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Using the Kadanoff-Baym formalism, we perform a detailed study of neutrino-antineutrino synchrotron
emission from strongly magnetized, dense quark matter under conditions relevant to compact stars. Starting
from an exact expression for the emission rate that fully accounts for Landau-level quantization of quarks,
we derive an approximate formula applicable in the regime where quark chemical potentials are much
larger than all other relevant energy scales. We demonstrate that the emission rate is largely controlled by a
single dimensionless ratio between two low-energy scales: the Landau-level spacing at the Fermi surface,
jefBj=μf , and the temperature of the quark matter, T. When the ratio jefBj=ðμfTÞ approaches zero, many
closely spaced Landau levels contribute to the emission, but the total rate vanishes as B → 0. In the
opposite limit, where the ratio is large, the rate is dominated by transitions between adjacent levels and is
exponentially suppressed due to Landau-level quantization, which limits the thermal activation of quarks
near the Fermi surface. Our results show that, even in the presence of the strongest magnetic fields expected
in compact stars, the synchrotron emission remains suppressed by more than 3 orders of magnitude
compared to the direct Urca process. This implies that such emission is unlikely to play any substantial role
in the cooling of magnetized quark stars, at least those made of unpaired quark matter phases.
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I. INTRODUCTION

The interiors of compact stars offer a unique natural
laboratory for investigating the behavior of matter under
extreme conditions [1]. At densities several times greater
than the nuclear saturation density, the environment
becomes favorable for the emergence of a deconfined
phase of baryonic matter composed of up and down
quarks [2]. In magnetars, as a special class of compact
stars, conditions become even more extreme due to the
presence of ultrastrong magnetic fields [3,4], which can
reach strengths of 1015 G on the surface and potentially
even higher in the stellar interior [5].
Numerous theoretical efforts have focused on making

testable predictions to support the existence of quark
matter in the cores of compact stars. One promising
direction involves investigating the underlying cooling
mechanisms [6–8], which are usually dominated by
neutrino emission [9]. In an earlier study [10], we

examined the impact of strong magnetic fields on
neutrino emission rates. Using first-principles, field-
theoretic methods, we computed both the energy and
net longitudinal momentum carried away by neutrinos.
The emission is dominated by the direct Urca pro-
cesses, namely, electron capture by an up quark
(uþ e− → dþ νe) and the decay of a down quark
(d → uþ e− þ ν̄e). These same weak interaction proc-
esses serve as the primary cooling channel even in the
absence of magnetic fields [11,12]. Thus, it is not
unexpected that magnetic fields have only a moderate
impact on them under the physical conditions relevant to
compact stars.
It is generally instructive to investigate whether certain

processes are enabled exclusively by the presence of strong
magnetic fields. One such process in magnetized quark
matter is neutrino-antineutrino synchrotron emission,
qf → qf þ νi þ ν̄i, where qf denotes an up or down quark
(f ¼ u, d) and νi represents a neutrino of a given flavor
(i ¼ e, μ, τ). In the absence of a background magnetic field,
such synchrotron emission is forbidden by energy-momen-
tum conservation.
Previously, analogous processes have been exten-

sively studied in various forms of magnetized matter in
white dwarfs and neutron stars [13–17], where νν̄ synchro-
tron emission primarily originates from electrons via
e− → e− þ νi þ ν̄i. In these stars, such emission has been
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found to be significant, and even dominant, within certain
density and temperature regimes. (For the earliest attempts
to study νν̄ synchrotron emission, see also Refs. [18,19].)
However, similar emission has not been thoroughly
explored in the context of quark matter. From general
scaling arguments [14], one might speculate that synchro-
tron and direct Urca processes could become comparable
under certain conditions. Yet, such qualitative arguments
alone are insufficient to establish the actual relevance of
synchrotron emission in dense quark matter. A detailed and
systematic analysis is, therefore, necessary to assess its
physical impact under realistic astrophysical conditions.
In this work, we undertake a detailed study of νν̄

synchrotron emission from magnetized dense quark matter.
Besides calculating the emission rate explicitly, we provide
an alternative derivation employing a novel and efficient
field-theoretical technique. Specifically, we utilize the
Kadanoff-Baym formalism to determine the evolution of
the neutrino (antineutrino) distribution function driven by
weak interactions, from which we subsequently extract the
corresponding energy emission rate. Given that a small
density of electrons is inherently present in quark matter,
we include their contribution in our calculations as well.
Contrary to initial expectations, our analysis reveals that
synchrotron emission is significantly suppressed relative to
direct Urca emission, even in the presence of the strongest
permissible magnetic fields. As we argue, the suppression
originates not only from the scaling behavior with respect
to temperature and magnetic field strength, but also from a
numerically small overall prefactor in the emission rate.
This paper is organized as follows. In Sec. II, we present

the theoretical framework based on the Kadanoff-Baym
formalism for computing νν̄ synchrotron emission in
magnetized quark matter. Within this framework, we first
derive the exact result and then obtain a suitable approxi-
mate expression applicable in the high-density regime,
where the quark chemical potentials are much larger than
all other relevant energy scales. In this limit, we identify the
temperature and the Landau-level spacing near the quark
Fermi surface as the sole low-energy parameters governing
the emission rate. In Sec. III, we present numerical results
for the emission rates and examine their dependence on key
model parameters. For completeness, we also account for
the partial contribution to synchrotron emission from
electrons, which are inevitably present in electrically
neutral, β-equilibrated quark matter. Finally, in Sec. IV,
we summarize our findings, discuss their implications for
compact stars, and outline directions for future research.
The Appendix contains the derivation of the imaginary part
of the vector Z-boson self-energy and its Lorentz contrac-
tion with the lepton tensor.

II. GENERAL FORMALISM

Traditionally, calculations of neutrino-antineutrino syn-
chrotron emission begin with the transition amplitude for
the underlying tree-level electroweak process, shown in
Fig. 1(a), using the exact electron Landau-level wave
functions in a magnetic field [13,14]. In this study,
however, we adopt an alternative approach, similar to those
employed in Refs. [10,20–22], which utilizes the powerful
Kadanoff-Baym formalism. Unlike the traditional method,
this formalism relies on Green functions rather than the
more cumbersome particle wave functions, providing a
more streamlined and efficient theoretical framework.
Here, we consider dense quark matter composed of the

two lightest up and down quark flavors. In β-equilibrium, a
small density of electrons must also be present to maintain
charge neutrality. The condition of β-equilibrium imposes a
relation among the chemical potentials of the particles,
namely, μd ¼ μu þ μe, where μd, μu, and μe denote the
chemical potentials of down quarks, up quarks, and elec-
trons, respectively.
In the case of synchrotron emission, quarks and electrons

contribute independently. For clarity and simplicity, in this
section we focus on the emission from a single quark flavor
producing a neutrino-antineutrino of a single flavor. This
approach streamlines the derivation while retaining gen-
erality. When applying the results to quark stars, the general
expressions can be easily adapted to account for all quark
flavors, all neutrino types, and additional contributions
from electron emission. The latter part, as we will verify, is
the same as in Ref. [14].

A. Neutrino-number production rate

The main component in our calculation is the pair of out-
of-equilibrium neutrino Green functions, G≶

ν ðt; PÞ, which
evolve slowly over time due to ongoing electroweak
interactions. These functions are directly related to the
neutrino and antineutrino distribution functions and can be
expressed in the following forms [10,20–22]:

iG<
ν ðt; PÞ ¼ −

π

p
1 − γ5
2

ðγλPλ þ μνγ0Þffνðt; pÞδðp0 þ μν − pÞ − ½1 − fν̄ðt;−pÞ�δðp0 þ μν þ pÞg; ð1Þ

(a) (b)

FIG. 1. (a) Feynman diagram illustrating the neutral current
interaction responsible for νν̄ synchrotron emission in magnet-
ized quark matter. (b) Neutrino self-energy diagram used in the
calculation of the synchrotron emission rate.
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iG>
ν ðt; PÞ ¼

π

p
1 − γ5
2

ðγλPλ þ μνγ0Þf½1 − fνðt; pÞ�δðp0 þ μν − pÞ − fν̄ðt;−pÞδðp0 þ μν þ pÞg: ð2Þ

Here, by definition, P ¼ ðp0; pÞ denotes the four-
momentum of the neutrino, with p ¼ jpj representing
the magnitude of its three-momentum. To account for
the purely left-handed nature of neutrinos, the chirality
projectors ð1 − γ5Þ=2 are included in Eqs. (1) and (2). Since
we assume no neutrino trapping in quark matter, the
neutrino chemical potential is set to zero, i.e., μν ¼ 0,
throughout this study. The absence of neutrino trapping
also implies that the neutrino distribution functions them-
selves are approximately vanishing, although their time
derivatives are not.
The Green functions satisfy the following equation:

i∂tTr½γ0G<
ν ðt; PÞ� ¼ −Tr½G>

ν ðt; PÞΣ<
ν ðt; PÞ

− Σ>
ν ðt; PÞG<

ν ðt; PÞ�; ð3Þ

which serves as the field-theoretic analog of the kinetic
equation for the (anti)neutrino distribution function. The
effects of electroweak interactions are encoded in this
equation through the neutrino self-energies, Σ≶

ν ðt; PÞ.
To derive the relevant contribution to the neutrino

self-energy, we use the Weinberg-Salam theory of weak
interactions. Since the synchrotron emission is determined
by the neutral-current interaction, the corresponding
Lagrangian density reads [23]

L ¼ GFffiffiffi
2

p ψ̄νγ
μð1 − γ5Þψν

X
f

ψ̄fγμðcfV − cfAγ5Þψf; ð4Þ

where GF ≈ 1.166 × 10−11 MeV−2 is the Fermi coupling
constant. The vector ðcfVÞ and axial-vector ðcfAÞ couplings
appearing in the neutral currents of quarks and electrons are
listed in Table I.
Starting from the interaction Lagrangian in Eq. (4), we

obtain the following expression for the neutrino self-
energies:

Σ≶
ν ðPÞ ¼ i

G2
F

2

Z
d4Q
ð2πÞ4 γ

δð1 − γ5ÞG≶
ν ðQÞγσð1 − γ5Þ

× Π≶
δσðP −QÞ; ð5Þ

where Π≶
δσðP −QÞ are the lesser and greater Z-boson self-

energies. The diagrammatic representation of the self-
energy is shown in Fig. 1(b).
By substituting the Green functions given in Eqs. (1) and

(2) into Eq. (5) and taking into account that there is no
neutrino trapping, i.e., that neutrino and antineutrino
distribution functions are approximately zero, we derive
the following result for the self-energies:

Σ≶
ν ðPÞ ¼ G2

F

4

Z
d4Q

ð2πÞ3q0
γδð1 − γ5ÞγλQλ

1 − γ5
2

× δðq0 � qÞγσð1 − γ5ÞΠ≶
δσðP −QÞ: ð6Þ

Finally, by inserting this expression into the kinetic
equation (3), we derive the neutrino-number production
rate

∂fνðt; pÞ
∂t

¼ G2
F

4

Z
d3q

ð2πÞ3p0q0
LδσðQ;PÞnBðp0 þ q0Þ

× Im ½ΠR
δσðPþQÞ�; ð7Þ

where Pλ ¼ ðp0; pÞ andQλ ¼ ðq0; qÞ are the four-momenta
of the neutrino and antineutrino, respectively. (In the
derivation, we changed the sign of the integration variable
q → −q.) Here, by definition, the timelike components of
the momenta satisfy the on-shell conditions: p0 ¼ p and
q0 ¼ q. A similar expression can also be derived for the
antineutrino-number production rate ∂tfν̄ðt; pÞ. One can
show that the corresponding rate is identical to that for
neutrinos, as given in Eq. (7). This is expected, of course,
since the underlying weak processes produce neutrinos and
antineutrinos in pairs, see Fig. 1(a).

TABLE I. Vector and axial-vector couplings in weak interactions. The weak mixing angle value is given by sin2 θW ≈ 0.231.

Particle cfV cfA ðcfVÞ2 þ ðcfAÞ2 ðcfVÞ2 − ðcfAÞ2 cfVc
f
A

u → uþ νi þ νi 1
2
− 4

3
sin2 θW

1
2

0.287 −0.213 0.096
d → dþ νi þ ν̄i − 1

2
þ 2

3
sin2 θW − 1

2
0.370 −0.130 0.173

e− → e− þ νμ;τ þ ν̄μ;τ
a − 1

2
þ 2 sin2 θW − 1

2
0.251 −0.249 0.019

e− → e− þ νe þ ν̄e
b 1

2
þ 2 sin2 θW

1
2

1.175 0.675 0.481

aOnly neutral-current interaction contributes to synchrotron emission of muon and tau neutrinos.
bThese are effective coupling constants accounting for the combined effect of both neutral- and charged-current interactions in νeν̄e

synchrotron emission [13,14].
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In deriving the neutrino-number production rate in
Eq. (7), we expressed the lesser and greater Z-boson
self-energies in terms of the imaginary part of the retarded
self-energy function [24], i.e.,

iΠ>
δσðQÞ ¼ 2½1þ nBðq0Þ� Im ½ΠR

δσðQÞ�; ð8Þ

iΠ<
δσðQÞ ¼ 2nBðq0Þ Im ½ΠR

δσðQÞ�; ð9Þ

where nBðq0Þ≡ 1=½eq0=T − 1� is the Bose-Einstein distri-
bution function.
We also introduced the shorthand notation LδσðQ;PÞ for

the lepton tensor, defined via the following Dirac trace:

LδσðQ;PÞ ¼ Tr½ðp0γ
0 − γ · pÞγδð1 − γ5Þðq0γ0 − γ · qÞ

× γσð1 − γ5Þ�
¼ 8½QδPσ þ PδQσ − gδσðPρQρÞ þ iϵδσκρQκPρ�;

ð10Þ

where ϵδσκρ denotes the conventional Levi-Civita tensor.

B. Synchrotron emission rate

In terms of the neutrino and antineutrino distribution
functions, the synchrotron emission rate is defined as

Ėν ¼
Z

d3p
ð2πÞ3 p0

∂fνðt; pÞ
∂t

þ
Z

d3q
ð2πÞ3 q0

∂fν̄ðt; qÞ
∂t

: ð11Þ

It is important to note that both neutrino and antineutrino
energy emission rates are included in this definition. By
making use of the neutrino-number production rate in
Eq. (7) and taking into account that the result for anti-
neutrinos is the same, we then derive

Ėν ¼
G2

F

4

Z
d3pd3q

ð2πÞ6q0p0

ðp0 þ q0ÞnBðp0 þ q0Þ

× LδσðQ;PÞ Im ½ΠR
δσðPþQÞ�: ð12Þ

This latest form, which is symmetric under the interchange
of neutrino and antineutrino momenta, is particularly
convenient. It can be further simplified by making use
of the following identity:

Z
d3pd3q
qp

fðQþ PÞQμPν

¼ π

6

Z
∞

0

dq̃0

Z
d3q̃θðq̃20 − q̃2ÞfðQ̃ÞðgμνQ̃2 þ 2Q̃μQ̃νÞ;

ð13Þ

where fðQÞ is an arbitrary function. In Eq. (13), we used
the following notation for the four-vectors: Q ¼ ðq; qÞ,
P ¼ ðp; pÞ, and Q̃≡ ðq̃0; q̃Þ ¼ Qþ P. The four-vector Q̃

represents the total energy (q̃0 ¼ p0 þ q0) and momentum
(q̃ ¼ pþ q) of the neutrino-antineutrino pair produced
in a single weak process, qf → qf þ νþ ν̄. Since both
neutrinos and antineutrinos are massless here, their
total four-momentum Q̃ is timelike, satisfying Q̃2 ¼
2q0p0ð1 − cosφνν̄Þ ≥ 0, where cosφνν̄ denotes the angle
between the momenta of the two particles.
For notational simplicity, we henceforth drop the tilde

and denote the total four-momentum of the neutrino-
antineutrino pair as Q. With this convention, we arrive
at the following result:

Ėν ¼ −
2G2

F

3ð2πÞ5
Z

∞

0

dq0

Z
q2≤q2

0

d3qq0nBðq0Þ

× ðgδσQ2 −QδQσÞ Im ½ΠR
δσðQÞ�; ð14Þ

where the timelike nature of Q is enforced by limiting the
integration range to q2 ≤ q20.
The imaginary part of the retarded self-energy,

Im ½ΠR
δσðQÞ�, along with its Lorentz contraction with the

lepton tensor, is calculated in the Appendix. Using the final
result from Eq. (A21), we obtain the following expression
for the energy emission rate:

Ėν ¼
NcG2

F

6ð2πÞ6l2

X∞
n¼0

X∞
s¼1

Z
∞

−∞
dkz

×
Z
q2≤q2

0

d3qq0
nFðEn0;kzþqz −μfÞ½1−nFðEn;kz −μfÞ�

En0;kzþqzEn;kz

× ½ððcfVÞ2þðcfAÞ2ÞS̃1þððcfVÞ2− ðcfAÞ2ÞS̃2þ cfVc
f
AS̃3�;
ð15Þ

where nFðE − μÞ≡ 1=½eðE−μÞ=T þ 1� denotes the Fermi-

Dirac distribution function, En;kz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2njefBj þ k2z þm2

q
is the Landau-level energy, l ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffijefBj
p

is the magnetic
field length, and s ¼ n0 − n ≥ 1 is the difference between
the Landau-level indices of the initial and final quark states.
The total energy of the neutrino and antineutrino pair is
given by q0 ≡ En0;kzþqz − En;kz.
In deriving the final result in Eq. (15), we also made use

of the identity

nBðq0Þ½nFðEn0;kzþqz − μfÞ − nFðEn;kz − μfÞ�
¼ −nFðEn0;kzþqz − μfÞ½1 − nFðEn;kz − μfÞ�: ð16Þ

The explicit forms of the functions S̃i are derived in the
Appendix, with the final results given by

RITESH GHOSH and IGOR A. SHOVKOVY PHYS. REV. D 112, 043006 (2025)

043006-4



S̃1 ¼
�
−2ðq20 − q2z − q2⊥Þ

nþ n0

l2
−m2ðq20 − q2zÞ

�
ðIn;n0

0 ðξqÞ þ In−1;n0−1
0 ðξqÞÞ

þ
�
2ðq20 − q2z − q2⊥Þ

nþ n0

l2
− ðq20 − q2z − q2⊥Þ2 þm2ð2q20 − 2q2z − q2⊥Þ

�
ðIn;n0−1

0 ðξqÞ þ In−1;n0
0 ðξqÞÞ; ð17Þ

S̃2 ¼ −m2ðIn;n0
0 ðξqÞ þ In−1;n0−1

0 ðξqÞÞðq20 − q2z − 2q2⊥Þ −m2ðIn;n0−1
0 ðξqÞ þ In−1;n0

0 ðξqÞÞð2q20 − 2q2z − q2⊥Þ; ð18Þ

S̃3 ¼ 2s⊥½ðkz þ qzÞEn − kzEn0 �
�
2ðn0 − nÞ

l2
ðIn;n0

0 ðξqÞ − In−1;n0−1
0 ðξqÞÞ þ ðIn;n0−1

0 ðξqÞ − In−1;n0
0 ðξqÞÞð2q20 − 2q2z − 3q2⊥Þ

�
;

ð19Þ

where ξq ¼ q2⊥l2=2, and function In;n0
0 ðξÞ is defined in

terms of generalized Laguerre polynomials as follows [25]:

In;n0
0 ðξÞ ¼ n!

ðn0Þ! e
−ξξn

0−nðLn0−n
n ðξÞÞ2: ð20Þ

The final expression for the νν̄ synchrotron emission rate in
Eq. (15) represents one of the main results of this study. Its
general structure, along with the coefficient functions S̃i, is
in agreement with the results obtained via a different
method in Ref. [14]. It is worth noting, however, that by
utilizing the definition of q0 and the expressions for the
Landau-level energies, we were able to present the function
S̃1 in a more compact form.

C. Approximate synchrotron emission rate
for dense quark matter

While the expression for the synchrotron emission rate in
Eq. (15) is exact, it is not particularly convenient for
practical applications in dense quark matter under compact
star conditions. The main challenges arise from the large
hierarchy of energy scales: the quark chemical potentials
(and, to a lesser extent, the electron chemical potential) are
much larger than the temperature, magnetic field strength,
and quark masses. In general, this implies that a large
number of occupied Landau-level quark states participate
in weak processes, and numerous quantum transitions
between closely spaced states near the Fermi surface
contribute to the synchrotron emission.
To address this hierarchy, it is essential to recognize that

the relevant dynamics are governed by quark degrees of
freedom near the Fermi surface. Indeed, states with
energies far above the Fermi energy have exponentially
small occupation numbers, while those well below the
Fermi surface are Pauli blocked. As a result, only a narrow
band of quark states, within an energy range of order T, can
participate in weak processes.
Given that μf ≫ T, the only two relevant low-energy

scales in the problem are the temperature T and the Landau-
level spacing at the Fermi surface, given by δϵB ≡ jefBj=μf.
(The quarkmassm, which is alsomuch smaller than μf, does
not play a significant role near the Fermi surface.) The ratio of

these two low-energy scales, b≡ jefBj=ðTμfÞ, naturally
defines two distinct regimes: the weak-field, high-temper-
ature regime (b ≪ 1), and the strong-field, low-temperature
regime (b ≫ 1).
In the weak-field (high-temperature) regime, a large

number of transitions between closely spaced Landau levels
(with smax ≫ 1=b) contribute to the rate, effectively dimin-
ishing the impact of Landau-level quantization. Neverthe-
less, as B → 0, the overall rate vanishes, since energy-
momentum conservation becomes increasingly difficult to
satisfy in this limit. In contrast, in the strong-field (low-
temperature) regime, the effect of Landau-level quantization
becomes pronounced, and the rate is dominated by transi-
tions between well-separated adjacent levels (i.e., s≳ 1). As
the Landau-level separation increases, the density of ther-
mally excited quarks near the Fermi surface diminishes,
leading to an exponential suppression of synchrotron
radiation.
Taking into account that the Landau-level separation at

the Fermi surface δϵB ≡ jefBj=μf is much smaller than the
quark chemical potential itself, the sum over index n can be
approximated by an integral, i.e.,

X∞
n¼0

fð2njefBjÞ ¼
l2

2π

Z
d2k⊥fðk2⊥Þ: ð21Þ

Before implementing this approximation, however, one
requires a suitable approximation for the form factor function
in Eq. (20). The corresponding large-n behavior is given by

In;nþs
0 ðξÞ ≃ ½Jsð2

ffiffiffiffiffi
ξn

p
Þ�2; ð22Þ

where s ≪ n is assumed. In the derivation, we used Stirling’s
approximation for factorials and the large-n asymptotes for
the generalized Laguerre polynomials [26],

Lα
nðzÞ ≃

�
n
z

�
α=2

Jαð2
ffiffiffiffiffi
zn

p Þ: ð23Þ

By replacing the sumovernwith an integral and applying the
asymptotes in Eq. (22), the approximate expression for the
synchrotron emission rate in dense quark matter takes the
following form:
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Ėν ¼
NcG2

F

6ð2πÞ6
X∞
s¼1

Z
∞

0

k2dk
Z

π

0

sinθdθ

×
Z
q2≤q2

0

d3qq0
nFðEk þ q0 − μfÞ½1− nFðEk − μfÞ�

EkðEk þ q0Þ
× ½ððcfVÞ2 þ ðcfAÞ2ÞS̃1 þ ððcfVÞ2 − ðcfAÞ2ÞS̃2 þ cfVc

f
AS̃3�;
ð24Þ

where q0 ≃ ðkqz cos θ þ sjefBjÞ=Ek, Ek ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
, and

the functions S̃i are given by the same expressions as before,
see Eqs. (17)–(19), except that the form factor functions
In;nþs
0 ðξqÞ are replaced by their asymptotic forms, as in

Eq. (22). Note also that kz ¼ k cos θ, k⊥ ¼ k sin θ, and that
the argument of the Bessel functions 2

ffiffiffiffiffiffiffi
ξqn

p
reduces

to k⊥q⊥l2.
Due to the presence of Fermi-Dirac distribution func-

tions in the integrand of Eq. (24), the dominant contribution
to the emission rate comes from quark states with momenta
k in close vicinity of the Fermi surface. Therefore, the result
can be well approximated by replacing the quark momen-
tum with its Fermi surface value (k ≈ kF ≈ μf) throughout
the integrand, except within the distribution functions
themselves. Under this approximation, and up to higher-
order corrections suppressed by inverse powers of the quark
chemical potential, the integral over k can be performed
exactly, yielding the following result:

Ėν ¼
NcG2

Fμ
2
f

3ð2πÞ5 ððcfVÞ2 þ ðcfAÞ2Þ
X∞
s¼1

Z
π

0

sin θdθ

×
Z

sδϵB=ð1−cos θÞ

−sδϵB=ð1þcos θÞ
dqz

Z ffiffiffiffiffiffiffiffiffi
q2
0
−q2z

p

0

q⊥dq⊥q20nBðq0Þ

× ð½Js−1ðq⊥μfl2 sin θÞ�2 þ ½Jsþ1ðq⊥μfl2 sin θÞ�2
− 2½Jsðq⊥μfl2 sin θÞ�2Þðq20 − q2z − q2⊥Þsin2θ; ð25Þ

where q0 ≃ qz cos θ þ sδϵB. In deriving this expression, we
employed the approximate forms of S̃i given in Eqs. (A41)–
(A43) of the Appendix, which capture all leading-order
contributions while neglecting subleading terms suppressed
by inverse powers of the quark chemical potential.
Let us point out that the rate in Eq. (25) contains an overall

factor of μ2f, which accounts for the degeneracy of quark
states near the Fermi surface, whose area scales as μ2f. After
performing the integration over q⊥ in Eq. (25), we obtain

Ėν¼
2NcG2

FjefBj2
3ð2πÞ5 ððcfVÞ2þðcfAÞ2Þ

X∞
s¼1

Z
π

0

sinθdθ

×
Z

sδϵB=ð1−cosθÞ

−sδϵB=ð1þcosθÞ
dqzq20nBðq0Þðq20−q2zÞJsþ1ðwÞJs−1ðwÞ;

ð26Þ

where w≡ μfl2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20 − q2z

p
sin θ.

It is instructive to note that the explicit overall factor of
μ2f disappears after the q⊥ integration. The only remaining
dependence on μf enters through the low-energy parameter
δϵB ≡ jefBj=μf. This implies that the total emission rate no
longer scales with μ2f, a result consistent with earlier
findings reported in Refs. [14,17].
Next, by changing the integration variable from θ to

y ¼ cos θ, and introducing the dimensionless variables
uz ≡ qz=T and u0 ≡ q0=T ¼ uzyþ sb, we finally derive

Ėν ¼
2NcG2

FjefBj2T5

3ð2πÞ5 ððcfVÞ2 þ ðcfAÞ2ÞFðbÞ; ð27Þ

where b≡ δϵB=T ¼ jefBj=ðTμfÞ is the dimensionless ratio
of the two low-energy energy scales introduced earlier, and
the scaling function FðbÞ is defined by

FðbÞ ¼
X∞
s¼1

Z
1

−1
dy

Z
sb=ð1−yÞ

−sb=ð1þyÞ
duz

×
ðuzyþ sbÞ2½ðuzyþ sbÞ2 − u2z �

euzyþsb − 1
Jsþ1ðw̃ÞJs−1ðw̃Þ;

ð28Þ

with w̃ ¼ 1
b

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − y2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðyuz þ sbÞ2 − u2z

p
.

The expression in Eq. (27) is the main analytical result
used in the next section to compute numerically the νν̄
synchrotron emission rate in dense quark matter.
Depending on the value of the dimensionless parameter
b ¼ jefBj=ðTμfÞ, two distinct regimes emerge in the limits
of large and small b.
As anticipated, in the regime b ≫ 1, corresponding to

strong magnetic fields or low temperatures, only the first
few terms in the sum over s contribute significantly. The
resulting numerical computation is straightforward and
yields an emission rate that decreases rapidly with increas-
ing b, following an approximate scaling behavior domi-
nated by FðbÞ ∼ expð−b=2Þ.
In contrast, in the regime b ≪ 1, realized in the limit of

weak magnetic fields or high temperatures, a large number
of transitions with a broad range of level spacings s ¼
n0 − n contribute to the rate. Since FðbÞ approaches a finite,
nonzero value as b → 0, it follows that the emission rate
(27) scales as jefBj2T5 in this regime. Interestingly, as in
the case of νν̄ synchrotron emission from relativistic
electrons [13,14], the dependence on the quark chemical
potential μf is weak, entering only indirectly through the
parameter b inside FðbÞ. This is notable, as one might
naively expect the rate to scale with the density of quark
states on the Fermi surface, which grows as μ2f. However,
this phase-space enhancement is nearly completely com-
pensated by the amplitude squared, which decreases as
1=μ2f with increasing quark Fermi momentum.
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In our analysis of the synchrotron rate in Sec. III, we rely
on the numerical evaluation of the function FðbÞ, as
defined in Eq. (28). The numerical calculation remains
feasible even for relatively small values of b ∼ 0.01.
Nevertheless, it is useful to note that a simpler approximate
analytic expression for FðbÞ becomes available in the limit
b → 0. The corresponding approximation is discussed in
the next subsection.

D. Synchrotron emission in the limit jefBj=ðTμf Þ → 0

In the small-b limit, an approximate expression for the
function FðbÞ, as defined in Eq. (28), can be obtained by
replacing the discrete sum over s with an integral over the
continuous variable v ¼ sb. However, since the depend-
ence on s appears within the order and arguments of the
Bessel functions, it is convenient to employ the following
asymptotic approximations [27]:

JsðsxÞ ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
ffiffiffi
3

p
π

K1=3ðηÞ; ð29Þ

J0sðsxÞ ≃
1 − x2ffiffiffi

3
p

π
K2=3ðηÞ; ð30Þ

with η ¼ s
3
ð1 − x2Þ3=2, which are valid for large s and for x

approaching 1 from below. These approximations are
sufficient for evaluating the synchrotron emission rate, as
the corresponding region provides the dominant contribu-
tion in the b → 0 limit. The same approximations are used
in deriving the usual electromagnetic synchrotron radiation
in the quasiclassical limit [27].
By noting that

Js−1ðw̃ÞJsþ1ðw̃Þ ¼
s2

w̃2
½Jsðw̃Þ�2 − ½J0sðw̃Þ�2; ð31Þ

and making use of the asymptotic forms of the Bessel
functions given in Eqs. (29) and (30), we then derive the
following result valid in the limit b → 0:

FðbÞ ¼ 1

3π2b

Z
∞

0

dvv5
Z

1

−1
dy

Z
1=ð1−yÞ

−1=ð1þyÞ
duz

×
ðuzyþ 1Þ2½ðuzyþ 1Þ2 − u2z �

eðuzyþ1Þv − 1

×

�
1 − x2

x2
½K1=3ðηÞ�2 − ð1 − x2Þ2½K2=3ðηÞ�2

�
;

ð32Þ

where we rescaled the integration variable uz → vuz. In the
final expression, x ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − y2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðyuz þ 1Þ2 − u2z

p
and

η ¼ v
3b ð1 − x2Þ3=2. As required for the validity of the

Bessel function approximations used, the quantity x is

always less than 1. This can be explicitly verified by noting
that 1 − x2 ¼ ðy − uzð1 − y2ÞÞ2 is positive definite.
As b → 0, we find that FðbÞ approaches a constant value

of about 11.06.

III. NUMERICAL RESULTS

In this section, using the analytical results from Eq. (27),
we perform a numerical study of the νν̄ synchrotron
emission rate in magnetized, dense quark matter under
conditions relevant to compact stars. For simplicity, we
assume that the matter consists of only the lightest quark
flavors, i.e., up and down quarks. For the purposes of
synchrotron emission, it is important to account for their
distinct electric charges, given by ef ¼ qfe with qu ¼ 2=3
and qd ¼ −1=3, where e is the absolute value of the electric
charge of the electron. One should bear in mind that a small
fraction of electrons must also be present to ensure charge
neutrality and β-equilibrium of quark matter.
In compact stars, quark matter is expected to reach

densities around five times the nuclear saturation density.
Under such conditions, the quark chemical potentials (μf
with f ¼ u, d) typically lie in the range of several hundred
MeV. For our numerical calculations, we use representative
values: μu ¼ 300MeV, μd ¼ 350MeV, and μe ¼ 50 MeV.
As required, these values satisfy the β-equilibrium con-
dition μd ¼ μu þ μe. The temperature is unrestricted but
should not be too high, e.g., T ≲ 10 MeV, to avoid neutrino
trapping. The background magnetic field is assumed
to be strong but realistic for stars, ranging from 1014 G
to 1017 G.
In our analysis, we account for the production of all three

neutrino flavors (i ¼ e, μ, τ). Since synchrotron emission
from quarks proceeds only via neutral-current interactions,
the total neutrino emission rate can be obtained by
multiplying the single-flavor rate obtained in the preceding
section by a factor of Nν ¼ 3. This contrasts with synchro-
tron emission from electrons, which is mediated by both
neutral- and charge-current interactions [13,14]. When
adding the synchrotron contribution from electrons in
quark matter, we will add the same relevant neutral- and
charge-current contributions as well. In the general expres-
sion for the rate in Eq. (27), this amounts to using the
appropriate coupling constants for each interaction channel,
as specified in Table I.

A. Analysis of single-flavor rate

Before presenting the final numerical results for the total
νν̄ synchrotron emission rate in quark matter, we begin by
examining the general features of a single-flavor contribu-
tion. First, we explore the role of different series of
quantum transitions between quark Landau levels, charac-
terized by the level separation s ¼ n0 − n, where n and n0
are the initial and final Landau levels, respectively. The
impact of these transitions on the emission rate is controlled
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by the dimensionless parameter b ¼ jefBj=ðTμfÞ, which
quantifies the relative importance of Landau-level quanti-
zation compared to the thermal energy scale. This depend-
ence enters primarily through the function defined in
Eq. (28), whose partial contributions from transitions of
a given level spacing s are denoted by FsðbÞ, such that the
total contribution is given by the sum FðbÞ ¼ P∞

s¼1 FsðbÞ.
Figure 2(a) shows numerical results for FsðbÞ as a

function of s at several fixed values of b. For small values
of b, where the Landau-level spacing is small compared
to the thermal energy scale, transitions across a wide
span of s contribute significantly. In this regime, the
dominant contributions come from around a peak located
at smax ≃ 3=b, and the maximum value Fsmax

ðbÞ scales
approximately as the first power of b. To make this scaling
behavior more transparent, we plot the ratio FsðbÞ=b as a
function of the product sb, as shown in Fig. 2(b). In the
limit b → 0, the function approaches a fixed profile, shown
by the dashed line.
As the value of b increases, the number of contributing

transitions decreases, and only those with smaller level-
separation values s remain relevant. Starting from b≳ 2.6,
the transitions between adjacent Landau levels (s ¼ 1) give
the largest contribution, although transitions with a few

other values of s greater than 1 still contribute substantially.
For even stronger fields, i.e., b≳ 8, transitions with s ≥ 2
become nearly negligible, and synchrotron emission arises
almost entirely from s ¼ 1 transitions. However, due to the
large energy gap between Landau levels in this regime, the
total emission rate becomes exponentially suppressed.
To gain deeper insight into the quark phase space

responsible for synchrotron emission, it is instructive to
examine the integrand in the definition of FsðbÞ in Eq. (28),
prior to performing the final integration over the angular
variable y ¼ cos θ. Recall that θ denotes the angle between
the quark momentum on the Fermi surface and the direction
of the magnetic field. The limiting values y ¼ �1 corre-
spond to the poles of the Fermi surface, while y ¼ 0
represents the equatorial plane perpendicular to the field.
Representative plots of the integrand, denoted by

Fsðb; yÞ, as a function of y ¼ cos θ are presented in
Fig. 3, with each panel corresponding to a different value
of the dimensionless parameter b. Within each panel,
multiple curves are shown for selected fixed values of
the Landau-level separation s. These visualizations illus-
trate how the angular distribution of synchrotron-emitting
quark states varies with both b and s, offering valuable
intuition about the underlying emission dynamics.

(a) (b)

FIG. 2. (a) Numerical data for partial contributions FsðbÞ to FðbÞ defined in Eq. (28) as a function of level spacing s ¼ n0 − n for
several fixed values of b ¼ jefBj=ðTμfÞ. (b) Ratio FsðbÞ=b as a function of the product sb.

(a) (b) (c)

FIG. 3. (a) Representative numerical results for Fsðb; yÞ as a function of y ¼ cos θ at fixed b ¼ 0.03 and several values of s. (b),
(c) Fsðb; yÞ for two larger values of b, i.e., b ¼ 3 and b ¼ 8, respectively, including results for the lowest few s values in each case.
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For small values of b, the dominant regions on the Fermi
surface contributing to synchrotron emission vary sig-
nificantly with the value of s, see Fig. 3(a). When s is
relatively small (s ≪ smax ≃ 3=b), the dominant contribu-
tions come from regions with large jyj, corresponding to
quark momenta that lie relatively far from the equatorial
plane (y ¼ 0), but not too close to the poles of the Fermi
sphere. As s increases and approaches the optimal value
smax ≃ 3=b, the dominant contributions shift toward a broad
band of quark states near the equator, typically within
jyj ≲ 0.5. For even larger s (s ≫ smax), the width of the
relevant band narrows down, indicating that fewer states
near y ¼ 0 contribute efficiently to the synchrotron rate.
In contrast, the case of large b, illustrated by Fig. 3(b)

and (c), is significantly simpler. Here, synchrotron emission
is dominated by transitions between adjacent Landau levels

(s ¼ 1), and the quark states near the equatorial plane
(y ¼ 0) account for the majority of the emission. As seen
from Fig. 3(c), this feature becomes increasingly pro-
nounced with larger b, even though the total emission rate
is strongly suppressed due to the quantization of Landau
levels.
By summing over all relevant Landau-level transitions,

we obtain function FðbÞ, with results shown as linear and
logarithm plots in panels (a) and (b) of Fig. 4, respectively.
(Numerical data are provided in Supplemental Material
[28].) As seen from the plots, FðbÞ is a monotonically
decreasing function of the low-energy parameter b. It starts
from a finite value at b ¼ 0, specifically Fð0Þ ≈ 11.06, and
falls off rapidly as b increases. This behavior implies that,
in the low-b limit, the single-flavor synchrotron emission
rate approaches the following asymptotic behavior:

Ėν ≃
2NcG2

FjefBj2T5

3ð2πÞ5
�
ðcfVÞ2 þ ðcfAÞ2

�
Fð0Þ; for T ≫

jefBj
μf

: ð33Þ

As expected, the synchrotron rate vanishes in the B → 0 limit.
In the opposite regime, where b becomes large, the function is exponentially suppressed: FðbÞ ∝ expð−b=2Þ. This

behavior reflects the strongly reduced thermal activation of quark states quantized in Landau levels near the Fermi surface.
Remarkably, over a broad range of b values, i.e., from b ≈ 0 up to b ≈ 100, the numerical dependence of FðbÞ is accurately
captured by the following analytical fit:

FðbÞ ≈ 11.06 − 0.46bþ 1.13b2 þ 0.017b3 þ 0.00165b4

1 − 0.022bþ 1.4 × 10−4b3 þ 7.7 × 10−5b4 þ 1.5 × 10−7b5
e−b=2: ð34Þ

This expression reproduces the full numerical results to
within approximately 3%, providing a convenient and
accurate analytical form for estimating the synchrotron
emission rate in quark matter. It may also prove useful
in modeling synchrotron emission in other relativistic
systems.

B. Synchrotron emission rate
in two-flavor quark matter

Let us now turn to synchrotron emission from two-flavor
dense quark matter. By adapting the general expression for
the emission rate given in Eq. (27) to include the con-
tributions from both up and down quarks, we obtain

(a) (b)

FIG. 4. Linear (a) and logarithmic (b) plots of the numerical results for the function FðbÞ, defined in Eq. (28), which determines the
single-flavor synchrotron neutrino emission rate.
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ĖðquarksÞ
ν ¼

X
f¼u;d

2NcNνG2
FjefBj2T5

3ð2πÞ5
�
ðcfVÞ2 þ ðcfAÞ2

�

× F

�jefBj
μfT

�
; ð35Þ

where Nν ¼ 3 accounts for the emission of all three
neutrino flavors (i ¼ e, μ, τ).
As mentioned earlier, this quark contribution must be

supplemented by the emission from electrons, yielding [14]

ĖðelectronsÞ
ν ¼ 2G2

FjeBj2T5

3ð2πÞ5
h�

ðceffV Þ2 þ ðceffA Þ2
�

þ ðNν − 1Þ
�
ðceVÞ2 þ ðceAÞ2

�i
F

�jeBj
μeT

�
; ð36Þ

where the effective coupling constants ceffV and ceffA incor-
porate both neutral- and charged-current interactions rel-
evant for νeν̄e emission [13,14]. In contrast, the constants
ceV and ceA represent the standard neutral-current couplings
responsible for emission of the remaining Nν − 1 neutrino
flavors.
The temperature dependence of synchrotron emission for

each type of charged fermion is presented in Fig. 5(a). To
highlight the role of the magnetic field, numerical results
are shown for two field strengths: B ¼ 1014 G (solid lines)
and B ¼ 1017 G (dashed lines). For comparison, we also
plot Iwamoto’s direct Urca emission rate (black dotted
line), defined by [11,12]

ĖIwamoto ≃
457

630
αsG2

F cos
2 θCμuμdμeT6 þO

�
α2s ;

μe
μu

�
; ð37Þ

where θC is the Cabibbo angle, with cos2 θC ≈ 0.948. For
the strong coupling constant, we use the value αs ¼ 0.3.
We note in passing that the effect of a strong magnetic

field on the direct Urca rate in quark matter was studied in
detail in our earlier work [10]. It was shown there that
magnetic fields up to 1017 G modify the average energy
emission rate by only about 20%. For this reason, and to
provide a clear benchmark, we chose to compare the
synchrotron rates to Iwamoto’s field-free Urca rate
in Fig. 5.
As the figure illustrates, synchrotron emission rates for

both quarks and electrons are suppressed by several orders
of magnitude relative to the direct Urca rate, even at the
extreme field strength of B ¼ 1017 G. This suppression is
shown more clearly in Fig. 5(b), where we plot the ratio of
the total synchrotron emission rate to the zero-field direct
Urca rate (37) as a function of temperature for several fixed
values of the magnetic field strength. In this figure, dotted
lines represent the contributions from quarks alone, while
solid lines include both quark and electron contributions.
Notably, electron synchrotron emission becomes signifi-
cant at higher temperatures, although the total rate still
remains much smaller than that of the direct Urca process
across the temperature range considered.
At first glance, the T5 temperature scaling of the

synchrotron emission rate might suggest that it could
dominate over the direct Urca rate, which scales as T6,
particularly at lower temperatures. Indeed, as seen from the
high-temperature behavior of the rates in Fig. 5(a), the
slope of the synchrotron curve is indeed smaller. However,
this advantage gets lost as the temperature drops below the
Landau-level energy separation and the synchrotron rate
begins to decrease exponentially, preventing it from over-
taking the direct Urca rate. A closer examination of
Eqs. (35) and (37) further reveals that the synchrotron rate

(a) (b)

FIG. 5. (a) Temperature dependence of the synchrotron neutrino emission rates from quarks and electrons in two-flavor dense quark
matter for two magnetic field strengths: B ¼ 1014 G (solid lines) and B ¼ 1017 G (dashed lines). For comparison, Iwamoto’s direct Urca
emission rate is also plotted (black dotted line). (b) Ratio of the total synchrotron neutrino emission rate to the direct Urca emission rate
as a function of temperature. Dotted lines show the contribution from quarks alone, while solid lines include both quark and electron
contributions.
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remains much smaller not only due to its specific temper-
ature dependence, but also because, unlike the Urca rate, it
does not scale with the quark density of states at the Fermi
surface. In addition, the synchrotron rate has a significantly
smaller overall prefactor, ð2πÞ−5 ≃ 10−4, which has no
analogue in the direct Urca rate, further contributing to
its relative suppression.
Let us emphasize that the approximations employed in

our calculation are strictly valid in the regime where the
temperature is much smaller than the quark chemical
potential. In Fig. 5, however, we extend the results to
temperatures up to 50 MeV, which approach or may
slightly exceed the regime of strict validity. Therefore,
the results at the highest temperatures should be interpreted
with caution and regarded as extrapolations rather than
quantitatively precise predictions.

IV. SUMMARY

In this work, we developed a systematic approach to
compute the synchrotron neutrino emission rate from
magnetized dense quark matter. One of the distinguished
features of our study is the use of the Kadanoff-Baym
formalism, which allows for a more streamlined derivation
by expressing the emission rate in terms of Green functions
rather than explicit particle wave functions. This method
offers practical advantages for studying many-body sys-
tems in strong magnetic fields.
We carried out a detailed analysis of the phase space

relevant for synchrotron emission and identified the dom-
inant regions on the quark Fermi surface that contribute to
the rate. Our results show that the quark states near the
equator of the Fermi surface (i.e., those with momenta
nearly perpendicular to the magnetic field) play the leading
role in synchrotron emission.
Furthermore, in relativistic dense quark matter relevant

for compact stars, we demonstrated that the emission rate is
governed by a single dimensionless parameter, namely, the
ratio of the Landau-level spacing at the Fermi surface,
jefBj=μf, to the temperature T. When jefBj=ðμfTÞ ≪ 1,
many closely spaced Landau levels contribute collectively
to the emission. In the opposite regime, jefBj=ðμfTÞ ≫ 1,
the rate is dominated by transitions between adjacent
Landau levels. While the emission rate grows with the
magnetic fields, our results show that even at field strengths
as high as B ¼ 1017 G, which are likely the strongest fields
expected in compact stars, the synchrotron neutrino emis-
sion remains suppressed by more than 3 orders of magni-
tude compared to the direct Urca process.
Generally, νν̄ synchrotron emission in dense quark

matter is similar to its counterpart in white dwarfs and
neutron stars, where the process is dominated by electrons
[13–17]. In both cases, the synchrotron rate exhibits a
power-law dependence on temperature, which suggests that
it can compete with or even surpass the direct Urca process
under certain conditions. However, the actual situation in

quark matter differs in important ways. In white dwarfs and
neutron stars, synchrotron emission typically competes
with the modified Urca process, which has a steeper
temperature dependence and is often subdominant at low
temperatures. In contrast, in quark matter, the direct Urca
process is kinematically allowed and remains a dominant
channel for neutrino emission across a wide range of
temperatures. One might naively expect that the large
quark chemical potentials would mitigate the effects of
Landau-level quantization, delaying the onset of exponen-
tial suppression in synchrotron emission to much lower
temperatures and thus enhancing its competitiveness.
However, detailed analysis shows that synchrotron emis-
sion never dominates the neutrino emissivity in any realistic
regime of dense quark matter relevant to compact stars.
In summary, our study provides a detailed analysis of

synchrotron neutrino emission in quark matter and dem-
onstrates its limited impact on the cooling of magnetized
compact stars with quark matter cores. In this work, we
have focused exclusively on unpaired quark matter.
However, at the densities typical of compact star interiors,
quark matter may exist in a color-superconducting phase
[29,30], which could significantly modify the emission
processes and warrants further investigation. In the two-
flavor color-superconducting phase, where some quark
quasiparticles remain ungapped, synchrotron emission is
expected to resemble that in unpaired matter. In contrast, in
the color-flavor-locked phase [31], where all quark quasi-
particles are gapped, both direct Urca and synchrotron
emission are strongly suppressed, suggesting that cooling
proceeds through mechanisms unrelated to neutrino emis-
sion [32]. More subtle behavior may occur in spin-1 color-
superconducting phases [33], where gapless nodes or lines
on the Fermi surface could significantly modify the relative
efficiency of synchrotron and Urca processes [21]. A
detailed investigation of these effects is left for future work.
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APPENDIX: VECTOR Z-BOSON SELF-ENERGY
AND ITS LORENTZ CONTRACTION WITH THE

LEPTON TENSOR

As we show in the main text, the expression for the
neutrino synchrotron emission rate is given in terms of the
imaginary part of the retarded vector boson self-energy
ΠR

δσðQÞ, see Eq. (14).
The retarded self-energy ΠR

δσðQÞ is defined by the
following one-loop expression:
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ΠR
δσðQÞ ¼ −iNc

XZ d4K
ð2πÞ4

X
f¼u;d

Tr½γδðcqV − cqAγ5ÞS̄fðKÞγσðcqV − cqAγ5ÞS̄fðK þQÞ�; ðA1Þ

where we use the following shorthand notation for the momentum integration and the sum over the Matsubara frequencies
ωk ¼ ð2kþ 1ÞπT:

XZ d4K
ð2πÞ4 fðk0; kÞ ¼ T

X∞
k¼−∞

i
Z

d3k
ð2πÞ3 fðiωk; kÞ: ðA2Þ

The Fourier transform of the translationally invariant part of the quark propagator in the Landau-level representation is
given by [34]

S̄fðKÞ ¼ ie−k
2⊥l2

X∞
n¼0

X
λ¼�

ð−1ÞnDnðKÞ
En;kz ½k0 þ μf þ iϵsignðk0Þ − λEn;kz �

; ðA3Þ

where

DnðKÞ ¼ ½En;kzγ
0 þ λðm − kzγ3Þ�½PþLnð2k2⊥l2Þ − P−Ln−1ð2k2⊥l2Þ� þ 2λðk⊥ · γ⊥ÞL1

n−1ð2k2⊥l2Þ: ðA4Þ

Here, En;kz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2njefBj þ k2z þm2

q
are the quark Landau-level energies, l ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffijefBj
p

is the magnetic length, P� ¼
ð1� is⊥γ1γ2Þ=2 are the spin projectors, s⊥ ¼ signðefBÞ, and Lα

nðzÞ are the generalized Laguerre polynomials.

By substituting the explicit form of the quark propagator in Eq. (A3) into Eq. (A1), calculating the Matsubara sum,
and performing the analytical continuation q0 → q0 þ iϵ, we derive the following expression for the imaginary part of the
self-energy:

Im ½ΠR
δσðQÞ� ¼ −

Nc

8π2
X∞
n;n0¼0

ð−1Þnþn0
Z

d3k
e−k

2⊥l2−ðk⊥þq⊥Þ2l2

En;kzEn0;kzþqz

½nFðEn0;kzþqz − μfÞ − nFðEn;kz − μfÞ�

× TδσðK;K þQÞδðEn0;kzþqz − En;kz − q0Þ; ðA5Þ
where

TδσðK;K þQÞ ¼ Tr½γδðcqV − cqAγ5ÞDnðKÞγσðcqV − cqAγ5ÞDn0 ðK þQÞ�: ðA6Þ

Note that in dense quarkmatter, only quark states near the Fermi surface contribute significantly to synchrotron emission. This
is because the thermal population of antiquarks is strongly suppressed at temperatures much lower than the quark chemical
potential (T ≪ μf). Mathematically, this suppression arises from the form of the distribution functions (with a large positive
value of μf) and the energy-conserving δ-function, which together strongly favor quark over antiquark contributions.
Therefore, in the last expression, we kept only the contributions of quarks (λ ¼ 1) and neglected the contributions of
antiquarks (λ ¼ −1).
In the neutrino emission rate in Eq. (14), the imaginary part of the self-energy is contracted with another tensor, i.e.,

gδσQ2 −QδQσ. It is convenient, therefore, to first calculate for the corresponding Lorentz contraction with the tensor inside
the integrand of Eq. (A5). The result reads

ðgδσQ2 −QδQσÞTδσðK;K þQÞ ¼ ððcfVÞ2 þ ðcfAÞ2ÞS1 þ ððcfVÞ2 − ðcfAÞ2ÞS2 þ cfVc
f
AS3: ðA7Þ

The explicit forms of functions Si are given by

S1 ¼ −2ðLnLn0 þ Ln−1Ln0−1ÞðEnEn0 − kzðkz þ qzÞÞðq20 − q2zÞ − 4ðLnLn0 þ Ln−1Ln0−1Þðq0kz − qzEnÞðq0ðkz þ qzÞ − qzEn0 Þ
þ 2ðLnLn0−1 þ Ln−1Ln0 ÞðEnEn0 − kzðkz þ qzÞÞð2q20 − 2q2z − q2⊥Þ
− 8L1

n−1ðLn0 − Ln0−1Þðq0En0 − qzðkz þ qzÞÞðq⊥ · k⊥Þ − 8ðLn − Ln−1ÞL1
n0−1ðq0En − qzkzÞðq⊥ · ðk⊥ þ q⊥ÞÞ

þ 16L1
n−1L

1
n0−1ðq20 − q2z − q2⊥Þðk⊥ · ðk⊥ þ q⊥ÞÞ − 32L1

n−1L
1
n0−1ðq⊥ · k⊥Þðq⊥ · ðk⊥ þ q⊥ÞÞ; ðA8Þ
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S2 ¼ 2m2ðLnLn0 þ Ln−1Ln0−1Þðq20 − q2z − 2q2⊥Þ − 2m2ðLnLn0−1 þ Ln−1Ln0 Þð2q20 − 2q2z − q2⊥Þ; ðA9Þ

S3 ¼ 4s⊥ðLnLn0 −Ln−1Ln0−1ÞðEnðkzþqzÞ−En0kzÞðq20−q2zÞþ 8s⊥ðLnLn0 −Ln−1Ln0−1Þðq0kz −qzEnÞðq0En0 −qzðkzþqzÞÞ
þ 4s⊥ðLnLn0−1−Ln−1Ln0 ÞðEnðkzþqzÞ−En0kzÞð2q20− 2q2z −q2⊥Þ
þ 16s⊥ðLnþLn−1ÞL1

n0−1ðq0kz−qzEnÞðq⊥ · ðk⊥þ q⊥ÞÞþ 16s⊥L1
n−1ðLn0 þLn0−1Þðq0ðkzþqzÞ−qzEn0 Þðq⊥ · k⊥Þ;

ðA10Þ

where, for simplicity of presentation, we abbreviated the notations En ≡ En;kz , En0 ≡ En0;kzþqz , Ln ≡ Lnð2k2⊥l2Þ,
and Ln0 ≡ Ln0 ½2ðk⊥ þ q⊥Þ2l2�.
Therefore, for the Lorentz contraction of the imaginary part of the self-energy with the lepton tensor, we obtain

ðgδσQ2 −QδQσÞ Im ½ΠR
δσðQÞ� ¼ −

Nc

8π2
X∞
n;n0¼0

ð−1Þnþn0
Z

d3k
e−k

2⊥l2−ðk⊥þq⊥Þ2l2

En;kzEn0;kzþqz

½nFðEn0;kzþqz − μfÞ − nFðEn;kz − μfÞ�

×
h�

ðcfVÞ2 þ ðcfAÞ2
�
S1 þ

�
ðcfVÞ2 − ðcfAÞ2

�
S2 þ cfVc

f
AS3

i
δðEn0;kzþqz − En;kz − q0Þ: ðA11Þ

The integral over the transverse components of the quark momentum k⊥ can be easily performed using the following table
integrals:

Z
d2k⊥e−k

2⊥l2−ðk⊥þq⊥Þ2l2Lnð2k2⊥l2ÞLn0 ½2ðk⊥ þ q⊥Þ2l2� ¼ π

2l2
ð−1Þnþn0In;n0

0 ðξqÞ; ðA12Þ
Z

d2k⊥e−k
2⊥l2−ðk⊥þq⊥Þ2l2 ½k⊥ · ðk⊥ þ q⊥Þ�L1

nð2k2⊥l2ÞL1
n0 ½2ðk⊥ þ q⊥Þ2l2� ¼ π

8l4
ð−1Þnþn0In;n0

2 ðξqÞ; ðA13Þ
Z

d2k⊥e−k
2⊥l2−ðk⊥þq⊥Þ2l2 ½ðk⊥ þ q⊥Þ · a⊥�Lnð2k2⊥l2ÞL1

n0 ½2ðk⊥ þ q⊥Þ2l2� ¼ π

4l3
ð−1Þnþn0 ðq̂⊥ · a⊥ÞIn;n0

1 ðξqÞ; ðA14Þ
Z

d2k⊥e−k
2⊥l2−ðk⊥þq⊥Þ2l2ðk⊥ · a⊥ÞL1

nð2k2⊥l2ÞLn0 ½2ðk⊥ þ q⊥Þ2l2� ¼ −
π

4l3
ð−1Þnþn0 ðq̂⊥ · a⊥ÞIn0;n

1 ðξqÞ; ðA15Þ

and

Z
d2k⊥e−k

2⊥l2−ðk⊥þq⊥Þ2l2ðk⊥ · a⊥Þ½ðk⊥ þ q⊥Þ · b⊥�L1
nð2k2⊥l2ÞL1

n0 ½2ðk⊥ þ q⊥Þ2l2� ¼ π

16l4
ð−1Þnþn0

× ½ða⊥ · b⊥ÞIn;n0
2 ðξqÞ þ ½ða⊥ · b⊥Þ − 2ðq̂⊥ · a⊥Þðq̂⊥ · b⊥Þ�In;n0

3 ðξqÞ�; ðA16Þ

where ξq ¼ q2⊥l2=2 and functions In;n0
i ðξqÞ are the same form factor as in Ref. [25]. In particular,

In;n0
0 ðξÞ ¼ n!

ðn0Þ! e
−ξξn

0−nðLn0−n
n ðξÞÞ2; ðA17Þ

In;n0
1 ðξÞ ¼

ffiffiffiffiffi
2ξ

p n!
ðn0Þ! e

−ξξn
0−nLn0−nþ1

n ðξÞLn0−n
n ðξÞ; ðA18Þ

In;n0
2 ðξÞ ¼ 2

ðnþ 1Þ!
ðn0Þ! e−ξξn

0−nLn0−n
n ðξÞLn0−n

nþ1 ðξÞ; ðA19Þ

In;n0
3 ðξÞ ¼ −2

ðnþ 1Þ!
ðn0Þ! e−ξξn

0−nLn0−nþ1
n ðξÞLn0−n−1

nþ1 ðξÞ: ðA20Þ

After the integration over k⊥, we obtain the following result:
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ðgδσQ2 −QδQσÞ Im ½ΠR
δσðQÞ� ¼ Nc

8πl2

X∞
n¼0

X∞
s¼1

Z
dkz

En;kzEn0;kzþqz

½nFðEn0;kzþqz − μfÞ − nFðEn;kz − μfÞ�

×
h�

ðcfVÞ2 þ ðcfAÞ2
�
S̃1 þ

�
ðcfVÞ2 − ðcfAÞ2

�
S̃2 þ cfVc

f
AS̃3

i
δðEn0;kzþqz − En;kz − q0Þ; ðA21Þ

where n0 ≡ nþ s. It should be noted that the δ-function enforces the total neutrino-antineutrino energy to match the energy
difference between the initial and final quark states, i.e., q0 ¼ En0;kzþqz − En;kz . Analyzing the corresponding phase space as
in Ref. [25], we find that q0 > 0 requires n0 > n, so that the sum over s≡ n0 − n starts from s ¼ 1.

The new functions S̃i are defined by

S̃i ¼ −
l2

π
ð−1Þnþn0

Z
d2k⊥e−k

2⊥l2−ðk⊥þq⊥Þ2l2S1: ðA22Þ

Their explicit expressions read

S̃1 ¼ ðIn;n0
0 þ In−1;n0−1

0 ÞðEnEn0 − kzðkz þ qzÞÞðq20 − q2zÞ þ 2ðIn;n0
0 þ In−1;n0−1

0 Þðq0kz − qzEnÞ2
þ ðIn;n0−1

0 þ In−1;n0
0 ÞðEnEn0 − kzðkz þ qzÞÞð2q20 − 2q2z − q2⊥Þ

þ 2
ffiffiffiffiffi
2ξ

p
l2

ðIn0;n−1
1 þ In0−1;n−1

1 Þðq0En0 − qzðkz þ qzÞÞ −
2

ffiffiffiffiffi
2ξ

p
l2

ðIn;n0−1
1 þ In−1;n0−1

1 Þðq0En − qzkzÞ

−
2

l2
In−1;n0−1
2 ðq20 − q2z − q2⊥Þ þ

2

l2
q2⊥ðIn−1;n0−1

2 − In−1;n0−1
3 Þ; ðA23Þ

S̃2 ¼ −m2ðIn;n0
0 þ In−1;n0−1

0 Þðq20 − q2z − 2q2⊥Þ −m2ðIn;n0−1
0 þ In−1;n0

0 Þð2q20 − 2q2z − q2⊥Þ; ðA24Þ

S̃3 ¼ 2s⊥½ðkz þ qzÞEn − kzEn0 �
�
2ðIn;n0

0 − In−1;n0−1
0 Þðq0En0 − qzðkz þ qzÞÞ − ðIn;n0

0 − In−1;n0−1
0 Þðq20 − q2zÞ

þ ðIn;n0−1
0 − In−1;n0

0 Þð2q20 − 2q2z − q2⊥Þ −
2

ffiffiffiffiffi
2ξ

p
l2

ðIn;n0−1
1 − In−1;n0−1

1 Þ þ 2
ffiffiffiffiffi
2ξ

p
l2

ðIn0;n−1
1 − In0−1;n−1

1 Þ
�
; ðA25Þ

where, for simplicity of notation, we have suppressed the dependence on ξq in the functions I
n;n0
i ðξqÞ. Additionally, we have

used the relations q0kz − qzEn ¼ q0ðkz þ qzÞ − qzEn0 ¼ kzEn0 − ðkz þ qzÞEn. The functions S̃i can be further simplified
by employing the expression for the total neutrino-antineutrino energy, q0 ¼ En0;kzþqz − En;kz , which is enforced by the
δ-function in Eq. (A21). In particular, we find that the following relations hold:

EnEn0 − kzðkz þ qzÞ ¼
nþ n0

l2
−
q20 − q2z

2
þm2; ðA26Þ

q0En − qzkz ¼
n0 − n
l2

−
q20 − q2z

2
; ðA27Þ

q0En0 − qzðkz þ qzÞ ¼
n0 − n
l2

þ q20 − q2z
2

; ðA28Þ

ðq0kz − qzEnÞ2 ¼
�
2n
l2

þm2

�
q2z þ

2ðn − n0Þ
l2

kzqz þ kzðkz þ qzÞðq20 − q2zÞ: ðA29Þ

Using these relations, we derive significantly simpler expressions for S̃i, i.e.,
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S̃1 ¼
�
−2ðq20 − q2z − q2⊥Þ

nþ n0

l2
−m2ðq20 − q2zÞ

�
ðIn;n0

0 þ In−1;n0−1
0 Þ

þ
�
2ðq20 − q2z − q2⊥Þ

nþ n0

l2
− ðq20 − q2z − q2⊥Þ2 þm2ð2q20 − 2q2z − q2⊥Þ

�
ðIn;n0−1

0 þ In−1;n0
0 Þ; ðA30Þ

S̃2 ¼ −m2ðIn;n0
0 þ In−1;n0−1

0 Þðq20 − q2z − 2q2⊥Þ −m2ðIn;n0−1
0 þ In−1;n0

0 Þð2q20 − 2q2z − q2⊥Þ; ðA31Þ

S̃3 ¼ 2s⊥½ðkz þ qzÞEn − kzEn0 �
�
2ðn0 − nÞ

l2
ðIn;n0

0 − In−1;n0−1
0 Þ þ ðIn;n0−1

0 − In−1;n0
0 Þð2q20 − 2q2z − 3q2⊥Þ

�
: ðA32Þ

In the derivation, we have also utilized the following relations among the form factor functions In;n0
i ðξqÞ [25]:

In0;n−1
1 ðξÞ − In;n0−1

1 ðξÞ ¼
ffiffiffi
2

p
ffiffiffi
ξ

p ðn − n0ÞIn;n0
0 ðξÞ; ðA33Þ

In0−1;n−1
1 ðξÞ − In−1;n0−1

1 ðξÞ ¼
ffiffiffi
2

p
ffiffiffi
ξ

p ðn − n0ÞIn−1;n0−1
0 ðξÞ; ðA34Þ

In0−1;n−1
1 ðξÞ þ In;n0−1

1 ðξÞ ¼
ffiffiffiffiffi
2ξ

p
In;n0−1
0 ðξÞ; ðA35Þ

In0;n−1
1 ðξÞ þ In−1;n0−1

1 ðξÞ ¼
ffiffiffiffiffi
2ξ

p
In−1;n0
0 ðξÞ; ðA36Þ

In−1;n0−1
2 ðξÞ ¼ nþ n0

2
ðIn;n0

0 ðξÞ þ In−1;n0−1
0 ðξÞÞ − ξ

2
ðIn;n0−1

0 ðξÞ þ In−1;n0
0 ðξÞÞ; ðA37Þ

In−1;n0−1
3 ðξÞ ¼ nþ n0

2
ðIn;n0−1

0 ðξÞ þ In−1;n0
0 ðξÞÞ − ðn − n0Þ2

2ξ
ðIn;n0

0 ðξÞ þ In−1;n0−1
0 ðξÞÞ: ðA38Þ

In the context of dense quark matter, where the quark
chemical potential greatly exceeds other relevant energy
scales, an additional approximation can be employed to
further simplify the expressions for the functions S̃i,
defined in Eq. (A30) through (A32). As discussed in
Sec. II C, the presence of a large number of occupied
Landau levels allows us to replace the sum over the
Landau-level index n with an integral over the transverse

quark momentum k⊥, defined via 2njefBj ¼ k2⊥. It is
important to emphasize that this k⊥ is distinct from the
pseudomomentum k⊥ appearing in the translationally
invariant part of the quark propagator in Eqs. (A3) and
(A4), which has already been integrated out in Eq. (A21).
Applying this approximation yields the following simpli-
fied relations:

q0 ≃
kzqz þ sjefBj

En
≃ qz cos θ þ sδϵB; ðA39Þ

ðkz þ qzÞEn − kzEn0 ≃
ðk2⊥ þm2Þqz − sjefBjkz

En
≃ μfðqz sin2 θ − sδϵB cos θÞ: ðA40Þ

Here, by definition, δϵB ≡ jefBj=μf, s ¼ n0 − n, kz ¼ k cos θ, and k⊥ ¼ k sin θ. Since the relevant quark momenta k are
confined to a narrow region near the Fermi surface, we approximate k by kF ≈ μf.

Finally, by taking into account the approximate expressions for the form factor functions in Eq. (22), we obtain

S̃1 ≃ 2μ2fð½Js−1ðaÞ�2 þ ½Jsþ1ðaÞ�2 − 2½JsðaÞ�2Þðq20 − q2z − q2⊥Þ sin2 θ þOðm2T2; T4Þ; ðA41Þ

S̃2 ¼ −2m2ðq20 − q2z − 2q2⊥Þ½JsðaÞ�2 −m2ð2q20 − 2q2z − q2⊥Þð½Js−1ðaÞ�2 þ ½Jsþ1ðaÞ�2Þ ∼Oðm2T2Þ; ðA42Þ
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S̃3 ¼ 2s⊥μfðqz sin2 θ − sδϵB cos θÞð2q20 − 2q2z − q2⊥Þð½Js−1ðaÞ�2 − ½Jsþ1ðaÞ�2Þ ∼OðμfT3Þ; ðA43Þ

where a≡ k⊥q⊥l2 ≈ μfq⊥l2 sin θ. It is important to note that the functions S̃2 and S̃3 give subleading contributions,
suppressed by powers of μf relative to S̃1.
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