q̂n ¼ qn=jqnj. Considering the dispersion relationωiðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i þ Ziq2
p

and
ffiffiffi
s

p ¼ ω1ðpÞ þ ω2ðpÞ in the
center-of-mass frame, the function IðqnÞ is expressed as

IðqÞ ¼ 1

4ω1ðqÞω2ðqÞ
1ffiffiffi

s
p

− ðω1ðqÞ þ ω2ðqÞÞ
≈

1

2½Z1ω2ðpÞ þ Z2ω1ðpÞ�
1

p2 − q2
; ðA3Þ

by just keeping the positive-energy pole contribution using

lim
jqj→p

1

4ω1ðqÞω2ðqÞ
p2 − q2ffiffiffi

s
p

− ω1ðqÞ − ω2ðqÞ
¼ lim

jqj→p

1

4ω1ðqÞω2ðqÞ
2p

Z1p
ω1ðpÞ þ

Z2p
ω2ðpÞ

¼ lim
jqj→p

1

2½Z1ω2ðpÞ þ Z2ω1ðpÞ�
: ðA4Þ

Using the identity for standard spherical harmonics Ylmðq̂Þ,

Y�
lmðq̂ÞYl0m0 ðq̂Þ ¼

X
js

ð−1Þm0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2jþ 1Þð2l0 þ 1Þ

4π

r
Yjsðq̂Þ

�
l j l0

m s m0

��
l j l0

0 0 0

�
; ðA5Þ

the finite-volume Green’s function in Eq. (A2) can be reduced to

G̃lm;l0m0 ðpÞ ¼ 4π

L3

Xjqnj<Λ
qn

X
j;s

�jqnj
p

�
lþl0−j 1ffiffiffiffiffiffi

4π
p Clm;js;l0m0

�jqnj
p

�
j
Yjsðq̂nÞIðqnÞ; ðA6Þ

where Clm;js;l0m0 are the Clebsch-Gordan coefficients given by

Clm;js;l0m0 ¼ ð−1Þm0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2jþ 1Þð2l0 þ 1Þ

p �
l j l0

m s m0

��
l j l0

0 0 0

�
: ðA7Þ

Here, the factor ðjqnj=pÞlþl0−j can be replaced by unity, while ðjqnj=pÞj is necessary so that the subtraction does not introduce a
singularity at q ¼ 0 for Yjsðq̂Þ [74,75].
For the single channel, the l-wave T matrix in the infinite volume is parametrized as

TlðpÞ ¼
8π

ffiffiffi
s

p
p cot δl − ip

: ðA8Þ

The finite-volume T-matrix element then is

T̃−1
lm;l0m0 ðpÞ ¼ T−1

lm;l0m0 −
�
G̃lm;l0m0 ðpÞ −

Z jqj<Λ d3q
ð2πÞ3 IðqÞ4πY

�
lmðq̂ÞYl0m0 ðq̂Þ

�
¼ p

8π
ffiffiffi
s

p ½δll0δmm0 cot δl −Mlm;l0m0 ðpÞ�; ðA9Þ

where the matrix Mlm;l0m0 can be expressed as the Lüscher zeta function as follows:

Mlm;l0m0 ðpÞ≡ 1

π3=2
ω1ðpÞ þ ω2ðpÞ

Z1ω2ðpÞ þ Z2ω1ðpÞ
X
j;s

�
2π

Lp

�
jþ1

Zjs

��
Lp
2π

�
2
�
Clm;js;l0m0 : ðA10Þ

Here, Zjsðq2Þ is the Lüscher’s zeta function in the rest frame,

Zjsðq2Þ ¼
X
n∈Z3

njYjsðn̂Þ
n2 − q2

: ðA11Þ

The energy levels are finally associated with the infinite-volume phase shift

det ½cot δ −MðpÞ� ¼ 0: ðA12Þ
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