
Consistent energy-momentum trace couplings of fluids

Christian G. Böhmer 1,2,* and Eissa Al-Nasrallah 1,3,†

1Department of Mathematics, University College London, Gower Street,
London WC1E 6BT, United Kingdom

2Astrophysics Research Centre, School of Mathematics, Statistics and Computer Science,
University of KwaZulu-Natal, Private Bag X54001, Durban 4000, South Africa

3Department of Physics, College of Science, Kuwait University, Sabah Al Salem University City,
P.O. Box 2544, Safat 1320, Kuwait

(Received 1 October 2025; accepted 5 December 2025; published 24 December 2025)

Gravitational models with nonminimal couplings involving the trace of the energy-momentum tensor
have become increasingly popular. The idea of coupling the trace of the matter tensor to the geometry can
be applied to various matter models, including relativistic perfect fluids. However, it is well known that the
variational formulation of perfect fluids involves some technicalities. We carefully derive the field
equations including the trace coupling of a perfect fluid using two different approaches, namely, that given
by Brown using Lagrange multipliers and that given by Schutz using velocity potentials. We show that
previous results involving such trace couplings do not match the results presented here. We demonstrate
that our fluid’s equations of motion are consistent with the gravitational field equations. Moreover, we
present a simple on-shell argument which further supports the correctness of our results. Our work implies
that a vast amount of the fðR; TÞ literature using perfect fluids needs to be revisited.
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I. INTRODUCTION

Recent advances in cosmology have revealed that new
physics beyond general relativity is necessary to explain
observed phenomena. There is a plethora of modified
theories of gravity which include alternative geometries
with torsion and nonmetricity, higher-order theories, and
scalar and matter couplings [1]. Nonminimal matter-cur-
vature couplings are generalizations of fðRÞ gravity in
which an additional matter term is coupled with the Ricci
scalar R in the action. The first of these models appeared in
the work of Bertolami et al. [2], where curvature is coupled
with Lagrangian density of matter in the form of fðR; LÞ.
Since then, these models have been found particularly
useful in providing an alternative account of the Universe
expansion or dark energy, and dark matter [3]. Matter-
curvature nonminimal couplings do not conserve the
energy-momentum tensor. The covariant derivative of the
energy-momentum tensor often results in a nonvanishing
term that acts as an additional force term which violates

geodesic motion. Thus, these theories have been shown
promising in resolving cosmological issues in the weak
field regime associated with dark sector physics [4].
In 2011 a new idea was proposed in [5] which suggested

to couple the Ricci scalar to the trace of the energy-
momentum tensor. This has been known as fðR; TÞ gravity
and became hugely influential with over 2300 citations to
date, according to INSPIRE. The trace of the energy-
momentum tensor is itself a function of not only the
Lagrangian, but also its variations with respect to the metric.
The field equations are correctly stated in [5] in terms of a
function that depends on the variation of matter Lagrangian;
see also [6]. However, when applied to a perfect fluid, the
situation is rather delicate when using −ρ ffiffiffiffiffiffi−gp

or p
ffiffiffi
g

p
as

the fluid Lagrangian. Specifically, one has to be careful with
the derived quantity, either the density or the pressure, in
order to arrive at the correct field equations when non-
minimal couplings are considered.
When working with relativistic perfect fluids, one

notices that there is no unique definition of the matter
Lagrangian. Several approaches have been shown to lead to
the expected energy-momentum tensor of the fluid. The
energy-momentum tensor of a relativistic perfect fluid is
characterized by the unit four-velocity vector of the flow
Uν, the energy density ρ, and pressure p and is given by

Tμν ¼ ðρþ pÞUμUν þ pgμν; ð1:1Þ
where gμν is the metric tensor; see for example [7,8].
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On shell, meaning that all equations of motion have been
taken into account, one does indeed find that Lfluid ¼
−ρ ffiffiffiffiffiffi−gp ¼ p

ffiffiffiffiffiffi−gp
. However, the situation is more compli-

cated when nonminimal coupling is present (see [9,10]). In
a variational approach, one must start with the complete
off-shell Lagrangian which will lead to the correct field
equations and the fluid’s equations of motion. Only then
can one use the equations of motion in the Lagrangian to
get the on-shell expression. A detailed account on the
variational approach to relativistic perfect fluids is given in
[11,12]. The consideration of the off-shell Lagrangian for
the perfect fluid becomes particularly important when one
derives the fluid’s equations of motion. In fðR; TÞ gravity,
the variation of the trace of the energy-momentum tensor
introduces new contributions that, as will be shown, modify
the expressions for the temperature, number density, and
chemical potential. This allows us to define the temperature
contribution of the nonminimal coupling, for example, an
important physical quantity not previously discussed.
In [11], Brown uses an action functional that depends on

Lagrange multipliers and Lagrange coordinates. It intro-
duces Lagrangian coordinates αA that define the flow lines
of the fluid on a spacelike hypersurface. The fluid’s energy
density is given as a function of the particle-number density
n and entropy s, while the pressure p is a derived quantity
from the density and its derivative. The Lagrangian is then
defined as a function of the aforementioned parameters
along with particle-number flux Jν and additional space-
time scalars. This formalism provides a Lagrangian that
explicitly depends on the independent parameters which,
although cumbersome, allows us to account for all the
variational effects.
In an earlier paper, Schutz presented the relativistic

perfect fluid Lagrangian using a velocity potentials
approach in an Eulerian picture [12]. In this picture, one
can identify the Lagrangian as Lfluid ¼ p

ffiffiffiffiffiffi−gp
, which looks

like the on-shell expression. However, the pressure p here
is a function of the chemical potential μ and entropy s.
Contrary to Brown’s approach, the density here is a derived
quantity from the pressure. The four-velocity vector in this
approach is now a function of six potentials and their
gradients and thus, in the variational approach, one has to
carefully account for the variation of each independent
potential. These are μ and s along with four additional
potentials fϕ; β; α; θg. We will present the action functional
variation in both Brown’s and Schutz’s approaches to show
the analogy between the results in each and to verify our
approach using different Lagrangians.
We start with Brown’s Lagrange multipliers picture in

Sec. II, with the same analysis done in Schutz’s velocity
potential picture in Sec. III. In each section, we begin by
deriving the field equations and equations of motion. We
show that the equations lead to the emergence of effective
quantities which allow us to derive the on-shell Lagrangian
and introduce new thermodynamic quantities. Finally, we

derive the conservation equations starting first from the field
equations and then from the fluid equation and demonstrate
their equivalence. We shall then see in Sec. IV that the results
of both pictures lead to the same implications. Specifically,
one finds that the nonminimal coupling in fðR; TÞ merely
affects the equation of state when models linear in T are
considered.

II. BROWN’S LAGRANGE MULTIPLIERS
APPROACH

Brown’s approach has the advantage of explicitly stating
the independent variables in the Lagrangian density func-
tion [11]. One can clearly track the variation of each
variable which makes this approach more convenient to
use. The Lagrangian density is given by

Lfluid ¼ −ρðn; sÞ ffiffiffiffiffiffi
−g

p þ Jμðφ;μ þ sθ;μ þ βAα
A
;μÞ; ð2:1Þ

where
(i) n is the particle-number density;
(ii) s is entropy density per particle;
(iii) ρðn; sÞ is the energy density of the matter fluid, a

function of n and s;
(iv) Jμ is the vector-density particle-number flux, which

is related to n by

Jμ ¼ ffiffiffiffiffiffi
−g

p
nUμ; jJj ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−gμνJμJν
p

;

n ¼ jJj= ffiffiffiffiffiffi
−g

p
; ð2:2Þ

and Uμ is the fluid’s four-velocity satisfy-
ing UμUμ ¼ −1;

(v) φ, θ, and βA are all Lagrange multipliers with A
taking the values 1, 2, and 3, and αA are the
Lagrangian coordinates of the fluid; and

(vi) the pressure p of the fluid is a derived quantity
defined by

p ¼ n
∂ρ

∂n
− ρ: ð2:3Þ

Now, we can obtain the field equations and equations of
motion by applying the variational principle on the action,
using the Lagrangian density given by Eq. (2.1). The
independent variables which we vary with respect to are

fgμν; Jμ; αA; βA;φ; θ; sg: ð2:4Þ

The variation with respect to gμν yields the gravitational
field equations, while the variations with respect to the
other variables yield the fluid’s equations of motion.

A. Gravitational field equations

We begin by carefully deriving the full variation of the
action first and then derive the field equations from the full
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variation. The equations of motion of the fluid, also
obtained from the full action variation, are derived in the
next section.
As in [5] we begin with the fðR; TÞ modified gravity

model

S ¼ 1

2κ

Z
fðR; TÞ ffiffiffiffiffiffi

−g
p

d4xþ
Z

Lfluidd4x: ð2:5Þ

The variation of the action is

δS ¼ 1

2κ

Z �
∂f
∂R

δR
ffiffiffiffiffiffi
−g

p þ ∂f
∂T

δT
ffiffiffiffiffiffi
−g

p
− fδ

ffiffiffiffiffiffi
−g

p �
d4x

þ
Z

δLfluidd4x; ð2:6Þ

where f is understood to be fðR; TÞ. From this point
onward, we also write fR ¼ ∂f=∂R and likewise
fT ¼ ∂f=∂T. The variation of the square root of the
determinate of the metric is δ

ffiffiffiffiffiffi−gp ¼ − 1
2

ffiffiffiffiffiffi−gp
gμνδgμν.

The expression of δR is well known and important in
the derivation of the field equations of fðRÞ gravity. It
suffices to state the result directly:

δR ¼ ðRμν þ gμν□ −∇μ∇νÞδgμν: ð2:7Þ

The variations δT and δLfluid are the matter variations
which are now done in the context of Brown’s fluid.

1. Variation of T

As this calculation has not yet been performed in
Brown’s fluid approach, we provide a detailed derivation
here. We start from the well-known equation for the energy-
momentum tensor for a relativistic perfect fluid:

Tμν ¼ ðρþ pÞUμUν þ pgμν: ð2:8Þ

The pressure p, as defined earlier, is a derived quantity and
not independent. This allows us to use Eq. (2.3) to write the
trace as

T ¼ gμνTμν ¼ ðρþ pÞUμUμ þ 4p ¼ 3p − ρ

¼ 3

�
n
∂ρ

∂n
− ρ

�
− ρ ¼ 3n

∂ρ

∂n
− 4ρ: ð2:9Þ

We now vary the trace of the energy-momentum tensor and
recall that the energy density is a function of the particle-
number density and entropy ρ ¼ ρðn; sÞ:

δT ¼ 3
∂ρ

∂n
δnþ 3n

∂
2ρ

∂n2
δnþ 3n

∂
2ρ

∂n∂s
δs − 4

∂ρ

∂n
δn − 4

∂ρ

∂s
δs

¼
�
3n

∂
2ρ

∂n2
−
∂ρ

∂n

�
δnþ

�
3n

∂
2ρ

∂n∂s
− 4

∂ρ

∂s

�
δs: ð2:10Þ

We note that the expressions in the square brackets are the
partial derivatives of the trace with respect to s and n:

∂

∂s
T ¼ 3n

∂
2ρ

∂n∂s
− 4

∂ρ

∂s
; ð2:11Þ

∂

∂n
T ¼ 3n

∂
2ρ

∂n2
−
∂ρ

∂n
; ð2:12Þ

respectively. Consequently, we arrive at the expected result

δT ¼ ∂T
∂n

δnþ ∂T
∂s

δs: ð2:13Þ

Notice that while the entropy s is an independent variable,
the particle-number density n is not. The variation δn can
be further expanded in terms of the independent variables
(see detailed derivation in Appendix A 1):

δn ¼ 1

2
n½gμν þUμUν�δgμν −

1ffiffiffiffiffiffi−gp UμδJμ: ð2:14Þ

This yields the expression for the variation of the trace of
the energy-momentum tensor in terms of the independent
variables as

δT ¼ 1

2
n
∂T
∂n

ðgμν þ UμUνÞδgμν −
∂T
∂n

1ffiffiffiffiffiffi−gp UμδJμ þ
∂T
∂s

δs:

ð2:15Þ

We see that the variation of the trace of energy-momentum
tensor yields not only variations with respect to the metric
δgμν, but also variations of the particle-number flux δJμ and
entropy δs. The appearance of entropy contribution in the
action variation is particularly interesting as this does not
appear before in [5].

2. Variation of Lfluid

The first step in varying the terms of the Lagrangian
density given in Eq. (2.1) reveals that

δLfluid ¼ −ρδ
ffiffiffiffiffiffi
−g

p
−

ffiffiffiffiffiffi
−g

p
δρþ ðφ;μ þ sθ;μ þ βAα

A
;μÞδJμ

þ Jμδðφ;μ þ sθ;μ þ βAα
A
;μÞ: ð2:16Þ

We have already derived δ
ffiffiffiffiffiffi−gp

and δρðn; sÞ in terms of the
independent variables. We also notice that the last term is
written in terms of independent variables and their deriv-
atives only. By varying each term, integrating by parts, and
using the definition of Jμ from Eq. (2.2), we find the
expression for the variation of the energy-momentum
Lagrangian density:
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δLfluid ¼
1

2

ffiffiffiffiffiffi
−g

p �
gμνρ −

∂ρ

∂n
nðgμν þ UμUνÞ

�
δgμν þ

�
∂ρ

∂n
Uμ þ φ;μ þ sθ;μ þ βAα

A
;μ

�
δJμ

þ ffiffiffiffiffiffi
−g

p �
nUμθ;μ −

∂ρ

∂s

�
δs − ð∂μJμÞδφ − ð∂μðJμsÞÞδθ þ ðJμαA;μÞδβA − ð∂μðJμβAÞÞδαA: ð2:17Þ

The detailed derivation of the expression is given in Appendixes A 1 and A 2. We now have contributions from the
Lagrange multipliers variations, which we will later use to derive the equations of motion.

3. The full action variation

We are now ready to substitute the terms in Eqs. (2.7), (2.15), and (2.17) into the action variation in Eq. (2.6). This
leads to the full action variation which contains all the information for fðR; TÞ modified gravity model,
with a relativistic perfect fluid expressed in Brown’s picture:

δS ¼ 1

2κ

Z �
fRRμν þ gμν□fR −∇μ∇νfR −

1

2
fgμν

�
δgμν

ffiffiffiffiffiffi
−g

p
d4x

þ 1

2κ

Z
fT

�
1

2
n
∂T
∂n

ðgμν þ UμUνÞδgμν −
∂T
∂n

Jμffiffiffiffiffiffi−gp jJj δJ
μ þ ∂T

∂s
δs

� ffiffiffiffiffiffi
−g

p
d4x

þ
Z �

1

2

ffiffiffiffiffiffi
−g

p �
gμνρ −

∂ρ

∂n
nðgμν þ UμUνÞ

�
δgμν

þ
�
∂ρ

∂n
Uμ þ φ;μ þ sθ;μ þ βAα

A
;μ

�
δJμ þ ffiffiffiffiffiffi

−g
p �

nUμθ;μ −
∂ρ

∂s

�
δs

− ð∂μJμÞδφ − ð∂μðJμsÞÞδθ þ ðJμαA;μÞδβA − ð∂μðJμβAÞÞδαA
�
d4x: ð2:18Þ

By setting δS ¼ 0 and recognizing that the equations
should hold for arbitrary variations, we can extract the
equations for the variation of each independent variable.
First, we collect the δgμν terms to get the field equations

1

2κ

�
fRRμν þ gμν□fR −∇μ∇νfR −

1

2
fgμν

�

þ 1

4κ
fTn

∂T
∂n

ðgμν þ UμUνÞ

þ 1

2

�
gμνρ −

∂ρ

∂n
nðgμν þ UμUνÞ

�
¼ 0; ð2:19Þ

which can be written in a more familiar form:

fRRμν þ ðgμν□ −∇μ∇νÞfR −
1

2
fgμν

¼ κTμν −
1

2
fTn

∂T
∂n

ðgμν þ UμUνÞ: ð2:20Þ

Notice here that unlike general relativity and fðRÞ
gravity, the left-hand side of the equation depends on
the fluid matter through the dependence on the trace of
the energy-momentum tensor. The right-hand side has the
familiar κTμν term along with an extra term that depends
on the derivative of T with respect to the particle-number
density. One is tempted to define

Teff
μν ¼ Tμν −

1

2κ
fTn

∂T
∂n

ðgμν þUμUνÞ; ð2:21Þ

which allows us to express the field equations as

fRRμν þ ðgμν□ −∇μ∇νÞfR −
1

2
fgμν ¼ κTeff

μν : ð2:22Þ

In fact, a closer look at the Teff
μν reveals that we can also

write

Teff
μν ¼ ðρþ pÞUμUν þ pgμν −

1

2κ
fTn

∂T
∂n

ðgμν þUμUνÞ
¼ ðρþ peffÞUμUν þ peffgμν ð2:23Þ

with the effective pressure defined as

peff ¼ p −
1

2κ
fTn

∂T
∂n

: ð2:24Þ

It now appears that the entire effect of the trace coupling
has been absorbed into the effective energy-momentum
tensor. While this is formally correct, at this point this is
misleading as peff and Teff

μν depend on fT and thus also
on the Ricci scalar unless fTR ¼ 0. This is an expected
result for models with nonminimal coupling as one can
no longer separate the geometry from the matter on each
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side of the equation. We will discuss this result further
but let us first present the equations of motion derived
from the action variation.

B. Equations of motion

We have six independent variables, besides the metric,
which means we get six equations of motion. Four of them
can easily be read off and match those presented in [11]. We
find

δαA∶ ∂μðJμβAÞ ¼ 0; ð2:25Þ

δβA∶ Jμ∂μαA ¼ 0; ð2:26Þ

δθ∶ ∂μðJμsÞ ¼ 0; ð2:27Þ

δφ∶ ∂μJμ ¼ 0: ð2:28Þ

This is an expected result as we expect the conservation of
the particle-number density to hold [Eq. (2.28)]. The
second condition in Eq. (2.26) restricts the four-velocity
direction to constant Lagrange coordinates flow lines. From
Eqs. (2.25) and (2.27) we have restriction on the exchange
of βA and s across the flow.
Furthermore, we can see that the variations with respect

to entropy and the four-vector field lead to

δs∶ nUμθ;μ −
∂ρ

∂s
þ 1

2κ
fT

∂T
∂s

¼ 0; ð2:29Þ

δJμ∶
∂ρ

∂n
Uμ −

1

2κ
fT

∂T
∂n

Uμ þ φ;μ þ sθ;μ þ βAα
A
;μ ¼ 0;

ð2:30Þ

respectively. Now, we get interesting results as both of these
equations have terms that emerge from the nonminimal
coupling with the trace of the energy-momentum tensor.
The effects emerging from these modified results will be
discussed further in Sec. II D.
Equations (2.20) and (2.25)–(2.30) are the complete set

of equations derived from the action. In the following we
will interpret the various equations focussing on the effects
of the nonminimal coupling. In particular, we will provide a
variety of arguments to substantiate our claim that
Eq. (2.20) is the correct field equation of fðR; TÞ gravity
when T is the trace of a perfect fluid.

C. On-shell fluid Lagrangian

In the introduction, we claimed that expressing the
Lagrangian density as Lfluid ¼ p

ffiffiffiffiffiffi−gp
is only correct on

shell, where the equations of motion have been taken into
consideration. One then asks whether we get back the on-
shell expression when the equations of motion are incor-
porated into the Lagrangian. Let us begin recalling with the

fluid Lagrangian, Eq. (2.1), and integrating by parts all the
derivative terms. This gives

Lfluid ¼ −
ffiffiffiffiffiffi
−g

p
ρðn; sÞ − ∂μJμφ − ∂μðsJμÞθ þ βAJμαA;μ

þ ∂μðJμðφþ sθÞÞ; ð2:31Þ

where we note that the final term is a total derivative. By
using the equations of motion (2.25)–(2.28), we find that on
shell, the Lagrangian density reduces to

Lfluid ¼ −ρ
ffiffiffiffiffiffi
−g

p
on shell: ð2:32Þ

This is a well-known result and unaffected by the coupling
with the energy-momentum scalar; see [11].
Instead, let us start from the equation of motion (2.30)

and contract it with Uμ. This gives

Uμ

�
∂ρ

∂n
Uμ þ φ;μ þ sθ;μ þ βAα

A
;μ

�
− Uμ fT

2κ

∂T
∂n

Uμ ¼ 0;

−
∂ρ

∂n
þ Uμðφ;μ þ sθ;μ þ βAα

A
;μÞ þ

fT
2κ

∂T
∂n

¼ 0;

⇒ n
∂ρ

∂n
−
fT
2κ

n
∂T
∂n

¼ Jμffiffiffiffiffiffi−gp ðφ;μ þ sθ;μ þ βAα
A
;μÞ: ð2:33Þ

Substituting n∂ρ=∂n ¼ ρþ p and multiplying both sides
by

ffiffiffiffiffiffi−gp
gives

ρ
ffiffiffiffiffiffi
−g

p þ p
ffiffiffiffiffiffi
−g

p
−
fT
2κ

n
∂T
∂n

ffiffiffiffiffiffi
−g

p ¼ Jμðφ;μ þ sθ;μ þ βAα
A
;μÞ;�

p −
fT
2κ

n
∂T
∂n

� ffiffiffiffiffiffi
−g

p ¼ −ρ
ffiffiffiffiffiffi
−g

p þ Jμðφ;μ þ sθ;μ þ βAα
A
;μÞ:

ð2:34Þ

The right-hand side is nothing but the expression of the
fluid Lagrangian in Brown’s picture. If we recall that the
expression that appears on the left-hand side is the effective
pressure peff , defined in (2.24), consequently, this state-
ment is saying that

Lfluid ¼ peff
ffiffiffiffiffiffi
−g

p
: ð2:35Þ

This on-shell result verifies that the effective pressure
identified above is in fact expected. The contributions
due to trace coupling are all included in the expression for
the effective pressure and there should be no other matter
contributions due to the trace coupling.
On shell, we can also equate the two on-shell expressions

and move the extra term of the effective pressure into the
density, in which case one finds

p
ffiffiffiffiffiffi
−g

p ¼ −
�
ρ −

fT
2κ

n
∂T
∂n

� ffiffiffiffiffiffi
−g

p
≕ − ρeff

ffiffiffiffiffiffi
−g

p
on shell:

ð2:36Þ
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This rewriting seems to suggest that there exists a formu-
lation where the energy density of the fluid can be rewritten
to absorb the effects of the trace coupling. This is precisely
what will happen following Schutz’s velocity potentials
approach as will be seen in Eq. (3.13) in Sec. III A.

D. Thermodynamic quantities

We now revisit the equations of motion (2.29) and (2.30)
using a thermodynamic approach. The first law of thermo-
dynamics can be expressed locally by

dρ ¼ μdnþ nT ds; ð2:37Þ

where μ ¼ ∂ρ=∂n ¼ n−1ðρþ pÞ is the chemical potential
and T ¼ n−1∂ρ=∂s is the temperature (not to be confused
with the symbols with μ and T). If we now substitute the
expression for the temperature in Eq. (2.29), we can write

Uμθ;μ ¼ T −
1

n
fT
2κ

∂T
∂s

¼ T − T tr: ð2:38Þ

We see that the effect of the nonminimal trace coupling is a
temperature contribution given by

T tr ≔
1

n
fT
2κ

∂T
∂s

: ð2:39Þ

Since fT is a function of the matter trace and the Ricci
scalar, the temperature contribution to the fluid depends
also on a geometric contribution. We also note immediately
that, for matter with constant entropy, there will be no
temperature contribution to the fluid which is expected as
constant entropy processes do not allow for heat transfers.
Similarly, we can introduce the chemical potential in

Eq. (2.30) and write it as

ðμ − μtrÞUμ þ φ;μ þ sθ;μ þ βAα
A
;μ ¼ 0; ð2:40Þ

where μtr is the contribution of the nonminimal trace
coupling to the chemical potential given by

μtr ¼
1

2κ
fT

∂T
∂n

: ð2:41Þ

The modifications of Eqs. (2.29) and (2.30) are due to
matter tensor couplings which contribute to the temperature
and chemical potential. Since the matter tensor of a fluid
will always depend on the particle-number density, the term
μtr will in general contribute to the fluid’s equations of
motion.

E. Conservation equations via field equations

We now check the conservation equations for the
effective energy-momentum tensor. Typically, the continu-
ity equation gives ∇μTeff

μν ¼ 0. This is not true in general in
the context of the coupling with between geometry and

matter trace. We can easily see this by taking the divergence
of the field equations (2.20):

∇μðfRRμνÞ þ ð∇ν□ −□∇νÞfR −
1

2
∇νf

¼ ∇μ

�
κTμν −

1

2
fTn

∂T
∂n

ðgμν þ UμUνÞ
�
; ð2:42Þ

fR∇μRμν −
1

2
fR∇νR −

1

2
fT∇νT

¼ ∇μ

�
κTμν −

1

2
fTn

∂T
∂n

ðgμν þ UμUνÞ
�
; ð2:43Þ

−
1

2
fT∇νT ¼∇μ

�
κTμν−

1

2
fTn

∂T
∂n

ðgμνþUμUνÞ
�
: ð2:44Þ

This implies that

2κ∇μTμν ¼ ∇μ

�
fTn

∂T
∂n

ðgμν þ UμUνÞ
�
− fTgμν∇μT;

ð2:45Þ

which we can also write conveniently as

∇μTeff
μν ¼ −

1

2κ
fT∇νT: ð2:46Þ

While this conservation equation is valid in general, it will
be convenient for us to consider its projection along
the fluid’s four-velocity and along the perpendicular
directions. To do this, we define the usual projec-
tion hμν ¼ UμUν þ gμν.
First, contracting with Uν,

2κUν∇μTμν ¼ Uνðgμν þUμUνÞ∇μ

�
fTn

∂T
∂n

�

þ Uν

�
fTn

∂T
∂n

�
∇μðUμUνÞ − fTUνgμν∇μT

¼ −
�
fTn

∂T
∂n

�
∇μUμ

− fTUμ

�
∂T
∂n

∇μnþ ∂T
∂s

∇μs

�
; ð2:47Þ

where we have used the relations Uμhμν ¼ 0 and
Uν∇μUν ¼ 0. Noticing also that Uμ∇μs ¼ 0 andUμ∇μn ¼
−n∇μUμ, we have

2κUν∇μTμν ¼ −
�
fTn

∂T
∂n

�
∇μUμ þ fT

�
∂T
∂n

n∇μUμ

�
¼ 0:

ð2:48Þ

The perpendicular contraction is given by contracting
Eq. (2.45) with hνσ and rewriting it as
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2κhνσ∇μTμν ¼ hσμ∇μ

�
fTn

∂T
∂n

�
− fThνσ∇νT

þ
�
fTn

∂T
∂n

�
hνσ∇μhμν: ð2:49Þ

We have the identity hνσ∇μhμν ¼ Uμ∇μUσ. Applying the
identity, with further manipulation of the right-hand side,
gives the result

2κhνσ∇μTμν ¼ nhμσ∇μ

�
fT

∂T
∂n

�
− fT

∂T
∂s

∇σs

þ fTn
∂T
∂n

Uμ∇μUσ: ð2:50Þ

Or using the identity for Uμ∇μUσ again, we can write the
result nicely as

2κhνσ∇μTμν ¼ hνσ

�
n∇μ

�
fT

∂T
∂n

hμν

�
− fT

∂T
∂s

∇νs

�
: ð2:51Þ

We find that the perpendicular contraction of the con-
servation equations does not vanish. This is expected from
the relation in Eq. (2.46). Since the parallel contraction
vanished, this tells us that the entire contribution of the
coupling with the matter trace in the conservation equations
is in the perpendicular direction to the flow.

F. Conservation equations via fluid equation

We will now rederive the conservation equation from the
fluid equation using only the equations of motion, without
referring to the field equations. This will further verify the
internal consistency of our equations and can be seen as the
final step in demonstrating the correctness of our approach.
By applying the covariant derivative to the energy-

momentum tensor one simply gets ∇μTμν ¼ ∇μðρUμUνÞþ
∇μðphμνÞ. We will evaluate this along the flow and in the
perpendicular direction. If we contract this equation with
Uν, it is straightforward to verify that Uν∇μTμν ¼ 0 which
matches the result of Eq. (2.48).
To evaluate hνσ∇μTμν, we begin with [see Eq. (2.13)

in [11]]

hνσ∇μTμν ¼ 2nUμ∇½μðμUσ�Þ − hμσ
∂ρ

∂n
∇μs; ð2:52Þ

which is unaffected by the trace coupling. Additional
details regarding this derivation can be found in
Appendix A 4.
The key idea is to note that the term μUσ is given by the

fluid equation, Eq. (2.30), which can thus be used to find an
explicit expression for ∇½μðμUσ�Þ. To start, we have

∇μðμUσÞ −∇μ

�
fT
2κ

�
3n

∂
2ρ

∂n2
−
∂ρ

∂n

�
Uσ

�
þ∇μφ;σ

þ∇μðsθ;σÞ þ∇μðβAαA;σÞ ¼ 0; ð2:53Þ
so that taking the skew-symmetric part yields

∇½μðμUσ�Þ −∇½μ

�
fT
2κ

�
3n

∂
2ρ

∂n2
−
∂ρ

∂n

�
Uσ�

�
þ∇½μφ;σ�

þ∇½μðsθ;σ�Þ þ∇½μðβAαA;σ�Þ ¼ 0: ð2:54Þ

Using the fluid’s equations of motion removes two out of
the three final terms:

Uμ∇½μðμUσ�Þ −Uμ∇½μ

�
fT
2κ

�
3n

∂
2ρ

∂n2
−
∂ρ

∂n

�
Uσ�

�

þ Uμ∇½μðsθ;σ�Þ ¼ 0: ð2:55Þ
One can now rewrite the final term, using again the fluid
equations, to find

2Uμ∇½μðsθ;σ�Þ ¼ −∇σsðUμ∇μθÞ; ð2:56Þ
which can also be found in [11] and is unaffected by the
trace coupling. Finally, one uses Eq. (2.29):

2Uμ∇½μðμUσ�Þ ¼ 2Uμ∇½μ

�
fT
2κ

�
3n

∂
2ρ

∂n2
−
∂ρ

∂n

�
Uσ�

�

− 2Uμ∇½μðsθ;σ�Þ

¼ 2Uμ∇½μ

�
fT
2κ

�
3n

∂
2ρ

∂n2
−
∂ρ

∂n

�
Uσ�

�

þ 1

n

�
∂ρ

∂s
−
fT
2κ

�
3n

∂
2ρ

∂n∂s
− 4

∂ρ

∂s

��
∇σs;

ð2:57Þ
which means we now have an expression for the skew part.
This can be substituted into Eq. (2.52), which after some
calculations yields

hνσ∇μTμν ¼ 2nUμ∇½μ

�
fT
2κ

�
3n

∂
2ρ

∂n2
−
∂ρ

∂n

�
Uσ�

�
−
fT
2κ

∂T
∂s

∇σs:

ð2:58Þ
Next, we can expand the skew-symmetrization and

perform the covariant differentiation using the product
rule, which gives three terms. These can be slightly
rewritten and combined in such a way that one arrives at

2κhνσ∇μTμν

¼ hμαn∇μ

�
fT

∂T
∂n

�
þ n

�
fT

∂T
∂n

�
Uμ∇μUσ − fT

∂T
∂s

∇σs

¼ hνσ

�
n∇μ

�
fT

∂T
∂n

hμν

�
− fT

∂T
∂s

∇νs

�
; ð2:59Þ
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which agrees with Eq. (2.51), as one would expect. This
implies that the conservation equations derived from the
fluid equations of motion agree with the conservation
equations derived from the gravitational field equations.

G. Effective equations and dark sector interactions

The nonvanishing right-hand sides of the conservation
equations (2.51) and (2.59) demonstrate the nonconserva-
tion of the energy-momentum tensor of the fluid, a
common feature of theories with matter-curvature cou-
plings. One can study the effects of such additional terms in
the context of dark sector interactions by identifying
suitable energy-momentum tensor contributions. To arrive
at effective field equations, we begin with

fðR; TÞ ¼ Rþ f̄ðR; TÞ; ð2:60Þ

with fT ¼ f̄T and fR ¼ 1þ f̄R. This choice of function
will isolate the Einstein tensor. The field equations (2.20)
can now be written in a form similar to the Einstein field
equations:

Gμν ¼ κTμν −
1

2
f̄Tn

∂T
∂n

ðgμν þUμUνÞ þ
1

2
f̄gμν

− f̄RRμν − ðgμν□ −∇μ∇νÞf̄R; ð2:61Þ

with all terms due to the nonminimal coupling moved onto
the matter side of the equation. The first term on the right-
hand side is the fluid’s matter energy-momentum tensor.
The remaining terms are matter and geometry dependent
since f̄ depends on the Ricci scalar and the matter tensor’s
trace. These remaining terms can be associated with dark
energy and dark matter. We note, however, that this split is
not unique. We set the dark energy part to be

TDE
μν ≔

1

2κ

�
f̄ − f̄Tn

∂T
∂n

�
gμν: ð2:62Þ

This is motivated by the form of the cosmological constant
term Λgμν. Assuming that dark matter is pressureless, it is
reasonable to define the following dark matter part:

TDM
μν ≔ −

1

2κ
f̄Tn

∂T
∂n

UμUν: ð2:63Þ

The remainder of Eq. (2.61) is an additional matter
component:

Tf̄
μν ≔ −

1

κ
ðRμν þ gμν□ −∇μ∇νÞf̄R: ð2:64Þ

Using this notation, we can rewrite the field equations in a
convenient form:

Gμν ¼ κðTμν þ TDM
μν þ TDE

μν þ Tf̄
μνÞ: ð2:65Þ

One can immediately show that

∇μTf̄
μν ¼ −

1

2κ
f̄R∇νR≕ −Qν; ð2:66Þ

which can be interpreted as an interaction vectorQν. For the
other components, one cannot derive an independent non-
conservation equation that only depends on that same
interaction. Therefore, using the above notation, we can
state that

∇μðTμν þ TDM
μν þ TDE

μν Þ ¼ −∇μTf̄
μν ¼ Qν: ð2:67Þ

Consequently, we have an interaction between the fluid, the
identified dark energy and dark matter components.
However, one cannot easily separate this interaction into
the more standard form where ∇μTDM

μν ¼ −∇μTDE
μν , as

discussed, for example in [13,14]. This follows from our
fluid equations (2.25)–(2.28) that contain the geometrical
couplings, which imply that ∇μTμν ≠ 0. Even absorbing

Tf̄
μν into either dark energy or dark matter will not change

this outcome.

III. SCHUTZ’S VELOCITY POTENTIALS
APPROACH

In this section, we work with the relativistic perfect
fluid Lagrangian given by Schutz [12]. We follow the
structure of the previous section to compare between the
two pictures and verify our approach of using the off-shell
Lagrangian. Here, the Lagrangian is given simply by
Lfluid ¼ p

ffiffiffiffiffiffi−gp
. The full description of the fluid is con-

tained in the velocity potentials. The four-velocity unit
vector is defined as a function of the independent variables
with Uν ¼ μ−1ðϕ;ν þ αβ;ν þ θs;νÞ ¼ μ−1Vν. The fluid
action for the relativistic perfect fluid in this approach is

Sfluid ¼
Z

pðμ; sÞ ffiffiffiffiffiffi
−g

p
d4x; ð3:1Þ

with μ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gμνVμVν

p
. Thus, while μ is a potential in this

approach, it is not an independent variable. The indepen-
dent variables which we vary the action with respect to are

fgμν; α; β;ϕ; θ; sg: ð3:2Þ

Here, the density is a derived quantity, defined by
ρ ¼ μð∂p=∂μÞ − p. The Legendre transformation governs
the thermodynamic equivalence of the choice of μ as a
parameter instead of n as in Brown’s fluid formalism. The
trace of the perfect fluid energy-momentum tensor takes the
form

T ¼ −ρþ 3p ¼ −μ
∂p
∂μ

þ 4p: ð3:3Þ
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We already notice here the analog between ρ and p in
Brown’s and Schutz’s formalisms, a feature that will
continue to emerge throughout the section. In a similar
fashion, we start by deriving the field equations and
equations of motion and show the on-shell reduction,
thermodynamic quantities, and conservation equations.

A. Gravitational field equations

We start again by varying the action for fðR; TÞ model,
this time with a matter Lagrangian density given by
Eq. (3.1). We use our previous results in Sec. II A since
the difference in this picture is only in the trace of the fluid
matter and the Lagrangian. We have

δS ¼ 1

2κ

Z �
fRRμν þ ðgμν□ −∇μ∇νÞfR −

1

2
fgμν

�

× δgμν
ffiffiffiffiffiffi
−g

p
d4xþ 1

2κ

Z
fTδT

ffiffiffiffiffiffi
−g

p
d4x

þ
Z ffiffiffiffiffiffi

−g
p �

δp −
1

2
pgμνδgμν

�
d4x: ð3:4Þ

The variation of the energy-momentum trace δT can be
derived from Eq. (3.3):

δT ¼
�
3
∂p
∂μ

− μ
∂
2p
∂μ2

�
δμþ

�
4
∂p
∂s

− μ
∂
2p

∂s∂μ

�
δs

¼ ∂T
∂μ

δμþ ∂T
∂s

δs; ð3:5Þ

which is again the result that we should get. Since
μ2 ¼ −gμνVμVν, we can find the variation by using

2μδμ ¼ −VμVνδgμν − 2gμνVμδVν; ð3:6Þ

⇒δμ¼−
VμVν

2μ
δgμν

−
Vν

μ
½δϕ;νþβ;νδαþαδβ;νþs;νδθþθδs;ν�: ð3:7Þ

We substitute the variation δμ back in δT to get the final
expression in terms of independent variables:

δT ¼ ∂T
∂μ

�
−
1

2
μUμUνδgμν −Uνðδϕ;ν þ β;νδαþ αδβ;ν

þ s;νδθ þ θδs;νÞ
�
þ ∂T

∂s
δs: ð3:8Þ

Similarly, we write out δp in terms of partial derivates of μ
and s and use Eq. (3.7) to get

δp ¼ ∂p
∂μ

δμþ ∂p
∂s

δs

¼ −
∂p
∂μ

�
1

2
μUμUνδgμν þUνðδϕ;ν þ β;νδαþ αδβ;ν

þ s;νδθ þ θδs;νÞ
�
þ ∂p

∂s
δs: ð3:9Þ

Now we collect all the terms and write the action variation
in terms of the independent variables:

δS ¼ 1

2κ

Z ffiffiffiffiffiffi
−g

p ��
fRRμν þ ðgμν□ −∇μ∇νÞfR −

1

2
fgμν

�
δgμν

þ fT

�
∂T
∂μ

�
−
1

2
μUμUνδgμν −Uνðδϕ;ν þ β;νδαþ αδβ;ν þ s;νδθ þ θδs;νÞ

�
þ ∂T

∂s
δs

�

þ 2κ

�
−
∂p
∂μ

�
1

2
μUμUνδgμν þUνðδϕ;ν þ β;νδαþ αδβ;ν þ s;νδθ þ θδs;νÞ

�
þ ∂p

∂s
δs −

1

2
pgμνδgμν

��
d4x: ð3:10Þ

We are ready now to retrieve the field equations and
equations of motion from the action variation. First, the
field equations can be read off from the δgμν terms and
substituting the definition of Tμν to get

fRRμν þ ðgμν□ −∇μ∇νÞfR −
1

2
fgμν

¼ κTμν þ
1

2
fTμ

∂T
∂μ

UμUν: ð3:11Þ

On the right-hand side, we get an extra term that depends
on the partial derivate of the function fðR; TÞ with respect
to T and the derivative of the matter trace with respect to the

chemical potential μ. This again suggests an effective
energy-momentum tensor given by

Teff
μν ¼ Tμν þ

fT
2κ

μ
∂T
∂μ

UμUν: ð3:12Þ

Notice that here the extra term couples to four-velocity unit
vectors UμUν but not the metric, which, by using the
definition of Tμν, suggests an effective energy density
rather than pressure, given by

ρeff ≔ ρþ fT
2κ

μ
∂T
∂μ

: ð3:13Þ
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Not surprisingly, we get analogous results to that found in
the Brown picture. Here, we see the exchange of the
derived quantity between p in Brown’s picture and ρ in
Schutz’s picture led to the exchange of their effective role in
the field equations. The expression for ρeff agrees with the
on-shell expression in the argument presented in Sec. II C.
Of course, one has to be careful when changing the
variables n and μ; however, it should be clear at this point
that the trace coupling can only yield a contribution that
affects the energy density or the pressure.

B. Equations of motion

Before discussing the field equations and the effective
quantities further, we derive the fluid’s equations of motion
from the remaining variations in Eq. (3.10). By collecting
the terms for each of the five potential variations we get

δα∶
�
fT
2κ

∂T
∂μ

þ ∂p
∂μ

�
ðUνβ;νÞ ¼ 0; ð3:14Þ

δβ∶ ∂ν

��
fT
2κ

∂T
∂μ

þ ∂p
∂μ

�
αUν

�
¼ 0; ð3:15Þ

δθ∶
�
fT
2κ

∂T
∂μ

þ ∂p
∂μ

�
ðUνs;νÞ ¼ 0; ð3:16Þ

δϕ∶ ∂ν

��
fT
2κ

∂T
∂μ

þ ∂p
∂μ

�
Uν

�
¼ 0; ð3:17Þ

δs∶ ∂ν

��
fT
2κ

∂T
∂μ

þ ∂p
∂μ

�
θUν

�
þ ∂p

∂s
þ 1

2κ
fT

∂T
∂s

¼ 0:

ð3:18Þ
We can immediately see from Eqs. (3.14) and (3.16) that
Uνβ;ν ¼ 0 and Uνs;ν ¼ 0. Further, by comparing these
equations with the ones obtained by Schutz [12], we are
tempted to redefine the parameter n from n ¼ ∂p=∂μ to be

n≡ ∂p
∂μ

þ fT
2κ

∂T
∂μ

; ð3:19Þ

then we find from Eq. (3.17) that ∂νðnUνÞ ¼ 0. Using this
relation and the product rule in Eqs. (3.15) and (3.18)
allows us to write the equations of motion as

δα∶ Uνβ;ν ¼ 0; ð3:20Þ

δβ∶ Uνα;ν ¼ 0; ð3:21Þ

δθ∶ Uνs;ν ¼ 0; ð3:22Þ

δϕ∶ ∂νðnUνÞ ¼ 0; ð3:23Þ

δs∶ nUνθ;ν þ
∂p
∂s

þ fT
2κ

∂T
∂s

¼ 0: ð3:24Þ

The equations of motion (3.20)–(3.23) now match the
expected result found by Schutz [12] with the new definition
of n in Eq. (3.19). We see, however, that the entropy
variation δs leads to an additional term ð2κÞ−1fT∂T=∂s
which is a result of the nonminimal coupling between
curvature and the matter trace. In fact, even the factor n
in Eq. (3.23) which ensures the conservation of the particle
number now depends on the nonminimal coupling between
R and T. Those effects will be discussed in more detail in
Secs. III D and IV.

C. On-shell fluid Lagrangian

We want to make sure again that we retrieve the on-shell
form of the Lagrangian when the equations of motion are
taken into consideration. We already have the off-shell
Lagrangian as

Sfluid ¼
Z

pðμ; sÞ ffiffiffiffiffiffi
−g

p
d4x off shell; ð3:25Þ

in the velocity potentials picture. But we see that if we start
with this expression, use p ¼ μ∂p=∂μ − ρ, and then sub-
stitute Eq. (3.19) for ∂p=∂μ, we get

Sfluid ¼
Z

p
ffiffiffiffiffiffi
−g

p
d4x ¼

Z �
μ
∂p
∂μ

− ρ

� ffiffiffiffiffiffi
−g

p
d4x

¼
Z �

μ

�
n −

fT
2κ

∂T
∂μ

�
− ρ

� ffiffiffiffiffiffi
−g

p
d4x

¼
Z

μn
ffiffiffiffiffiffi
−g

p
d4x −

Z �
ρþ fT

2κ
μ
∂T
∂μ

� ffiffiffiffiffiffi
−g

p
d4x

¼
Z

μn
ffiffiffiffiffiffi
−g

p
d4x −

Z
ρeff

ffiffiffiffiffiffi
−g

p
d4x; ð3:26Þ

where we used the definition of ρeff from Eq. (3.13).
Now, it can be shown from the definition ofUν and using

the equations of motion that

UνUν ¼ Uνμ−1ðϕ;ν þ αβ;ν þ θs;νÞ ¼ −1; ð3:27Þ

⇒ −μ ¼ Uνϕ;ν: ð3:28Þ

where we used Eqs. (3.20) and (3.22). By substituting the
expression for μ back in the action and using the product
rule of derivatives we find

Z
μn

ffiffiffiffiffiffi
−g

p
d4x ¼ −

Z
nUνϕ;ν

ffiffiffiffiffiffi
−g

p
d4x

¼ −
Z

ððnUνϕÞ;ν − ϕðnUνÞ;νÞ
ffiffiffiffiffiffi
−g

p
d4x:

ð3:29Þ

Now, we use Eq. (3.23) to eliminate the second term and we
are left with a total derivative
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Z
μn

ffiffiffiffiffiffi
−g

p
d4x ¼ −

Z
ðUνϕnÞ;ν

ffiffiffiffiffiffi
−g

p
d4x

¼ −
Z

ðUνϕn
ffiffiffiffiffiffi
−g

p Þ;νd4x ¼ 0; ð3:30Þ

which vanishes under action variation. Thus, going back to
the action in Eq. (3.26), we end up with

Sfluid ¼ −
Z

ρeff
ffiffiffiffiffiffi
−g

p
d4x on shell: ð3:31Þ

Therefore, on shell, we do get back the expected expression
after utilizing the equations of motion. This not only
ensures the consistency of our results so far, but also
strengthens the argument that one indeed has to be careful
when working with the on-shell expression of the
Lagrangian as it only holds up when the equations of
motion are considered. However, when applying a variation
principle, one must resort to the off-shell Lagrangian to get
the full expression Eq. (3.10).

D. Thermodynamic quantities

The coupling with the matter trace in Brown’s picture led
to a modified expression for the chemical potential μ, which
we called μtr. The thermodynamics relations infer that there
should be an analogous quantity in Schutz’s picture related
to the number density n. We already saw that the matter
trace coupling led to modified expression presented in
Eq. (3.19). We now introduce the thermodynamic quantity
ntr where

ntr ¼
fT
2κ

∂T
∂μ

and
∂p
∂μ

¼ n − ntr: ð3:32Þ

We can find a deeper meaning for the quantity ntr by
looking at the first law of thermodynamics where

dp ¼ ndμ − nT ds; ð3:33Þ
we see that letting the entropy change as a function of the
chemical potential allows us to write

dp
dμ

¼ n − nT
ds
dμ

; ð3:34Þ

which allows us to identify ntr with an entropy contribution
that emerges from the coupling with the matter trace. The
entropy contribution can be further seen by considering
Eq. (3.24), where by using ∂p=∂s ¼ −nT from the first
law, we have

nUνθ;ν − nT þ fT
2κ

∂T
∂s

¼ 0;

Uνθ;ν ¼ T − T tr: ð3:35Þ
Here we used the definition for T tr given in Eq. (2.39) and

we get the expected result we found in the Brown picture.
We see again that the contribution to the temperature arises

from a geometric contribution due to the matter-geometry
coupling in fðR; TÞ.

E. Conservation equations via field equations

We again check the consistency of our approach by first
deriving the conservation equations from the field equa-
tions in this section and then deriving them once more from
the fluid equation in the following section.
We derived Eq. (2.46) by taking the divergence of the

field equations. We now use the velocity potentials expres-
sion for Teff

μν given by Eq. (3.12). As before, we take the
contraction in the fluid direction Uν and in the parallel
direction hνσ . Starting with the parallel contraction

Uν∇μTeff
μν ¼ −

fT
2κ

Uν∇νT

¼ −
fT
2κ

∂T
∂μ

Uν∇νμ −
fT
2κ

∂T
∂s

Uν∇νs

¼ −
fT
2κ

∂T
∂μ

Uν∇νμ; ð3:36Þ

where the contracted derivative of the entropy term is
eliminated by the equation of motion (3.22). By substitut-
ing the expression for Teff

μν from Eq. (3.12) we get

Uν∇μTeff
μν ¼ Uν∇μTμν þUν∇μ

�
fT
2κ

μ
∂T
∂μ

UμUν

�

¼ Uν∇μTμν − μ∇μ

�
fT
2κ

∂T
∂μ

Uμ

�
−
fT
2κ

∂T
∂μ

Uμ∇μμ;

ð3:37Þ

where we used the identitiesUνUν ¼ −1 andUν∇μUν ¼ 0.
Combining the two results for Uν∇μTeff

μν shows that

Uν∇μTμν ¼ μ∇μ

�
fT
2κ

∂T
∂μ

Uμ

�
; ð3:38Þ

which can be further simplified using Eqs. (3.19) and (3.23)
to get

Uν∇μTμν ¼ −μ∇μ

�
∂p
∂μ

Uμ

�
: ð3:39Þ

We already see that this result is different from the result
obtained in Brown’s Lagrange multipliers approach. The
parallel contraction vanishes there due to the extra factor in
the Brown’s Teff

μν being proportional to hμν while in the
velocity potentials’ Teff

μν it is proportional to UμUν. Also,
the reader of [12] notices that this term vanishes in the
absence of couplings since ∂p=∂μ ¼ nwhich would satisfy
the equation of motion. However, the coupling between
geometry and matter trace in fðR; TÞ gravity introduces
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exactly the extra factor that contributes to the conservation
equations parallel to the flow lines.
Now, we contract in the perpendicular direction to the

flow. We want to show that hνσ∇μTeff
μν ¼ −ð2κÞ−1fThνσ∇νT.

By substituting the expression for Teff
μν , we have

hνσ∇μTμν ¼ −hνσ∇μ

�
fT
2κ

μ
∂T
∂μ

UμUν

�
−
fT
2κ

hνσ∇νT

¼ −hνσ
fT
2κ

μ
∂T
∂μ

Uμ∇μUν −
fT
2κ

hνσ∇νT; ð3:40Þ

where again we used the identity hνσUν ¼ 0. By expanding
the last term we find

hνσ∇μTμν ¼ −
fT
2κ

hνσ

�
μ
∂T
∂μ

Uμ∇μUν þ
∂T
∂μ

∇νμþ
∂T
∂s

∇νs

�
:

ð3:41Þ

Using the identities hνσhμν ¼ hνσgμν and hνσ∇μhμν ¼
hνσUμ∇μUν allows us to combine the first two terms.
After multiplying by 2κ, the expression can be written in
a form similar to that in Eq. (2.51):

2κhνσ∇μTμν ¼ −hνσ
�
fT

∂T
∂μ

∇μðhμνμÞ þ fT
∂T
∂s

∇νs

�
: ð3:42Þ

We have obtained the two expressions for the conservation
equation parallel to the flow [Eq. (3.39)] and perpendicular
to the flow [Eq. (3.42)]. Now, we attempt to rederive the
same expressions using the fluid equation without resorting
to the field equations.

F. Conservation equations via fluid equations

We start working from the fluid equation for Tμν where
in this picture we have ρþ p ¼ μ∂p=∂μ. Then the diver-
gence is

∇μTμν ¼ ∇μ

�
μ
∂p
∂μ

UμUν

�
þ gμν∇μp; ð3:43Þ

and just like before we check the contraction in the parallel
and perpendicular directions. The contraction parallel to the
flow is trivial where

Uν∇μTμν ¼ Uν∇μ

�
μ
∂p
∂μ

UμUν

�
þ Uνgμν∇μp

¼ −∇μ

�
μ
∂p
∂μ

Uμ

�
þ Uμ∇μp: ð3:44Þ

By expanding the derivative of the pressure and using
Eq. (3.22),

Uν∇μTμν ¼ −∇μ

�
μ
∂p
∂μ

Uμ

�
þ Uμ

∂p
∂μ

∇μμ

¼ −μ∇μ

�
∂p
∂μ

Uμ

�
; ð3:45Þ

which matches the result from the field equations in
Eq. (3.39), verifying our previous result that in this picture,
the parallel contraction of the energy-momentum diver-
gence does not vanish.
Now, we contract with hνσ to check the conservation

equations in the perpendicular direction:

hνσ∇μTμν ¼ hνσ

�
∇μ

�
μ
∂p
∂μ

UμUν

�
þ gμν∇μp

�

¼ hνσ

�
μ
∂p
∂μ

Uμ∇μUν þ
∂p
∂μ

gμν∇μμþ ∂p
∂s

∇νs

�

¼ hνσ

�
∂p
∂μ

∇μðhμνμÞ þ
∂p
∂s

∇νs

�
: ð3:46Þ

We can replace the partial derivatives of the pressure with
partial derivatives of the mater trace by invoking the
equations of motion Eqs. (3.19) and (3.24):

hνσ∇μTμν ¼ hνσ

��
n −

fT
2κ

∂T
∂μ

�
∇μðhμνμÞ

−
�
nUλθ;λ þ

fT
2κ

∂T
∂s

�
∇νs

�

¼ hνσ

�
nðhμν∇μμþ μ∇μhμν −Uλθ;λ∇νsÞ

−
fT
2κ

∂T
∂μ

∇μðhμνμÞ −
fT
2κ

∂T
∂s

∇νs

�
: ð3:47Þ

The term in round brackets vanishes [check Eq. (A44) in
Appendix A 5], leaving us with

2κhνσ∇μTμν ¼ −hνσ
�
fT

∂T
∂μ

∇μðhμνμÞ þ fT
∂T
∂s

∇νs

�
;

ð3:48Þ

which matches the result of Eq. (3.42). Thus, we have
shown that our approach varying the action with the full
fluid Lagrangian is also correct in Schutz’s velocity
potentials picture.
With that we have strong confidence that the correct

approach to vary the fluid action is to use the full off-shell
fluid Lagrangian. We showed that this can be done in both
Brown’s approach with Lagrange multipliers or Schutz’s
approach based on velocity potentials. The results in both
cases are consistent and lead to the same conclusions.
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G. Effective equations and dark sector interactions

We reexamine the mapping of our results to dark sector
interactions. As before, we begin with fðR; TÞ ¼ Rþ
f̄ðR; TÞ and find the field equation

Gμν ¼ κTμν þ
1

2
f̄Tμ

∂T
∂μ

UμUν þ
1

2
f̄gμν

− ðRμν þ gμν□ −∇μ∇νÞf̄R ð3:49Þ

and now follow a slightly different approach to before.
The right-hand side contains an effective energy density
term, unlike the Brown approach where the extra term
contributed to the pressure. This means that the Schutz
approach yields an extra contribution which is pressure-
less. Let us therefore write

Gμν ¼ κðTeff
μν þ T̂f̄

μνÞ; ð3:50Þ

where T̂f̄
μν contains all other terms on the right-hand side

of Eq. (3.49). Here, the effective energy-momentum
tensor is as in Eq. (3.12), which means it contains the
standard fluid plus a dark matter contribution. This
formulation allows us to conclude that

∇μTeff
μν ¼ −∇μTf̄

μν ¼ −
1

2κ
f̄T∇νT≕Qν: ð3:51Þ

It would now be natural to interpret this as follows: The
effective energy-momentum tensor, which contains the
fluid and a dark matter contribution, is not conserved. It

leads to an energy transfer to Tf̄
μν which we would then

interpret as the dark energy component.
The identification of the various terms with either dark

matter or dark energy is not unique as we have mentioned
before. However, using Schutz’s approach, one arrives at an
effective energy density which lends itself to be interpreted
as dark matter. In the other approach, see Sec. II G, this
identification is not as direct. We would therefore conclude
that the fluid Lagrangian based on the pressure; this means
the approach by Schutz is preferable for a nonminimally
coupled dark matter model.

IV. IMPLICATIONS

In the following, we will state the main implications of
our work. From these implications, one finds that a vast
amount of work done in fðR; TÞ gravity needs to be
revisited or must be considered incorrect. The latter applies
to models linear in the trace of a perfect fluid energy-
momentum tensor or models of the form fðR; TÞ ¼
fð1ÞðRÞ þ fð2ÞðTÞ. Moreover, we provide a simple argu-
ment why models linear in T (or a perfect fluid) should not
have been considered in the first place as such models
cannot yield new physics.

A. Comparison with Harko et al. [5]

In [5], Harko et al. introduced fðR; TÞ gravity in which
curvature is coupled to the trace of the energy-momentum
tensor of matter for several matter candidates, including a
relativistic perfect fluid. We have shown that in such cases
one has to ensure using the proper matter Lagrangian to
derive the field equations and equations of motion as
resorting to the on-shell Lagrangian does not give the full
picture. Thus, we start our investigation of the implications
of our results with comparison between the results in [5].
Using the field equation [see Eq. (11) in [5]] together

with Eqs. (20) and (21) in [5] one arrives at

fRRμν þ ðgμν□ −∇μ∇νÞfR −
1

2
fgμν

¼ κTμν þ fTðρþ pÞUμUν: ð4:1Þ

This field equation is similar, yet different from our result
using the velocity potential approach in Eq. (3.11) since

1

2
μ
∂T
∂μ

¼ 1

2

�
3μ

∂p
∂μ

− μ2
∂
2p
∂μ2

�
≠ ρþ p; ð4:2Þ

in general. However, it is possible to provide a partial fix to
the situation assuming fluids with constant entropy. In this
case, let us choose an equation of state pðμÞ which we
assume to be invertible so that we can find μ ¼ μðpÞ. Since
the expression

1

2

�
3μ

∂p
∂μ

− μ2
∂
2p
∂μ2

�
ð4:3Þ

is a function of μ, we can use the inverse equation of state to
reexpress this as a function of the pressure p. This means,
for given equation of state pðμÞ we can construct the
function

F ðpÞ ¼ 1

2

�
3μ

∂p
∂μ

− μ2
∂
2p
∂μ2

�				
μ¼μðpÞ

: ð4:4Þ

Let us now consider the energy density and pressure in
Eq. (4.1) and assume there exists an equation of state
ρ ¼ ρðpÞ. If this equation of state satisfies

F ðpÞ ¼ ρðpÞ þ p; ð4:5Þ

one would be able to reinterpret the results using a new
equation of state. The caveat of this approach is that it is not
clear whether the equation of state needed would be
physically meaningful. It so happens that the situation is
easier for linear equations of state and we can show
explicitly how to map the original equations to the
corrected field equations.
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B. Models of the form f ðR; TÞ= f ð1ÞðRÞ+ f ð2ÞðTÞ
The important question to ask now is how do the

modification inspired by considering the full fluid
Lagrangians affect fðR; TÞ gravity models. Let us sub-
stitute the ansatz fðR; TÞ ¼ fð1ÞðRÞ þ fð2ÞðTÞ into the
gravitational field equations (2.20) [a similar argument
can be made for Eq. (3.11)] which yields

fð1ÞR Rμν þ ðgμν□ −∇μ∇νÞfð1ÞR −
1

2
fð1Þgμν −

1

2
fð2Þgμν

¼ κTμν −
1

2
fð2ÞT n

∂T
∂n

ðgμν þUμUνÞ: ð4:6Þ

We can now move the term 1
2
fð2Þgμν to the right-hand side

and note that the new left-hand side is equivalent to
standard fðRÞ field equations. We call the new right-hand
side the energy-momentum tensor of this model T̃μν which
means we have

fð1ÞR Rμν þ ðgμν□ −∇μ∇νÞfð1ÞR −
1

2
fð1Þgμν ¼ κT̃μν: ð4:7Þ

This is nothing but fðRÞ gravity with an usually con-
structed matter source. No background cosmological obser-
vation could ever distinguish this model from fðRÞ gravity,
see [15]. One might argue that perturbation theory can
come to the rescue; however, this is not the case. Any
perturbations in the quantities ρ̃ and p̃ could be reexpressed
in the original quantities, with no new information added.

C. Models linear in T—A heuristic argument

The previous section shows that no model linear in T is
distinguishable from fðRÞ gravity. However, this is indeed
expected from first principles, whether one uses Brown’s
fluid approach or Schutz’s approach (or any approach
for that matter). That is because the trace of the perfect
fluid energy-momentum tensor in the action is given
T

ffiffiffiffiffiffi−gp ¼ ð−ρþ 3pÞ ffiffiffiffiffiffi−gp
, which is thus proportional to

−ρ ffiffiffi
g

p
and p

ffiffiffiffiffiffi−gp
. But these are the expressions for the on-

shell Lagrangian of a perfect fluid regardless of the full
fluid Lagrangian expression. Consequently, any model
using a linear trace coupling on shell must be equivalent
to a perfect fluid with rescaled pressure or energy density.
These are precisely our results of Eqs. (2.24) and (3.13).
Say we start with a model of the form given in Sec. IV B
which is linear in T. Setting fðR; TÞ ¼ fð1ÞðRÞ þ χT in
Eq. (2.24) yields

peff ¼ p −
1

2κ
χn

∂T
∂n

; ð4:8Þ

where χ is some proportionality constant. One can check
that indeed such a model will merely affect the equation of
state and does not contain any new physics. We show this
explicitly by working, for example, with ρ ¼ n1þw, which

is well known to give the linear equation of state p ¼ wρ.
This follows directly from n∂ρ=∂n ¼ ð1þ wÞρ and
the definition of pressure. In this case T ¼ −ρþ 3p ¼
ð−1þ 3wÞρ and

n
∂T
∂n

¼ ð3w − 1Þð1þ wÞρ; ð4:9Þ

and we arrive at

peff ¼ w̃ρ; where w̃ ≔ w −
1

2κ
χð3w − 1Þð1þ wÞ:

ð4:10Þ
regardless of the complexity of the term w̃; all it did is to
simply redefine the equation of state parameter with the
same proportionality constant. Likewise, following Schutz’s
approach, we write p ¼ μ1þ1=w, which allows us to get the
linear equation of state as ρ ¼ p=w from ρþ p ¼ μ∂p=∂μ.
Then

μ
∂T
∂μ

¼ 1

w
ð3w − 1Þð1þ wÞp: ð4:11Þ

Similarly, we substitute this expression in Eq. (3.13) to get
the effective energy density, which becomes

ρeff ¼ ρþ 1

2κ
χμ

∂T
∂μ

¼ p
w
þ 1

2κ
χ
1

w
ð3w − 1Þð1þ wÞp

¼ p
w̄
; ð4:12Þ

where
w
w̄
¼ 1þ 1

2κ
χð3w − 1Þð1þ wÞ; ð4:13Þ

which again shows that the linear trace of the energy-
momentum contribution only changes the equation of state.
Notice that in both Eqs. (4.10) and (4.13) w̃ reduce to w in
the small χ limit, which is exactly the case of fðRÞ gravity
with the with p ¼ wρ. On the dynamical level, we get the
same field equations as fðRÞ gravity.

D. Models with linear equation of state

Since an fðR; TÞ model that is linear in the trace of the
energy-momentum only differs from fðRÞ gravity by the
equation of state, we investigate whether there is a relation
between the equations of state using the on-shell and off-
shell Lagrangian for this case. Let us start by assuming a
linear equation of state p ¼ Wρ in the incorrect matter term
of the field equations in Eq. (4.1). This yields an effective
energy density given by

ρ̂eff ≔ ρþ fT
κ
ðρþ pÞ ¼

�
1þ fT

κ
ð1þWÞ

�
ρ; ð4:14Þ

where the hat in ρ̂eff is to indicate the effective energy
density obtained from Eq. (4.1). We can directly compare
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this effective energy density with that obtained in Eq. (4.12)
which is also derived considering a linear equation of state
p ¼ wρ. It is stated for a general fT as

ρeff ¼
�
1þ fT

2κ

1

w
ð3w − 1Þð1þ wÞ

�
ρ: ð4:15Þ

This means that all results using a linear equation of stateW
in the equations of [5] are equivalent to those we derived in
this paper using the mapping

ð1þWÞ ¼ 1

2w
ð3w − 1Þð1þ wÞ ð4:16Þ

in the corrected equations. For example, the popular choice
of dust with W ¼ 0 would correspond to w ¼ �1=

ffiffiffi
3

p
,

while W ¼ 1=3 for radiation gives w ¼ 1=9� 2
ffiffiffi
7

p
=9.

Interestingly, the case for dark energy with W ¼ −1
corresponds to either w ¼ 1=3 or w ¼ −1. Thus, the case
of dark energy using the original equations in [5] could
actually correspond to radiation in the corrected equations
using the Lagrangian with velocity potentials.
Clearly, Eq. (4.16) is singular in the limit w → 0which is

expected as the energy density is derived from the pressure
in Schutz’s velocity potential formulation and therefore the
equation ρ ¼ p=w becomes singular. This can be avoided
by working instead in Brown’s Lagrange multiplier for-
mulation using peff from Eq. (4.10). Here, when w ¼ 0
we get

peff ¼
fT
2κ

ρ: ð4:17Þ

This result is equivalent to starting with p ¼ w̃ρ and setting
w ¼ 0 in the expression for w̃.
This tool allows us to salvage models with linear trace of

energy-momentum tensor in fðR; TÞ gravity by realizing
that such models only affect the equation of state which we
can readily map to the correct equations.

E. A brief note on cosmological applications

The original fðR; TÞ proposal [5] was motivated by
modifying the gravitational field equations for the late time
Universe. Assuming that the pressure of the fluid is
negligible at late times p ¼ 0, we will briefly consider
the equation of state ρ ¼ n in Brown’s formalism.
Furthermore, we set fðR; TÞ ¼ Rþ F ðTÞ to study the
effects of the trace coupling in the context of general
relativity. The effective energy-momentum tensor is readily
given by (2.23) with the effective pressure simply becoming

peff ¼ þ 1

2κ
fTρ; ð4:18Þ

where we used (2.12) to evaluate peff . Putting this effective
pressure into the acceleration equation of standard relativistic

cosmology yields

ä
a
¼ −

κ

6
ðρþ 3peffÞ ¼ −

κ

6

�
ρþ 3

2κ
fTρ

�

¼ −
κ

6
ρ

�
1þ 3

2κ
fT

�
: ð4:19Þ

This yields a neat condition on the function f that corre-
sponds to cosmological epochs of accelerated expansion,
namely,

3

2κ
fT < −1: ð4:20Þ

However, this is completely expected for models of this type,
as suggested in Sec. IV B. Therefore Eq. (4.20) is nothing
but the condition weff < −1=3 rewritten in a way that
suggests that models of this form cannot contain new
information.

F. Nontrivial models

An immediate implication our work is that only models
where R and T couple directly will contain some potentially
interesting new properties for fluid models. More math-
ematically speaking, we require the function f to satisfy
fTR ≠ 0. This follows from the conservation equation (2.46)
which we state again in a slightly different form:

∇μTeff
μν ¼ −

1

2
fTðR; TÞ

�
∂T
∂n

∂νnþ ∂T
∂s

∂νs

�
; ð4:21Þ

where we emphasize that the right-hand side now does
depend on the geometry through the Ricci scalar. In other
words, fT must be a function of R.
One of the most interesting aspects of models of this type

is that entropy perturbations could play a role in cosmo-
logical perturbation theory. Since Uν∇μTeff

μν ¼ 0 (as shown
in Sec. II E), these entropy perturbations would only affect
the perpendicular part of the conversation equation. In
Schutz’s velocity potentials approach, we also encounter
entropy perturbations. However, in this picture (as seen in
Sec. III E), the perturbations affect both the parallel and
perpendicular directions of the conservation equation.

V. CONCLUSION

We have demonstrated the importance of using the
proper fluid Lagrangian when attempting to derive the
gravitational field equations from an action principle. The
use of the off-shell Lagrangian fully describes the fluid and
leads to the correct equations of motion. In contrast, we
showed that the use of the on-shell Lagrangian misses
physical contributions that emerge from the physical
variables, like entropy. Once the fluid’s equations of motion
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are derived from the action variation, they can be sub-
sequently used to retrieve the effective on-shell expression.
There does not exist a unique Lagrangian expression for a

relativistic perfect fluid, as several expressions lead to the
correct fluid equation. However, we have shown that one can
reach the same conclusions regardless of the Lagrangian
expression, given an appropriate off-shell Lagrangian is
considered. The field equations in the two approaches are not
identical, as can be seen in Eqs. (2.20) and (3.11). However,
they contain the same physical information for a given
equation of state. This is in contrast to [6] where it is stated
that the field equations are identical. The inequivalence of
the field equations goes back to the choice of the derived
quantity. When varying the energy-momentum tensor, as is
required when trace couplings are considered, the variation
of the derived quantity (p or ρ) leads to second-order
derivatives in the other quantity; see Eqs. (2.12) or (3.5).
The choice of the derived quantity depends on whether one
uses Brown or Schutz’s approach and thus leads to the, in
fact expected, difference in the field equations.
We have shown this by considering the fluid Lagrangian

given by Brown using Lagrange multipliers and also
Schutz’s Lagrangian expression using velocity potentials.
The former is considered better as all the independent
variables are explicitly expressed in the Lagrangian func-
tion and each variable is associated to a physical quantity.
Yet, the expression using velocity potentials is equally valid
and can have the advantage of having a simpler form to
work with as the variables are hidden within the velocity
function. By checking the conservation equations, we
notice that the divergence of energy-momentum tensor
does not vanish and indeed the coupling of geometry with
the matter trace leads to contributions that do not preserve
the conservation equations, most notably the entropy
contributions. It has been shown that entropy perturbations
in cosmological fluids are associated with large-scale
perturbations in curvature hypersurfaces in multifluid
interactions [16,17], a topic to be further investigated in
future work. The conservation equations have also been
verified by deriving them both from the field equations
and the fluid’s equations of motion, further confirming
their validity and internal consistency. Additionally, we
attempted to identify the new contributions with dark

matter and dark energy to better understand their possible
interaction. The Schutz formulation lends itself quite
naturally to yield a dark matter contribution.
The most significant implication of the findings is that

fðR; TÞ models with linear expressions of the matter trace
do not lead to new physics compared to their fðRÞ
counterparts. They only lead to modified equations of
state. Thus, studying the physics of nonminimal trace
coupling requires the consideration of strong geometry-
matter couplings or higher-order models. On a positive
note, this finding means that, since models liner in the
matter trace only affect the equation of state, we can map
the results from such models done using the on-shell
Lagrangian to the proper equations of state.
Our results apply to any modified theory of gravity that

contains nonminimal couplings with perfect fluid matter.
We expect that many results in this direction require a
careful reinvestigation.
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APPENDIX: DETAILED DERIVATIONS

Here, we show detailed steps of some of the derivations
presented in the main text.

1. Variation of the number density n

The variation of the number density n was taken in the
following steps. Starting with Eq. (2.2), we have

n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gμνJμJν

p
ffiffiffiffiffiffi−gp : ðA1Þ

It is more convenient to vary n2, which gives
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δn2 ¼ −gμνJμJνδ
�

1

−g

�
−
JμJν

−g
δðgμνÞ − 2

gμν
−g

JνδJμ;

2nδn ¼ −gμνJμJν
�
−ggαβδgαβ

g2

�
−
JμJν

−g

�
−
1

2
ðgμαgνβ þ gμβgναÞδgαβ

�
− 2

gμν
−g

JνδJμ

¼ −JνJν
gαβδgαβ

−g
þ JαJβ

−g
δgαβ − 2

Jμ
−g

δJμ

¼ −ð ffiffiffiffiffiffi
−g

p
nUνÞð

ffiffiffiffiffiffi
−g

p
nUνÞ gαβδg

αβ

−g
þ ð ffiffiffiffiffiffi−gp

nUαÞð ffiffiffiffiffiffi−gp
nUβÞ

−g
δgαβ − 2

ð ffiffiffiffiffiffi−gp
nUμÞ

−g
δJμ

¼ n2gαβδgαβ þ n2UαUβδgαβ − 2
nUμffiffiffiffiffiffi−gp δJμ;

⇒ δn ¼ n
2
ðgαβ þ UαUβÞδgαβ −

Uμffiffiffiffiffiffi−gp δJμ: ðA2Þ

We use δn when we derive the variation of the trace of the energy-momentum tensor δT in Brown’s approach.

2. Variation of Brown’s fluid Lagrangian

Starting from the variation of the fluid Lagrangian, Eq. (2.16), we have

δLfluid ¼ −ρδ
ffiffiffiffiffiffi
−g

p
−

ffiffiffiffiffiffi
−g

p
δρþ ðφ;μ þ sθ;μ þ βAα

A
;μÞδJμ þ Jμδðφ;μ þ sθ;μ þ βAα

A
;μÞ

¼ −ρ
�
−
1

2

ffiffiffiffiffiffi
−g

p
gμνδgμν

�
−

ffiffiffiffiffiffi
−g

p �
∂ρ

∂n
δnþ ∂ρ

∂s
δs

�
þ ðφ;μ þ sθ;μ þ βAα

A
;μÞδJμ

þ Jμδðφ;μ þ sθ;μ þ βAα
A
;μÞ: ðA3Þ

Substituting the expression for δn derived in Eq. (A2),

δLfluid ¼
1

2
ρ

ffiffiffiffiffiffi
−g

p
gμνδgμν −

ffiffiffiffiffiffi
−g

p ∂ρ

∂n

�
n
2
ðgμν þ UμUνÞδgμν −

Uμffiffiffiffiffiffi−gp δJμ
�
−

ffiffiffiffiffiffi
−g

p ∂ρ

∂s
δs

þ ðφ;μ þ sθ;μ þ βAα
A
;μÞδJμ þ Jμδφ;μ þ Jμsδθ;μ þ Jμθ;μδsþ JμβAδαA;μ þ JμαA;μδβAÞ

¼ 1

2

ffiffiffiffiffiffi
−g

p �
ρgμν − n

∂ρ

∂n
ðgμν þ UμUνÞ

�
δgμν þ

�
∂ρ

∂n
Uμ þ ðφ;μ þ sθ;μ þ βAα

A
;μÞ
�
δJμ

þ
�
Jμθ;μ −

ffiffiffiffiffiffi
−g

p ∂ρ

∂s

�
δsþ Jμδφ;μ þ Jμsδθ;μ þ JμβAδαA;μ þ JμαA;μδβA: ðA4Þ

Using integration by parts, we arrive at

δLfluid ¼
1

2

ffiffiffiffiffiffi
−g

p �
ρgμν − n

∂ρ

∂n
ðgμν þUμUνÞ

�
δgμν þ

�
∂ρ

∂n
Uμ þ ðφ;μ þ sθ;μ þ βAα

A
;μÞ
�
δJμ

þ ffiffiffiffiffiffi
−g

p �
nUμθ;μ −

∂ρ

∂s

�
δs − Jμ;μδφ − ðJμsÞ;μδθ − ðJμβAÞ;μδαA þ JμαA;μδβA; ðA5Þ

which is the expression provided in Eq. (2.17).

3. Conservation equations via field equations in Brown’s approach

We show here the detailed derivation of Eq. (2.50). Starting from Eq. (2.49), we rewrite it as

2κhνα∇μTμν ¼ hαμ∇μ

�
fTn

∂T
∂n

�
− fThνα∇νT þ fTn

∂T
∂n

hνα∇μhμν: ðA6Þ

Next, use hνα∇μhμν ¼ Uμ∇μUα:
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2κhνα∇μTμν ¼ hαμ∇μ

�
fTn

∂T
∂n

�
− fThνα∇νT þ fTn

∂T
∂n

Uμ∇μUα; ðA7Þ

Therefore

2κhνα∇μTμν ¼ nhαμ∇μ

�
fT

∂T
∂n

�
þ fT

∂T
∂n

hαμ∇μn − fThνα
�
∂T
∂n

∇νnþ ∂T
∂s

∇νs

�
þ fTn

∂T
∂n

Uμ∇μUα

¼ nhαμ∇μ

�
fT

∂T
∂n

�
− fThνα

∂T
∂s

∇νsþ fTn
∂T
∂n

Uμ∇μUα: ðA8Þ

Rename and lower one index:

2κhνα∇μTμν ¼ nhμα∇μ

�
fT

∂T
∂n

�
− fT

∂T
∂s

∇αsþ fTn
∂T
∂n

Uμ∇μUα: ðA9Þ

This is Eq. (2.50), given in the main text.

4. Conservation equations via fluid equations in Brown’s approach

We approach the perpendicular contraction by starting from the divergence of the energy-momentum tensor. First, we
show the derivation leading to Eq. (2.52), which is also given in [11]. The divergence of the energy-momentum tensor is

∇βTαβ ¼ ∇βðρUαUβÞ þ∇βðpðgαβ þ UαUβÞÞ: ðA10Þ

Now apply hασ ¼ gασ þ UαUσ:

hασ∇βTαβ ¼ hασ½∇βðρUαUβÞ þ∇βðpðgαβ þ UαUβÞÞ�
¼ hασ½UαUβ∇βρþ ρUα∇βUβ þ ρUβ∇βUα þ ðgαβ þ UαUβÞ∇βp

þ pUα∇βUβ þ pUβ∇βUα�: ðA11Þ

Since hασUα ¼ 0, the first, second, and fifth terms in the square brackets vanish. We can write

hασ∇βTαβ ¼ ðUαUσ þ gασÞ½ρUβ∇βUα þ ðgαβ þUαUβÞ∇βpþ pUβ∇βUα�: ðA12Þ

Now, apply the contraction and combine terms:

hασ∇βTαβ ¼ ðUαUσ þ gασÞρUβ∇βUα þ ðδβσ þ UσUβÞ∇βpþ ðUαUσ þ gασÞpUβ∇βUα

¼ ðρþ pÞðUαUσ þ gασÞUβ∇βUα þ ðδβσ þUσUβÞ∇βp

¼ ðρþ pÞUβ∇βUσ þ ðδβσ þUσUβÞ∇βp; ðA13Þ

where we have Uα∇βUα ¼ 0. By substituting μ ¼ ðρþ pÞ=n, we get

hασ∇βTαβ ¼ nμUβ∇βUσ þ ðδβσ þUσUβÞ∇βp

¼ n½Uβ∇βðμUσÞ −UβUσ∇βμ� þ ðδβσ þ UσUβÞ∇βp: ðA14Þ

We now add terms �Uβ∇σðμUβÞ which allows us to antisymmetrize the first term:
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hασ∇βTαβ ¼ n½Uβ∇βðμUσÞ −Uβ∇σðμUβÞ þ Uβ∇σðμUβÞ −UβUσ∇βμ� þ ðδβσ þ UσUβÞ∇βp

¼ n
�
2Uβ∇½βðμUσ�Þ þ μUβ∇σUβ þUβUβ∇σμ −UβUσ∇βμþ ðδβσ þ UσUβÞ 1

n
∇βp

�

¼ n

�
2Uβ∇½βðμUσ�Þ −∇σμ −UβUσ∇βμþ ðδβσ þ UσUβÞ 1

n
∇βp

�

¼ n

�
2Uβ∇½βðμUσ�Þ − ðδβσ þ UσUβÞ∇βμþ ðδβσ þ UσUβÞ 1

n
∇βp

�

¼ n

�
2Uβ∇½βðμUσ�Þ − ðδβσ þ UσUβÞ

�
∇βμ −

1

n
∇βp

��

¼ n

�
2Uβ∇½βðμUσ�Þ − ðδβσ þ UσUβÞ

�
1

n
∇βðρþ pÞ − 1

n2
ðρþ pÞ∇βn −

1

n
∇βp

��

¼ n

�
2Uβ∇½βðμUσ�Þ − ðδβσ þ UσUβÞ

�
1

n
∂ρ

∂n
∇βnþ 1

n
∂ρ

∂s
∇βs −

1

n2
ðρþ pÞ∇βn

��

¼ n

�
2Uβ∇½βðμUσ�Þ − ðδβσ þ UσUβÞ 1

n
∂ρ

∂s
∇βs

�

¼ 2nUβ∇½βðμUσ�Þ − hβσ
∂ρ

∂s
∇βs: ðA15Þ

We can now rename, lower, and raise indices on both sides
to get

hνα∇μTμν ¼ 2nUβ∇½βðμUα�Þ −
∂ρ

∂s
∇αs: ðA16Þ

We can find an expression for the first term on the right-
hand side. First, consider the relation in Eq. (2.30):

μUα −
fT
2κ

�
3n

∂
2ρ

∂n2
−
∂ρ

∂n

�
Uα þ φ;α þ sθ;α þ βAα

A
;α ¼ 0:

ðA17Þ

Taking the skew part of the divergence of this equation,

∇½βðμUα�Þ −∇½β

�
fT
2κ

�
3n

∂
2ρ

∂n2
−
∂ρ

∂n

�
Uα�

�
þ∇½βφ;α�

þ∇½βðsθ;α�Þ þ∇½βðβAαA;α�Þ ¼ 0: ðA18Þ

We multiply by 2Uβ:

2Uβ∇½βðμUα�Þ − 2Uβ∇½β

�
fT
2κ

ð3n ∂
2ρ

∂n2
−
∂ρ

∂n
ÞUα�

�

þ 2Uβ∇½βφ;α� þ 2Uβ∇½βðsθ;α�Þ þ 2Uβ∇½βðβAαA;α�Þ ¼ 0:

ðA19Þ

We note

2Uβ∇½βφ;α� ¼ Uβð∇β∇αφ −∇α∇βφÞ ¼ 0; ðA20Þ

2Uβ∇½βðsθ;α�Þ ¼ Uβð∇βðsθ;αÞ −∇αðsθ;βÞÞ
¼ Uβð∇βs∇αθ þ s∇α∇βθ

−∇αs∇βθ − s∇α∇βθÞ
¼ Uβð∇βs∇αθ −∇αs∇βθÞ
¼ −Uβ∇αs∇βθ; using Eq: ð2.27Þ;

2Uβ∇½βðβAαA;α�Þ ¼ Uβð∇βðβA∇αα
AÞ −∇αðβA∇βα

AÞÞ
¼ Uβð∇ββA∇αα

A þ βA∇β∇αα
A

−∇αβA∇βα
A − βA∇α∇βα

AÞ
¼ Uβð∇ββA∇αα

A −∇αβA∇βα
AÞ

¼ Uβ∇ββA∇αα
A −Uβ∇αβA∇βα

A

¼ 0; using Eqs: ð2.25Þ and ð2.26Þ:
ðA21Þ

Thus, Eq. (A19) becomes

2Uβ∇½βðμUα�Þ − 2Uβ∇½β

�
fT
2κ

�
3n

∂
2ρ

∂n2
−
∂ρ

∂n

�
Uα�

�

−Uβ∇βθ∇αs ¼ 0: ðA22Þ
Multiplying by n and using Eq. (2.29),

2nUβ∇½βðμUα�Þ − 2nUβ∇½β

�
fT
2κ

�
3n

∂
2ρ

∂n2
−
∂ρ

∂n

�
Uα�

�

−
�
∂ρ

∂s
−

1

2κ
fT

∂T
∂s

�
∇αs ¼ 0: ðA23Þ

Thus,
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2nUβ∇½βðμUα�Þ ¼ 2nUβ∇½β

�
fT
2κ

�
3n

∂
2ρ

∂n2
−
∂ρ

∂n

�
Uα�

�
þ
�
∂ρ

∂s
−

1

2κ
fT

∂T
∂s

�
∇αs: ðA24Þ

Now substituting back in Eq. (A16) gives

hνα∇μTμν ¼ 2nUβ∇½β

�
fT
2κ

�
3n

∂
2ρ

∂n2
−
∂ρ

∂n

�
Uα�

�
þ
�
∂ρ

∂s
−

1

2κ
fT

∂T
∂s

�
∇αs −

∂ρ

∂s
∇αs

¼ 2nUβ∇½β

�
fT
2κ

�
3n

∂
2ρ

∂n2
−
∂ρ

∂n

�
Uα�

�
−
fT
2κ

∂T
∂s

∇αs

¼ 2nUβ∇½β

�
fT
2κ

∂T
∂n

Uα�

�
−
fT
2κ

∂T
∂s

∇αs

¼ nUβ∇β

�
fT
2κ

∂T
∂n

Uα

�
− nUβ∇α

�
fT
2κ

∂T
∂n

Uβ

�
−
fT
2κ

∂T
∂s

∇αs

¼ nUβUα∇β

�
fT
2κ

∂T
∂n

�
þ n

fT
2κ

∂T
∂n

Uβ∇βUα − nUβUβ∇α

�
fT
2κ

∂T
∂n

�
− n

fT
2κ

∂T
∂n

Uβ∇αUβ −
fT
2κ

∂T
∂s

∇αs; ðA25Þ

where, since Uβ∇αUβ ¼ 0, we get

hνα∇μTμν ¼ nUβUα∇β

�
fT
2κ

∂T
∂n

�
þ n

fT
2κ

∂T
∂n

Uβ∇βUα þ nδβα∇β

�
fT
2κ

∂T
∂n

�
−
fT
2κ

∂T
∂s

∇αs

¼ nhβα∇β

�
fT
2κ

∂T
∂n

�
þ n

fT
2κ

∂T
∂n

Uβ∇βUα −
fT
2κ

∂T
∂s

∇αs: ðA26Þ

Thus,

2κhνα∇μTμν ¼ hβαn∇β

�
fT

∂T
∂n

�
þ nfT

∂T
∂n

Uβ∇βUα − fT
∂T
∂s

∇αs; ðA27Þ

which is Eq. (2.59).
One can rewrite this using hβα∇μh

μ
β ¼ Uβ∇βUα to get

2κhνα∇μTμν ¼ nhβσhσα∇β

�
fT

∂T
∂n

�
þ nfT

∂T
∂n

hσα∇βh
β
σ − fT

∂T
∂s

∇αs

¼ nhσα

�
hβσ∇β

�
fT

∂T
∂n

�
þ nfT

∂T
∂n

∇βh
β
σ

�
− fT

∂T
∂s

∇αs

¼ nhσα∇β

�
hβσfT

∂T
∂n

�
− fT

∂T
∂s

∇αs

¼ hσα

�
n∇β

�
hβσfT

∂T
∂n

�
− fT

∂T
∂s

∇σs

�
; ðA28Þ

which is a much nicer way to present the term for the divergence perpendicular to the flow.

5. Conservation equations via fluid equations in Schutz’s approach

We show how the conservation relation for the effective energy-momentum tensor in Eq. (2.46) can be verified using the
fluid equation. While the parallel contraction is trivial, the perpendicular is not and we present a detailed account of it here.
Now, for the perpendicular contraction, we want to show that

hνσ∇μTeff
μν ¼ −

1

2κ
fThνσ∇νT: ðA29Þ

Starting from the effective fluid equation,
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∇μTeff
μν ¼ ∇μðμnUμUν þ pgμνÞ

¼ μnUμ∇μUν þ nUμUν∇μμþ gμν∇μp; ðA30Þ

hνσ∇μTeff
μν ¼ μnUμhνσ∇μUν þ hνσ∇νp

¼ μnUμhνσ∇μUν þ hνσ
∂p
∂μ

∇νμþ hνσ
∂p
∂s

∇νs

¼ μnUμhνσ∇μUν þ nhνσ∇νμ −
fT
2k

∂T
∂μ

hνσ∇νμ

− nUλθ;λhνσ∇νs −
fT
2κ

∂T
∂s

hνσ∇νs

¼ μnUμhνσ∇μUν þ nhνσ∇νμ − nUλθ;λhνσ∇νs

−
fT
2κ

hνσ∇νT: ðA31Þ

We find that the last term is exactly what we seek and thus
we need to show that

μnUμhνσ∇μUν þ nhνσ∇νμ − nUλθ;λhνσ∇νs ¼ 0: ðA32Þ

If we evaluate ∇μUν, we find

∇μUν ¼ ∇μðμ−1ð∂νϕþ α∂νβ þ θ∂νsÞÞ
¼ −μ−2ð∂νϕþ α∂νβ þ θ∂νsÞ∇μμ

þ μ−1ð∂μ∂νϕþ ∂
μα∂νβ þ α∂μ∂νβ

þ ∂
μθ∂νsþ θ∂μ∂νsÞ

¼ −μ−1Uν∇μμþ μ−1ð∂μ∂νϕþ ∂
μα∂νβ

þ α∂μ∂νβ þ ∂
μθ∂νsþ θ∂μ∂νsÞ; ðA33Þ

and this means we have

μUμ∇μUν ¼ −UμUν∇μμþ Uμ∂
μ
∂νϕþ Uμ∂

μα∂νβ

þUμα∂
μ
∂νβ þ Uμ∂

μθ∂νsþUμθ∂
μ
∂νs

¼ −UμUν∇μμþ Uμ∂
μ
∂νϕþ Uμα∂

μ
∂νβ

þUμ∂
μθ∂νsþ Uμθ∂

μ
∂νs; ðA34Þ

where we used Eq. (3.21) to write Uμ∂
μα ¼ 0. Now, using

the equations of motion and the product rule, we find that

∇νðUμ∇μαÞ ¼ 0 ⇒ Uμ∇ν∇μα ¼ −∇μα∇νUμ: ðA35Þ

Similarly, one can show

Uμ∇ν∇μβ ¼ −∇μβ∇νUμ; ðA36Þ

Uμ∇ν∇μs ¼ −∇μs∇νUμ: ðA37Þ

We also have

Uμ∇μϕ ¼ −μ; ðA38Þ

⇒ ∇νðUμ∇μϕÞ ¼ −∇νμ; ðA39Þ

Uμ∇ν∇μϕ ¼ −∇νμ −∇μϕ∇νUμ: ðA40Þ

Now, we can use Eqs. (A40), (A35), and (A37) to write
Eq. (A34) as

μUμ∇μUν ¼ −UμUν∇μμ−∇νμ−∇νUμ∇μϕ

−∇νUμðα∇μβÞ þUμ∇μθ∇νs−∇νUμðθ∇μsÞ
¼ −UμUν∇μμ−∇νμþUμ∇μθ∇νs−Vμ∇νUμ

¼ −UμUν∇μμ−∇νμþUμ∇μθ∇νs− μUμ∇νUμ

¼ −UμUν∇μμ−∇νμþUμ∇μθ∇νs: ðA41Þ

We can now substitute this expression in Eq. (A31). We get

hνσ∇μTeff
μν ¼ nhνσð−UμUν∇μμ −∇νμþ Uμ∇μθ∇νsÞ

þ nhνσ∇νμ − nUλθ;λhνσ∇νs −
fT
2κ

hνσ∇νT;

hνσ∇μTeff
μν ¼ −

fT
2κ

hνσ∇νT; ðA42Þ

where hνσUν ¼ 0. We indeed get the result expected.
In general, we notice that we have a relation

hνσðμUμ∇μUν þ∇νμ −Uμ∇μθ∇νsÞ ¼ 0; ðA43Þ

which is useful when deriving the conservation equations.
This term can also be written as

hνσðμUμ∇μUνþ∇νμ−Uμ∇μθ∇νsÞ
¼ hνσðμ∇μðUμUνÞþgμν∇μμ−Uμ∇μθ∇νsÞ
¼ hνσðμ∇μðUμUνþgμνÞþðgμνþUμUνÞ∇μμ−Uμ∇μθ∇νsÞ
¼ hνσðμ∇μhμνþhμν∇μμ−Uλθ;λ∇νsÞ; ðA44Þ

where we used the fact that the covariant derivative of the
metric vanishes and hνσUν ¼ 0.

CONSISTENT ENERGY-MOMENTUM TRACE COUPLINGS OF … PHYS. REV. D 112, 124073 (2025)

124073-21



[1] Y. Akrami et al. (CANTATA Collaboration), Modified
Gravity and Cosmology. An Update by the CANTATA
Network (Springer, New York, 2021).

[2] O. Bertolami, C. G. Böhmer, T. Harko, and F. S. N. Lobo,
Extra force in fðRÞ modified theories of gravity, Phys. Rev.
D 75, 104016 (2007).

[3] F. S. N. Lobo, The dark side of gravity: Modified theories of
gravity, arXiv:0807.1640.

[4] T. Harko and F. S. N. Lobo, Extensions of f(R) Gravity:
Curvature-Matter Couplings and Hybrid Metric-Palatini
Gravity, Cambridge Monographs on Mathematical Phys-
ics (Cambridge University Press, Cambridge, England,
2019).

[5] T. Harko, F. S. N. Lobo, S. Nojiri, and S. D. Odintsov,
fðR; TÞ gravity, Phys. Rev. D 84, 024020 (2011).

[6] Z. Haghani, T. Harko, and S. Shahidi, The first variation of
the matter energy–momentum tensor with respect to the
metric, and its implications on modified gravity theories,
Phys. Dark Universe 44, 101448 (2024).

[7] L. D. Landau and E. M. Lifshitz, Fluid Mechanics, Vol. 6 of
Course of Theoretical Physics (Butterworth-Heinemann,
Oxford, 1987).

[8] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation
(W. H. Freeman, San Francisco, 1973).

[9] O. Bertolami, F. S. N. Lobo, and J. Paramos, Non-minimum
coupling of perfect fluids to curvature, Phys. Rev. D 78,
064036 (2008).

[10] P. P. Avelino and R. P. L. Azevedo, On-shell Lagrangian of
an ideal gas, Phys. Rev. D 105, 104005 (2022).

[11] J. D. Brown, Action functionals for relativistic perfect
fluids, Classical Quantum Gravity 10, 1579 (1993).

[12] B. F. Schutz, Perfect fluids in general relativity: Velocity
potentials and a variational principle, Phys. Rev. D 2, 2762
(1970).

[13] P. Bansal, J. P. Johnson, and S. Shankaranarayanan, Interact-
ing dark sector from Horndeski theories and beyond: Map-
ping fields and fluids, Phys. Rev. D 111, 024071 (2025).

[14] M. Carrillo González and M. Trodden, Field theories and
fluids for an interacting dark sector, Phys. Rev. D 97,
043508 (2018); 101, 089901(E) (2020).

[15] S. B. Fisher and E. D. Carlson, Reexamining fðR; TÞ
gravity, Phys. Rev. D 100, 064059 (2019).

[16] K. A. Malik, D. Wands, and C. Ungarelli, Large scale
curvature and entropy perturbations for multiple interacting
fluids, Phys. Rev. D 67, 063516 (2003).

[17] K. A. Malik and D. Wands, Adiabatic and entropy pertur-
bations with interacting fluids and fields, J. Cosmol.
Astropart. Phys. 02 (2005) 007.

CHRISTIAN G. BÖHMER and EISSA AL-NASRALLAH PHYS. REV. D 112, 124073 (2025)

124073-22

https://doi.org/10.1103/PhysRevD.75.104016
https://doi.org/10.1103/PhysRevD.75.104016
https://arXiv.org/abs/0807.1640
https://doi.org/10.1103/PhysRevD.84.024020
https://doi.org/10.1016/j.dark.2024.101448
https://doi.org/10.1103/PhysRevD.78.064036
https://doi.org/10.1103/PhysRevD.78.064036
https://doi.org/10.1103/PhysRevD.105.104005
https://doi.org/10.1088/0264-9381/10/8/017
https://doi.org/10.1103/PhysRevD.2.2762
https://doi.org/10.1103/PhysRevD.2.2762
https://doi.org/10.1103/PhysRevD.111.024071
https://doi.org/10.1103/PhysRevD.97.043508
https://doi.org/10.1103/PhysRevD.97.043508
https://doi.org/10.1103/PhysRevD.101.089901
https://doi.org/10.1103/PhysRevD.100.064059
https://doi.org/10.1103/PhysRevD.67.063516
https://doi.org/10.1088/1475-7516/2005/02/007
https://doi.org/10.1088/1475-7516/2005/02/007

	Consistent energy-momentum trace couplings of fluids
	I. INTRODUCTION
	II. BROWN'S LAGRANGE MULTIPLIERS APPROACH
	A. Gravitational field equations
	1. Variation of T
	2. Variation of Lfluid
	3. The full action variation

	B. Equations of motion
	C. On-shell fluid Lagrangian
	D. Thermodynamic quantities
	E. Conservation equations via field equations
	F. Conservation equations via fluid equation
	G. Effective equations and dark sector interactions

	III. SCHUTZ'S VELOCITY POTENTIALS APPROACH
	A. Gravitational field equations
	B. Equations of motion
	C. On-shell fluid Lagrangian
	D. Thermodynamic quantities
	E. Conservation equations via field equations
	F. Conservation equations via fluid equations
	G. Effective equations and dark sector interactions

	IV. IMPLICATIONS
	A. Comparison with Harko et al. [5]
	B. Models of the form f(R,T)=f(1)(R)+f(2)(T)
	C. Models linear in T-A heuristic argument
	D. Models with linear equation of state
	E. A brief note on cosmological applications
	F. Nontrivial models

	V. CONCLUSION
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX: DETAILED DERIVATIONS
	1. Variation of the number density n
	2. Variation of Brown's fluid Lagrangian
	3. Conservation equations via field equations in Brown's approach
	4. Conservation equations via fluid equations in Brown's approach
	5. Conservation equations via fluid equations in Schutz's approach

	References


