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We compute structure functions for the Drell-Yan process in proton-proton collisions at the center-of-
mass energy

ffiffiffi
S

p ¼ 8 TeV, both parity conserving and parity breaking. For this calculation, we use the
high-energy factorization formalism. The hard scattering matrix elements used in our derivation consist of
two channels, qvalg� → qV� and g�g� → qq̄V�, both at the tree level. We consider four types of gluon
transverse momentum distribution (TMD) models: Gaussian, Weizsäcker-Williams (WW), Kimber-
Martin-Ryskin (KMR), and Jung-Hautmann. We also consider the models with phenomenological
adjustments to improve the data description. We additionally compare the KMR model with its next-
to-leading-order extension, called the Martin-Ryskin-Watt model, and the Kotikov-Lipatov result for the
gluon TMD. We derive and compare the structure functions calculated for different gluon TMD models
with the ATLAS 2016 data. Based on this comparison, we calculate χ2 per number of degrees of freedom
for each of the predictions. This assessment shows clear differences between the predictions obtained with
different TMD models, both in the description of the full dataset and in the case of individual structure
functions. The best description of the structure functions’ data is obtained with one of the modified WW
models. Our analysis can serve to identify the features of the TMD model that should be considered in
future gluon TMD fits.

DOI: 10.1103/6syl-hp6j

I. INTRODUCTION

The Drell-Yan (DY) process [1] is one of the most
informative probes of the internal structure of hadrons. In
this process, a lepton-antilepton (dilepton) pair is produced
through the decay of a neutral electroweak (EW) gauge
boson, either a virtual photon γ� or a Z0 boson. The DYW�
production can also occur, followed by the decay of the
boson into a charged lepton-antineutrino (or charged
antilepton-neutrino) pair. The dilepton pair angular distri-
bution is described by functions of the dilepton angles
ðϕ;ϑÞ and angular coefficients Ai directly related to the DY
structure functions (will refer to them as the structure
functions interchangeably). They have been extensively
studied within the parton model [2–5], in which nontrivial
relations among them were derived in Refs. [6–8].
The structure functions depend on the dilepton invariant

mass M, its total transverse momentum qT , and its rapidity
y. For the photon exchange, the only contribution comes
from the parity-conserving structure functions, which,

including the differential cross section integrated over the
dilepton angles, can be parametrized with four independent
functions. For the Z0 and W� bosons, there exist addition-
ally five more functions that break parity. The Drell-Yan
total cross section and the structure functions were mea-
sured accurately at the LHC [9,10]. The structure functions
were measured at the Z0 resonance, i.e., atM ¼ MZ, where
the contribution of γ� is negligible, as functions of the
dilepton total transverse momentum qT . Most of the data are
well described by the next-to-leading-order (NLO) calcu-
lations within the collinear perturbative QCD (pQCD) [10].
Here, order denotes the perturbative order in the calculation
of the differential distribution, with the leading contribution
occurring at OðαsÞ and corresponding to parton plus EW
boson production. One significant exception from the
theory and data agreement is the Lam-Tung combination
ALT , which reaches values around ALT ≈ 0.15 at
qT ≈ 80 GeV, while the NLO predictions give values
around ALT ≈ 0.09. The Lam-Tung relation ALT ¼ 0 [6–
8] is satisfied up to the leading order (LO) (V� þ jet
production) in the collinear pQCD, and its breaking at
higher orders is related to real emissions that generate
additional transverse momentum, causing the rotation of the
parton plane with respect to the hadron plane [11,12].
The collinear factorization framework for high-energy

scattering processes involving hadrons, such as deep inelas-
tic scattering (DIS), semi-inclusive DIS, and the Drell-Yan
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process, is well established and rigorously formulated in
pQCD [13–16]. At the leading twist in the collinear
factorization framework, the hadronic cross section is given
by a convolution of parton distribution functions (PDFs),
which encode nonperturbative physics below the factoriza-
tion scale μF, and hard scattering matrix elements computed
in pQCD with on-shell initial partons. Within this formal-
ism, a wide range of observables have been derived and
studied, including the dilepton angular distributions in DY
production. The DY structure functions were computed
within the collinear framework at LO [3–5,17], NLO
[18–20], and next-to-next-to-leading-order (NNLO) accu-
racy [21] in the perturbative αs expansion, with the inclusion
of NLO EW corrections [22]. Explicit phenomenological
studies exist for V� þ jet processes [23], in particular within
Monte Carlo implementations [24]. In addition, the impact
of resummation effects on the angular decomposition was
investigated within the collinear framework [25].
The discrepancy between the NNLO prediction and the

ALT data, connected with the fact that the Lam-Tung
relation breaks down due to partons’ transverse momenta,
induced the idea of incorporating partons’ transverse
momenta from the beginning. To account for these trans-
verse momenta, we use the so-called high-energy factori-
zation (or kT factorization), derived and described in
[26,27], where, in particular, the formulation of obtaining
the cross section from hard matrix elements within this
scheme was explained. The DY process within this
approach was studied in, e.g., [28–36]. It was shown in
[37] that within the kT factorization approach, significant
improvement in the description of ALT can be reached,
especially with the transverse momentum distributions
(TMDs, alternatively called transverse momentum–
dependent parton distribution functions—TMD PDFs) with
slow kT fall-off. This result is the main inspiration for this
work. We consider the TMDs used in [37] together with
other models to check if the ALT description can be
improved, and if the remaining structure functions’ descrip-
tion stays in agreement with the data. It should be mentioned
that DY structure functions have also been studied within
high-energy factorization in an alternative formulationwhere
both quarks and gluons are reggeized [38–41]. The DY
structure functions have been studied within the kT factori-
zation framework at orderOðααsÞ [32] and within the color
glass condensate (CGC) formalism,with particular emphasis
on the Lam-Tung combination [30,31]. Within the CGC
framework, these observables have also been analyzed using
the color-dipole formalism [42], including investigations of
higher-twist effects [43,44].
An alternative framework that incorporates partonic

transverse momentum effects is the transverse momen-
tum–dependent factorization in the Collins-Soper-Sterman
(CSS) formalism [45]. This approach applies in the region
of small transverse momenta, k2T ≪ M2, and resums
logarithms of the form logðM2=k2TÞ. In contrast, the kT

factorization is designed for kinematics with k2T ∼M2 ≪ S
and resums the large logarithms of 1=x, employing off-shell
partons in the hard scattering matrix elements. The TMD
factorization admits a rigorous operator formulation of
TMDs and can be systematically matched to the collinear
factorization. The DY structure functions in the small
dilepton transverse momentum (qT) region have been
studied within the CSS framework and compared with
experimental data in [46,47].
The parton TMDs parametrize the hadronic structure,

providing the basis for QCD evolution in the transverse
momentum scale and rapidity. In the small-x regime, the
best known evolution equation that resums logarithms of
1=x and incorporates transverse momentum is the Balitsky-
Fadin-Kuraev-Lipatov (BFKL) equation [48–51], which is
linear and violates unitarity at very small x. The Catani-
Ciafaloni-Fiorani-Marchesini (CCFM) [52–55] equation
interpolates the BFKL evolution at small x and the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evo-
lution in factorization scale, by taking into account effects
of angular ordering and color coherence. At high parton
densities, the gluon saturation effects become important and
are taken into account in the Balitsky-Kovchegov equation
[56,57] and, more generally, by the Jalilian-Marian-Iancu-
McLerran-Weigert-Leonidov-Kovner evolution equations
[58–62], which are nonlinear and consistent with unitarity,
in contrast with the BFKL equation.
The gluon TMD denoted by F ðx;k2

T; μ
2
FÞ in general

depends on the longitudinal momentum fraction x of the
parent hadron, transverse momentum kT with respect to
hadron momentum, and the factorization scale μF. It
provides information about the internal structure of
hadrons, in particular of the proton. Since it depends on
a larger number of parton kinematic variables, it should
provide a more accurate description of the hadron structure
in the region of applicability of the kT factorization at a
given order in perturbation expansion than the description
given by the collinear PDFs. Therefore, the determination
of the accurate TMD parametrization is important for
obtaining precise hadron scattering predictions. There
are many different TMD models in use today, each with
different properties and origins. To distinguish and evaluate
these models, it is important to find observables sensitive to
transverse momentum effects.
In conclusion, we consider all the Drell-Yan structure

functions with a separate consideration of the Lam-Tung
combination ALT for different TMD models. In our
formalism, we take into account two channels, the scatter-
ing of two off-shell gluons g�g� → qq̄V� and the scattering
of the collinear valence quark and off-shell gluon
qvalg� → qV�, both at the tree level, where V� denotes a
virtual electroweak gauge boson γ� or Z0. We apply four
different types of gluon TMD models, which come from
QCD evolution equations or are inspired by QCD. These
models are the quasicollinear Gaussian model, which
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comes from the Golec-Biernat-Wüshoff saturation model
[63], the Jung-Hautmann model, which is the result of the
CCFM evolution equation [52–55], the Kimber-Martin-
Ryskin (KMR) model [64–66], which comes from the
collinear DGLAP evolution equation [67–70], and the
Weizsäcker-Williams model [37], which is a phenomeno-
logical model based on a concept of the gluon TMD to be
driven by the Weizsäcker-Williams gluon emission from
valence quarks, and should not be confused with
Weizsäcker-Williams TMD used in the kT factorization
framework, see, e.g., [71]. We also proposed a modified
Weizsäcker-Williams model, which preserves the kT
dependence of the original model, but adopts the depend-
ence on x and the factorization scale from the collinear
gluon PDF. For models with the collinear x dependence, we
also consider a simple phenomenological modification
relying on x rescaling, which should account for the
additional generation of invariant mass in the process
involving the transverse momenta of partons compared
to the collinear process. Additionally, we compared the
KMR model based on the LO DGLAP splitting with the
NLO extension given by the Martin-Ryskin-Watt (MRW)
prescription [72] and with the Kotikov-Lipatov (KL) model
based on the analytical solution of DGLAP as input in the
KMR procedure [73]. Some of the models underestimated
the total Drell-Yan cross section, which led us to adjust
these models by normalizing them to the total cross section
data [9]. We observe that the Drell-Yan structure functions
indeed differentiate between the gluon TMD models. The
Weizsäcker-Williams model works quite well in compari-
son to the other models. Its modifications do not signifi-
cantly change the description of the Lam-Tung
combination, but their predictions for other structure
functions are different—some are improved, while others
are slightly worsened. We summarize the results in terms of
χ2 per number of degrees of freedom, and their ratio to the
minimum χ2 value.

II. KINEMATICS

We consider two colliding hadrons with momenta P0
1 and

P0
2 that produce a lepton (l

−)-antilepton (lþ) (dilepton) pair.
In the standard light cone coordinates, the hadronic
momenta can be written as

P0
1 ¼

� ffiffiffi
S

p
;
M2

Hffiffiffi
S

p ; 0

�
≈ ð

ffiffiffi
S

p
; 0; 0Þ≕P1;

P0
2 ¼

�
M2

Hffiffiffi
S

p ;
ffiffiffi
S

p
; 0
�
≈ ð0;

ffiffiffi
S

p
; 0Þ≕P2; ð2:1Þ

where S ¼ ðP1 þ P2Þ2 is the center-of-mass collision
energy, and we will consistently neglect the hadron mass
MH, because in the high-energy limit MH=

ffiffiffi
S

p
≪ 1. The

other momenta will be represented using Sudakov decom-
position

p ¼ xP1 þ
m2 þ p2

T

xS
P2 þ pT; ð2:2Þ

where pT ¼ ð0; 0;pTÞ is such that pT · P1 ¼ pT · P2 ¼ 0

and m2 ¼ p2.
We denote the virtual boson momentum as q, its mass as

M, and define its transverse mass by M2
T ¼ M2 þ q2

T, so
that its Sudakov decomposition reads

q ¼ xFP1 þ
M2

T

xFS
P2 þ qT; ð2:3Þ

where xF is the so-called Feynman x. The elec-
troweak gauge boson rapidity y in the laboratory frame
is related to xF by the equation y ¼ lnðxF

ffiffiffi
S

p
=MTÞ, or

conversely xF ¼ MTey=
ffiffiffi
S

p
.

In general we define a coordinate system by the four-
vectors ðT; X; Y; ZÞ, which are orthogonal and normalized
as T2 ¼ 1, X2 ¼ Y2 ¼ Z2 ¼ −1. We choose q to define the
time direction as Tμ ≔ qμ=M and X, Z coordinates to span
the hadronic plane,

Xμ ≔ αþP̃
μ
ðþÞ þα−P̃

μ
ð−Þ; Zμ ≔ βþP̃

μ
ðþÞ þβ−P̃

μ
ð−Þ; ð2:4Þ

where α�, β� are coefficients that define the specific frame
and we defined the � vectors as Pð�Þ ≔ P1 � P2, with tilde
meaning that they are projected onto a hyperplane orthogo-
nal to q, i.e., P̃μ

ð�Þ ≔ g̃μνPð�Þν, with the projection defined as

g̃μν ≔ gμν −
qμqν

M2
: ð2:5Þ

The Y coordinate is defined to complete the right-oriented
orthonormal basis.
All the calculations are performed in the Collins-Soper

frame [2], where the Z-axis is defined to bisect the angle
formed by the hadrons’ momenta directions in the particle
rest frame. This definition leaves ambiguity due to two
possible ways of choosing bisectors between two non-
oriented directions. Such a definition fixes the Z-axis up to
a sign. The orientation of the Z-axis is consistent with the
Z-direction of the lepton pair in the laboratory reference
frame. Therefore, it reverses the sign for the negative
rapidity y, and due to the requirement of a right-handed
basis, the Y-axis also reverses the sign. In this frame the
coefficients α� and β� are equal to

α� ¼ ∓Mðq · P�Þ
qTMTS

; β� ¼ ∓ ðq · P∓Þ
MTS

: ð2:6Þ

We denote the leptons’ momenta as l1 and l2 for the
lepton l− and antilepton lþ, respectively. The angles of
the dilepton in the center-of-momentum (COM) frame are
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defined through the scalar products with the chosen
coordinates

l1=2 · X ¼ ∓M
2
sinϑ cosϕ; l1=2 · Y ¼ ∓M

2
sinϑ sinϕ;

l1=2 · Z ¼ ∓M
2
cosϑ: ð2:7Þ

Given the coordinates, we can define the polarization
vectors of the electroweak boson,

εμð0Þ ≔ Zμ; εμð�Þ ≔ ∓ 1ffiffiffi
2

p ðXμ � iYμÞ: ð2:8Þ

III. THE DRELL-YAN PROCESS

In general, the Drell-Yan process is a process that
describes lepton pair production in a collision of hadrons
H1 and H2. At the leading order in the electromagnetic
coupling, the colliding hadrons produce an electroweak
gauge boson V�, which then decays into a dilepton pair
lþl−. It can be written schematically asH1ðP0

1ÞþH2ðP0
2Þ→

V�ðqÞþXðpXÞ→ lþðl2Þþl−ðl1ÞþXðpXÞ, where pX de-
notes a set of n outgoing partons’ momenta. The factori-
zation formula, assuming the high-energy factorization for
the DY cross section σ, is given by [74]

dσ ¼
X
i;j

Z
dx1
x1

Z
d2k1T
π

F i=H1
ðx1;k2

1T; μ
2
FÞ

×
Z

dx2
x2

Z
d2k2T
π

F j=H2
ðx2;k2

2T; μ
2
FÞdσ̂ij; ð3:1Þ

where x1;2 are the fractions of the longitudinal momentum
of the parent hadron carried by a parton, F i=Hðx;k2

T; μ
2
FÞ is

a transverse momentum–dependent parton distribution
function, which gives the probability of finding the parton
i with longitudinal momentum fraction x and transverse
momentum kT in the hadron H. Parton distributions
depend also on the factorization scale μF, which separates
nonperturbative effects captured by TMDs from the
perturbative partonic cross section dσ̂ij. In the case of
high-energy factorization, the partonic cross section dσ̂ij is
off-shell while remaining gauge invariant. TMDs are
related to the standard collinear PDFs via

xfiðx; μ2Þ ¼
Z

μ2

0

dk2TF iðx; k2T; μ2Þ: ð3:2Þ

The partonic cross section of a process iðp1Þjðp2Þ →
XðpXÞl−ðl1Þlþðl2Þ is given by the formula

dσ̂ij ¼
ð2πÞ4

Fðp1; p2Þ
LμνM

μν
ij jDVðq2Þj2

× dPSnþ2ðp1; p2;pX; l1; l2Þ; ð3:3Þ

where PSn is the phase space of n outgoing particles,
Fðp1; p2Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1 · p2Þ2 −m2

1m
2
2

p
, where m2

i ¼ p2
i is the

incident flux of the initial partons,DVðq2Þ is the propagator
of boson V with mass MV and decay width ΓV given by
DVðq2Þ ¼ i=ðq2 −M2

V þ iMVΓVÞ, and Lμν is the leptonic
tensor,

Lμν≔
X
s1;s2

ūs1ðl1ÞΓμ
Vvs2ðl2Þv̄s2ðl2ÞΓν

Vus1ðl1Þ

¼2g2l ½qμqν− lμlν−q2gμν�þ2iw2
l ε

μνρσqρlσ; ð3:4Þ

where the interaction of the boson V with dilepton lþl− is
described by the vertex

Γμ
V ¼ ðvVf þ aVf γ5Þγμ; ð3:5Þ

where vVf and aVf are the vector and axial couplings for the
fermion with flavor f. We denote leptonic flavors by the
index l and quark flavors by the index q. We also define
g2l ≔ v2l þ a2l and w2

l ≔ 2vlal with suppressed boson
designation V, which is obvious from the context. The
formulas for the electroweak couplings are given in
Appendix B. The boson momentum is q ¼ l1 þ l2, and
we also use the momentum lμ given by l ¼ l1 − l2. We
define the partonic amplitude squared with factorized
boson polarizations as

Mμν
ij ¼

X̄
AμĀν; ð3:6Þ

where the symbol
P̄

means averaging over the set of
indices for the incoming particles and summing over the
indices of the outgoing particles, and Aμ is the scattering
amplitude for the process iðp1Þjðp2Þ → XðpXÞV�ðqÞ with
boson polarization removed. The contraction of the lep-
tonic tensor and the above amplitude squared can be written
as a sum over the boson basis polarizations,

LμνM
μν
ij ¼

X
r;r0¼0;�

Lðrr0ÞMðrr0Þ
ij ; ð3:7Þ

with

Lðrr0Þ ≔ ε̄ðrÞμ ðqÞLμνεðr
0Þ

ν ðqÞ;
Mðrr0Þ

ij ≔ εðrÞμ ðqÞMμν
ij ε̄

ðr0Þ
ν ðqÞ: ð3:8Þ

The DY differential cross section can be written in the
following form:

dσ
dM2dyd2qTdΩ

¼ 4

ð4πÞ6 jDVðM2Þj2

×
X

r;r0¼0;�
Lðrr0Þ dσðrr0Þ

dM2dyd2qT
; ð3:9Þ
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where the angular distribution of lepton angles Ω ¼ ðϑ;ϕÞ
is given by the polarized leptonic tensor, and we define the
polarized differential cross sections as

dσðrr0Þ

dM2
¼
X
i;j

Z
dx1

Z
d2k1T
πx1

F iðx1;k2
1T;μ

2
FÞ

×
Z

dx2

Z
d2k2T
πx2

F jðx2;k2
2T;μ

2
FÞ

×
ð2πÞ4

Fðp1;p2Þ
Mðrr0Þ

ij dPSnþ1ðp1;p2;pX;qÞ: ð3:10Þ

A. The helicity structure functions

The DY differential cross section (3.9) can be reduced to
the form

dσ
dM2dyd2qTdΩ

¼ 4g2l M
2

ð4πÞ6 jDVðM2Þj2

×
X
τ∈P

gτðϑ;ϕÞ
dστ

dM2dyd2qT
; ð3:11Þ

whereP ≔ fU þ L; L; TT; LT; A; P; 7; 8; 9g, and with the
angular coefficients derived from the leptonic tensor,

gUþLðϑ;ϕÞ ¼ 1þ cos2ϑ; gLðϑ;ϕÞ ¼ 1 − 3cos2ϑ; gTTðϑ;ϕÞ ¼ 2sin2ϑ cos ð2ϕÞ;
gLTðϑ;ϕÞ ¼ 2

ffiffiffi
2

p
sin ð2ϑÞ cosϕ; gAðϑ;ϕÞ ¼ 4

ffiffiffi
2

p
sin ϑ cosϕ; gPðϑ;ϕÞ ¼ 2 cosϑ;

g7ðϑ;ϕÞ ¼ 2sin2ϑ sin ð2ϕÞ; g8ðϑ;ϕÞ ¼ 2
ffiffiffi
2

p
sin ð2ϑÞ sinϕ; g9ðϑ;ϕÞ ¼ 4

ffiffiffi
2

p
sinϑ sinϕ; ð3:12Þ

and the helicity differential cross sections dστ are

dσUþL ¼ dσð00Þ þ dσðþþÞ þ dσð−−Þ; dσL ≔ dσð00Þ; dσTT ¼ 1

2
ðdσðþ−Þ þ dσð−þÞÞ; ð3:13Þ

dσLT ¼ 1

4
ðdσðþ0Þ þ dσð0þÞ − dσð−0Þ − dσð0−ÞÞ; dσP ¼ clðdσðþþÞ − dσð−−ÞÞ; ð3:14Þ

dσA ¼ cl
4
ðdσðþ0Þ þ dσð0þÞ þ dσð−0Þ þ dσð0−ÞÞ; dσ7 ¼ 1

2i
ðdσðþ−Þ − dσð−þÞÞ; ð3:15Þ

dσ8 ¼ 1

4i
ðdσðþ0Þ − dσð0þÞ þ dσð−0Þ − dσð0−ÞÞ; dσ9 ¼ cl

4i
ðdσðþ0Þ − dσð0þÞ − dσð−0Þ þ dσð0−ÞÞ; ð3:16Þ

where cl ≔ w2
l =g

2
l ¼ 2vlal=ðv2l þ a2l Þ.

The differential cross section can then be written as

dσ
dM2dyd2qTdΩ

¼ 3

16π

dσ
dM2dyd2qT

�
1þ cos2 ϑþ 1

2
A0ð1 − 3 cos2 ϑÞ þ A1 sin ð2ϑÞ cosϕþ 1

2
A2 sin2 ϑ cos ð2ϕÞ

þ A3 sinϑ cosϕþ A4 cosϑþ A5 sin2 ϑ sin ð2ϕÞ þ A6 sin ð2ϑÞ sinϕþ A7 sinϑ sinϕ
�
; ð3:17Þ

where the differential cross section integrated over the lepton angles is

dσ
dM2dyd2qT

¼ 16π

3

4g2l M
2

ð4πÞ6 jDVðM2Þj2 dσUþL

dM2dyd2qT
; ð3:18Þ

and the Ai structure functions are defined as follows:

A0 ¼
2WL

WUþL
; A1 ¼

2
ffiffiffi
2

p
WLT

WUþL
; A2 ¼

4WTT

WUþL
; A3 ¼

4
ffiffiffi
2

p
WA

WUþL
; A4 ¼

2WP

WUþL
;

A5 ¼
2W7

WUþL
; A6 ¼

2
ffiffiffi
2

p
W8

WUþL
; A7 ¼

4
ffiffiffi
2

p
W9

WUþL
; ð3:19Þ

with the designation Wτ ¼ dστ

dM2dyd2qT
.
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The structure functions obey the so-called Lam-Tung
relation [6,8]

ALT ≔ A0 − A2 ¼ 0; ð3:20Þ

which holds up to the NLO accuracy in the collinear
factorization [12].

IV. THE DRELL-YAN CROSS SECTIONS

We adopt the approximation concerning the hierarchy of
the scattering processes following Ref. [37]—we assume
that the sea quarks entering the hard scattering are
generated either directly in the matrix element or in the
last step of the parton evolution via gluon splitting. In this
approach we consider two partonic channels, namely, the

qvalg� channel with polarized cross sections dσðr1r2Þðqg�þg�qÞ ≔

dσðr1r2Þðqg�Þ þ dσðr1r2Þðg�qÞ and the g�g� channel with polarized cross

sections dσðr1r2Þðg�g�Þ. The total cross section is a sum of the

cross sections for these two channels,

dσðr1r2Þ ¼ dσðr1r2Þðqg�þg�qÞ þ dσðr1r2Þðg�g�Þ: ð4:1Þ

Moreover, we are using the so-called nonsense polarization
[74] for the initial off-shell gluons,

εμðkiÞ ¼
xiffiffiffiffiffiffiffiffiffiffi
−k2iT

p Pμ
i ; ð4:2Þ

where the gluons’ momenta are decomposed as ki ¼
xiPi þ kiT for i ¼ 1, 2.

A. Cross section for qvalg� channel

For the qvalg� channel, depicted in Fig. 1(a), we are using
the so-called hybrid factorization, where the initial gluon g�
is off-shell and carries the transverse momentum kT , while
the valence quark qval is assumed to be collinear. This
contribution was derived earlier within the kT factorization
approach in Refs. [28–30]. According to (3.10), taking the
collinear limit (3.2) for the valence quark, we obtain the
polarized cross section for this channel, expressed as

dσðr1r2Þðqg�Þ
dM2dyd2qT

¼
X
q

Z
dxqfq;valðxq; μFÞ

×
Z

d2kT
πk2

T
F ðxg;k2

T; μ
2
FÞ

4παsðμFÞ
N

×
z2

ð8πÞ2x2Fð1 − zÞS2Φ
ðqÞ
r1r2 ; ð4:3Þ

where fq;val is a PDF for a valence quark q, the gluon
momentum fraction xg is fixed from the energy-momentum
conservation as xg ¼ ðð1 − zÞM2

T þ zðkT − qTÞ2Þ=
ðxFð1 − zÞSÞ with z ¼ xF=xq, and the impact factor is
defined as

ΦðqÞ
r1r2 ≔

X
σ1;σ2

Aðr1Þ
σ1σ2Ā

ðr2Þ
σ1σ2 ; ð4:4Þ

(a) (b)

FIG. 1. General form of the diagrams for the DY process. Big circles represent all possible QCD LO subdiagrams. P1 and P2 are the
momenta of the incoming hadrons and q is the momentum of the emitted electroweak gauge boson. (a) Diagram for the subprocess
qvalg� → qV�, where p1 is the momentum of the incoming valence quark, k is the momentum of the off-shell incoming gluon and p2 is
the momentum of the outgoing quark and (b) diagram for the subprocess g�g� → qq̄V�, where k1, k2 are the momenta of two off-shell
gluons coming from each hadron and p3, p4 are the momenta of the outgoing quark and antiquark, respectively.
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where Aðr1Þ
σ1σ2 ¼ εðr1Þ;μA

μ
σ1σ2 also carries the information

about the quark flavor q. The scattering amplitudes for

this channel are derived in Appendix A. The dσðr1r2Þðg�qÞ
contribution can be obtained by swapping the pro-
ton beams.

B. Cross section for g�g� channel

In the g�g� channel, we consider the scattering of two
off-shell gluons at the tree level g�g� → qq̄V�. The general
form of a diagram for such a process is illustrated in
Fig. 1(b).
The contribution for this channel was calculated earlier,

e.g., [37,75], and applied to the Z þ bb̄ production [35].
From formula (3.10), we obtain the cross section for this
channel in the form

dσðr1r2Þðg�g�Þ ¼
Z

dx1

Z
d2k1T
πk2

1T
F ðx1;k2

1T; μ
2
FÞ

×
Z

dx2

Z
d2k2T
πk2

2T
F ðx2;k2

2T; μ
2
FÞ

×
ð2πÞ4
2S

Mðr1r2Þ
ðg�g�ÞdPS3ðk1; k2;p3; p4; qÞ; ð4:5Þ

where Mðr1r2Þ
ðg�g�Þ is polarized amplitude squared (with pulled

out x2i =k
2
iT factors from gluon polarizations), which is

given by (A17), and dPS3 is a three-body phase space,

dPS3ðk1; k2;p3; p4; qÞ ¼
dzdϕκdyd2qT

8ð2πÞ9 :

The chosen integration variables z;ϕκ are defined through
the quark and antiquark momenta p3 and p4 decomposi-
tion,

p3 ¼ zxqq̄P1 þ
p2
3

zxqq̄S
P2 þ p3T;

p4 ¼ ð1 − zÞxqq̄P1 þ
p2
4

ð1 − zÞxqq̄S
P2 þ p4T; ð4:6Þ

where p3 and p4 are transverse momenta, which can be
written in terms of the COM transverse momentum Δ and
momentum κ ¼ κðcosϕκ; sinϕκÞ as

p3 ¼ zΔþ κ; p4 ¼ ð1 − zÞΔ − κ: ð4:7Þ

By the energy-momentum conservation Dirac deltas, we
get the following constraints:

xqq̄ ¼ x1 − xF; Δ ¼ k1T þ k1T − qT;

κ2 ¼ zð1 − zÞ
�
x2xqq̄S −

xqq̄M2
T

xF
− Δ2

�
: ð4:8Þ

V. MODELS FOR GLUON TMD

We consider four models of gluon TMD proposed
earlier, and we introduce some modifications to them.
The models were applied earlier in calculations of the DY
structure functions measured by ATLAS collaboration [10].
Thus, we consider the following TMD models:
(i) the Gaussian (Gauss.) model,
(ii) the Jung-Hautmann (JH) model [76],
(iii) the KMR model [65],
(iv) the “Weizsäcker-Williams” (WW) model [37].

We will briefly summarize their main characteristics,
underlying ideas, and the proposed modifications, along
with their justifications.

A. The Gaussian model

The Gaussian gluon distribution is inspired by the Golec-
Biernat–Wüsthoff (GBW) saturation model [77] and
extracted from the color-dipole cross section. It is referred
to as quasicollinear due to its very narrow kT dependence of
the form

FGðx; k2TÞ ¼
N2

k20
ð1 − xÞ7 exp

�
−
�
x
x0

�
λ k2T
k20

�
; ð5:1Þ

where we take the values of parameters used in Ref. [37],
N2 ¼ 68.4, k0 ¼ 1 GeV, x0 ¼ 3 × 10−4, and λ ¼ 0.29.
The parameters λ and x0 were fitted to inclusive DIS data
on F2 [63] and normalization was adjusted in Ref. [37]. It
provides a simple, phenomenological description of the
gluon density that captures saturation effects at small x,
although it neglects QCD evolution with the factorization
scale other than gluon kT .

B. The Jung-Hautmann model

The JH TMD is obtained from the CCFM evolution
equation [52–54], which attempts to unify the small-x
BFKL evolution equation [48–51] and the collinear
DGLAP evolution [69,70], thus providing a consistent
treatment of both logð1=xÞ and the logarithm in the
hard scale.
Currently, there are a few available grids in the TMDlib

library that differ from each other. We chose to compare
three sets of gluon TMD grids: JH-2013-set1 [78],
PB-NLO-HERAI+II-2018-set1 [79], and PB-NLO-
HERAI+II-2023-set2-qs=1.04 [80], which we will
call JH2013, PB2018, and PB2023, respectively, and we
will collectively call them the JH models. All mentioned
grids were obtained using the same Monte Carlo method
for solving the evolution equation. However, the evolution
kernel used for the JH2013 was dominated by the gluon
channel, while the kernel used for the two remaining grids
has a fully coupled flavor structure [81].
In order to obtain intermediate TMD values from the grid

files, we applied linear interpolation. One should be aware
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of the limited range of the JH-2013-set1 grid, i.e., the
maximum value for the transverse momentum is
kT ¼ 200 GeV.

C. The Kimber-Martin-Ryskin model

The KMR model was derived by resumming the virtual
contribution from the DGLAP equation by including the
last splitting as nonintegrated. The KMR distribution takes
the form

FKMRðx; k2T; μ2Þ ¼
∂

∂k2T
½xfgðx; k2TÞTgðkT; μÞ�; ð5:2Þ

where fg is the collinear gluon PDF and

TgðkT; μÞ ¼ exp
�
−
Z

μ2

k2T

dp2

p2

αsðp2Þ
2π

Z
1−δðpÞ

0

× dzz
�
PggðzÞ þ

X
q

PqgðzÞ
��

ð5:3Þ

is the Sudakov form factor that gives the probability of the
gluon with transverse momentum kT remaining unchanged
by the evolution up to the factorization scale μ. The
functions Pij are the first-order Altarelli-Parisi splitting
functions of the form

PggðzÞ ¼ 2CA
ð1 − zð1 − zÞÞ2

1 − z
; ð5:4aÞ

PqgðzÞ ¼
1

2
ðz2 þ ð1 − zÞ2Þ; ð5:4bÞ

PgqðzÞ ¼ CF
1þ ð1 − zÞ2

z
; ð5:4cÞ

and δðpÞ ¼ p=ðpþ μÞ is the parameter that provides the
correct angular ordering of the real gluon momenta. The
form factor is set to TgðQ; μÞ ¼ 1 for Q > μ. Because of
that, the differential form of the KMR TMD (5.2) has a
discontinuity due to the nondifferentiability of the differ-
entiated function atQ ¼ μ. However, one can eliminate this
problem by using the integral form [82],

FKMRðx; k2T; μ2Þ ¼
TgðkT; μÞ

k2T

αsðk2TÞ
2π

Z
1−δðkT Þ

x

× dz

�
PggðzÞ

x
z
fg

�
x
z
; k2T

�

þ
X
q

PgqðzÞ
x
z
fq

�
x
z
; k2T

��
; ð5:5Þ

where the sum
P

q runs over all active quark and antiquark
flavors. Equations (5.2) and (5.5) agree for kT < μ and start
to deviate for kT > μ. This behavior is due to the use of a

regularized gluon PDF and can be avoided by using a
cutoff-dependent DGLAP solution for the gluon PDF in
the TMD definition (5.2) [82]. However, the available grids
for PDFs are cutoff free [δðkTÞ ¼ 0], therefore, we use
formula (5.5) in our computations.
For the computations, we generated a grid for the KMR

model using formula (5.5) and we defined the function as
the linear interpolation on this grid. As the input PDF we
employed the CT10nlo model [83] from the LHAPDF
library, together with the one-loop running coupling αsðμ2Þ
given by

αsðμ2Þ ¼
1

βf logðμ
2

Λ2
f
Þ
; ð5:6Þ

where βf ¼ 33−2nf
12π for nf being the number of active flavors

and Λf is the QCD scale, which also depends on the number
of active quark flavors nf. The grid covers the ranges
x∈ ½10−7; 1�, kT ∈ ½10−1GeV; 104GeV�, and μ∈ [2 GeV,
1024 GeV]. Below a certain scale k0 that parametrizes the
onset of nonperturbative physics, which we chose to be
k0 ¼ 1 GeV, we fix the TMD to be constant in kT . Thus, for
kT < k0, we set the TMD to be

FKMRðx; k2T; μ2Þ ¼
xfgðx; k20Þ

k20
Tgðk0; μÞ ð5:7Þ

to preserve the collinear limit.
We also considered modifications of this model. Initially,

we observed that it did not reproduce the correct values for
the total DY cross section with the virtual photon exchange
measured by ATLAS [9]. Therefore, as an adjustment, we
rescaled the TMD by the normalization constant fitted to
the total DY cross section data.
As one can see from Eq. (5.2), the x dependence of the

TMD is governed by that of the collinear PDF. However, the
collinear and transverse momentum–dependent approaches
are characterized by different kinematics. As a consequence,
the nonzero kT gluon momentum fraction x has to be larger
than the collinear gluon x to reproduce the same invariant
mass of the final state. Therefore, we introduce a simple
phenomenological correction by rescaling x in the TMD by a
constant factor. Together with an unscaled x, we considered
three cases:

F ð1Þ
KMRðx; k2T; μ2Þ ¼ Nð1Þ

KMRFKMRðx; k2T; μ2Þ; ð5:8aÞ

F ð2Þ
KMRðx; k2T; μ2Þ ¼ Nð2Þ

KMRFKMRðx=2; k2T; μ2Þ; ð5:8bÞ

F ð3Þ
KMRðx; k2T; μ2Þ ¼ Nð3Þ

KMRFKMRðx=4; k2T; μ2Þ; ð5:8cÞ

where each case was additionally rescaled by the overall

normalization constant NðiÞ
KMR fitted to the total DY total
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cross section data [9]. This should be understood as building
a data-guided phenomenological model. This approach
unfortunately loses the QCD direct connection to the

collinear gluon PDF. We will denote the F ðiÞ
KMR TMDs

as KMRðiÞ.
Although it is common to use the LO KMR prescription

with the NLO PDFs [82], one can apply the NLO version of
the KMR framework. The NLO prescription, usually
referred to as the MRW model [72], incorporates two
DGLAP splittings in generating the kT dependence of the
distribution. The MRW formula differs from the KMR
model not only by replacing the collinear PDFs, splitting
functions, and αs coupling with their NLO counterparts, but
also by accounting for the dependence of the scale on the
collinear splitting variable z. The MRW gluon TMD is
given by [72]

k2TF ðx; k2T; μ2Þ ¼
Z

1

x
dzTgðk; μÞ

αsðk2Þ
2π

θ

�
1 −

k2T
μ2

− z

�

×

�
P̃ð1Þ
gg ðzÞ x

z
fg

�
x
z
; k2

�

þ
X
q

P̃ð1Þ
gq ðzÞ xz fq

�
x
z
; k2

��
; ð5:9Þ

where now the scale is not simply the transverse momen-
tum kT , but rather the virtuality k of the emitted partons,
given by k2 ¼ k2T=ð1 − zÞ. The upper integration bound z <
1 − k2T=μ

2 in (5.9) results from the condition on virtuality
k2 < μ2. This condition also makes a crucial difference
between the KMR and MRW prescriptions, as the KMR
model kT dependence can be extended above the factori-
zation scale with the angular ordering, while the MRW

model is nonzero only for kT < μ. Here, P̃ð1Þ
ij ðzÞ denotes the

NLO DGLAP splitting kernels, for which we use the
explicit expressions given in [84]. Following the MRW
prescription [72], the soft-gluon contribution is treated
using the subtraction procedure with an angular ordering
constraint, and the resulting kernels are used accordingly in
the Sudakov form factor.
We also consider the KMR model with gluon-driven

DGLAP evolution, following a similar logic as for the JH
models, where the JH2013 model was derived using purely
gluonic evolution. A TMD obtained with the KMR pro-
cedure was considered by Kotikov and Lipatov in [73],
where analytical solutions of the DGLAP evolution equa-
tions are used as input PDFs, with the relevant phenom-
enological parameters determined from a fit to DIS data for
the proton structure function F2. For our analysis, we use
the KL-3d-2025 grid [73], provided by the authors
through the TMDlib library, and refer to this model as
the KL model. Although the KL approach is general, this
specific TMD was obtained with the DGLAP evolution
dominated by gluons.

In the general comparison of TMD models, we will use
the KMR TMDs (5.8), collectively referred to as KMR-
based models. Then, we will separately discuss the
differences between the KMR, MRW, and KL approaches.

D. The Weizsäcker-Williams model

The simple WW model proposed in [37] is given by the
formula

FWWðx; k2TÞ ¼
N1

k20
ð1 − xÞ7x−λb ×

8><
>:

1 k2T < k20�
k2
0

k2T

�
b

k2T ≥ k20
;

ð5:10Þ

where N1 ¼ 0.6111, λ ¼ 0.29, b ¼ 1, and k0 ¼ 1 GeV.
The normalization constantN1 is obtained by fitting the DY
cross section with a global K factor for photon exchange to
the data [9]. The transverse momentum cutoff k0 is chosen
as the scale that delimits the region where the confinement
or parton coherence effects in a hadron become important.
To capture the collinear limit of TMD (3.2), we propose

the modification of the Weizsäcker-Williams model
(WW’), which uses the collinear gluon PDF. The formula
for WW’ TMD reads (for b ¼ 1)

F 0
WWðx; k2T; μ2Þ ¼

xfgðx; μ2Þ
k20½1þ logðμ2k2

0

Þ�
×

8<
:

1 k2T < k20
k2
0

k2T
k2T ≥ k20

:

ð5:11Þ

This modification preserves the 1=k2T behavior of the
original WW model and satisfies Eq. (3.2). Additionally,
it introduces a double scale dependence present in the JH
and KMR models.
Although we did not use them, the values of parameter b

other than 1 have been explored before. For b ≠ 1, the
WW’ model takes the form

F 0
WWðx; k2T; μ2Þ ¼

ð1 − bÞxfgðx; μ2Þ
ðk20
μ2
Þbμ2 − bk20

×

8><
>:

1 k2T < k20�
k2
0

k2T

�
b

k2T ≥ k20
; ð5:12Þ

which reduces to (5.11) in the b → 1 limit.
As in the case of the KMR model, the WW’ model also

does not describe well the data from Ref. [9]. Therefore, we
consider modifications analogous to (5.8) for the WW’
model,

F ð1Þ
WWðx; k2T; μ2Þ ¼ Nð1Þ

WWF
0
WWðx; k2T; μ2Þ; ð5:13aÞ
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F ð2Þ
WWðx; k2T; μ2Þ ¼ Nð2Þ

WWF
0
WWðx=2; k2T; μ2Þ; ð5:13bÞ

F ð3Þ
WWðx; k2T; μ2Þ ¼ Nð3Þ

WWF
0
WWðx=4; k2T; μ2Þ; ð5:13cÞ

where again NðiÞ
WW were fitted to the total DY cross section.

We will denote the F ðiÞ
WW TMDs as WWðiÞ.

As a collinear gluon PDF, we used the CT10nlo set
from the LHAPDF library.

VI. RESULTS

To date, the best measurement of the Drell-Yan dilepton
angular coefficients was performed by ATLAS collabora-
tion [10], which is the main source of the data on which we
base our analysis. We derived the structure functions within
the kT factorization formalism for the qvalg� and g�g�
channels. We focused on the first three parity-conserving
functions A0, A1, and A2, considering separately the Lam-
Tung combination ALT ¼ A0 − A2, and two parity-violat-
ing functions A3 and A4. The remaining three structure
functions—A5, A6, and A7—vanish within the framework

of the considered model. The data show that these functions
are indeed consistent with zero at current accuracy. In
definition (3.19) we used the differential cross sections (4.3)
and (4.5) fully integrated over all variables except the boson
transverse momentum qT , over which we take the average
in the bins used in the experiment and in the Z0 boson peak,
i.e., atM ¼ MZ ¼ 91.1876 GeV at the pp collision energyffiffiffi
S

p ¼ 8 TeV. In our analysis, we considered four main
gluon TMD models along with modifications of two of
them. The gluon TMD models used are listed and briefly
described in Sec. V. For a collinear valence quark PDF in
(4.3) we used the CT10nlo set from the LHAPDF library.
The phase space integration is performed using the VEGAS

6.2.1 package [85]. For a running strong coupling we used
one-loop coupling (5.6) for the number of flavors nf ¼ 5,
where the QCD scale has the value Λ5 ¼ 98.61 MeV that
gives αsðM2

ZÞ ¼ 0.12. The factorization and renormaliza-
tion scales are set to be the same and equal to the boson
transverse mass μF ¼ μR ¼ MT . To obtain the electroweak
couplings, we need the Weinberg mixing angle θW for
which we took the value sin2 θW ¼ 0.23122 [86].

(a) (b)

(c) (d)

FIG. 2. The Drell-Yan total cross section for γ� exchange in pp collision at the LHC at
ffiffiffi
S

p ¼ 7 TeV. We compared the ATLAS data
[9] to the cross sections calculated with different gluon TMD models: (a) the KMR-based TMD models, (b) the WW-based TMD
models, (c) the CCFM-driven TMDmodels, (d) KMRð3Þ, WWð3Þ, JH2013, and Gaussian models as the models with the best overall data
description (including the structure functions analysis) within each model family.
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A. Normalization to the total Drell-Yan cross section

The basic versions of the gluon TMD models do not
accurately describe the DY total cross section data given in
Ref. [9], mostly because of the inaccurate overall normali-
zation. Therefore, as a simple phenomenological adjust-
ment, we normalized these functions to the data. In the case
of the KMR model (5.5) and WW’ model (5.11), the x
dependence is based on the collinear PDFs. However, as
mentioned in the previous section, different kinematics in
the kT factorization approach may result in a change in the
shape of the distributions in the x variable. Thus, we also
proposed versions of the discussed TMDs with the rescaled
x variable. Ultimately, we consider the KMR-based TMD
family given in (5.8), and the WW’-based TMD family
given in (5.13), which together with the original WW TMD
(5.10) will be referred to as WW-based TMDs.

We calculated the cross section dσðγ�Þðpp→lþl−XÞ
dM averaged

over the dilepton mass bins, in the mass regions where the
contribution from the Z0 boson is negligible. The cross
sections for the normalized TMDs are plotted in Fig. 2 and
the normalization constants are given in Table I. The
reduced χ2 values, given in Table II, for this cross section
were calculated according to the formula

χ2¼ 1

Npt−1

XNpt

i¼1

1

σ2data

��
dσðγ�Þ

dM

�
th
−
�
dσðγ�Þ

dM

�
data

�
2

; ð6:1Þ

where Npt ¼ 6 and we fitted the overall normalization, and
th=data correspond to the theoretical and experimental
values, respectively.
In the calculations, we applied theK factor, which partially

accounts for resummed higher-order QCD corrections. Use
of this factor with an approximate form K ¼
expðπCFαsðμ2qÞ=2Þwith the optimal choice of the scale μq ¼
ðqTM2Þ1=3 in the DY cross section calculation was motivated
in [87,88]. In our analysis, we simplified the calculations by
assuming an average constant value ofK ¼ 1.5 instead of the
full form depending on qT and M, as was done in Ref. [37].
The behavior of the KMR-based and WW’-based TMDs

is very similar. Both show a too steep decrease with
increasing M, resulting in a slight discrepancy at the ends
of the mass spectrum. This problem becomes less signifi-
cant with stronger x rescaling. A similar discrepancy occurs
for the JH models. Table II indicates that the WW model
comes closest to describing the DY total cross section data,
while models with the best structure function data descrip-
tion, i.e., WWð3Þ, KMRð3Þ, and JH2013, have similar cross
section reduced χ2 values close to 1.
The comparison of the KMR, MRW, and KL models, see

Fig. 3, shows that the KMR and MRW prescriptions
provide relatively similar descriptions of the DY cross
section. As can be seen in Table III, the normalization
factors obtained for these models are almost equal. The

TABLE I. Normalization constants for different gluon TMD models.

Model WWð1Þ WWð2Þ WWð3Þ KMRð1Þ KMRð2Þ KMRð3Þ JH2013 PB2018 PB2023 Gauss.

NTMD 2.0848 1.3880 0.9484 2.6021 1.7619 1.2243 0.8728 2.2017 2.6453 0.4158

TABLE II. The reduced χ2 values for different TMD models.

Model WWð1Þ WWð2Þ WWð3Þ WW KMRð1Þ KMRð2Þ KMRð3Þ JH2013 PB2018 PB2023 Gauss.

χ2 3.02 1.82 0.98 0.53 3.08 1.90 1.13 1.07 3.04 2.10 1.74

FIG. 3. The Drell-Yan total cross section for γ� exchange in pp
collision at the LHC at

ffiffiffi
S

p ¼ 7 TeV. Comparison of the ATLAS
data [9] to the cross sections calculated with KMRð1Þ, MRW, and
KL gluon TMD models.

TABLE IV. The reduced χ2 values for KMR, MRW, and KL
TMD models.

Model KMRð1Þ MRW KL

χ2 3.08 3.26 5.94

TABLE III. Normalization constants for KMR, MRW, and KL
gluon TMD models.

Model KMRð1Þ MRW KL

NTMD 2.6021 2.6161 1.3379
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cross section reduced χ2 values, given in Table IV, are
relatively close as well, although the KMRð1Þ model gives a
slightly better description. The KL model provides a better
overall magnitude of the gluon, which is reflected in the
normalization constant close to 1. However, the DY cross
section calculated with this model shows too steep a fall-off
compared to data. Thus, the resulting reduced χ2 is much
larger.

B. The Drell-Yan structure functions

In our study, we compared the KMR-based models with
one another in Fig. 4, the KMR, MRW, and KL models in
Fig. 5, the WW-based models in Fig. 6, and the JH models
in Fig. 7. Then, we compared the representatives with the
minimal reduced χ2 in each of the above-mentioned model
families with one another and with the Gaussian model.
This comparison is shown in Fig. 8.

FIG. 4. Comparison of the structure functions: (a) A0, (b) A2, (c) ALT , (d) A1, (e) A3, (f) A4, calculated with different modifications of the
KMRTMD model with the ATLAS data [10]. The bands around the curves represent the estimated Monte Carlo integration uncertainties.
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The A0 function is described very well by all of the
models, with minor variations across TMD model families.
The most problematic region for all the models is
qT < 50 GeV, where we can see a small gap between
data and predictions. Although it is barely visible in the
plots, this region largely contributes to the reduced χ2, as
the errors are relatively small and points are quite densely
distributed there. The x rescaling for WW- and KMR-based
models increases this effect.

The A2 function, on the other hand, provides a much
clearer distinction between the model families. Here, the
WW-based models are closest to the data at large qT , and
there is no significant difference between them for this
observable. All the other models overestimate the data in
that region. The KMR-based family overestimation, how-
ever, does not take the values outside the error bars very far.
Here, we see significant improvement as we rescale the x
dependence more. In the region 5 GeV < qT < 40 GeV,

FIG. 5. Comparison of the structure functions: (a) A0, (b) A2, (c) ALT , (d) A1, (e) A3, (f) A4, calculated using the KMRð1Þ, MRW, and
KLTMDmodels with the ATLAS data [10]. The bands around the curves represent the estimated Monte Carlo integration uncertainties.
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one notices a small gap between the data and theory for
almost all models except the KMR-based models. This
region accounts for the main contribution to the reduced χ2

for the WW-based and Gaussian models, similar to the case
of A0, because the gap is more significant than for the other
models, the errors are relatively small, and the points are
quite densely distributed.
The features of the A0 and A2 described above manifest

themselves in the Lam-Tung combination ALT . In the

problematic region of qT < 50 GeV, the ALT is overesti-
mated for all the models except for the Gaussian TMD.
This effect is the most visible for the KMR-based models,
where the deviation from data is present only for A0, while
for the WW-based models, the effects in both functions
cancel out. The deviation from data for large qT is clearly
visible for the JH models and especially for the Gaussian
model, and it originates from a large discrepancy in A2 at
high qT values.

FIG. 6. Comparison of the structure functions: (a) A0, (b) A2, (c) ALT , (d) A1, (e) A3, (f) A4, calculated with different modifications of the
WW TMD model with the ATLAS data [10]. The bands around the curves represent the estimated Monte Carlo integration uncertainties.
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In the case of function A1, all models show a clear
decline at very large qT , contrary to the data trend. The
KMR and JH models overestimate the data significantly for
small transverse momenta qT < 30 GeV, which constitutes
the dominant contribution to the reduced χ2. On the other
hand, they quite accurately describe the position of the local
maximum of this function and approximately its value. The
WW’-based models generally provide the best description
of this observable with significant improvement with

stronger x rescaling. A distinct behavior can be noticed
for the WWand Gaussian models, namely, they both highly
overestimate the A1 local maximum. The difference
between WW- and WW’-based models indicates a strong
effect of the TMD x dependence for this structure function.
The A3 function is also overestimated at large qT for the

JH models and for the WW’ and KMR models without x
rescaling. However, the region where the deviation from the
data is strongest is roughly 10 GeV < qT < 70 GeV. The

FIG. 7. Comparison of the structure functions: (a) A0, (b) A2, (c) ALT , (d) A1, (e) A3, (f) A4, calculated with the JH TMD models with
the ATLAS data [10]. The bands around the curves represent the estimated Monte Carlo integration uncertainties.
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FIG. 8. Comparison of the structure functions: (a) A0, (b) A2, (c) ALT , (d) A1, (e) A3, (f) A4, calculated with different TMDmodels with
ATLAS data. For this purpose, we used KMRð3Þ, WWð3Þ, the JH2013 model, and the Gaussian model as representatives of each TMD
class that provides the best description of the data within each class. The bands around the curves represent the estimated Monte Carlo
integration uncertainties.

TABLE V. The ratios of reduced χ2 values for each TMD to the minimal χ2 value, χ2min.

Model WW WWð1Þ WWð2Þ WWð3Þ KMRð1Þ KMRð2Þ KMRð3Þ JH2013 PB2018 PB2023 Gauss.

χ2=χ2min 1.54 1.80 1.14 1.00 1.74 1.21 1.11 1.16 1.91 1.71 2.22
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experimental values slowly increase up to transverse
momentum around qT ≈ 35 GeV, where the values start
to increase more rapidly. All the predictions show, however,
a much more gentle and monotonic increase in this region.
The x rescaling has a big impact on this observable.
We also notice a large spread of predictions for the A4

function. Similarly to the other parity-violating function,
A3, the x rescaling leads to large changes in the description
for both WW and KMR model families. In all the models,
we observe a too steep decline, especially for small values
of qT , while the data points show a plateau. This feature is
particularly evident in the WW model family, where the
convexity of the curve appears to be opposite to that
observed in the data and predictions of the other models.
The KMR, MRW, and KL models give considerably

close descriptions of the DY structure functions. One
prominent difference is the more pronounced overestima-
tion of the A2 function by the MRW prediction, which is
reflected in a faster decrease of ALT at high qT . A minor
detail is that, for the A1 function, the MRW result better
reproduces the data in the region of the function’s local
maximum. One can also notice that the KL results for
parity-violating structure functions are slightly above those
for the two other models.
To quantify these observations, we also evaluated a

global reduced χ2 for each TMD model. The χ2 per number
of degrees of freedom is computed with the formula

χ2n ¼
1

Npt

XNpt

i¼1

ðAth
n;i − Adata

n;i Þ2
ðσdatan;i Þ2 þ ðσthn;iÞ2

; ð6:2Þ

where Npt ¼ 23 is the number of points, Ath=data
n;i is a

theoretical/experimental value of the function An at the
ith point, and σth=datan;i are the theoretical/experimental
errors. We assumed a theoretical uncertainty of the order

αsðMZÞ ≃ 0.12, that is, a relative error of about 12%,

σthn;i ¼ 0.12 · Ath
n;i: ð6:3Þ

The total reduced χ2 of the results for each of the gluon
TMDs is obtained by averaging the contributions of all
nonvanishing structure functions,

χ2 ¼ 1

5

X4
n¼0

χ2n: ð6:4Þ

In Table V we show the ratios of the χ2 values for each
model to the minimal one, which is found in the WWð3Þ

model and is equal to χ2min ≔ minfχ2g ¼ 2.50. The com-
parison of the χ2=χ2min ratios for KMR, MRW, and KL
models is presented in Table VI.
As anticipated from the plots, the dominant contribution

to the discrepancies comes from the parity-violating struc-
ture functions, which results in the wide range of χ2 values
listed in Table VII.
We considered the Lam-Tung combination separately, as

it is not an independent structure function. In this case, χ2 is
calculated by an analogous formula to (6.2). The results are
given in Tables IX and X, where the minimum χ2LT value is
found again for the WWð3Þ model, and is equal
to χ2LT;min ≔ minfχ2LTg ¼ 1.43.

TABLE VI. The ratios of reduced χ2 values for KMR, MRW,
and KL TMDs to the minimal χ2 value, χ2min.

Model KMRð1Þ MRW KL

χ2=χ2min 1.74 1.74 2.15

TABLE VII. The ratios of χ2 per degree of freedom values for each structure function, χ2n, for each TMD model to the minimal global
reduced χ2 value, χ2min.

Model WW WWð1Þ WWð2Þ WWð3Þ KMRð1Þ KMRð2Þ KMRð3Þ JH2013 PB2018 PB2023 Gauss.

χ20=χ
2
min 0.94 0.60 0.72 0.84 0.94 0.67 1.26 0.52 0.48 0.57 0.82

χ21=χ
2
min 0.76 0.38 0.22 0.15 1.38 1.24 1.10 0.98 1.06 1.05 0.70

χ22=χ
2
min 1.25 1.46 1.36 1.29 0.50 0.36 0.27 1.56 1.25 0.88 4.35

χ23=χ
2
min 0.79 4.47 2.48 1.34 4.34 2.66 1.78 2.40 4.72 4.21 0.55

χ24=χ
2
min 3.95 2.09 0.89 1.39 1.80 0.86 1.15 0.35 2.04 1.86 4.70

TABLE VIII. The ratios of χ2 per degree of freedom values for
each structure function, χ2n, for KMR, MRW, and KL TMD
models to the minimal global reduced χ2 value, χ2min.

Model KMRð1Þ MRW KL

χ20=χ
2
min 0.67 0.53 0.56

χ21=χ
2
min 1.38 1.10 1.36

χ22=χ
2
min 0.50 0.86 0.58

χ23=χ
2
min 4.34 4.34 5.45

χ24=χ
2
min 1.80 1.87 2.83
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VII. DISCUSSION

After a brief look at the plots in Fig. 8, one recognizes
that the structure functions are sensitive to the chosen TMD
model over the entire spectrum of qT . Although the main
features of each structure function, such as the maximum
position and monotonicity, are roughly preserved for each
TMD, there is quite a large variation in magnitudes of the

theoretical predictions, especially for functions A3 and A4.
This variation is mostly due to the difference in the
contribution of the qvalg� channel to the cross section, as
only this channel contributes to these functions. This
contribution is quantified by the ratio

Rqvalg� ≔
�
dσðqg�þg�qÞ
dMdqT

���
dσ

dMdqT

�
; ð7:1Þ

which is plotted for all the TMD models in Fig. 9. The
different contributions of this channel to the cross section in
different models’ predictions arise from the size of the
gluon TMD, which is especially evident when compar-
ing the KMR- and WW-based models. As the gluon x
decreases, TMD is enhanced over a wider range of phase

TABLE IX. The ratios of the Lam-Tung combination χ2 values for each TMD to the minimal χ2LT value.

Model WW WWð1Þ WWð2Þ WWð3Þ KMRð1Þ KMRð2Þ KMRð3Þ JH2013 PB2018 PB2023 Gauss.

χ2LT=χ
2
LT;min 1.18 1.58 1.17 1.00 2.39 2.32 2.80 5.14 5.83 4.73 17.67

TABLE X. The ratios of the Lam-Tung combination χ2 values
for KMR, MRW, and KL TMDs to the minimal χ2LT value.

Model KMRð1Þ MRW KL

χ2LT=χ
2
LT;min 2.39 4.16 2.38

(a) (b)

(c) (d)

FIG. 9. The ratios of the qvalg� channel contributions to the total cross section Rqvalg� obtained for: (a) the KMR-based TMD models,
(b) the WW-based TMD models, (c) the JH TMD models, (d) KMRð3Þ, WWð3Þ, JH2013, and Gaussian models.
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space, and consequently, the contribution of the g�g�
channel to the cross section is larger.
Another effect that occurs because of the change in the

contribution of the qvalg� channel to the total differential
cross section is the change of the shape of the function A4

and slightly of the function A3, and the shift of the local
maximum of the function A1. The qvalg� channel contri-
bution is dominant at qT ¼ 1 GeV for all considered TMD
models except the Gaussian, and decreases noticeably until
it reaches the minimum somewhere in the region between
20 GeVand 70 GeVand then slowly grows. If one considers
only dσðqg�Þ in definition (3.19) for the structure functions
A3 and A4, the shapes are similar to the shapes visible from
the data (apart from the magnitude). However, when one
includes the g�g� channel, which does not contribute to
these functions but whose contribution to the cross section
changes significantly with qT , the shape of the discussed
functions is altered. Similarly, the shift of the A1 local
maximum is related to the contribution of this channel. For
the exclusive use of dσðqg�Þ in (3.19) the A1 maximum tends
to the left, while for the exclusive use of dσðg�g�Þ in (3.19) the
A1 maximum tends to the right, and the total result is
somewhere in between as a weighted average. Therefore, if
the g�g� channel becomes more significant, the discussed
maximum position tends to the higher values of qT .
Table V shows that the model that describes the data best

is the WWð3Þ model. From Table VII one concludes that the
advantage of WWð3Þ is due to the rather uniform, relatively
good description of all functions and the exceptionally
good description of A1. As it can be seen from Table V, the
models KMRð3Þ, WWð2Þ, JH2013, and KMRð2Þ give quite
close overall results, which suggests that the gluon con-
tribution should be indeed dominant, as these models are
the ones with the most dominant g�g� channel within each
TMD class. The noticeable differences in the description of
the structure functions within the WW and KMR families,
as well as the differences between the WW’-based models
and the WW model, highlight the sensitivity to the x
dependence in the kT factorization approach and its
distinction from the collinear approach.
Tables VI and VIII show that results for KMR, MRW,

and KLmodels behave similarly. Aworse description of the
A2 function and, as a consequence, ALT by the MRWmodel
is caused by the strong cutoff on its kT dependence, as these
observables are known to be especially sensitive to the
partons’ transverse momenta [12]. Stronger overestimation
of the KL model results for the A3 and A4 functions has its
source in a higher Rqvalg� ratio, see Fig. 10, as dis-
cussed above.
An important note is that the ATLAS data used for

comparison with the predictions are much denser in the
central part of the qT spectrum than at its edges.
Additionally, the high-qT region is subject to greater
uncertainties. Therefore, the middle qT region is weighted
more in the χ2 test. This feature is described in Sec. VI B

and plays a role mostly for the A0, A2, and A3 structure
functions.
The behavior of functions A3 and A4 is not fully

understood within our approach, and it requires further
investigation. One possible solution may be the inclusion of
higher-order corrections for the channel qvalg�. In our
model, this channel was considered to be subleading due
to the dominant contribution of gluons. However, numeri-
cal calculations of the contribution of this channel to the
full differential cross section clearly show that this
assumption is not well fulfilled by some of the TMD
models, as can be seen in Fig. 9.
It should also be emphasized that the applied high-

energy factorization formalism is well suited for qT ∼M, so
it is justified for qT ≲ 100 GeV, and its use for higher
values of qT can be considered a slight stretching of the
formalism. Our description should work better also at
higher energies and more central rapidity regions, which
gives hope for a good description for future LHC mea-
surements at

ffiffiffi
S

p ¼ 13 TeV and higher.

VIII. CONCLUSIONS

The DY structure functions are good probes for testing
gluon TMD models. In our research, we found clear
differences in the descriptions of DY structure functions
both between gluon TMD model families and within
individual families. The differences in the description are
quantified by the reduced χ2, which can be read from
Table V. They range from 2.5 to 5.56 and are approximately
evenly distributed, indicating noticeable differences
between the predictions obtained with different TMD
models. The description of the individual structure func-
tions, summarized in Table VII, shows even greater
variation between the considered models. For example,
we notice an exceptionally good description of the function
A1 by the WW’-based models and a comparably good
description of the function A2 by the KMR-based models.
On the other hand, function A3 is best described by TMD

FIG. 10. Ratios of the qvalg� channel contribution to the total
cross section for the KMR, MRW, and KL models.
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models, for which channel g�g� makes the largest con-
tribution in each model family. The situation is slightly
different for function A4, but it also distinguishes between
individual models within a given model class rather than
between the model classes themselves.
The best overall description of the DY structure function

is given by the WWð3Þ model within our formalism, which
also provides the best description of the Lam-Tung combi-
nation. This result indicates that the simple WW-like gluon
TMD shape in kT is a good approximation and can be taken
as a leading behavior in kT in future gluon TMD fits. The
differences within the WW-based models and also within
the KMR-based models show that the TMD shape in the x
variable plays an important role, and that the difference
from the collinear PDF x dependence needs to be taken into
account in future studies of the gluon TMD model.
Within the CCFM-driven models, the best overall

description is given by the oldest model—JH2013. The
difference in the structure function description was addi-
tionally reduced by the TMD normalization procedure. The
latter models incorporate in the integral kernel a coupling to
the full flavor structure that includes sea quarks, which
reduces the size of the gluon TMD compared to evolution
driven solely by gluons. The procedure used for the JH2013
model might be better suited for the formalism used in our
analysis, as in our approach, the sea quarks come exclu-
sively from initial off-shell gluons, i.e., we do not consider
processes with initial off-shell (anti)quarks. However, we
do not observe a similar effect in the case of the KMR
approach. Although the KL model results from the gluon-
driven evolution, it does not provide an improvement in the
description of the DY structure functions and the DY cross
section compared to the KMR model, when the TMDs are
normalized to the total DY cross section. It is worth noting,
however, that the normalization factor for the KL TMD is
closer to unity. Therefore, a comparison of the original,
unnormalized TMDs would be expected to yield a more
pronounced difference in favor of the KL model. We also
conclude that there is no significant difference in the
description of the DY structure functions between the
KMR and MRW prescriptions.
Overall, our results demonstrate that the DY structure

functions provide insightful probes of proton transverse
momentum internal dynamics. In particular, the results
obtained with different gluon TMD models indicate that
both the kT and longitudinal momentum dependence play
crucial roles in obtaining results consistent with the
experimental measurements of the DY structure functions.
In future work, the above-described formalism can be

used to perform a dedicated fit of a gluon TMD to the
structure functions data. Another direction for future
research could be calculations of NLO corrections and

inclusion of additional parton channels with off-shell initial
quarks. Such advancements should improve the accuracy of
the kT factorization approach used in this work and are
expected to provide further constraints on the gluon TMD.
Further investigation of the DY structure functions offers,
therefore, a promising direction for advancing our under-
standing of the internal structure of hadrons.
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APPENDIX A: THE AMPLITUDES

1. The amplitudes for qvalg� → qV�

The process studied in this section is
qvalðp1Þg�ðkÞ → qðp2ÞV�ðqÞ. We will consider massive
boosted on-shell quarks even though, for all the structure
function calculations, quarks were assumed to be massless.
To restore the amplitudes used above, one simply has to
take the limitsm1,m2 → 0, and p1T → 0. We will apply the
techniques and notation presented in [89]. The Sudakov
decomposition of the initial quark momentum p1 and the
gluon momentum k is

p1 ¼ xqP1 þ
m2

1 þ p2
1T

xqS
P2 þ p1T; k ¼ xgP2 þ kT;

ðA1Þ

where p2
1T ¼ −p2

1T , then p2
1 ¼ m2

1 and k2 ¼ −k2
T . The

outgoing quark momentum is fixed by the momentum
conservation as p2 ¼ p1 þ k − q with the on-shell con-
straint p2

2 ¼ m2
2. We are using the high-energy gluon

polarization approximation defined in (4.2).
At the tree level, the full contribution to scattering

amplitudes comes from two diagrams given by the
expressions
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Aa;μ
1;σ1σ2

¼ −ig
v21 −m2

2

Ta
ijūσ2ðp2ÞP̂2ðv̂1 þm2ÞΓμ

Vuσ1ðp1Þ≕ − igTa
ijA

μ
1;σ1σ2

;

Aa;μ
2;σ1σ2

¼ −ig
v22 −m2

1

Ta
ijūσ2ðp2ÞΓμ

Vðv̂2 þm1ÞP̂2uσ1ðp1Þ≕ − igTa
ijA

μ
2;σ1σ2

; ðA2Þ

where g is the strong coupling constant, Ta are generators
of the color SUðNÞ group in the fundamental representa-
tion, uσðpÞ denotes the Dirac bispinor for fermion with spin
σ and momentum p, and we use the notation p̂ ≔ pμγ

μ and
define the momenta v1 and v2 as

v1 ¼ p2 − k; v2 ¼ p1 þ k:

The scattering amplitude for the process is given by the sum
of the above expressions,

Aa;μ
σ1σ2 ¼ Aa;μ

1;σ1σ2
þAa;μ

2;σ1σ2

¼ −igTa
ijðAμ

1;σ1σ2
þ Aμ

2;σ1σ2
Þ≕ − igTa

ijA
μ
σ1σ2 : ðA3Þ

We can further decompose each amplitude into right-
handed Rμ

n and left-handed Lμ
n parts,

Aμ
n;σ1σ2 ¼ ðvVq þ aVq ÞRμ

n;σ1σ2 þ ðvVq − aVq ÞLμ
n;σ1σ2 ; ðA4Þ

where in Rμ
n we replace Γμ

V by ð1þ γ5Þγμ=2 and in Lμ
n we

replace Γμ
V by ð1 − γ5Þγμ=2.

Then, the amplitude squared for the qg� channel is given
by

Mμν
ðqg�Þ ¼

1

2NðN2 − 1Þ
X

σ1;σ2;a;i;j

Aa;μ
σ1σ2Ā

a;ν
σ1σ2

¼ g2

4N

X
σ1;σ2

Aμ
σ1σ2 Ā

ν
σ1σ2 : ðA5Þ

a. Formulas for diagrams

The formulas are presented in the spinorial notation

pȦA≔pμðσ̄μÞȦA¼
�
p0̇0 p0̇1

p1̇0 p1̇1

�
¼
�
pþ p⊥

p⊥ p−

�
; ðA6Þ

where σ̄ ¼ ð1; σÞ for σ, being the vector of Pauli matrices,
and we are using double light cone coordinates defined as

p� ≔ p0 � p3; p⊥ ≔ p1 þ ip2; p⊥ ≔ p1 − ip2:

ðA7Þ

Some formulas are written in terms of basis spinors,

oA ¼
�
0

1

�
; ιA ¼

�−1
0

�
;

oA ¼
�
1

0

�
; ιA ¼

�
0

1

�
: ðA8Þ

We can reduce the number of independent amplitudes by
a factor of 2 using the symmetries

Rμ
n;−þ ¼ −L̄μ

n;þ−; Lμ
n;−þ ¼ −R̄μ

n;þ−;

Rμ
n;þþ ¼ L̄μ

n;−−; Lμ
n;þþ ¼ R̄μ

n;−−: ðA9Þ
Therefore, for each diagram, we write only Rμ

n;−−;
Lμ
n;−−; R

μ
n;þ−, and Lμ

n;þ−.
The first diagram is

RȦA
1;−− ¼ 2

ffiffiffi
S

p

v21 −m2
2

p0̇0
2ffiffiffiffiffiffiffiffiffiffiffiffi

pþ
1 p

þ
2

p vȦ01 p0̇A
1 ;

LȦA
1;−− ¼ 2

ffiffiffi
S

p

v21 −m2
2

m1m2p0̇0
2ffiffiffiffiffiffiffiffiffiffiffiffi

pþ
1 p

þ
2

p ῑȦιA; ðA10Þ

RȦA
1;þ− ¼ −

2
ffiffiffi
S

p

v21 −m2
2

m2p0̇0
2ffiffiffiffiffiffiffiffiffiffiffiffi

pþ
1 p

þ
2

p ῑȦp0̇A
1 ;

LȦA
1;þ− ¼ 2

ffiffiffi
S

p

v21 −m2
2

m1p0̇0
2ffiffiffiffiffiffiffiffiffiffiffiffi

pþ
1 p

þ
2

p ῑȦv0̇A1 : ðA11Þ

The second diagram is

RȦA
2;−− ¼ 2

ffiffiffi
S

p

v22 −m2
1

p0̇0
1ffiffiffiffiffiffiffiffiffiffiffiffi

pþ
1 p

þ
2

p pȦ0
2 v0̇A1 ;

LȦA
2;−− ¼ 2

ffiffiffi
S

p

v22 −m2
1

m1m2p0̇0
1ffiffiffiffiffiffiffiffiffiffiffiffi

pþ
1 p

þ
2

p ῑȦιA; ðA12Þ

RȦA
2;þ− ¼ −

2
ffiffiffi
S

p

v22 −m2
1

m2p0̇0
1ffiffiffiffiffiffiffiffiffiffiffiffi

pþ
1 p

þ
2

p ῑȦv0̇A2 ;

LȦA
2;þ− ¼ 2

ffiffiffi
S

p

v22 −m2
1

m1p0̇0
1ffiffiffiffiffiffiffiffiffiffiffiffi

pþ
1 p

þ
2

p ῑȦp0̇A
2 : ðA13Þ

2. The amplitudes for g�g� → qq̄V�

We list here the amplitudes that were used to define

Mðr1r2Þ
ðg�g�Þ in (4.5):
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Aab;μ
1;σ1σ2

¼ −ig2

ðv21 −m2
4Þðv22 −m2

4Þ
ðTaTbÞijūσ3ðp3ÞΓμ

Vðv̂1 þm4ÞP̂1ðv̂2 þm4ÞP̂2vσ4ðp4Þ; ðA14aÞ

Aab;μ
2;σ1σ2

¼ −ig2

ðv23 −m2
3Þðv22 −m2

4Þ
ðTaTbÞijūσ3ðp3ÞP̂1ðv̂3 þm3ÞΓμ

Vðv̂2 þm4ÞP̂2vσ4ðp4Þ; ðA14bÞ

Aab;μ
3;σ1σ2

¼ −ig2

ðv23 −m2
3Þðv24 −m2

3Þ
ðTaTbÞijūσ3ðp3ÞP̂1ðv̂3 þm3ÞP̂2ðv̂4 þm3ÞΓμ

Vvσ4ðp4Þ; ðA14cÞ

Aab;μ
4;σ1σ2

¼ −ig2

ðv21 −m2
4Þðv25 −m2

4Þ
ðTbTaÞijūσ3ðp3ÞΓμ

Vðv̂1 þm4ÞP̂2ðv̂5 þm4ÞP̂1vσ4ðp4Þ; ðA14dÞ

Aab;μ
5;σ1σ2

¼ −ig2

ðv26 −m2
3Þðv25 −m2

4Þ
ðTbTaÞijūσ3ðp3ÞP̂2ðv̂6 þm3ÞΓμ

Vðv̂5 þm4ÞP̂1vσ4ðp4Þ; ðA14eÞ

Aab;μ
6;σ1σ2

¼ −ig2

ðv24 −m2
3Þðv26 −m2

3Þ
ðTbTaÞijūσ3ðp3ÞP̂2ðv̂6 þm3ÞP̂1ðv̂4 þm3ÞΓμ

Vvσ4ðp4Þ; ðA14fÞ

Aab;μ
7;σ1σ2

¼ g2

ðk1 þ k2Þ2ðv21 −m2
4Þ
fabcTc

ijūσ3ðp3ÞΓμ
Vðv̂1 þm4ÞV̂effvσ4ðp4Þ; ðA14gÞ

Aab;μ
8;σ1σ2

¼ g2

ðk1 þ k2Þ2ðv24 −m2
3Þ
fabcTc

ijūσ3ðp3ÞV̂effðv̂4 þm3ÞΓμ
Vvσ4ðp4Þ; ðA14hÞ

where

v1 ¼ p3 þ q; v2 ¼ k2 − p4; v3 ¼ p3 − k1;

v4 ¼ −p4 − q; v5 ¼ k1 − p4; v6 ¼ p3 − k2;

ðA15Þ

and the form of Vμ
eff results from the contraction of the

Lipatov vertex [90] with the approximated gluon polar-
izations,

Vμ
eff ¼

S
2
ðk2 − k1Þμ þ

�
2P2 · k1 þ

P1 · P2

P1 · k2
k21

�
Pμ
1

−
�
2P1 · k2 þ

P1 · P2

P2 · k1
k22

�
Pμ
2

¼ S
2
ðk2 − k1Þμ þ

�
x1Sþ k21

x2

�
Pμ
1

−
�
x2Sþ k22

x1

�
Pμ
2: ðA16Þ

These amplitudes were calculated from the spinor-helicity
formalism in Ref. [89]. The amplitude squared is given by

Mμν
ðg�g�Þ ¼

1

ðN2 − 1Þ2
X

σ1;σ2;a;b;i;j

Aab;μ
σ1σ2Ā

ab;ν
σ1σ2 ; ðA17Þ

where

Aab;μ
σ1σ2 ¼

X8
n¼1

Aab;μ
n;σ1σ2 : ðA18Þ

APPENDIX B: THE ELECTROWEAK
COUPLINGS

The electroweak couplings for fermions with the Z0

boson can be expressed through the Weinberg mixing angle
θW . The formulas for leptons (l) and quarks (q) are

FIG. 11. The ratio of electroweak couplings cZf for leptons and
quarks. The dashed vertical line corresponds to the measured
value of sin2 θW .
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vZl ¼ e
sinð2θWÞ

ð−1þ 4sin2θWÞ;

aZl ¼ e
sinð2θWÞ

; ðB1aÞ

vZq ¼ e
sin θW cos θW

ðT3q − 2eqsin2θWÞ;

aZq ¼ e
sin θW cos θW

T3q; ðB1bÞ

where e is the value of electron charge, eq are charge
fractions of quarks (eu ¼ 2=3, ed ¼ −1=3), and T3 is the

weak isospin with the component values T3u ¼ 1=2 and
T3d ¼ −1=2. The most recent value of the mixing angle
published by the Particle Data Group gives a value
sin2 θW ¼ 0.23122ð6Þ [86].
The accuracy of the mixing angle value is important,

especially for parity-breaking structure functions due to the
sensitivity of the coupling ratio cZl in the region close to the
measured values of sin2 θW . There is no such sensitivity in
the case of quark couplings, as can be seen in the plot in
Fig. 11, where the slope of cl at the experimental value is
quite large compared to the slopes of cq.
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