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We develop a perturbative description of vacuum radiative processes in quantum electrodynamics with a
prescribed external electromagnetic background capable of producing electron-positron pairs. Since the
initial vacuum is then unstable and the in- and out-vacua are inequivalent, radiative observables require a
real-time formulation beyond the ordinary in-out approach of vacuum-stable QED. Using the Keldysh-
Schwinger-Fradkin nonequilibrium technique, we derive the mean number density of emitted photons
through the second nonvanishing order in the fine-structure constant. The leading term, of order α,
reproduces the known vertex and tadpole mechanisms, while the complete order-α2 correction contains
interference, loop, and induced-current contributions. We also give an independent derivation based on the
spectral decomposition of the identity operator in the in-Fock space, where the photon number density is
represented as a sum of squared transition amplitudes and vacuum-disconnected terms are canceled by the
optical theorem generalized to an unstable vacuum. In addition, we compute the mean electromagnetic field
through order e3, including the electromagnetic dressing of the induced vacuum current, and verify it using
the corresponding Schwinger-Dyson equations. The final formulas are expressed in terms of exact solutions
and propagators of the Dirac equation in the external background and apply to general spacetime-dependent
field configurations.
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I. INTRODUCTION

One of the central lessons of quantum electrodynamics
(QED) is that the vacuum is a polarizable quantum
medium. In external electromagnetic fields, virtual elec-
tron-positron pairs generate nonlinear corrections to
Maxwell electrodynamics, encoded at low energies in
the one-loop Heisenberg-Euler effective action [1,2].
Purely magnetic backgrounds preserve vacuum stability,
whereas Schwinger’s proper-time analysis showed that a
constant electric field gives the effective action a nonzero
imaginary part [3], signaling the decay of the initial vacuum
into states with real electron-positron pairs. QED in a pair-
creating background therefore differs qualitatively from
vacuum-stable perturbation theory: the in- and out-vacua
are inequivalent, vacuum persistence is nontrivial, and
expectation values require a real-time formulation adapted
to an unstable vacuum.
External classical fields provide a natural framework

for describing strong-field QED phenomena. In many

important cases, the background does not lead to vacuum
decay; for example, a plane electromagnetic wave cannot
produce pairs from the vacuum, independently of its
intensity [4,5]. More general configurations may violate
vacuum stability, typically near the critical scale
Ec ¼ m2c3=jeℏj ∼ 1016 V=cm, where m and e are the
electron mass and charge. Although this scale is far above
ordinary laboratory electric fields, high-power laser facili-
ties are steadily bringing the nonlinear strong-field regime
within experimental reach [6–10]. A complementary route
is offered by collisions of highly charged heavy nuclei,
where supercritical Coulomb fields may trigger spontaneous
positron production [11–13]. These developments motivate
a systematic formulation of QED observables in pair-
creating external backgrounds.
Radiative processes provide direct probes of charged-

particle dynamics and vacuum fluctuations in strong
external fields. In a pair-creating background, the mean
photon number density, resolved with respect to momen-
tum and polarization, receives two qualitatively different
leading-order contributions [14]. The first is the vertex
channel, in which photon emission accompanies the
creation of real electron-positron pairs [14–18]. The second
is the tadpole channel, in which radiation is generated by
the induced vacuum current [14,15,17,19–24]. This current
contains contributions associated with real pair creation and
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vacuum polarization, and the corresponding tadpole term
belongs to the broader class of external-field tadpole or
one-particle-reducible contributions, which are known to
require special care beyond the usual vacuum-QED intu-
ition [25–27]. These order-α results are well understood
and form the basis for the perturbative description of
vacuum radiation in external backgrounds.
A systematic theory of radiative processes requires going

beyond the leading contribution. Already at next-to-leading
order, the photon number density involves interference
terms, loop corrections, and contributions whose cancella-
tion is tied to vacuum persistence. In contrast to stable-
vacuum QED, disconnected vacuum loops in a pair-creating
background are not hidden by the usual normalization of the
scattering matrix and must be treated explicitly. Thus, even
for observables with a transparent particle interpretation, a
direct extension of textbook perturbation theory is not
sufficient. The natural framework for real-time expectation
values is the nonequilibrium, or closed-time-path, formal-
ism of Schwinger and Keldysh [28,29]. For QED with
external classical fields, this approach was developed in a
form particularly suited to unstable-vacuum problems by
Fradkin and collaborators [14,30]. This framework uses
matrix propagators, and the normalization by the vacuum
persistence amplitude is built in, so vacuum-disconnected
contributions cancel automatically. Related work has shown
that loop corrections in strong electric backgrounds can
display secular dependence on the duration of a pair-
creating field and may require resummation in sufficiently
long pulses [31,32]. Complementary coherent-state and
worldline approaches have addressed backreaction, discon-
nected diagrams, and in-in observables in pair-creating
backgrounds [33,34].
In this work, we use the Keldysh-Schwinger-Fradkin

nonequilibrium formalism to derive the photon number
density in a general external electromagnetic background
through the second nonvanishing order in the interaction.
The leading term, of order e2 or α, reproduces the known
vertex and tadpole contributions. The main new result is the
complete correction of order e4, or α2, obtained in a closed
form suitable for arbitrary spacetime-dependent back-
grounds. The final expression is written in terms of exact
fermionic modes and propagators in the external field and
ordinary photon Green’s functions.
We also present an independent derivation of the photon

number density based on the spectral decomposition of the
identity operator in the in-Fock space. This direct approach
represents the observable as a sum of squared transition
amplitudes and thus exposes the physical content of the
result in terms of standard Feynman-type building blocks.
Unlike the nonequilibrium calculation, it avoids the doubled
matrix structure but generates vacuum-disconnected loops
explicitly; these terms must be canceled by the optical
theorem generalized to an unstable vacuum. The agreement

of the two derivations provides a nontrivial check of the
final result. At the same time, the direct method is specific to
quantities with a particle-number interpretation and does not
naturally extend to observables such as the mean electro-
magnetic field.
The mean electromagnetic field is the second observable

considered in this paper. It contains both radiative and
nonradiative components of the electromagnetic response,
including vacuum-polarization effects and contributions
associated with real particles produced from the vacuum.
Its first nonvanishing term, proportional to e, is generated by
the leading induced current and is known from previous
studies [14]. We derive the next correction, of order e3,
within the same Keldysh-Schwinger-Fradkin framework.
This term describes the electromagnetic dressing of the
induced current and cannot be obtained by the spectral-
decomposition method used for the photon number density.
It therefore illustrates the necessity of the nonequilibrium
formalism for computing general expectation values in
external-field QED with unstable vacuum.
As an additional consistency check, we compare the

perturbative mean field result with the corresponding
Schwinger-Dyson equations [35,36]. These equations relate
the mean electromagnetic field to the exact Heisenberg
electron and photon propagators. Expanding them in the
electromagnetic coupling, we verify that the first- and third-
order terms obtained from the nonequilibrium generating
functional satisfy the expected Schwinger-Dyson structure.
This check complements the direct amplitude derivation of
the photon number density and confirms the internal
consistency of the perturbative construction.
The paper is organized as follows. Section II introduces

the notation and the Keldysh-Schwinger-Fradkin generat-
ing functional. In Sec. III, we derive the photon number
density within the nonequilibrium technique and present
the complete result through order α2. Section IV presents
an independent derivation based on the spectral decom-
position of the identity operator and discusses the
cancellation of vacuum-disconnected loops. In Sec. V,
we compute the mean electromagnetic field through order
e3 and discuss the renormalization issues relevant for
practical applications. Section VI contains our conclu-
sions. The Schwinger-Dyson consistency check and useful
identities are given in the appendixes. Throughout the
paper, we use units ℏ ¼ c ¼ 1 and α ¼ e2=ð4πÞ. The
metric tensor is gμν ¼ diagð1;−1;−1;−1Þ, and the posi-
tion four-vector is denoted by xμ ¼ ðx0;xÞ.

II. SETUP

This section introduces the notation and basic ingre-
dients used throughout the paper. We specify the setup and
the main definitions, including the generating functional for
expectation values and its perturbative expansion.
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A. Basic definitions

We work in the Furry picture [14,37], where the external
classical background Aμ is included exactly in the unper-
turbed problem, while the interaction jμAμ is treated
perturbatively. Here, jμ ¼ ðe=2Þ½ψ̄ ; γμψ � is the current
operator of the electron-positron field, and Aμ denotes
the quantized part of the electromagnetic field. The latter
has the standard mode expansion,

AμðxÞ ¼
X3
λ¼0

Z
dk½ckλfμkλðxÞ þ c†kλf

μ�
kλðxÞ�; ð1Þ

where

fμkλðxÞ ¼
1

ð2πÞ3=2
1ffiffiffiffiffiffiffi
2k0

p e−ikxεμðk; λÞ; k0 ¼ jkj: ð2Þ

Here, εμðk; λÞ denotes the polarization four-vector. We
assume that the field strength of the external background
vanishes as jx0j → ∞. The construction used below
assumes temporal asymptotic regions in which in- and
out-Fock spaces can be defined. Spatial x-potential steps,
although they can also lead to vacuum instability, require a
different quantization and scattering construction [38] and
are outside the scope of the present work. The electron-
positron field operator can then be expanded in the basis of
in-solutions of the Dirac equation in this background,

ψðxÞ ¼
X
n

½anðinÞþφnðxÞ þ b†nðinÞ−φnðxÞ�: ð3Þ

The functions f�φnðxÞgn form a complete set and are fixed
by their asymptotic behavior at x0 → −∞: at early times,
they are eigenfunctions of the one-particle Dirac
Hamiltonian with positive and negative eigenvalues, respec-
tively. The time-independent operators in Eq. (3) define the
in-vacuum state,

anðinÞj0e; ini ¼ bnðinÞj0e; ini ¼ 0; ð4Þ

for all n. The full in-vacuum vector is j0; ini ¼
j0e; ini ⊗ j0γi, where j0γi is the photon vacuum.
Analogously, fixing the late-time asymptotic behavior
defines the out-solutions �φnðxÞ and the corresponding
operators anðoutÞ and bnðoutÞ. In a pair-creating external
background, the out-vacuum is inequivalent to the in-
vacuum, so in general jh0; outj0; inij ≠ 1.
In what follows, we will need the causal photon and

fermion propagators,

Dμνðx; yÞ ¼ −ih0γjT AμðxÞAνðyÞj0γi
¼ θðx0 − y0ÞDð−Þ

μν ðx; yÞ
− θðy0 − x0ÞDðþÞ

μν ðx; yÞ; ð5Þ

Sðx; yÞ ¼ ih0e; injT ψðxÞψ̄ðyÞj0e; ini
¼ θðx0 − y0ÞSð−Þðx; yÞ
− θðy0 − x0ÞSðþÞðx; yÞ: ð6Þ

Here, T denotes time ordering. The fermion Green’s
function Sðx; yÞ is defined with respect to the in-vacuum
state; the subscript “in” is suppressed only to keep the
notation compact. The corresponding in-vacuum expect-
ation value of the current operator is

jμinðxÞ ¼ h0e; injjμðxÞj0e; ini
¼ ie

2
Trfγμ½Sð−Þðx; xÞ − SðþÞðx; xÞ�g

≡ ieTr½γμSðx; xÞ�: ð7Þ

B. Generating functional for mean values

We follow the formalism of Refs. [14,30]. The starting
point is the generating functional involving two sets of
fermionic and photon sources,

Z ¼ h0; injS†ðI2; η2; η̄2ÞSðI1; η1; η̄1Þj0; ini; ð8Þ

where

SðI;η; η̄Þ ¼ T exp

�
−i
Z

d4x½jμðxÞAμðxÞ

þ IμðxÞAμðxÞ þ ψ̄ðxÞηðxÞ þ η̄ðxÞψðxÞ�
�
: ð9Þ

Here, ηðxÞ and η̄ðxÞ are Grassmann-valued four-component
column and row sources, respectively. For zero sources,
Eq. (9) reduces to the standard scattering operator S
governing the full real-time evolution in the interaction
representation.
As shown in Refs. [14,30], the generating functional (8)

can be written as

Z ¼ exp

�
e
Z

d4x0
Z

d4y0
Z

d4z0½γμλαβðx0; y0; z0Þ�ll0

×
δ

δηλlðx0Þ
δ

δη̄αl0 ðy0Þ
δ

δIμβðz0Þ
�
Z0; ð10Þ

where

½γμλαβðx0; y0; z0Þ�ll0 ¼ ðγμÞll0δλαδλβ
× δðx0 − y0Þδðx0 − z0Þ ð11Þ

and
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Z0 ¼ exp

�
i
Z

d4x
Z

d4yη̄αl0 ðxÞSαλl0lðx; yÞηλlðyÞ

−
i
2

Z
d4z1

Z
d4z2I

μ
βðz1ÞDβγ

μνðz1; z2ÞIνγðz2Þ
�
: ð12Þ

The spinor indices l and l0 are displayed explicitly, while
the indices α, λ, β, and γ take the values 1 and 2; summation
over repeated indices is understood. These are Keldysh
indices and should not be confused with the photon
polarization label λ, which is retained in the standard
notation for photon modes. The matrix propagators are

Dβγ
μνðz1; z2Þ ¼

 
Dμνðz1; z2Þ DðþÞ

μν ðz1; z2Þ
−Dð−Þ

μν ðz1; z2Þ D̄μνðz1; z2Þ

!
βγ

; ð13Þ

Sαλðx; yÞ ¼
 

Sðx; yÞ SðþÞðx; yÞ
−Sð−Þðx; yÞ S̄ðx; yÞ

!
αλ

; ð14Þ

where

D̄μνðx; yÞ ¼ −ih0γjT̄ AμðxÞAνðyÞj0γi
¼ −θðx0 − y0ÞDðþÞ

μν ðx; yÞ
þ θðy0 − x0ÞDð−Þ

μν ðx; yÞ; ð15Þ

S̄ðx; yÞ ¼ ih0e; injT̄ ψðxÞψ̄ðyÞj0e; ini
¼ −θðx0 − y0ÞSðþÞðx; yÞ
þ θðy0 − x0ÞSð−Þðx; yÞ; ð16Þ

and T̄ denotes inverse time ordering. Useful identities
obeyed by these functions are collected in Appendix A.
The representation (10) is convenient for perturbation

theory because it contains a single expansion in powers of
e, in contrast to the original definition (8), which involves a
product of two source-dependent scattering operators. To
zeroth order, Zð0Þ ¼ Z0. Once the generating functional is
constructed to the desired order, expectation values are
obtained by differentiating with respect to the correspond-
ing sources. For example, the mean electromagnetic field is

hAμðxÞi ¼
iδZ

δIμ1ðxÞ
����
I¼η¼η̄¼0

: ð17Þ

In the following sections, we first apply this formalism to
the photon number density and then use it to compute the
mean electromagnetic field.

III. PHOTON NUMBER DENSITY:
NONEQUILIBRIUM TECHNIQUE

In this section, we compute the mean number density of
photons emitted from the initial vacuum state. The
calculation is performed within the nonequilibrium tech-
nique introduced above, which is particularly convenient
here because the external background may violate vacuum
stability and the usual in-out formulation is not directly
applicable to expectation values. The observable of
interest is

nkλ ¼ h0; injS†c†kλckλSj0; ini: ð18Þ

Here, k and λ denote the momentum and polarization of the
emitted photon (physical transverse polarizations corre-
spond to λ ¼ 1, 2). We expand Eq. (18) in powers of the

electromagnetic coupling, nkλ ¼ nð2Þkλ þ nð4Þkλ þ � � �, and
evaluate the first two nonvanishing terms. The leading

contribution nð2Þkλ is of order e2, or α, whereas nð4Þkλ is of
order e4, or α2. The former reproduces the known leading-
order result, while the latter is the next-to-leading correction
derived below within the same formalism.

A. First order in α

To construct the perturbative expansion of the photon
number density (18), we first introduce the following real-
valued function for x0, y0 → þ∞:

Aμνðx; yÞ ¼ h0; injS†AμðxÞAνðyÞSj0; ini

¼ δ2Z
δIμ2ðxÞδIν1ðyÞ

����
I¼η¼η̄¼0

: ð19Þ

The leading-order contribution is of order α (second order
in e) and is evaluated from

Að2Þ
μν ðx; yÞ ¼ δ2Zð2Þ

δIμ2ðxÞδIν1ðyÞ
����
I¼η¼η̄¼0

: ð20Þ

Once this function is known, the leading-order number

density nð2Þkλ is obtained by the projection,

nð2Þkλ ¼−
Z

dx
Z

dyfμkλðxÞ∂
↔

x0A
ð2Þ
μν ðx;yÞ∂

↔

y0f
ν�
kλðyÞ: ð21Þ

To make the calculation transparent, we first compute the
leading contribution directly, without referring to diagrams.
The explicit form of Eq. (20) reads

ALEKSANDROV, PERELYGIN, and CHUBUKOV PHYS. REV. D 114, 056009 (2026)

056009-4



Að2Þ
μν ðx; yÞ ¼ e2

2

Z
d4x01

Z
d4x02ðγμ1Þl1l01ðγμ2Þl2l02 ½S

λ1λ1
l0
1
l1
ðx01; x01ÞSλ2λ2l0

2
l2
ðx02; x02Þ − Sλ1λ2l0

1
l2
ðx01; x02ÞSλ2λ1l0

2
l1
ðx02; x01Þ�

× ½Dλ1λ2
μ1μ2ðx01; x02ÞD12

νμðy; xÞ þDλ12
μ1μðx01; xÞDλ21

μ2νðx02; yÞ þDλ11
μ1νðx01; yÞDλ22

μ2μðx02; xÞ�: ð22Þ

The first term in the second line does not contribute because of the relations,

X
λ1;λ2

Dλ1λ2
μ1μ2ðx01; x02Þ ¼ 0;

X
λ1;λ2

Dλ1λ2
μ1μ2ðx01; x02ÞTr½γμ1Sλ1λ2ðx01; x02Þγμ2Sλ2λ1ðx02; x01Þ� ¼ 0: ð23Þ

The first identity removes terms containing a disconnected dumbbell diagram, while the second cancels a disconnected
fermionic loop with an internal photon line. This is a general property of the nonequilibrium technique and follows from the
fact that each perturbative term ZðkÞ with k ≥ 1 vanishes at I ¼ η ¼ η̄ ¼ 0. Next, the nonzero projections in Eq. (21) arise
from the combinations f�kλðxÞfkλðyÞ, so it is sufficient to keep only terms with D22ðx0i; xÞ and D11ðx0i; yÞ. Finally, using the
symmetry of Eq. (22) under x01 ⟷ x02, we obtain

Að2Þ
μν ðx; yÞ → e2

Z
d4x01

Z
d4x02ðγμ1Þl1l01ðγμ2Þl2l02D22

μ1μðx01; xÞD11
μ2νðx02; yÞ

× ½S22l0
1
l1
ðx01; x01ÞS11l0

2
l2
ðx02; x02Þ − S21l0

1
l2
ðx01; x02ÞS12l0

2
l1
ðx02; x01Þ�: ð24Þ

According to Eq. (21), this yields

nð2Þkλ ¼ −e2
Z

d4x1

Z
d4x2ðγμ1Þl1l01ðγμ2Þl2l02fkλμ1ðx1Þf�kλμ2ðx2Þ

× ½S22l0
1
l1
ðx1; x1ÞS11l0

2
l2
ðx2; x2Þ − S21l0

1
l2
ðx1; x2ÞS12l0

2
l1
ðx2; x1Þ�: ð25Þ

The first term contains two vacuum currents (7) and
represents the modulus squared of one integral,

nð2;1Þkλ ¼
����
Z

d4xjμinðxÞf�kλμðxÞ
����2: ð26Þ

The second term is

nð2;2Þkλ ¼ −e2
Z

d4x1

Z
d4x2fkλμ1ðx1Þf�kλμ2ðx2Þ

× Tr½γμ1Sð−Þðx1; x2Þγμ2SðþÞðx2; x1Þ�: ð27Þ

Using the spectral expansions [see Eqs. (A10) and (A11)],
it can be written as

nð2;2Þkλ ¼ e2
X
l;s

����
Z

d4xf�kλμðxÞþφ̄lðxÞγμ−φsðxÞ
����2: ð28Þ

Thus, the leading-order result can be expressed in terms of
standard Feynman diagrams involving the in-solutions and
the in-vacuum current (7),

ð29Þ

This well-known result was derived, for example, in
Refs. [14,17]. As shown in Sec. IV, the possibility of
rewriting the final expression in terms of usual Feynman
diagrams is related to the special structure of the photon
number density operator c†kλckλ. For a general expectation
value, this reduction is no longer available, as will be
illustrated in Sec. V for the mean electromagnetic field.
The structure of the generating functional (10) is similar

to that of the standard generating functional for the
scattering matrix in stable-vacuum QED. Although the
present formulation involves matrix propagators, the usual
combinatorics and diagrammatic rules still apply, so the
relevant channels can be represented by diagrams with
matrix-valued propagators. For instance, the leading-order
contribution (25) is encoded in the diagrams shown in
Fig. 1. The incoming (outgoing) photon line corresponds
to λ ¼ 2 (λ ¼ 1). Vacuum-disconnected loops are

FIG. 1. Two diagrams describing the photon number density
(25) to first order in α within the nonequilibrium perturbative
framework. The incoming and outgoing photon lines correspond
to λ1 ¼ 2 and λ2 ¼ 1, respectively. After the Keldysh-index
summation and simplification, they yield Eq. (29).
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automatically removed within the nonequilibrium formu-
lation. We now turn to the next-to-leading contribution of
order e4, or α2.

B. Second order in α

We now evaluate

Að4Þ
μν ðx; yÞ ¼ δ2Zð4Þ

δIμ2ðxÞδIν1ðyÞ
����
I¼η¼η̄¼0

: ð30Þ

The next-to-leading contribution to the photon number
density is then extracted analogously to Eq. (21),

nð4Þkλ ¼ −
Z

dx
Z

dyfμkλðxÞ∂
↔

x0A
ð4Þ
μν ðx; yÞ∂

↔

y0f
ν�
kλðyÞ: ð31Þ

The resulting expressions contain four integrations over the
internal vertices xi and summation over the internal
Keldysh indices λ3 and λ4, while the external photon lines
fix λ1 ¼ 2 and λ2 ¼ 1. There are 10 nonzero contributions
corresponding to the nonequilibrium diagrams displayed in
Fig. 2. Their sum reads

nð4Þkλ ¼ −ie4
Z

d4x1…
Z

d4x4ðγμ1Þl1l01…ðγμ4Þl4l04fkλμ1ðx1Þf�kλμ2ðx2ÞD
λ3λ4
μ3μ4ðx3; x4Þ

× ðS13S24S31S42 − S14S23S31S42 − S12S24S31S43 − S13S21S34S42 þ S12S23S31S44 þ S13S21S32S44

− S13S22S31S44 − S11S24S33S42 þ S14S22S31S43 þ S11S24S32S43Þ: ð32Þ

Here, we use a compact shorthand notation; for instance, S24 ¼ S1λ4l0
2
l4
ðx2; x4Þ. The ten terms in Eq. (32) can be rewritten in

terms of standard Feynman-type diagrams involving the causal Green’s functions with respect to the in-vacuum. To this end,
one has to perform the summation over λ3 and λ4. This summation amounts to resolving the possible cuts of the internal
propagators and allows one to identify the physical content of the resulting contributions. We illustrate the procedure by
considering the last tenth term explicitly,

nð4;10Þkλ ¼ −ie4
Z

d4x1…
Z

d4x4ðγμ1Þl1l01…ðγμ4Þl4l04fkλμ1ðx1Þf�kλμ2ðx2ÞD
λ3λ4
μ3μ4ðx3; x4Þ

× S22l0
1
l1
ðx1; x1ÞS1λ4l0

2
l4
ðx2; x4ÞSλ31l0

3
l2
ðx3; x2ÞSλ4λ3l0

4
l3
ðx4; x3Þ: ð33Þ

The integral over x1 contains fkλμ1ðx1Þ contracted with the vacuum current jμ1in ðx1Þ. The remaining part can be summed
directly over λ3 and λ4, which gives

nð4;10Þkλ ¼ −e3
Z

d4wfkλσðwÞjσinðwÞ
Z

d4x
Z

d4y
Z

d4zf�kλρðzÞfDμνðx; yÞTr½γμSðx; zÞγρSðz; yÞγνSðy; xÞ�

−DðþÞ
μν ðx; yÞTr½γμSðx; zÞγρSðþÞðz; yÞγνSð−Þðy; xÞ� þDð−Þ

μν ðx; yÞTr½γμSð−Þðx; zÞγρSðz; yÞγνSðþÞðy; xÞ�
− D̄μνðx; yÞTr½γμSð−Þðx; zÞγρSðþÞðz; yÞγνS̄ðy; xÞ�g: ð34Þ

FIG. 2. Ten diagrams describing the photon number density (32) to second order in α within the nonequilibrium perturbative
framework. After the Keldysh-index summation and simplification, they yield Eq. (37).
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The first term in braces already has the form of a standard Feynman contribution, whereas the remaining terms can be
rewritten using the spectral expansions (A10) and (A11). It is also useful to express the last term as a complex conjugate.
Combining the resulting contributions, we find

nð4;10Þkλ ¼ −e3
Z

d4wfkλσðwÞjσinðwÞ
�Z

d4x
Z

d4y
Z

d4zf�kλρðzÞDμνðx; yÞTrðγμSγρSγνSÞ

þ i
X
l;s

X
k0;λ0

Z
d4x

Z
d4y

Z
d4zf�kλρðzÞf�k0λ0μðxÞfk0λ0νðyÞðþφ̄lγ

μSγρ−φsÞð−φ̄sγ
νþφlÞ

þ i
X
l;s

X
k0;λ0

Z
d4x

Z
d4y

Z
d4zf�kλρðzÞfk0λ0μðxÞf�k0λ0νðyÞð−φ̄sγ

μþφlÞðþφ̄lγ
ρSγν−φsÞ

þ
X
l;s

Z
d4x

Z
d4y

Z
d4z½fkλρðzÞDμνðx; yÞðþφ̄lγ

μSγν−φsÞð−φ̄sγ
ρþφlÞ��

�
; ð35Þ

where the arguments of the fermionic functions have been suppressed. This expression can be represented compactly in
terms of standard Feynman diagrams,

ð36Þ

Here, the fermionic lines correspond either to one-particle in-solutions or to causal Green’s functions with respect to the in-
vacuum. Performing analogous calculations for the remaining nine terms in Eq. (32), we obtain the final result,

ð37Þ
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The terms in Eq. (37) are arranged according to their
physical origin. The first line contains the pure two-photon
channels: radiation by the induced current and pair creation
accompanied by two photons. The next two lines describe
the interference of the leading tadpole amplitude with
higher-order induced-current contributions, including the
channel with an additional unobserved photon. The follow-
ing terms collect corrections to, and interferences with, the
leading vertex and tadpole mechanisms. The last line
contains the purely fermionic exchange and interference
structures generated by different pair-production ampli-
tudes. In this form, the long expression separates the distinct
radiative mechanisms while keeping the result compact.
The loop contributions entering Eq. (37) and the mean

field result below should be regarded as regularized bare
quantities. Their ultraviolet singularities are local and are
removed by the QED renormalization in external back-
grounds. In particular, the leading induced current entering
the tadpole amplitudes can be renormalized by subtracting
its one-potential contribution and adding the corresponding
renormalized term expressed through the usual field-free
polarization tensor; in doing so, one should carefully
examine possible gauge-dependent spurious contributions,
e.g., via the large-mass limit [39–42]. Alternatively, one
may use Pauli-Villars regularization, which controls gauge
invariance from the outset [43]. The same field and charge
renormalization fixes the local divergent part of polarization
insertions, while radiative corrections to the induced current
and self-energy or vertex subgraphs require the analogous

subtraction of their local short-distance parts in the exact-
background representation. Further comments on this issue
are given in Sec. V B.

IV. PHOTON NUMBER DENSITY: DIRECT
EVALUATION

Although all contributions have already been identified
using the Keldysh-Schwinger-Fradkin nonequilibrium

technique, it is instructive to derive nð4Þkλ independently
from the identity,

nkλ ¼ h0; injS†c†kλckλSj0; ini
¼
X
jini

jhinjckλSj0; inij2: ð38Þ

This approach not only confirms the result obtained above,
but also clarifies the structure of Eq. (37). Since we keep
terms only through order α2, the operator S in Eq. (38) can
be replaced by its first few perturbative contributions.
Accordingly, only a finite number of in-states contribute

to nð2Þkλ and nð4Þkλ , and these states can be analyzed separately.
This also explains why the final result (37) can be written in
terms of standard Feynman-diagram ingredients: each
amplitude entering Eq. (38) is an ordinary S-matrix element
between in-states, while the interference terms arise from
taking the modulus squared.
The general structure of the perturbative expansion of

nkλ has the following form:

ð39Þ
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The representation (39) contains both contributions to nð2Þkλ

and makes it possible to trace all terms entering nð4Þkλ ,
including interference contributions. At the same time, this
direct amplitude-based form contains vacuum-discon-
nected factors. They appear because the transition ampli-
tudes in Eq. (38) are ordinary S-matrix elements between
in-states and therefore include the vacuum persistence
amplitude as a multiplicative factor. As discussed in
Sec. III, vacuum-disconnected contributions are automati-
cally removed in the nonequilibrium calculation. In the
direct approach, their cancellation is not built in and must
be performed explicitly.
The required cancellation is provided by the optical-

theorem identities appropriate for the unstable-vacuum
setup,

ð40Þ

ð41Þ

These relations follow from the unitarity condition for the
S-operator, with the transition matrix defined by
T ¼ −iðS − 1Þ; an analogous optical-theorem relation also
holds, e.g., for the polarization tensor [44]. The optical
theorem is the precise mechanism by which the vacuum-
disconnected pieces in Eq. (39) are canceled by the
corresponding terms involving final-state summations.
After applying Eqs. (40) and (41) and retaining terms
through order α2, the direct calculation reproduces the
result (37). This agreement is a nontrivial check of the
nonequilibrium derivation and clarifies why the photon
number density, unlike a generic expectation value, admits
an equivalent amplitude-level representation.

V. MEAN ELECTROMAGNETIC FIELD

In this section, we compute the mean electromagnetic
field within the nonequilibrium formalism. We first derive
the leading induced-current contribution and its order-e3

correction, and then summarize the renormalization issues
that must be addressed when these expressions are used in
explicit calculations.

A. Explicit derivation

Instead of the photon number density operator c†kλckλ,
we consider the mean electromagnetic field (17). The
leading contribution, of order e, is given by

hAμðxÞið1Þ ¼
iδZð1Þ

δIμ1ðxÞ
����
I¼η¼η̄¼0

¼
Z

d4x0jνinðx0Þ½D11
νμðx0; xÞ þD21

νμðx0; xÞ�

¼
Z

d4x0jνinðx0Þ½Dμνðx; x0Þ þDðþÞ
μν ðx; x0Þ�

¼
Z

d4x0DðRÞ
μν ðx; x0Þjνinðx0Þ: ð42Þ

This result was discussed, e.g., in Ref. [14]. The leading-
order mean field is generated by the source induced by the
external background. The retarded photon Green’s function
in Eq. (42) ensures causality; the same retarded structure
follows from the all-order Schwinger-Dyson equation
discussed in Appendix B. The relations between the
retarded and advanced Green’s functions and the photon
functions introduced above are summarized in Appendix A.
We emphasize that the in-vacuum current jμin contains both
vacuum-polarization effects and contributions associated
with real particles produced from the vacuum, although this
separation is not unambiguously defined at intermediate
times (see, e.g., Ref. [43]).
We now calculate the third-order (e3) contribution,

hAμðxÞið3Þ ¼
iδZð3Þ

δIμ1ðxÞ
����
I¼η¼η̄¼0

: ð43Þ

There are two diagrams contributing to this quantity, shown
in Fig. 3. The explicit form of the third-order correction
reads

hAσðwÞið3Þ ¼−
Z

d4x
Z

d4y
Z

d4zDλ1λ2
μν ðx;yÞDλ31

ρσ ðz;wÞ

×fie2jμinðxÞTr½γνSλ2λ3ðy;zÞγρSλ3λ2ðz;yÞ�
þe3Tr½γμSλ1λ2ðx;yÞγνSλ2λ3ðy;zÞγρSλ3λ1ðz;xÞ�g:

ð44Þ
We evaluate the two terms separately. First, we isolate the
part that could make the first contribution complex. Using
Eqs. (A9) and (A12), the difference between this term and
its complex conjugate is proportional to

Dλ1λ2
μν ðx; yÞDλ3λ4

ρσ ðz; wÞTr½γνSλ2λ3ðy; zÞγρSλ3λ2ðz; yÞ�; ð45Þ

where summation over all λi is implied. The expression
vanishes because

FIG. 3. Two diagrams describing the mean electromagnetic
field hAμðxÞi to third order in e within the nonequilibrium
perturbative framework.
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ð−1Þλ2þλ3Tr½γνSλ2λ3ðy; zÞγρSλ3λ2ðz; yÞ� ¼ 0; ð46Þ

as follows by considering separately the domains y0 > z0

and y0 < z0. Thus, the expression (45) is zero; diagram-
matically, this is the cancellation of the disconnected
vacuum graph with three fermionic bubbles connected in
series by two photon lines. The same reasoning applies to
the second contribution. In that case, one encounters

Dλ1λ2
μν ðx; yÞDλ3λ4

ρσ ðz; wÞ
× Tr½γμSλ1λ2ðx; yÞγνSλ2λ3ðy; zÞγρSλ3λ1ðz; xÞ� ¼ 0;

which corresponds to the vanishing of the disconnected
vacuum diagram containing a dumbbell with an additional
internal photon line in the fermionic loop.
Since both terms in Eq. (44) are real, we may keep only

the real parts after summing over the indices λi. For the
contribution generated by the leading induced current jμin,
we use

X
λ1

Dλ1λ2
μν ðx; yÞ ¼ ð−1Þλ2þ1DðAÞ

μν ðx; yÞ

¼ ð−1Þλ2þ1DðRÞ
νμ ðy; xÞ; ð47Þ

and then sum over λ2 and λ3:

hAσðwÞið3Þ1 ¼ e2
Z

d4x
Z

d4y
Z

d4zjμinðxÞDðRÞ
νμ ðy; xÞ

× ImfDσρðw; zÞTr½γνSðy; zÞγρSðz; yÞ�
þDσρðw; zÞTr½γνSð−Þðy; zÞγρSðþÞðz; yÞ�
−DðþÞ

σρ ðw; zÞTr½γνSðþÞðy; zÞγρSð−Þðz; yÞ�
−DðþÞ

σρ ðw; zÞTr½γνS̄ðy; zÞγρS̄ðz; yÞ�g: ð48Þ

It is convenient to replace the last two terms in braces with
their complex conjugates taken with opposite signs. Then,

Imf…g ¼ Imð½Dσρðw; zÞ þDð−Þ
σρ ðw; zÞ�

× fTr½γνSðy; zÞγρSðz; yÞ�
þ Tr½γνSð−Þðy; zÞγρSðþÞðz; yÞ�gÞ: ð49Þ

The expression in braces vanishes for y0 > z0 and can be
rewritten as

Tr½γνSðy; zÞγρSðz; yÞ� þ Tr½γνSð−Þðy; zÞγρSðþÞðz; yÞ�
¼ 2iθðz0 − y0Þ ImTr½γνSð−Þðy; zÞγρSðþÞðz; yÞ�
¼ 2iθðz0 − y0Þ ImTr½γνSðy; zÞγρSðz; yÞ�: ð50Þ

This factor is purely imaginary, so in Eq. (49), one has
to take

Re½Dσρðw; zÞ þDð−Þ
σρ ðw; zÞ� ¼ DðRÞ

σρ ðw; zÞ: ð51Þ

Combining these results, we obtain

hAσðwÞið3Þ1 ¼ 2

Z
d4x

Z
d4y

Z
d4zDðRÞ

σμ ðw; xÞθðx0 − y0Þ

× ½Re πμνðx; yÞ�DðRÞ
νρ ðy; zÞjρinðzÞ; ð52Þ

where

πμνðx; yÞ ¼ −ie2Tr½γμSðx; yÞγνSðy; xÞ�: ð53Þ

We now turn to the second term in Eq. (44),

hAσðwÞið3Þ2 ¼ −e3
Z

d4x
Z

d4y
Z

d4zDλ1λ2
μν ðx; yÞDλ31

ρσ ðz; wÞTr½γμSλ1λ2ðx; yÞγνSλ2λ3ðy; zÞγρSλ3λ1ðz; xÞ�: ð54Þ

Here, the indices λ1, λ2, and λ3 have to be summed over. The Keldysh-index sum is most transparent when the integration
domain is split according to the relative order of x0, y0, and z0. All regions cancel except those in which z0 is later than both
x0 and y0. The two remaining domains, x0 > y0 and y0 > x0, give

hAσðwÞið3Þ2 ¼ e3
Z

d4x
Z

d4y
Z

d4z DðRÞ
σρ ðw; zÞθðz0 − x0Þθðz0 − y0Þ

× ðθðx0 − y0ÞfDðþÞ
μν ðx; yÞTr½γμSðþÞðx; yÞγνSð−Þðy; zÞγρSð0Þðz; xÞ�

þDð−Þ
μν ðx; yÞTr½γμSð−Þðx; yÞγνSðþÞðy; zÞγρSð0Þðz; xÞ�g

þ θðy0 − x0ÞfDðþÞ
μν ðx; yÞTr½γμSðþÞðx; yÞγνSð0Þðy; zÞγρSð−Þðz; xÞ�

þDð−Þ
μν ðx; yÞTr½γμSð−Þðx; yÞγνSð0Þðy; zÞγρSðþÞðz; xÞ�gÞ: ð55Þ
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In analogy with the photon spectral function Dð0Þ
μν , we have

introduced

Sð0Þðx; yÞ ¼ SðþÞðx; yÞ þ Sð−Þðx; yÞ ¼ ifψðxÞ; ψ̄ðyÞg: ð56Þ

This object should not be confused with a free
fermion propagator; it is the spectral, or Pauli-Jordan,
kernel of the Dirac field in the external background. Since

the anticommutator in Eq. (56) is a c-number, this
kernel coincides with its in- or out-vacuum expecta-
tion value.
By performing complex conjugation and then inter-

changing x ⟷ y and μ ⟷ ν in the term containing
θðx0 − y0Þ in Eq. (55), one finds that this contribution is
the complex conjugate of the term containing θðy0 − x0Þ.
The result can therefore be written as

hAσðwÞið3Þ2 ¼ 2e3
Z

d4x
Z

d4y
Z

d4z DðRÞ
σρ ðw; zÞθðz0 − y0Þθðy0 − x0Þ

× RefDðþÞ
μν ðx; yÞTr½γμSðþÞðx; yÞγνSð0Þðy; zÞγρSð−Þðz; xÞ�

þDð−Þ
μν ðx; yÞTr½γμSð−Þðx; yÞγνSð0Þðy; zÞγρSðþÞðz; xÞ�g: ð57Þ

Combining Eqs. (52) and (57), we obtain the full third-order contribution to the mean field,

hAσðwÞið3Þ ¼ 2

Z
d4x

Z
d4y

Z
d4z DðRÞ

σμ ðw; xÞθðx0 − y0Þð½Re πμνðx; yÞ�DðRÞ
νρ ðy; zÞjρinðzÞ

þ e3θðy0 − z0ÞRefDðþÞ
ρν ðz; yÞTr½γμSð−Þðx; zÞγρSðþÞðz; yÞγνSð0Þðy; xÞ�

þDð−Þ
ρν ðz; yÞTr½γμSðþÞðx; zÞγρSð−Þðz; yÞγνSð0Þðy; xÞ�gÞ: ð58Þ

Equation (58) gives an explicit prescription for computing
the unrenormalized third-order correction to the mean
electromagnetic field in a general spacetime-dependent
external background. Its causal structure is manifest: the
field observed at the point w is propagated from the point x
by the retarded photon Green’s function, while the step
functions restrict the remaining integrations to the causal
history encoded in the retarded response. The two terms in
parentheses represent the order-e3 corrections to the field
generated by the induced current. The first term contains
the polarization kernel inserted between the retarded
photon propagators, whereas the second contains the
three-point fermionic kernel with an internal photon line.
Together, they encode the electromagnetic dressing of the
leading tadpole current in the external background. In
contrast to the photon number density, this result is not
reducible to a sum of squared transition amplitudes; it is an
expectation value of the field operator and is naturally
obtained within the nonequilibrium formulation.
The Schwinger-Dyson derivation in Appendix B pro-

vides an independent consistency check of Eq. (58). We
now collect the renormalization issues relevant for turning
the regularized bare expressions derived above into quan-
tities suitable for practical calculations.

B. Remarks on renormalization

The expressions derived above should be understood as
regularized bare quantities. The Keldysh-Schwinger-Fradkin

formulation fixes the real-time organization of the perturba-
tive expansion in an unstable vacuum, including the relative
weights of cut and uncut contributions, but it does not
remove the usual ultraviolet singularities of QED. These
singularities originate from the short-distance behavior of
fermion loops and of self-energy and vertex subgraphs. They
are local and have the same counterterm structure as in QED
with external backgrounds: the closed-time-path doubling
and the inequivalence of the in- and out-vacua do not
generate new ultraviolet counterterms. Thus, the required
renormalization amounts to the field and charge renormal-
ization, together with the subtraction of local vacuum-
polarization terms.
The leading induced current entering the tadpole con-

tribution provides the simplest example. Its divergence is
contained in the term linear in the external field, which can
be isolated by expanding the exact fermion propagator to
first order in the external potential. One may then subtract
this one-potential contribution and add back its renormal-
ized form expressed through the usual field-free polariza-
tion tensor, schematically jμin;R ¼ jμin − jμin;ð1Þ þ jμin;ð1Þ;R,
with jμin;ð1Þ;R constructed from the renormalized tensor

Πμν
R . This implements charge renormalization, but the

subtraction must be checked for possible gauge-dependent
spurious terms. Such terms are known, for instance, in
vacuum-polarization calculations for the Coulomb field of
a nucleus and have to be removed explicitly if a non-
invariant subtraction is used [39–42]. A Pauli-Villars
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implementation avoids this ambiguity by preserving gauge
invariance from the outset; the large-mass limit then
provides a useful check that no noninvariant remnants
survive [43]. Accordingly, tadpole amplitudes involving the
leading induced current should be evaluated with jμin
replaced by jμin;R.
The same field and charge renormalization removes the

local divergent part of fermion loops with two external
photon vertices, or equivalently, of the polarization kernels
entering the photon number density and the mean field
expression. Their finite parts remain background dependent
and are computed from the exact modes or exact Green’s
functions. At order α2 and order e3, however, the formulas
also contain radiatively corrected tadpoles, including
tadpole loops with an internal photon line, as well as
self-energy and vertex-type insertions in the external back-
ground. These subgraphs are still renormalized by the
ordinary local QED counterterms, but their explicit sub-
traction requires isolating the short-distance parts of the
corresponding exact-background kernels and preserving the
Ward identities in the chosen regularization scheme. This
step depends on the representation used for the exact modes
or propagators and on the class of external fields considered.
We therefore do not attempt here to write fully renor-

malized expressions for arbitrary spacetime-dependent pair-
creating backgrounds. The goal of this work is to derive the
complete nonequilibrium and diagrammatic structure of the
photon number density through order α2 and of the mean
electromagnetic field through order e3. The resulting for-
mulas provide the regularized bare skeleton into which the
renormalized induced current, polarization kernels, and self-
energy or vertex subgraphs must be inserted before numeri-
cal evaluation. A systematic implementation of this program
for specific time-dependent backgrounds deserves a sepa-
rate study.

VI. CONCLUSIONS

We have developed a perturbative description of radia-
tive observables in QED with a prescribed external electro-
magnetic background capable of producing electron-
positron pairs from the initial vacuum state. In this regime
the vacuum persistence amplitude is nontrivial, the in- and
out-vacua are inequivalent, and expectation values require a
real-time nonequilibrium formulation. Using the Keldysh-
Schwinger-Fradkin generating functional, we derived the
mean photon number density and the mean electromagnetic
field for a general spacetime-dependent background.
For the photon number density, we reproduced the

leading order-α result, consisting of the vertex contribution
associated with photon emission accompanying pair cre-
ation and the tadpole contribution generated by the induced
vacuum current. We then evaluated the complete next-to-
leading correction of order α2. The resulting expression
contains all interference, loop, and induced-current terms

arising at this order and is written in terms of exact in-
solutions of the Dirac equation in the external field and the
corresponding in-vacuum Green’s functions. In the non-
equilibrium formulation, vacuum-disconnected contribu-
tions are removed automatically.
We also obtained the same photon-number result by

inserting the spectral decomposition of the identity operator
in the in-Fock space. This direct representation rewrites the
observable as a sum of squared transition amplitudes and
makes the physical content of the different terms trans-
parent. The vacuum-disconnected loops appearing in this
approach cancel through optical-theorem relations gener-
alized to an unstable vacuum. Agreement with the Keldysh-
Schwinger-Fradkin calculation provides a nontrivial check
of the final expression.
We further derived the mean electromagnetic field

through order e3. The final result has a manifestly causal
structure in terms of retarded photon Green’s functions and
kernels describing the response and electromagnetic dress-
ing of the induced current. Unlike the photon number
density, the mean field is not reducible to a sum of squared
transition amplitudes, which illustrates the necessity of the
nonequilibrium approach for general expectation values in
QED with unstable vacuum. We verified that the perturba-
tive mean field result satisfies the corresponding Schwinger-
Dyson equations.
The formulas obtained here provide a general starting

point for quantitative studies of higher-order vacuum
radiation in strong external fields. They should be viewed
as regularized bare expressions whose practical use requires
replacing the induced current, polarization insertions, and
self-energy or vertex subgraphs by their renormalized
counterparts. Since no assumption of spatial homogeneity,
stationarity, or a specific field profile has been made, the
structure derived in this work applies to a broad class of
pair-creating backgrounds once the exact fermionic modes
or Green’s functions are known. Natural extensions include
the renormalization of the photon number density and mean
electromagnetic field, numerical evaluations for realistic
time-dependent backgrounds, comparisons of the different
order-α2 channels, and self-consistent treatments of photon
emission and the induced electromagnetic field.
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APPENDIX A: USEFUL IDENTITIES
AND PROPERTIES

The photon functions Dð�Þ
μν have the spectral expansions,

Dð−Þ
μν ðx; yÞ ¼ −i

X
k;λ

fkλμðxÞf�kλνðyÞ; ðA1Þ

DðþÞ
μν ðx; yÞ ¼ i

X
k;λ

f�kλμðxÞfkλνðyÞ; ðA2Þ

where
P

k;λ ≡Pλð−gλλÞ
R
dk, with λ ¼ 0, 1, 2, 3. The

physical photon modes are the transverse ones, λ ¼ 1, 2.
These functions satisfy

DðþÞ
νμ ðy; xÞ ¼ −Dð−Þ

μν ðx; yÞ; ðA3Þ

½DðþÞ
μν ðx; yÞ�� ¼ Dð−Þ

μν ðx; yÞ: ðA4Þ

The photon spectral kernel,

Dð0Þ
μν ðx; yÞ ¼ Dð−Þ

μν ðx; yÞ þDðþÞ
μν ðx; yÞ

¼ −i½AμðxÞ; AνðyÞ�; ðA5Þ

is real and obeys Dð0Þ
νμ ðy; xÞ ¼ −Dð0Þ

μν ðx; yÞ. The advanced
and retarded photon Green’s functions are

DðAÞ
μν ðx; yÞ ¼ Dμνðx; yÞ −Dð−Þ

μν ðx; yÞ
¼ −θðy0 − x0ÞDð0Þ

μν ðx; yÞ; ðA6Þ

DðRÞ
μν ðx; yÞ ¼ Dμνðx; yÞ þDðþÞ

μν ðx; yÞ
¼ θðx0 − y0ÞDð0Þ

μν ðx; yÞ; ðA7Þ

and they satisfyDðAÞ
νμ ðy; xÞ ¼ DðRÞ

μν ðx; yÞ. The matrix photon
propagator in Eq. (13) also has the properties

Dγβ
νμðz2; z1Þ ¼ Dβγ

μνðz1; z2Þ; ðA8Þ

½Dβγ
μνðz1; z2Þ�� ¼ −Dγ̄ β̄

νμ ðz2; z1Þ ¼ −Dβ̄ γ̄
μν ðz1; z2Þ: ðA9Þ

Here, β̄ ¼ 2 for β ¼ 1 and β̄ ¼ 1 for β ¼ 2. Finally, we note

that Dμν þDðþÞ
μν −Dð−Þ

μν þ D̄μν ¼ 0.
For the fermion functions, the spectral expansions are

Sð−Þðx; yÞ ¼ i
X
n

þφnðxÞþφ̄nðyÞ; ðA10Þ

SðþÞðx; yÞ ¼ i
X
n

−φnðxÞ−φ̄nðyÞ: ðA11Þ

The matrix fermion propagator obeys

γ0½Sλ1λ2ðx; yÞ�†γ0 ¼ −Sλ̄2 λ̄1ðy; xÞ: ðA12Þ

APPENDIX B: SCHWINGER-DYSON EQUATIONS
AND CONSISTENCY CHECK

In this appendix, we derive the Schwinger-Dyson equa-
tions that follow from the generating functional introduced
in Sec. II. We then rewrite them as integral equations for the
exact photon and fermion Green’s functions and use their
perturbative expansion as a consistency check of the third-
order mean electromagnetic field.

1. Schwinger-Dyson equations

Let

□βγ ≡
�
□ 0

0 −□

	
βγ

: ðB1Þ

All differential operators in this appendix act on the x
variable of the corresponding function. For the causal
photon Green’s function, □Dμνðx; yÞ ¼ gμνδðx − yÞ, and
the matrix relation is

□βγD
γδ
μνðx; yÞ ¼ gμνδðx − yÞδβδ: ðB2Þ

The corresponding Dirac operator is

DαλðAÞ≡
�
DðAÞ 0

0 −DðAÞ

	
αλ

; ðB3Þ

where

DðAÞ ¼ ½i∂μ − eAμðxÞ�γμ −m: ðB4Þ

The fermion matrix propagators obey

DβαðAÞSαλðx; yÞ ¼ −δβλδðx − yÞ: ðB5Þ

For connected Green’s functions set

W ¼ i lnZ: ðB6Þ

The required one- and two-point functions are defined as

αβμðxÞ≡ δW
δIμβðxÞ

����
η¼η̄¼0

; ðB7Þ

Sαλ
ll0 ðx; yÞ≡

δ2W
δη̄αlðxÞδηλl0 ðyÞ

����
η¼η̄¼0

; ðB8Þ

Dβγ
μνðx; yÞ≡ δ2W

δIμβðxÞδIνγðyÞ
����
η¼η̄¼0

: ðB9Þ

Keeping the photon sources nonzero for the moment, one
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directly obtains

□λβα
β
μðxÞ ¼ gμνIνλðxÞ þ iegμνTr½γνSλλðx; xÞ�; ðB10Þ

where no summation over λ is implied. Next, by straight-
forward algebra, one obtains

□λβD
βα
μνðx; yÞ ¼ gμνδλαδðx − yÞ þ ieTr

�
γμ

δSλλðx; xÞ
δIναðyÞ

�
:

ðB11Þ

For the fermion sector, we define

DαλðAþ iδI þ αÞ

≡

0
BB@D



Aþ i δ

δI1
þ α1

�
0

0 −D


A− i δ

δI2
− α2

�
1
CCA

αλ

ðB12Þ

and find

DβαðAþ iδI þ αÞSαλðx; yÞ ¼ −δβλδðx − yÞ: ðB13Þ

Equations (B10), (B11), and (B13) form the Schwinger-
Dyson system in the nonequilibrium formulation. We now
cast this system into an integral form better suited for
perturbation theory.

2. System of integral equations and the mean field

To eliminate the functional derivatives δ=δI, we intro-
duce the polarization and mass operators,

Πμν
λγ ðx; yÞ≡ −ie2Tr

�
γμ
Z

d4z
Z

d4z0Sλαðx; zÞ

× Γν
αβγðz; z0; yÞSβλðz0; xÞ

�
; ðB14Þ

Σλγðx; yÞ≡ −ie2γμ
Z

d4z
Z

d4z0Sλαðx; zÞ

× Γν
αγβðz; y; z0ÞDβλ

νμðz0; xÞ: ðB15Þ

Here, Γ denotes the full vertex operator. These definitions
imply

ieTr

�
γμ

δSλλðx; xÞ
δIνγðyÞ

�
¼
Z

d4zΠμρ
λαðx; zÞDαγ

ρνðz; yÞ; ðB16Þ

ieγμ
δSλγðx; yÞ
δIμλðxÞ

¼
Z

d4z Σλβðx; zÞSβγðz; yÞ: ðB17Þ

The system of equations takes the form,

□λβα
μβðxÞ ¼ IμλðxÞ þ ieTr½γμSλλðx; xÞ�; ðB18Þ

□λβD
βα
μνðx; yÞ ¼ gμνδλαδðx − yÞ

þ gμσ

Z
d4zΠσρ

λγ ðx; zÞDγα
ρνðz; yÞ; ðB19Þ

DβλðA þ αÞSλγðx; yÞ ¼ −δβγδðx− yÞ

þ
Z

d4zΣβαðx; zÞSαγðz; yÞ: ðB20Þ

This system can be solved perturbatively and therefore
provides an alternative construction of the full Green’s
functions. We now apply it to the mean electromagnetic
field.
For the vacuum initial state and vanishing photon source,

I ¼ 0, the mean field (17) is

hAμðxÞi ¼ α1μðxÞ ¼ −α2μðxÞ: ðB21Þ

From Eq. (B18), it follows that

□hAμðxÞi ¼ ieTr½γμS11ðx; xÞ�: ðB22Þ

At zeroth order in the fine-structure constant, S11ðx; yÞ
reduces to the causal propagator Sðx; yÞ, and Eq. (B22)
gives the leading mean field (42). With retarded boundary
conditions, the all-order solution is

hAμðxÞi ¼ ie
Z

d4x0DðRÞ
μν ðx; x0ÞTr½γνS11ðx0; x0Þ�: ðB23Þ

The order-e3 mean field requires the order-e2 correction
to the propagator Sλαðx; yÞ. Denoting this correction by
Sλα
2 ðx; yÞ, we find

hAμðxÞið3Þ ¼ ie
Z

d4x0DðRÞ
μν ðx; x0ÞTr½γνS11

2 ðx0; x0Þ�: ðB24Þ

We next derive the equation obeyed by S11
2 ðx; yÞ. To second

order in e, Eq. (B20) gives

DβλðAÞSλγ
2 ðx; yÞ − eγμαβ1μðxÞSβγðx; yÞ

¼
Z

d4z Σβα
2 ðx; zÞSαγðz; yÞ; ðB25Þ

where αβ1μðxÞ is the leading-order part of αβμðxÞ, determined
by Eq. (B21). Setting β ¼ γ ¼ 1 yields

DðAÞS11
2 ðx; yÞ − eγμhAμðxÞið1ÞSðx; yÞ

¼
Z

d4z Σ1α
2 ðx; zÞSα1ðz; yÞ: ðB26Þ

The leading-order mass operator is given by
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Σλγ
2 ðx; yÞ ¼ −ie2γμSλγðx; yÞγνDγλ

νμðy; xÞ: ðB27Þ

It follows that

DðAÞS11
2 ðx; yÞ ¼ eγμhAμðxÞið1ÞSðx; yÞ − ie2

Z
d4z γμS1αðx; zÞγνDα1

νμðz; xÞSα1ðz; yÞ: ðB28Þ

This differential equation alone does not uniquely determine the propagator correction S11
2 ðx; yÞ. We therefore compute the

correction directly from the definition (B8),

Sλα
2ll0 ðx; yÞ ¼ i

δ2Zð2Þ

δη̄λlðxÞδηαl0 ðyÞ
����
I¼η¼η̄¼0

: ðB29Þ

We then verify that the explicit result satisfies Eq. (B28) and, after substitution into Eq. (B24), reproduces Eq. (58).
Evaluating the functional derivatives in Eq. (B29) yields

Sλα
2 ðx; yÞ ¼ −e

Z
d4z1

Z
d4z2j

μ
inðz1ÞDλ1λ2

μν ðz1; z2ÞSλλ2ðx; z2ÞγνSλ2αðz2; yÞ

þ ie2
Z

d4z1

Z
d4z2D

λ1λ2
μν ðz1; z2ÞSλλ1ðx; z1ÞγμSλ1λ2ðz1; z2ÞγνSλ2αðz2; yÞ: ðB30Þ

Diagrammatically, these two terms are the second-order radiative corrections generated by the leading induced current and
by an internal photon line. After summing over λ1 and λ2, the component with λ ¼ α ¼ 1 becomes

S11
2 ðx; yÞ ¼ −e

Z
d4z1

Z
d4z2 j

μ
inðz1ÞDðRÞ

νμ ðz2; z1Þ½Sðx; z2ÞγνSðz2; yÞ þ SðþÞðx; z2ÞγνSð−Þðz2; yÞ�

þ ie2
Z

d4z1

Z
d4z2½Dμνðz1; z2ÞSðx; z1ÞγμSðz1; z2ÞγνSðz2; yÞ

−DðþÞ
μν ðz1; z2ÞSðx; z1ÞγμSðþÞðz1; z2ÞγνSð−Þðz2; yÞ þDð−Þ

μν ðz1; z2ÞSðþÞðx; z1ÞγμSð−Þðz1; z2ÞγνSðz2; yÞ
− D̄μνðz1; z2ÞSðþÞðx; z1ÞγμS̄ðz1; z2ÞγνSð−Þðz2; yÞ�: ðB31Þ

Acting with DðAÞ on Eq. (B31), we find

DðAÞS11
2 ðx; yÞ ¼ e

Z
d4zjμinðzÞDðRÞ

νμ ðx; zÞγνSðx; yÞ

− ie2
Z

d4z½Dμνðx; zÞγμSðx; zÞγνSðz; yÞ −DðþÞ
μν ðx; zÞγμSðþÞðx; zÞγνSð−Þðz; yÞ�: ðB32Þ

This is precisely the right-hand side of Eq. (B28).
Finally, substituting Eq. (B31) into Eq. (B24) and following the same algebraic steps as in the main-text derivation gives

Eq. (58). The perturbative solution of the Schwinger-Dyson equations therefore reproduces the third-order mean field
obtained from the generating functional.
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