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Employing the well-known unitary equivalence between Fokker-Planck operators and Schrödinger
Hamiltonians, we compute the quasinormal-mode spectrum of ultrarelativistic kinetic theories with
momentum-space diffusion. We show that the collision operator reduces to a Dirac-delta Schrödinger
problem in one spatial dimension, and to a Coulomb Schrödinger operator with hydrogenic spectrum
in three dimensions. A finite spatial wave number appears as a perturbation of the associated quantum
potential. The hydrodynamic mode is found to obey exact Fick-type diffusion at all real wave numbers,
whereas relativistic kinematics generically produces a continuous ballistic band in the nonhydrodynamic
sector, a feature absent in the Newtonian regime.
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I. INTRODUCTION

Quasinormal modes furnish a concise spectral description
of the linear response properties of a dissipative system.
Within hydrodynamics and kinetic theory, they are defined
as all the solutions of the linearized evolution equations with
a spacetime dependence of the form eikx−iωt, for a fixed
spatial wave number k,1 and with eigenfrequency ωðkÞ.
For real k, the real part of ωðkÞ usually characterizes the
oscillatory and propagating aspects of the response, while
the imaginary part typically controls the rate of equilibration
and spatial spreading. Owing to this interpretation, quasi-
normal modes have emerged as a key framework for
elucidating the onset of hydrodynamic behavior [1–4],
as well as for characterizing transient dynamics beyond
the hydrodynamic regime [5–12].
The quasinormal-mode spectra of relativistic kinetic

theories have been computed for a broad class of collision
integrals. These include the relaxation-time approximation
(RTA) [7,11,12], weakly coupled λϕ4 kinetic theory
[9,10,13], generic Boltzmann-type integrals [1,14], and
radiative transfer models [4,15]. There is, however, a
further class of collision integrals that possess a particu-
larly tractable analytical structure and play a key role in

descriptions of early time gluon dynamics in heavy-ion
collisions [16,17]: Fokker-Planck kinetic theories. The
objective of this work is to determine the quasinormal-
mode spectrum of a minimal representative of such
theories in the ultrarelativistic regime, for arbitrary k∈C.
Our guiding principle is the well-known fact that

detailed-balanced Fokker-Planck generators are unitarily
equivalent to Schrödinger-type operators acting on an L2

Hilbert space. This correspondence underlies much of the
modern spectral analysis of Fokker-Planck equations and
plays a central role in hypocoercivity theory and the study of
relaxation to equilibrium [18–21]. Within this framework,
the kinetic equilibrium is identified with the ground state of
the associated Schrödinger operator, while relaxation rates
are determined by its excitation spectrum. In the non-
relativistic setting, the canonical example is provided by
the Ornstein-Uhlenbeck operator, whose ground-state trans-
form yields a shifted quantum harmonic oscillator (we will
review this result in Sec. III B). This equivalence has been
extensively exploited to obtain exact spectra and decay
rates, and it provides a paradigmatic illustration of how
quasinormal modes arise from the discrete excitation
spectrum of the dual Schrödinger problem [18,21]. The
harmonic-oscillator structure has also served as a bench-
mark for more general hypocoercive kinetic models.
There exist analogous Fokker-Planck models also

within relativistic kinetic theory, with the equilibrium state
given by the Maxwell-Jüttner distribution. Such systems
have been investigated both from the probabilistic per-
spective of relativistic Brownian motion and from the
standpoint of kinetic theory [22–24]. However, despite this
progress, the quasinormal-mode spectrum has never been
computed in detail. In this work, we will apply the unitary
equivalence to show that the quasinormal modes of
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1If the number of spatial dimensions is greater than 1, one
should in principle deal with wave vectors kj. In practice,
however, one can fix the direction of propagation, and align
the x-axis with the wave vector so that kj ¼ ðk; 0; 0;…Þ.
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ultrarelativistic Fokker-Planck kinetic theory are exact
solutions of the time-independent Schrödinger equation
with a perturbed potential (where k is the perturbation
parameter). We will find that the structure and physical
interpretation of such a potential change depending on the
number of spatial dimensions, and so does the resulting
spectrum. All in all, the results presented here will place
ultrarelativistic Fokker-Planck kinetics on the same con-
ceptual footing as the well-known harmonic-oscillator
structure of nonrelativistic Ornstein-Uhlenbeck dynamics.
Throughout the article, we work in a Minkowski

(Dþ 1)–dimensional spacetime, with metric signature
ð−;þ;þ;…Þ, and adopt natural units, c ¼ ℏ ¼ kB ¼ 1.
Greek indices μ, ν are spacetime indices (they run from 0 to
D), while j, k are pure spatial indices (they run from 1
to D).

II. THE VLASOV-FOKKER-PLANCK EQUATION:
A QUICK OVERVIEW

In this section, we review the basics of Fokker-
Planck kinetic theory for a nondegenerate system of
(quasi)particles, with particular emphasis on its mathemati-
cal structure and properties.

A. The linearized Boltzmann equation

We consider a dilute gas of (quasi)particles propagating
through a medium at rest. The (quasi)particles undergo
elastic and inelastic scattering off impurities in the medium,
so that neither the total energy nor the total momentum of
the gas is conserved. We assume, however, that particle
creation and annihilation are forbidden, ensuring conser-
vation of the total (quasi)particle number.
Let ε ¼ εðpjÞ denote the dispersion relation of the

(quasi)particles, where ε is the single-particle energy and
pj the momentum. We denote by fðt; xj; pjÞ the kinetic
distribution function of the gas. In equilibrium, the dis-
tribution function takes the form feq ¼ eα−βε, where β is the
inverse temperature of the medium. The parameter α is not
fixed a priori, and is determined by the total (quasi)particle
number of the gas. Now, fix an equilibrium state, and write
f ¼ feq þΦ, where Φðt; xj; pjÞ is a small perturbation.
Then, the linearized Boltzmann equation reads [Ref. [25],
Sec. 74]

ð∂t þ vj∂jÞΦ ¼ −IΦ; ð1Þ

where vj ¼ ∂ε=∂pj is the (quasi)particle velocity, and I is
some linearized collision operator.

B. Properties of the linearized collision operator

Fix a spacetime point ðt; xjÞ, and consider perturbations

ΦðpjÞ belonging to the Hilbert space H ¼ L2ðRD; dDp
ð2πÞDfeqÞ

defined at that point. The associated inner product is

ðΦ;ΨÞ ¼
Z
RD

dDp
ð2πÞDfeq

Φ�Ψ: ð2Þ

As shown in the Appendix, the collision operator I,
regarded as a linear operator on H, must always satisfy
the following physical consistency conditions [3,10,26,27]
(for all Φ;Ψ∈H)

ðΦ; IΦÞ ≥ 0;

ðΦ; IΨÞ ¼ ðIΦ;ΨÞ;
IΦ ¼ 0 if and only if Φ ¼ const × feq: ð3Þ

In particular, I is a self-adjoint, non-negative operator
with kerðIÞ ¼ spanffeqg.
The assumption on the kernel of the collision operator

has direct implications for the admissible equilibrium states
of the theory. Defining an equilibrium configuration Φeq as
a state that is homogeneous and stationary, one finds from
Eq. (1) that the only such solutions are proportional to feq,
i.e., Φeq ¼ afeq with a ¼ const. The corresponding dis-
tribution functions take the form

f ¼ feq þ afeq ¼ ð1þ aÞfeq ¼OðaÞ
eafeq ¼ eðαþaÞ−βε; ð4Þ

which represent equilibrium states with different total
(quasi)particle numbers, corresponding to a shift of the
parameter α. Equilibrium states with different temperatures
or nonzero bulk velocities are not admitted, since the
medium acts as a thermal bath; this is reflected in the lack
of energy and momentum conservation for the gas alone.

C. The Fokker-Planck ansatz

Fokker-Planck kinetic theory corresponds to a particular
realization of the Boltzmann equation (1), in which the
collision operator takes the form [22,23]

IΦ ¼ −ν
∂

∂pj

�
∂Φ
∂pj

þ βvjΦ
�
; ð5Þ

with ν > 0 a constant parameter (¼ “momentum
diffusivity”). This operator models the cumulative effect
of many uncorrelated small-angle scattering events, leading
to diffusive dynamics in momentum space. The associated
drift term ensures relaxation toward the equilibrium dis-
tribution (4) at late times.
One readily verifies that this collision operator satisfies

all properties in (3). Using f−1eq ¼ e−αþβε, one obtains
∂pj

ðf−1eq ΦÞ ¼ f−1eq ð∂pj
Φþ βvjΦÞ, which allows the colli-

sion operator to be recast in the equivalent form

IΦ ¼ −ν
∂

∂pj

�
feq

∂

∂pj
ðf−1eq ΦÞ

�
: ð6Þ
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Substituting (6) into the inner product ðΦ; IΨÞ, and
integrating by parts, yields

ðΦ; IΨÞ ¼ ν

Z
RD

dDp
ð2πÞD feq

∂

∂pj ðf−1eq Φ�Þ ∂

∂pj
ðf−1eq ΨÞ; ð7Þ

which makes the self-adjointness and non-negativity of I
manifest. Moreover, this expression shows that ðΦ;IΨÞ¼0

for all Φ (and hence IΨ ¼ 0) if and only if ∂pj
ðf−1eq ΨÞ ¼ 0,

i.e., Ψ ¼ const × feq, as required.

III. MATHEMATICAL CORRESPONDENCE
WITH THE SCHRÖDINGER EQUATION

We now demonstrate that the quasinormal modes of the
Boltzmann equation (1) with the Fokker-Planck collision
operator (5) can be formulated as solutions of an eigenvalue
problem for a perturbed Schrödinger operator. Although
this kind of transformation is standard in the analysis of
Fokker-Planck dynamics [Ref. [18], Secs. 5.4 and 5.5], its
application to the computation of the quasinormal spectrum
in kinetic theory appears to be new.

A. Derivation of the correspondence

We seek solutions of the Boltzmann equation of the form
Φðt; xj; pjÞ ¼ ΦðpjÞeikx1−iωt, with k;ω∈C. For this space-
time dependence, Eq. (1) reduces to

ð−Eþ χv1ÞΦ ¼ 1

2

∂

∂pj

�
feq

∂

∂pj
ðf−1eq ΦÞ

�
; ð8Þ

where we have introduced the rescaled parameters
E ¼ iω=ð2νÞ and χ ¼ ik=ð2νÞ.
Now, we perform the transformation Φ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πÞDfeq

q
ψ ,

under which the inner product (2) reduces to the standard
L2 inner product. In this representation, ψðpjÞ may be
viewed as an effective wave function, with pj playing the
role of an effective position coordinate. Equation (8) then
becomes

−
1

2
f−1=2eq

∂

∂pj

�
feq

∂

∂pj
ðf−1=2eq ψÞ

�
þ χv1ψ ¼ Eψ : ð9Þ

Finally, applying the product rule allows the left-hand side
to be written in Schrödinger form,

�
−
1

2

∂

∂pj

∂

∂pj
þ VχðpjÞ

�
ψ ¼ Eψ ; ð10Þ

where the effective potential is given by (compare with
Ref. [21], Sec. 4.9)

VχðpjÞ ¼
β2vjvj

8
−
β

4

∂vj

∂pj þ χv1: ð11Þ

We see that, in this formulation, the relaxation rate iω plays
the role of the energy eigenvalue, while the complexified
wave number ik serves as a perturbative parameter. If the
(quasi)particle dispersion relation ε ¼ εðpjÞ is isotropic,
the unperturbed potential V0 is likewise isotropic. In this
case, the term proportional to ik acts as a perturbation that
explicitly breaks rotational symmetry by selecting the
x-direction.
We recall that Φ ¼ feq is a solution of the Boltzmann

equation with ω ¼ k ¼ 0. Hence, as a consistency check,
let us verify explicitly that ψ ¼ ffiffiffiffiffiffiffi

feq
p

is a solution of (10)
with E ¼ χ ¼ 0

1

2

∂

∂pj

∂

∂pj

ffiffiffiffiffiffiffi
feq

q
¼ ∂

∂pj

∂

∂pj

�
1

2
e
α
2
−βε

2

�
¼ ∂

∂pj

�
−
βvj

4
e
α
2
−βε

2

�

¼ β2vjvj
8

e
α
2
−βε

2 −
β

4

∂vj

∂pj e
α
2
−βε

2 ¼ V0

ffiffiffiffiffiffiffi
feq

q
:

ð12Þ

B. Some notable effective potentials

Below, we collect the explicit form of the effective
potential corresponding to free-particle dispersion relations.
Nonrelativistic particles. For a Newtonian particle of

mass m in D spatial dimensions, the single-particle
dispersion relation is ε ¼ pjpj=ð2mÞ. The corresponding
effective potential is

VχðpjÞ ¼
β2pjpj

8m2
−
βD
4m

þ χp1

m
: ð13Þ

This potential describes a harmonic oscillator with fre-
quency β=ð2mÞ, shifted by a constant so that the ground-
state energy vanishes, in agreement with the Fokker-Planck
literature [Ref. [18], Sec. 5.5.1]. The term proportional to χ
represents a uniform force χ=m acting along the x1

direction.
Relativistic particles. For a relativistic particle of massm

in D spatial dimensions, the dispersion relation is

ε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ pjpj

q
, and the effective potential takes the form

VχðpjÞ ¼
β2pjpj

8ðm2 þ pjpjÞ
−
β

4

�
D − 1

ðm2 þ pjpjÞ1=2

þ m2

ðm2 þ pjpjÞ3=2
�
þ χp1

ðm2 þ pjpjÞ1=2
: ð14Þ

Unlike the nonrelativistic case, this potential does not admit
a simple mechanical interpretation.
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Massless particles. For massless particles in D spatial

dimensions, ε ¼
ffiffiffiffiffiffiffiffiffiffi
pjpj

q
, and the effective potential is

obtained by taking the ultrarelativistic limit m → 0 of
Eq. (14), yielding

VχðpjÞ ¼

8>>>><
>>>>:

β2

8
−
β

2
δðpÞ þ χsgnðpÞ; D ¼ 1;

β2

8
−
βðD − 1Þ
4

ffiffiffiffiffiffiffiffiffiffi
pjpj

q þ χp1ffiffiffiffiffiffiffiffiffiffi
pjpj

q ; D ≥ 2:
ð15Þ

In one spatial dimension, the effective potential consists of
an attractive Dirac delta function (compare with Ref. [18],
Sec. 5.5.4) supplemented by an odd step-function pertur-
bation. In contrast, for D ≥ 2 the potential exhibits a
Coulomb-like 1=r behavior (compare with [24]), perturbed
by a dipolar term proportional to x1=r.
The qualitative difference between the one- and higher-

dimensional cases originates from the behavior of the term
proportional to m2 in (14). Indeed, in one dimension,

Z
P

−P

m2dp

ðm2 þ p2Þ3=2 ¼
2Pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2 þ P2
p ⟶

m→0
2; ð16Þ

so that this contribution converges to 2δðpÞ, whereas in
D ≥ 2 the corresponding integral vanishes as m → 0, and
no Dirac delta term is generated. We remark that the same
result may alternatively be obtained by evaluating Eq. (11)

directly for the massless dispersion relation ε ¼
ffiffiffiffiffiffiffiffiffiffi
pjpj

q
. In

this case, the velocity field vj is smooth for pj ≠ 0, so that
∂vj=∂pj ¼ ðD − 1Þ=ε away from the origin. At pj ¼ 0,
however, the derivative becomes ill defined and must be
understood in the sense of distributions. Applying the
divergence theorem, one finds

Z
SDðPÞ

∂vj

∂pj d
Dp ¼

Z
∂SDðPÞ

vj dD−1Sj

¼
Z
∂SDðPÞ

dD−1S ¼ Areað∂SDðPÞÞ; ð17Þ

with SDðPÞ theD-sphere of radiusP. In the limit P → 0, the
surface area converges to 2 for D ¼ 1 and to 0 for D ≥ 2.

C. Quasinormal modes of Newtonian
Fokker-Planck kinetic theory

Introducing the unit vector nj ¼ ð1; 0; 0;…Þ, the poten-
tial in Eq. (13) can be rewritten in the equivalent form

VχðpjÞ¼
β2

8m2

�
pjþ4mχ

β2
nj
��

pjþ
4mχ

β2
nj

�
−
βD
4m

−
2χ2

β2
:

ð18Þ

This expression describes a D-dimensional harmonic
oscillator in momentum space, translated along the −x1
direction by an amount 4mχ=β2 and shifted downward by a
constant. The corresponding quasinormal spectrum is
therefore discrete and given by

EN ¼ β

2m
N−

2χ2

β2
⇒ iωN ¼ νβ

m
Nþ k2

β2ν
; N∈N: ð19Þ

Strictly speaking, the correspondence with a harmonic
oscillator holds for real χ (i.e., imaginary k). Nevertheless,
upon complexifying χ, the Hermite eigenfunctions remain
normalizable and continue to satisfy (10) by analytic
continuation. The dispersion relations above therefore
extend to arbitrary complex k, and are plotted in Fig. 1.

IV. ULTRARELATIVISTIC PARTICLES
IN ONE DIMENSION

We are finally entering the central part of the paper,
where we determine the quasinormal modes of ultrarela-
tivistic Fokker-Planck kinetic theory, and compare the
resulting spectrum with the Newtonian case (shown in
Fig. 1). The mathematical analysis is more involved than
in the Newtonian case (discussed in Sec. III C), but the
problem ultimately boils down to computing the spectra of
non-Hermitian Hamiltonians. In this section, we focus on
the one-dimensional problem, corresponding to the case
D ¼ 1 in (15).

A. Setup of the problem

We seek solutions ψðpÞ of the differential equation

−
1

2
ψ 00 ¼

�
E −

β2

8
þ β

2
δðpÞ − χsgnðpÞ

�
ψ ð20Þ

that remain bounded as jpj → ∞ (if ψ is square integrable,
the corresponding E belongs to the point spectrum; if ψ is
oscillatory, E belongs to the continuous spectrum [Ref. [28],
Sec. 21]). This defines a standard one-dimensional
Schrödinger problem, with the important difference that χ
may in general be complex, rendering the Hamiltonian
non-Hermitian. Nevertheless, the construction of solutions
proceeds along familiar lines. In particular, Eq. (20) can be
treated piecewise as

−
1

2
ψ 00 ¼

�
E −

β2

8
þ χ

�
ψ ; p < 0;

−
1

2
ψ 00 ¼

�
E −

β2

8
− χ

�
ψ ; p > 0; ð21Þ

supplemented by the matching conditions at p ¼ 0,

ψð0þÞ ¼ ψð0−Þ; ψ 0ð0þÞ − ψ 0ð0−Þ ¼ −βψð0Þ; ð22Þ
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together with the requirement that ψ remain finite as
p → �∞.

B. General form of the solutions

The general solution of Eq. (21) can be written as

ψðpÞ ¼
�
Ae−ðr1þis1Þp þ Beðr1þis1Þp; p < 0;

Ce−ðr2þis2Þp þDeðr2þis2Þp; p > 0;
ð23Þ

where A;B; C;D∈C are arbitrary constants and
r1; s1; r2; s2 ∈R are related to E and χ via

E ¼ β2

8
−
1

4
½r21 þ r22 − s21 − s22 þ 2iðr1s1 þ r2s2Þ�;

χ ¼ −
1

4
½r21 − r22 − s21 þ s22 þ 2iðr1s1 − r2s2Þ�: ð24Þ

By varying r1, s1, r2, s2 and imposing the boundary and
matching conditions through appropriate choices of A, B,
C, D, the full quasinormal-mode spectrum can be explored.
Without loss of generality, we will take r1, r2 ≥ 0.

C. The hydrodynamic mode

To determine the discrete part of the spectrum, we look
for physical eigenfunctions, i.e., for states belonging to the
Hilbert space. In the present context, this is equivalent to
requiring that ψ decay at spatial infinity. This condition
enforces r1, r2 > 0, which in turn implies A ¼ D ¼ 0.

Continuity of the wave function at the origin then requires
B ¼ C. By linearity, we may fix their common value to
unity, yielding the bound-state ansatz

ψðpÞ ¼
(
eðr1þis1Þp; p < 0;

e−ðr2þis2Þp; p > 0:
ð25Þ

It remains to impose the second matching condition
in (22), which leads to the constraints r1 þ r2 ¼ β and
s1 þ s2 ¼ 0. Substituting these relations into (24), we
obtain

E¼−
1

2

�
r1þ is1−

β

2

�
2

; χ¼−
β

2

�
r1þ is1−

β

2

�
: ð26Þ

Combining these expressions yields a single hydrodynamic
dispersion relation, valid for complex k,

ω ¼ −i
k2

β2ν
: ð27Þ

This is precisely the same diffusive mode encountered in
the Newtonian theory, with an identical diffusion coeffi-
cient. There is, however, an important subtlety: this mode
does not exist for arbitrary complex k. Indeed, since r1,
r2 > 0 and r1 þ r2 ¼ β, Eq. (26) implies the bound

FIG. 1. Quasinormal frequencies of nonrelativistic Fokker-Planck kinetic theory for imaginary k (left) and real k (right), in units of the
spectral gap βν=m. The hydrodynamic mode is unique and nondegenerate, and exhibits an exact diffusive dispersion relation ω ¼ −iDk2

at all k, with diffusion coefficient D ¼ ðβ2νÞ−1. In addition, an infinite tower of nonhydrodynamic modes is present, equally spaced by
νβ=m and degenerate forD ≥ 2. For real k, all modes remain purely damped, i.e. ω∈ iR, in sharp contrast with RTA [7,11,12], where the
nonhydrodynamic modes form a continuous line ω∈R − i × gap. This qualitative difference originates from the microscopic dynamics
encoded in the collision operator: in RTA, particles propagate ballistically between collisions, whereas the Fokker-Planck operator
describes diffusion in momentum space induced by many small-angle scatterings, which in turn enforces diffusive motion in real space
at all scales (at least in the Newtonian case).
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−
β2ν

2
< Im k <

β2ν

2
: ð28Þ

In summary, the discrete spectrum consists of a single
dispersion relation (the hydrodynamic mode) which is well
defined for all real values of k, but ceases to exist once
jIm kj < β2ν=2 is violated.

D. Purely oscillatory wave functions

All nonhydrodynamic modes belong to the continuous
spectrum. In the present setting, this implies that the
associated wave functions do not decay as p → �∞, but
instead remain oscillatory in at least one direction. Let us
focus on solutions that oscillate for both p < 0 and p > 0,
corresponding r1 ¼ r2 ¼ 0. In this case, (24) reduces to

E ¼ β2

8
þ s21 þ s22

4
; χ ¼ s21 − s22

4
: ð29Þ

Inspection of the matching conditions in Eq. (23) shows
that, for any ðs1; s2Þ∈R2, there exists a choice of coef-
ficients A, B, C, D satisfying all constraints. Consequently,
every pair ðE; χÞ∈R2 with E ≥ β2=8þ jχj corresponds to
a nonhydrodynamic mode. This implies the presence of a
continuous band of quasinormal modes with k∈ iR and

iω ≥
β2ν

4
þ jkj: ð30Þ

E. Hybrid cases

The remaining case corresponds to hybrid solutions in
which the wave function decays on one half-line and
remains oscillatory on the other, i.e. either r1 > 0 and
r2 ¼ 0 or r1 ¼ 0 and r2 > 0. We analyze explicitly the first
situation, r2 ¼ 0, as the second is entirely analogous.
Substituting r2 ¼ 0 into (24), we obtain

E ¼ β2

8
−
1

4
½ðr1 þ is1Þ2 − s22�;

χ ¼ −
1

4
½ðr1 þ is1Þ2 þ s22�; ð31Þ

which implies the relation E ¼ β2=8þ χ þ s22=2. The
problem, therefore, reduces to determining the allowed
values of χ and s2. Imposing continuity of the wave
function at the origin yields

ψðpÞ ¼
�
Beðr1þis1Þp; p < 0;

B cosðs2pÞ þ F sinðs2pÞ; p > 0;
ð32Þ

with F ∈C. The derivative matching condition in (22) then
gives s2F − ðr1 þ is1ÞB ¼ −βB. If B ¼ 0, this relation
forces s2F ¼ 0, leading to the trivial solution ψ ≡ 0. We
may therefore assume B ≠ 0 and, by linearity, set B ¼ 1,

leaving s2F ¼ r1 − β þ is1. This condition can be satisfied
for arbitrary r1 > 0, s1 ∈R, and s2 ≠ 0. Since the spectrum
of the operator is closed,2 the limiting case s2 ¼ 0 is also
included by continuity. As a result, one obtains the
quasinormal band E∈ χ þ ½β2=8;þ∞Þ, or equivalently

iω∈ ikþ
�
β2ν

4
;þ∞

�
: ð33Þ

Finally, we address the range of admissible χ. Since
r1 þ is1 may be any complex number with positive real
part, ðr1 þ is1Þ2 spans Cnð−∞; 0�. The present construc-
tion therefore does not cover the case χ > 0; however, this
regime was already analyzed in Sec. IV D and yields
the same spectral band (33). Repeating the analysis for
the complementary case r1 ¼ 0 and r2 > 0 leads to the
symmetric band

iω∈ − ikþ
�
β2ν

4
;þ∞

�
: ð34Þ

F. Putting everything together

Having analyzed all admissible solution sectors, we have
thus determined the complete quasinormal-mode spectrum
of the theory. The resulting spectra are displayed in Fig. 2,
respectively for imaginary wave number k (left panel) and
for real k (right panel). For purely imaginary wave number,
k∈ iR, the spectrum can be written explicitly as

iω∈

8>>><
>>>:

�
−
ðikÞ2
β2ν

�
∪
�
β2ν

4
− jikj;þ∞

�
; jikj<β2ν

2
;

�
β2ν

4
− jikj;þ∞

�
; jikj≥β2ν

2
:

ð35Þ

In this case, the hydrodynamic diffusive mode ω ¼
−ik2=ðβ2νÞ is present only for sufficiently small jkj, while
for larger imaginary wave number it merges into the
nonhydrodynamic continuum. The remaining modes form
a continuous band bounded from below, corresponding to
oscillatory or hybrid solutions of the effective Schrödinger
problem. For real wave number, k∈R, the quasinormal
spectrum instead takes the form

ω∈
�
−i

k2

β2ν

�
∪ k − i

�
β2ν

4
;þ∞

�
∪ −k − i

�
β2ν

4
;þ∞

�
:

ð36Þ
In this case, the hydrodynamic mode remains purely
diffusive for all k, while the nonhydrodynamic modes
organize into two continuous branches with real parts �k

2A self-adjoint operator perturbed by a bounded operator is
closed, and closed operators have closed spectrum.
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and uniform damping bounded from below by β2ν=4.
These branches correspond to propagating, damped exci-
tations, reflecting the persistence of inertial transport in the
relativistic Fokker-Planck dynamics.

V. ULTRARELATIVISTIC PARTICLES
IN THREE DIMENSIONS

In this final section, we analyze the quasinormal-mode
spectrum of ultrarelativistic Fokker-Planck kinetic theory
in three spatial dimensions, corresponding to D ¼ 3 in
Eq. (15). While a complete analytic determination of the
spectrum at finite k is not available in this case, the
hydrodynamic mode and the continuous spectrum can still
be obtained in closed form, and the remainder of the
spectrum can be constrained using standard tools from
functional analysis.

A. Spectrum at zero wave number

We look for solutions ψðp1; p2; p3Þ of the Schrödinger
equation

�
−
1

2

∂

∂pj

∂

∂pj
þ β2

8
−

β

2p
þ χp1

p

�
ψ ¼ Eψ ð37Þ

that remain bounded in the limit p≡
ffiffiffiffiffiffiffiffiffiffi
pjpj

q
→ ∞. For

χ ¼ 0, the problem reduces to that of the hydrogen atom,

with the Coulomb potential shifted upward by a constant
β2=8. It follows that, at vanishing wave number, the
spectrum consists of an infinite list of discrete points,
together with a continuous branch, given by

EN ¼ β2

8

�
1−

1

N2

�
⇒ iωN ¼ β2ν

4

�
1−

1

N2

�
; N∈N;

E∈
�
β2

8
;þ∞

�
⇒ iω∈

�
β2ν

4
;þ∞

�
: ð38Þ

In particular, there is a unique, nondegenerate hydrodynamic
mode with iω1 ¼ 0. The slowest nonhydrodynamic modes
arise from the N ¼ 2 Coulomb level, which is fourfold
degenerate (reflecting the N2 hydrogenic degeneracy) and
has relaxation rate iω2 ¼ 3β2ν=16. At finite k, some of this
degeneracy is expected to be lifted, since the term p1=p
explicitly breaks isotropy, leaving the same residual degen-
eracy as in the Stark effect [Ref. [28], Sec. 76].
Our goal is to determine how the spectrum is modified

upon introducing the dipolar perturbation χp1=p, allowing
for complex values of χ.

B. The hydrodynamic mode

One may verify directly that the ansatz

ψ ¼ e
− βp

2
− 2χp1

β ð39Þ

FIG. 2. Quasinormal frequencies of ultrarelativistic Fokker-Planck kinetic theory in one spatial dimension, for imaginary k (left) and
real k (right), all in units of β2ν=4 (the spectral gap at k ¼ 0). Left panel: a single hydrodynamic mode exhibits diffusive dispersion,
ω ¼ −iDk2, with diffusion coefficient D ¼ ðβ2νÞ−1. All remaining modes form a continuum (yellow region). The diffusive mode
merges into the continuum before being able to cross the line Imω ¼ jIm kj (dashed), whose violation would signal acausality
[29,30]. Right panel: for real k, the hydrodynamic mode is imaginary, while the nonhydrodynamic modes organize into two vertical
continua emerging from ð�k;−igapÞ. The appearance of propagating nonhydrodynamic modes in the relativistic theory, in contrast with
the purely damped Newtonian spectrum, reflects the underlying microscopic dynamics: momentum diffusion in the Newtonian case
leads to overdamped Brownian motion, whereas in the ultrarelativistic one-dimensional case the discrete velocity spectrum (v ¼ �1)
permits ballistic propagation despite stochastic momentum exchange.
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is an exact eigenfunction of (37), with eigenvalue
E ¼ −2χ2=β2. This solution yields the diffusive dispersion
relation ω ¼ −ik2=ðβ2νÞ. As can be seen, the diffusivity
D ¼ ðβ2νÞ−1 coincides with that obtained in the one-
dimensional analysis, cf. Eq. (27), which in turn agrees
with the Newtonian result. As before, imposing bounded-
ness of ψ at infinity leads to the constraint jReχj ≤ β2=4,
or equivalently jIm kj ≤ β2ν=2, which is precisely the
same consistency condition (28) encountered in the one-
dimensional case.

C. The continuous part of the spectrum

For Schrödinger-type operators with bounded potentials
that depend smoothly on the angular variables, the con-
tinuous spectrum can be characterized using a standard
argument due to Weyl [Ref. [31], Lemma 6.17]. One
considers a compactly supported wave function ψ , and
translates it arbitrarily far in a fixed direction. As the support
of ψ is pushed toward spatial infinity, the potential
approaches a direction-dependent constant, so that ψ
asymptotically behaves as a free particle subject to this
effective potential. The corresponding free-particle energies
generate a subset of the continuous spectrum. Repeating this
construction for all directions reconstructs the full continu-
ous spectrum.

In the present case, a wave function localized at infinity
experiences the asymptotic potential Vχ ¼ β2=8þ χ cos θ,
where θ denotes the angle between the p1 axis and
the direction along which the wave function is trans-
lated. The associated spectral contribution is therefore
E∈ χ cos θ þ ½β2=8;þ∞Þ, a result that remains valid even
for complex χ. Taking the union over all angles and
mapping back to frequencies and wave vectors yields

ω∈ k½−1; 1� − i

�
β2ν

4
;þ∞

�
: ð40Þ

For any fixed k ∉ iR, this describes a two-dimensional
region in the complex ω plane whose extent in Reω
coincides with that of the relativistic relaxation-time
approximation, while extending to −∞ along the Imω
direction.
Note that, when k∈ iR, the combined contribution of the

hydrodynamic mode and the continuous branch reproduces
exactly the spectrum of the one-dimensional system given
in Eq. (35), see Figs. 2 and 3.

D. Analytical constraints on the discrete
nonhydrodynamic modes

The discrete nonhydrodynamic eigenvalues at finite
wave number are not as easily accessible. Nevertheless,

FIG. 3. Quasinormal frequencies of ultrarelativistic Fokker-Planck kinetic theory in three spatial dimensions, for imaginary k (left) and
real k (right), all expressed in units of β2ν=4 (the spectral gap of the continuous band, “c.gap,” at k ¼ 0). Left panel: a single
hydrodynamic mode exhibits diffusive dispersion, ω ¼ −iDk2, with diffusion coefficient D ¼ ðβ2νÞ−1. Above it, we find an infinite
tower of discrete modes that we could not determine analytically, but two of which (specifically, two of the three modes emerging from
the splitting of the first nonhydrodynamic level ω2) have been calculated numerically for illustration (green). At k ¼ 0, the spectral
degeneracy is the same as that of the hydrogen atom, and just like the hydrogen atom, these levels undergo Stark splitting at finite k. The
remaining modes form a continuum (yellow region). Again, the diffusive mode merges into the continuum before it gets a chance of
crossing the boundary of stability Imω ¼ jIm kj (dashed). Right panel: for real k, the hydrodynamic mode is imaginary, while the
discrete nonhydrodynamic modes may acquire a real part, as shown by the two numerical examples (green). The continuous branch
forms an infinitely long vertical rectangle with upper corners ð�k;−ic:gapÞ (yellow), signaling the presence of ballistic propagation,
whose existence is discussed in Sec. V E. In both panels, the shade of red marks the forbidden region, where we are guaranteed not to
find other modes.
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since the perturbation χp1=p is a bounded operator with
operator norm jχj, several general constraints on the mode
structure can be established. For example, all discrete
eigenvalues are guaranteed to be analytic in a neighborhood
of χ ¼ 0 [32]. They therefore admit convergent power-
series expansions in χ, and standard perturbative methods
apply, although we will not pursue this analysis explic-
itly here.
A second, and more informative, constraint follows from

general results on bounded perturbations of self-adjoint
operators. When a self-adjoint operator is perturbed by a
bounded (not necessarily self-adjoint) operator of norm jχj,
the spectrum of the perturbed operator must lie within a
distance jχj in the complex plane from the unperturbed
spectrum [33] [Sec. 5.4.3]. In the present case, the
unperturbed spectrum consists of the set ∪N fENg ∪
½β2=8;þ∞Þ given in Eq. (38). It follows that the discrete
eigenvalues at finite χ must lie within the closed jχj-
neighborhood of this set in the complex plane. The region
excluded by this criterion (and by stability) is marked in red
in Fig. 3.

E. About ballistic propagation

We recall that, in the Newtonian case (Fig. 1), the
spectrum for real k is purely damped, ω∈ iR, in contrast
with the relaxation-time approximation, where a continu-
ous ballistic branch is present. This difference originates
from the underlying microscopic dynamics. In the
Newtonian Fokker-Planck theory, random momentum
kicks Δpj induce velocity changes Δvj ¼ Δpj=m, leading
to diffusive spreading of perturbations and suppressing
ballistic propagation. In the one-dimensional ultrarelativ-
istic case, by contrast, the velocity takes only the discrete
values v ¼ �1. Small momentum transfers therefore do
not generically change the particle velocity, and ballistic
motion is preserved, giving rise to two continuous spectral
branches with Reω ¼ �k (Fig. 2).
A similar mechanism persists in three-dimensional space.

The continuous spectrum is controlled by the large-
momentum sector. In this limit, momentum fluctuations
induce velocity changes Δvk ¼ ðδkj − vkvjÞΔpj=ε → 0, so
that the velocity becomes asymptotically conserved.
Relativistic Fokker-Planck kinetics therefore admits ballistic
transport, resulting in a continuous band of modes with
Reω∈ ½−k; k� (Fig. 3).

VI. CONCLUSIONS

In this work, we have determined the quasinormal-mode
spectrum of ultrarelativistic kinetic theories with a Fokker-
Planck collision integral [22,23]. By exploiting the unitary
equivalence between detailed-balanced Fokker-Planck
operators and Schrödinger-type Hamiltonians, we recast
the kinetic eigenvalue problem at fixed wave number as a
quantum spectral problem with a perturbation proportional

to the wave number. This correspondence provides a
unified framework for analyzing both hydrodynamic and
nonhydrodynamic excitations.
A central result of our analysis is that the hydrodynamic

sector is governed by a single diffusive mode with
dispersion relation ω ¼ −ik2=ðβ2νÞ, identical in one and
three spatial dimensions. This mode exists only within
a finite strip in the complex wave number plane,
jIm kj ≤ β2ν=2, beyond which it merges into the non-
hydrodynamic continuum. These explicit bounds enforce
covariant stability and ensure that the diffusive mode
never violates the relativistic causality constraint Imω ≤
jIm kj [29,30].
In one spatial dimension, the remainder of the spectrum

consists entirely of continuous branches. For real wave
numbers, these organize into two vertical continua with
Reω ¼ �k, signaling ballistic propagation despite sto-
chastic momentum exchange. In three spatial dimensions,
the unperturbed problem reduces to the hydrogen atom,
yielding an infinite tower of discrete nonhydrodynamic
modes together with a continuous band. At finite wave
number, we characterized the full continuous spectrum
using Weyl-type arguments and showed that relativistic
Fokker-Planck kinetics generically admits a ballistic con-
tinuum with Reω∈ ½−k; k�.
Our results clarify how relativistic kinematics qualita-

tively modifies transient dynamics in kinetic theories with
momentum-space diffusion. While stochastic scattering is
present at the microscopic level, relativistic velocity satu-
ration suppresses velocity randomization at high energy,
allowing ballistic propagation to survive in the nonhydro-
dynamic sector. At the same time, the hydrodynamic
response remains strictly diffusive, with stability bounds
on its domain of validity.
Finally, these spectral results play a crucial role in a

companion work [34], where we use them to construct
explicit solutions of relativistic Fokker-Planck kinetic
theory whose associated particle density obeys the diffu-
sion equation exactly, even at finite wavelength. Together,
these works provide a coherent and fully relativistic
account of how diffusion and ballistic transport coexist
in stochastic kinetic systems.
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APPENDIX: DERIVATION OF THE PROPERTIES
OF THE COLLISION OPERATOR

In kinetic theory, the current densities of (quasi)particles,
energy, and entropy, are given by3

Jμ ¼
Z

dDp
ð2πÞD

�
1

vj

�
f; Wμ ¼

Z
dDp
ð2πÞD

�
1

vj

�
fε;

sμ ¼
Z

dDp
ð2πÞD

�
1

vj

�
fð1 − ln fÞ: ðA1Þ

Now, if the gas were an isolated system, the energy-
momentum flux Wμ would be conserved, and the entropy
current sμ would have non-negative divergence. In the
present setting, however, the surrounding medium acts as a
thermal bath, allowing for the exchange of energy and
entropy with the environment. Thermodynamics never-
theless implies that the free energy of a system coupled to a
heat bath is nonincreasing [Ref. [36], Sec. 20], which can
be expressed as ∂μðsμ − βWμÞ ≥ 0, where β denotes the
inverse temperature of the bath. In addition, the (quasi)
particle current Jμ is conserved, implying ∂μzμ ≥ 0, where
the Massieu current is defined as zμ ¼ sμ þ αJμ − βWμ.
Writing this current explicitly and decomposing the dis-
tribution function as f ¼ feq þΦ, one finds [37,38]

zμ ¼
Z

dDp
ð2πÞD

�
1

vj

�
fð1 − ln f þ ln feqÞ

¼
Z

dDp
ð2πÞDfeq

�
1

vj

��
feq2 −

1

2
Φ2

�
þOðΦ3Þ: ðA2Þ

Taking the divergence of this equation and using (1), one
finds 0 ≤ ∂μzμ ¼ ðΦ; IΦÞ þOðΦ3Þ. In the small-Φ limit,
this implies the inequality ðΦ; IΦÞ ≥ 0 for real Φ.
Furthermore, to quadratic order in Φ, the time component
of the Massieu current reads z0 ¼ const − 1

2
ðΦ;ΦÞ. Thus,

the bilinear form ð·; ·Þ coincides with the entropic quadratic
form entering the Onsager reciprocity relations. Applying
the Onsager symmetry principle under PT symmetry [27],
it follows that the operator I is real and symmetric. Together
with the positivity property derived above, this implies that
I admits a non-negative (Friedrichs [31], Sec. 2.3) self-
adjoint extension on the whole complex Hilbert space H.
This proves the first two lines of (3).
The last statement follows from the conservation of the

(quasi)particle current,

0 ¼ ∂μJμ ¼
Z

dDp
ð2πÞD ð∂t þ vj∂jÞΦ

¼ −
Z

dDp
ð2πÞD IΦ ¼ −

Z
dDp

ð2πÞDfeq
feqIΦ

¼ −ðfeq; IΦÞ ¼ −ðIfeq;ΦÞ; ðA3Þ

where, in the last step, we used the Hermiticity of the
operator I. Since (A3) must hold for arbitrary local values
ofΦ, it follows that Ifeq ¼ 0. Together with the assumption
that no additional linearly independent conserved currents
exist, this establishes the final property in (3).
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