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We compute structure functions for the Drell-Yan process in proton-proton collisions at the center-of-
mass energy /S = 8 TeV, both parity conserving and parity breaking. For this calculation, we use the
high-energy factorization formalism. The hard scattering matrix elements used in our derivation consist of
two channels, ¢,;9° = ¢V* and g*g* — qgV*, both at the tree level. We consider four types of gluon
transverse momentum distribution (TMD) models: Gaussian, Weizsicker-Williams (WW), Kimber-
Martin-Ryskin (KMR), and Jung-Hautmann. We also consider the models with phenomenological
adjustments to improve the data description. We additionally compare the KMR model with its next-
to-leading-order extension, called the Martin-Ryskin-Watt model, and the Kotikov-Lipatov result for the
gluon TMD. We derive and compare the structure functions calculated for different gluon TMD models
with the ATLAS 2016 data. Based on this comparison, we calculate y* per number of degrees of freedom
for each of the predictions. This assessment shows clear differences between the predictions obtained with
different TMD models, both in the description of the full dataset and in the case of individual structure
functions. The best description of the structure functions’ data is obtained with one of the modified WW
models. Our analysis can serve to identify the features of the TMD model that should be considered in

future gluon TMD fits.

DOI: 10.1103/6syl-hp6j

I. INTRODUCTION

The Drell-Yan (DY) process [1] is one of the most
informative probes of the internal structure of hadrons. In
this process, a lepton-antilepton (dilepton) pair is produced
through the decay of a neutral electroweak (EW) gauge
boson, either a virtual photon y* or a Z° boson. The DY W+
production can also occur, followed by the decay of the
boson into a charged lepton-antineutrino (or charged
antilepton-neutrino) pair. The dilepton pair angular distri-
bution is described by functions of the dilepton angles
(¢, 9) and angular coefficients A; directly related to the DY
structure functions (will refer to them as the structure
functions interchangeably). They have been extensively
studied within the parton model [2-5], in which nontrivial
relations among them were derived in Refs. [6-8].

The structure functions depend on the dilepton invariant
mass M, its total transverse momentum g7, and its rapidity
y. For the photon exchange, the only contribution comes
from the parity-conserving structure functions, which,
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including the differential cross section integrated over the
dilepton angles, can be parametrized with four independent
functions. For the Z° and W= bosons, there exist addition-
ally five more functions that break parity. The Drell-Yan
total cross section and the structure functions were mea-
sured accurately at the LHC [9,10]. The structure functions
were measured at the Z° resonance, i.e., at M = M, where
the contribution of y* is negligible, as functions of the
dilepton total transverse momentum ¢g;. Most of the data are
well described by the next-to-leading-order (NLO) calcu-
lations within the collinear perturbative QCD (pQCD) [10].
Here, order denotes the perturbative order in the calculation
of the differential distribution, with the leading contribution
occurring at O(a;) and corresponding to parton plus EW
boson production. One significant exception from the
theory and data agreement is the Lam-Tung combination
Apr, which reaches values around A;;~0.15 at
qr ~ 80 GeV, while the NLO predictions give values
around A; 7 = 0.09. The Lam-Tung relation A;7 =0 [6—
8] is satisfied up to the leading order (LO) (V* + jet
production) in the collinear pQCD, and its breaking at
higher orders is related to real emissions that generate
additional transverse momentum, causing the rotation of the
parton plane with respect to the hadron plane [11,12].
The collinear factorization framework for high-energy
scattering processes involving hadrons, such as deep inelas-
tic scattering (DIS), semi-inclusive DIS, and the Drell-Yan
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process, is well established and rigorously formulated in
pQCD [13-16]. At the leading twist in the collinear
factorization framework, the hadronic cross section is given
by a convolution of parton distribution functions (PDFs),
which encode nonperturbative physics below the factoriza-
tion scale y, and hard scattering matrix elements computed
in pQCD with on-shell initial partons. Within this formal-
ism, a wide range of observables have been derived and
studied, including the dilepton angular distributions in DY
production. The DY structure functions were computed
within the collinear framework at LO [3-5,17], NLO
[18-20], and next-to-next-to-leading-order (NNLO) accu-
racy [21] in the perturbative @, expansion, with the inclusion
of NLO EW corrections [22]. Explicit phenomenological
studies exist for V* 4+ jet processes [23], in particular within
Monte Carlo implementations [24]. In addition, the impact
of resummation effects on the angular decomposition was
investigated within the collinear framework [25].

The discrepancy between the NNLO prediction and the
Apr data, connected with the fact that the Lam-Tung
relation breaks down due to partons’ transverse momenta,
induced the idea of incorporating partons’ transverse
momenta from the beginning. To account for these trans-
verse momenta, we use the so-called high-energy factori-
zation (or kp factorization), derived and described in
[26,27], where, in particular, the formulation of obtaining
the cross section from hard matrix elements within this
scheme was explained. The DY process within this
approach was studied in, e.g., [28-36]. It was shown in
[37] that within the k; factorization approach, significant
improvement in the description of A;; can be reached,
especially with the transverse momentum distributions
(TMDs, alternatively called transverse momentum—
dependent parton distribution functions—TMD PDFs) with
slow ky fall-off. This result is the main inspiration for this
work. We consider the TMDs used in [37] together with
other models to check if the A;; description can be
improved, and if the remaining structure functions’ descrip-
tion stays in agreement with the data. It should be mentioned
that DY structure functions have also been studied within
high-energy factorization in an alternative formulation where
both quarks and gluons are reggeized [38—41]. The DY
structure functions have been studied within the k7 factori-
zation framework at order O(aa,) [32] and within the color
glass condensate (CGC) formalism, with particular emphasis
on the Lam-Tung combination [30,31]. Within the CGC
framework, these observables have also been analyzed using
the color-dipole formalism [42], including investigations of
higher-twist effects [43,44].

An alternative framework that incorporates partonic
transverse momentum effects is the transverse momen-
tum—dependent factorization in the Collins-Soper-Sterman
(CSS) formalism [45]. This approach applies in the region
of small transverse momenta, k% < M2, and resums
logarithms of the form log(M?/k%). In contrast, the ky

factorization is designed for kinematics with k3 ~ M? < S
and resums the large logarithms of 1/x, employing off-shell
partons in the hard scattering matrix elements. The TMD
factorization admits a rigorous operator formulation of
TMDs and can be systematically matched to the collinear
factorization. The DY structure functions in the small
dilepton transverse momentum (g;) region have been
studied within the CSS framework and compared with
experimental data in [46,47].

The parton TMDs parametrize the hadronic structure,
providing the basis for QCD evolution in the transverse
momentum scale and rapidity. In the small-x regime, the
best known evolution equation that resums logarithms of
1/x and incorporates transverse momentum is the Balitsky-
Fadin-Kuraev-Lipatov (BFKL) equation [48-51], which is
linear and violates unitarity at very small x. The Catani-
Ciafaloni-Fiorani-Marchesini (CCFM) [52-55] equation
interpolates the BFKL evolution at small x and the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evo-
lution in factorization scale, by taking into account effects
of angular ordering and color coherence. At high parton
densities, the gluon saturation effects become important and
are taken into account in the Balitsky-Kovchegov equation
[56,57] and, more generally, by the Jalilian-Marian-lancu-
McLerran-Weigert-Leonidov-Kovner evolution equations
[58—62], which are nonlinear and consistent with unitarity,
in contrast with the BFKL equation.

The gluon TMD denoted by F(x,k%,u2) in general
depends on the longitudinal momentum fraction x of the
parent hadron, transverse momentum k; with respect to
hadron momentum, and the factorization scale up. It
provides information about the internal structure of
hadrons, in particular of the proton. Since it depends on
a larger number of parton kinematic variables, it should
provide a more accurate description of the hadron structure
in the region of applicability of the k; factorization at a
given order in perturbation expansion than the description
given by the collinear PDFs. Therefore, the determination
of the accurate TMD parametrization is important for
obtaining precise hadron scattering predictions. There
are many different TMD models in use today, each with
different properties and origins. To distinguish and evaluate
these models, it is important to find observables sensitive to
transverse momentum effects.

In conclusion, we consider all the Drell-Yan structure
functions with a separate consideration of the Lam-Tung
combination A;; for different TMD models. In our
formalism, we take into account two channels, the scatter-
ing of two off-shell gluons g*¢g* — ¢gV* and the scattering
of the collinear valence quark and off-shell gluon
qvag” — qV*, both at the tree level, where V* denotes a
virtual electroweak gauge boson y* or Z°. We apply four
different types of gluon TMD models, which come from
QCD evolution equations or are inspired by QCD. These
models are the quasicollinear Gaussian model, which
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comes from the Golec-Biernat-Wiishoff saturation model
[63], the Jung-Hautmann model, which is the result of the
CCFM evolution equation [52-55], the Kimber-Martin-
Ryskin (KMR) model [64-66], which comes from the
collinear DGLAP evolution equation [67-70], and the
Weizsicker-Williams model [37], which is a phenomeno-
logical model based on a concept of the gluon TMD to be
driven by the Weizsdcker-Williams gluon emission from
valence quarks, and should not be confused with
Weizsicker-Williams TMD used in the k; factorization
framework, see, e.g., [71]. We also proposed a modified
Weizsicker-Williams model, which preserves the kp
dependence of the original model, but adopts the depend-
ence on x and the factorization scale from the collinear
gluon PDF. For models with the collinear x dependence, we
also consider a simple phenomenological modification
relying on x rescaling, which should account for the
additional generation of invariant mass in the process
involving the transverse momenta of partons compared
to the collinear process. Additionally, we compared the
KMR model based on the LO DGLAP splitting with the
NLO extension given by the Martin-Ryskin-Watt (MRW)
prescription [72] and with the Kotikov-Lipatov (KL) model
based on the analytical solution of DGLAP as input in the
KMR procedure [73]. Some of the models underestimated
the total Drell-Yan cross section, which led us to adjust
these models by normalizing them to the total cross section
data [9]. We observe that the Drell-Yan structure functions
indeed differentiate between the gluon TMD models. The
Weizsicker-Williams model works quite well in compari-
son to the other models. Its modifications do not signifi-
cantly change the description of the Lam-Tung
combination, but their predictions for other structure
functions are different—some are improved, while others
are slightly worsened. We summarize the results in terms of
x? per number of degrees of freedom, and their ratio to the
minimum y? value.

II. KINEMATICS

We consider two colliding hadrons with momenta P and
P, that produce a lepton (/7)-antilepton (/™) (dilepton) pair.
In the standard light cone coordinates, the hadronic
momenta can be written as

2
Pll = (\/E,M—\/g,()) %(\/E,O;O)::Pl,

2
P, = (%\/EO) ~ (0, \/3;0) =:P,,

where S = (P, + P,)? is the center-of-mass collision
energy, and we will consistently neglect the hadron mass
My, because in the high-energy limit M, //S < 1. The
other momenta will be represented using Sudakov decom-
position

(2.1)

2 1 n2
P:XP1+wP2+PT’ (2:2)
xS

where pr = (0,0;py) is such that py- Py = pr- P, =0
and m? = p>.

We denote the virtual boson momentum as ¢, its mass as
M, and define its transverse mass by M2 = M? + q2, so
that its Sudakov decomposition reads

M2
q=xpPy +—LP) +qr.
XFS

(2.3)
where xp is the so-called Feynman x. The elec-
troweak gauge boson rapidity y in the laboratory frame
is related to xp by the equation y = In(xzv/S/My), or
conversely xp = Mye”//S.

In general we define a coordinate system by the four-
vectors (T, X, Y, Z), which are orthogonal and normalized
asT? =1, X> = Y? = 7> = —1. We choose ¢ to define the
time direction as T# := ¢*/M and X, Z coordinates to span
the hadronic plane,

Xt =a, P"

P
(1 Ta-Pey,

—pf P P
zZ+ ._ﬂ+P(+) —l—ﬁ_P(_), (2.4)
where a, ;. are coefficients that define the specific frame
and we defined the + vectors as P4 = P £ P,, with tilde
meaning that they are projected onto a hyperplane orthogo-

nal to ¢, i.e., 13? 1) = Z]"”P(i>y, with the projection defined as

v

q"q
M2

o= g - (25)

The Y coordinate is defined to complete the right-oriented
orthonormal basis.

All the calculations are performed in the Collins-Soper
frame [2], where the Z-axis is defined to bisect the angle
formed by the hadrons’ momenta directions in the particle
rest frame. This definition leaves ambiguity due to two
possible ways of choosing bisectors between two non-
oriented directions. Such a definition fixes the Z-axis up to
a sign. The orientation of the Z-axis is consistent with the
Z-direction of the lepton pair in the laboratory reference
frame. Therefore, it reverses the sign for the negative
rapidity y, and due to the requirement of a right-handed
basis, the Y-axis also reverses the sign. In this frame the
coefficients a; and S, are equal to

M(Q'Pi)
qrMrS

(CI'P:F)‘

s (2.6)

’ ﬂi::F

We denote the leptons’ momenta as /; and [, for the
lepton [~ and antilepton [T, respectively. The angles of
the dilepton in the center-of-momentum (COM) frame are
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defined through the scalar products with the chosen
coordinates

M M
ll/z-X::F?sinﬁcosqﬁ, ll/z-Y:$75in8Sin¢,

M
ll/z'Z: :F?COSlg. (27)
Given the coordinates, we can define the polarization
vectors of the electroweak boson,

1 .
= q:ﬁ(x +iY").  (2.8)

III. THE DRELL-YAN PROCESS

In general, the Drell-Yan process is a process that
describes lepton pair production in a collision of hadrons
H, and H,. At the leading order in the electromagnetic
coupling, the colliding hadrons produce an electroweak
gauge boson V*, which then decays into a dilepton pair
I~ It can be written schematically as H, (P}) + H,(P}) -
V*(q)+X(px) =17 () +17 () + X(px), where py de-
notes a set of n outgoing partons’ momenta. The factori-
zation formula, assuming the high-energy factorization for
the DY cross section o, is given by [74]

dx d’k
dG_Z/ 1/ L Fim, (x1. K3y 1)

2
_2/%_7: (3.1)
X2 T

i/, (X2, K37, p3)d6y;,

where x; , are the fractions of the longitudinal momentum
of the parent hadron carried by a parton, F/p (x, K%, u%) is
a transverse momentum—dependent parton distribution
function, which gives the probability of finding the parton
i with longitudinal momentum fraction x and transverse
momentum kKk; in the hadron H. Parton distributions
depend also on the factorization scale yy, which separates
nonperturbative effects captured by TMDs from the
perturbative partonic cross section dé;;. In the case of
high-energy factorization, the partonic cross section dé;; is
off-shell while remaining gauge invariant. TMDs are
related to the standard collinear PDFs via

”2
shie) = [ W F ). 62)

The partonic cross section of a process i(p;)j(p,) —
X(px)l=(1,)I" (1) is given by the formula

2 4
P C.J )
F(pi.p2) "
x dPS, »(p1. P2i px- 11, 1),

Ly MijIDy(q*)]?

(3.3)

where PS, is the phase space of n outgoing particles,

F(p1,p2) = /(p1 - p2)* — mim3, where m? = p} is the
incident flux of the initial partons, Dy (g?) is the propagator
of boson V with mass My and decay width I'y, given by
Dy(q*) =i/(¢* = M} +iMyTy), and L, is the leptonic
tensor,

L= Zﬁsl (ll )F!‘l/sz (12)1_)52 (IZ)FL‘//MSI (ll)

$1,82

=2gtlq"¢" =!IV — > ¢ )+ 2iwter o q L, (3.4)
where the interaction of the boson V with dilepton /1]~ is
described by the vertex

Iy = (vf +ajys)r*, (3.5)

where v} and a} are the vector and axial couplings for the
fermion with flavor f. We denote leptonic flavors by the
index l and quark flavors by the index g. We also define
g =v?+a’ and w?:=2v,a; with suppressed boson
designation V, which is obvious from the context. The
formulas for the electroweak couplings are given in
Appendix B. The boson momentum is ¢ = [; + l,, and
we also use the momentum /# given by [ =1; —[,. We
define the partonic amplitude squared with factorized
boson polarizations as

M =" A (3.6)
where the symbol )  means averaging over the set of
indices for the incoming particles and summing over the
indices of the outgoing particles, and A" is the scattering
amplitude for the process i(p;)j(p,) = X(px)V*(gq) with
boson polarization removed. The contraction of the lep-
tonic tensor and the above amplitude squared can be written
as a sum over the boson basis polarizations,

v r (rr')
LM = > LM, (3.7)
r.'=0,+
with
L) =8 (g1 (q),
M = e (g MEE (q) (3.8)

The DY differential cross section can be written in the
following form:

do _ 4
dM?dyd®q;dQ  (4x)

5Dy (M?)?
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where the angular distribution of lepton angles Q = (9, ¢)
is given by the polarized leptonic tensor, and we define the
polarized differential cross sections as

do() d*k
dm2 _Z/dxl/ ”xllT}-i(xl’k%T’ﬂ%)
i.j
dkyy
< [an [ 008 )
(2”)4 (rr')
MM dps . pipxsq)-  (3.10
XF(pl’m)Ml, w1 (P1, P23 Px>q)- (3.10)

Ju1(9,$) = 1 4 cos?9,
grr(9.¢) = 2v/25sin (29) cos ¢,

gr(9,¢) =1 —3cos?9,
94 (9, ¢) = 4V/2sindcos ¢,

A. The helicity structure functions

The DY differential cross section (3.9) can be reduced to

the form
do 4 M?
) 5 =l 6 |DV<M2)|2
dM*dyd*q;dQ  (4n)
do”
X Zgr(&,lﬁ)m, (3.11)

TeP

where B :={U+ L,L,TT,LT,A, P,7,8,9}, and with the
angular coefficients derived from the leptonic tensor,

9rr(8, ) = 2sin*I cos (2¢),
gp(9,¢) = 2cos ¥,

g:(9, ¢) = 2sin*I sin (2¢), 95(9. ) = 2v/25sin (29) sin ¢, 9o(9. ) = 4V/2sin Isin ¢, (3.12)
and the helicity differential cross sections do® are
1
doV*t = do®) 4 de++) 4- de(=), dot == ds(?), do’T = 3 (de+7) + dot=1)), (3.13)
1
do'T = 1 (d6+0 + d®) — del=0) — d6(0)), do” = ¢;(do"**) — do=7)), (3.14)
1
do? = %(da(“)) 4+ do(®) 4+ do=) 4 d6(0)), do’ = % (de+7) —det=1)), (3.15)
i
do® = %(da”o) —do®t) 4 d6=0) — de)), do® = %(da(w) —do®t) —do=0) + de0)), (3.16)
i i
where ¢; == w? /g7 = 2v,a;/(vi + a7).
The differential cross section can then be written as
do 3 do 1 . 1 .
DPGEea0  16r Ma T, 1 +cos?d + EAO(I —3cos?8) + A, sin (28) cos ¢ + EAZ sin? 9 cos (2¢)
+ Ay sin9cos ¢ + A, cos 9 + As sin? 9sin (2¢h) + Ag sin (29) sin¢p + A, sin 9sin |, (3.17)
where the differential cross section integrated over the lepton angles is
d 167 4g7 M? deVtt
R 9 — Dy (M) ——, (3.18)
dM*dyd-q; 3 (4n) dM*dyd*q;
and the A; structure functions are defined as follows:
2W, 2V2W,r AW 7p 42w, 2Wp
AO:79 A1:77 Azzi’ A3:77 4:71
WL 47283 WL WyiL Wyir
2W 2/2W. 44/2W.
As=—-1.  Ag= v2 S A= V2 2, (3.19)
Woyir Wy Wuir
. . . _ do.T
with the designation W, = D dyd’g"
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The structure functions obey the so-called Lam-Tung
relation [6,8]
ALT = AO - A2 == 0, (320)

which holds up to the NLO accuracy in the collinear
factorization [12].

IV. THE DRELL-YAN CROSS SECTIONS

We adopt the approximation concerning the hierarchy of
the scattering processes following Ref. [37]—we assume
that the sea quarks entering the hard scattering are
generated either directly in the matrix element or in the
last step of the parton evolution via gluon splitting. In this
approach we consider two partonic channels, namely, the

qug‘i)rg*q) =
do Er'rz)) + do-Er‘rz)) and the ¢*g* channel with polarized cross

qvag” channel with polarized cross sections do

sections dagr‘;)) The total cross section is a sum of the

cross sections for these two channels,

dolrin) = dg(rer) 4 da(’lrz)_

(q9"+9"q) (9%9") (4.1)

Moreover, we are using the so-called nonsense polarization
[74] for the initial off-shell gluons,

S p, (4.2)

V=

e'(k;) =

(a)

FIG. 1.

where the gluons’ momenta are decomposed as k; =
x,»Pi +kiT for = 1, 2.

A. Cross section for ¢q,,,g* channel

For the ¢,,¢* channel, depicted in Fig. 1(a), we are using
the so-called hybrid factorization, where the initial gluon g*
is off-shell and carries the transverse momentum kz, while
the valence quark ¢, is assumed to be collinear. This
contribution was derived earlier within the k; factorization
approach in Refs. [28-30]. According to (3.10), taking the
collinear limit (3.2) for the valence quark, we obtain the
polarized cross section for this channel, expressed as

do, r'rz
Mzdydz Z/dxqfqval q’/“lF)
d*ky Ana(pr)
X/ﬂ:k2 .7:( kZT, )T
2
<
@), (4.3)

802 (l = 2)S2

where f, ., is a PDF for a valence quark ¢, the gluon
momentum fraction x, is fixed from the energy-momentum
conservation  as  x, = ((1 — 2)M7 + z(ky — qr)?)/
(xp(1 —z)S) with z = xp/x,, and the impact factor is
defined as

r]rz' g Ao’,m (7[0'2»

01,02

(4.4)

(b)

General form of the diagrams for the DY process. Big circles represent all possible QCD LO subdiagrams. P, and P, are the

momenta of the incoming hadrons and ¢ is the momentum of the emitted electroweak gauge boson. (a) Diagram for the subprocess
qvag” — qV*, where p; is the momentum of the incoming valence quark, & is the momentum of the off-shell incoming gluon and p, is
the momentum of the outgoing quark and (b) diagram for the subprocess g*g* — qgV*, where k;, k, are the momenta of two oft-shell
gluons coming from each hadron and ps, p, are the momenta of the outgoing quark and antiquark, respectively.
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where AEJIQZ = €(,,) A0, also carries the information

about the quark flavor ¢. The scattering amplitudes for
(rir2)

this channel are derived in Appendix A. The do % 4q)

contribution can be obtained by swapping the pro-
ton beams.

B. Cross section for g*g* channel

In the g*g* channel, we consider the scattering of two
off-shell gluons at the tree level g*g* — gqV*. The general
form of a diagram for such a process is illustrated in
Fig. 1(b).

The contribution for this channel was calculated earlier,
e.g., [37,75], and applied to the Z + bb production [35].
From formula (3.10), we obtain the cross section for this
channel in the form

r]rz / / d le
ﬂ'k%T

d’k
< [ [ SRR 08)

2T

X1 k%T*H%)

4
n)
28

Mgr'r2>dPS3<k1’k2,P%P4 q), (4.5)
where ME;L:;*)) is polarized amplitude squared (with pulled

out x?/k?. factors from gluon polarizations), which is
given by (A17), and dPSj5 is a three-body phase space,

dzdg,dyd*qr

dPS3(k1’k2;P3’p4,4): 8(277.')9

The chosen integration variables z, ¢, are defined through
the quark and antiquark momenta p; and p, decomposi-
tion,

2

P3
= 7P P N
D3 = Xy ]+quq5 2+ D3r
P;
=(1=7)x ;P +—2 P , 4.6
pa=( Z)xqq1+<1_z)xqu2+P4T (4.6)

where p; and p, are transverse momenta, which can be
written in terms of the COM transverse momentum A and
momentum K = k(cos ¢, sin ) as

p; = zA +k, ps=(1-2)A—«k. (4.7)
By the energy-momentum conservation Dirac deltas, we
get the following constraints:

Xgg = X1 — Xp, A =K;r +Kkir—qp,
M2

K =z(1-z) (xzx S -1 L A2>. (4.8)
xF

V. MODELS FOR GLUON TMD

We consider four models of gluon TMD proposed
earlier, and we introduce some modifications to them.
The models were applied earlier in calculations of the DY
structure functions measured by ATLAS collaboration [10].

Thus, we consider the following TMD models:

(i) the Gaussian (Gauss.) model,

(ii) the Jung-Hautmann (JH) model [76],

(iii)) the KMR model [65],

(iv) the “Weizsicker-Williams” (WW) model [37].

We will briefly summarize their main characteristics,
underlying ideas, and the proposed modifications, along
with their justifications.

A. The Gaussian model

The Gaussian gluon distribution is inspired by the Golec-
Biernat—Wiisthoff (GBW) saturation model [77] and
extracted from the color-dipole cross section. It is referred
to as quasicollinear due to its very narrow k; dependence of
the form

Folrk2) = ZZZ(1—x>7exp[—(i>“;—§], (5.1)

X0

where we take the values of parameters used in Ref. [37],
N, =684, kg=1GeV, xy=3x10", and 1= 0.29.
The parameters 4 and x, were fitted to inclusive DIS data
on F, [63] and normalization was adjusted in Ref. [37]. It
provides a simple, phenomenological description of the
gluon density that captures saturation effects at small x,
although it neglects QCD evolution with the factorization
scale other than gluon k7.

B. The Jung-Hautmann model

The JH TMD is obtained from the CCFM evolution
equation [52-54], which attempts to unify the small-x
BFKL evolution equation [48-51] and the collinear
DGLAP evolution [69,70], thus providing a consistent
treatment of both log(1/x) and the logarithm in the
hard scale.

Currently, there are a few available grids in the TMD1ib
library that differ from each other. We chose to compare
three sets of gluon TMD grids: JH-2013-setl [78],
PB-NLO-HERAI+II-2018-getl [79], and PB-NLO-
HERAI+II-2023-set2-gs=1.04 [80], which we will
call JH2013, PB2018, and PB2023, respectively, and we
will collectively call them the JH models. All mentioned
grids were obtained using the same Monte Carlo method
for solving the evolution equation. However, the evolution
kernel used for the JH2013 was dominated by the gluon
channel, while the kernel used for the two remaining grids
has a fully coupled flavor structure [81].

In order to obtain intermediate TMD values from the grid
files, we applied linear interpolation. One should be aware
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of the limited range of the JH-2013-set1 grid, i.e., the
maximum value for the transverse momentum is
kr =200 GeV.

C. The Kimber-Martin-Ryskin model

The KMR model was derived by resumming the virtual
contribution from the DGLAP equation by including the
last splitting as nonintegrated. The KMR distribution takes
the form

0
:FKMR(x’k%"’/"z) _[xfg(x’ k%)Tg(kTv.u)]’

- (5.2)
e

where f, is the collinear gluon PDF and
W dp? a,(p?) /1—5(P)
T, (kp,pu) = - ——
ok, 1) eXP{ A% 7 )

x dzz (ng(z) + ZPW(Z))] (5.3)

q

is the Sudakov form factor that gives the probability of the
gluon with transverse momentum k; remaining unchanged
by the evolution up to the factorization scale p. The
functions P;; are the first-order Altarelli-Parisi splitting
functions of the form

Pyy(z) = ZCAM, (5.4a)
9t 1—2

qu(z) = %(Zz +(1- Z)z), (5.4b)

Pyy(2) = CF%’ (5.4c)

and §(p) = p/(p + u) is the parameter that provides the
correct angular ordering of the real gluon momenta. The
form factor is set to T,(Q,u) = 1 for Q > u. Because of
that, the differential form of the KMR TMD (5.2) has a
discontinuity due to the nondifferentiability of the differ-
entiated function at Q = u. However, one can eliminate this
problem by using the integral form [82],

/1—5(k1')

x dz {ng(z) )Z—Cfg (g , k%)

+ Pl (L)) 69
m 77 1\z

where the sum , runs over all active quark and antiquark

flavors. Equations (5.2) and (5.5) agree for ky < p and start
to deviate for k; > p. This behavior is due to the use of a

Tg(kTv ﬂ) ag (k%")
k2. 2r

Fxmr (X, kzr,ﬂz) =

regularized gluon PDF and can be avoided by using a
cutoff-dependent DGLAP solution for the gluon PDF in
the TMD definition (5.2) [82]. However, the available grids
for PDFs are cutoff free [8(k;) = 0], therefore, we use
formula (5.5) in our computations.

For the computations, we generated a grid for the KMR
model using formula (5.5) and we defined the function as
the linear interpolation on this grid. As the input PDF we
employed the CT10nlo model [83] from the LHAPDF
library, together with the one-loop running coupling a; (u?)
given by

1

=, (5.6)
rlog((2)

ay(u?)

33-2n; . .
where f = Tﬂ"’ for ny being the number of active flavors

and Af is the QCD scale, which also depends on the number
of active quark flavors n;. The grid covers the ranges
x€[1077,1], k; €[107'GeV, 10°GeV], and u€ [2 GeV,
1024 GeV]. Below a certain scale k that parametrizes the
onset of nonperturbative physics, which we chose to be
ky = 1 GeV, we fix the TMD to be constant in k;. Thus, for
ky < ko, we set the TMD to be

_ xfy(x KG)

Fomlw ) =050 (ko) (57)
0

to preserve the collinear limit.

We also considered modifications of this model. Initially,
we observed that it did not reproduce the correct values for
the total DY cross section with the virtual photon exchange
measured by ATLAS [9]. Therefore, as an adjustment, we
rescaled the TMD by the normalization constant fitted to
the total DY cross section data.

As one can see from Eq. (5.2), the x dependence of the
TMD is governed by that of the collinear PDF. However, the
collinear and transverse momentum—dependent approaches
are characterized by different kinematics. As a consequence,
the nonzero k; gluon momentum fraction x has to be larger
than the collinear gluon x to reproduce the same invariant
mass of the final state. Therefore, we introduce a simple
phenomenological correction by rescaling x in the TMD by a
constant factor. Together with an unscaled x, we considered
three cases:

Fam (@ B ) = N Fram (6. B pi?),  (5.82)
Fiar k3 1) = N F 2,k2,4%), (5.8
KMR(X, T,ll) KMR KMR(X/ s K | ), ( . )
Fiour (5. k3 12) = Ny F 4,013,47), (5.8
KMR(X’ oM7) KMR kR (X/4, kg, 1), (5.8¢)

where each case was additionally rescaled by the overall

normalization constant N&R fitted to the total DY total
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cross section data [9]. This should be understood as building
a data-guided phenomenological model. This approach
unfortunately loses the QCD direct connection to the

collinear gluon PDF. We will denote the Fl\;, TMDs
as KMR®).

Although it is common to use the LO KMR prescription
with the NLO PDFs [82], one can apply the NLO version of
the KMR framework. The NLO prescription, usually
referred to as the MRW model [72], incorporates two
DGLAP splittings in generating the k7 dependence of the
distribution. The MRW formula differs from the KMR
model not only by replacing the collinear PDFs, splitting
functions, and @, coupling with their NLO counterparts, but
also by accounting for the dependence of the scale on the
collinear splitting variable z. The MRW gluon TMD is

given by [72]
2 2
2 7

1
SACNCNTY —/ dzT, (k. u)

(5.9)

where now the scale is not simply the transverse momen-
tum kp, but rather the virtuality k of the emitted partons,
given by k* = k2/(1 — z). The upper integration bound z <
1 — k2/u* in (5.9) results from the condition on virtuality
k*> < u?. This condition also makes a crucial difference
between the KMR and MRW prescriptions, as the KMR
model k; dependence can be extended above the factori-
zation scale with the angular ordering, while the MRW

model is nonzero only for k; < u. Here, 135-}) (z) denotes the
NLO DGLAP splitting kernels, for which we use the
explicit expressions given in [84]. Following the MRW
prescription [72], the soft-gluon contribution is treated
using the subtraction procedure with an angular ordering
constraint, and the resulting kernels are used accordingly in
the Sudakov form factor.

We also consider the KMR model with gluon-driven
DGLAP evolution, following a similar logic as for the JH
models, where the JH2013 model was derived using purely
gluonic evolution. A TMD obtained with the KMR pro-
cedure was considered by Kotikov and Lipatov in [73],
where analytical solutions of the DGLAP evolution equa-
tions are used as input PDFs, with the relevant phenom-
enological parameters determined from a fit to DIS data for
the proton structure function F,. For our analysis, we use
the KL-3d-2025 grid [73], provided by the authors
through the TMD1ib library, and refer to this model as
the KL model. Although the KL approach is general, this
specific TMD was obtained with the DGLAP evolution
dominated by gluons.

In the general comparison of TMD models, we will use
the KMR TMDs (5.8), collectively referred to as KMR-
based models. Then, we will separately discuss the
differences between the KMR, MRW, and KL approaches.

D. The Weizsicker-Williams model

The simple WW model proposed in [37] is given by the
formula

N 1 K} < kg
F , k2 — o 1=1x)7 —ab b ,
T
(5.10)

where Ny =0.6111, 1 =0.29, b =1, and ky =1 GeV.
The normalization constant N is obtained by fitting the DY
cross section with a global K factor for photon exchange to
the data [9]. The transverse momentum cutoff k is chosen
as the scale that delimits the region where the confinement
or parton coherence effects in a hadron become important.

To capture the collinear limit of TMD (3.2), we propose
the modification of the Weizsdcker-Williams model
(WW?), which uses the collinear gluon PDF. The formula
for WW’ TMD reads (for b = 1)

2 2
(Vw(xk%’uz):mx ZZ <k
’ ’ 2 .

Kl +log)] | & K2k
(5.11)

This modification preserves the 1/k% behavior of the
original WW model and satisfies Eq. (3.2). Additionally,
it introduces a double scale dependence present in the JH
and KMR models.

Although we did not use them, the values of parameter b
other than 1 have been explored before. For b # 1, the
WW’ model takes the form

(1 - b)xfg(x’ /’tz)

2 h
(5912 - bi3

ww (X, k%aﬂz) =

1 12 < ik

X kZ b N
2 2

which reduces to (5.11) in the b — 1 limit.

As in the case of the KMR model, the WW’ model also
does not describe well the data from Ref. [9]. Therefore, we
consider modifications analogous to (5.8) for the WW’
model,

(5.12)

Flow (0 B i) = N Flaw (6 ki), (5.130)
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Flow (%, K2, 12) = Nigty Fogw (/2. K2, 12),  (5.13b)
Fo (. k3, 12) = Ngw Fovw (8/4, k3, 42), (5.13c¢)

where again N i{,)w were fitted to the total DY cross section.

We will denote the F{%, TMDs as WW(.
As a collinear gluon PDF, we used the CT10nlo set
from the LHAPDF library.

VI. RESULTS

To date, the best measurement of the Drell-Yan dilepton
angular coefficients was performed by ATLAS collabora-
tion [10], which is the main source of the data on which we
base our analysis. We derived the structure functions within
the ky factorization formalism for the ¢,,¢" and g*g*
channels. We focused on the first three parity-conserving
functions Ay, A, and A,, considering separately the Lam-
Tung combination A; 7 = Ay — A,, and two parity-violat-
ing functions A; and A,. The remaining three structure
functions—As, Ag, and A;—vanish within the framework

T T T T T

%' ''''' B ATLAS data
% [ ww(h
a  100¢

B e

.>\< S0 el ww(®)

+ — VW

T
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N 5t ]

=3 e

> ‘ . ‘ .-.'.-.‘.'.-,'.7.'.-.'..'|.'-'--'-'-
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M[GeV]
(a)

% F !- 1 | ‘ ‘ I L ATLA'S data

(D [}

) |

3 JH2013

100f  H=4q ]
S?& I PB2018
x 50¢F '—E‘i ----- PB2023 |
: |
£ |
2= 10 l
\% ©
N St
s
3 . . ‘ ‘ ) ;
10 20 30 40 50 60
M[GeV]
()

of the considered model. The data show that these functions
are indeed consistent with zero at current accuracy. In
definition (3.19) we used the differential cross sections (4.3)
and (4.5) fully integrated over all variables except the boson
transverse momentum ¢, over which we take the average
in the bins used in the experiment and in the Z° boson peak,
ie,atM = M, = 91.1876 GeV at the pp collision energy
VS =8 TeV. In our analysis, we considered four main
gluon TMD models along with modifications of two of
them. The gluon TMD models used are listed and briefly
described in Sec. V. For a collinear valence quark PDF in
(4.3) we used the CT10nlo set from the LHAPDF library.
The phase space integration is performed using the VEGAS
6.2.1 package [85]. For a running strong coupling we used
one-loop coupling (5.6) for the number of flavors ny =5,
where the QCD scale has the value A5 = 98.61 MeV that
gives a,(M%) = 0.12. The factorization and renormaliza-
tion scales are set to be the same and equal to the boson
transverse mass ur = pr = M. To obtain the electroweak
couplings, we need the Weinberg mixing angle 8y, for
which we took the value sin” 8y, = 0.23122 [86].

T T T T T

% B ATLAS data
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FIG. 2. The Drell-Yan total cross section for y* exchange in pp collision at the LHC at /S = 7 TeV. We compared the ATLAS data
[9] to the cross sections calculated with different gluon TMD models: (a) the KMR-based TMD models, (b) the WW-based TMD

models, (¢) the CCEM-driven TMD models, (d) KMR®), Ww®)_ JH2013, and Gaussian models as the models with the best overall data
description (including the structure functions analysis) within each model family.
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TABLE I. Normalization constants for different gluon TMD models.

Model WW®H  ww®  wwG  KMR(M KMR?® KMR®) JH2013 PB2018 PB2023 Gauss.

Ntwvp  2.0848  1.3880 0.9484  2.6021 1.7619 1.2243 0.8728 2.2017 2.6453  0.4158

TABLE II.  The reduced y? values for different TMD models.

Model WWo  ww® wwi® ww KMRY KMR® KMR® JH2013 PB2018 PB2023 Gauss.

e 3.02 1.82 098 0.53 3.08 1.90 1.13 1.07 3.04 2.10 1.74
A. Normalization to the total Drell-Yan cross section L

The basic versions of the gluon TMD models do not
accurately describe the DY total cross section data given in
Ref. [9], mostly because of the inaccurate overall normali-
zation. Therefore, as a simple phenomenological adjust-
ment, we normalized these functions to the data. In the case
of the KMR model (5.5) and WW’ model (5.11), the x
dependence is based on the collinear PDFs. However, as
mentioned in the previous section, different kinematics in
the k7 factorization approach may result in a change in the
shape of the distributions in the x variable. Thus, we also
proposed versions of the discussed TMDs with the rescaled
x variable. Ultimately, we consider the KMR-based TMD
family given in (5.8), and the WW’-based TMD family
given in (5.13), which together with the original WW TMD
(5.10) will be referred to as WW-based TMDs.

. dor) =X
We calculated the cross section % averaged

over the dilepton mass bins, in the mass regions where the
contribution from the Z° boson is negligible. The cross
sections for the normalized TMDs are plotted in Fig. 2 and
the normalization constants are given in Table I. The
reduced y? values, given in Table II, for this cross section
were calculated according to the formula

=

dor) dor) 2
—1202 KdM) _<dM) ] - (61)
i=1 " data th data.

where N, = 6 and we fitted the overall normalization, and
th/data correspond to the theoretical and experimental
values, respectively.

In the calculations, we applied the K factor, which partially
accounts for resummed higher-order QCD corrections. Use
of this factor with an approximate form K =

exp(nCraq(u2)/2) with the optimal choice of the scale p, =

(grM?)'/3 in the DY cross section calculation was motivated
in [87,88]. In our analysis, we simplified the calculations by
assuming an average constant value of K = 1.5 instead of the
full form depending on g, and M, as was done in Ref. [37].

The behavior of the KMR-based and WW’-based TMDs
is very similar. Both show a too steep decrease with
increasing M, resulting in a slight discrepancy at the ends
of the mass spectrum. This problem becomes less signifi-
cant with stronger x rescaling. A similar discrepancy occurs
for the JH models. Table II indicates that the WW model
comes closest to describing the DY total cross section data,
while models with the best structure function data descrip-
tion, i.e., WW®), KMR®), and JH2013, have similar cross
section reduced y? values close to 1.

The comparison of the KMR, MRW, and KL. models, see
Fig. 3, shows that the KMR and MRW prescriptions
provide relatively similar descriptions of the DY cross
section. As can be seen in Table III, the normalization
factors obtained for these models are almost equal. The

Ny

TABLE III. Normalization constants for KMR, MRW, and KL
gluon TMD models.

Model KMR®) MRW KL
N1vp 2.6021 2.6161 1.3379

? ;I—i—;! B ATLAS data

= b )

8 100f FEY e
-~y - < 0 Tmm==- N *MRW
X| s0f Lx—-‘ MR
T R S L = N oKL
T|s |
5-/_ T 10 o
. 5t ]
) —F
© A . . . R ToEiE

10 20 30 40 50 60
M[GeV]
FIG. 3. The Drell-Yan total cross section for y* exchange in pp

collision at the LHC at /S = 7 TeV. Comparison of the ATLAS
data [9] to the cross sections calculated with KMR®, MRW, and
KL gluon TMD models.

TABLE IV. The reduced ;{2 values for KMR, MRW, and KL
TMD models.

Model KMR®
7 3.08

MRW
3.26

KL
5.94
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cross section reduced y> values, given in Table IV, are
relatively close as well, although the KMR(Y) model gives a
slightly better description. The KL. model provides a better
overall magnitude of the gluon, which is reflected in the
normalization constant close to 1. However, the DY cross
section calculated with this model shows too steep a fall-off
compared to data. Thus, the resulting reduced y? is much
larger.

T T T T T T
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B. The Drell-Yan structure functions

In our study, we compared the KMR-based models with
one another in Fig. 4, the KMR, MRW, and KL models in
Fig. 5, the WW-based models in Fig. 6, and the JH models
in Fig. 7. Then, we compared the representatives with the
minimal reduced y? in each of the above-mentioned model
families with one another and with the Gaussian model.
This comparison is shown in Fig. 8.
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FIG. 4. Comparison of the structure functions: (a) Ay, (b) A,, (c) A. 7, (d) Aj, (e) As, (f) A4, calculated with different modifications of the
KMR TMD model with the ATLAS data [10]. The bands around the curves represent the estimated Monte Carlo integration uncertainties.
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FIG. 5. Comparison of the structure functions: (a) Ag, (b) A,, (c) Arr, (d) Aj, (€) Az, (f) Ay, calculated using the KMR(®, MRW, and
KL TMD models with the ATLAS data [10]. The bands around the curves represent the estimated Monte Carlo integration uncertainties.

The A, function is described very well by all of the
models, with minor variations across TMD model families.
The most problematic region for all the models is
qr < 50 GeV, where we can see a small gap between
data and predictions. Although it is barely visible in the
plots, this region largely contributes to the reduced y2, as
the errors are relatively small and points are quite densely
distributed there. The x rescaling for WW- and KMR-based
models increases this effect.

The A, function, on the other hand, provides a much
clearer distinction between the model families. Here, the
WW-based models are closest to the data at large g, and
there is no significant difference between them for this
observable. All the other models overestimate the data in
that region. The KMR-based family overestimation, how-
ever, does not take the values outside the error bars very far.
Here, we see significant improvement as we rescale the x
dependence more. In the region 5 GeV < gy < 40 GeV,
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FIG. 6. Comparison of the structure functions: (a) A, (b) A,, (¢) Ar7, (d) A;, (e) As, (f) A4, calculated with different modifications of the
WW TMD model with the ATLAS data [10]. The bands around the curves represent the estimated Monte Carlo integration uncertainties.

one notices a small gap between the data and theory for
almost all models except the KMR-based models. This
region accounts for the main contribution to the reduced y?
for the WW-based and Gaussian models, similar to the case
of Ay, because the gap is more significant than for the other
models, the errors are relatively small, and the points are
quite densely distributed.

The features of the A, and A, described above manifest
themselves in the Lam-Tung combination A;r. In the

problematic region of gy < 50 GeV, the A, is overesti-
mated for all the models except for the Gaussian TMD.
This effect is the most visible for the KMR-based models,
where the deviation from data is present only for A, while
for the WW-based models, the effects in both functions
cancel out. The deviation from data for large gy is clearly
visible for the JH models and especially for the Gaussian
model, and it originates from a large discrepancy in A, at
high g7 values.
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Comparison of the structure functions: (a) A, (b) A,, (¢) Arr, (d) Ay, (e) Az, (f) A4, calculated with the JH TMD models with

the ATLAS data [10]. The bands around the curves represent the estimated Monte Carlo integration uncertainties.

In the case of function A, all models show a clear
decline at very large gy, contrary to the data trend. The
KMR and JH models overestimate the data significantly for
small transverse momenta g < 30 GeV, which constitutes
the dominant contribution to the reduced y2. On the other
hand, they quite accurately describe the position of the local
maximum of this function and approximately its value. The
WW’-based models generally provide the best description
of this observable with significant improvement with

stronger x rescaling. A distinct behavior can be noticed
for the WW and Gaussian models, namely, they both highly
overestimate the A; local maximum. The difference
between WW- and WW’-based models indicates a strong
effect of the TMD x dependence for this structure function.

The A5 function is also overestimated at large g7 for the
JH models and for the WW’ and KMR models without x
rescaling. However, the region where the deviation from the
data is strongest is roughly 10 GeV < gy < 70 GeV. The
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FIG. 8. Comparison of the structure functions: (a) Ay, (b) A,, () A, 7, (d) Ay, (e) Az, (f) A4, calculated with different TMD models with
ATLAS data. For this purpose, we used KMR®), WW®) | the JH2013 model, and the Gaussian model as representatives of each TMD
class that provides the best description of the data within each class. The bands around the curves represent the estimated Monte Carlo
integration uncertainties.

TABLE V. The ratios of reduced y* values for each TMD to the minimal y? value, y2 .

Model WwW wwl ww@ wwe KMRD KMR® KMR® JH2013 PB2018 PB2023 Gauss.
k. 154 1.80 1.14 1.00 1.74 1.21 1.11 1.16 1.91 1.71 222
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TABLE VI. The ratios of reduced ;(2 values for KMR, MRW,
and KL TMDs to the minimal y? value, y2. .

Model KMR® MRW KL
}(Z/sznin 1.74 1.74 2.15

experimental values slowly increase up to transverse
momentum around gy =~ 35 GeV, where the values start
to increase more rapidly. All the predictions show, however,
a much more gentle and monotonic increase in this region.
The x rescaling has a big impact on this observable.

We also notice a large spread of predictions for the Ay
function. Similarly to the other parity-violating function,
Ajs, the x rescaling leads to large changes in the description
for both WW and KMR model families. In all the models,
we observe a too steep decline, especially for small values
of g, while the data points show a plateau. This feature is
particularly evident in the WW model family, where the
convexity of the curve appears to be opposite to that
observed in the data and predictions of the other models.

The KMR, MRW, and KL models give considerably
close descriptions of the DY structure functions. One
prominent difference is the more pronounced overestima-
tion of the A, function by the MRW prediction, which is
reflected in a faster decrease of A;r at high gy. A minor
detail is that, for the A; function, the MRW result better
reproduces the data in the region of the function’s local
maximum. One can also notice that the KL results for
parity-violating structure functions are slightly above those
for the two other models.

To quantify these observations, we also evaluated a
global reduced y? for each TMD model. The y? per number
of degrees of freedom is computed with the formula

Nyt
T
" Npt i=1 (szflz‘m)z + (thh,i)2
where N, =23 is the number of points, A;h,{dam is a

theoretical/experimental value of the function A, at the
ith point, and o4/ “* are the theoretical/experimental

errors. We assumed a theoretical uncertainty of the order

TABLE VIIL.
reduced y? value, 2. .

ay,(My) ~0.12, that is, a relative error of about 12%,

o = 0.12- A (6.3)

The total reduced y? of the results for each of the gluon
TMDs is obtained by averaging the contributions of all
nonvanishing structure functions,

(6.4)

In Table V we show the ratios of the y* values for each
model to the minimal one, which is found in the WW®)
model and is equal to y2. := min{y?} = 2.50. The com-
parison of the y%/y2. ratios for KMR, MRW, and KL
models is presented in Table VI.

As anticipated from the plots, the dominant contribution
to the discrepancies comes from the parity-violating struc-
ture functions, which results in the wide range of y> values
listed in Table VIL

We considered the Lam-Tung combination separately, as
it is not an independent structure function. In this case, y? is
calculated by an analogous formula to (6.2). The results are
given in Tables IX and X, where the minimum y? , value is
found again for the WW®) model, and is equal

to X%T.min = m]n{X%T} = 143.

TABLE VIII.  The ratios of y* per degree of freedom values for
each structure function, ;{%, for KMR, MRW, and KLL TMD
models to the minimal global reduced y* value, 2 .

Model KMR() MRW KL
xe /0 0.67 0.53 0.56
Xt Xmin 1.38 1.10 1.36
13/ i 0.50 0.86 0.58
X3/ Xmin 4.34 434 5.45
2300 1.80 1.87 2.83

The ratios of y? per degree of freedom values for each structure function, y2, for each TMD model to the minimal global

Model ww  wwlh ww®  ww@®  KMR(D  KMR®  KMR®  JH2013 PB2018 PB2023  Gauss.
22k, 094 0.60 0.72 0.84 0.94 0.67 1.26 0.52 0.48 0.57 0.82
2, 076 0.38 0.22 0.15 1.38 1.24 1.10 0.98 1.06 1.05 0.70
2k, 125 1.46 1.36 1.29 0.50 0.36 0.27 1.56 1.25 0.88 435
2k, 079 447 2.48 1.34 434 2.66 1.78 2.40 472 421 0.55
2k, 395 2.09 0.89 1.39 1.80 0.86 1.15 0.35 2.04 1.86 470
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TABLE IX. The ratios of the Lam-Tung combination y? values for each TMD to the minimal 7, value.

Model ww ww® ww®@ ww@ KMRD

KMR®

KMR®) JH2013 PB2018 PB2023 Gauss.

1.58 1.17 1.00 2.39

)(%T/X%T.min 118

2.32 2.80 5.14 5.83 4.73 17.67

TABLE X. The ratios of the Lam-Tung combination y? values
for KMR, MRW, and KL TMDs to the minimal ;{%T value.

KL
2.38

KMR®
2.39

Model MRW

4.16

2 .2
Xirlx LT,min

VII. DISCUSSION

After a brief look at the plots in Fig. 8, one recognizes
that the structure functions are sensitive to the chosen TMD
model over the entire spectrum of g;. Although the main
features of each structure function, such as the maximum
position and monotonicity, are roughly preserved for each
TMD, there is quite a large variation in magnitudes of the

1.0 — : T T T :
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theoretical predictions, especially for functions As and A,.
This variation is mostly due to the difference in the
contribution of the ¢,,g" channel to the cross section, as
only this channel contributes to these functions. This
contribution is quantified by the ratio

do

dO'( RIS
R, .= [ —W9+5q) 7.1
Gvaly ( de‘]T deqT ’ ( )

which is plotted for all the TMD models in Fig. 9. The
different contributions of this channel to the cross section in
different models’ predictions arise from the size of the
gluon TMD, which is especially evident when compar-
ing the KMR- and WW-based models. As the gluon x
decreases, TMD is enhanced over a wider range of phase
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FIG. 9. The ratios of the g, g channel contributions to the total cross section R, ,+ obtained for: (a) the KMR-based TMD models,
(b) the WW-based TMD models, (c) the JH TMD models, (d) KMR®), WW), JH2013, and Gaussian models.
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space, and consequently, the contribution of the g*g*
channel to the cross section is larger.

Another effect that occurs because of the change in the
contribution of the ¢,,;¢* channel to the total differential
cross section is the change of the shape of the function A4
and slightly of the function As, and the shift of the local
maximum of the function A;. The ¢,,g* channel contri-
bution is dominant at g = 1 GeV for all considered TMD
models except the Gaussian, and decreases noticeably until
it reaches the minimum somewhere in the region between
20 GeV and 70 GeV and then slowly grows. If one considers
only do (4, in definition (3.19) for the structure functions
Ay and A, the shapes are similar to the shapes visible from
the data (apart from the magnitude). However, when one
includes the ¢g*g* channel, which does not contribute to
these functions but whose contribution to the cross section
changes significantly with g7, the shape of the discussed
functions is altered. Similarly, the shift of the A; local
maximum is related to the contribution of this channel. For
the exclusive use of do () in (3.19) the A| maximum tends
to the left, while for the exclusive use of do () in (3.19) the
A; maximum tends to the right, and the total result is
somewhere in between as a weighted average. Therefore, if
the ¢g*g* channel becomes more significant, the discussed
maximum position tends to the higher values of ¢;.

Table V shows that the model that describes the data best
is the WW®) model. From Table VII one concludes that the
advantage of WW®) is due to the rather uniform, relatively
good description of all functions and the exceptionally
good description of A;. As it can be seen from Table V, the
models KMR®), WW®), JH2013, and KMR? give quite
close overall results, which suggests that the gluon con-
tribution should be indeed dominant, as these models are
the ones with the most dominant g*¢* channel within each
TMD class. The noticeable differences in the description of
the structure functions within the WW and KMR families,
as well as the differences between the WW’-based models
and the WW model, highlight the sensitivity to the x
dependence in the k; factorization approach and its
distinction from the collinear approach.

Tables VI and VIII show that results for KMR, MRW,
and KL models behave similarly. A worse description of the
A, function and, as a consequence, A; r by the MRW model
is caused by the strong cutoff on its k7 dependence, as these
observables are known to be especially sensitive to the
partons’ transverse momenta [12]. Stronger overestimation
of the KL model results for the A; and A, functions has its
source in a higher R, . ratio, see Fig. 10, as dis-
cussed above.

An important note is that the ATLAS data used for
comparison with the predictions are much denser in the
central part of the ¢r spectrum than at its edges.
Additionally, the high-g; region is subject to greater
uncertainties. Therefore, the middle g region is weighted
more in the y? test. This feature is described in Sec. VI B

1.0 T L T T T T
0.8+
L 06¢
>
n:é
0.4+
— KMRM
02 r -=-=-- NMRw*MRW
----- Nig +KL
0.0 1 5 10 50 100 500

qr(GeV]

FIG. 10. Ratios of the ¢,,¢" channel contribution to the total
cross section for the KMR, MRW, and KL models.

and plays a role mostly for the A, A,, and A5 structure
functions.

The behavior of functions A; and A, is not fully
understood within our approach, and it requires further
investigation. One possible solution may be the inclusion of
higher-order corrections for the channel ¢,,¢". In our
model, this channel was considered to be subleading due
to the dominant contribution of gluons. However, numeri-
cal calculations of the contribution of this channel to the
full differential cross section clearly show that this
assumption is not well fulfilled by some of the TMD
models, as can be seen in Fig. 9.

It should also be emphasized that the applied high-
energy factorization formalism is well suited for g7 ~ M, so
it is justified for gy < 100 GeV, and its use for higher
values of gy can be considered a slight stretching of the
formalism. Our description should work better also at
higher energies and more central rapidity regions, which
gives hope for a good description for future LHC mea-

surements at \/§ = 13 TeV and higher.

VIII. CONCLUSIONS

The DY structure functions are good probes for testing
gluon TMD models. In our research, we found clear
differences in the descriptions of DY structure functions
both between gluon TMD model families and within
individual families. The differences in the description are
quantified by the reduced y?, which can be read from
Table V. They range from 2.5 to 5.56 and are approximately
evenly distributed, indicating noticeable differences
between the predictions obtained with different TMD
models. The description of the individual structure func-
tions, summarized in Table VII, shows even greater
variation between the considered models. For example,
we notice an exceptionally good description of the function
A; by the WW’-based models and a comparably good
description of the function A, by the KMR-based models.
On the other hand, function A5 is best described by TMD
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models, for which channel g*¢g* makes the largest con-
tribution in each model family. The situation is slightly
different for function A4, but it also distinguishes between
individual models within a given model class rather than
between the model classes themselves.

The best overall description of the DY structure function
is given by the WW®) model within our formalism, which
also provides the best description of the Lam-Tung combi-
nation. This result indicates that the simple WW-like gluon
TMD shape in ky is a good approximation and can be taken
as a leading behavior in k7 in future gluon TMD fits. The
differences within the WW-based models and also within
the KMR-based models show that the TMD shape in the x
variable plays an important role, and that the difference
from the collinear PDF x dependence needs to be taken into
account in future studies of the gluon TMD model.

Within the CCFM-driven models, the best overall
description is given by the oldest model—JH2013. The
difference in the structure function description was addi-
tionally reduced by the TMD normalization procedure. The
latter models incorporate in the integral kernel a coupling to
the full flavor structure that includes sea quarks, which
reduces the size of the gluon TMD compared to evolution
driven solely by gluons. The procedure used for the JH2013
model might be better suited for the formalism used in our
analysis, as in our approach, the sea quarks come exclu-
sively from initial off-shell gluons, i.e., we do not consider
processes with initial off-shell (anti)quarks. However, we
do not observe a similar effect in the case of the KMR
approach. Although the KL model results from the gluon-
driven evolution, it does not provide an improvement in the
description of the DY structure functions and the DY cross
section compared to the KMR model, when the TMDs are
normalized to the total DY cross section. It is worth noting,
however, that the normalization factor for the KL TMD is
closer to unity. Therefore, a comparison of the original,
unnormalized TMDs would be expected to yield a more
pronounced difference in favor of the KL. model. We also
conclude that there is no significant difference in the
description of the DY structure functions between the
KMR and MRW prescriptions.

Overall, our results demonstrate that the DY structure
functions provide insightful probes of proton transverse
momentum internal dynamics. In particular, the results
obtained with different gluon TMD models indicate that
both the k; and longitudinal momentum dependence play
crucial roles in obtaining results consistent with the
experimental measurements of the DY structure functions.

In future work, the above-described formalism can be
used to perform a dedicated fit of a gluon TMD to the
structure functions data. Another direction for future
research could be calculations of NLO corrections and

inclusion of additional parton channels with off-shell initial
quarks. Such advancements should improve the accuracy of
the k7 factorization approach used in this work and are
expected to provide further constraints on the gluon TMD.
Further investigation of the DY structure functions offers,
therefore, a promising direction for advancing our under-
standing of the internal structure of hadrons.
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APPENDIX A: THE AMPLITUDES
1. The amplitudes for ¢,,g* — qV*

The  process studied in this  section is
Gva(P1)g (k) = q(p2)V*(q). We will consider massive
boosted on-shell quarks even though, for all the structure
function calculations, quarks were assumed to be massless.
To restore the amplitudes used above, one simply has to
take the limits m, m, — 0, and p;7 — 0. We will apply the
techniques and notation presented in [89]. The Sudakov
decomposition of the initial quark momentum p; and the
gluon momentum k is

2, 2
my +
P1:XqP1+17plTP2+P1T, k = x,P + kr,
xS
(A1)
where p}, = —p3,, then p? =m? and k*> = —Kk3. The

outgoing quark momentum is fixed by the momentum
conservation as p, = p; + k — g with the on-shell con-
straint p3 = m3. We are using the high-energy gluon
polarization approximation defined in (4.2).

At the tree level, the full contribution to scattering
amplitudes comes from two diagrams given by the
expressions

054039-20



PROBING GLUON TMD MODELS WITH DRELL-YAN STRUCTURE ...

PHYS. REV. D 114, 054039 (2026)

‘A‘IZ.ZIGZ = WT‘I o) (pZ)P2<Ul + m2>rvu01 (pl) TaAl ,6167°
a, _lg — ~ A

Az,ﬁld2 = /U% m% r ]uO'Z (p2)rlb‘t/(vz + ml)P2u61 (pl) = lth]AZ 01065’ (A2)
where ¢ is the strong coupling constant, 7 are generators 0 —1
of the color SU(N) group in the fundamental representa- oa=1\ 1) "=\ )
tion, u,(p) denotes the Dirac bispinor for fermion with spin
o and momentum p, and we use the notation p := p,y* and oA — ( 1 ) , A= (O ) ) (A8)
define the momenta »; and v, as 0 1

vy = py —k, vy = p; + k.

The scattering amplitude for the process is given by the sum
of the above expressions,

aﬂfz = 'A] 010, + A5
= _lgTa (Alll 610, + AZ 010'2) =

2,010,

igT Al . (A3)
We can further decompose each amplitude into right-
handed R}, and left-handed L) parts,

Allz»ﬂlﬂz = (1)2]/ + a}]/)Rﬁ-Ulffz + (1)2]/ - a}]/)Lﬁ-ﬁ]”z’ (A4)
where in R}, we replace I'j, by (1 + y5)y*/2 and in L), we
replace I, by (1 — ys)y”/Z

Then, the amplitude squared for the gg* channel is given
by

wo ay
M(qy*) _ ) Z AﬂlmAﬂlﬂz

01,05.4,1,j

g ZAﬂlfszaloz

0’1 102

(AS)

a. Formulas for diagrams

The formulas are presented in the spinorial notation

D-(0) o

where 6 = (1, 6) for o, being the vector of Pauli matrices,
and we are using double light cone coordinates defined as

pAA =p (GM)AA <

= p1 — ipz.
(A7)

p= = p0 + pd, ph=pl 4 ip?, pL

Some formulas are written in terms of basis spinors,

We can reduce the number of independent amplitudes by
a factor of 2 using the symmetries

W TH
Rn -+ _Ln +-

H
Rn ++ L" -

H _ “
Ln,—+ - _Rn +=

Ly =Ry (A9)

Therefore, for each diagram, we write only R __,
Ly Ry, ,and L} , .
The first diagram is

R]AA — 2VS pz pA0 504
vi=m3\/pipi

2\/_ m1m2p2 AA

L?“l_ =— 1 (A10)
vy = pips
RAA 2V m2p2 7 poa
LT —md \/pl—P a
2 )
L = \F mpy Tt (A1)
b1~ \/ Pipy
The second diagram is
00
RAA 2Vs _ P pAOL0A,
T v—miy pips 2!
[AA 2‘/_ m1m2p1 A, Al2
== (A12)
v~ \/ Pips
RAA 2f myp! 1 TA 04
s ”% Pips .
1A 2\/_ mlpl 7A p0A (A13)

24— "7 2 rpy.
v = \/ pipy

2. The amplitudes for g*g* — qqV*
We list here the amplitudes that were used to define

M) in (4.5):

054039-21



JAN FERDYAN

PHYS. REV. D 114, 054039 (2026)

> 2
b, —lg - S [ 2
Atll,o-l]lﬂz = (U% _ mi)(v% _ m4) (TaTb)zj o3 (p3)FV(Ul + m4)Pl(7j2 + m4)P27)o'4(p4)a (A14a)
abyu _i.g b\ = N /A YTRVON A
AZ,J]GZ - (U% _ m%)(v% _ m4) (TaT )1] () (p3)P1 (U3 + m3)FV(UZ + m4)P2va4(p4)’ (A14b)
b, —ig* _ N N
"4‘31,{7[]462 = (U§ _ m%)(vi _ m';) (TaTb)tj o3 (p3)P1(U3 + m3)P2(U4 + m3)r‘l\4/vo‘4(p4)’ (A14C)
> 2
ab, o —lg b -
'A4,af402 - (U% _ mi)(vg _ mﬁ) (T Ta)lj o3 (p3)r (1}1 + m4)P2(1)5 + m4)P11}64(p4) <A14d)
> 2
b, o —lg b
A;,o‘f‘ﬁz - (U% _ m%)(y% _ m4) (T re )lj 03 (p3)P2(U6 + m3)r (v5 + m4)P1vo—4(p4) (A14e)
;2
ab, o —lg bra\ = N /A N /A
Asals, = CEICET) (TPT?), g, (3) P2 (D6 + m3) Py (D4 + m3)Ty0,,(ps), (A14f)
2
g A A
Aab.ﬂ _ abcT ™ \% , Al4
7,605 (kl I kz)z(v% —m )f ij 53(]73) V(Ul + m4) eff”a4(p4) ( g)
2
g A
Aab,ﬂ abcT V T Al4h
8.0100 (kl + kZ) (1)4 _ m3)f ij U, (p3) (1)4 + m’}) Vv0'4(p4) ( )
where
At = ZAZI’J@. (A18)
vy = p3+4q, vy =ky = pa, v3 = p3 — ki,
U4y = —P4— 4, vs = ki — pa. Vs = p3 — ka,

(A15)

and the form of V* o results from the contraction of the
Lipatov vertex [90] with the approximated gluon polar-

izations,
vh . = k2
eff k2

NS

(ky = ky ) + <2P2 k +

o )
S 2
:E(kz—k) <X1S+1>

X2
k
—<XZS+ >Pﬂ

These amplitudes were calculated from the spinor-helicity
formalism in Ref. [89]. The amplitude squared is given by

- <2P1 ks +

(A16)

uv _ ab.y qab,w
M = S A Ay,

(A17)
) 01,05,a,b,i,j

where

APPENDIX B: THE ELECTROWEAK
COUPLINGS

The electroweak couplings for fermions with the Z°
boson can be expressed through the Weinberg mixing angle
Oy. The formulas for leptons (/) and quarks (g) are

0.0 0.1 0.2 0.3 0.4 05
sin?(6y)

FIG. 11. The ratio of electroweak couplings c# % for leptons and
quarks. The dashed vertical line corresponds to the measured
value of sin’ y,.
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Z—_°  (_144sin%0
UL = Sn(agy) (71 AsinOw).
P e
=—, B1
7 Sin(26y) (Bla)
vz = ;(R —2e,sin’0y),
7 sin@y cos By, = 1 1
e
L= —— Ty, Blb
%= Sin Oy cos Oy 1 (B1b)
where e is the value of electron charge, e, are charge

fractions of quarks (e, = 2/3, e, = —1/3), and T} is the

weak isospin with the component values T3, = 1/2 and
T3, = —1/2. The most recent value of the mixing angle
published by the Particle Data Group gives a value
sin? Oy, = 0.23122(6) [86].

The accuracy of the mixing angle value is important,
especially for parity-breaking structure functions due to the
sensitivity of the coupling ratio CIZ in the region close to the
measured values of sin” §y,. There is no such sensitivity in
the case of quark couplings, as can be seen in the plot in
Fig. 11, where the slope of ¢, at the experimental value is
quite large compared to the slopes of c,.
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