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We study universal features of defect correlation functions in supersymmetric defect CFTs, focusing on
four-point functions of the displacement supermultiplet. By perturbing the leading-order correlators at
strong coupling, we identify constraints on the operators exchanged at next-to-leading order. We then
discuss the conditions under which correlation functions of identical superdisplacement components
receive contributions only from multiparticle operators built from the same components. This leads to the
equivalence between four-point functions of defect insertions across different theories, establishing
universality. We confirm these features in examples including the 1=2 Bogomol’nyi-Prasad-Sommerfield
(BPS) line in N ¼ 4 super-Yang-Mills, N ¼ 2 gauge theories and in the N ¼ 6 Chern–Simons–matter
theory of Aharony–Bergman–Jafferis–Maldacena (ABJM), up to the first subleading order in the strong-
coupling expansion. We then analyze the 1=2 BPSWilson line in 3dN ¼ 2 Chern-Simons-matter theories,
identifying the preserved defect algebra and the superdisplacement multiplet. Exploiting universality, we
find the superdisplacement four-point functions of the defect operators and we extract the conformal data
up to the first subleading order. Finally, we comment on the 1=3 BPS Wilson line in ABJM, providing
initial results for the analysis at strong coupling.
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I. INTRODUCTION AND SUMMARY

The study of conformal field theories (CFTs) in the
presence of extended defects has developed over the years
into a thriving field, providing a powerful framework for
modeling systems with applications across many areas of
physics. Defects, which may appear as dynamical extended
operators, generically break part of the symmetry of the
bulk CFT while preserving a residual conformal subgroup.
This structure defines a defect conformal field theory
(dCFT) [1,2], describing the localized degrees of freedom
on the defect and their interactions with the bulk CFT. The
discussion is further enriched when supersymmetry is
present. Superconformal defects, which preserve a portion
of the bulk supercharges, exhibit enhanced protection of
their data, such as operator dimensions and operator
product expansion (OPE) coefficients, and impose stronger
constraints on their correlators.

One of the most notable realizations of a line defect is the
Wilson line in supersymmetric gauge theories [3–7], which
provides a powerful laboratory for probing nonperturbative
dynamics at strong coupling. In fact, when a holographic
dual is available, correlation functions of local operator
insertions along the line can be computed using Witten
diagrams [8]. A well-known example is the 1=2 BPS
Wilson line in N ¼ 4 super-Yang-Mills (SYM), where
the Bremsstrahlung function of the theory is determined by
the coefficient of the two-point functions of protected
operator insertions on the Wilson line [7,9]. Further insight
into these operators has been gained through the compu-
tation of their four-point functions [8]. In the strong
coupling regime, these correlation functions can be evalu-
ated via the AdS/CFT correspondence [10]. Here, the dual
string model corresponds to an effective field theory on
AdS2, enabling the calculation of correlation functions
using Witten diagrams [8].
However, a holographic realization of Wilson lines is not

always available, and even in cases where it is known,
computations via Witten diagrams quickly become
demanding at higher orders. To address the limitations
of standard perturbative holographic computations, which
depend on detailed knowledge of the dual theory, the
conformal bootstrap program [11,12] has been extended to
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1d dCFTs [13]. By constructing an ansatz and enforcing
constraints such as crossing symmetry, internal consis-
tency, and mild growth conditions on anomalous dimen-
sions at large scaling dimensions [14–16], one gains access
to correlation functions at strong coupling. Moreover, this
approach can be algorithmically applied to study higher-
order subleading corrections.
The 1=2BPSWilson line inN ¼ 4SYMwas the first case

studied through an analytical bootstrap approach, carried out
up to next-to-leading order (NLO) in the strong-coupling
expansion [14]. This laid the groundwork for a more detailed
understanding of Wilson lines in this theory [17–19] and
paved the way for numerous applications to other defects,
including the 1=2 BPSWilson line inN ¼ 2 gauge theories
[20]. Then, the same framework was extended to lower-
dimensional settings, such as the 1=2 BPS Wilson line in
Aharony–Bergman–Jafferis–Maldacena (ABJM) theory
[21] and in N ¼ 4 Chern-Simons-matter (CSm) theories
[22], which naturally serve as lower-dimensional analogs of
the higher-dimensional examples.
In this work, we investigate universal features in four-

point functions of defect insertions and delineate the
conditions under which such universality can be identified.
By universal we mean that the expression for a four-point
function, up to the tensorial structures given by the
representations under the preserved symmetry, takes
the same form regardless of the specific theory to which
the defect operators belong.
The expectation of universal features comes from the

fact that many dCFTs have a very similar structure when
studied at strong coupling. A key role is played by
correlation functions of the displacement supermultiplet,
which contains the basic operators tied to the broken
(super)currents. Because these operators are connected to
the bulk currents through Ward identities, their scaling
dimensions are protected. In the case of line defects, the
displacement operator associated with broken transverse
translations always has Δ ¼ 2.
At weak coupling, these defect operators can be directly

related to the fields in the weak-coupling Lagrangian. At
strong coupling, however, this connection is no longer
accessible, and the defect operators are characterized only
by their quantum numbers under the preserved symmetry.
This shows that, at strong coupling, the particular weak-
coupling realization of the bulk theory does not play a
central role. The dependence on the particular theory is
captured entirely by certain constants that encode infor-
mation about the bulk dynamics. One example is the
overall normalization of the two-point function of the
superdisplacement, which is related to the bremsstrahlung
function [9].
A second observation suggesting universality is that, at

leading order in strong coupling, all these defect Wilson
lines are described by a generalized free field (GFF), as a
consequence of the large N limit [23]. It then follows that

all four-point functions of operators with a given scaling
dimension take the same functional form in a GFF, up to
possible differences in tensor structures.
Thus, the interplay between protected conformal dimen-

sions, the loss of weak coupling realizations at strong
coupling, and the emergence of a GFF description naturally
leads to the universality of defect correlators at lead-
ing order.
Evidence that this general structure persists at subleading

orders comes from the study of the dual string theory
realizations of these setups. In particular, when analyzing
the bulk string description of Wilson lines via Witten
diagrams up to NLO, one finds that the structures arising
from the tree-level expansion of the Nambu-Goto action are
equivalent. This is, for example, the case for the 1=2 BPS
Wilson line in SYM and ABJM [8,21]. A concrete example
is provided by the four-point function of the orthogonal
fluctuations, which are dual to displacement insertions. In
these cases, the tree-level interactions never mix with the
elementary excitations associated with fluctuations along
the compact manifold. This shows that different theories
produce equivalent structures, i.e. equivalent four-point
functions, see Sec. V.
Motivated by this evidence, we investigate how far these

observations can be extended to more general cases. Since
holographic arguments are not always available, we focus
on the study of universal sectors purely from the dCFT
perspective, finding, interestingly, that many defect theories
exhibit universality.

A. Results

Most of our analysis relies on the observation that, when
perturbing around a given leading-order theory, the spec-
trum of operators that can be exchanged at the first
subleading order can be constrained by studying mixed
correlation functions. We briefly introduce here the line of
reasoning that is discussed completely in Sec. II B. In this
regard, we consider a CFT1 toy model with two protected
operators, that we call DðtÞ and OðtÞ, and towers of higher-
particle operators built by these fundamental words, e.g.
½DD�L¼2

n . As we will see these will play the role of defect
operators. We are interested in studying the four-point
function of a given operator such as

hDðt1ÞDðt2ÞDðt3ÞDðt4Þi ¼
C2

t2ΔD
12 t2ΔD

34

fD4ðzÞ;

where C is an overall normalization constant and z ¼ t12t34
t14t32

is the cross-ratio. We also assume, for later convenience,
that the function fðzÞ is expressed as an expansion about a
given leading-order theory by

fðzÞ ¼ fð0Þ
D4 ðzÞ þ ϵfð1Þ

D4 ðzÞ þOðϵ2Þ;
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where fð0ÞðzÞ represent the leading-order theory and fð1ÞðzÞ
represent a small deviation from that. In the following, we
take fð0ÞðzÞ to be that of a GFF, which thus allows us to
consider

fð0Þ
D4 ðzÞ ¼

X
Δ
ðλð0ÞΔ Þ2gΔðzÞ;

where gΔðzÞ are the 1d conformal blocks and λð0ÞΔ ¼ λð0ÞDDTΔ

denote the OPE coefficients associated with the exchanged
operators, here generically called TΔ. The spectrum of
operators that can appear at this order can be easily
identified by performing Wick contractions, which show
that only ½DD�L¼2

n operators are exchanged at leading order.
One can then move to the more interesting case in which
interactions are included. In this case, the OPE coefficients
receive next-to-leading-order corrections parametrized

by λð1ÞΔ and the conformal dimensions acquire anomalous
contributions γΔ. The conformal block expansion of fð1ÞðzÞ
can therefore be obtained by perturbing the GFF expansion,
leading to

ϵfð1Þ
D4 ðzÞ ¼

X
Δ

�
2λð0ÞΔ λð1ÞΔ þ

�
λð1ÞΔ

�
2
�
gΔðzÞ

þ
�
λð0ÞΔ

�
2
γð1ÞΔ ðgΔðzÞ logð−zÞ þ gΔðzÞÞ;

with gΔðzÞ representing a particular derivative contribution
of the conformal block gΔðzÞ, (2.14).
However, at this order the identification of the exchanged

operator is not straightforward. In this respect, the issue can
be addressed by analyzing mixed four-point functions and
reinterpreting the resulting expressions as constraints on the
order in ϵ of the OPE coefficients. We introduce this idea by
studying the 1d mixed four-point function of D and O. At
NLO one finds

ϵfð1Þ
D2O2ðzÞ ¼

X
Δ

�
λð0ÞΔ λ̃ð1ÞΔ þ λð1ÞΔ λ̃ð0ÞΔ

�
gΔðzÞ þ λð1ÞΔ λ̃ð1ÞΔ gΔðzÞ

þ λð0ÞΔ λ̃ð0ÞΔ γð1ÞΔ ðgΔðzÞ logð−zÞ þ gΔðzÞÞ;

arising from perturbing the leading-order conformal data.
In order to distinguish the OPE coefficients, we further

introduced λ̃ðiÞΔ ¼ λðiÞOOTΔ
. As anticipated, this expression

can be read as a constraint on the OPE data, allowing us to
identify the minimum order in ϵ at which these contribu-
tions can appear consistently with the expansion.
For instance, consider a single contribution associated

with a particular TΔ⋆ such that the two leading OPE data

satisfy λð0ÞΔ⋆ ¼ 0 while λ̃ð0ÞΔ⋆ ≠ 0. This is the case, for
example, for the multiparticle operators ½OO�L¼2

n . In this

situation, consistency requires λð1ÞΔ⋆ ∼OðϵÞ, as follows from
matching the orders in ϵ on both sides of the relation.

We can thus, in a sense, bootstrap the order of the
individual OPE coefficients.
Although this conclusion may appear innocuous, this

information becomes particularly valuable when inserted

into the expansion of ϵfð1ÞD4 ðzÞ discussed above. This is

because, given the hypothesis λð0ÞΔ⋆ ¼ 0, the only contribu-
tion that can appear associated to the exchange of TΔ⋆ is

the quadratic term ðλð1ÞΔ⋆Þ2. Since we have identified

λð1ÞΔ⋆ ∼OðϵÞ, such contributions are of order Oðϵ2Þ and
therefore do not appear up to NLO. See Sec. II B for a more
detailed discussions.
This approach provides a powerful tool for identifying

universal properties within a given system. At the same
time, it is not restricted to the specific setup considered here
and can be easily extended and applied to other contexts.
We therefore expect it to remain applicable in more general
settings and to provide useful insights elsewhere as well,
as discussed later. In the present case, we apply these
methods to supersymmetric defect CFTs at strong coupling.
Under additional assumptions, one can show that four-point
functions built from repeated insertions of a given compo-
nent of a supermultiplet do not exchange operators from
different families up to NLO.
In this sense, the correlator factorizes: in a four-point

function with identical external operators—such as four tilt
or four displacement operators—the exchanged spectrum
consists only of multiparticle operators constructed from
the external one.
Consider, for example, two defect operators with the

same protected scaling dimension in two different theories.
If their four-point functions receive no contributions from
multiparticle operators or from fundamental operators
associated with other fields in the respective supermultiplet,
the resulting four-point structures would be equivalent,
provided these have similar three-point interactions. In this
sense, the corresponding correlation functions are univer-
sal. See Sec. III for the full discussion.
Beyond providing the physical insight of uncovering

such features, the main advantage of identifying universal
sectors is that it allows for the determination of a four-point
function up to NLO directly, bypassing the standard
bootstrap strategy of postulating and constraining an
ansatz. Once universal sectors have been identified, sub-
sequent analyses can build on established results rather
than rederiving them from first principles. This way, it is
possible to obtain four-point functions even in systems that
cannot be fully constrained, either due to limited super-
symmetry or an insufficient set of constraints. For recent
developments in this regards see Refs. [24,25].
Moreover, identifying the parameter ϵ is in general a

complicated task, as it cannot be determined by bootstrap
arguments alone. Its identification can therefore be
achieved only by explicitly matching to holographic
theories, when available [14,21], or alternatively through
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purely CFT-based arguments [26,27]. In the present case,
we exploit the identification of the universal sector to
determine the form of the parameter ϵ by relying on
previously studied examples in which it has already been
fixed. Indeed, once a correlation function is identified in a
given case, all correlators within the same universal class
can be straightforwardly determined. In this way, the
problem of explicitly computing these quantities is reduced
to demonstrating that two different theories belong to the
same universal class.

We verify these arguments by showing that universal
features are indeed present in a variety of known defect
theories. When the defects have the same codimension, the
identification for the four-point function of the displace-
ment is straightforward. All the others follows by requiring
consistency with supersymmetry. For instance, the dis-
placement four-point functions of the 1=2 BPS line in
ABJM [21] and inN ¼ 4 CSm theories [22] fall within the
same universality class, as shown in Sec. IVA. Up to NLO
one finds the universal expression

hDðt1ÞD̄ðt2ÞDðt3ÞD̄ðt4ÞiT ¼ ðnT CT Þ2
t412t

4
34

�
1þ z4 þ 1

4π2CT

�
−16 − 2z −

7z2

3
− 2z3 − 16z4

þ
�
6 −

16

z
þ 6z4 − 16z5

�
logð1 − zÞ þ 2z4ð8z − 3Þ logð−zÞ

��
;

where now DðtÞ is the actual displacement operator while
CT and nT are theory-specific constants, related to the
particular bremsstrahlung function and to the preserved
supersymmetry, respectively. By T we mean the 1=2 BPS
line ether in ABJM or in N ¼ 4 CSm theories.
When considering defects of different codimension,

one must also account for the distinct representation of
the displacement operator under the preserved rotational
symmetry. Once these considerations are included, one
can relate correlation functions of defect theories with
different codimensionality, such as the 1=2 BPS Wilson

line in ABJM and in N ¼ 4 SYM. Explicitly, one can
consider the four-point displacement insertions on the
Wilson line in SYM

hDiðt1ÞDjðt2ÞDkðt3ÞDlðt4ÞiWSYM
¼ C2SYM

t412t
4
34

GijklðzÞ;

where i, j, k, l ¼ 1, 2, 3 and all the overall constant and the
superprimary normalization CSYM have been collected in
CSYM. By studying the function up to NLO [8,14] one finds

GijklðzÞ ¼
�
δijδklGð0Þ

S ðzÞ þ ðδijδkl − δilδjkÞGð0Þ
A ðzÞ þ ðδikδjl þ δilδjk − 2=3δijδklÞGð0Þ

T ðzÞ

þ 1

4π2CSYM

�
δijδklGð1Þ

S ðzÞ þ ðδijδkl − δilδjkÞGð1Þ
A ðzÞ þ ðδikδjl þ δilδjk − 2=3δijδklÞGð1Þ

T ðzÞ
��

:

By properly dealing with the tensorial structure, i.e. taking the embedding, one obtains an expression for the displacement
insertions in the ABJM Wilson line given by

hDðt1ÞD̄ðt2ÞDðt3ÞD̄ðt4ÞiWABJM
¼ C2ABJM

t412t
4
34

�
Gð0Þ

S ðzÞ −Gð0Þ
A ðzÞ þ Gð0Þ

T ðzÞ
3

þ 1

4π2CABJM

�
Gð1Þ

S ðzÞ −Gð1Þ
A ðzÞ þGð1Þ

T ðzÞ
3

��
;

which, when explicitly evaluated, agrees with the previous
result as well as with the findings of [21], as discussed in
more details in Sec. IV B.
Although the above arguments were illustrated for the

displacement operator, they extend to any four-point
function of the supermultiplet components. An especially
interesting case arises when considering the four-point
function of the superprimary of the 1=2 BPS Wilson line in
N ¼ 2 gauge theories in 4d, discussed in [20]. In this

setup, universality does not extend to the entire displace-
ment supermultiplet, but one can still identify subsectors in
which it applies. In Sec. IV C, we show that this is the case
for the superprimary four-point function. By showing that
this correlator does not receive contributions from other
sectors up to NLO, we are able to identify it explicitly.
Furthermore, we find consistency with the results of [20] by
fixing the free parameters left undetermined in the boot-
strap approach to
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c1 ¼ c2 ¼ −4;

thereby fully determining the superprimary four-point function to be

hPðt1ÞPðt2ÞPðt3ÞPðt4ÞiWN¼2
¼ C2

Φ
t212t

2
34

�
1þ z2 þ z2

ðz − 1Þ2 þ
�

1

π2CΦ

��
−
ð1 − zþ z2Þ2

ðz − 1Þ2

þ ð−4þ 2zþ z3 − 4z4Þ logð1 − zÞ
4z

þ z2ð2 − 4zþ 9z2 − 7z3 þ 2z4Þ
2ðz − 1Þ3 logð−zÞ

��
:

Through these explicit values, we finally fix the anomalous
dimensions [20] to

γ½0;0� ¼ 4 − Δ − Δ2;

γ½1;0� ¼ 2 − Δ − Δ2:

In Sec. IV D, we use a similar approach to identify a
universal sector for the 1=2 BPS line in AdS3 × S3 × T4

[28,29] with purely Ramond-Ramond flux, finding con-
sistency with previous analysis and fixing the overall two-
point normalization of the displacement supermultiplet in
terms of the bulk coupling.
We then provide brief general arguments supporting

universality from the holographic perspective, in Sec. V.
In line with previous analyses of 1=2 BPS Wilson lines

at strong coupling in 3d SCFTs, such as ABJM [21] and

N ¼ 4 CSm theories [22], we investigate the case of
N ¼ 2 CSm theories, in Sec. VI. We examine the pre-
served defect algebra, identify the superdisplacement
multiplet (D), and employ superspace methods to express
the four-point functions in terms of cross-ratios. We study
the OPE structure for the superdisplacement in the two
different channels: the chiral-chiral D ×D channel, which
contains one short multiplet and infinitely many long
operators with unprotected, higher dimensions, and the
chiral-antichiral D × D̄ channel, where only long multip-
lets appear [21,30]. We thus derive the corresponding
superblocks by diagonalizing the superconformal Casimir.
By identifying the universal sectors, we determine

the four-point functions of the superdisplacement up to
leading- and next-to-leading order at strong coupling. For
the superprimary we find

hΛðt1ÞΛ̄ðt2ÞΛðt3ÞΛ̄ðt4ÞiWN¼2CSm
¼ C2

D

t312t
3
34

�
1 − z3 þ 1

4π2CD

�
−9þ z

2
−
z2

2
þ 9z3 þ

�
5 −

9

z
− 5z3 þ 9z4

�
logð1 − zÞ

þ ð5 − 9zÞz3 logð−zÞ
��

;

with CD the normalization of the superdisplacement two-
point function. We then extract the CFT data of the
exchanged contributions. For the long multiplets appearing
in the chiral-antichiral channel, we find

Δn ¼ 3þ n −
5þ 6nþ n2

4π2CD
;

where n is associated with the derivative contributions of
the GFF length-two multiparticle states ½ΛΛ̄�L¼2

n . For the
chiral-chiral channel we find instead

Δn ¼ 3þ n −
4þ 5nþ n2

4π2CD
; n odd;

with n associated with the multiparticle states ½ΛΛ�L¼2
n .

Section VII concludes this work with preliminary results
for the 1=3 BPS Wilson line in ABJM at strong coupling,
discussed in detail in [31]. In particular, we argue that
universal features can also be identified in this case,
allowing for the determination of the four-point functions
of the displacement and tilt (tlit) supermultiplets, respec-
tively. The analysis of the displacement will be equivalent
to that of the Wilson line inN ¼ 4 CSm theory. Therefore,
we focus on the tilt multiplet which four-point function is
specified by that of the superprimary

hFðt1ÞF̄ðt2ÞFðt3ÞF̄ðt4ÞiW1=3
¼ C2

T

t12t34
fðzÞ:

Exploiting universality we can identify fðzÞ up to NLO
to be
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fðzÞ ¼
�
1 − zþ 1

4π2CT

�
z − 1þ zð3 − zÞ logð−zÞ − ð1 − zÞ3

z
logð1 − zÞ

��
;

where CT is the tilt two-point normalization, [31]. While
the expansion in the chiral-chiral channel can be related to
the results of the ABJM superprimary [21], being in the
same universal class, the chiral-antichiral lead to a new
expression, essentially due to the different preserved
algebra, and hence different superblocks. Extracting the
conformal data, we find for the long multiplets

Δn ¼ 1þ n −
3 − 3n − n2

4π2CT
;

with n the label of the GFF multiparticle states ½FF̄ �L¼2
n .

B. Outlook

A natural extension of this work would be to study
higher-point correlation functions at strong coupling. By
applying procedures similar to those discussed here, one
can investigate the existence of universal sectors and relate
the n-point functions of different theories in a similar ways
as discussed for four-point functions. This approach has the
advantages of being computationally convenient, avoiding
some of the difficulties of direct bootstrap computations,
while also providing access, in principle, to a variety of
interesting configurations also for cases in which the
bootstrap would not lead to a completely fixed answer.
While universality is not expected to hold beyond NLO,

it is still plausible that higher-order corrections to four-
point functions contain universal contributions mixed with
theory-specific ones. In such cases, one can decompose a
given correction into a universal part and a nonuniversal
remainder. Identifying and isolating these universal sectors
can provide valuable input for bootstrapping higher-order
four-point functions.
From an applications perspective, a natural next step is to

apply these techniques and the identification of universal
sectors to a broader range of line defects, such as lower-
BPS examples, with the aim of analyzing their four-point
functions up to NLO in the strong coupling expansion.
Finally, while the present discussion has focused pri-

marily on Wilson lines and line defects, the underlying
philosophy of constraining the order of possible exchanges
is more general and can be generalized and applied to
higher-dimensional defects, as, for example, surface defects
[32], or perhaps even to strongly coupled CFTs beyond
defect theories.
We leave these questions for future investigations.
The paper is organized as follows. Section II introduces

the general structures of supersymmetric defect CFTs and
sets the stage for constraining the order in which OPE
coefficients enter the block expansion. In Sec. III we

discuss what are the assumptions under which a defect
CFT may feature universal properties. We comment on the
universal sectors when relaxing some of these assumptions
and, finally, we provide the structure for the full NLO order
contributions. We verify the universal property in a wide
spectrum of supersymmetric defect CFTs realized by BPS
Wilson lines in Sec. IV and we give a brief argument of
universality from an holographic point of view in Sec. V.
We conclude the work with a full analysis regarding the 1=2
BPS Wilson line in Chern-Simons theories in Sec. VI and
in Sec. VII we initiate the study of defect correlators of
the 1=3 BPS Wilson lines in ABJM at strong coupling.
Appendix A contains further details on the ospð2j4Þ
superalgebra, the symmetry-breaking pattern associated
with the 1=2 BPS line, and the orthogonality conditions
entering the (super)block expansions.

II. DEFECT CORRELATION FUNCTIONS

We begin by setting our conventions and outlining the
general structure of defect supermultiplets that typically
arise for 1=2 BPS line defects. In particular, we focus on
their realizations as Wilson lines and review the features
common to this class of defects.

A. Wilson lines as defect CFTs

Wilson lines are a central example of line defects in
supersymmetric CFTs, and are generically defined at weak
coupling by

W ¼ Tr

�
P exp

�
−i

Z
∞

−∞
LðtÞdt

��
;

where LðtÞ denotes a theory-dependent (super)connection1
and t ¼ x0 ∈ ð−∞;∞Þ the Euclidean time direction para-
metrizing an infinite straight line in Rd. The presence of
such a line defect breaks the superconformal symmetry of
the ambient theory, reducing it to a smaller subgroup. This
residual symmetry generically includes, at least, the
bosonic subalgebra soð1; 2Þconf ⊕ soðd − 1Þrot, where d
is the spacetime dimension of the ambient Euclidean
theory. In supersymmetric settings, only a part of the full
supersymmetry algebra remains intact. Defects of this type
are classified as 1=n BPS according to the fraction of
supercharges they preserve.

1In 3d theories, constructing 1=2 BPS Wilson lines requires
superconnections. For instance, in ABJM the 1=2 BPS Wilson
line is defined as the holonomy of a uðNjNÞ superconnection
[33]. For other realizations, e.g. in N ¼ 4, see Refs. [34–36].
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Central features in the study of any CFT are the
correlation functions. In the presence of a line defect, this
naturally extends to the study of defect correlators, which
involve the local operator OiðtiÞ inserted along the line,
defined by

hO1ðt1ÞO2ðt2Þ…OnðtnÞiW
≡ hTrP½W−∞;t1O1ðt1ÞWt1;t2O2ðt2Þ…OnðtnÞWtn;∞�i

hWi ;

where Wtn;tnþ1
is the untraced Wilson link Wtn;tnþ1

¼
expð−i R tnþ1

tn LðtÞdtÞ. It is common to shorten the notation
by defining the insertions by

hO1ðt1ÞO2ðt2Þ…OnðtnÞiW≡hW½O1ðt1ÞO2ðt2Þ…OnðtnÞ�i
hWi :

In defect CFTs, a particularly distinguished set of defect
operators are those related to the breaking of the bulk
symmetries. When considering supersymmetric defect
CFTs, the breaking pattern of supersymmetric currents
leads to additional operators. Crucially, one can identify
them by exploiting the Ward identity

½G;W� ¼ δGW ≡
Z

W½GðtÞ�dt; ð2:1Þ

that explicitly relates broken generators to local insertions
on the line. We will refer to this set of defect operators
obtained from Ward identities as fundamental (or elemen-
tary). One can then further characterize the local operators
by finding the representations under the preserved super-
group. By exploiting (super-)Jacobi identities like

½G; ½G;W�� þ ½G; ½W; G�� þ ½W; ½G;G��
¼ 0 ⇒ ½G; ½G;W�� ¼ ½½G;G�;W�;

one can explicitly read the charges of defect insertion GðtÞ
by the algebra involving preserved G and broken G
generators.
A particular example that will be always present in the

line defects is the displacement operator which is associ-
ated with the breaking of the translations orthogonal to the
line. This is thus given by

½Pi;W� ¼
Z

W½DiðtÞ�dt; ð2:2Þ

where the index runs up to the codimension of the defect
i ¼ 1;…; d − 1, as expected from the soðd − 1Þrot.2

In general, defect operators arrange themselves into
multiplets according to the preserved supersymmetry. Of
particular importance is the displacement supermultiplet (or
superdisplacement), which contains the displacement oper-
ator among its components. In what follows, we will denote
this multiplet, as well as its superfield realization, by D.
To keep the discussion as general as possible, we denote

by DðtÞ the displacement operator, and by OðtÞ a generic
fundamental operator, distinct from the displacement,
appearing inD. WhenOðtÞ is specifically the superprimary,
we will instead write PðtÞ.
Crucially, in these preliminary remarks we refrain from

making explicit reference to symmetries, as their precise
realization is theory dependent. In specific models, sym-
metries naturally impose further constraints.
Our purpose here is instead to present a general and

schematic description of the correlation functions of the
displacement supermultiplet, particularly the four-point
function. This is done in order to highlight the universal
features common to all such defect theories. The following
discussion should therefore be understood as theory inde-
pendent and schematic, to be refined when applied to
concrete cases.
In a superfield representation we can schematically

consider the two-point function in superspace as

hDðy1; θ1ÞDðy2; θ2Þi ¼
CT

h12i2ΔD
;

Here, the yi denote the supersymmetric coordinates
constructed from ti, the coordinate along the line,
and θi, the fermionic coordinates. The quantity hiji is a
supertranslation-invariant distance, whose precise form
depends on the superspace, and thus on the specific theory,
that the correlation function describes. All components
except ti are theory dependent; for an explicit example see
Sec. VI B. The overall CT is a physical theory-dependent
constant related to the bremsstrahlung function [9].
For the four-point function one schematically has

hDðy1; θ1ÞDðy2; θ2ÞDðy3; θ3ÞDðy4; θ4Þi

¼ C2
T

h12i2ΔDh34i2ΔD
fðZÞ: ð2:3Þ

Here, Z denotes a superconformal cross-ratio. For chiral
correlators, this is, for example, (6.6). More generally, the
function can be expressed in terms of nilpotent invariants
constructed from the Grassmann coordinates. Expanding in
this basis yields a larger set of independent functions
contributing to the correlators; see for example [20]. By
expanding the left-hand side in superfield components
and the right-hand side as a Taylor series in the fermionic
coordinates, one can relate, term by term, the correlation
functions of the multiplet components to derivatives of the
superconformal invariant function.

2For related discussions and a manifestly local realization of
the displacement operator, see Ref. [9].
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The first contribution comes from the four-point function
of the superprimary, i.e. PðtÞ, for which the identification is
immediate being the top component of the displacement
multiplet. Generically, this is given by

hPðt1ÞPðt2ÞPðt3ÞPðt4Þi ¼
C2
T

t2ΔP
12 t2ΔP

34

fP4ðzÞ;

where ΔP ¼ ΔD and z is the bosonic contribution of Z. In
one dimension, the two invariant cross-ratios are not
independent. Defining tij ¼ ti − tj, they are given by

z ¼ t12t34
t14t32

∈ ð−∞; 0Þ; χ ¼ t12t34
t13t24

∈ ð0; 1Þ ð2:4Þ

and are related through

z ¼ χ

χ − 1
:

In the following, we will be interested also in dealing
with all the other four-point functions of the multiplet
components. For example, we will deal with the four-point
of the displacement operators

hDðt1ÞDðt2ÞDðt3ÞDðt4Þi ¼
ðnDCT Þ2
t412t

4
34

fD4ðzÞ ð2:5Þ

and with the mixed four-point with two displacement and
two other generic operators in the multiplet

hDðt1ÞDðt2ÞOðt3ÞOðt4Þi ¼
ðnDOCT Þ2
t412t

2ΔO
34

fD2O2ðzÞ: ð2:6Þ

Here nD and nDO are theory-dependent constants that
originate from the supersymmetric structure of the problem.
While the two-point function of the superprimary is fixed
solely in terms of CT , with nP ¼ 1, the inclusion of
Q-descendants generally introduces additional constants,
which arise from the action of the supercharges.
As anticipated, the functions fP4ðzÞ, fD4ðzÞ, and

fD2O2ðzÞ are all related by supersymmetry. Particularity
for chiral theories, both fD4ðzÞ and fD2O2ðzÞ are specific
combinations of polynomials and derivatives acting on
fP4ðzÞ. For example, one has generically

fD4ðzÞ ¼
X
n

pnðzÞ∂nzfP4ðzÞ; ð2:7Þ

for some theory-dependent set of polynomials fpnðzÞg; see
for example (6.8). When (2.3) has nilpotent invariants, one
has also additional contributions coming from the higher
number of independent functions. These types of relations
are exact and therefore hold at any order in perturbation
theory. In particular, they remain valid when expanding

around the generalized free-field limit at strong coupling. In
this regime, the leading behavior of the correlators is
determined by the GFF, while higher-order corrections
account for deviations.
Consequently, the functions appearing in the correlators

can be systematically expanded as

hPðt1ÞPðt2ÞPðt3ÞPðt4Þi

¼ C2
T

t2ΔP
12 t2ΔP

34

�
fð0ÞP4 ðzÞ þ ϵT f

ð1Þ
P4 ðzÞ þOðϵ2T Þ

�
; ð2:8Þ

where, as we will see, fð0Þ
P4 ðzÞ is the GFF contribution,

fð1Þ
P4 ðzÞ is the next-to-leading order one, and ϵT is a theory-

dependent perturbation parameter. Similarly, one can con-
sider the expansions for (2.5) and (2.6) given by

hDðt1ÞDðt2ÞDðt3ÞDðt4Þi

¼ ðnDCT Þ2
t412t

4
34

�
fð0Þ
D4 ðzÞ þ ϵT f

ð1Þ
D4 ðzÞ þOðϵ2T Þ

�
ð2:9Þ

and

hDðt1ÞDðt2ÞOðt3ÞOðt4Þi

¼ðnDOCT Þ2
t412t

2ΔO
34

�
fð0ÞD2O2ðzÞþϵT f

ð1Þ
D2O2ðzÞþOðϵ2T Þ

�
: ð2:10Þ

Crucially, supersymmetry ties these correlators together, so
consistency requires that the constants CT and ϵT appear-
ing in (2.8), (2.9), and (2.10) are identical.
So far, our discussion has focused on the expansion of

the four-point function. One can also analyze the conse-
quences of this expansion within the conformal partial
wave decomposition in terms of conformal blocks [37]. In
particular, given the preserved subalgebra soð1; 2Þconf , each
contribution can be expanded in 1d conformal blocks

gΔðzÞ ¼ ð−zÞΔ2F1ðΔ;Δ; 2Δ; zÞ:

At leading order one would find for (2.9)

fð0Þ
D4 ðzÞ ¼

X
Δ
λð0ÞΔ λð0ÞΔ gΔðzÞ; ð2:11Þ

for some λð0ÞΔ ¼ λð0ÞDDTΔ
representing the leading order three-

point coefficients3 of a generic conformal primaries TΔ

3In the conformal partial waves (CPW) expansion, the co-
efficients appearing are related to the three-point one by λð0ÞΔ ¼
kDDTΔ

λð0ÞDDTΔ
=ðcDDcTT Þ, where kDDTΔ

denotes the normalization
of the three-point function, and cDD, cTT those of the two-point
functions. However, for brevity, we neglect these normalization
constants, specifying them explicitly only when necessary.
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having dimensions Δ. In order to be exchanged we assume
that it lies in the displacement OPE, i.e. TΔ ∈D × D. The
sum runs over all the conformal dimensions allowed by
the OPE. Similarly one could do the same for (2.10), thus
obtaining

fð0ÞD2O2ðzÞ ¼
X
Δ
λð0ÞΔ λ̃ð0ÞΔ gΔðzÞ; ð2:12Þ

with λ̃ð0ÞΔ ¼ λð0ÞOOTΔ
. Exploiting the orthogonality for the

conformal blocks, one can obtain explicitly the LO con-
formal data.
The analysis can then be extended to the study of the

NLO, which is obtained by perturbing the leading-order
conformal data. In the case of the four-point function
discussed above, this implies that

Δ → Δþ γð1ÞΔ ;

λð0ÞΔ → λð0ÞΔ þ λð1ÞΔ ;

λ̃ð0ÞΔ → λ̃ð0ÞΔ þ λ̃ð1ÞΔ ; ð2:13Þ

where γð1ÞΔ are the anomalous dimensions corresponding to
the exchanged operators of dimension Δ. In this first
instance, we keep the order in ϵT in the definitions of
the NLO data. This leads to the identifications

fð0Þ
D4 ðzÞ þ ϵT f

ð1Þ
D4 ðzÞ

¼
X
Δ

�
λð0ÞΔ þ λð1ÞΔ

��
λð0ÞΔ þ λð1ÞΔ

�
gΔþγð1ÞΔ

ðzÞ;

fð0Þ
D2O2ðzÞ þ ϵT f

ð1Þ
D2O2ðzÞ

¼
X
Δ

�
λð0ÞΔ þ λð1ÞΔ

��
λ̃ð0ÞΔ þ λ̃ð1ÞΔ

�
gΔþγð1ÞΔ

ðzÞ:

By expanding the conformal blocks as

gΔþγð1ÞΔ
ðzÞ ¼ gΔðzÞ þ γð1ÞΔ ðgΔðzÞ logð−zÞ þ gΔðzÞÞ

þO
�
ðγð1ÞΔ Þ2

�
;

where we defined for brevity

gΔðzÞ ¼ ð−zÞΔð∂Δ̃gΔ̃ðzÞð−zÞ−Δ̃ÞΔ̃¼Δ; ð2:14Þ

we obtain the expressions

fð0Þ
D4 ðzÞþϵT f

ð1Þ
D4 ðzÞ¼

X
Δ
λð0ÞΔ λð0ÞΔ gΔðzÞþ

X
Δ

�
λð0ÞΔ λð1ÞΔ

þλð1ÞΔ λð0ÞΔ

�
gΔðzÞþλð1ÞΔ λð1ÞΔ gΔðzÞ

þλð0ÞΔ λð0ÞΔ γð1ÞΔ ðgΔðzÞlogð−zÞþgΔðzÞÞ;
ð2:15Þ

fð0Þ
D2O2ðzÞ þ ϵT f

ð1Þ
D2O2ðzÞ

¼
X
Δ
λð0ÞΔ λ̃ð0ÞΔ gΔðzÞ þ

X
Δ

�
λð0ÞΔ λ̃ð1ÞΔ þ λð1ÞΔ λ̃ð0ÞΔ

�
gΔðzÞ

þ λð1ÞΔ λ̃ð1ÞΔ gΔðzÞ þ λð0ÞΔ λ̃ð0ÞΔ γð1ÞΔ ðgΔðzÞ logð−zÞ þ gΔðzÞÞ:
ð2:16Þ

If the functions of the left-hand side are known explicitly,
one can obtain the NLO conformal data just by projecting
on the conformal blocks.

B. Consistency constraints

In this section, we highlight some general consequences
that follow from the identifications in (2.15) and (2.16).
This line of reasoning will be systematically exploited in
the next section to study the possible exchanged operators
that can appear at NLO where, with additional assump-
tions, one can identify universal features. Before this,
however, we first derive constraints that can be obtained
from more general considerations.
We begin by noting that the expansion of correlation

functions, together with their conformal block decompo-
sitions, imposes nontrivial constraints order by order. In
particular, the generic form

ϵT fð1ÞðzÞ ¼
X
Δ
ðλð0ÞΔ λ̃ð1ÞΔ þ λð1ÞΔ λ̃ð0ÞΔ ÞgΔðzÞ þ λð1ÞΔ λ̃ð1ÞΔ gΔðzÞ

þ λð0ÞΔ λ̃ð0ÞΔ γð1ÞΔ ðgΔðzÞ logð−zÞ þ gΔðzÞÞ ð2:17Þ

can be interpreted as a constraint on the ϵT order of λð1ÞΔ

and λ̃ð1ÞΔ . Crucially, as discussed above, the sum runs over
all operator dimensions that may appear in the OPE.
Operators that do not contribute at a given order have
vanishing OPE coefficients, although they are still formally
included in the sum.
Consider, for example, the case in which we look only at

a given primary TΔ⋆ for which the three-point coefficients
at leading order are

λð0ÞΔ⋆ ¼ 0; λ̃ð0ÞΔ⋆ ≠ 0:

If we compare with the previous discussion by taking

λð0ÞΔ� ¼ λð0ÞDDTΔ⋆
and λ̃ð0ÞΔ� ¼ λð0ÞOOTΔ⋆

this means that, in prin-

ciple, TΔ⋆ appears in both the D × D and O ×O OPEs, but
it is actually exchanged at GFF only in the O sector, and
not in the D one (2.11). For this particular choice of
leading-order coefficients, the expression (2.17) simply
reads

ϵT fð1ÞðzÞ ∋ λð1ÞΔ⋆ λ̃
ð0Þ
Δ⋆gΔ⋆ðzÞ þ λð1ÞΔ⋆ λ̃

ð1Þ
Δ⋆gΔ⋆ðzÞ:
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Excluding the trivial case in which the function vanishes,
consistency requires that the ϵT -order of the products
must be

λð1ÞΔ⋆ λ̃
ð0Þ
Δ⋆ ∼OðϵT Þ and λð1ÞΔ⋆ λ̃

ð1Þ
Δ⋆ ∼OðϵT Þ; ð2:18Þ

where by OðϵT Þ we mean that the order of the OPE can be

either ϵT or higher.4 Given that λ̃ð0ÞΔ is constrained by the

nonvanishing condition at GFF, λ̃ð0ÞΔ ∼Oð1Þ, consistency
with the order in ϵT of the left-hand side leads to the
requirement that either

λð1ÞΔ⋆ ∼OðϵÞ or λð1ÞΔ⋆ ¼ 0:

So, when considering the CPW expansion of correlators
with external insertions, of the same type, as in (2.15), the
contributions associated with the TΔ⋆ exchange given by

�
λð0ÞΔ⋆λ

ð1Þ
Δ⋆ þ λð1ÞΔ⋆λ

ð0Þ
Δ⋆

�
gΔ⋆ðzÞ þ λð1ÞΔ⋆λ

ð1Þ
Δ⋆gΔ⋆ðzÞ

þ λð0ÞΔ⋆λ
ð0Þ
Δ⋆γ

ð1Þ
Δ⋆ðgΔ⋆ðzÞ logð−zÞ þ gΔ⋆ðzÞÞ ¼ λð1ÞΔ⋆λ

ð1Þ
Δ⋆gΔ⋆ðzÞ

will be either vanishing, if λð1ÞΔ⋆ ¼ 0, or of higher ϵT order,

since ðλð1ÞΔ⋆Þ2 ∼Oðϵ2T Þ. In either case, one can conclude that
TΔ⋆ is not exchanged up to NLO.
Another possible situation arises when

λð0ÞΔ⋆ ¼ 0; λ̃ð0ÞΔ⋆ ¼ 0:

In these cases one can impose only the second condition
of (2.18). This implies that

λð1ÞΔ⋆ λ̃
ð1Þ
Δ⋆ ∼OðϵT Þ ⇒ λð1ÞΔ⋆ ∼ λ̃ð1ÞΔ⋆ ∼Oð ffiffiffiffiffiffi

ϵT
p Þ:

However, this may simply reflect an unfortunate choice
of correlators. By instead considering correlators with
different external insertions, one could further constrain
the OPE coefficient through the procedure outlined
above. On the other hand, if no such possibility arises,
the ϵT order obtained should be regarded as the correct
one. For these cases, one may also note that if the Δ⋆ is
smaller than any Δ of the other exchanged operators, then
the logð−zÞ contribution is absent. This implies that the
exchanged operator must have vanishing anomalous
dimension, thus pointing toward protected operators;
see discussion in Sec. III B 1.

These arguments have been presented for 1d dCFTs, but
they can be extended to higher-dimensional defects and,
under appropriate conditions, to general CFTs beyond the
context of defect theories.
We conclude this section with a brief discussion on a

subtly that can arise when the NLO contributions are
obtained from the expansion of the leading-order one,
without further discussions. In this case we adopt the
standard definition of the expansion in terms of the quadratic
OPE for which the expansion up to NLO order is given by

Δ → Δþ ϵT γ
ð1Þ
Δ ;

að0ÞΔ → að0ÞΔ þ ϵT a
ð1Þ
Δ ; ð2:19Þ

with the quadratic OPE coefficients aðiÞΔ of a given
channel. Comparing with the previous discussion these
are related by

að0ÞΔ ¼ λð0ÞΔ λð0ÞΔ ; að1ÞΔ ¼ 2ϵT λ
ð0Þ
Δ λð1ÞΔ or

að0ÞΔ ¼ 0; að1ÞΔ ¼ ϵT λ
ð1Þ
Δ λð1ÞΔ : ð2:20Þ

With these definitions, (2.15) would read

fð0Þ
D4 ðzÞ þ ϵT f

ð1Þ
D4 ðzÞ

¼
X

Δ∈GFF

að0ÞΔ gΔðzÞ þ ϵT
X

Δ∈GFF

að1ÞΔ gΔðzÞ

þ að0ÞΔ γð1ÞΔ ðgΔðzÞ logð−zÞ þ gΔðzÞÞ: ð2:21Þ

Here, the sum runs over all Δ∈GFF, i.e. over all scaling
dimensions of the free theory. We are explicitly perturbing
the leading-order data to NLO. The main difference with the
previous analysis is that the sum does not include all
operators that can formally appear in theOPE. The limitation
of (2.21) arises when the spectrum of allowed operators
changes at NLO. In such cases, to include all possible
exchanges, Δ must be extended to run over all contributions
allowed by the OPE, rather than being restricted toΔ∈GFF.
This subtlety does not generate inconsistencies when the
dimensions of the higher-order exchanges remain within the
set of free-theory scaling dimensions. However, the situation
changes when some of the operators appearing at NLO have
classical dimensions outside the GFF set. If one does not
account for this effect, the analysis that follows is restricted
only to a partial sector.
Consider the following example. Suppose there exists an

operator TΔ⋆, absent at leading order, with dimension
Δ⋆ < minfΔ∈GFFg. In the expansion (2.21), where the
sum runs over GFF dimensions, the contribution of TΔ⋆ is
excluded from the NLO contributions since Δ⋆ ∉ GFF.
This is equivalent to setting the corresponding CFT data to
zero in (2.15), thereby restricting the set of operators that
can be exchanged.

4For clarity, with a slight abuse of notation these expressions
can be interpreted as λð1ÞΔ⋆ λ̃

ð0Þ
Δ⋆ ≳OðϵÞ and λð1ÞΔ⋆ λ̃

ð1Þ
Δ⋆ ≳OðϵÞ to stress

that the order can be higher. This is equivalent to say that, for
example, if a function is bounded by Oðϵ2Þ, then it is also
bounded by OðϵÞ contributions.
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If the exchanged operators are only multiparticle
states built from the external insertions, in the excluded
contributions there would be also the exchange of the
external field itself. Such a contribution, however, is only
present when it is allowed by the OPE, e.g. D∈D × D
and it is related to the explicit breaking of the Z2 sym-
metry at NLO. At leading order the sum runs over
fΔ∈NjΔ ≥ 2ΔDg. Keeping this bound at NLO is equiv-
alent to setting λDDD ¼ 0 in (2.15). Importantly, as we
discuss in Sec. III B 2, this coefficient controls all Z2-odd
exchanges. Thus, setting it to zero automatically decouples
these contributions, leaving the NLO analysis to consider
only the Z2-even sector.

III. UNIVERSAL SECTORS

The purpose of this section is to identify the operators
that can be exchanged in the superdisplacement four-
point functions, up to NLO. Building on the consider-
ations of Sec. II B, our goal is to determine whether these
correlators exhibit universal behavior. By universal we
mean that, independently of the details of the ambient
theory, such as the amount of supersymmetry, the four-
point function of operators with a given conformal
dimension always takes the same functional form, mod-
ulo eventual tensor structures.
As we will see, universality ultimately traces back to the

constraint that the leading order must correspond to a GFF
theory and that the spectrum is restricted to the displace-
ment supermultiplet and its composite operators. As dis-
cussed in Sec. II B, one can exploit the leading-order data
of the GFF to identify the ϵT order of the exchanged
operators at NLO. This allows one to reduce the possible
operators that can be exchanged in a given four-point
function. Indeed, in principle, all operators compatible with
symmetry can appear. However, if one can demonstrate that
only operators built from the external fields are actually
exchanged in the four-point, while all other operators that
could in principle appear are excluded, then the correlator
becomes independent of the other supermultiplet compo-
nents, thereby exhibiting universality.
In this regard, we begin by setting some assumptions on

the generic theories that we analyze, then we will discuss
features that arises when we relax some of them. In
particular, we start from theories that are consistent with
the requirements:
(1) The 1d dCFT is described at leading order by a

generalized free-field theory.
(2) The only elementary operators are those in D
(3) D does not appear in the OPE of D ×D

The first requirement implies that in all the case we will
consider the leading order as completely defined by taking
Wick contractions of the operator insertions. Moreover,
being a 1d dCFT, the soð1; 2Þconf subalgebra will always
be present regardless from the case in hand, hence one
can always express the four-point functions as a sum of

slð2;RÞ blocks.5 The second condition implies that we
exclude all theories having additional contributions coming
from other elementary fields, e.g. tilt supermultiplets, that
could in principle lead to nontrivial interactions with the
displacement multiplet. The last requirement is a simplify-
ing assumption. While it may appear specific, we will see
that many theories of interest naturally satisfy this property.
The implications of relaxing these assumptions will be
discussed at a later stage.

A. Generalized free field

We therefore begin with the analysis by studying the
leading-order generalized free-field theory, where correla-
tion functions can be computed via Wick contractions of
the n-point insertions. The lack of interactions makes this
framework particularly restrictive. In fact, the only non-
vanishing three-point functions involving two fundamental
fields are those in which the third operator is built from the
fundamental field itself. In particular we are interested in

hDðt1ÞDðt2Þ½D�L¼2
M ðt3Þið0Þ ≠ 0; ð3:1Þ

hDðt1ÞDðt2ÞOðt3Þið0Þ ¼ 0; ð3:2Þ

hOðt1ÞOðt2Þ½O�L¼2
M ðt3Þið0Þ ≠ 0: ð3:3Þ

We use the notation ½ϕ�LM for composite operators built
from the fundamental operator ϕ, of length L and with a
total of M derivatives. We will not be interested in the
particular expression of these operators,6 but rather on the
length of these. Working in such a basis, which in general is
not the same in which the dilatation operator is diagonal,
allows in general to have a better control on correlation
functions of operator having a well-defined length; see
Ref. [19] for a complete discussion.
What matters for our purposes is simply to identify the

order of the three-point constants. The task of identifying
all these quantities explicitly can be posed when specific
cases are considered, or, in any case, pursued at a later
stage. From the three-point functions, we can thus conclude
that the leading-order OPE coefficients are

λð0Þ
DD½D�L¼2

M
∼Oð1Þ;

λð0ÞDDO ¼ 0;

λð0Þ
OO½O�L¼2

M
∼Oð1Þ:

5This is true even in the case in which one considers super-
blocks, as they can always be decomposed in a finite sum of
conformal blocks.

6Even at the level of a GFF computation, generic operators
such as D∂ntD are not primaries in one dimension, and one must
construct appropriate linear combinations to obtain them. See
Ref. [18] for the explicit realizations.

UNIVERSAL SECTORS IN SUPERCONFORMAL DEFECTS PHYS. REV. D 113, 066005 (2026)

066005-11



Moreover, given that also the mixed three-point function
vanishes

hDðt1ÞDðt2Þ½O�L¼2
M ðt3Þið0Þ ¼ 0 ⇒ λð0Þ

DD½O�L¼2
M

¼ 0;

we conclude that in the displacement four-point function at
leading order, (2.11), only multiparticle operators of length
L ¼ 2 built out of the displacement can be exchanged. All
other exchanges do not appear at leading order. A similar
analysis holds also for all the other four-point functions in
the multiplet.
Therefore, one can conclude that the sectors are actually

decoupled and so the expressions for fð0ÞP4 ðzÞ, fð0ÞO4 ðzÞ, and
fð0Þ
D4 ðzÞ are hence universal.7 Clearly, this is a well-known

fact of GFF. In the following, we will look up to which
extent this feature is preserved at next-to-leading order.

B. Next-to-leading order

We can now proceed with a similar analysis by consid-
ering the first nontrivial contributions arising from inter-
actions. Just for reference, we will focus in the following on
the four-point of the displacement operator, which, as
discussed, is always present in the multiplet as it is related
to the breaking of orthogonal translations. However, the
same analysis can be performed for each component of a
given supermultiplet.
We begin with (3.2), which, in principle, is not guaran-

teed to vanish also at NLO. At this point, we make use of
the starting assumption, namelyD ∉ D ×D, which directly
implies that

hDðt1ÞDðt2ÞOðt3Þi ¼ 0 ⇒ λDDO ¼ 0 ð3:4Þ

at all orders.
However, interactions and symmetry may also allow for

additional operators to appear in the OPEs. To verify that no
other sector mixes with the displacement four-point func-
tion at this order, we must check that all OPE coefficients
λDDT , where T are a generic multiparticle operator built
from O, either vanish or are suppressed as OðϵT Þ.
As an example, we focus on the exchange of the

multiparticle operators T ¼ ½O�L¼2
M . In the conformal par-

tial wave expansion we can isolate the contribution
associated to them by

hDðt1ÞDðt2ÞOðt3ÞOðt4Þi

¼ ðnDOCT Þ2
t412t

2ΔO
34

�X∞
M¼0

λDD½O�L¼2
M

λOO½O�L¼2
M

g2ΔOþMðzÞ þ � � �
�
;

where the dots represent other exchange of which we
are now not interested in. When taking into account the
expansion in ϵT of both sides, as discussed in Sec. II, one

gets and expression like (2.16). Given that λð0Þ
DD½O�L¼2

M
¼ 0,

the relevant contribution associated to these exchanges at
NLO is given by

ϵT f
ð1Þ
D2O2ðzÞ ∋

X∞
M¼0

�
λð1ÞDD½O�L¼2

M
λð0ÞOO½O�L¼2

M

þ λð1Þ
DD½O�L¼2

M
λð1Þ
OO½O�L¼2

M

�
g2ΔOþMðzÞ:

Exploiting the discussion presented in Sec. II B and

knowing that λð0ÞOO½O�L¼2
M

∼Oð1Þ, consistency with the ϵT

order implies that

λð1Þ
DD½O�L¼2

M
λð0Þ
OO½O�L¼2

M
∼OðϵT Þ ⇒ λð1Þ

DD½O�L¼2
M

∼OðϵT Þ:

We can now look back at the CPW expansion of the
displacement four-point function (2.15). With the pieces of
information that we collected for the OPE coefficients

λð0Þ
DD½O�L¼2

M
¼ 0 and λð1Þ

DD½O�L¼2
M

∼OðϵT Þ;

the contribution associated to the exchanges ½O�L¼2
M in

(2.15) will be simply given by

ϵT f
ð1Þ
D4 ðzÞ ∋

X∞
M¼0

λð1Þ
DD½O�L¼2

M
λð1Þ
DD½O�L¼2

M
g2ΔOþMðzÞ ð3:5Þ

where only the quadratic NLO three-point data contributes.
Since these contributions are overall of order Oðϵ2T Þ,
we can conclude that the operators ½O�L¼2

M do not get
exchanged up to NLO.
One can then use the same logic to show that all other

three-point coefficients are OðϵT Þ, and thus do not con-
tribute to the NLO expansion of the displacement four-
point function, as they enter quadratically. A selection of
these cases is presented in Table I. It follows that the only
operators which can be exchanged up to NLO in the
displacement operator’s four-point function are those built
from the displacement itself. While this statement is made
for the displacement, the same logic applies to all other
operators in the displacement multiplet.
We can therefore conclude that no interaction mixes the

various sectors, and consequently, all four-point func-
tions can be discussed independently. As we will later

7We stress that these statements are true modulo global
symmetries. These, indeed, can introduce tensorial features
dressing the functions with indexes. For example, if the dis-
placement is charged under a global symmetry, e.g. D → Da then
fD4ðzÞ → fa1a2a3a4

D4 ðzÞ. However, one can always decompose to
relate two different four-point functions; see Sec. IV B.
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see with explicit examples, this implies a universality in
the structure.
Before moving on to cases where some of the assump-

tions are relaxed, it is worth commenting on the mixing
problem. A key advantage of the analysis presented in
Sec. II B and in the present discussion is that the identi-
fication of universal sectors provides direct control over
mixing: it allows us to exclude not only mixing between
different components of the same multiplet, but also the
exchange of higher-length operators within each sector. As
a result, the exchanged operators up to NLO are restricted
to multiparticle operators with length L ¼ 2.
The importance of this observation is twofold. On the

one hand, universal sectors capture features that are
independent of the specific realization of the theory, on
the other, they automatically guarantee the absence of
mixing up to NLO.

1. Relaxing the third assumption

Much of the discussion so far has relied on the
identification of nonvanishing GFF three-point functions.
Combined with the vanishing of the three-point function
involving two displacement operators and a third one, this
allowed us to constrain the minimal order at which the latter
interaction can appear. While many of these constraints
followed from consistency, the condition in (3.4) was
instead imposed as an assumption.
In what follows, we relax this assumption by allowing

D∈D ×D. In this case, (3.2) remains valid, but (3.4) no
longer holds. We can therefore consider, in general,

hDðt1ÞDðt2ÞOðt3Þið1Þ ≠ 0 hOðt1ÞOðt2ÞOðt3Þið1Þ ≠ 0:

Crucially, given that at the GFF order λð0ÞDDO ¼ λð0ÞOOO ¼ 0

and the expansion up to NLO (2.16), consistency requires

λð1ÞDDOλ
ð1Þ
OOO ∼OðϵT Þ ⇒ λð1ÞDDO ∼ λð1ÞOOO ∼Oð ffiffiffiffiffiffi

ϵT
p Þ: ð3:6Þ

In a holographic setup, this means that diagrams of cubic
exchange interactions contribute at the same order as
quartic ones.
In the CFT language, this translates into the fact that a

given four-point function also exchanges other fundamental

operators belonging to the supermultiplet. Being that these
are theory dependent, the resulting four-point functions
will in general differ from one theory to another. Notice,
however, that the discussion regarding multiparticle oper-
ators remains the same as in the previous case. It then
follows that the only source of mixing between different
sectors is precisely the one described above.
We must also recall that in all this analysis we kept

symmetries implicit. In specific situations, when symmetry
constraints are also taken into account, one might find
additional simplifications.
Consider, for example, that one finds λDDO ¼ 0 and

λDDD ≠ 0 as arising from symmetry discussion. In that case,
the displacement operator four-point function would again
receive no contributions from other sectors. Nevertheless,
this situation would still differ from the previous one,
precisely because of the additional allowed interaction. In
this case, the expansion (2.9) will factorize as

f̃ð1Þ
D4 ðzÞ ¼ fð1Þ

D4 ðzÞ þ ðλ̃ð1ÞDDDÞ2f̃ð1ÞðzÞ; ð3:7Þ

where f̃ð1Þ
D4 ðzÞ is the full NLO function with the factorized

four-point function of the previous analysis, fð1Þ
D4 ðzÞ, and

the additional contribution summarized by f̃ð1ÞðzÞ with

OPE coefficient λð1ÞDDD ¼ ffiffiffiffiffiffi
ϵT

p
λ̃ð1ÞDDD. If also λDDD ¼ 0, the

system has again universality, even though it is just for
this sector.
Indeed, it is important to stress that these conditions do

not necessarily imply the vanishing of λOiOjOk
. So, even if

D∈D ×D, when analyzing the three-point functions of the
supermultiplet components, together with the constraints
imposed by symmetry, we may still find either λDDO ¼ 0,
λDDD ¼ 0, or both.
We stress that the difference from the earlier case is that,

while before all sectors were completely decoupled from
one another, here other sectors may still interact through the
exchange of fundamental fields.
Although the discussion has been framed around the

displacement operator, it applies more generally to any
other choice of defect operator in the multiplet. This will
be, for example, the case of the 1=2 BSP Wilson line in
N ¼ 2 gauge theories, [20], discussed in Sec. IV C where it

TABLE I. Examples of the identification of OPE coefficients that can be excluded up to NLO, involving two displacement operators
and one exchanged operator.

Operator Four-point GFF [Oð1Þ] Excluded at NLO

½O�L¼2 hDðt1ÞDðt2ÞOðt3ÞOðt4Þi λð0ÞOO½O�L¼2 λð1ÞDD½O�L¼2

½DO�L¼2 hDðt1ÞDðt2ÞDðt3ÞOðt4Þi λð0Þ
DO½DO�L¼2 λð1Þ

DD½DO�L¼2

½D�L¼k>2 hDðt1ÞDðt2Þ½D�L¼rðt3Þ½D�L¼sðt4Þijrþs¼k λð0Þ½D�L¼r½D�L¼s½D�L¼k jrþs¼k λð1Þ
DD½DO�L¼k

½O�L¼k hDðt1ÞDðt2Þ½O�L¼rðt3Þ½O�L¼sðt4Þijrþs¼k λð0Þ½O�L¼r½O�L¼s½O�L¼k jrþs¼k λð1Þ
DD½O�L¼k
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is the superprimary that disentangles from the rest of
the multiplet.

2. The Z2-odd sectors

We aim to better understand the operator content
exchanged at NLO when the Z2 symmetry is broken. As
in the Z2-preserving case, where length L ¼ 2 operators
are exchanged at leading and subleading order, we may
expect additional contributions from the Z2-odd sector. In
particular, the fundamental operators associated with non-
vanishing three-point functions are naturally expected to
appear, but higher-length operators may also be exchanged
as a consequence. To keep the discussion clearer, we
restrict our discussion to displacement correlators and
assume that they receive no contributions from the other
sector. In this setup, we therefore allow for a nonvanishing
three-point function

hDðt1ÞDðt2ÞDðt3Þi ¼
ðnDCT Þ3=2λð1ÞDDD

tΔD
12 t

ΔD
23 t

ΔD
13

: ð3:8Þ

In this case we explicitly restore the normalization, so that

the coefficient λð1ÞDDD denotes the normalized OPE coeffi-
cient appearing in the CPW expansion.
Our first goal is to identify the additional Z2-odd

multiparticle operators that may appear up to NLO, and
to show that their three-point coefficients at this order are
determined by λDDD. We first explain why this statement,
while natural to expect, is not entirely obvious.
Unlike the Z2-even case, where contributions can be

analyzed via Wick contractions in the free theory, no
analogous procedure exists for the Z2-odd sector. Indeed,
the Z2-odd n-point functions vanish in the GFF and
become nonvanishing only when interactions are included.
Consequently, one cannot directly exploit the GFF analysis
to study these three-point functions. The operators appearing
in this context are therefore inherently interacting and cannot,
in general, be regarded as simple products of fundamental
fields, unlike in the GFF case.
Specifically, when studying correlators in the GFF, one

can rely on the standard definition for the point-splitting
regularization, which provides a straightforward way to
define composite operators and compute their three-point
functions. This is given by

½D�Ln ðtÞ¼DL;nð∂tiÞ
�YL

i¼1

DðtiÞ−pairwise contractions

�				
ti→t

;

ð3:9Þ

where Dn;Lð∂tiÞ collects all derivative contributions, whose
precise form is fixed by requiring ½D�Ln ðtÞ to be a primary.

Once again, we are not interested in the explicit form of
these operators, also because, as we are about to see, not all
of them actually appear in the expansion at NLO.
In this context, if one naively inserts such operators into

Z2-odd n-point functions and attempts to compute them,
one finds that the singularities do not cancel and the result
diverges, yielding an ill-defined correlator. As anticipated,
this reflects the fact that one is effectively probing the
compositeness of the multiparticle operator, which is
intrinsically interacting and must therefore be regarded
as a single irreducible operator.
In order therefore to keep a similar structure of (3.9), we

have to account for possible mixing with other operators
that one would find when dealing with corrections of away
from the GFF theory. The extension of (3.9) to consider
such contribution is given schematically by8

½D�Ln ðtÞ

¼DL;nð∂tiÞ
�YL

i¼1

DðtiÞ− nested OPE contributions

�				
ti→t

;

ð3:10Þ

where we subtract all the operators that can appear in
the nested OPEs so that they compensate all the
divergences that can appear from the limits in the point
splitting. The advantage of exploiting these expression
is that it allows us to easily relate the OPE coefficients
of ½D�Ln ðtÞ to those of the OPE of its components and
extend (3.9) also away from the GFF. Moreover, one
does not actually need the entire OPE, as higher-
dimensional operators will just contribute with regular
terms. In order to make sense of the regularization in
(3.10), we focus, for clarity, on the simplest multi-
particle operator ½D�L¼3

0 ðtÞ, noting that the generalization
to arbitrary L follows similar steps. In this regard, let us
first consider the three-point function

hDðt1ÞDðt2Þ½D�L¼3
0 ðt3Þi ¼

ðnDCT Þ5=2λð1ÞDD½D�L¼3
n

t−ΔD
12 tΔD

13 t
ΔD
23

: ð3:11Þ

We already considered the contribution to appear away

from the GFF, so we labeled it by λð1Þ
DD½D�L¼3

n
and we

neglected the additional contributions coming from the
anomalous dimensions in the denominator, keeping just
the lowest NLO contribution. Our purpose is now to
compute the same three-point function by exploiting
(3.10), which specified to this case reads

8Notice that there is not a unique way to define the regulari-
zation which, in general, will be scheme dependent.
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½D�L¼3
0 ðtÞ ¼

�
Dðt1ÞDðt2ÞDðt3Þ −

X3
i;j;k¼1

σijk
X
T

ðnDCT Þ
t3ΔD−ΔT
ij

kDDTTðtkÞ
�				

ti;tj;tk→t
; ð3:12Þ

where σijk account for all the permutations of the OPE
couples and T are the Z2-odd operators appearing in
D × D. The kDDT coefficients give the contribution that
subtract the divergences and ðnDCT Þ is the two-point
normalization that comes from the identity exchange.
From this expression we can see that only operators
with ΔT < 3ΔD give contributions that are divergent and
compensate the one that arises from the point splitting.
We consider now the three-point function

hDðt1ÞDðt2Þ½D�L¼3
0 ðt3Þi

¼
�
hDðt1ÞDðt2ÞDðt3ÞDðt4ÞDðt5Þi

−
X5
i;j;k¼3

σijk
X
T

ðnDCT Þ
t3ΔD−ΔT
ij

kDDT hDðt1ÞDðt2ÞTðtjÞi
�				

ti→t
:

ð3:13Þ

Under the assumption that this sector is decoupled from
the others, we can see that the only contributions in
D × D that are Z2 odd are those coming from the
conformal family of D. By taking the contractions and
comparing with (3.11) we identify

λð1ÞDD½D�L¼3
n

∼ λð1ÞDDD: ð3:14Þ

By similar arguments one can study all the higher-length
operators. However, these will require a higher number

of expansions thus leading to higher powers of λð1ÞDDD and
hence negligible at NLO. Therefore only multiparticle
operators that can actually be exchanged in the four-
point function up to NLO are the L ¼ 3 ones. Moreover,
since we showed that their three-point function is

controlled by λð1ÞDDD, setting this coefficient to zero
removes all the Z2-odd exchanges from the four-point
function. This is why we can consider the NLO function
fð1ÞðzÞ as factorized in Z2-even and Z2-odd parts (3.7),
with the Z2-odd contribution controlled by λDDD.
As usual, here we focus on the D-sector; however, this

discussion can be generalized to all the other possibilities
and also for the mixed composite multiparticle operators.
For example one may expect that if we have mixing with
another sector, e.g. O∈D × D, then

hDðt1ÞDðt2ÞOðt3Þ ∼ λð1ÞDDO ⇒ hDðt1ÞDðt2Þ½D2O�L¼3
n i

∼ λDD½D2O�L¼3
n

∝ λð1ÞDDO ð3:15Þ

and so on. We can therefore, in general, expect the four-
point function up to NLO to be like

hDðt1ÞDðt2ÞDðt3ÞDðt4Þi
¼ fð0ÞðzÞ þ ϵfð1ÞðzÞ þ

X
i

�
λð1ÞDDOi

�
2
fð1ÞOi

ðzÞ; ð3:16Þ

where ðλð1ÞDDOi
Þ2fð1ÞOi

ðzÞ collect al the contributions coming
from the additional interactions.

3. Relaxing the second assumption

In some cases, the theory contains additional fundamen-
tal operators, which we denote by T i for some i∈N. One
must then consider all possibilities for whether D and T i
appear in the OPEs D ×D and T i × T j. By repeating the
analysis outlined previously and using arguments similar to
those in Sec. II B, one can determine the minimal order at
which exchanged operators appear and identify whether a
given four-point function exhibits universal features.
Notably, in these enriched scenarios, the analysis

applies not only to the superdisplacement but also to the
other multiplets that are considered. Given the large
number of possible cases, we restrict our discussion to
specific examples, such as the 1=2 BPS Wilson line in
AdS3 × S3 × T4 in Sec. IV D and the 1=3 BPSWilson lines
in ABJM in Sec. VII.

4. Relaxing the first assumption

For all the cases discussed here and in the following,
relaxing the first assumption will not be of particular utility.
However, we discuss this possibility, leaving an in-depth
study for future works.
First of all, the first thing one could do is to consider still

a GFF theory at leading order, but instead of a 1d dCFT,
one could study a higher-dimensional defect. As Wilson
lines provide a realization for line defect, surface defects
find many interesting applications. A known example is the
1=2 BPS surface in 6d (2,0) theory at large N [32,38]. The
main philosophy of the discussion presented here may be
extended to discuss also these cases. Moreover, the knowl-
edge of this theory up to NLO order provides a stating point
to study other surface defects by the identification of the
universal sector.
Another way to relax the first assumptions is to consider

the leading order not to be a GFF. In this case, the whole
analysis discussed in this section will not apply. However,
by studying the new OPE data of the leading order, one
may still consider the discussion presented in Sec. II B to
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study and constrain the NLO order OPE that are allowed by
consistency with the strong coupling expansion.

C. Obtaining the full NLO contributions

We must point out that, precisely because we are not
making any assumption on ϵT , this approach leaves the
overall normalization of fð1ÞðzÞ unfixed. Indeed, in all
expressions the combination ϵT fð1ÞðzÞ appears. Hence, if
we modify the ansatz by an overall constant factor a∈R,
we can always reabsorb it through a redefinition of the
perturbation parameter

ϵT fð1ÞðzÞ ¼
�
ϵT
a

�
ðafð1ÞðzÞÞ ¼ ϵ̃T ðafð1ÞðzÞÞ:

Therefore, with the above method alone, we cannot
determine whether the correct contribution is given by
ϵT fð1ÞðzÞ or by ϵ̃T ðafð1ÞðzÞÞ. Without knowing the explicit
expression, this redundancy, in principle, would always
persist in all applications.
To completely fix the problem, one must compute

ϵT independently by other means. This can be done,
for instance, by exploiting the holographic dual des-
cription (when available), or by using purely CFT-based
techniques [26,27].
That said, the results of such an analysis can still be

incorporated into the previous discussion. In particular, if
we manage to determine the correct normalization in a
single case for which universality applies, ϵ̂T f̂

ð1ÞðzÞ, we
immediately identify the correct combination that can be
applied consistently in all other situations.
Consider the scenario where considering explicitly a

theory and we managed to fix ϵ̂T , by one of the above
methods, to be ϵ̂T ¼ 1

4π2CT
. This will be the actual one; see

Sec. IVA. The expression for the superprimary four-point
function would be

hPðt1ÞPðt2ÞPðt3ÞPðt4Þi

¼ C2
T

t2ΔP
12 t2ΔP

34

�
f̂ð0Þ
P4 ðzÞ þ

�
1

4π2CT

�
f̂ð1Þ
P4 ðzÞ þOðϵ2T Þ

�
;

where now f̂ð0ÞP4 ðzÞ and f̂ð1ÞP4 ðzÞ are explicitly known
functions. Notice that now it is not anymore possible to

rescale freely f̂ð1Þ
P4 ðzÞ as such a factor cannot be absorbed in

ϵT being everything explicit.
Notice also that the parameter of the expansion must

be, for consistency, the same for all the superdisplace-
ment components. This implies that if we consider a four-
point function of the Q-descendants in the supermultiplet,

these are related by supersymmetry to f̂ð0ÞP4 ðzÞ and f̂ð1ÞP4 ðzÞ.
Thus one can write explicitly the four-point function as
given by

hDðt1ÞDðt2ÞDðt3ÞDðt4Þi

¼ ðnDCT Þ2
t412t

4
34

�
f̂ð0Þ
D4 ðzÞ þ

�
1

4π2CT

�
f̂ð1Þ
D4 ðzÞ þOðϵ2T Þ

�
:

ð3:17Þ
What we may notice is that ϵT depends only on CT and

not nD. This is true also for all the other four-point
functions in the multiplet. So, ϵT ðCT Þ is universal too

and can be identified together with f̂ð1Þ
D4 ðzÞ.

This implies, for example, that if the theory T is such
that it satisfies all the three conditions, if we have another
theory having another line defect, say T 0, also satisfying all
the conditions, its displacement four-point function must be
specified by

hDðt1ÞDðt2ÞDðt3ÞDðt4Þi

¼ ðn0DCT 0 Þ2
t412t

4
34

�
f̂ð0Þ
D4 ðzÞ þ

�
1

4π2CT 0

�
f̂ð1Þ
D4 ðzÞ þOðϵ2T 0 Þ

�
;

differing from (3.17) just by the different constants n0D
and CT 0 .
When the defects have the same codimension this

identification is typically straightforward, when instead
the codimension of the two line defects, T and T 0, is
different, the equivalence is true upon decomposing the
tensor structures; see Sec. IV B.
The same holds also for all the other defect four-point

functions when D ∉ D ×D and can be generalized for
other cases, as discussed before, when relaxing either the
second or the third condition.
It is worth adding a concluding remark regarding the

holographic interpretation of dual theory, when available.
Recall that we fixed the product ϵT fð1ÞðzÞ through explicit
evaluation. However, due to the freedom of rescaling it may
well be that the true parameter matching the holographic
analysis is not ϵT ðCT Þ itself, but rather aϵT ðCT Þ up to a
rescaling by some constant a. What is guaranteed to match
in explicit computations is not the parameter alone but the
product of the two contributions ϵ̂T f̂

ð1ÞðzÞ.
Having established these universal features, the purpose

for the remainder of the article will be twofold: first, to
verify these properties in known examples, identifying in
such cases universal sectors, and second, to apply them to
new cases where, thanks to this argument, we can immedi-
ately fix the NLO contributions without relying on any
additional technique.

IV. UNIVERSAL SECTORS IN 1=2 BPS
WILSON LINES

In this section,we apply the framework developed so far to
identify universal four-point functions in several examples of
1=2BPSWilson lines. To make this universality explicit, we
will always work with examples in pairs, comparing two
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different theories to demonstrate the equivalence, and hence
the universal nature, of the identified four-point functions.

A. The 1=2 BPS Wilson lines in ABJM
and in N = 4 CSm theories

As a first example, we consider line defects of the same
codimension. In particular, we take the 1=2 BPS Wilson
line in ABJM theory [21] and in N ¼ 4 Chern-Simons-
matter theories [22], under the framework discussed in
Sec. III. The defect operators appearing in the two theories
are characterized by the preserved superconformal algebra
on the line. More precisely, they are classified by the
quantum numbers of the bosonic subalgebra soð2; 1Þconf ⊕
suð3ÞR ⊕ uð1ÞJ0 for the ABJM line, and soð2; 1Þconf ⊕
suð2ÞR ⊕ uð1ÞJ0 for the super-Chern-Simons-matter
(SCSm) one [39].
We can now begin by verifying that all the required

conditions are satisfied. First, let us recall that in both cases
the only elementary operators that appear are those belong-
ing to the displacement supermultiplet. Schematically,
these are specified by

D inABJM

�
3

2

�ð0;0Þ
1
2

⟶ ½2�ð1;0Þ1 ⟶

�
5

2

�ð0;1Þ
3
2

⟶½3�ð0;0Þ2 ;

D inN ¼ 4SCSm ½1�ð0Þ1 ⟶ ½1�ð1Þ3
2

⟶ ½1�ð0Þ2 ; ð4:1Þ

where the charge assignment is schematically written as

½j0�ðRÞ
Δ , with ðRÞ standing for the Dynkin labels of the

considered representation and j0 the Abelian charge. For
the two cases the label for the R-symmetries refers to the
suð3Þ for the line in ABJM and suð2Þ for the SCSm case.
The arrows represent schematically the action of the
supercharges in the respective theories.

It follows, from the discussion in Sec. III, that both
theories satisfy the three assumptions we required. Hence,
in both cases, when considering the four-point function of a
single defect operator, no operators from the other compo-
nent of the multiplets is exchanged. Consequently, the four-
point functions are universal up to NLO and hence the
correlation function of one theory can be directly mapped
to that of the other.
This observation is particularly useful when bootstrap-

ping the four-point functions in SCSm. Indeed, imposing
standard constraints such as crossing symmetry and
consistency conditions does not suffice to completely
fix the correlator, essentially due to the reduced super-
symmetry that limits the problem. By contrast, once one
notices the universal feature, one can bootstrap the full
function up to NLO without resorting to the usual ansatz-
driven bootstrap procedure.
For concreteness, let us consider the displacement four-

point function (2.9). We focus on this case because the
displacement operator is neutral under the R-symmetry in
both theories, which makes the identification particularly
transparent. The discussion, however, applies more gen-
erally to correlation functions of compatible operators,
namely operators with the same conformal dimension but
transforming in different representations, e.g. the tilt
operators. In such cases, one must first choose an appro-
priate embedding in order to place the correlators on the
same footing as discussed in the next sections.
In the presence of chiral and antichiral superdisplace-

ment multiplets, the displacement operators are naturally
organized into complex combinations that make the Uð1Þ
symmetry manifest. From this perspective, while the two
displacement operators differ by their Abelian charge, this
distinction plays no role in the D × D̄ OPE, which involves
only neutral combinations. With this in mind, we can now
look at the four-point function that reads

hDðt1ÞD̄ðt2ÞDðt3ÞD̄ðt4ÞiABJM ¼ ð12CABJMÞ2
t412t

4
34

�
1þ z4 þ ϵABJM

�
−16 − 2z −

7z2

3
− 2z3 − 16z4

þ
�
6 −

16

z
þ 6z4 − 16z5

�
logð1 − zÞ þ 2z4ð8z − 3Þ logð−zÞ

�
þOðϵ2ABJMÞ

�
; ð4:2Þ

for the line in ABJM. For the line in SCSm theories the four-point function will be, besides overall theory-specific
constants, the very same expression

hDðt1ÞD̄ðt2ÞDðt3ÞD̄ðt4ÞiSCSm ¼ ð6CSCSmÞ2
t412t

4
34

�
1þ z4 þ ϵSCSm

�
−16 − 2z −

7z2

3
− 2z3 − 16z4

þ
�
6 −

16

z
þ 6z4 − 16z5

�
logð1 − zÞ þ 2z4ð8z − 3Þ logð−zÞ

�
þOðϵ2SCSmÞ

�
: ð4:3Þ

In [22] the same conclusion was reached by observing that certain N ¼ 4 CSm theories can be obtained from ABJM
through specific orbifold constructions. Here we strengthen this result by showing that it indeed holds for all such 1=2 BPS
line in ospð4j4Þ theories, that also satisfy the three requirements outlined in Sec. III.
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Moreover, as discussed, we can also identify the per-
turbation parameter ϵT ðCT Þ. This has been explicitly
evaluated for ABJM in different ways [21,26], giving

ϵABJM ¼ 1

4π2CABJM
; ð4:4Þ

where CABJM is superdisplacement and superprimary nor-
malization. Also in N ¼ 4 CSm theories the expansion
parameter has been computed in [22] and, after matching
the conventions, one has

ϵSCSm ¼ 1

4π2CSCSm
; ð4:5Þ

where now CSCSm is the normalization of the superfield and
superprimary of the 1=2 BPS defect of SCSm theories. For
both of them we have, as anticipated,

ϵT ðCT Þ ¼
1

4π2CT
; ð4:6Þ

where T can be seen either as T ¼ ABJM or T ¼ SCSm.
In this case, we have preformed the identification for

the displacement operator, but a similar analysis applies
also for all the other four-point functions of defect operators
in (4.1) that have the same conformal dimension.

B. The 1=2 BPS Wilson line in N = 4 SYM

We now turn to another interesting case, namely the
exploration of universality across defect lines of different
codimensions. In particular, we consider the 1=2 BPS
Wilson line in ABJM and in N ¼ 4 SYM, building on
the results obtained in [8,14,18,19,21]. The Wilson line
in N ¼ 4 SYM preserves the bosonic subalgebra
soð2; 1Þconf ⊕ soð3Þrot ⊕ soð5ÞR.9
In this case, the dual holographic description is well

understood, and much of the discussion can indeed be
supported by direct arguments from the bulk perspective. In
this regard, one can perform very similar considerations to
those presented in Sec. V. Here, however, we restrict the
discussion to a purely CFT-based analysis.
We begin by collecting the superdisplacement multiplets

associated with the two 1=2 BPS lines,

D inABJM

�
3

2

�ð0;0Þ
1
2

⟶ ½2�ð1;0Þ1 ⟶

�
5

2

�ð0;1Þ
3
2

⟶ ½3�ð0;0Þ2 ;

D in SYM ½0�ð0;1Þ1 ⟶ ½1�ð1;0Þ3
2

⟶ ½2�ð0;0Þ2 ; ð4:7Þ

As previously introduced, the Dynkin labels in round and
square brackets refer to the representations of suð3ÞR and
uð1Þj0 for the Wilson line in ABJM, while they correspond
to soð5ÞR and soð3Þrot for the Wilson line in SYM.10

Crucially, by studying the OPE relations for the super-
displacement multiplet [18,19], one finds again that
D ∉ D ×D, so all the required conditions are satisfied.
However, in contrast to the previous case, there is no

straightforward identification between the two theories,
even for the displacement operator. Being different codi-
mensional defects, the displacements transform under
different rotation groups. To enable a meaningful compari-
son, one must first rearrange the expressions.
We therefore make the SOð2Þ structure explicit by

rewriting the displacements of the line in ABJM as

DðtÞ ¼ 1ffiffiffi
2

p ðD1ðtÞ þ iD2ðtÞÞ and

D̄ðtÞ ¼ 1ffiffiffi
2

p ðD1ðtÞ − iD2ðtÞÞ;

such that DiðtÞ transforms in the fundamental of SOð2Þ.
The four-point function can thus be expressed as

hDðt1ÞD̄ðt2ÞDðt3ÞD̄ðt4ÞiABJM
¼ 1

4

X
σijklhDiðt1ÞDjðt2ÞDkðt3ÞDlðt4ÞiABJM; ð4:8Þ

where i; j; k; l ¼ 1, 2 and σijkl ¼ δijδkl þ δilδjk − δikδjl, and
the correlators on the right-hand side can be written as

hDiðt1ÞDjðt2ÞDkðt3ÞDlðt4ÞiABJM ¼ C2ABJM
t412t

4
34

FijklðzÞ; ð4:9Þ

for some function FijklðzÞ. For convenience, here we have
absorbed all the overall factors in CABJM.
Following the analysis in [8], it is convenient to reex-

press (4.9) in terms of the singlet FSðzÞ, the symmetric
traceless FTðzÞ, and the antisymmetric FAðzÞ contributions
associated with the two pairs of indices. This is done by
taking the decomposition

FijklðzÞ ¼ δijδklFSðzÞ þ ðδijδkl − δilδjkÞFAðzÞ
þ ðδikδjl þ δilδjk − δijδklÞFTðzÞ: ð4:10Þ

Nowwe move to the four-point insertions in the 1=2 BPS
N ¼ 4 SYM line. The correlator of the displacement, for
this case, reads

hDiðt1ÞDjðt2ÞDkðt3ÞDlðt4ÞiSYM ¼ C2SYM
t412t

4
34

Gijkl
SOð3ÞðzÞ; ð4:11Þ

9In [39] soð2; 1Þconf ⊕ suð2Þrot ⊕ uspð4ÞR. At the level of
algebra this is equivalent given that, we recall, uspð4Þ ≃ soð5ÞR
and suð2Þrot ≃ soð3Þrot. 10See Ref. [39] for a detailed discussion of the representations.
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where i, j, k, l ¼ 1, 2, 3 and all the overall constant and the
superprimary normalization CSYM have been collected in
CSYM. Also in this case Gijkl

SOð3ÞðzÞ can be decomposed in

singlet GSðzÞ, symmetric traceless GTðzÞ and antisymmet-
ric GAðzÞ contributions, thus leading to

Gijkl
SOð3ÞðzÞ ¼ δijδklGSðzÞ þ ðδijδkl − δilδjkÞGAðzÞ

þ ðδikδjl þ δilδjk − 2=3δijδklÞGTðzÞ: ð4:12Þ

Crucially, in order to compare the two expressions we need
to decompose (4.12) into SOð2Þ representations. This can
be done by using the standard embedding of SOð2Þ into
SOð3Þ, realized as rotations about the third axis. This leads
to the expression

Gijkl
SOð2ÞðzÞ ¼ δijδklðGSðzÞ þ 1=3GTðzÞÞ

þ ðδijδkl − δilδjkÞGAðzÞ
þ ðδikδjl þ δilδjk − δijδklÞGTðzÞ; ð4:13Þ

which is precisely on the form of (4.10), upon the
identifications

FSðzÞ ¼ GSðzÞ þ 1=3GTðzÞ;
FTðzÞ ¼ GTðzÞ; and FAðzÞ ¼ GAðzÞ:

Based on the preliminary considerations, we expect
universal features up to NLO, which implies a matching
between the two four-point functions FijklðzÞ ¼ Gijkl

SOð2ÞðzÞ.
We can verify this by substituting (4.9) in (4.8) with the

identification (4.13), thus obtaining

hDðt1ÞD̄ðt2ÞDðt3ÞD̄ðt4ÞiABJM ¼ C2ABJM
t412t

4
34

�
Gð0Þ

S ðzÞ−Gð0Þ
A ðzÞ þGð0Þ

T ðzÞ
3

þ ϵABJM

�
Gð1Þ

S ðzÞ−Gð1Þ
A ðzÞ þGð1Þ

T ðzÞ
3

�
þOðϵ2ABJMÞ

�
:

ð4:14Þ

This expression for the four-point of the displacement in the ABJM line is fully specified by the functions obtained by the
analysis for the line in SYM.
The last step is thus to explicitly evaluate the four-point functions with the results obtained in [8,14] and compare the

outcome with the bootstrap result of [21].
At leading order they read

Gð0Þ
S ðχÞ ¼ 1þ 2

3
Gð0Þ

T ðχÞ; Gð0Þ
T ðχÞ ¼ 1

2

�
χ2 þ χ2

ð1 − χÞ2
�
; Gð0Þ

A ðχÞ ¼ 1

2

�
χ2 −

χ2

ð1 − χÞ2
�
;

and at the next-to-leading order they are found to be

Gð1Þ
S ðχÞ ¼ −

2ð24χ8 − 90χ7 þ 125χ6 − 76χ5 þ 125χ4 − 306χ3 þ 438χ2 − 288χ þ 72Þ
9ðχ − 1Þ4 −

4ð4χ6 − χ5 − 6χ þ 12Þ
3χ

logð1 − χÞ

þ 4χ4ð4χ6 − 21χ5 þ 45χ4 − 50χ3 þ 30χ2 − 6χ þ 2Þ
3ðχ − 1Þ5 logðχÞ; ð4:15Þ

Gð1Þ
T ðχÞ ¼ −

ð48χ4 − 198χ3 þ 313χ2 − 230χ þ 115Þχ4
6ðχ − 1Þ4 − ð8χ − 5Þχ4 logð1 − χÞ

þ ð8χ6 − 45χ5 þ 105χ4 − 130χ3 þ 90χ2 − 30χ þ 10Þχ4
ðχ − 1Þ5 logðχÞ; ð4:16Þ

Gð1Þ
A ðχÞ ¼ −

ðχ − 2Þð48χ6 − 90χ5 þ 91χ4 þ 4χ3 − 17χ2 þ 18χ − 6Þχ
6ðχ − 1Þ4 − ð8χ5 − 3χ4 þ 2Þ logð1 − χÞ

þ ðχ − 2Þð8χ4 − 27χ3 þ 41χ2 − 28χ þ 14Þχ5
ðχ − 1Þ5 logðχÞ; ð4:17Þ

where we kept χ ¼ z
z−1 for keeping the expression concise.11

11Compared to [8,14] we have rescaled these functions by a factor of 2 to have the discussion more straightforward. See (4.20).
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By substituting explicitly these expressions in (4.14) one
obtains the displacement four-point function (4.2). We can
thus conclude, also in this case, that the 1=2 BPS line in
SYM has universal features.
We end this section with the explicit check that, through

this analysis, we obtain not only the NLO function but
indeed also the full NLO contribution, including the correct
expansion parameter. From this perspective, let us consider
the full expressions in the form of (3.17), where we
explicitly take ϵT as given in (4.6). These are

hDiðt1ÞDjðt2ÞDkðt3ÞDlðt4ÞiABJM
¼ C2ABJM

t412t
4
34

�
Fijkl
ð0Þ ðzÞ þ

�
1

4π2CABJM

�
Fijkl
ð1Þ ðzÞ þ � � �

�
;

ð4:18Þ

hDiðt1ÞDjðt2ÞDkðt3ÞDlðt4ÞiSYM
¼ C2SYM

t412t
4
34

�
Gijkl

ð0Þ ðzÞ þ
�

1

4π2CSYM

�
Gijkl

ð1Þ ðzÞ þ � � �
�
:

ð4:19Þ

For notational convenience, we use the subscript to denote
the order of the expansion and set GijklðzÞ ¼ Gijkl

SOð2ÞðzÞ.
From the discussion above, we have the identifications

Fijkl
ð0Þ ðzÞ ¼ Gijkl

ð0Þ ðzÞ and Fijkl
ð1Þ ðzÞ ¼ Gijkl

ð1Þ ðzÞ:

In the case of N ¼ 4 SYM, the bremsstrahlung function
at strong coupling is known, [7,9]. We can thus explicitly
write the two-point constant CSYM in terms of the ’t Hooft
coupling which is given by

CSYM ¼ 2BðλSYMÞ ¼
ffiffiffiffiffiffiffiffiffiffi
λSYM

p
2π2

:

Accordingly, Eq. (4.19) can be written explicitly as

hDiðt1ÞDjðt2ÞDkðt3ÞDlðt4ÞiSYM
¼ C2SYM

t412t
4
34

�
Gijkl

ð0Þ ðzÞ þ
1

2
ffiffiffiffiffiffiffiffiffiffi
λSYM

p Gijkl
ð1Þ ðzÞ þ � � �

�
;

which, when evaluated explicitly, matches the expressions
in [8,14] which are written equivalently in terms of G̃ijkl

ð1Þ ðzÞ,
under the following redefinition:

1

2
ffiffiffiffiffiffiffiffiffiffi
λSYM

p Gijkl
ð1Þ ðzÞ ¼

1ffiffiffiffiffiffiffiffiffiffi
λSYM

p
Gijkl

ð1Þ ðzÞ
2

¼ 1ffiffiffiffiffiffiffiffiffiffi
λSYM

p G̃ijkl
ð1Þ ðzÞ:

ð4:20Þ

As argued at the end of Sec. III, this reflects the fact that,
through the identification of the universal sectors, we are
matching the entire NLO contribution rather than isolating
the expansion parameter ϵT itself. The latter can always
be rescaled by a constant, which can then be absorbed into
the definition of the NLO function, as illustrated in the
example above.

C. The 1=2 BPS line defects in N = 2 gauge theories

We now turn to the case of 1=2 BPS Wilson lines in
N ¼ 2 gauge theories, investigated in [20], where we
examine the possible presence of universal sectors in the
displacement supermultiplet four-point functions. These
theories are characterized by the preserved ospð4�j2Þ
subalgebra of the ambient suð2; 2j2Þ superconformal
algebra in 4d. Accordingly, the defect operators are
classified by the quantum numbers of the preserved bosonic
subalgebra, namely soð2; 1Þconf ;⊕ suð2Þrot ⊕ suð2ÞR.
Among the examples studied so far, this is the first case

in which the third condition is not satisfied, since the
explicit analysis shows that D∈D ×D.
Nevertheless, as discussed in Sec. III, one may still

expect that some universal subsectors can be identified
if, by symmetry constraints, some of the three-point
functions of the individual components vanish. Indeed, it
turns out that this is the case, leaving room for universal
structures to emerge.
As before, we begin by analyzing the displacement

supermultiplets. To make the comparison clearer, we shall
again draw a parallel with the 1=2 BPS Wilson line in
N ¼ 4 SYM. From [39], the displacement multiplets are
specified by

D in SYM ½0�ð0;1Þ1 ⟶ ½1�ð1;0Þ3
2

⟶ ½2�ð0;0Þ2 ;

D inN ¼ 2 theories ½0�ð0Þ1 ⟶ ½1�ð1Þ3
2

⟶ ½2�ð0Þ2 ; ð4:21Þ

where, also in this case, the arrows represent the Q
actions and the Dynkin labels refer to the corresponding
preserved algebra. For the displacement in SYM this is
the same as in Sec. IV B, while for the ospð4�j2Þ one, the
only difference is on the R-charge Dynkin labels asso-
ciated with suð2ÞR.
Hence, we define the defect operators as

½0�ð0Þ1 → PðtÞ; ½1�ð1Þ3
2

→ Λa
αðtÞ; ½2�ð0Þ2 → DiðtÞ:
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Given that the displacement enters on the three-point
functions we cannot be generic on the sector to study,
but we have to identify the ones that do not mix. In
particular, one may notice that the three-point functions

hPðt1ÞPðt2ÞΛa
αðt3Þi ¼ 0; ð4:22Þ

hPðt1ÞPðt2ÞDiðt3Þi ¼ 0; ð4:23Þ

vanish at all orders. This constraints are given purely by
symmetry preserving argument. Thus, even if the super-
displacement appears in its OPE and its three-point is
nonvanishing, one can still find some vanishing contribu-
tions by studying the three-point functions of the compo-
nents. In this case, a dual theory is not known, but the
constraint would imply that, in any Lagrangian description
of the holographic dual, the fluctuations associated with
PðtÞ admit no cubic interactions with the duals to Λa

αðtÞ
and DiðtÞ.
Although Z2-odd contributions may arise, as the three-

point function of P is not generically zero, we shall not
pursue their analysis here and will only comment on them
at the end. We thus set as a working hypothesis λPPP ¼ 0.
We now use the methodology developed up so far to

obtain the contributions up to NLO of the four-point
function,

hPðt1ÞPðt2ÞPðt3ÞPðt4Þi

¼ C2
Φ

t212t
2
34

�
Fð0ÞðzÞ þ

�
1

4π2CΦ

�
Fð1ÞðzÞ þ � � �

�
; ð4:24Þ

where CΦ is the two-point function normalization of the
superdisplacent multiplet.
As in the previous case, we begin from the known

expressions for the line in N ¼ 4 SYM and we deduce the
result from them.
We start then from the superprimary four-point function

of SYM, given by

hPaðt1ÞPbðt2ÞPcðt3ÞPdðt4ÞiSYM
¼ C2

SYM

t212t
2
34

�
Gabcd

ð0Þ ðzÞ þ
�

1

4π2CSYM

�
Gabcd

ð1Þ ðzÞ þ � � �
�
;

with a; b; c; d ¼ 1;…; 5 where now Gabcd
ð0Þ ðzÞ and Gabcd

ð1Þ ðzÞ
are the leading and next-to-leading order of Gijkl

SOð5ÞðzÞ
defined as

Gabcd
SOð5ÞðχÞ ¼ δabδcdGSðχÞ þ ðδabδcd − δadδbcÞGAðχÞ

þ ðδacδbd þ δadδbc − 2=5δabδcdÞGTðχÞ:
ð4:25Þ

In the present case,GSðzÞ,GTðzÞ, andGAðzÞ are the singlet,
symmetric traceless, and antisymmetric contributions
of Gabcd

SOð5ÞðzÞ.
In order to extract the full trace, we define the projector12

Pabcd ¼
1

35
ðδabδcd þ δacδbd þ δadδbcÞ:

By contracting with (4.25), we just get

FðzÞ ¼ PabcdGabcd
SOð5ÞðzÞ ¼ GSðzÞ þ

8

5
GTðzÞ

and so (4.24) can be simply rewritten explicitly as

hPðt1ÞPðt2ÞPðt3ÞPðt4Þi

¼ C2
Φ

t212t
2
34

�
Gð0Þ

S ðzÞ þ 8

5
Gð0Þ

T ðzÞ

þ
�

1

4π2CΦ

��
Gð1Þ

S ðzÞ þ 8

5
Gð1Þ

T ðzÞ
�
þ � � �

�
: ð4:26Þ

The expression (4.28) makes manifest the relation between
the Wilson line in N ¼ 2 gauge theories and the one in
SYM. This allows us to rely on the explicit evaluation of
the corresponding functions of the line in SYM [8,14] to
compute the four-point function in the present case. These
are given by

Gð0Þ
S ðχÞ ¼ 1þ 2

5
Gð0Þ

T ðχÞ;

Gð0Þ
T ðχÞ ¼ 1

2

�
χ2 þ χ2

ð1 − χÞ2
�
;

Gð0Þ
A ðχÞ ¼ 1

2

�
χ2 −

χ2

ð1 − χÞ2
�
:

for the leading order and13

12The normalization can be either fixed so that it matches the
GFF results or by group theory arguments, e.g. Pijklδ

ijδkl ¼ 1
and so on.

13Also in this case we have rescaled by a factor of 2; see
footnote 11 and the corresponding discussion.
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Gð1Þ
S ðχÞ ¼ −

2ðχ4 − 4χ3 þ 9χ2 − 10χ þ 5Þ
5ðχ − 1Þ2 þ χ2ð2χ4 − 11χ3 þ 21χ2 − 20χ þ 10Þ

5ðχ − 1Þ3 logðχÞ− 2χ4 − 5χ3 − 5χ þ 10

5χ
logð1− χÞ;

Gð1Þ
T ðχÞ ¼ −

χ2ð2χ2 − 3χ þ 3Þ
2ðχ − 1Þ2 þ χ4ðχ2 − 3χ þ 3Þ

ðχ − 1Þ3 logðχÞ− χ3 logð1− χÞ;

Gð1Þ
A ðχÞ ¼ χð−2χ3 þ 5χ2 − 3χ þ 2Þ

2ðχ − 1Þ2 þ χ3ðχ3 − 4χ2 þ 6χ − 4Þ
ðχ − 1Þ3 logðχÞ− ðχ3 − χ2 − 1Þ logð1− χÞ; ð4:27Þ

for NLO. Again we have kept the expression in terms of χ ¼ z
z−1 just for conciseness.

By the explicit evaluation, we conclude that the final expression for the superprimary four-point correlation function up to
leading order is

hPðt1ÞPðt2ÞPðt3ÞPðt4Þi ¼
C2
Φ

t212t
2
34

�
1þ χ2 þ χ2

ðχ − 1Þ2 þ
�

1

4π2CΦ

��
−
4ð1 − χ þ χ2Þ2

ðχ − 1Þ2

þ
�
2 −

4

χ
þ 2χ2 − 4χ3

�
logð1 − χÞ þ 2χ2ð2 − 4χ þ 9χ2 − 7χ3 þ 2χ4Þ

ðχ − 1Þ3 logðχÞ
��

which in terms of z simply reds14

hPðt1ÞPðt2ÞPðt3ÞPðt4Þi ¼
C2
Φ

t212t
2
34

�
1þ z2 þ z2

ðz − 1Þ2 þ
�

1

π2CΦ

��
−
ð1 − zþ z2Þ2

ðz − 1Þ2

þ
�
1

2
−
1

z
þ z2

4
− z3

�
logð1 − zÞ þ z2ð2 − 4zþ 9z2 − 7z3 þ 2z4Þ

2ðz − 1Þ3 logð−zÞÞ
�
: ð4:28Þ

Having the expression for the superprimary four-point function explicit, it is interesting to perform then a direct comparison
with the results obtained in [20]. Mapping to our convention the NLO ansatz

Hð1Þ
0 ðχÞ ¼ Rð1Þ

0 ðχÞ logðχÞ þ χ2

ðχ − 1Þ2 R
ð1Þ
0 ðχÞ logð1 − χÞ þQð1Þ

0 ðχÞ;

the explicit bootstrap procedure allowed us to reach the expression

Hð1Þ
0 ðχÞ ¼ c2ð1 − χ þ χ2Þ2

ðχ − 1Þ2 þ
�
c1χ þ c2ðχ − 1Þ2

�
χ þ 3χ þ 2

2χ

��
logð1 − χÞ

−
�
c1

χ2

χ − 1
þ c2

z4ð7þ χð−7þ 2χ

2ðχ − 1Þ3
�
logðχÞ

for two unfixed parameters c1 and c2. Exploiting the
analysis above, the universal sector allows one to fix,
by comparison, the previously undetermined bootstrap
parameters, leading to c1 ¼ c2 ¼ −4. With this identifica-
tion, the theory can be completely solved up to NLO, as all
conformal data become determined. For completeness, we
report the anomalous dimensions evaluated for these fixed
values of the constants

γ½0;0� ¼ 4 − Δ − Δ2;

γ½1;0� ¼ 2 − Δ − Δ2:

Notice that, according to the argument above, this result
holds universally for any line. Moreover, the analysis
shows that the coefficients c1 and c2 are theory indepen-
dent, with the only theory-specific input in the correlator
being CΦ. As in the case of the N ¼ 4 CSm theories, the
presence of unfixed parameters is simply a consequence of
an insufficient number of constraints being available or
employed to fully constrain the bootstrap ansatz.
We recall, however, that we have set as an initial

condition the superprimary three-point function to vanish.
The reason why consistency with the bootstrap result is
nonetheless obtained follows from the discussion at the end
of Sec. II B. In the bootstrap procedure, the four-point
function was computed by perturbing the GFF data to
NLO as in (2.19) and (2.21). As discussed, under certain

14Notice indeed that (4.24) is braiding invariant
gðz=ðz − 1ÞÞ ¼ gðzÞ.
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circumstances, this procedure automatically decouples all
contributions arising from theZ2-odd sector. Indeed, in this
case minfΔ∈GFFg ¼ 2 in (2.21), and excluding ΔP ¼ 1
implicitly sets λPPP ¼ 0. Given that the three-point func-
tion controls also all the Z2-odd OPEs, it follows that,
effectively, the four-point function considered in the boot-
strap is restricted to the Z2-even contributions, in accor-
dance with what is shown. It is possible, however, that the
three-point coefficient vanishes for other reasons. We leave
this, along with the study of these additional features of the
correlator, for future work.

D. The 1=2 BPS line in AdS3 × S3 × T4

We conclude this section with a brief analysis of the
cases studied in [28,29], focusing on the comparison
between the bootstrap and holographic results of [28]
and the universal sector analysis. In these setups, both
the second and third assumptions of Sec. II fail as one finds
D∈D ×D as well as the presence of a tilt supermultiplet
T , withD∈ T × T but T ∉ D ×D. The bootstrap analysis
further shows that the displacement four-point function
matches precisely the structure in (3.7). For the remainder
of this discussion, however, we restrict our discussion to the
simplified case where all three-point functions are set to

zero, which corresponds to a dual configuration with purely
Ramond-Ramond (R-R) background flux [28]. We note,
however, that the full expression remains useful for further
studies, as it provides a representative example of its
universality class. In particular, it can be applied to other
setups where universality arises, provided the operator
content is consistent with that of the present case.
By setting λDDD ¼ 0, the four-point function can be

derived directly by exploiting universality as discussed in
the previous examples. Concretely, we focus again on the
displacement four-point function and, analogously to the
analysis of Sec. IV C, we take the full trace of (4.11) in
order to match the representation of the correlators.
We introduce then the projector

Pijkl ¼
1

15
ðδijδkl þ δikδjd þ δidδjkÞ:

By contracting with (4.11), one obtains

fð1ÞðχÞ ¼ PijklG
ð1Þijkl
SOð3Þ ðχÞ ¼ GSðχÞ þ

4

3
GTðχÞ;

where GSðzÞ and GTðzÞ are those defined in (4.15) and
(4.16). The explicit evaluation gives

fð1ÞðχÞ ¼ −
4ð1 − χ þ χ2Þ

ð1 − χÞ4 ð12 − 36χ þ 25χ2 þ 10χ3 þ 25χ4 − 36χ5 þ 12χ6Þ

−
8χ4

ð1 − χÞ5 ð2 − 6χ þ 20χ2 − 30χ3 þ 25χ4 − 11χ5 þ 2χ6Þ logðχÞ − 8

χ
ð2 − χ − χ5 þ 2χ6Þ logð1 − χÞ; ð4:29Þ

which is consistent with the bootstrap results, up to an
overall normalization whose precise expression cannot be
predicted by symmetry considerations. In this perspective,
the key advantage of exploiting the universal sector is that it
grants access to the complete NLO structure, including the
expansion parameter. This, in turn, enables a direct match
with the holographic analysis and allows us to extract the
coupling dependence of the two-point constant of the
supermultiplet, related to the bremsstrahlung function. In
this regard, we consider the identity between the NLO
defect CFT result obtained above and its holographic
counterpart,

�
1

4π2CΦ

�
fð1ÞðχÞ ¼ 1

gπ
fð1ÞbulkðχÞ;

where fð1ÞbulkðχÞ denotes the result obtained in [28] from the
holographic computation in the case where only the R-R
flux is turned on, g is the bulk coupling constant, and
fð1ÞðχÞ is that in (4.29). By the explicit comparison one
finds that

fð1ÞðχÞ ¼ 4fð1ÞbulkðχÞ;

thus leading to

CΦ ¼ g
π
:

V. UNIVERSALITY FROM THE HOLOGRAPHIC
DESCRIPTION

As discussed, Wilson lines can be consistently studied
within the framework of supersymmetric defect CFT1,
treating the line as a defect in a given SCFTd. In this
section, we briefly comment on the holographic evidence
supporting the analysis of the previous sections. The
discussion applies only to cases that admit a string
realization of the Wilson line [3,6]. However, within this
setup, the relation between different types of Wilson loops
becomes more transparent and intuitive.
The discussion will largely follow the standard pro-

cedure outlined in [8,21], while keeping the reference to the
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specific theory as general as possible. For clarity, how-
ever, we focus on line defects in 3d theories [40–45],
although the analysis extends straightforwardly to other
dimensions, for instance, to 4d theories [8], leading to
analogous conclusions.
In this perspective, we begin with the M-theory back-

ground AdS4 × S7=Q, where Q denotes a generic discrete
quotient of S7, such as Q ¼ Zk [46–48] or Q ¼ Zrk × Zr
[49,50]. As known, the ten-dimensional type IIA descrip-
tion emerges by shrinking the M-theory circle, which can
be realized in practice by taking the limit k → ∞. For
instance, in the standard case one finds

S7=Zk→∞ ⟶ CP3:

More generally, we denote by M the resulting internal
manifold obtained in the limit. The corresponding type IIA
background then takes the form AdS4 ×M specified by

ds2 ¼ R2ðds2AdS4 þ 4ds2MÞ;

leaving implicit all quantities that are strictly dependent on
the theories or fluxes that can be present, assuming they do
not change the following considerations. Employing the
standard description, we consider a Poincaré patch for the
AdS4 metric

ds2AdS4 ¼
dz2 þ dxidxi

z2
; ð5:1Þ

where, specialized to the Euclidean, we have xi ¼
ðx0; x1; x2Þ and z for the radial coordinate. The bosonic
contribution of the Polyakov action for the superstring
reads

SB ¼ 1

2
T
Z

d2σ
ffiffiffi
h

p
hμν

�
1

z2
ð∂μxi∂νxi þ ∂μz∂νzÞ

þ 4GM
MN∂μY

M
∂νYN

�
;

where T is the effective tension, σμ ¼ ðt; sÞ are the
Euclidean world-sheet coordinates, and we have split
the embedding AdS coordinates from the compact ones.

The 1=2 BPS solution which has the Wilson line as
boundary condition is achieved by considering the solution
corresponding to the minimal AdS2 surface specified by

z ¼ s; x0 ¼ t; xi ¼ 0;

with all other coordinates vanishing.
The insertion of operators in the line can now be mapped

to the fluctuations of the transverse coordinates. From the
identification within the AdS/CFT dictionary [46], we have
for bosons m2¼ΔðΔ−1Þ and for fermions m2 ¼ ðΔ − 1

2
Þ2.

We can therefore expand around the 1=2 BPS solution of
AdS2 by considering a Nambu-Goto action for the string
world sheet. We define the AdS4 transverse coordinates as
X ¼ 1ffiffi

2
p ðx1 þ ix2Þ. These are free to fluctuate, while the z

and x0 are static. The AdS4 metric can be casted as [8,21]

ds2AdS4 ¼
ð1þ 1

2
jXj2Þ2

ð1 − 1
2
jXj2Þ2 ds

2
AdS2

þ 2dXdX̄
ð1 − 1

2
jXj2Þ2 ; ð5:2Þ

where the AdS2 metric is

ds2AdS2 ¼
1

s2
ðds2 þ dt2Þ:

Compactly we can just write

ds2AdS4 ¼ gμνðX; X̄Þdσμdσν:

This parametrization makes manifest the SUð1; 1Þ line
conformal symmetry, and endows the transverse directions
X; X̄ with a Uð1Þj0 charge. The contribution for the
compact manifold can be stated implicitly as

ds2M ¼ gabðw; w̄Þdw̄adwb;

where fwg and fw̄g are generic parametrization of the
metric of the compact manifold gabðw; w̄Þwhich can be, for
example, CP3 for the ABJM case. These quantities are
chosen such that they preserves a subgroup of the iso-
metries of M that match with the preserved R-symmetry
expected from the dual description.15 The Nambu-Goto
action can be written compactly as

SB ¼ T
Z

d2σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det

�ð1þ 1
2
jXj2Þ2

ð1 − 1
2
jXj2Þ2 g

AdS2
μν þ 2∂μX∂νX̄

ð1 − 1
2
jXj2Þ2 þ 4gμνðw; w̄Þ

�s
;

where gAdS2μν ¼ 1
s2 δμν and gμνðw; w̄Þ is the pullback of gabðw; w̄Þ. This is interpreted as a fundamental string stretching from

the center of AdS4 to the boundary, located at z ¼ 0, where the CFT1 lives. By expanding in terms of the fluctuations one
obtains various terms which schematically are

15For example, see chapter 5 of [21].
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SB ¼ T
Z

d2σ
ffiffiffiffiffiffiffiffiffiffi
gAdS2

q
ðL2 þ L4X þ L4w þ L2X;2w þ � � �Þ;

where L2 is the free term, and the other are the quartic
interactions [21]. For example, L4X reads

L4X ¼ 2jXj4 þ jXj2ðgμν∂μX∂νX̄Þ

−
1

2
ðgμν∂μX∂νXÞðgρκ∂ρX̄∂κX̄Þ:

What is crucial for our purposes is that, although the
several contributions differ from theory to theory, reflecting
the dependence on the compact manifold and its associated
quantities, the term L4X is structurally independent of the
specifics of the compact manifold. In fact, evaluating the
Witten diagrams for the four-point function of the trans-
verse fluctuations X and X̄ always yields the same result,
since the only relevant contribution to the connected part
originates from L4X.
From the defect CFT perspective, this implies that the

displacement insertions share the same structural form
irrespective of the bulk theory. Moreover, since supersym-
metry relates the four-point function of the displacement to
those of the other operators in the supermultiplet, the
functional form of all such correlators is thereby fixed.
While the discussion above has been developed for 3d

defects, the same reasoning applies, modulo symmetry
considerations, to higher-dimensional setups, such as the
1=2 BPS Wilson line in N ¼ 4 SYM [8]. The main
difference lies in the tensorial structure of the transverse
fluctuations xi related to the different embedding of AdS2
in AdS5, instead of AdS4 as in the present case. However,
the nature of the L4x interaction will be equivalent to that
discussed here leading to an analysis analogous to that
presented in Sec. IVA and thus to the same conclusion.

VI. THE 1=2 BPS LINE IN N = 2 CHERN-SIMONS
MATTER THEORIES

We now apply the approach for the identification of
universal sectors, developed in Secs. II and III, to the study
of 1=2 BPS superconformal lines in 3d N ¼ 2 theories.
These cases are relevant in the context of 1=2 BPS Wilson
lines in N ¼ 2 Chern-Simons matter theories [30,45].
Moreover, since the preserved symmetry algebra in this
case is a subalgebra of that preserved by the 1=6 BPS
Wilson line in ABJM [30], the two setups are closely
related. In fact, the identification of universal sectors can be
exploited also to gain insights into the 1=6 BPSWilson line
at strong coupling. However, for the 1=6 BPS line one must
also take into account the additional defect supermultiplet,
following an analysis similar to that outlined in Sec. III.
As already noted, once the universal sectors are iden-

tified, the entire discussion of constructing an ansatz and
performing the bootstrap can be bypassed. We therefore

begin by defining the displacement supermultiplet, its four-
point functions, and the corresponding OPE rules. After
that, once the appropriate (super)conformal block expan-
sion has been identified, the conformal data up to next-to-
leading order can be extracted directly by projection,
exploiting the orthogonality of the (super)blocks. Since
the analysis proceeds in close analogy with the more
supersymmetric cases of 1=2 BPS lines, namely, those in
ABJM and N ¼ 4 CSm theories [21,22], we shall, for
brevity, outline only the essential points.

A. Supermultiplet

The identification of the displacement supermultiplet
builds from the observation that broken generators of the
bulk theory are related to local defects by the Ward identity
(2.1). In this case the 1=2 BPS line breaks the superalgebra
ospð2j4Þ thus preserving half of the supercharges (A7). For
the broken ones, Q ¼ −−Qþ and Q̄ ¼ −iþQ−, one can
associate the fermionic insertions

½Q;W� ¼
Z

dtW½ΛðtÞ�; ½Q̄;W� ¼
Z

dtW½Λ̄ðtÞ�:

Associated to the broken orthogonal translations, P ¼
P2 þ iP1 and P̄ ¼ P2 − iP1, one instead defines the
displacement operators

½P;W� ¼
Z

dtW½DðtÞ�; ½P̄;W� ¼
Z

dtW½D̄ðtÞ�:

By exploiting the preserved superalgebra, one can read out
the charges thus obtaining the displacement multiplet

LĀ

�
−
3

2

�
3
2

∶
�
−
3

2

�
3
2

⟶ ½−1�2: ð6:1Þ

Here, the operators are labeled by ½j0�Δ, where Δ is the
scaling dimension and j0 is the charge under the preserved
Abelian R-symmetry, (A9). To refer to the entire multiplet,
we will also use the notation of [39], indicating whether the
multiplet is long L (L̄) or short at threshold A (Ā) with
respect to Q (Q̄). The arrow represents schematically the
action of the supercharge Q, (A7), and explicitly this is
given by

fQ;Λg ¼ 2D; ½Q;D� ¼ 0: ð6:2Þ

Exploiting super-Jacobi identities, one obtains the one
involving the action of Q̄, which would correspond to
the opposite direction of the arrow in (6.1). Explicitly these
relations are

½Q̄;D� ¼ ∂tΛ fQ̄;Λg ¼ 0:
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B. Superfield realization and correlation
function in superspace

In order to study correlation functions of the displace-
ment supermultiplet (6.1), we are interested in providing a
superfield realization of the superdisplacement. So, we first
proceed by introducing the superspace coordinates

y ¼ tþ θθ̄; ȳ ¼ t − θθ̄; ð6:3Þ

and, correspondingly, the covariant derivatives

D ¼ ∂θ þ θ̄∂t; D̄ ¼ ∂θ̄ þ θ∂t;

such that Dȳ ¼ 0 and D̄y ¼ 0. This allows us to introduce
the component expansion of generic (anti)chiral superfields
obeying the conditions D̄Dðy; θÞ ¼ 0 and DD̄ðȳ; θ̄Þ ¼ 0.
In our case, this simply reads

Dðy; θÞ ¼ ΛðyÞ þ 2θDðyÞ;
D̄ðy; θÞ ¼ Λ̄ðyÞ þ 2θ̄ D̄ðyÞ:

The coefficients have been consistently chosen by consis-
tency with the supersymmetry action (6.2). The two-point
function is given by

hDðy1; θ1ÞD̄ðȳ2; θ̄2Þi ¼
CD

h12̄i2Δ ;

where we defined the chiral invariant distance

hiji ¼ yi − ȳj − 2θiθ̄j:

Expanding in terms of the superfield component we obtain

hΛðt1ÞΛ̄ðt2Þi ¼
CΛ

t312
; hDðt1ÞD̄ðt2Þi ¼

CD

t412
;

where CΛ ¼ CD and CD ¼ 3CΛ=2 ¼ 3CD=2. The four-
point function is defined as in (2.3). In this case, chirality
prevents the existence of nilpotent invariants [21,51], while
still allowing for two inequivalent orderings of the inser-
tions. This arises because, in one-dimensional theories,
operator insertions are intrinsically ordered along the line.
Therefore, we consider

hDðy1;θ1ÞD̄ðȳ2; θ̄2ÞDðy3;θ3ÞD̄ðȳ4; θ̄4Þi¼
C2
D

h12̄i3h34̄i3fðZÞ

ð6:4Þ

and

hDðy1; θ1ÞD̄ðȳ2; θ̄2ÞD̄ðȳ3; θ̄3ÞDðy4; θ4Þi

¼ −
C2
D

h12̄i3h43̄i3 hðXÞ; ð6:5Þ

where fðZÞ and hðXÞ are functions of the cross-ratios of
the chiral distances

Z ¼ h12̄ih34̄i
h14̄ih32̄i ; X ¼ h12̄ih43̄i

h13̄ih42̄i : ð6:6Þ

By expanding in the fermionic coordinates, one can read
the bosonic part of these cross-ratios, which are those
introduced in (2.4), which we report here for clarity,

z ¼ t12t34
t14t32

; χ ¼ t12t34
t13t24

:

By expanding (6.4) and (6.5) in the Grassmann variables
one can match the correlators of the superdisplacement
components to the term of the expansion. For the super-
primary one simply has

hΛðt1ÞΛ̄ðt2ÞΛðt3ÞΛ̄ðt4Þi ¼
C2
D

t312t
3
34

fðzÞ;

hΛðt1ÞΛ̄ðt2ÞΛ̄ðt3ÞΛðt4Þi ¼
C2
D

t312t
3
34

hðχÞ; ð6:7Þ

where t1 < t2 < t3 < t4. The displacement four-point func-
tion is instead related to the superprimary by

hDðt1ÞD̄ðt2ÞDðt3ÞD̄ðt4Þi

¼ ð3CD=2Þ2
t412t

4
34

1

9
ð9fðzÞ − 5zf0ðzÞ þ z2f00ðzÞ

− ðz2f0ðzÞ þ z3f00ðzÞÞÞ ð6:8Þ

and, as expected, it has the shape of (2.7).
Crucially, in 1d, although the operator insertions are

ordered, it is still possible to exchange the second and
fourth insertions (or, equivalently, the first and third), a
process referred to as braiding. This is essentially related to
a sequence of exchanging insertions, applying symmetri-
zation, and finally using cyclicity after having identified the
point at infinity; see Ref. [14]. This allows one to relate
different configurations, such as

hΛðt1ÞΛ̄ðt2ÞΛ̄ðt3ÞΛðt4Þi ¼ hΛðt1ÞΛðt4ÞΛ̄ðt3ÞΛ̄ðt2Þi; ð6:9Þ

thus leading to

ð1 − χÞ2ΔhðχÞ ¼ χ2Δhð1 − χÞ; ð6:10Þ

where, in this case, Δ ¼ 3=2.
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C. OPEs and block expansions

In order to properly study the correlation function of the
displacement multiplet we study in the following the OPE.
Due to the similarities with the more supersymmetric cases,
the 1=2 BPS line in ABJM and N ¼ 4 CSm theories
[21,22], here we summarize concisely the OPE of this case.
First of all, given the correlators (6.4) and (6.5) we can

see that we have different OPEs to take into account and
those are the chiral-antichiral D × D̄ and the chiral-chiral
D ×D. In [30], the selection rules governing the 1=6 BPS
defect in ABJM theory were systematically derived. The
analysis revealed that, in the chiral-antichiral OPE of
suð1; 1j1Þ, the only allowed contributions are those of
the identity operator and long multiplets. Thus we have

LĀ
�
−
3

2

�
3
2

× AL̄
�
3

2

�
3
2

∼ I þ LL½0�Δ: ð6:11Þ

For the chiral-chiral OPE, one instead can constrain it by
chirality. This simply gives

LĀ

�
−
3

2

�
3
2

× LĀ

�
−
3

2

�
3
2

∼ LĀ½−3�3 þ LL̄

�
−
5

2

�
Δ
:

So in the superprimary OPE the exchanged operators are

�
−
3

2

�
3
2

×
�
−
3

2

�
3
2

∼ ½−3�3 þ Q̄
�
−
5

2

�
Δ
:

We thus see that, contrary to the previous case, these are not
the full multiplets being exchanged, but rather only a single
component from each supermultiplet. Having identified
all the OPE of interest, we can now discuss the partial
wave expansion. For the chiral-antichiral case, long mul-
tiplets contribute through all allowed superdescendants.
Accordingly, the four-point correlator admits a decompo-
sition in superconformal blocks. These are obtained by act-
ing with the Casimir of the preserved superconformal
algebra on the four-point function (A15). The expansions
read

fðzÞ ¼ 1þ
X
Δ>0

aΔGΔðzÞ; hðχÞ ¼ 1þ
X
Δ>0

bΔGΔðχÞ;

where the superblocks solving the differential equations are

GΔðzÞ ¼ ð−zÞΔ2F1ðΔ;Δ; 2Δþ 1; zÞ;
GΔðχÞ ¼ χΔ2F1ðΔ;Δ; 2Δþ 1; χÞ: ð6:12Þ

These relations can be rewritten in the CPW expansion just
by projecting on the 1d conformal blocks. This leads to
expressions like

GΔðzÞ ¼ gΔðzÞ þ
Δ

2ð1þ 2ΔÞ gΔþ1ðzÞ:

The quadratic OPE coefficients are

aΔ ¼ λΛΛ̄TΔ
λΛΛ̄TΔ

; bΔ ¼ λΛΛ̄TΔ
λΛ̄ΛTΔ

;

where TΔ is the exchanged operator of dimension Δ. One
can further relate the different OPE coefficients by applying
parity to the three-point function [21]. In the case of
fermionic external operators, this yields to

λΛΛ̄TΔ
¼ ð−1ÞPTþ1λΛ̄ΛTΔ

; ð6:13Þ

thus leading to the relation

aΔ ¼ ð−1ÞPTþ1bΔ; ð6:14Þ

where PT is the parity of the exchanged operator. For
example, when considering the exchange of multiparticle
operators of the form TΔ¼3þn ¼ ½ΛΛ̄�n, one finds that
PT ¼ n.
This leads to a functional equivalence between the

expressions for the correlators. Indeed, the combination
a3þnG3þnðzÞ can be mapped to b3þnG3þnðχÞ under z → χ.
This happens precisely because of the factor ð−1Þ3þn in the
definition of the superblock G3þnðzÞ (6.12), that compen-
sates the corresponding sign in the parity relation (6.14).
Since this argument relies only on parity, the property
remains valid perturbatively [21].
While for the first case in (6.7) the superblock expansion

discussed above is sufficient for all the relevant channels,
for the second one we must also take into account the
chiral-chiral OPE. Indeed, given the expression (6.9) and
(6.10) we get the conformal block expansion

hð1 − χÞ ¼ b3g3ð1 − χÞ þ
X
Δ>3

bΔgΔð1 − χÞ;

where the conformal blocks are given by the standard one-
dimensional expression [37,52]

gΔðχÞ ¼ χΔ2F1ðΔ;Δ; 2Δ; χÞ:

D. Universal sectors

We now turn to the conditions that characterize the
presence of universal sectors. The analysis of the explicit
OPEs shows that the displacement multiplet is never
exchanged, so all the requirements discussed in Sec. II
are satisfied. We therefore conclude that the superprimary
and the displacement sectors remain decoupled up to NLO.
The identification of the NLO four-point function then
becomes straightforward, allowing us to bypass the stan-
dard bootstrap procedure of stating and fixing an ansatz.
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This case is very similar to that discussed in Sec. IVA. The four-point function of the superprimary can be obtained directly
from that of the first superdescendant of the N ¼ 4 CSm Wilson line superprimary [22]. This leads to

hΛðt1ÞΛ̄ðt2ÞΛðt3ÞΛ̄ðt4Þi ¼
C2
D

t312t
3
34

�
1 − z3 þ ϵD

�
−9þ z

2
−
z2

2
þ 9z3

þ
�
5 −

9

z
− 5z3 þ 9z4

�
logð1 − zÞ þ ð5 − 9zÞz3 logð−zÞ

�
þOðϵ2DÞ

�
: ð6:15Þ

The displacement four-point function again takes the same structural form as in (3.17), and explicitly it reads

hDðt1ÞD̄ðt2ÞDðt3ÞD̄ðt4Þi ¼
ð3CD=2Þ2
t412t

4
34

�
1þ z4 þ ϵD

�
−16 − 2z −

7z2

3
− 2z3 − 16z4

þ
�
6 −

16

z
þ 6z4 − 16z5

�
logð1 − zÞ þ 2z4ð8z − 3Þ logð−zÞ

�
þOðϵ2DÞ

�
: ð6:16Þ

In this case, the overall coefficient is fixed explicitly
by the analysis in Sec. VI B and the expansion para-
meter is again linked to the two-point normalization as in
(4.6) by

ϵD ¼ 1

4π2CD
:

E. Extracting the conformal data

Exploiting the (super)block expansion and the knowl-
edge of the leading and subleading strong coupling four-
point functions, we can now extract the conformal data.

1. Leading-order data

As discussed in Sec. III the exchanged operators at
leading order are those of the multiparticle sates: ½ΛΛ̄�L¼2

n in
the chiral-antichiral channels and ½ΛΛ�L¼2

n in the chiral-
chiral one, all having dimensions Δ ¼ 3þ n. We can thus
extract the leading-order data by exploiting the orthogonal
relation for the blocks and superblocks discussed in
Appendix A 1. We thus get

að0Þn ¼ 2−7−2n
ffiffiffi
π

p ðnþ 1Þðnþ 2ÞΓðnþ 6Þ
Γðnþ 7

2
Þ

and the bð0Þn are related to these just by the relation (6.14). In
the case of the chiral-chiral channel one finds

bð0Þn ¼ 2−5−2n
ffiffiffi
π

p ðnþ 1Þðnþ 2ÞΓðnþ 5Þ
Γðnþ 5

2
Þ ; n odd;

ð6:17Þ

bð0Þn ¼ 0; n even: ð6:18Þ

2. Next-to-leading-order data

We now turn to the next-to-leading order of the expan-
sion, beginning with the chiral-chiral channel. In this case,
the anomalous dimensions are extracted from the loga-
rithmic contributions of the NLO term in the correlation
function (6.15). Explicitly, they are given by

γð1Þn ¼ 1

að0Þn

I
dz
2πi

ωðzÞðð5 − 9zÞz3ÞG−3−nðzÞ;

where we used the orthogonality relations defined in (A19).
By taking the residue one obtains

γð1Þn ¼ −5 − 6n − n2:

From this explicit expression we highlight a crucial
feature revealed by the universal sector procedure: the
mild growth of the anomalous dimension with n. This
behavior is in fact a standard requirement imposed in the
bootstrap approach when fixing the ansatz up to NLO
[14,20–22,53]. In the present discussion, it represents a
universal feature that is automatically inherited in all the
cases discussed. The growth of the anomalous dimension
with Δ is holographically related to the nature of the
interaction: the more irrelevant the interaction, the faster
the growth [15,16]. The fact that, within the universal
sector, the same scaling behavior is observed indicates
that, up to NLO, the corresponding bulk interactions are
effectively equivalent.
By the explicit evaluation we find that, as expected, the

next-to-leading OPE coefficients are consistent with the
derivative rule [15,16,54]

að1Þn ¼ ∂n

�
að0Þn γð1Þn

�
; ð6:19Þ
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which explicitly reads

að1Þn ¼ að0Þn

�
−11 − 3nþ γð1Þn

�
ψðnþ 6Þ − ψ

�
nþ 7

2

�
− 2 log 2þ 1

nþ 2

��
;

where ψðzÞ ¼ Γ0ðzÞ=ΓðzÞ.
Exploiting the relation under the map z → χ discussed in Sec. VI C and the braiding relation (6.10), one can obtain the

anomalous dimensions for the operators exchanged in the chiral-chiral channel. These are given by

γð1Þn ¼ 1

bð0Þn

I
dχ
2πi

ρðχÞ
�ð1 − χÞ3

χ3

�
5 −

9

χ
− 5χ3 þ 9χ4

��
g−2−nð1 − χÞ;

and the explicit evaluation leads to

γð1Þn ¼ −4 − 5n − n2; n odd;

γð1Þn ¼ 0; n even:

Also for this case we find agreement with the expression

bð1Þn ¼ ∂nðbð0Þn γð1Þn Þ

and, explicitly, the OPE coefficient reads

bð1Þn ¼ bð0Þn

�
−9 − 3nþ γð1Þn

�
ψðnþ 5Þ − ψ

�
nþ 5

2

�
− 2 log 2þ 1

nþ 2

��
; n odd;

bð1Þn ¼ 0; n even:

VII. THE 1=3 BPS WILSON LINE IN ABJM

We conclude with a brief discussion of the 1=3 BPS
Wilson line in ABJM, leaving a complete analysis for future
work. Our main aim is to emphasize that the considerations
above can also be applied to the study of other four-point
functions beyond the superdisplacement correlator. An in-
depth weak-coupling analysis of the explicit realization of
theseWilson lines, including the relevant multiplets and their
properties, was carried out in [31].
Here, we focus on the strong-coupling regime, analyzed

through the framework of universal sectors. In this case,
the 1=3 BPS line preserves the bosonic subalgebra
soð2;1Þconf ⊕suð2ÞR⊕uð1ÞJ0 ⊕uð1Þ2; see Refs. [31,39].
In terms of representations, they can be obtained by
decomposing the 1=2 BPS displacement multiplet of
ABJM, yielding

LĀ1

�
3

2

�ð0;0Þ
1
2

→ LĀ1½1�ð0Þ1 ⊕ LĀ1

�
1

2

�ð0Þ
1
2

:

The first term corresponds to the 1=3 BPS displacement
multiplet, while the second is a 1=3 BPS supermultiplet
associated with the broken supercurrents. As discussed
in [31], there are actually two sets of supermultiplets

associated with the broken supercurrents, referred to as
the tilt and tlit multiplets, which should be regarded as
separate contributions with different normalizations. For
brevity, in the following we focus on just one of these.
We notice from the outset that the subalgebra preserved

is consistent with the one preserved by the 1=2 BPS line in
ospð4j4Þ theories. The crucial difference is that, in this
case, we have further fundamental defect contributions
coming from the additional breakings. In terms of the
components, the decomposition explicitly reads

F∶
h
3
2

ið0;0Þ
1
2

→ F∶
h
1
2

ið0Þ
1
2

↓ ↓

Oa∶ ½2�ð1;0Þ1 → R∶½1�ð0Þ1 ⊕ Or∶
h
1
2

ið1Þ
1

↓ ↓ ↓

Λa∶
h
5
2

ið0;1Þ
3
2

→ Vr∶½1�ð1Þ3
2

⊕ U∶
h
1
2

ið0Þ
3
2

↓ ↓

D∶½3�ð0;0Þ2 → D∶½1�ð0Þ2

where the vertical lines stand for the action of the preserved
supercharges corresponding to the considered theory and,
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for notation convenience, we also included the correspond-
ing operators (a ¼ 1, 2, 3 and r ¼ 1, 2). As in the order
case, the four-point of the tilt and of the displacement (anti)
chiral multiplet will be specified by the top components’
four-point functions of R (R̄) and F (F̄ ) respectively.
We now investigate the presence of the universal sector

in both the displacement and tilt four-point functions.
Focusing first on the displacement supermultiplet, one
can verify exploiting the same arguments of Sec. III that
the displacement sector does not mix with the tilt sector
and, moreover, that the individual defect operators within
the multiplet do not mix among themselves. It follows that
the corresponding four-point function exhibits universal
features. Furthermore, since the algebraic structure coin-
cides with that of the 1=2 BPS line in ospð4j4Þ, the analysis
leads to the same expressions of [22].
We now turn to the analysis of the four-point function of

the tilt supermultiplet, which is determined by that of its
superprimary

hFðt1ÞF̄ðt2ÞFðt3ÞF̄ðt4Þi ¼
C2
T

t12t34
fðzÞ; ð7:1Þ

where CT denotes the two-point normalization of the tilt
supermultiplet, which is distinct from that of the displace-
ment multiplet. Nevertheless, if the theory is controlled by a
single perturbation parameter describing deviations from
the GFF, one may still expect CT to be related to the two-
point normalization of the displacement supermultiplet, as
indeed is the case [31]. The relevant selection rules follow

from the same argument presented in Sec. VI C for (6.11),
thus leading to

LĀ

�
1

2

�ð0Þ
1
2

× AL̄

�
−
1

2

�ð0Þ
1
2

∼ I þ LL½0�ð0ÞΔ :

In this case we must consider the mixing also with the
displacement sector. This can be again studied by looking
at mixed four-point functions of tilt and the superdisplace-
ment insertions. In order to show that multiparticle oper-
ators do not enter one can look, for example, at

hDðt1ÞD̄ðt2ÞFðt3ÞF̄ðt4Þið1Þ ⇒ λð0Þ
DD̄½DD̄�L¼2

M
λð1Þ
FF̄ ½DD̄�L¼2

M
∼OðϵÞ;

ð7:2Þ

and similarly at the other mixed contributions. At this level
of discussion, one could in principle introduce distinct
expansion parameters, not merely related by overall factors
but characterizing different deviations from the GFF in the
various sectors. For simplicity, we assume that all these
parameters are related, e.g. through additional multiplica-
tive factors, so that deviations in all sectors are treated on
the same footing, thereby avoiding configurations in which
part of the correlators are expanded while others remain at
the GFF level.
We can thus identify the universal four-point function

and extract the leading and next-to-leading OPE data. In
this case, the expansion up to NLO reads

hFðt1ÞF̄ðt2ÞFðt3ÞF̄ðt4Þi ¼
C2
T

t12t34

�
1 − zþ 1

4π2CT

�
z − 1þ zð3 − zÞ logð−zÞ − ð1 − zÞ3

z
logð1 − zÞ

��
: ð7:3Þ

This is equivalent to the expansion for the superprimary of
the 1=2 BPS Wilson line in ABJM [21]. As in the previous
case, the expansion is in terms of superblocks. However, as
mentioned above, given the similarity with the lines in
N ¼ 4 CSm theories, the supercasimir equation will
be essentially the one discussed in [22], so one can exploit
the relations defined therein. Therefore we consider the
expansion

fðzÞ ¼ 1þ
X
Δ>0

cΔGΔðzÞ with

GΔðzÞ ¼ ð−zÞΔ2F1ðΔ;Δ; 2Δþ 2Þ

and, from (7.3), we can extract the leading-order data, thus
obtaining

cð0Þn ¼ 2−2ð1þnÞ ffiffiffi
π

p ð2þ nÞΓðnþ 1Þ
Γðnþ 3

2
Þ :

As before, we characterize the supermultiplets contribu-
tions by n, i.e. the total number of derivatives of the
multiparticle operators ½FF̄ �n, with the corresponding
dimension given by Δ ¼ 1þ n. The NLO order data can
be obtained again from the logð−zÞ contribution of (7.3).
The anomalous dimensions read

γð1Þn ¼ −3 − 3n − n2

and the OPE data at NLO are found to be
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cð1Þn ¼ cð0Þn

�
−3 − 2nþ γð1Þn

�
ψðnþ 1Þ − ψ

�
nþ 3

2

�
− 2 log 2þ 1

nþ 2

��
;

consistently with the general expression (6.19).
We end this discussion with a last analysis on the other four-point function that can be studied which is

hFðt1ÞF̄ðt2ÞF̄ðt3ÞFðt4Þi ¼
C2
T

t12t34
hðχÞ:

Up to NLO this is given by

hFðt1ÞF̄ðt2ÞF̄ðt3ÞFðt4Þi ¼
C2
T

t12t34

�
1 − χ þ 1

4π2CT

�
χ − 1þ χð3 − χÞ logðχÞ − ð1 − χÞ3

χ
logð1 − χÞ

��
ð7:4Þ

and it is related by the mapping z → χ to the other four-point function (7.3). As discussed in Sec. VI, these correlation
functions admit two distinct channels. For the chiral-antichiral expansion, the analysis is equivalent to the discussion
presented above, whereas in the chiral-chiral channel one must consider the OPE16

LĀ

�
1

2

�ð0Þ
1
2

× LĀ

�
1

2

�ð0Þ
1
2

∼ LĀ½1�ð0Þ1 þ LĀ½1�ð1Þ3
2

þ LL̄½1�ð0ÞΔ :

One can see that the quantum numbers of LĀ½1�ð0Þ1 are consistent with those of the displacement supermultiplet; hence,
in principle, it could appear in the exchange. However, this expansion must be related by an analogous relation of (6.9)
to the one where the second and fourth insertions are swapped, i.e. braiding. Thus, consistency with (7.3) and (7.4) allows
one to exclude the superdisplacement in the possible exchanges. One can see this explicitly by considering the expansion up
to NLO

hFðt1ÞF̄ðt2ÞF̄ðt3ÞFðt4Þi ¼
C2
T

t14t23

�
hð0Þð1 − χÞ þ 1

4π2CT
hð1Þð1 − χÞ þ hð1Þð1 − χÞ

�
; ð7:5Þ

where, as discussed for (3.7), we collected all the
contributions controlled by the three-point exchanges
in hð1Þð1 − χÞ. If now one considers the braiding relation
for (7.5), one would obtain an extra term, related to
hð1Þð1 − χÞ, which is not present in (7.4), and thus
leading to the conclusion that this extra term must
vanish.
More specifically, another way to verify that the

superdisplacement components do not contribute in this
four-point function is by studying the three-point function
of two tilt superprimaries and one component of
D (D̄). First of all, we can exclude the appearance of Vr
given that

hFðt1ÞFðt2ÞV̄rðt3Þi ¼ 0;

by symmetry preserving argument. The other nontrivial
three-point functions are given by

hFðt1ÞFðt2ÞR̄ðt3Þi; hFðt1ÞFðt2ÞD̄ðt3Þi:

Requiring invariance under the Z2 parity transformation
t → −t imposes a selection rule on the parity of the third
operator in the three-point function containing two fer-
mions. This is essentially what has been discussed in
(6.13), which applied to the present case leads to the
expression

λFFTΔ
¼ ð−1ÞPTþ1λFFTΔ

:

This constrains the three-point function to be nonvanishing
only for parity-odd contributions, as also observed in
Sec. VI. Specializing to the cases TΔ ¼ R̄ and TΔ ¼ D̄,
which both have even parity, this immediately implies the
vanishing of the corresponding three-point function coef-
ficients, thus obtaining

λFFR̄ ¼ 0; λFFD̄ ¼ 0; λFFV̄ ¼ 0:

By recalling that these three-point coefficients also control
the associated mixed multiparticle states, setting them to
zero removes all such additional contributions, as discussed
in Sec. III B 2. We thus find consistency with the results16See Ref. [22] for further details.
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obtained from the braiding and we can conclude that the
superdisplacement contributions are not exchanged.
It should be noted, however, that this discussion does

not, in principle, exclude all supermultiplets with the

quantum numbers of LĀ½1�ð0Þ1 . Potential contributions
associated with the composite operators of the tilt, encoded
in hð0Þð1 − χÞ and hð1Þð1 − χÞ, could in principle appear.
Nevertheless, by arguments analogous to those discussed
above, these contributions are absent, as they correspond to
parity-even sectors; see Sec. VI and [21].
One can thus proceed to extract the conformal data. This

analysis leads to results equivalent to those obtained in the
chiral-chiral channel for the superprimary of the 1=2 BPS
Wilson line in ABJM [21].
Under similar considerations, this analysis could be

extended to the study of all other four-point functions
involving displacement, tilt, and tlit multiplets. We do not
pursue this here and simply note it as a possible direction
for further study.
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APPENDIX A: THE ospð2j4Þ ALGEBRA AND ITS
1=2 BPS SUBALGEBRA

We collect here details about our conventions, the
symmetries of the bulk N ¼ 2 theory, and the one
preserved and broken by the 1=2 BPS Wilson lines,
working in Euclidean space R3. Some results about the
defect algebra were already obtained [30] for the 1=6 BPS
Wilson line in ABJM. In this case we fix our conventions
and explicitly show how the breaking pattern from the
N ¼ 2 CSm theory occurs.
The three-dimensional N ¼ 2 superconformal algebra

is ospð2j4Þ. Its bosonic subalgebra consists of the three-
dimensional conformal algebra soð1; 4Þ and of the
R-symmetry algebra soð2ÞR. The conformal generators
are the rotations Mμν, the translations Pμ, the special
conformal transformations Kμ, and the dilations D, with
μ, ν ¼ 0, 1, 2 and algebra given by

½Mμν;Mρσ� ¼ δσμMνρ − δσνMμρ þ δρνMμσ − δρμMνσ;

½Pμ;Mνρ� ¼ δμνPρ − δμρPν;

½Kμ;Mνρ� ¼ δμνKρ − δμρKν;

½Pμ; Kν� ¼ −2δμνD − 2Mμν;

½D;Pμ� ¼ Pμ; ½D;Kμ� ¼ −Kμ: ðA1Þ

The R-symmetry generator is RIJ ¼ −RJI , with I; J ¼ 1, 2,
and obey

½RIJ; RKL� ¼ 0; ðA2Þ

as expected from soð2Þ. The fermionic generators QIα and
SαI , with spinorial indices α ¼ �, satisfy

fQIα; QJβg ¼ 2iδIJðγμÞαβPμ;

fSαI ; SβJg ¼ 2iδIJðγμÞαβKμ;

fQIα; S
β
Jg ¼ δIJððγμνÞαβMμν þ 2δβαDÞ þ 2δβαRIJ; ðA3Þ

with ðγμÞαβ being the Pauli matrices satisfying fγμ; γνg ¼
2δμν and γμν ¼ 1

2
ðγμγν − γνγμÞ ¼ iϵμνργρ.

The remaining commutation relations are

½D;QIα�¼
1

2
QIα; ½D;SIα�¼−

1

2
SIα;

½Mμν;QIα�¼−
1

2
ðγμνÞβαQIβ; ½Mμν;SIα�¼

1

2
ðγμνÞαβSβI ;

½Kμ;QIα�¼ iðγμÞαβSIβ; ½Pμ;SIα�¼−iðγμÞαβQIβ;

½RIJ;QKα�¼δIKQJα−δJKQIα; ½RIJ;SαK�¼ δIKSαJ−δJKSαI ;

ðA4Þ

where spinorial indexes are raised/lowered with ϵαβ and ϵαβ,
such that ϵþ− ¼ ϵ−þ ¼ 1. Contrary to other more super-
symmetric cases, e.g. [21,22], the 1=2 BPS Wilson line,
thus breaking half of the supercharges, does not break the
soð2Þ R-symmetry. First of all, in order to meet the
definitions of [39], we define the combinations

�Qα ¼
1ffiffiffi
2

p ðQ1α � iQ2αÞ; �Sα ¼ 1ffiffiffi
2

p ðSα1 � iSα2Þ;

where, to avoid any confusion with spinorial indexes, we
use an up-left index convention for the particular combi-
nations. In terms of �Qα and �Sα the anticommutation
relations above now read

f�Qα;∓Qβg ¼ 2iðγμÞαβPμ;

f�Sα;∓Sβg ¼ 2iðγμÞαβKμ;

f�Qα;∓Sβg ¼ ððγμνÞαβMμν þ 2δβαDÞ ∓ 2δβαR; ðA5Þ
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where now we defined R ¼ iR12 such that

½R; �Qα� ¼ ��Qα; ½R; �Sα� ¼ ��Sα:

The insertion of a 1=2 BPS Wilson line breaks the
ospð2j4Þ of the bulk theory down to suð1; 1j1Þ. The
suð1; 1Þ generators are those of the one-dimensional
conformal group, i.e. fD;P≡ P0; K ≡ K0g, satisfying

½P;K�¼−2D; ½D;P�¼P; ½D;K�¼−K: ðA6Þ

As discussed, the R-symmetry soð2Þ ≃ uð1Þ is fully
preserved. As in [22] we choose ðγμÞαβ ¼ ðσz; σx; σyÞαβ
as a basis and therefore ðγμÞαβ ¼ ðσ1;−σ3; i1Þ and
ðγμÞαβ ¼ ð−σ1; σ3; i1Þ. From the anticommutation relations
one can identify the preserved fermionic charges, which are

Q≡þQþ; S≡ iþS−; Q̄≡−i−Q−; S̄≡−Sþ; ðA7Þ

which obey the anticommuation relations

fQ; Q̄g ¼ 2P; fS; S̄g ¼ 2K;

fQ; S̄g ¼ 2ðD − J0Þ;
fQ̄; Sg ¼ 2ðDþ J0Þ; ðA8Þ

with

J0 ¼ R − iM12; ðA9Þ

generating the uð1Þj0 obtained by combining the contri-
butions of the preserved rotations soð2Þrot and the soð2Þ
R-symmetry. The mixed bosonic/fermionic commutation
relations are

½D;Q�¼1

2
Q; ½D;Q̄�¼1

2
Q̄; ½D;S�¼−

1

2
S; ½D;S̄�¼−

1

2
S̄;

½K;Q�¼S; ½K;Q̄�¼ S̄; ½P;S�¼−Q; ½P;S̄�¼−Q̄;

ðA10Þ

and

½R;Q� ¼ Q; ½M12; Q� ¼ −i
1

2
Q; ½J0; Q� ¼ 1

2
Q;

½R; S� ¼ S; ½M12; S� ¼ −i
1

2
S; ½J0; S� ¼

1

2
S;

½R; Q̄� ¼ −Q̄; ½M12; Q̄� ¼ i
1

2
Q̄; ½J0; Q̄� ¼ −

1

2
Q̄;

½R; S̄� ¼ −S̄; ½M12; S̄� ¼ i
1

2
S̄a; ½J0; S̄� ¼ −

1

2
S̄;

ðA11Þ

finding complete agreement with the analysis in [30],
where also the classification of representations is reported.

We then move to the identification of quadratic casimir of
the algebra, which is given by

C ¼ D2 −
1

2
fK;Pg þ 1

4
½S̄; Q� þ 1

4
½S; Q̄� − J20: ðA12Þ

When acting on highest weight states of the suð1; 1j1Þ it
has eigenvalue

cΔ;j0 ¼ Δ2 − j20: ðA13Þ
With the (anti)commutation relations in hand, we can
define the differential action of the preserved generators
which is given by

P ¼ −∂t; D ¼ −t∂t −
1

2
θ∂θ −

1

2
θ̄∂θ̄ − Δ;

K ¼ −t2∂t − tθ∂θ − tθ̄∂θ̄ − 2tΔ − 2j0θθ̄;

Q ¼ ∂θ − θ̄a∂t; Q̄ ¼ ∂θ̄ − θ∂t;

S ¼ ðtþ θθ̄Þ∂θ − tθθ̄∂t − 2ðΔ − j0Þθ̄;
S̄ ¼ ðt − θθ̄Þ∂θ̄ − tθθ̄∂t − 2ðΔþ j0Þθ;

J0 ¼
1

2
ð−θ∂θ þ θ̄∂θ̄ þ j0Þ;

R ¼ −θ∂θ þ θ̄∂θ̄; ðA14Þ
where ∂t ¼ ∂

∂t, ∂θ ¼ ∂

∂θ and similarly ∂θ̄ ¼ ∂

∂θ̄
.

1. Blocks and superblocks

Superblocks are obtained by solving the supercasimir
equations

ðD1;2 − cΔ;0ÞhDðy1; θ1ÞD̄ðȳ2; θ̄2ÞDðy3; θ3ÞD̄ðȳ4; θ̄4Þi ¼ 0;

ðA15Þ

where the Casimir is defined as acting on the first and
second insertion by

D1;2 ¼ D2
s −

1

2
fKs; Psg þ

1

4
½S̄s; Qs� þ

1

4
½Ss; Q̄s�; ðA16Þ

where the operators are taken as the sum, e.g. Ds ¼ D1 þ
D2 with Di acting on the ith insertion; see Refs. [22,51].
Given that only chargeless long multiplets are exchanged in
this channel, the eigenvalue is cΔ;0 ¼ Δ2. By expanding in
the Grassmann variables, one can identify the second-order
differential equation,

zðz − 1Þð∂zFΔðzÞ þ z∂2zFΔðzÞÞ ¼ Δ2FΔðzÞ; ðA17Þ

which, neglecting the shadow contributions, is solved by
the superblocks

GΔðzÞ ¼ ð−zÞΔ2F1ðΔ;Δ; 2Δþ 1; zÞ: ðA18Þ
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The orthogonality are given by the expressionsI
dz
2πi

ωðzÞGnðzÞG−mðzÞ ¼ δn;m;I
dχ
2πi

ρðχÞgnð1 − χÞg1−mð1 − χÞ ¼ δn;m; ðA19Þ

where we also included the relation for the conformal block
used in Sec. VI E. The densities are ωðzÞ ¼ 1

ð1−zÞz and

ρðχÞ ¼ − 1
ð1−χÞ2 and the integration contours wind counter-

clockwise around z ¼ 0 and χ ¼ 1.
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