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We present a systematic study of the scalar electromagnetic and spin polarizabilities of spin-1/2 singly
charmed baryons at O(p*) within the framework of heavy baryon chiral perturbation theory. Our results
show that the higher-order corrections to the electric polarizability are small, while those to the magnetic
polarizability are relatively larger due to the small mass splitting of singly charmed baryons and are closely
related to transition magnetic moments. Furthermore, we find that the spin polarizabilities of singly
charmed baryons, except for 11, are much smaller than those of the nucleons. We have also calculated
the polarizabilities for singly bottom baryons, with the results showing generally larger values than those of

singly charmed baryons.
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I. INTRODUCTION

In classical electromagnetism, the electromagnetic polar-
izabilities g and f,, are defined as the linear response
coefficients relating the induced electromagnetic dipole
moments to the external quasistatic electromagnetic fields
E and H [1], and the relative potential energies are Uy =
—Y4napE? and Uy = —314npyH*. For hadrons, these
polarizabilities can be probed via Compton scattering
where the incident photon provides the external electro-
magnetic fields. In addition to the scalar electromagnetic
polarizabilities ag, fy, there are four spin polarizabilities
for a hadron with spin 1/2. Two of them yg g1, Ya1p1 are
dipole polarizabilities, and the other two ¥z, ¥m1E2 are
quadrupole polarizabilities. These spin polarizabilities
provide valuable information about the internal structure
of hadrons.

Numerous experimental studies to date have measured
the electromagnetic polarizabilities for nucleons [2-9]. By
measuring the nucleon spin structure functions g, , at JLab,
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the generalized spin polarizabilities could be indirectly
extracted [10,11]. The A2 Collaboration reported the first
direct measurement of all four proton spin polarizabilities
in 2015 [12]. In 2022, MAMI achieved the separate
extraction of all four proton spin polarizabilities for the
first time [13]. The scalar and spin polarizabilities of
baryons have also been studied with various theoretical
approaches such as Nambu—Jona-Lasinio model [14-16],
Skyrme model [17-20], dispersion relation [21-26], QCD
sum rule [27], QCD string theory [28,29], phenomeno-
logical model MAID [30], perturbative chiral quark model
[31], covariant Faddeev approach [32], and the established
chiral perturbation theory [33-59]. Reviews of experimen-
tal and theoretical works on nucleon polarizabilities can be
found in Refs. [1,60-64].

Polarizabilities are well-defined observables characteriz-
ing the low-energy electromagnetic response and internal
structure of a particle. Spin polarizabilities encode correla-
tions between the spin and the time dependence and spatial
gradients of external electromagnetic fields. Spin polar-
izabilities have also been investigated for octet hyperons
[45,58] and the deuteron [65]. Particles with different spins
have different spin polarizabilities. The vector polarizabil-
ities of ®’Sr [66] and '"'Yb [67] have been measured, and
this polarizability mediates dispersive light-spin interactions
which were employed to realize a quantum nondemolition
measurement of the collective spin of an ensemble of '33Cs
atoms with spin-4 [68].
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Experimentally, there seems to be no direct measurement
of the polarizabilities of singly heavy baryons at present.
The greatest difficulty in measuring singly charmed bary-
ons is their extremely short lifetime, on the order of 10713
seconds, making them nearly impossible to measure.
However, in Ref. [69] feasible measurement methods for
the electromagnetic properties of singly charmed baryons
have been proposed. By bombarding a tungsten target with
the 7 TeV proton beam to produce charmed baryons with
momenta at the TeV scale whose average flight distance
would be extended to the centimeter level due to the
relativistic effects, one can then use the bent crystals with
extremely strong intrinsic electric fields to induce the spin
precession. The measurement would be achieved by
accumulating data over a period of two years [70-72].

For lattice calculations, both the background field
method and the emerging four-point correlation function
method have attempted to calculate the spin polarizabilities.
Though the background field method is fully capable of
calculating spin polarizabilities [73], scalar polarizabilities
are mainly focused on due to technical difficulties such as
excessive background noise that prevents the extraction of
the small signals of spin polarizabilities [74—76]. On the
other hand, the four-point correlation function method was
proposed precisely to solve the difficulty in extracting spin
polarizability signals [77], and the scalar polarizabilities of
light mesons and light baryons are currently studied to
verify its feasibility [78,79]. Furthermore, one can simulate
the Mellin moments of the baryon spin structure functions
g1, with lattice QCD [80], which are helpful for predicting
the generalized spin polarizabilities.

We will study the scalar and spin polarizabilities of singly
heavy baryons within heavy baryon chiral perturbation
theory (HBChPT) in this work [81-85]. The small mass
of pion ensures that the photon interactions remain signifi-
cant at low energies, and consequently long-range chiral
contributions from the pion cloud still critically influence
the polarizabilities [60-62,86]. The O(p?) and O(p*)
HBChHPT calculations of the nucleon electromagnetic polar-
izabilities confirmed that the long-range pion cloud provides
important contribution [33-36]. Subsequently, many theo-
retical calculations of the baryon electromagnetic polar-
izabilities were performed within the frameworks of both
HBChHPT [37-41] and covariant baryon chiral perturbation
theory [42-47].

The scalar polarizabilities for singly heavy baryons have
been studied up to O(p?) [87,88]. Drawing on previous
experience with the nucleon case [35,36,39,53-55], the
O(p*) corrections to both the electromagnetic and spin
polarizabilities are non-negligible. Moreover, the spin polar-
izabilities are also important to characterize the internal spin
structures of singly heavy baryons, and convergence issues
may arise specifically for the spin polarizabilities.
Therefore, we include the O(p*) corrections to achieve
more accurate predictions and to assess the convergence

behavior of HBChPT in the context of singly heavy
baryons.

This paper is organized as follows. In Sec. II, we present
the framework for the scalar and spin polarizabilities via
Compton scattering. In Sec. III we provide the analytical
results for the singly charmed and bottom baryons. The
numerical results and discussion are given in Sec. IV. A
short summary follows in Sec. V.

II. FRAMEWORK

A singly charmed (bottom) baryon consists of one charm
(bottom) quark and two light quarks. In SU(3) flavor
symmetry, based on the composition of the light quarks,
the heavy baryons can be categorized into the symmetric
flavor sextet 6, and the antisymmetric flavor antitriplet §f.
According to the flavors of the light quarks, sextet 6, and
antitriplet 3 ¢ singly charmed (bottom) baryons can be
represented by 3 x 3 matrices [89]:

I

2i+ = (+4)

0 Af E N
RIS T
_=+ _=0 - ,—,

s L
(1
0 A = %% 3\
Bu=|-M 0 5| BY=|% x5 %
=0 _=- A
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@

A. Compton scattering tensor

The effective Hamiltonian of baryons in external electro-
magnetic fields can be written in the following form:

1 1
H = HO - §4ﬂaEE2 - §4ﬂﬂMH2

1 . .
_547[(7E1E1°"E X E +yyimo - H x H

+ 20 E'Hy; — 2panpa0' HE ;) + -+, (3)

where E;; = 1(V,E; + V,E;) and H;; =1 (V,H; + V,;H,)
represent the electromagnetic field gradients.

The low-energy theorem prescribes the expansion of the
Compton amplitude M in powers of the photon energy w
[90,91]. The terms which include the polarizabilities are
given below (higher-order terms are omitted):
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M=A(@,0)€ - €+ Ay(w,0)¢ - ke - ¥

+ Az(w,0)ic - (€' x€)

+ Ay(w, 0)ic - (kK
+ As(w, 0)ic - [(¢ x k)e -k — (e x k)¢ - k]
+ Ag(w.0)ic - [(¢ xK)e - k' — (e x k)e' - k], (4)

10 -

’

x k)€ - €

where the energy of photon is w = v -k, v = (1,0,0,0)
and @ is the photon scattering angle. The unit vectors along
the photon momenta are denoted by k and &' for the
incident and outgoing photons, respectively.

We compute the Compton scattering amplitude M and
then extract the polarizabilities by differentiating A;. The
scalar polarizabilities are determined by the functions A;
and A, in Eq. (4), while the spin polarizabilities are
determined by As;—A¢ [49]:

=L % Aw.0)
ar Py =g s M@0l .
1 ¢
Pu = —gﬁf\z@)v 0)|w:0,
| o
= — 2 Aw,0)] . 5
Ok Y (@ )|w:0 (5)

Here, the index mappingisi=1,2,3,4to j =3,4,6,5.
We set 6,34 =0 and 6, = /2.

The formulation above involves two representations of
the spin polarizabilities: the set y;_4, used here for
computational convenience, and the set ygig1, Ymimis

@/ (U.D)Z_
- (B l0=0

~ 7 BolS - D.v-w}Be) + 0

ifo

— B BHD, . v u}Bg) + He. + -2 (BFFLBY) +
M6 4 N

£3), = co(BeBa) 1) + 1 (Ba7. Bs) + (02 s

+ 4 (BeBe) (v - uv - u) + c5(Bgu - uBg) + csBu

D? ik (U'D)Z_Dz *
) (8 )

(BsF,j,S"B") +Hee. +
My 4aM

YmiE2> YE1mn adopted by the PDG, which are in fact linear
combinations of y;_4 [1]:

7173
YMiE2 = V2 + V4 (6)

YE1IE1 = Ymim1 = Va4,

YEIM2 = V3

B. Effective Lagrangians in HBChPT

We now present the Lagrangians in HBChPT frame-
work. The corresponding Lagrangians can be found in
Refs. [48,87,92-94] and we follow the conventions of
Ref. [87]. The LO heavy baryon Lagrangian is

Ly) = (Bsiv - DBg) — (Bg(iv- D - 6)B;)
+2g,(BgS - uBBg) + g3<l_3§”u"86 +H.c.)
+295(B¢'S - ulBg,,). (7)

Within the HBChPT framework, there is a significant

mass difference between the B3 and 8(6*) states. The studies
of magnetic moments indicate that they must be decoupled
to ensure chiral convergence due to this large mass splitting
[95-97]. Moreover, the B3B3 vertex is forbidden under
exact SU(3) flavor symmetry. If symmetry breaking effects
are considered, such contributions would be incorporated in
higher-order terms. Therefore, the B3 states are not
included in our calculation. We focus solely on construct-
ing the Lagrangian for the B and B states.

The next-to-leading-order (NLO) heavy baryon
Lagrangian is written as

ids - - id
i (Bl SFLBe) — b (Bels*, $185)(Fi)
7 - (BySBY)(Fj) + He
flO kU 1%L
+ s (B BENFL). (8)

22 2\ 2 2\ _
- +gl><36v uv-uBs) + (C3 + 4M gl>ng” UGV - ufBs g
6

& ulBg cq + €7 (BsBg) (u - u). )

In the above Lagrangian, Mg = 2535 MeV and Mg = 2602 MeV represent the average baryon masses of the spin-1/2 and
spin-3/2 sextets, respectively. 6 denotes the mass splittings between different multiplets § = Mg — M4. We follow
Ref. [87] and use the nucleon mass M in the d; and f; terms to avoid extra conversion in the numerical program because
the corresponding magnetic moments in this manuscript are expressed in units of the nuclear magneton y,. We will only use

the ¢4 terms in 5532 " because the contributions from the cs ¢ ; terms are linearly related to those from the ¢, 5 4 ones and

thus can be absorbed. The ng s written as
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)
£B¢

= ay(BeF,, F " Bg) + ay(BeBe) (F,, F )
+ a3 (BEF, ;rfa F +W'd36,cd>
+ ay(Bev v, F,l F ™ Bg)
+ as(BsBe) (v, Fjf, F )
+ ag(BPv v, F il F T B ca).- (10)

We employ the Lagrangians in Egs. (7)-(10) to derive
the Feynman rules. This work considers Feynman diagrams
at O(p?®) [87] as well as those at O(p*). The O(p*)
diagrams are displayed in Fig. 1. We only list the diagrams
that contribute to the polarizabilities.

Hf’”ﬁ

There are some other Feynman diagrams at O(p*) which
exist but do not contribute to the polarizabilities, and we list
some typical ones in Fig. 2. We use the Coulomb gauge
condition v - € = 0 which causes that the first order vertices
yBB and y¢¢BB vanish in the diagrams z,, z,, and z4, and
therefore the contributions from these diagrams are zero.
For z3 and z4, the contraction of v* with S, appears in the
result, making both of them vanish. Among zs and its
crossed and symmetric diagrams, the corresponding verti-
ces are identical and the only difference is a minus sign in
the baryon propagator, and thus their contributions cancel
each other out.

LNt N

A

N e N

(d2 + e2)

RL\'HW? . . ,{H\r’ﬁ
/ \
Py \

(ds + es) (ds + e4) (ds +es) (f2) (f3)

’l/ @ \' ’l/ L 2 \\' él/ \\' : s 2 : :\ M\/\l
(f4) (hs)
(c4)

N

() (") (dh +eb) (5 +eh) (di+eh)
(d5 + eh) (&4 + ) (d +et) (/2) (f4)
(f3) (f1) (f1) ) (4)

FIG. 1.

The contact term and loop diagrams at O(p*). The solid dot denotes a vertex or propagator from £(). The empty dot denotes a

vertex from £*). The single solid lines and double solid lines represent spin-1/2 and spin-3/2 baryons, respectively. The crossed and

symmetric diagrams are not shown.
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(27) (28)

FIG. 2. Some typical Feynman diagrams that do not contribute
to the polarizabilities. The solid dot denotes a vertex or propa-
gator from £(). Each diagram includes its corresponding crossed
and symmetric diagrams.

For z; in Fig. 2, all vertices and propagators are
independent of the photon momentum k or &', so the final
result is a constant independent of the photon energy w. Its
derivative with respect to w is therefore zero, and hence it
does not contribute to the polarizabilities. Furthermore,
according to the Lehmann-Symanzik-Zimmermann for-
malism, the amplitudes of the external leg correction
diagrams zg in Fig. 2 up to O(p*) equal the O(p?) contact
term amplitudes multiplied by a renormalization constant
V/Z. Since the amplitudes from the O(p?) contact term
contributions do not vary with @, they do not contribute to
the polarizabilities.

There is only one elastic part left in the diagram (ds + es)
of Fig. 1. The loop subdiagram of this reducible diagram is
of order O(p?), and thus it seems that a third order
Lagrangian yBB is indeed needed to absorb its divergence.
However, one does not need to introduce this kind of
Lagrangian as discussed in Ref. [36] since the third order
vertices enter only tree diagrams and therefore only con-
tribute to the polynomial part of the amplitude, while the
most general polynomial piece for yy BB at O(p*) is already
given by the contact vertices with the LECs q;. If we choose

9@ (2dgtds) o 5q3ds _
al_a4_mL’ r =4as = ml” a3 =
2
o _gl(12d6—d5) . .
A5 = N0y L, the divergences of the diagram (ds +

es) can be precisely canceled.

ITII. ANALYTICAL EXPRESSIONS

This section presents the analytical expressions for the
scalar and spin polarizabilities derived from the O(p?) and
O(p*) diagrams. We systematically calculate the amplitude
for each diagram, extract the coefficients A; following
Eq. (4), and finally derive the analytical expressions
following Eq. (5). The explicit expressions for the coef-
ficients A; from each diagram are given in the Appendix.

A. O(p?®) contributions to the polarizabilities

For the scalar polarizabilities ar and f,, we have
checked the consistency between our results for the general
nonforward case and the forward Compton scattering in
Ref. [87]. The spin polarizabilities were not studied in
Ref. [87] and will be investigated in this work. We present
the O(p?) spin polarizabilities from diagrams (a)—(g) in
Fig. 1 of Ref. [87] whose intermediate charmed baryons
have spin 1/2,

re’ = 4SZSYX;IQEF2 ’ 48:;;\"/1%%172 ’
nt'r K K
rg? =51,
Y =,
rit = s (1

Here we define parameters x; and y: to simplify the
expressions, with their specific values given in Table I. &
and y denote the incoming baryon and meson, respectively.
®,,, = 1/137 is the fine-structure constant. The O(p?) spin
polarizabilities from diagrams (b’) —(g’) in Fig. 1 of
Ref. [87] whose intermediate charmed baryons have
spin 3/2,

2
(b'~4) aemg%SSF :

e T NORR A (ME — 5)°
2
. Ao RS
$288m2F2(MA — 82)3°

3
(b'-g") _ a"mc%,f aemg%SJ(T)

e TR s R A (ME — 5

Aem PSS

+y ;
28877 F3 (M} — 6°)?

TABLE 1. The values of parameters x;, y:, m and n.

Tt =t =0 A E0 QU
Xg 1 2 1 % % 0
Ve 1 1 0 2 1 1
m 1 2 2 3 2 e
n 1 3 e 2 2 2
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TABLE I The C,¢, Cyz, Csz, Cigy Cozyo and Cy i, are expressed with the LECs.
TH s 0 = &Y @
Cig f7+%f6 f1+¢f6 f1—%f6 f1+¢f6 f1-1%fs f1=1%fs
Gy dg +%ds dg + £ ds de — 1 ds de + £ ds de — 3 ds de — 3 ds
G fio+3%fo fio+fo fio—=3fo fio+fo fio—=3fo fio—=3fo
Cicn Cist 3Cixiv +3Cix Cis; Cizn Ciz; o
Cick Ciz; Cizo o 3Cizr +3Cia Cix: Ciz:
=d) _ A 2SS Here the subscripts m and n are given in Table I. c;,; is a
V3¢ Xe 57622 F2(M2 — 8°)? linear combination of ¢4, with the specific relation given
25 in Egs. (A2) and (A3). The aj% ) are defined as
mY3 o
+ y§ e " )
5767 F%(M% — §°)? M
o o) _ Ao 187 =160 + 238 ln7’
(W~g) _ _ Gem™1e _ (b~) (12) EL&r 7687 F2 Mg ’
Yag 2dMzS T4 g
g Aem@ 91— 160; +46In"%
For clarity, we define the common factor S?3) as ) g = R M, ,
@ _ 4 <4 2 “
S)(’) = "2My 4 MPOR, +0), o) _ Gendt 139 - 16Q; + 1421In s
S, = =M} + (R, + 5) (13) @y 76877 F> M, -1y

where R, =

\/ M2 — & arccos ;-

and low-energy constants (LECs) are listed in Table IL

. The relations for C, .

The results for the O(p*
spin-3/2 contributions are

) electric polarizabilities from

B. 4 ibuti he polarizabiliti (c3=43) (ch=94) (ch=)
O(p*) contributions to the polarizabilities aEif — xpay s B 4yl ) (16)
The O(p*) results contain the divergence which can be
removed with the modified minimal subtraction (MS) Here we define
scheme. The divergent L is precisely canceled by the
corresponding counterterm a,, analogous to the case of (=) Ao f:; U)((l)
nucleons [36]. _ o Aple, = 172822 F2 (M2 - 57)? M—+F6 ;
The results for the O(p*) electric polarizabilities from
spin-1/2 contributions are (i) Ao (Télﬁ U)((2)>
2793) em Ay L
E2.¢, 252 (M2 _ 52)\2 _ ’
(Cz 93) __ X a(cz 93) + a(cv -93) i 17287 F)((M)( -6 ) M6* M6
= XeQp en T VEQR e K ) 0 .
/) U
(hs-hs) _ Gom N ] 346mMz) o ) Aens S X ) (17)
e T o6t 2 [CW( toln= ) =2 E3&r T IT28RFAME — 8 \ Mg | M,
(14) and
|
T\ = M25[(240 — 120,)R, — (505 — 60Q;)3] + &*[~147R, + (299 — 360;)]
M,
+ (206 — 24Q,)M; + 147(M2 — 5*)*In—~
H
M,
UL = M25(336R, — 4148) + 8*(—198R, + 2765) + 138M? + 198(M2 — 62)2 In—~,
u
(2) 2 3 4 2v2 1 Mx
Uy’ = M25(—144R, + 1625) + 5°(90R, — 1088) — 54M3 — 90(M2 — 6*)* In—=~ p
() 2 3 4 2 M,
Uy’ = M25(96R, — 1265) + 5°(—54R,, + 845) + 42M; + 54(M% — 5*)* In—~. (18)
7
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The results for the O(p*) magnetic polarizabilities from both the spin-1/2 and 3/2 contributions are

(¢ =45
P’ = XePyer T YePm ek
(h=hs) _ Olem LT cgyo M\ | Ceqn
= — = 1+2In—£ = 19
B Y FZ{ 4 <+ n”>+2} (19)
X X
where
e _ Ao 0t 51+941n— oM 2\ 24(Coe + Cagy)
MEx 768> F> Mg ,4 My ’
2 4 (1)
ﬁ (er'=g3") __ emJ3 £+£+& (20)
Méx T 1728nF25(M2 - %) Mg~ Mg My
and

M,
Ty =g [98M26 + 1478°R, — 9883+ 1475(M% — 6%) In } ’
7

M,
U = [ —2M25 4 68°R,, + 26°+65(M% — 8%) In ]
u
V) = 0i[Coz, (—182M} + 36M2R, + 30M25+187M, 5> — 365°R, — 305°)
+ 18C, o(M2 = 8*)aM,] + g3[Cr £(6M25 + 365°R,—65°) + Cs ¢, (10M25—605°R,, — 105°))]

~ - M
+ 10g5C1 :( 52)(6R + 75) + 3[493 (3C2§ 5C3’§’1) - 4(391 Cl,f,}( + Sgscl‘f)]é(M)z( - 52) 1117)( (21)

The expressions for C; ¢, Cy ¢, Csp, Clw, Cz.z;.;p and 6‘3,5% are summarized in Table II.
The results for the O(p*) spin polarizabilities y,, y», 73, and y, are

Yie = X&¥imer T YeVinek, 1= 1,

J/i,ﬁ = xfyi,.f,ﬂ =+ y.f}/i,ﬁ,K’ [ = 2’ 37 47 (22)
where we define
y(cz 93) _ _ aemg% 29 + 6Q§
L1y — )
& 38471'MXF§ Mg
y(Cz—gs) _ _ aemg% =3 +60;
1,2 - ’
o 384zM,F2 M
(c2=g3) _ aemg% 13 + 60

N3 = T 384nM,F2 M,

e
7/(c’z—qg) _ AemJ3 5){ _'_Q
L1,y 576”2F)2{(M)2( _ 52)3 M6* M6 B

73 (6)

}’( S=9) Xem93 cf)( +UL
1260 57622 F2(M2 - 8% \ Mg~ Mg )’

) _ aemg% @ + @
1 ST6mPFA(ME - &) \ Mg Mg )’

) _ aendt [T 22C:+ Cogy)
29 384nMF2 | Mg My ’

l\)l\
Q
oa

<
—_
W
e
B
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2
7/(c’z—gg) _ Aem 93 7T)({) + &
281 5762 F2(M2 - 8%)> \ Mg~ My

y(fo—gs) _ aemg% —3+20;
3x T 768aM,F2 Mg

y(cz—gz) - Aen93 3+ 2Q§)T;((4) _ 4Q§T)((4)
367 11522 F2(M2 - &°) Mg Mg |’

plera) _ amgi (11 8Coe+4Coe,
ber T 768xM, F2 \ Mg My ’

®)
re = 345671’2;)%?1?;)2( - &) <_3EZ} ’ %) ’ >
and
TE) = MY((5+ 6Q:)R, — (7+100;)3) — 4(1 + Q)8 + M2 (—2R, + (11 + 14Q,)8),
T = g3 [M2(R, - 5) + &%),
U(S) — 4M3(6R, — 118) — 145° 4+ 2M25* (3R, + 296),
= 2My(—4R, + 65) + 65° + 2M;5*(R, — 95).
= 8M}(R, — 25) — 48° + 4M%5*(R, + 56),
M2

2 2
Vé} 2 3(6Cos + Cag, MR, ~5) + 57 +clg(5—;— 1) =300, 003 -

+ 295 {—Mf <5RZ 136 ) + 252( >] } +Crey (— 1) 97M,, (M2 — &%)

1 M,
— I8M2(R, + 8) + 26%(4R, +95)]+495C1§5( -&8)’In—~£
Y2

y 1 )
v = = {3g1 [C) (M2 = 8)2(6aM,, + &) — 18C ¢, (M2 — &) (xM3 — zM &% — 2M2(R,, + 8)
+ (R, +28))] 4 24C, 2T + gsCy (M2 — 8)(=562(6R,, + 136)

M
+ SM2(12R, + 135)) + 6C, +(3g; — 595)6(M2 — 6*)* In 7*} (24)

IV. NUMERICAL RESULTS AND DISCUSSION

The analytical expressions above contain 21 undetermined LECs: the axial couplings g, ;35 from the LO Lagrangian
E(B](; in Eq. (7), the constants f ;919 and ds ¢ from the NLO Lagrangian 432;) in Eq. (8), ¢4 from £g(; 4> and a; ¢ from Egt;.

The axial coupling constants g, , 3 5 can be related to the quark model and determined by the experimental decay widths of
charmed baryons [87]:

g, = 0.867 £ 0.087 £ 0.035,

3
g = —\/%91 = —0.531 £0.053 £ 0.021,

3
- % g1 = 0.751 £ 0.076 + 0.030,

3
g5 = =501 = ~1.301 £ 0.131 £ 0.053. (25)
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TABLEIIL. The O(p?) and O(p? + p*) numerical results for electromagnetic polarizabilities of the spin-1/2 singly charmed baryons
in units of 10™* fm3. In all results, we use the root-sum-square method to calculate the uncertainties.
T b Py B4 EY Q0
ag([’3> 4.70(81) 8.22(142) 3.91(68) 3.54(60) 2.35(40) 0.79(13)
GO+ 5.12(90) 9.63(154) 4.88(89) 4.34(69) 3.02(53) 1.16(17)
3(1)3) 3.71(66) 0.88(15) 2.75(30) 0.42(7) 2.33(18) 1.92(15)
ﬁg(lfjﬂf) 7.74(148) 0.44(51) 0.28(36) 0.48(44) 0.09(36) —0.10(41)

The LECs fg79.10 and dsg appear not individually but
only in the specific combinations C;, C,;, and Csg.
These coefficients were determined by the magnetic
moments [95],

U

Hex ety Hex
C1,5:—\/6&, C2_5=—'§, Ce= <,
HN HN HN

(26)

The magnetic moments of these charmed hadrons can also
be calculated within the quark model and the values from
Refs. [87,95] are used here. The coupling constants c¢; were
determined by the SU(4) symmetry in Ref. [98],

co = —0.61+£0.10 GeV~!,
¢y =—0.98 £0.01 GeV~!,

a/

47Z'F0’

¢, ==2.07+1.87 GeV~! =2

c3 = —0.84 £0.21 GeV~!,

a/

- % 27
€4 47[F0 ’ ( )

where the dimensionless LEC o varied in the range of
[—1, 1] to estimate the relevant errors [98]. The Lagrangian
quz only contributes to the electromagnetic polarizabilities
rather than spin ones, and currently we approximately
neglect it as in the study of nucleon electric polarizabil-
ity [36].

The corresponding numerical results for the electromag-
netic polarizabilities of the spin-1/2 singly charmed bary-
ons are listed in Table IIT with the mass scale y = 1 GeV.
The contributions at order O(p*) are generally small for the
electric polarizability, not exceeding 50% of those at order
O(p?), which exhibits good convergence. The pions con-
tribute to az more dominantly than kaons, and thus ag|s:+
and ag|y: are relatively larger while ag|qo is relatively
smaller. The electric polarizabilities of all singly charmed
baryons in the sextet are smaller than those of nucleons, e.g.,
aglsr ~4/5ag|,, which means that they are less affected
than nucleons in a static electric field.

For magnetic polarizabilities, the O(p*) corrections are
roughly comparable to the O(p?) contributions overall,
similar to the nucleon case [1]. Now we focus on the

corrections at fourth order from the f; LECs. The large
fourth order contributions mainly appear in the three
polarizabilities 3, y, and y, related to the magnetic field.
We take the f); of 7" as an example. For the spin-3/2
contributions, the O(p*) contribution related to f; is
Py =434x 107 fm?, and that unrelated to f; is
By = —0.09 x 10~* fm?>. It can be seen that the contribu-
tions from the terms involving f; are indeed larger.
However, this enhancement is not actually caused by f;
itself, and the real reason lies in the additional large factor
>, M,/ associated with the magnetic transition subpro-
cess. There is no such factor >, M, /5 for the spin-1/2

contributions, and therefore the O(p*) contribution related
to f; (By =0.90 x 10™* fm?) is of the same order as
that unrelated to f; (B); = —1.12 x 10™* fm?). Moreover,
because of the difference in the magnitude of the transition
magnetic moment, the O(p*) contributions of =} and =
are relatively smaller, while the O(p*) contributions of the
other four particles are significantly larger.

For the proton electric polarizability ap in HBChPT
[35,48], the correction from O(p?) to O(p?) is indeed
relatively moderate. The situation is entirely different for
the magnetic polarizability f,. In HBChPT, f3,, increases
from 1.22 at O(p?) to 3.5 for the proton at O(p*) [35,48],
corresponding to an O(p*) correction of nearly 200%. Our
results likewise exhibit substantial O(p*) contributions
similar to those found in the proton sector.

The numerical results for the spin polarizabilities of the
spin-1/2 singly charmed baryons are reported in Table IV.
The quantities y, and y,, which are related to forward and
backward Compton scattering, are linear combinations of
the four spin polarizabilities and correspond directly to
experimentally measurable physical quantities [1]

Yo = —YE1El —Vmim1 — YEIM2 — YMI1E2>

Yz = —YEIEL T Vmim1 — YEIM2 T YMiE2- (28)

We therefore provide their values in Table IV for
comparison.

Table IV shows that the corrections from O(p*) to the
polarizabilities y gz, and y g2, which represent the electric
field response, are relatively smaller, while the corrections
to the magnetic field response are significantly larger and
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TABLEIV. The O(p?) and O(p? + p*) numerical results for spin polarizabilities of the spin-1/2 singly charmed baryons in units of
107* fm*.
Tt P =0 A =0 Q0

,Or) ~1.28(31) —2.48(55) ~1.22(29) ~0.72(23) —0.64(16) ~0.06(2)
VT ~0.32(7) ~2.29(55) ~1.25(30) ~0.50(12) —0.66(16) ~0.06(2)
L0 —4.98(97) ~0.50(13) —3.67(43) —0.21(7) ~3.19(25) —2.72(23)
},A(?I({;;Tﬁ) 0.72(130) 0.02(34) —5.47(65) 0.85(44) —5.45(59) —5.39(67)
},21(11‘;2) 0.25(6) 0.48(12) 0.24(6) 0.14(4) 0.12(3) 0.01(0)
},gl(x;;f) 0.26(7) 0.46(12) 0.21(5) 0.13(4) 0.11(3) 0.01(0)

2(11;2 0.25(6) 0.48(12) 0.24(6) 0.14(4) 0.12(3) 0.01(0)
Ol 0.66(11) 0.47(12) ~0.11(6) 0.15(4) ~0.08(3) —0.06(1)
,0w) 5.76(100) 2.02(48) 4.42(49) 0.65(16) 3.58(28) 2.76(23)
},87(173+p4> —-1.33(129) 1.35(59) 6.62(70) —0.63(47) 6.08(59) 5.51(67)
/00" —3.70(100) 1.96(48) —2.45(49) 0.51(16) ~2.55(28) ~2.67(23)
}’;(?(p3+p4> 1.44(130) 2.32(55) —4.54(78) 1.37(45) —4.98(66) —5.39(69)

the reason is the same as that discussed earlier for the
magnetic polarizability. This shows the same trend as the
electromagnetic polarizabilities. Among these four spin
polarizabilities, the magnetic dipole polarizability in the
magnetic field gradient is the strongest. In general, we find
that the spin polarizabilities of most singly charmed baryons
are smaller than those of the proton. This is expected since
the large mass of singly charmed baryons generally sup-
presses polarization.

In Table V, we compare the contributions from spin-1/2
and spin-3/2 intermediate states at O(p*). For ag, yg g
and Yy, the spin-3/2 contributions are generally

TABLE V. Comparison between the contributions from the spin-

significantly smaller than those from spin-1/2 states,
though still non-negligible. By contrast, for Sy, Yuimn
and y 1>, the spin-3/2 contributions are larger, indicating
that excited states dominate these three polarizabilities in
singly charmed baryons. The relative size of the spin-3/2
contributions we computed is consistent with the relative
magnitude of the A contributions found in earlier nucleon
calculations, where the A contribution is also relatively
smaller for ay, ygig1 and ygy» of nucleon but exceeds
those from the nucleon for Sy, vy and v [50,99].

The procedure for the polarizabilities of singly bottom
baryons is virtually identical to that for the singly charmed

1/2 and 3/2 intermediate states for the O(p*) electromagnetic and

spin polarizabilities in units of 10~* fm? and 10™* fm*, respectively.

spin Py =F 0 = =0 Q0
ag 1/2 0.40(65) 1.27(61) 0.90(58) 0.68(35) 0.60(32) 0.28(6)
3/2 0.01(0) 0.14(3) 0.08(2) 0.12(3) 0.07(2) 0.09(1)
B 1/2 ~0.22(26) ~0.83(25) —1.04(24) ~0.72(14) ~0.59(13) ~0.20(5)
3/2 425(97) 0.39(29) ~1.43(29) 0.78(35) ~1.65(35) _1.82(41)
_— 1/2 1.11024) 0.20(4) ~0.03(1) 0.25(5) ~0.02(0) ~0.01(0)
3/2 ~0.15(3) ~0.03(1) 0.00(0) ~0.03(1) 0.00(0) 0.00(0)
o 12 ~0.30(8) 0.05(5) 0.29(7) 0.07(2) 0.16(4) 0.05(1)
3/2 6.00(134) 0.47(40) —2.08(39) 1.00(51) —2.42(49) -2.71(59)
—_— 1/2 0.01(0) ~0.02(1) ~0.03(1) ~0.01(1) ~0.02(0) ~0.01(0)
3/2 0.00(0) 0.00(0) 0.01(0) 0.00(0) 0.00(0) 0.00(0)
Vo2 1/2 ~0.04(1) ~0.07(2) ~0.03(1) ~0.03(1) ~0.02(0) ~0.01(0)
3/2 0.46(8) 0.06(5) ~0.31(5) 0.04(2) ~0.18(3) ~0.06(1)
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TABLE VI. The O(p? + p*) numerical electromagnetic and spin polarizabilities of the spin-1/2 singly bottom baryons in units of
10~* fm® and 10~* fm*, respectively.
) =) %, Ep B Q;

ag 9.66(150) 16.85(259) 7.95(128) 7.47(114) 4.84(76) 1.71(25)
Pu 45.95(798) 10.43(291) —0.80(86) 14.46(410) —2.53(110) —3.98(137)
YEIE] —1.63(43) —3.81(101) —1.73(46) —1.16(31) —0.89(24) —-0.06(2)
MMl 38.40(2746) 28.06(890) —35.23(792) 52.23(1553) —39.43(853) —42.27(988)
YEIM2 0.41(11) 0.75(20) 0.36(10) 0.26(7) 0.19(5) 0.02(0)
YMIE2 4.07(63) 2.55(54) —0.93(24) 1.12(23) —0.53(13) —-0.23(5)

baryons except that the parameters must be substituted. The
coupling constants ¢;,35 and the mass difference o are
replaced with [87]

g1 = 1.144 £ 0.115 £ 0.040,
g2 = —0.701 £ 0.070 £ 0.024,
g3 = 0.991 £0.100 £ 0.035,
g5 = —1.716 £ 0.173 £ 0.060,
0p = 20 MeV. (29)

The magnetic moments in Eq. (26) for the C; ;, Cy ¢, C3
should be changed to those of bottom baryons which can be
found in Ref. [87]. We approximately use the same values
of ¢; as in the single charm case according to the heavy
quark symmetry.

In Table VI, we present the O(p?) + O(p*) results for
the polarizabilities of singly bottom baryons. f3,, for X,
is 45.95 = 18.44|p ) + 27.51](,¢), considerably larger

TABLE VII. Comparison between the results estimated using
the zero O(p*) LEC assumption (scenario I) and nonanalytic-
dominance approximation (scenario II). The scalar and spin
polarizabilities are in units of 10~ fm3 and 10~* fm*, respec-
tively.

than those of other baryons. This feature was already
present in its O(p?) calculation in Ref. [87] and the reason
is same as we discuss in the charmed case. The values of
Y are significantly larger than those of singly charmed
baryons. This enhancement can also be traced to the
dominance of the &', (d{+ e¥) and (di + ¢¥') diagrams
up to O(p*) where there are 1/5° factors as the mass
splitting § in singly bottom baryons is smaller than in singly
charmed baryons.

We also estimate the effects of O(p*) LECs alternatively
by wusing the nonanalytic-dominance approximation
adopted in Refs. [100,101] which assume that the NLO
contact terms largely cancel the analytic part of the NLO
loop contributions. We compare the nonanalytic-domi-
nance results with those using the zero O(p*) LEC
assumption in Table VII. The difference between them
provides a practical measure of the sensitivity to the O(p*)
LECs. For the great majority of the polarizabilities con-
sidered, the relative differences between the two scenarios
are below 15%. Some polarizabilities of few baryons
change much with these two different scenarios and
deserve further investigation in future.

V. SUMMARY

Our work presents the first comprehensive calculation of
the spin polarizabilities for spin-1/2 singly heavy baryons.

e e %0 s =0 ol Moreover, we have systematically extended the computa-
; tion of both electromagnetic and spin polarizabilities to
ag 5.12 9.63 4.88 4.34 3.02 1.16 O(p* .o . . . ..
£ (p*), thereby achieving higher precision and examining
ag 4.47 9.27 4.76 4.03 2.92 1.08 : . .
the convergence properties of HBChPT in this context.
" 774 044 028 0.48 0.09  -0.10 Our results show that the electric polarizabilities of
W 8.65 049 018 020 -0.77 -135  gingly charmed baryons are smaller than those of nucleons.
Mg —032 =229 -125 -050 -0.66 —0.06 For the magnetic polarizability, the small mass splitting
. 164 =252 —120 —081 —0.63 -006 leads to a large contribution from Bg-, and we notice that
. the higher-order corrections to the magnetic polarizability
Y 0.72 0.02 —-5.47 0.85 =545 -=5.39 loselv related to the t iti i ts. F
b 504 520 607 050  —672 _747 areclosely related to the transition magnetic moments. For
Tmimi ’ ’ ’ ’ ' ’ the spin polarizabilities, higher-order corrections are non-
Ve, 026046 021 013 011 001 negligible similar to the nucleon case. We find that y
Yinn 024048 024 014 013 001 of singly heavy baryons is significantly larger compared to
/! 0.66 047 —0.11 015 —008 —006 ©ther spin polarizabilities. The properties exhibited by
7’%:2 0.73 054 —009 018 —007 —006 Yeie1 and ygpp in the calculation are similar to those of

ag, while yy1 and yy gy are similar to ;.
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This study is useful for the future experimental explora-
tion of electromagnetic polarizabilities of singly heavy
baryons. In this work we use the quark model, SU(4)
symmetry, heavy quark symmetry, and so on to estimate
the LECs, and the new experimental data and lattice QCD
simulations would provide more accurate constraints on the
LECs and verify our conclusions. In future, it is worthwhile
to further investigate the generalized polarizabilities of singly
heavy baryons via the virtual photon Compton scattering.
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APPENDIX: FULL AMPLITUDE

The full amplitudes for all O(p?) and O(p*) Feynman
diagrams are listed below. For O(p?) diagrams a — ¢, since
Ref. [87] only provides the results of A; ,, we provide here
the complete results including the spin parts. We define
A =e%gi/2 and B = €’g3/2. The auxiliary masses M,
and M, are

TABLE VIII. The values of coefficients D, for different
mesons and single charmed baryons.

SR 5t 50 gr =0 Q
c 1 1 1 1
S 3 1 3 i I 0
DY 3 i 0 1 i 3
pl+e) ) -4 =2 -1 - 0
Dl ) -1 0 —4 -1 )
0 2 4 2 1 1 0
pY) 2 1 0 4 1 2
1 _ 1 1 1
2 -3 1 -3 -3 -3 0
DY -3 -2 0 -1 -7 "3
D) 3 -1 -3 i o 0
c 3 1 _ 1 1
D) 5 i 0 1 -1 2
(dsex) -6 4 2 -1 1 0
Dgélzﬂ‘z) -6 -1 0 4 1 2

M, = M2 + 2xyw*(1 — cos §),

M, = M2 + 2x(x = 1)@?*(1 — cos 0). (A1)

We also need D;, whose values can be found in
Table VIII and IX for singly charmed and bottom

baryons, respectively. For the linear combination of
¢; we define

Z(Zmd - mu)
Cyt++ 11 200+3(md—|—m> 1s
Cst g1 = 2¢0+ 360
z(md - 2mu>
= 2 _— .
CZ?’”’I 0 3(md + mu) “
my —2m,
= =2 —Cy,
C_Ciﬂ’l 0 * 3(md + mu) “
Cw=/0 = 2C — MC‘
=2l 0 S(I’i’ld + mu) 1,
2
Capa1 = 2€0 = 3¢
2(2mg —my,)
— 2 s u ,
Cyr K. co + 73(,%3 ) cy
20+ mg —2m,
c =2c0+=—"——-0y,
>FK.1 0 3(ms n mu) 1
2
Cz(‘)”le = 2C0 - 501,
1
Car g1 =200+ 361
oo o =D s =M
=YK, 1 0 3(ms +mu) 1s
2(mg —2m,,)
=2¢)——-———— "¢, A2
Cal k1 Co 3(m, + my) Cy (A2)

TABLE IX. The different values of coefficients Dy, for differ-
ent mesons and single bottom baryons.

=) =) z, B g Q;

c 1 — 1 1 1
D) 3 1 3 -3 I 0
D’ T L A
pldste) -2 4 -2 1 -1 0
pléted -2 1 0 4 -1 -2
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Cyi+ 72 =Cx0 70 = Cyi+

1
_2 CH

K2—CQl k2

29%+g%> fel

4M
_ _ _ 1, 2¢+gi
Calt g2 =Cg0 20 =Csr k2 =CE0 K2 _ZL(CZ - 4M, ) +ca,
1 7
Csi o =Cglt ko= 2(C2 +c3 oM. ) +ca,
6
CQlz2=Cx0 k2= C4, (A3)

For computational convenience in diagrams f, and g,
we introduce a parameter ¢ and subsequently take the
limit a — 0.

The meson-baryon loop integrals J;(w,M;) and
Ji(w, 8, Mf{) are defined in Refs. [87,102], the explicit
forms of the corresponding meson-meson loop integrals
1;(M2) are given in Ref. [92], and our function A(M?) is
identical to A, in Ref. [87]. For computational conven-
ience, we define the following G function:

Giw. 6. M) =J(w—86M2) —Ji(—w—5,M2).  (A4)
The G; and G/ denote the first and second partial derivatives
of G; with respect to M2, respectively.

1. O(p?) diagrams with spin-1/2 contribution

For diagram a

ezQé
Mg

As=- (A3)

For diagram b, the s-channel and u-channel contributions
cancel, resulting in 0.
For diagram ¢

(c)
D
A= AZ%\%(G), 0, M), (A6)
X X
A3‘:—AZ )(go CU 0 M2) (A7)

For diagram (d + e)

Al,:_AZ

d+e

/ dxJh(xw,0,M3),  (A8)

D(d+e)
_ Sx
A3~5 - AZ F2
x V4

/1 dxG, (xw, 0, Mf(), (A9)
0

For diagram f

pY) lx
A= AZ%A dx/0 dy{@?[-x* — y?
X X
—2xycos@ + (x + y)(1 + cos @) — cos 0]
X TH(1 = x = 3)0,0, M)

+(d+D)Tg((1 = x = y)o,0,M,)}, (A10)
pY) 1-x
Ae=AY / dx / dya?[=(3 + d)xy
— F, Jo 0
+x +y|T5((1 = x = y)o,0,M,), (A11)
(f)
D 1 1-x
Age :AZ—%{/ dx/ dyo*(x +y—1)
~— F, Jo 0
x G ((1=x=y)w,0,M,), (A12)
(f)
D 1 1-x
Ex 2
As,=A) —= dx/ dyw
x G3((1 =x=y)w,0,M,), (A13)
(f)
D 1 1-x
_ S 2
A _Aze/o a’x[) dyo?(~y)
X X
x Gy (1= x=y)w,0,M,). (A14)
For diagram g
D(g) 1
A=Ay A dx|(d = 1)75(0,0, M)
X X
+20(1 = cos 0)x(1 — x)T((0.0. My)].  (Al5)

2. O(p*) diagrams with spin-1/2 contribution

For diagram c,

0
AZZM 2 [ 2A(M2) +%g3(w,0,Mf{)

P)
+d%gz(w,o,M§)+2w%jl(w,o,M§) . (Ale)
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AZ2MF2[6 3(,0,M2)

0
+d£52(w,0,M§)+2w£gl(w,0,M§). (A17)
For diagram c;
(c3)
D
sx 2
Ag=4 T 1 (0.0, M3), (A18)
1.¢ ; F%M(, 1 7
AZ ” Ql (0,0, M2). (A19)
For diagram c,
20;
=4 L0.M2),  (A20
ZFZM W g2 ) ( )
20
6 5
AZ Fzﬂj —[T2(@,0,M3) = 75(0,0,M7)].
(A21)

For diagram (d, + e»)

d+e)

L
Alé_AZ 6F2{212 M2)+/O dx—

X [£g’7((1 - X)o, O,M;)

9
+(d+2) -~ Gg((1 ~ ). 0.M7)

+20(1=x) 2 T4((1=2)0.0.M3)

- (1 —cosﬁ)x%g’z((l —x)w,0, Mf)} } (A22)

A A DEy ? 1d 9 g 1 0, M?
25__ 22M6F2w 0 xggz(( _x)a)’ ’M)()?

(A23)

(d+e)

1 1
=A JE—
Z21‘46F‘2{/ l—x

X {%‘7/7((1 —X)w,0,M3)

+(d+z>ijg((1-x)w,o,M§>

+2w(1 - ) g’ ((1 x)a),O,M)Z()
—a?(1 —cosG)x%j’z((l —X)w, O,Mf()} }, (A24)

d+e)

0
Ase = —A dx——Jy(~(1 = x)o. M3).
5.4 ZzMGFZ [) )C ( ( X)CU )()
(A25)
For diagram (d; + e3)
éd3+€3) |
_ X 2N
A=Ay I {IZ(MZ) A dx
X X
2 G, (xw, 0, M2 A26
X Egz(xw’ ) X) ) ( )
éd3+€3) 1 w
— X i 2
Az —A%: g /0 dx<—2> Ty (xw,0,M2), (A27)
For diagram (d, + e;)
(d+e)
_ g,
Ag=-A Fﬁ)z(v[é L(M3), (A28)
x
For diagram (ds + es)
d e
+ )C2f
A=A —2 dx(—a) cos6)
— My} o
x Gy ((1 = x),0, M%), (A29)

éd+e)C2§
A2,§ =A a ;TNF‘JZ(/O‘ dxwg/z((l —_)C)a),o’]‘4)2(>7
(A30)
(d+e)c2
Az =A —25/ dx(—wcos 0)
— 2MyFL o
x J5((1 = x)w, 0, M), (A31)
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d+e
AZ CM/ dx(—w)
2MNF2 A

d+e)

sz((l—x)w,o,M;), (A32) AZ 2M6F2 A dx(~w)
d+e x xJ’(—(l - x)w, M2). (A34)
sz 2 p
As g _AZ ZMNF2 A dxw
X j2((] —x)a),O, M}Z{) (A33) For diagram f2
|
! 1= / 2 a Z
03 F2M6/ {/0 dy{(cH—1){216(/\/1)()—M)(aag()((l—x—y)a)—a,O,MX)
— @?[x* + y* + 2xycos @ — (x + y)(1 + cos @) + cos 0] [21’2(./\/1){) - M%%
xG@((1-=x=y)ow—a,o, Mx)} } + {?ig (1 -x)w,0,M3) — 1 1xw2
x [x* = x(1 + cos @) + COS@]%Q’Z((I - X)w,0, Mf)}}, (A35)
1-x
- AZ : / dxa? [ / dy(x)
2 2F; M
AZ2F2M6/ dxw {A dy 6 0
2_ " v _
X [x+y— (34 d)xy] XanaJZ((l *¥=y)w=a.0. M)
J ., x 9,
<[t -3 2621 -y a0., ) (= X0 ) (A%9)
(12000, . (A30
For diagram f3
1-x
2 —x =
A22F2Mﬁ/ dxw M dy(=x—y+1)
A= / dx/ dy{~=4(d + DI, (M
xM)%%J’Z’((l—x—y)a)—a,O,Mx) b F2M6 = M6 (M)
—ij’((l D0 Mz)} (A37) +4co [x? +y* + 2xycos @ — (x + y)(1 + cos 0)
0w A +1]15(M,)}, (A40)
1-x
AZ FQM(,/ dxaw? [A dy(—x)
1- x
foajz((l -x—y)o-a,0,M,) Ay = 2F2M6/ /
x Jd ,
(1 —x)w,M§>], (A38) ey Dol (A
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For diagram f,

D’ C 1 0

B e Coey ® cos
M=) [

A

ngg/ d+1
2A46FQ

X [g%((l - x)w,0,M3) — Gi((—x)w,0, Mj)]
+ wx(x — 1)[G5((1 = x)w, 0, M)

x [Gy((1 = x)w. 0, M) —x), 0, M3)]

-G~ 0. )]}, (A42)
e IR
7 Ny JO
X [Gy((1=x)w,0,M3) = Gy ((—x)w,0,M3)],  (A43)
C wcosf
AZ Z%N;i”/ x<— 5 )(1—2x)
><[~7'z((1—x)w’O’Mﬁ)—jé((—x)w,O’Mf)}’ (A44)
DEQCZ&Z 1 w
x[T5((1=x),0,M3) = T5((=x)w,0,M3)], (A45)
'C ®
=AY 272}7 | asgias-)
X [g'z((l —x)0,0,M7) =Gy ((—x)w,0,M3)].  (A46)
Yo,
_ sy 26 _
A6§_A;2M6F§A dxw(x—1)
X [Jo(=(1 = x)w, My) = J5(=(=x)w, M3)].
(A47)

For diagram ¢,

(9)
D 1
£,
A],(::AE ZM;;%A dx[2(d—1)1,(M})
X

+4x(1 —x)@*(1 = cos0)Io(M))

a ! ! a ! I
-2(d- 1)£J7(—a,/\/l){) —4(d+5)£J6(—a,Mx)
ax(e— Da?(1 cose)%Jg(—a,M;)
+x(44x—24)w2(1—cose%J;(—a,M;)]. (A48)

For diagram g3

A1,5 = AZM F2/ dx - 1)12<M/)

+4w?x*(cos O — 1)1 (M))]. (A49)

For diagrams &, and hs, the results are O.
For diagram hy

A ez/ld/l_xd
=D | dx |y
b ZF;%O 0

X {8cealb(M,) + 807
X ceyn[X® +y*=2(x+y)

M
_Ze cfﬂ/ dx/ dy8Iy(M,), (A50)

—2xy + 1]15(M,)}

ezc 1 1—x
Ex2 o
A :—E — / dx/ dy
2,¢ - F; 0 0

X [8(x* +y*) =8(x+y) + 16xy +2]I5(M,)

e*M3c 1 1-x
27){25’”10)2/ dx/ dy
> F; 0 0

x [8(x* +y*) —8(x+y) + 16xy+2]IH(M,). (A51)
For diagram /5
A==y a2 C‘f”/ dx21,(M)
X
e’Mc: ., [1
+Z;7§“ A dx21y(M.). (A52)
X
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3. O(p?®) diagrams with spin-3/2 contribution

For diagram b’

L
=T @? cos O —— et (A53)
eZC% S
)
A54
UMy 8 -0 (A54)
ezc%
£
R viva) w? 005952 —. (A55)
ezc% w
A £ ? A
4~-f 24M2 2 _w2 ( 56)
eZC% 0]
Ase = ———=a? AS7
T T um Y P - (A57)
For diagram ¢’
d 2 DY)
A= BZ jo w,8,M2),  (A58)
Az = ——BZ go ®,8,M2).  (A59)
For diagram (d’' + ¢’)
d ) d+e
A= BZ / dxJy(xw,8,M2),  (A60)

d+e
Ays = — Z / dxGy(xa,8,M2),  (A61)

For diagram f’

(f)
Al,gng;DF—?AldxAl_xdy{wz
X [—x? = 2xycos@ — y? + (x +y)(1 4 cos @) — cos ]
x J3((1=x=y)o.5.M,)
+d+1)Tg(1=x=y)w,6,M,)},

d—-2 D: lx
A :—B§ £
267 7 i / /

X [=(d+3)xy +x +y|T5 (1 = x = y)o,5, M,),
(A63)

(A62)

()
A45:—LB§ %/ldx/l_xdywz(x+y—l)
’ d-—1 P F; 0 0

xG((1-x=y)w.6.M,), (A64)
(f)
1 Df 1 1—x
Asp=——— —Z/ dx dyw?
5.8 d 1 F}% 0 0 y y
xG((1—x=y)w.6.M,). (A65)
(f)
D 1 1—x
Age =—— %/ dx/ dya)z(—y)
x JO 0
x G((1 =x=y)w, 5, M,). (A66)

For diagram ¢

(9)
d-2 DY 1
Alfz_d_lgz_;;/ dx[(d = 1)75(0.5, M)
r Tx /0

+262(1 = cos O)x(1 — x)T5(0,6,. ML) (A67)

4. O(p*) diagrams with spin-3/2 contribution

3 /
For diagram c/,

-2, “

d—l

A= { —2A(M3) + gg(w 5. M2)

2M6 F2
d ) 3} )

+d£g2(w, 5, M;) +2w£j1(w,5,M1)
0 3}

- 25%g1 (a), 5, M}{) + 52£g0(a), 5, M)2()

0
_2(1)5% Jo(w, 8, Mﬁ)} , (A68)

(3

+ d%Jz(w,é, M2) + Za)%gl(a),é, M2)
5] 0
- 25%\71<0), 5, M)Zf) + 52£j0(w, (S, M;)

0

3 /
For diagram c}

(c3)
d-2 D; )
A= 1BZF2M6J1(w 8, M2),

(A70)
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— 2
= = D 0.8, )
For diagrams ¢}, and ¢}, their amplitudes are 0.
For diagram c)’
()
d-2 D:, 20
Ajg=—B8 L ZEG (0,6, M2), AT2
1, d—1 ZFZM @ gZ( @, )() ( )
A L g D‘(fj—zg‘fj 8, M2) — J7,(0.6,M2 AT3
3T T ] ;F)%Myw[ 2(0,6,M3) = J5(0,6. M3)]. (A73)

For diagram (d) + ¢)

(d+e)

d 2 Dy 1 1
iy 21, (M> d
Are Z21\461:2{ (M) + A T—x

0 0
{1~ 2)0.5,M3) + (d-+2) 57 Gy((1 = )05,

3} d
+2w(1 —x)%jﬁ‘((l - x)w,5,M;) — 25%%((1 - x)w,6,M3) + [5* — w*(1 - cosé’)x]ag’z((l - X)w, 5, M3)
0
F2wb(x — 1)£j’2((1 —x)a),(S,Mf()}}, (A74)
(d+e)
d-2  Di 1 d
Aye=-— B £ dxa* —G((1 = x)w, 5, M2), A75
- Zx:zm F;%A var 5, 921 = x)o. 5, M) (A75)
(d+e)
1 Df,;( ! 1 0 2 2
Asg=—— IBZ2M6*F2/O dxm{ajg((l = X). 8, M) + (d +2) -~ j’((l - X)w,5,M2)
0 0
+2w(1 - ) g’ (1=-x)w,5,M2) - 25£jg((1 - x)w,8,M2) + [5* — 0*(1 - cosH)x]%j’z((l - x)w,5,M2%)
F2wd(x — 1)%9’2((1 —X)w, 6, M;)}, (A76)
1 éd—&-e) 1 P
Ase = — B L —? [ dx(-1)—J5(—(1 = x)o — 5, M2), AT7
= B gy | ) =1 = =50 (AT7)
For diagram (d} + ¢%)
(dy+es)
d—2 Dt U e 5
Ag= - 1B 2 F§M6 {12(M§) +/O dx [—Eg’z(xa),é, M?2) +§j’2(xw,5, M;)} }, (A78)
d1+6’3) 1 w P
Az = BZ F2M6 A dx [—Ej’z(xw, 8, M2) +5 G (xw. 8, Mﬁ)}, (A79)
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For diagram (d, + €)

d—2 éd+e)
A= BY L |-20,(M?
M d— 17 222, [ 2(My)

1
—/ dx6J5 (xw, 6, M;)}, (A80)
0
(d+e)
1 Dg 1
Ay =— B z dx(=8)G,(xw, 5, M2),
(A81)
For diagram (d§ + e%)
(d+e)
1 ng
Ag= — IBZ 2MNF§ A dx(—wcos 6)
¥
x Gh((1 = x)w, 6, M3), (A82)
d+c
C25
Ay e = d
2 1 Z N E? /0 e
x G5((1 —x)a), 5, M2), (A83)
(d+e)
1 Coe
Ayp = — IBZ 2MNF2 A dx(—wcos0)
X X
x T5((1 - x)w,5,M3), (A84)
(d+e)
1 Cop
Agp=— B dx(—
WS Ta- zx: My F2 A x(-@)
x J5((1 = x)w, 5, M32), (A85)
d+e
C25
As s = d
5 1 Z 2MAF? /0 e
x J5((1 —x)a), 5.M3). (A86)
d+e
1 Q};/
Ags = B dxw
T d-1"% 2M6F§ 0
x Jh(=(1 = x)o — 6, M3). (A87)

For diagram (dZ + e%)

d+e
'c 1
¢ 9193 g 216/ dxa? cos 0
4MNF o

1 ! 2
X { 5] (1 =x)w, M)

A],f = —

1

s (A88)

=00

A2,§ = —

e? 9193 Cl& >
d
Z 4MNF2 /0 o

S {—ﬁfz«l — Y M)

+— ! Jh(= (l—x)w,Mf()}, (A89)

w+6

A3.§ = —

d+e
'c 1
¢ g|g3 E 216/ dxw? cos 0
4MNF 0

1
X L}_é@x—

2)75((1 = x)w. M)

L Gr—2(- (1—x)w,M§>], (A90)

®+06

A4’§ - -

d
e 91932 +e Clé/ldxwz
4MNF2 0

X{wl—é(l

1
—(1-3
+co+6( o

= 3x)J5((1 = x)w, M3)

Mo (=(1 = x)o, M};)], (A91)

eglgs DL ICe 1
Ase == d Z a2 Jy P

=

+mﬁ( (1- x)a),Mf{)].

- x)w, M3)

(A92)
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For diagram (dZ' + €%') | 1 e2gygs é;{ ¢, e
YT E@o1)e 2 AM T2 A e
1
d+e 4 — — 2
| 2 gzgsz Cl.f 1d eovs X L}_é(Sx—l— DJ5((1 = x)o — 6, M)
1.& 4MNF2 o X~ COS )
X [——5]’((1 - x)w — 5, M2)
5 _ e 9395 Clé/ >
Aye = d
+m]l( (1 —x)a)—é, M)z():|, <A93) 4.8 ( Z 4MNF2 0 X
1
X [w_é(—3x+4)J’2((1 —x)w— 68, M32)
1
o —I—w—+5(—3x+4)J’2(—(1—x)w—&,Mf()}, (A96)
N e? 9395 L¢ 2
AZ,-’: - ( Z 4MNF2 /) dxw D (d+e) C
Ac. — e 9395 Z Ex ]f/ dxa”
5 > (d— 4MNF2 0
N { 5]’2((1 - x)w — 5, M3)
® = 5
———J((1 =x)w — 5, M2)
5 X |: _ 2 5 x
- Bl - x)o -5, Mg)}, (A94) 2w =9)
5 !
2 P =x)w - M2)|. A
g - e=aa)]. (wo)
For diagram f7,
d 2 Df ! 1= / 2 2 9 /!
A= BZ2F2M6 / {A dy{(d—kl){Zlﬁ(/\/lx)—(Ml—& )agﬁ((l—x—y)a)—a,&/\/ll)
+ 28T%((1 = x = y)w, 5,./\/1}()] — @?[x? +y* + 2xycos@ — (x + y)(1 + cos §) + cos 0]
0
X {2]’2(/\/11) - (M} - 52)£g/2/((1 —-x=y)o-a,6,M,) + 26J5((1 —x—=y)w,8b, M)()} }
d+190 1 0
+{1+ (1 - x)w, 6, Mz)—la)z[xz—x(l—l—cosé')—l—cose]ag’z((l—x)a),ﬁ,Mﬁ)}}, (A98)
- ®
f
d-2 D 1—x
2,62 BZ F2M6 / dxa)z{A dy[-(3 4+ d)xy + x + Y]
d
X [21’2(/\/11) - (M; —52)%%’((1 -x=y)o—-a,6,M,) + 26J5((1 —x—=y)w,b, M;()]
s M2 A
1_xawg (1-x)o,8, 1)}, (A99)
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A 1 B DE;Q ld 5 l—xd ! M2 ) 0
ST T z)}zF;Mﬁ*/o e M yx—y+ )[( P~ ¥)5,
0
x J5(1 =x—y)ow—a,é, MX)—ZSQ’Z’((I —-x—y)w,8, Mx)] —%‘7’2((1 - X)w, 8, M;) , (A100)
Az = Z /1 dxa? /l_xdy(—x> (M2 _52)ij//((1 —x—y)a)—a 5 M )
> —1 2F; Mﬁ* 0 #7700 ? e
“260}((1 == y)0. 0. M) | + 1 (1 == 5.8 (at01)

(f)
_ 1 D, bl [ 2 9

Age = 7 BXZ:ZF%MG* /o dxw [A dyx[(MI -6 )%jz((l -x—-yw-a,6,.M,)

-26G5((1 —=x —y)w, 8, Ml)] —ILEJ/Z((I —X)w -6, Mz)] (A102)
For diagram f%,
d 2 Df)( 1= / " 2
O Dy [ ax [ avt=atd s i)+ 671 = 3= y)n5, M) + 20
6
X [(x* + y* 4 2xycos0) — (x + y)(1 + cos 0) + 1][215(M,) + 6T5((1 —x — y)w,5, M,)]}, (A103)
_d-2 Dé‘){ =

X [21’2(/\/1)() + 5j2((1 —-x- y)a), 5M,)]. (A104)

For diagram f7

e Cl
A= s > 4MNFf/ { S g €S OUA((1 = )0 =6.012)
=I5 ((—x)w, M3)] + mwz cos OlJ5(—(1 = x)w — 8, M3) — J5(—(—x)w, M)z()]}, (A105)
€ 3 c
Apg == T > 4MN;§’/ {2((01— 57 ((1 = 2= 2,003
=I5 ((=x)o. M3)] - mwz[f'z(—(l = X)o = 8. M) = Jy(—(-x)o, Mf)]}, (A1006)
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e? 9193 fCue
Ay = — §
3 4MNF2 /

1
x {2 (’;Jr_ 5 cosOl3((1 = x)oo —6.08)

x+1

2
2(a)+5>w cosd

=I5 ((=x)o. M3)] +

< (=1 = Xy — 5, M2) — J'2<—<—x>w,M§>1},

(A107)
e2 C
Age=-— 9193 Z 4MN1;2§/
x {_2();‘_25)@2[1’2((1 — X)w — 5, M2)
3= M) = 5
x [Jh(=(1 = x)w — 6, M%) = J(—(—x)w, M2)] }
(A108)
e*g D, ICI
e
« {2(’;;_25)@2[1'2«1 —Xw—6.M2)
~3((=x)o M)~ 5 0?

X [Jy(=(1 = x)w = 8, M3) = J4(—(—x)w, M3)] }

(A109)

For diagram f7

Al,.‘: = -

e 91932 C1§/
IMNF?
1

X {—mwz COSH[J/Q((I —X)U),M)z()

—J5((—x)w — 6, M})] + w? cos

1
2(w—0)
X [y (=(1 = x)a0. M2) — Iy (~(~x)eo — Mi)]},

(A110)

e’ 9193 JCie
Aye=—
¢ Z 4MNF2 /

X {sz[fz((l - x)w, M3)
~J5((=x)w = 6, M3)] —

2(w - 5)
< U4(=(1 = x)0. M) = 4(~(-x)or = 5.053)] .

(Al11)

B e 9 g Cléf
Asg = N Z 4MNF2 /
« {z(xw;fé)wz cos O174((1 - x). M2)
/ 2 x-2
=J5((=x)o = 6. M3)] + 2<w_5)w cos
< UL(=(1 = 000.0) = (=)0 =0, M) .
(A112)
e’ D ICI
e
« {_%wzm(u — X)w. M2)
, x+1
(= 8. M) - 02
X [(=(1 = x), M2) = J3(~(~x)r — &, Mﬁ)]},
(A113)
e2 C
Ase = — 9193 Z 4MNI;2§/
x+1 ,
X {mwzwz((l —x)a),Mf)
~J5((~x)0 = 5.M3)] - 5 (’; __25) @
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For diagram f7)’

A 51C3§x/1dx5a)cose[g/((1 — X)w, 8, M2) = Gy((—x)w, 5, M?)]
b 2 4MyF; Jo 2 -0 My 2 ,0, M,
-2, 0 d+1\. ., /
T ZAZFZ/ {( )[g ((1 = x)w, 8, M2) — Gy((—x)w, 8, M2)]

T (e = DG ((1 - D). 5, M2)—Gy((~x)w. 5, M§>1},

1 Dggéié,x ! ' 2 / 2
e T /0 dx(=50)[Gh((1 — x)0.8.M2) — G ((—x)a. 5. M2)],

A2.§ —

N
DeyCasn
AMyF2 o

(
Aye = r_l o 3;7/ dx(1 = 2x)w cos 6[T5((1 — x)w, 5, M%) — Th((—x)w, 8. M2)],

A - p Dy Casy " dx(2x — Dol 70((1 M2) — 7' M2
= TP | 2 DT = 0..0) = T~ 5. M)

Ase= (d— 12 Z 451‘2]\];521/ dx(1=2x)w[G,((1 = x)w,8,.M2) — G, ((—x)w.5,M2)].

)
1 D;, Qs [1
Aﬁ,é—_d_lg;zMzFM dxo(x = I (=(1 = x) — 5, MY)—T4(—(=x) — 5, M2)].

For diagram ¢}

d— 2 , ,
A= . 2M6F2/ dx[ 1)1,(M)) +4x(1 — x)@*(1 — cos §)I,(M))
0 0
—Z(d—1)@]’7(—61—5,/\4})—4(d+5)£.]/6(—a—5,M})

d d
+4dx(x — 1)@*(1 — cos 0) an(—a — 8, M),)+x(44x — 24)w*(1 — cos 0) %Jé(_a -8, M,))|.

For diagram ¢

i-2
Al,ézd_lgzmﬁ/ dx((d — 1) 2Ly (M) +5.T4(~a. 5, M)

+ 20%x%(cos 0 — 1)(21o(M.,) + 6T (~a, 5, M,))].
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