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It has been suggested some time ago that many black hole properties are not specific to gravity, but rather
are shared by a large class of objects, the so-called saturons, that saturate the quantum field theoretic upper
bound on microstate degeneracy. By now, various aspects of this universality have been understood and
demonstrated in a number of explicit examples. In the present paper, we add one more brick to the building
by showing that the decay of a simple two-dimensional saturated soliton copies some key aspects of the
black hole decay as well as of the information retrieval. In particular, we study the evaporation process of a
classically stable vacuum bubble of a spontaneously broken SUðNÞ-symmetry, coupled to massless
fermions. We show that the decay rate as well as the characteristic energy of the emitted quanta are given by
the inverse size of the object, in striking similarity with the Hawking evaporation of a black hole.
The timescale of information retrieval also matches the one previously suggested for a black hole by Page.
We give the semiclassical derivation of the phenomenon as well as its fully quantum resolution as a decaying
coherent state of Goldstone bosons. The universal nature of the effect and its microscopic understanding
support the analogous quantum portrait of a black hole as a saturated coherent state of gravitons.
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I. INTRODUCTION

Black holes have long been considered as objects in their
own category, characterized by certain unique properties.
Perhaps, the feature that has been considered to be the most
mysterious is the Bekenstein-Hawking entropy, which
follows an area law in Planck units [1],

S ∼ AMd−2
P ; ð1Þ

where d is the dimensionality of the space-time andMP the
corresponding Planck mass. This entropy also saturates the
Bekenstein bound [2] S ≤ 2πER, where E is the energy and
R is the radius of the object.
The black hole exhibits other striking features. In the

semiclassical description it is characterized by an informa-
tion horizon as well as by the thermal-like Hawking
evaporation rate [3],

Γ ∼
1

R
: ð2Þ

Both the rate as well as the characteristic energy of emitted
quanta are given by the inverse size of the system.
Another mysterious property of a black hole is a macro-

scopically long timescale of information retrieval. Namely,
despite having a maximal information storage capacity, a
semiclassical black hole radiates energy but no (or negli-
gible) information. The duration of the validity of the
semiclassical regime, which ignores the quantum backreac-
tion, is a separate important question entangled with the
question of information retrieval. This shall be discussed
separately. However, there is little doubt that, within the
validity of the semiclassical treatment, the information
carried by radiation is unreadable. This is puzzling.
One may be tempted to attribute the above features to

peculiarities of quantum gravity, however this turned out
not to be the case.
First, in [4] it was shown that the feature of the delayed

information-retrieval is a universal property of all systems
with enhanced capacity of information storage, regardless
of their origin. All such systems at the initial stages radiate
energy but maintain the load of information internally for a
macroscopically long timescale. However, the universality
of black hole features does not stop here.
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The unifying framework was proposed in [5–7], where it
was argued that none of the above-discussed features are
unique to black holes. Rather, they are common for a
universality class of objects, the so-called “saturons,” that
saturate the quantum field theoretic (QFT) bound on the
microstate degeneracy. In [5–7] the bound has been
formulated in three distinct forms, which emphasize differ-
ent physical meanings of the saturation effect.
First, the bound says that in any QFT the maximal

microstate entropy attainable by a localized object of radius
R is given by

Smax ¼
1

α̃
; ð3Þ

where α̃ is a dimensionless quantum coupling of the
interaction responsible for the existence of the object. In
the above expression, the running coupling α̃ has to be
evaluated at the scale R.
Moreover, α̃ also sets the upper bound on the occupation

number of quanta N in the bound state by the self-
sustainability condition α̃N ¼ 1. Thus, for a saturated
system the microstate entropy is bounded by the number
of constituents [6],

Smax ¼ N: ð4Þ

The alternative (and perhaps a more striking) presenta-
tion of the same bound is that the maximal entropy is given
by the area

Smax ¼ Afd−2P ; ð5Þ

where fP is the scale of spontaneous breaking of the
Poincaré symmetry by the object.
The connection between (5) and (3) becomes very clear by

noticing that the scalefP is the scale (“decay constant”) of the
Poincaré Goldstone. Correspondingly, the dimensionless
coupling of this Goldstone, evaluated at the momentum
scale 1=R is (3). In other words, at the point when a system
reaches the maximal microstate degeneracy, the coupling α̃
of the interaction responsible for the existence of the object
matches the coupling of the Goldstone mode of the sponta-
neously broken Poincaré symmetry.
It has been shown that going beyond the bounds (3), (4),

and (5) invalidates the QFT description, in particular, by the
breakdown of the loop-expansion in α̃ [6,7], and by the
violation of unitarity in the scattering processes [5].
Therefore, the phenomenon of saturation gives a trans-

parent meaning to the area-form of the entropy: it manifests
the universal feature of the (inverse) Goldstone coupling
which at wavelength R in an arbitrary number of space-time
dimensions scales as the corresponding area A ∼ Rd−2.
Once we understand the above, it becomes immediately

clear that the black hole entropy (1) is a particular

manifestation of the more general expressions (5) and
(3) [5–7]. Indeed, for equating (1) and (5), it suffices to
notice that for a black hole the scale of the Poincaré-
breaking is the Planck scale, fP ¼ MP. Likewise, it is clear
that the relation between the Bekenstein-Hawking entropy
(1) and the quantum coupling of graviton evaluated at the
scale R, α̃ ¼ ðRMPÞd−2, satisfies the relation, as it was
originally pointed out in [8]. The bound described by (3)
and (5) is therefore a more fundamental bound, which
encompasses in itself the area law, for which the
Bekenstein-Hawking entropy represents a particular case.
We note that in many instances, the saturation of the

bounds (3), (4), and (5) also implies the saturation of the
Bekenstein bound. However, the three former bounds
appear more general, as they must be respected regardless
of the latter.
Now, whenever the bound (3) [and thereby (4) and (5)] is

saturated, it turns out that all the properties that previously
were thought to be exclusive to black holes also appear. In
particular, all saturons display the relations (2).
This has been demonstrated by explorations of saturons

in renormalizable theories in which calculations can be
performed reliably [5,9–12]. In addition, it has been shown
[13,14] that saturons exhibit the relation between the
maximal spin and the entropy identical to black holes.
The understanding of all aspects of the phenomenon of

saturation is of fundamental importance because of the
following reasons.
First, it allows us to understand the mysterious black hole

properties in terms of a universal underlying phenomenon
that goes far beyond gravity. Due to this universality,
saturons in renormalizable theories can be used as test
laboratories not only for explaining the known black hole
properties but also for predicting new effects.
One example of a new phenomenon is provided by the

so-called “memory burden” effect [4,15,16], which sug-
gests that the information load carried by any system of
enhanced capacity of information storage (such as a black
hole), exerts a stabilizing back-reaction on it. The stabili-
zation of saturated solitons by the memory burden effect
has been discussed in [11,12,17]. Various potentially
observational implications of this effect have been dis-
cussed in the literature, but shall not be considered here.1

Next, the understanding of saturons in renormalizable
theories allows us to shed light on the microscopic structure
of a black hole. In particular, it provides a framework for
testing the microscopic description of a black hole as a
saturated coherent state of gravitons of occupation number
N ¼ α̃−1 [8,20,21]. This picture, called the black hole’s
quantum N-portrait, explains the black hole properties
microscopically. In particular, one can explicitly recover
features of the Hawking radiation (2) from the quantum

1For early work on implications for primordial black holes
see, [15,17–19].
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rescattering of the graviton constituents. The study of
saturons in renormalizable theories allows us to verify this
correspondence, since saturons admit an explicit micro-
scopic resolution in terms of coherent states of quanta.
They can therefore demonstrate how the black holelike
features emerge from such states. For example, the satu-
ration of the entropy bound (4) by a black hole is automatic
within the N-portrait description [8,20,21]. This feature has
been explicitly verified for other saturons and shall also be
the case in the present work.
Finally, the study of saturons is important for the general

approach of understanding the strong field nonperturba-
tive semiclassical phenomena in terms of fully quan-
tum multiparticle effects. This program was initiated in
[8,20–27] for strong field gravitational systems such as
black holes and de Sitter, and it was generalized to
nongravitational soliton and instanton processes in a series
of papers [5–7,10–12,28–34].
The main focus of the present paper will be on retrieving

the Hawking-like evaporation rate (2) for a specific example
of a saturon in a 1þ 1-dimensional theory. This decay rate
has been reproduced previously in [10–12] in 1þ 1 and
3þ 1 dimensional examples of saturons, using the picture of
the S-matrix scattering of constituents. In [10], the role of the
saturon was played by a bound-state of the Gross-Neveu
model [35],whereas in [11,12] the saturon is represented by a
stabilized version of the vacuum bubble of a spontaneously
broken SUðNÞ-symmetry [5].
The example considered in the present paper is a 1þ 1-

dimensional version of the above-type vacuum bubble. The
novelty is that we shall perform computations both in a
semiclassical as well as in a fully quantum regime, and
demonstrate the matching. The semiclassical computation
can be regarded as a nongravitational analog of the
Hawking analysis. In this treatment, the saturon is taken
as a background which sources quantum particles in the
zero-back-reaction limit. In this regime, the particle crea-
tion is a vacuum process very similar to Hawking’s semi-
classical effect in a black hole. Thanks to the simplicity of
the model, some results can be obtained analytically.
On the other hand, in the fully quantum description, the

decay rate is obtained as a result of the rescattering and
decay of the constituent quanta. For the vacuum bubble,
these constituents represent the Nambu-Goldstone modes
of the spontaneously broken SUðNÞ-symmetry localized
within the bubble interior. On the gravitational side, this
analysis represents a counterpart of the black hole decay
described within the quantum N-portrait [8].
In the proper limit, the two approaches match, as

expected. The presented saturon model thus can be viewed
as a calculable laboratory that allows to explicitly inter-
polate between the Hawking-type semiclassical and quan-
tum-corpuscular regimes. The advantage of the corpuscular
picture is that, being more fundamental, it allows us to go
beyond the leading-order approximation and estimate the
corrections to the semiclassical behavior.

In particular, it allows us to explicitly track the process of
the information retrieval and to establish the required
timescales, which are in accordance with the previous
estimates [5,10–12]. Within the quantum picture, these
timescales are finite but go to infinity in the semiclassical
limit. We thus explicitly observe, at the level of a calculable
unitary theory, that seeming nonrecovery of information is
an artifact of the semiclassical approximation.
The paper is structured as follows: in the second section,

we introduce the model and we discuss the bubblelike
solutions which appear in its spectrum, with a particular
focus on saturation. In the third section, we describe the
setting of the semiclassical computation and we obtain the
radiation spectrum of the bubble in the saturation limit. In
the fourth section, we give the quantum description of the
evaporation process. In the fifth section, we interpret the
results and estimate the corrections to the semiclassical
behavior. In the sixth section, we present the quantum
derivation of the timescale of the information retrieval. In
the seventh section, we conclude.

II. A MODEL OF A SATURON

A. The classical soliton

We shall study the two-dimensional version of the model
of a saturated vacuum bubble originally introduced in [5].
We shall focus on the stabilized version of the bubble
derived in [12]. The theory is defined by the following
Lagrangian:

L ¼ 1

2
tr½ð∂μΦÞð∂μΦÞ� − V½Φ� ð6Þ

V½Φ� ¼ α

2
tr

��
fΦ −Φ2 þ I

N
tr½Φ2�

�
2
�
; ð7Þ

where Φ is a scalar field in the adjoint representation of the
SUðNÞ-group. Since we are in 1þ 1 space-time dimen-
sions, Φ is dimensionless. So is the parameter f, whereas
the parameter α has dimensionality of ½mass�2. The dimen-
sionless coupling, α̃, controlling the strength of the inter-
action, is determined as

α̃≡ α

m2
¼ 1

f2
: ð8Þ

In order to obtain saturated states, we shall work in the
limit of large N and large f (weak coupling). Defining the
collective (’t Hooft) coupling as N=f2, unitarity imposes
the following upper bound on it,

N=f2 ≲ 1: ð9Þ
The potential (7) admits the SUðNÞ-symmetric vacuum

as well as a number of degenerate vacua in which the
SUðNÞ symmetry is spontaneously broken down to various
maximal little groups, SUðN − KÞ × SUðKÞ ×Uð1Þ with
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0 < K < N. For definiteness, we shall focus on two
neighboring vacua: the SUðNÞ-symmetric vacuum in
which the field vacuum expectation value (VEV) is zero
and the vacuum in which the symmetry is spontaneously
broken down to the SUðN − 1Þ ×Uð1Þ-subgroup

Φβ
α ¼ fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

NðN − 1Þp diagððN − 1Þ;−1;…;−1Þ: ð10Þ

In the SUðNÞ-symmetric vacuum all excitations are
gapped, with the mass of the quanta given by m ∼

ffiffiffi
α

p
f.

In the SUðN − 1Þ ×Uð1Þ-symmetric vacuum there exist
2N gapless Goldstone species.
The theory admits vacuum bubble configurations inter-

polating between the two vacua and separated by a bubble
wall of thickness ∼m−1.
Since we are in 1þ 1-dimensions, a bubble represents a

kink and an antikink separated by a certain distance R. For
infinite separation, the kink (or antikink) located at x ¼ 0
has the following form,

ϕðxÞ ¼ f
2
ð1� tanhðmx=2ÞÞ: ð11Þ

The mass of a kink (or antikink) is given by,

Ek ¼
1

6

m3

α
¼ 1

6

m
α̃
: ð12Þ

We consider the vacuum bubbles of the broken symmetry
vacuum in their interior, embedded in the symmetric one.
For R ≫ m−1 the asymptotic field values are ϕðxÞ ≃ f for
jxj < R and ϕðxÞ ¼ 0 for jxj > R. The interior of a bubble
(jxj < R) houses ∼2N gapless Goldstone species. If no
Goldstone modes are excited, the bubble at finite R is
unstable. The kink and antikink attract each other, and after
some oscillations annihilate.
However, as shown in [12], the bubble can be stabilized

by the Goldstone charge. The theory admits stationary
bubble solutions of the form

Φβ
α ¼ ðU†VUÞβα ð13Þ

UðtÞ ¼ exp ½−iθaðtÞTa� ð14Þ

Vβ
αðxÞ ¼ ϕðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

NðN − 1Þp diagððN − 1Þ;−1;…;−1Þ; ð15Þ

where Ta are the SUðNÞ generators.
The bubble profile is easily investigated with the

choice of θa as a uniform rotation in a single flavor,
θa ¼ δa1ωt. Then, by plugging the ansatz (13) in the
original Lagrangian, finding the bubble profile is reduced
to the solution of the equation

∂
2
xϕþ V 0ðϕÞ ¼ 0; ð16Þ

where the potential is given by (see Fig. 1)

VðϕÞ ¼ 1

2
ϕ2ðω2 − αðϕ − fÞ2Þ: ð17Þ

The stationary bubble profile corresponds to the solution
that has ϕð0Þ ¼ ϕ0 ≠ 0 and asymptotes to ϕðxÞ → 0
for jxj → ∞.
The proof of the existence can be obtained by following

the reasoning given in [12] for the 3þ 1-dimensional
version of the present model. The 1þ 1-dimensional case
considered here is simpler as certain characteristics can be
obtained explicitly.
If we think of x as a time coordinate, the above equation

is equivalent to the one satisfied by a classical particle with
coordinate ϕ moving in the external potential (17). Since in
our parametrization ϕ is positive, we only consider the
region ϕ > 0. The generalization of our analysis to a field
defined on the entire real axis is trivial.
For ω2

αf2 < 1 (or, equivalently, for ω2 < m2), the

above potential has two maxima, ϕ ¼ 0 and ϕmax ¼
f
4

�
3þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8ω2

αf2

q �
, separated by a minimum at ϕmin ¼

f
4

�
3 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8ω2

αf2

q �
. In addition to ϕ ¼ 0, the potential also

becomes zero at the points ϕ0 ¼ f � ωffiffi
α

p .

In this regime, the existence of a stationary bubble
solution is rather transparent. The “particle” starts at the
“time” x ¼ −∞ with the initial position ϕ ¼ 0 and with
zero initial velocity, ϕ0 ¼ 0. At some point it rolls down the
hill, climbs on the other side of the slope and reaches the
point ϕ0 ¼ f − ωffiffi

α
p with the zero velocity. It then bounces

and repeats the excursion backward: rolls down, then up
and reaches the initial maximum ϕ ¼ 0 at x ¼ þ∞.
Thus, the bouncing point

ϕ0 ¼ f

�
1 −

ω

f
ffiffiffi
α

p
�

ð18Þ

FIG. 1. The effective potential for the ϕ field. The bubble
solution corresponds to the field “rolling” down from the zero
value at “time” x ¼ ∞ to the finite value ϕ0 at “time” x ¼ 0, and
back to ϕ ¼ 0.
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determines the value of the field at the center of the bubble.
The bubble size,R, can bedefined as the characteristic “time”
interval required for the entire round trip. Each one-way
journey represents a kink and an antikink, separated by the
time interval that the field spends near the bouncing pointϕ0.
This time interval is controlled by the frequency ω.
Notice that the time interval spent at the bouncing point

ϕ0 ¼ f − ωffiffi
α

p goes to infinity for ω → 0, since in this limit

the bounce-point coincides with the maximum: ϕ0 ¼
ϕmax ¼ f. Correspondingly, the particle spends an infinite
time there before starting the return journey. That is, the
time interval separating the onward and backward tran-
sitions becomes infinite. In other words, in this limit, the
bubble becomes a kink and an antikink, given by (11), at
infinite separation, R → ∞.
Thus, as in the 3þ 1 case of [12], choosing a certain

frequency ω for the Goldstone oscillations in the bubble
interior fixes the size R and the height ϕ0 of the bubble
profile as in (18).
However, in contrast to the 3þ 1-dimensional case [12],

in the 1þ 1 case for ω → 0 the size of the stationary bubble
R increases only logarithmically. Namely, in the thin-wall
approximation m ≫ ω we have

R ∼
1

m
ln

�
m
ω

�
: ð19Þ

The reason for the slow growth is that for R ≫ m−1,
the attractive potential between the kink and antikink is
suppressed exponentially.
Thus, in the thin-wall limit ϕ0 ≃ f. Moreover, we have

Rω ∼
ω

m
ln

�
m
ω

�
≪ 1 ð20Þ

and

ω

ϕ0

≪
ffiffiffi
α

p
: ð21Þ

For thick-wall bubbles, on the other hand, we have ω ∼m,
Rω ∼ 1 and ϕ0 < f.
In the two-dimensional case, the bubble profile ϕbðxÞ

can be obtained analytically. Due to the integral of motion,
the bubble satisfies the first-order differential equation,

dxϕb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2VðϕbÞ

p
: ð22Þ

which can be integrated explicitly to obtain (see Fig. 2)2:

ϕbðxÞ ¼
m − ωffiffiffi

α
p

�
mþ ω

mþ ω cosh ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − ω2

p
xÞ

�
: ð23Þ

Correspondingly, the energy of the bubble is

Eb ¼
Z

∞

−∞
ðdxϕbÞ2: ð24Þ

The analytic expression for the energy is readily available

Eb ¼ −
2

3
mf2

�
1 −

ω2

m2

�
3=2

þmf2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ω2

m2

r

þ ω2f2

m
ln

�
m
ω
−
m
ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ω2

m2

r �
: ð25Þ

In the thin-wall limit (ω=m → 0) this energy is equal to
twice the energy of a static kink (12),

Eb ≃ 2Ek ≃
1

3

ffiffiffi
α

p
f3 ¼ 1

3

m
α̃
: ð26Þ

However, order of magnitude wise it remains the same also
in the thick-wall limit ω ∼m.
The SUðNÞ-charge of the bubble is given by

Q ¼
Z

dxðϕbðxÞÞ2ω: ð27Þ

In the thin-wall approximation, the bubble size (19) can be
found by extremizing the R-dependent potential energy

VðRÞ ¼ 1

2
Rf2ω2 − 2Eke−mR; ð28Þ

subject to the fixed charge constraint, which in thin-wall
regime implies f2Rω ≃Q. The second term in the potential
comes from the attractive force between a kink and an
antikink.

B. The Goldstone modes

The bubble supports some gapless excitations, which can
be interpreted as the Goldstone bosons of spontaneously
broken space-time and internal symmetries.

FIG. 2. The bubble profile for the ϕ field.

2In a different context, this solution was previously obtained by
Juan Sebastián Valbuena Bermúdez. We thank him for sharing it.
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In particular, the spectrum of the bubble excitations
contains a gapless translation modulus, ηðtÞ, which cor-
responds to infinitesimal translations of the bubble with-
out a change in its shape. Correspondingly, the wave
function profile of the translation modulus is given by
the x-derivative of the bubble profile,

ϕbðxþ ηðtÞÞ ¼ ϕbðxÞ þ ð∂xϕbðxÞÞηðtÞ þ � � � : ð29Þ

This modulus represents the Goldstone boson of a sponta-
neously broken translational symmetry. Notice that the
norm of this degree of freedom,

N η ¼
Z

∞

−∞
ð∂xϕbÞ2; ð30Þ

coincides with the energy of the bubble. At the same time,
together with the bubble size, it determines the order
parameter of Poincaré-breaking in the following way,

f2P ¼ N ηR ∼
ðmRÞ
α̃

¼ ðmRÞf2: ð31Þ

Notice that for a thick-wall bubble, where ðmRÞ ∼ 1, the
scales of spontaneous breakings of Poincaré and SUðNÞ-
symmetries become equal. This shall have a deep physical
meaning for determining the entropy saturation of the
bubble and its similarity with the black hole entropy.
Let us now analyze the SUðNÞGoldstones. In order to do

so, let us parametrize, without loss of generality, the
rotation of the bubble by one of the broken generators
by the angle θðxμÞ. The effective action for this mode is

Sθ ¼
Z

d2xϕ2
bðxÞð∂μθÞ2: ð32Þ

Next, we perform the mode expansion

θðx; tÞ ¼
X
k

ΘkðxÞζkðtÞ; ð33Þ

where the modes satisfy ζ̈ ¼ −k2ζ. The mode functions
satisfy (see also the discussion in Appendix C)

Θ00
k þ 2

ϕ0
b

ϕb
Θ0

k þ k2Θk ¼ 0; ð34Þ

where prime denotes ∂x.
First, we notice that there exists a zero mode (gapless)

with k ¼ 0 and a constant wave function,

Θ0 ¼
�Z

dxϕ2
bðxÞ

�
−1
2 ≡ 1ffiffiffiffiffiffiffi

N θ

p : ð35Þ

Notice that the norm of the Goldstone is connected to the
bubble charge through the relation, N θ ¼ Q=ω.

The above k ¼ 0-mode as well as the analogous ones for
other broken generators are the Goldstone zero modes
responsible for the degeneracy of the bubble in SUðNÞ
flavor space.
Notice that there is also a growing solution with

k ¼ 0 [36],

Θ̃ðxÞ ¼
Z

x

0

dy
ϕ2
bðyÞ

; ð36Þ

However, this mode is not normalizable, i.e.,Rþ∞
0 dxϕ2

bΘ̃
2
0 ¼ ∞.

Let us remark that at finite N none of the modes are
exactly gapless. Rather, they have tiny gaps given by the
scale

Δω0 ∼
1

NR
: ð37Þ

This gap can be understood as the result of the spread of the
wave packet, due to the breaking of the symmetries of the
Hamiltonian. The first, universal feature, is the spread due
to the breaking of Poincaré symmetry.
Indeed, in a quantum theory, any soliton with a locali-

zation radius R is represented by a wave packet, which
breaks the translational symmetry of the Hamiltonian. Due
to this, over time it spreads into a superposition of solitons
at different locations. For any saturated soliton, the spread-
out time is given by

Δt ¼ 1

Δω0

∼ NR: ð38Þ

This spread also translates into a spread of the mode
functions of all the localized modes, endowing all the
would-be zero modes with the minimal energy gap given
by (37).
For the Goldstones of the internal symmetry, the origin

of the gap comes from the spread in the internal space of
the SUðNÞ-symmetry. Indeed, at finite N, the would-be
degenerate “vacua” obtained by the relative rotations of the
bubble solution are not truly orthogonal. Correspondingly,
the would-be Goldstones have gaps given by (37).
For saturated solitons, which are the thick-wall bubbles,

the two spreads go hand in hand since N controls both
effects: the breaking of internal SUðNÞ as well as of
Poincaré symmetries. Of course, for under-saturated sol-
itons, the two gaps can be different and are controlled by
the respective occupation numbers and localization radii.
In general, the presence of super-soft memory modes

with gaps given by (37) is a universal feature of saturons,
which can potentially be probed by the corresponding
super-soft radiation of comparable frequency [9].
Notice that the existence of a small gap does not affect

the features of saturation of the bounds (3), (4) and (5),
since the entire diversity of microstates occupies the energy
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gap ∼1=R. As previously recognized in the context of the
black hole N-portrait, the above features are fully shared by
the microstates of a black hole (see, e.g., [22,37]).

C. Nonzero modes

Let us now mention some important nonzero modes. In
addition to the zero mode, we can also identify a mode with
a gap of order ω associated with the breathing of the
bubble. It is the easiest to identify this mode for a thin-wall
bubble. As already discussed above, in this approximation
we can think of the bubble as kink and antikink separated
by a distance R. The configuration is stable since the
attractive exponentially suppressed force is balanced by the
repulsion due to the SUðNÞ-charge. The small oscillations
of the kinks about the equilibrium point are described by
the following effective equation

E ¼ 2Ek
δ̇ðtÞ2
2

þ 1

2

∂
2V
∂L2

				
L¼R

δðtÞ2; ð39Þ

where the potential arises as the second-order expansion of
the potential energy (28)

VðLÞ ¼ 1

2
Lf2ω2 − 2Eke−Lm; ð40Þ

around its minimum ∂V=∂L ¼ 0, L ¼ R at fixed charge Q
which relates ω and L as ω ¼ Q=f2L.
From here we get,

2V 00ðRÞ ¼ −m2Eke−Rm ¼ −mQ2=f2R2 ¼ −mf2ω2; ð41Þ

and V 00ðRÞ=Ek ∼ ω2.
Therefore, the equation of motion for the canonically

normalized δ at the linear order is

δ̈ðtÞ þ ω2
δδðtÞ ¼ 0; ð42Þ

with ωδ ∼ ω.

D. The quantum picture

As discussed in [5,12], from a quantum perspective the
bubble represents a multiparticle bound state of coherent
quanta held together by the collective effects. In a nonsta-
tionary bubble discussed in [5], no Goldstones are excited.
In this case, the main constituents of the bubble coherent
state are the quanta of the radial mode ϕðxÞ. However, in
the stationary bubble, such as the one constructed in [12]
and in the present paper, there are important constituents in
form of the Nambu-Goldstone modes.
Let us discuss them separately. The main contribution to

the bubble energy from the radial mode ϕðxÞ comes from
the walls, and is of order Eϕ ∼

R ∇ϕ2 ∼mϕ2
0. This corre-

sponds to the collective energy of quanta of wavelength
m−1 and occupation number

Nϕ ∼
Eϕ

m
∼ ϕ2

0: ð43Þ

On the other hand, the energy associated with the
Goldstone charge comes from Goldstone particles localized
in the bubble interior, which oscillate coherently with the
typical frequency ω. Their contribution to the energy is of
order EG ∼

R
ϕ̇2 ∼ ϕ2

0ω
2R. As in the case of the radial

mode, it represents the collective energy of quanta of
frequency ω and occupation number

NG ∼
EG

ω
∼ ωRϕ2

0: ð44Þ

Notice that the relation (27) tells us that the occupation
number of Goldstones is equal to the charge of the bubble,

NG ¼ Q: ð45Þ

This is not surprising, since the charge is stored in
excitations of the Goldstone field.
From the previous analysis, we see that the ratio between

the occupation numbers of Goldstones and particles of the
radial field ϕðxÞ is

NG

Nϕ
∼ ωR: ð46Þ

In the thin-wall limit, Rω ≪ 1. Consequently, the bubble is
dominated by the particles of the radial field. On the other
hand, for thick-wall bubbles NG ∼ Nϕ and the particle
constituents of the bubble are equally shared between the
radial field and the Goldstone modes.

E. The microstate entropy of the bubble

We shall now analyze the entropy content of the
bubble, following the counting given in [5,12] for 3þ 1-
dimensional case. The counting for 1þ 1-dimensional
bubbles is essentially unchanged.
The microstate degeneracy of the bubble can be esti-

mated in two equivalent ways.
On one hand, we can take the point of view of an

observer who lives in the interior of the bubble. The
vacuum of this observer is a Goldstone vacuum, with
Nsp ≃ 2N gapless species of Nambu-Goldstone modes.
Their total occupation number is NG which can be redis-
tributed among different Goldstone species without affect-
ing the macroscopic structure of the bubble. This implies
that the bubble can be described by an arbitrary pattern of
Nsp numbers, jn1; n2;…nNsp

i which sum to NG. Counting
the entropy then reduces to a combinatorics problem.
The second point of view is the one of an exterior

observer. This observer lives in a symmetric vacuum and
sees the bubble as a multiparticle state transforming in large
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tensorial representation of the SUðNÞ group. Therefore, the
entropy is set by the dimension of the representation.
Both countings give the following microstate entropy for

thick-wall bubbles [5,12]:

S ∼ 2N ln

��
1þ 2N

NG

�NG
2N
�
1þ NG

2N

��
: ð47Þ

A quick analysis of the previous equation shows that, for
the critical value of ’t Hooft coupling f2 ¼ N, the entropy
of thick-wall bubbles saturates the bound (3)

S ∼ 2N ∼ f2: ð48Þ

Thus, thick-wall bubbles at the unitarity limit become
saturons. The significance of this regime and its connec-
tions to unitarity are discussed more in depth in Sec. II G.
Since saturated bubbles are thick-wall bubbles, this will

be the regime relevant for our analysis. However, we will
also analyze the thin-wall regime, since it allows us to
obtain precise analytical results. We shall then extrapolate
our findings to the thick-wall case.

F. Coupling to fermions

The stability of the stationary bubble can be understood
as the result of it carrying the Goldstone charge. For the
bubble to decay, the corresponding charge must be emitted
to its exterior. However, the exterior represents the SUðNÞ-
invariant vacuum in which all the charge-carriers are
gapped. This creates an energy barrier, ensuring the
stability of the bubble. In this sense, a bubble represents
a version of a nontopological soliton or a Q-ball [38–43].
Various implications of these objects have been studied in
the literature (see, e.g., [44–48]).
As discussed in [11,12,17], the stability of the bubble can

be understood as a manifestation of the “memory burden”
effect [4,17]. As already said, the essence of the phenome-
non is that an information load carried by a system of high
capacity of information storage stabilizes it against the
decay. The saturated bubble represents such a system, since
the information encoded in the Goldstone modes in the
bubble interior is much cheaper in energy as compared to
the same pattern stored in the SUðNÞ-invariant vacuum.
Correspondingly, the Goldstone pattern creates a memory
burden that stabilizes the bubble.
In order to enable the decay of the bubble, we shall

couple it to a field that can extract the Goldstone charge
from the bubble interior without paying the high energy
price. We accomplish this by coupling the adjoint field ϕ to
a massless fermionic field in the fundamental representa-
tion of SUðNÞ, ψα, via the following terms in the original
Lagrangian:

L ¼ LΦ þ iψ̄α=∂ψα − gψ̄αΦβ
αψβ: ð49Þ

This offers an efficient decay channel for the bubble,
and, as we shall see, it leads to the bubble evaporation. The
dynamics of the particle creation process is in some aspects
similar to the decay of a nontopological soliton with Uð1Þ-
charge discussed in [42,49]. The goal in the present case is
the understanding of the universal features of the process in
the regime of saturation which, in particular, allows
establishing a clear parallel with the decay of a black hole.

G. The large N limit

Before discussing the evaporation process, let us estab-
lish the unitarity constraints on the coupling constants at
large N.
First, let us identify the relevant dimensionless couplings.

The dimensionless coupling, α̃, controlling a tree-level
2 → 2 scattering of quanta of the field Φ, is given by α̃
defined in (8).
At the same time, the leading-order (planar) loop

corrections are controlled by the ’t Hooft coupling [50]
λ ≔ N=f2. The perturbative unitarity constrains this cou-
pling to satisfy λ≲ 1.
Analogously, the 2 → 2 tree-level scattering among the

fermionic particles mediated by the exchange of virtualΦ’s
is controlled by the dimensionless coupling constant
g2=αf2. The corresponding ’t Hooft coupling is defined
(and constrained) as β ≔ g2N=αf2 ≲ 1.
Now, in order to remain within the validity domain of the

theory while taking the limit N → ∞, we must respect the
above unitarity constraints. The exact semiclassical limit
of the theory is then described by the following double-
scaling limit:

f2 ∼ N → ∞
α

m2
∼

g2

m2
∼

1

N
→ 0 ð50Þ

m2 ∼ αN ¼ finite: ð51Þ

In particular, this implies that the quantity gϕ0, which
effectively controls the strength of the interaction between
the bubble and the fermionic field, remains finite.
Let us now consider the most interesting regime of

saturation of the unitarity bounds. In this regime, the limit
N → ∞ and the requirement that we keep the bubble radius
R (and hence m) finite, completely determine the behavior
of the system.
In particular, we have λ ∼ β ∼ 1, which in turn implies

f2 ∼ N; α ∼
m2

N
; g2 ∼

m2

N
: ð52Þ

Taking into account (8), it is clear that the entropy (48) of
the saturated bubble satisfies (3), (4) as well as the area law
(5). Of course, since we are in a 1þ 1-dimensional theory,
the area of the bubble is just a c-number of order one.
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H. Analysis of the fermions-bubble system

After the discussion on how the parameters of the theory
are related to each other in the large-N limit, we classify the
different regimes of the interaction between the bubble and
the fermions (see Figs 3 and 4). The relevant scales that
remain finite in the large N limit are the bubble size R, its
frequency ω and the effective mass that the fermions
acquire inside the bubble mψ ∼ gϕ0. The latter at the
unitarity bound behaves as

mψ ∼ gϕ0 ∼m

�
1 −

ω

m

�
¼ m − ω: ð53Þ

Also, for every value of the coupling, we have mψ ≤ m,
with equality reached in the above limit for a thin-wall
bubble.
Let us first consider bubbles in the parameter regime

saturating the unitarity bound (52)
(i) For thick-wall saturated bubbles, which lie in the

regime Rω ∼ 1, the effective fermion mass can be
smaller (but of the same order) than the energy of a
Goldstone particle: mψ ∼ gϕ0 ∼m − ω≲ ω. This
allows fermions to be on the verge of being created
on-shell everywhere in the bubble.

(ii) For thin-wall bubbles, Rω ≪ 1, the fermion mass
inside the bubble is greater than the Goldstone
frequency: mψ ∼ gϕ0 ∼m ≫ ω. Moreover, since
Rmψ ∼ ðmψ=mÞ ln ðm=ωÞ ∼ ln ðm=ωÞ, for a fermion
of energy of order ω the penetration length inside the
bubble, λψ ∼ 1=mψ , is much smaller than the bubble
size: Rmψ ≫ 1. In Sec. IV, we will see that this
effect implies that fermion production can only
happen close to the boundary of the bubble.

Now, in order to allow ourselves to remain safely within
the regime below saturation, we take g sufficiently small
compared to its maximal value. Then the following regimes
emerge:

(i) For thick-wall bubbles, by gradually decreasing mψ

we enter a regime in which mψ ≪ 1=R ∼ ω.
(ii) For thin-wall bubbles, asmψ decreases, two changes

happen. First, when mψ=m ∼ ln−1ðm=ωÞ, the fer-
mion penetration length becomes larger than the
bubble size: Rmψ ∼ 1. Next, by further decreasing
mψ , the mass becomes also smaller than the Gold-
stone frequency ω.

This exhausts the possibilities that we can encounter
regarding the relevant hierarchies of scales in the problem.

III. THE SEMICLASSICAL
EVAPORATION RATE

Having described our setup, we move on to obtain the
semiclassical radiation spectrum of saturated bubbles.
Namely, we aim to calculate the semiclassical particle
creation for the ψ field in the background of the bubble
solution. Of course, the bubble we are mainly interested in
is a thick-wall saturated bubble. However, when the thick-
wall conditions are satisfied, the profile function (23) of the
bubble does not allow us to obtain an analytic solution for
the fermionic mode functions. Therefore, we focus first on
thin-wall bubbles where we can approximate the bubble
profile by a rectangular function. In this regime, we can
obtain the radiation spectrum analytically. We shall then
extrapolate the result toward the thick-wall saturated
regime.
In order to facilitate the process, we choose the bubble

with a macroscopically occupied Goldstone mode:
θa ¼ δa1ωt. Moreover, we shall work in the strict N→∞
limit. As discussed in the previous section, the quantity gϕ0,
which controls the interaction between the bubble and the
fermions, remains finite as N → ∞. Henceforth, all quan-
tities of our interest are regular in this regime. In this limit,
the matrix part of the vacuum expectation value of the field
inside the bubble (15) takes the simpler form

VðN→∞Þ
α
βðxÞ ¼ ϕbðxÞdiagð1; 0;…; 0Þ: ð54Þ

In order to understand the process of particle creation, we
need to look at the modes of the fermionic field in the
space-time dependent background of our bubble. As usual,
whenever a field is quantized in a time-dependent back-
ground, the resulting quadratic Hamiltonian becomes time-
dependent, and the number operators for asymptotic
particles at early and late times are nontrivially related
by a Bogoliubov transformation. The corresponding
Bogoliubov coefficients encode the rate of the particle
creation by the bubble.FIG. 4. Possible regimes for a thick-wall bubble.

FIG. 3. Possible regimes for a thin-wall bubble.
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To be more precise, let us first denote the two-momen-
tum components by k0 ¼ ϵ, k1 ¼ k. Since for our choice of
UðtÞ there are only two flavors for which both V and U are
nontrivial, the particle production will be controlled by
these two flavors, to which we shall restrict our attention.
Moreover, unless stated otherwise, we are going to use a
unique index i which runs over the tensor product of the
spinor and the flavor spaces. This is convenient, since our
calculation will mix the two types of indices. With this
convention, we label with i ¼ 1, 3 the two spinor compo-
nents of the first flavor and with i ¼ 2, 4 the two spinor
components of the second flavor. The generic mode
expansion reads

ψ ¼
X
n

cnfnðx; tÞ; ð55Þ

where n is an index that runs over the eigenvectors of the
quadratic operator describing the equation of motion of the
fermion in the bubble background and fn are the corre-
sponding eigenmodes.
Obviously, since at spatial asymptotic infinity the fer-

mions do not feel the presence of the bubble, their mode
expansion reduces to the one of the plane waves of a free
theory. Then, in each of the aforementioned regions the
expansion becomes

ψ ¼
Z

∞

0

dϵ
X
i

1ffiffiffiffiffiffiffiffi
2ωk

p ciL=Ru
ϵ
i e

iðkiðϵÞx−ϵtÞ

þ
Z

0

−∞
dϵ
X
i

1ffiffiffiffiffiffiffiffi
2ωk

p c†iL=Ru
ϵ
i e

iðkiðϵÞx−ϵtÞ; ð56Þ

where ui are the polarization spinors, which take into
account also the choice of direction in flavor space.
The asymptotic behavior of the mode functions is what

allows us to define our vacuum states at infinite past and
infinite future. Indeed, even though the time-dependent
background generates a time-dependent Hamiltonian and
hence a time-dependent ground state, the asymptotic
regions far from the bubble give us a preferred way to
define the ground states for t → �∞.
To this end, we split the mode expansion into purely

incoming and purely outgoing waves, depending on the
momentum. In particular, on the left-hand side of the
bubble, the incoming waves with positive frequencies will
have positive momenta, and vice versa for the negative-
frequency waves. The opposite conditions hold for the
right-hand side region of the bubble.
The reason behind this splitting is that, for any given

normalizable wave packet, the purely incoming modes are
the ones responsible for the creation (or annihilation) of the
wave packet at t ¼ −∞. On the other hand, the purely
outgoing waves will control the states at t ¼ þ∞. This
allows us to define the asymptotic vacuum at t ¼ �∞ as
the state annihilated by ladder operators associated with a

positive momentum from the x → −∞ side and with a
negative momentum from the x → þ∞ side, namely,
a state with no incoming particles from both sides.
Analogously, we define the asymptotic vacuum at
t ¼ þ∞ as the state with no outgoing particles.
Of course, if the bubble were absent, these two vacua

would coincide and would correspond to the usual Fock
space vacuum of the theory. The presence of the bubble
mixes the different modes; in particular, a mode associated
with a purely incoming wave at t ¼ −∞ evolves in a
superposition of incoming and outgoing waves at t ¼ þ∞.
Also, the bubble rotation generated by the SUð2Þ matrix

UðtÞ ¼ eiωtT1 ¼ W

�
ei

ω
2
t 0

0 e−i
ω
2
t

�
W†; ð57Þ

where W is a matrix describing a change of the basis that
makes U diagonal and is responsible for the flavor mixing,
mixes modes with positive frequencies ϵ with the ones with
frequencies ϵ − ω

2
and vice versa. This gives rise to a

Bogoliubov transformation among the incoming and the
outgoing ladder operators of the form

ciout ¼
X
j

αijcjin þ βijc
†in
j ; ð58Þ

and leads to particle creation for frequencies jϵj < ω
2
. This

fully specifies the relation among the asymptotic vacua at
t ¼ �∞ and allows to extract the number density of created
particles.
In order to carry on the explicit computation, it was

useful to reduce the problem of solving for the modes to a
time-independent problem by performing the following
field redefinition for the fermions: ψ 0 ¼ Uψ . The equation
of motion for the modes

i=∂ψ þ gU†VðxÞUψ ¼ 0; ð59Þ
then becomes

−γ0ωT1ψ þ i=∂ψ þ gVðxÞψ ¼ 0: ð60Þ
In general, for an arbitrary profile VðxÞ an analytic

solution cannot be found. However, the situation simplifies
in the thin-wall approximation, where the bubble profile
can be approximated by a double Heaviside Theta function.
Of course, such an approximation implies that the validity
of the calculation is restricted to modes with momentum
much smaller than the wall-thickness: k ≪ m. In this
regime, we were able to obtain the full solution for the
fermionic mode functions analytically, by imposing the
continuity condition of the mode profile at the boundary of
the bubble.
The resulting particle spectrum is obtained as a series

expansion either in the regime gϕ0 ≪ ω or in the opposite
one, gϕ0 ≫ ω. Some details of the calculations are
included in the Appendix A.
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Asdiscussed in Sec. II, the regime relevant for saturation is
gϕ0 ≲ ω. Therefore,we can consider the evaporation process
for a thin-wall bubble in this regime, and then extrapolate to a
thick-wall, saturated bubble. Of course, for a saturated
bubble, the thin-wall approximation is not precise, since
we are in a thick-wall regime. However, for momenta k < m,
order-of-magnitude wise, we can still trust the result in its
parametric behavior as a function of gϕ0 and ω.
In this regime, we obtain the density of created particles

per frequency per unit volume in the leading order in a series
expansion in the small parameter gϕ0=ω. As expected, the
radiation conserves the SUðNÞ flavor and is democratic in
particles and antiparticles. The radiation spectrum reads

ρϵ ¼
g2ϕ2

0 sin
2ð2RϵÞ

4ϵ2
; ð61Þ

for jϵj < ω
2
.

The fact that the first-order expression does not contain
ω explicitly is an “accident” of the first-order term of the
series. The second-order contribution, which was also
obtained but will not be presented here, shows that ω
reappears in higher-order terms.
In order to obtain the total particle density, we have to

integrate over frequencies.

Γ ¼
Z ω

2

0

dϵ ρϵ

¼ g2ϕ2
0ð2RωSinIntegralð2RωÞ þ cosð2RωÞ − 1Þ

4ω
: ð62Þ

Extrapolating our results to the saturated regime, in
which Rω ∼ 1, all the terms in the parentheses become
order one and we finally obtain,

Γ ∼
g2ϕ2

0

4ω
∼
1

R
: ð63Þ

We see that for a saturated bubble, the particle emission
rate is given by the inverse size of the bubble. This feature
is strikingly similar to the Hawking-like evaporation rate
of a black hole. This similarity is fully in line with the
previously suggested connection between black holes and
generic saturon states. In particular, the obtained decay rate
is in agreement with the analytic results of saturon decays
obtained in [11,12] for different models of saturons in the
language of QFT S-matrix scattering amplitudes.
In the opposite regime, relevant for a thin-wall bubble at

the unitarity limit, the spectrum can be calculated in an
expansion in the parameter ω=gϕ0. In this regime, we have
calculated the rate with the semiclassical method analogous
to the one explained before. The result reads

Γ ¼ ω tanh2 ðRgϕ0Þ: ð64Þ
Notice that this rate matches the corresponding rate of a

thin-wall bubble at weak fermion coupling (62), Γ∼
g2ϕ2

0R
2ω, in the parameter space where ω≲ gϕ0 ≲ 1=R.

This signals a smooth transition between the two
regimes.
Finally, even if a thin-wall bubble at the unitarity limit

has a fermionic mass larger than the Goldstone frequency,
gϕ0 ≫ ω, we can still try to extrapolate the evaporation rate
to a thick-wall saturated bubble also from the equation (64).
This amounts to progressively tuning gϕ0 ∼ 1=R and at the
same time ω ∼ 1=R. Up to order-one factors, we again
recover the expected saturon evaporation rate (63).
All considered, this discussion offers a clear picture of

the bubble decay in its various regimes. In the next section,
we shall see how the quantum description of the bubble
fully reproduces all the features of its semiclassical behav-
ior in the proper limit.

IV. THE QUANTUM DESCRIPTION
OF EVAPORATION

We shall now interpret the bubble evaporation process in
a fully quantum language. This language is similar to the
one introduced for the description of black hole decay in
the context of N-portrait [8] and later applied for describing
the decay of saturon bubbles in [11,12]. The general point
is that the decay of the object is described as the depletion
of the coherent state due to rescattering or decay of its
constituent quanta.
Applying this quantum description to the present picture,

we describe the process as a rescattering of the bubble
constituents into quanta of fermionic radiation. The dom-
inant process is the decay of an excited Goldstone into a
fermion-antifermion pair (see Fig 5).
Of course, in an ordinary Goldstone vacuum, an on-shell

massless Goldstone boson cannot decay. However, the
situation in the case of a Goldstone localized within the
bubble is fundamentally different. The Goldstone vacuum
with a spontaneously broken SUðNÞ-symmetry exists
exclusively in the interior of the bubble. In the asymptotic
vacuum outside of the bubble, the SUðNÞ-symmetry is
unbroken and no Goldstone modes are present.
Since the bubble breaks the space translation symmetry

spontaneously, the dispersion relation of the localized
Goldstone is very different from the one of a free massless
particle on the Poincaré invariant vacuum. Due to this, from
the point of view of an asymptotic observer, a Goldstone
mode of frequency ω localized in the bubble represents an

FIG. 5. The dominant channel that leads to the bubble evapo-
ration.
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excited quantum level of the massive bubble. Such a state
can get deexcited via a decay into a pair of free fermions
without any kinematical obstruction.
Notice that in the double-scaling limit (50), correspond-

ing to the semiclassical regime, the back reaction on a
bubble from any finite number of the acts of emission is
zero. That is, in this limit the bubble effectively becomes an
infinitely rigid time-dependent background which is eter-
nal. From the point of view of quantum fermion modes,
this background represents a fully legitimate vacuum.
Correspondingly, the quantum decay process of the con-
stituent Goldstones can be described as a semiclassical
process of particle creation in a time-dependent vacuum.
Hence, the particle creation rate obtained in the semi-
classical analysis can be recovered as the large-N limit (50)
of the fully quantum picture of fermion production through
the decay of the constituent Goldstone bosons.
Let us now proceed to the discussion of the quantum

decay process. The decay rate of a Goldstone particle of the
bubble is given by its characteristic frequency ω times the
dimensionless quantum coupling g=ω, which gives

Γ ∼
g2

ω
: ð65Þ

This rate is enhanced by the Goldstone occupation
number NG ∼ ϕ2

0Rω. Correspondingly, the total decay rate
is given by

Γtot
g ∼

g2

ω
NG ∼

g2

ω
ðωRÞϕ2

0: ð66Þ

However, this rate does not take into account the
suppression due to the overlap of the wave functions
between the fermionic field and the Goldstone field (see
also Fig. 6). Indeed, inside the bubble, where the Goldstone
field is localized, the fermion acquires a mass mψ ∼ gϕ0.
For a low energy fermion, this restricts the penetration
length of the fermionic wave function to ∼1=mψ .
The physical effect of this restriction is that a bubble

Goldstone can efficiently decay into fermions only in a
region close to the boundary of the bubble, with a size of
the order of the penetration length.
This effect results in different suppression factors,

depending on the regime in which we are operating.
More details can be found in the Appendix B. When the
penetration length is much smaller than 1=ω as well as the
size of the bubble R, the small overlap induces a further
suppression factor of the order ðω=RÞðmψÞ−2. As explained
in Sec. II, this is the regime where gϕ0 ≫ ω, relevant for
thin-wall bubbles when the fermionic coupling is close to
its unitarity bound. The resulting rate is

Γ ∼
g2ϕ2

0

ω

ω2

m2
ψ
∼
g2ϕ2

0ω

m2
ψ

∼ ω: ð67Þ

We can compare this quantum rate with the one obtained
via the semiclassical method (64) in the same regime.
Indeed, taking into account that at the unitarity bound for
thin-wall bubbles we have gϕ0 ∼m ≫ 1=R, the semiclass-
ical rate (64) matches the estimated rate (67) obtained by
the quantum analysis.
On the other hand, when the fermionic penetration length

is of the same order or larger than the size of the bubble,
gϕ0 ≪ 1=R, the dominant suppression in the overlap
between the Goldstone and fermion wave functions comes
from the localization width of the Goldstone mode which is
given by the size of the bubble, R.
In particular, in the thin-wall limit, where R ≪ 1=ω, the

rate is further suppressed by a factor of order Rω. This is
relevant for the thin-wall bubbles at weak coupling, where
gϕ0 ≪ ω. This regime is the one investigated by Eq. (62).
Indeed, the decay rate matches with the one obtained by the
semiclassical computation

Γ ∼
ðgϕ0Þ2
ω

ðRωÞ2 ∼ ωðRmψÞ2: ð68Þ

When evaluated at saturation, where Rω ∼ 1, this gives

Γ ∼
g2ϕ2

0

ω
∼ ω ∼

1

R
; ð69Þ

in accordance with the semiclassical computation.

A. An analytic regime for the deexcitation
of the bubble Goldstones

Although the full analysis of all the regimes of interests
can be found in the Appendix B, we wish to present an
analytic treatment of a regime in which the deexcitation of
the bubble Goldstones can be made very transparent. In this
treatment, we assume that the bubble walls are far apart, so
that the system can be treated as static for an exponentially
long time. The spectrum of the lowest lying modes can then
be found exactly. In general, one needs to find the mode
spectrum via the analysis of the linear perturbations in

FIG. 6. A graphical representation of the fermionic and Gold-
stone modes in the background of the bubble.
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the bubble background. This will give a tower of states
characterized by the different frequencies ωk

θðx; tÞ ¼
X
k

ΘkðxÞζkðtÞ ¼
X
k

ΘkðxÞeiωkt
âkffiffiffiffiffiffi
ωk

p þ H:c:;

ð70Þ

ψðx; tÞ ¼ 1ffiffiffiffi
L

p
X
k;�

Ωk�ðxÞb̂k�eiωktu� þ H:c:; ð71Þ

Here, ΘkðxÞ;Ωk�ðxÞ are the mode functions for the
Goldstone and the fermion field respectively, u� are the
fermion polarization spinors in the dimensionless normali-
zation, and âk; b̂k� are the corresponding ladder operators.
In the ω → 0 limit, the polarization spinors u� correspond
to �i eigenvalues of γx. Also, for clarity, we are using a
normalization for the modes within a box of finite size L,
which later must be taken to infinity.
As we already discussed, for the Goldstone mode with

ωk ¼ 0 we have Θ0ðxÞ ¼ 1=
ffiffiffiffiffiffiffi
N θ

p
, according to (35).

Once we know the profiles of the modes, we can derive
an effective interaction Hamiltonian between the excited
Goldstones and the fermions, which allows for a simple
computation of the transition rates.
In certain regimes, finding the mode functions can be

significantly simplified. Namely, we shall be interested in
the regime when the walls are far apart

1=ω ≫ R;ω ≪ mψ ; ð72Þ
and correspondingly focus on the Goldstone and fermion
modes with frequencies ωk ≤ ω.
The profiles of such modes in the bubble vicinity are

well-approximated by the profiles of their ωk ¼ 0 counter-
parts. In particular, in this limit, the profiles of the fermion
mode-functions Ω�ðxÞ correspond to eigenfunctions of γx,
γxψ ¼ �iψ , and satisfy,

Ω�ðxÞ ¼ Ω�ð∓∞Þ exp
�
∓g

Z
x

∓∞
ϕbðyÞdy

�
; ð73Þ

where ϕbðxÞ is the bubble wall profile (23). The mode for
the Goldstone of frequency ω also tracks the profile for the
zero mode, weighted by the bubble profile.
Correspondingly, the overlap of the fermion and the

Goldstone mode functions coming from their coupling in
the Lagrangian is (we drop the label ω because of the weak
ω-sensitivity)Z

dx gϕbðxÞΩ2
�ðxÞ ¼

Z
dx

1

2
dxðΩ�ðxÞ2Þ ð74Þ

¼ Ω�ð�∞Þ2 −Ω�ð∓∞Þ2: ð75Þ

The overlap is of order one for 1=mψ ≪ R, and is of order
mψR for 1=mψ ≥ R.

We can now evaluate the decay process for the bubble
perturbatively. Let us restrict to the modes of interest
discussed above.
Recall that we denote as

N θ ¼
Z

dxðϕbðxÞÞ2 ∼ Rϕ2
0; ð76Þ

the Goldstone normalization. Moreover, b̂1;2 and âω are
the fermion and Goldstone ladder operators, respectively.
The ladder operator âω specifically refers to the Goldstone
modes of the bubble with frequencyω, which are the excited
modes constituting the bubble. Similarly, b̂1;2 refer to the
number operators of the fermions of frequencies ω1 and ω2

intowhich the excited Goldstones decay. Aswe already said,
due to the condition (72), the profiles of such modes are very
close to the ones of the respective zero modes.
First, let us remark that the kinetic term for the Goldstone

mode is normalized canonically

H ⊃
Z

dxϕ2
bΘ2

0ðxÞζ̇2ðtÞ ¼ ωâ†ωâω: ð77Þ

We can now obtain the interaction vertex (we omit the
spinorial structure for simplicity)Z

dxgϕbθψ̄ψ ¼
Z

dxgϕbΩ2
1

L
bþ1 b

þ
2 aω

1ffiffiffiffiffiffiffiffiffiffi
N θω

p
¼ ðΩ2ð�∞Þ −Ω2ð∓∞ÞÞ 1

2L
1ffiffiffiffiffiffiffiffiffiffiffiffi
Rωϕ2

0

p
× aωb

þ
1 b

þ
2 : ð78Þ

In the regime 1=mψ ≪ R, the transition Hamiltonian
among the properly normalized mode operators is

Ĥθ→ψ ¼
X
ω1;ω2

1

2L
ffiffiffiffiffiffiffiffiffiffi
ωN θ

p b̂†1b̂
†
2âω: ð79Þ

In the regime 1=mψ ≥ R, the operator above gets corrected
by a factor of mψR.
The interaction Hamiltonian allows us to evaluate the

matrix element from the initial state jii ¼ jNGi to the final
state jfi ¼ jNG − 1i × j1b; 1b0 i. Taking into account that the
Goldstone occupation number is NG ¼ Rωϕ2

0, we obtain

hfjĤθ→ψ jii ∼
ffiffiffiffiffiffiffi
NG

p 1

L
ffiffiffiffiffiffiffiffiffiffiffiffi
ωRϕ2

0

p ∼
1

L
: ð80Þ

Again, in the 1=mψ ≥ R regime, we get an additional mψR
factor.
In order to obtain the rate, we need to integrate the

squared matrix element over the phase space. Restoring
the infinite space limit, 1=L ∼ dpi, and integrating over the
phase-space

R
dp1dp2δðω −

P
i ωiÞ gives us the total
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decay rate:

Γ ∼


ω 1=mψ ≪ R

ωR2m2
ψ 1=mψ ≥ R;

ð81Þ

in complete agreement with the previous sections.

V. UNDERSTANDING THE SPECTRUM

As we have seen, the bubble decay in the saturated
regime captures the key feature of black hole evaporation:
both the decay rate as well as the energies of emitted quanta
are fully determined by the inverse size of the bubble.
Yet, there are some visible differences from the spectrum

of a black hole which we shall now clarify. Namely, in
the case of a black hole, the production of particles with
energy E ≫ 1=R is exponentially suppressed but not zero.
Instead, in the case of a saturated stationary bubble, we are
observing an exact suppression for particles of energy
E > 1=R.
There is a natural explanation for this. In the case of a

black hole, we can understand the suppression microscopi-
cally in the following way. Thinking of a black hole as a
coherent state of gravitons [8], we have gravitons of all
possible frequencies. The distribution is peaked around the
frequency 1=R. However, much higher frequencies E ≫
1=R are also present albeit in exponentially suppressed
numbers ∼e−ER.
The production of energetic particles in the case of a

black hole has at least two sources. The first is a direct
decay of high-frequency constituent gravitons. Obviously,
because of their suppressed number, the corresponding rate
is exponentially suppressed.
The second source for production of asymptotic particles

of energy E ≫ 1=R is the rescattering of a large number
(ΔN ∼ ER) of constituent gravitons into a quantumof energy
E. Such rates are exponentially suppressed as e−ER [8,28,51].
The suppression of the transitions with big changes in the
number of particles is a generic effect. For gravitons, it has
been observed in the multigraviton scattering amplitudes
[51,52]. The same feature is responsible for the suppressed
production of solitons in particle scattering [53–63].
In the case of a saturated stationary bubble, none of these

channels is available in the semiclassical limit. First, there
are no constituent Goldstones of frequencies different from
1=R. Thus, the production of a high energy quantum from
the decay of a single constituent is impossible. Second,
each Goldstone carries a charge. Correspondingly, the
annihilation of ΔN ¼ ER ≫ 1 Goldstones must produce
a quantum of a corresponding charge ΔN (see Fig. 7).
However, such quanta do not exist in the theory. Notice
that, since the bubble is not oscillating, the radial modes
carry no frequencies but only momenta. Due to this, the
rescattering of radial modes cannot increase the energy of
the produced particle.

In this sense, the bubble shares some features of static
topological solitons, which cannot decay due to exact
same reason: no constituents of nonzero frequencies are
available [33,64].
The above reasoning, presented in the zero back-reaction

limit (50), explains in simple terms the peculiarities of the
bubble spectrum as well as some of its differences from the
spectrum of a semiclassical black hole. Once we go away
from this limit, the spectrum can get corrected due to
various 1=N-effects. For example, since for finite-N the
bubble has a finite mass, the spectrum will be corrected due
to a nonzero recoil.
Also, if we make the bubble oscillate radially around the

classical equilibrium point, the radiation of modes with
higher frequencies can appear, and will be exponentially
suppressed [28].

VI. TIMESCALE OF INFORMATION
RETRIEVAL

Let us now discuss the question of the timescale of the
information retrieval. Our reasoning and conclusions will
be similar to the ones of the earlier papers [5,9,11,12,65]
addressing this issue. First, within the validity of the
semiclassical regime, it is impossible to retrieve any
information from saturons, in full analogy with the case
of black holes. In contrast, in the quantum treatment the
timescale of information retrieval is finite, but macroscopic.
This can be understood in very general terms of the

necessary departure from a Hawking-like self-similar
evaporation regime due to 1=S-corrections to thermality
[65]. Such corrections are in full correspondence with the
prediction of the black hole’s N-portrait [8]. However, the
lesson from saturons allows us to understand the univer-
sality of this phenomenon, and to visualize it within a
simple calculable framework.
For a saturated bubble, the information is stored in the

SUðNÞ quantum numbers of the Goldstones. As classified

FIG. 7. Awould be N → 2 process depicting the annihilation of
N Goldstones into a pair of highly energetic fermions. Processes
of this kind are forbidden by charge conservation.
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in [5], for an outside observer the information readout is
possible in two ways, passive and active.
The passive regime implies the detection of the outgoing

radiation and the analysis of its SUðNÞ-flavor content. The
active regime implies the readout of the bubble’s flavor
state by means of the scattering of external quanta at the
bubble.
Let us first discuss the passive method. There are two

factors that delay the information read-out. The first factor
is the weak coupling. For a saturated bubble, the emitted
radiation has a frequency ω ∼ 1=R and it interacts via the
coupling constant α̃ ∼ 1=N ∼ 1=S. The rate for resolving
such a quantum in a detector is,

Γdet ∼
1

R
1

N2
Ndet: ð82Þ

where, the factor 1=N2 comes from the coupling and the
Ndet accounts for the capacity of the detector. At its
maximum, this quantity is Ndet ∼ N.
The rate (82) fully resonates with the general black hole

argument about the resolution of information encoded in
1=S-corrections to thermality [65]. It also matches the
picture of black hole N-portrait according to which the
information is encoded in radiation at the level of 1=N ∼
1=S effects [8,20–22].
However, the detection of a particle is just a beginning of

the information read-out, since the identification of a single
quantum gives only an exponentially small part of the
bubble’s information content.
Thus, even with a most sensitive detector, the start of the

information retrieval is bounded from below by the time,

t≳ 1

Γdet
∼ SR: ð83Þ

As already pointed out in [5,10–12], this timescale is
strikingly similar to the one proposed for a black hole by
Page [66].
As discussed in [9], a universal way for understanding

the information retrieval-time (83) is that it is equal to the
timescale (38) given by the inverse gaps of the memory
modes (37). It is clear that (38), and correspondingly (83),
is the minimal time required for processing the information
encoded in any mode of frequency (37).
The story with the active retrieval of information is

different [5]. This way of information retrieval for black
holes has not been discussed in the standard semiclassical
context. In general, it is rather sensitive to the memory
burden effect [4,15].
Following [5], let us first discuss the active retrieval in a

prememory-burden phase. This can be achieved by scatter-
ing the external radiation at a bubble. In our model, the role
of the external probes can be played by the massive quanta
of the adjoint field or by the massless fermion species that
are coupled to it.

The scattering rate of a fermion of energy ∼1=R at a
saturated bubble is of order one. This is because the
suppression by the coupling 1=N is compensated by the
occupation number of Goldstones NG ∼ N. However, this
leading order effect does not reveal the bubble’s SUðNÞ-
flavor content. The resolution of the flavor quantumnumbers
is again suppressed by (82), amounting to the timescale (83).
However, the above reasoning does not take into account

the memory burden effect [4,15]. Here, we shall limit
ourselves by a qualitative discussion. The detailed analysis
of memory burden in saturated vacuum bubbles can be
found in [17].
The memory burden of a black hole can be imitated by

the bubble if we endow the fermions with bulk masses
above the bubble’s Goldstone frequency ω. This creates an
energy difference between the bubble constituents and the
asymptotic quanta of the same SUðNÞ-charge.
Notice that within the composite framework of black

holes [4,8,20,67] this gap is automatic, and goes up to
∼MP. This is because in a black hole the information is
encoded in high angular momentum modes, which outside
of the black hole have very high frequencies but are gapless
within the black hole. The prototype Hamiltonians captur-
ing this effect have been constructed in [4,67].
Once the bubble is in the memory-burden phase, the

emission is suppressed, and the active retrieval of infor-
mation is the most effective way of reading it out. From
here on, the timescale depends on the particularities of the
system and can be different for black holes and other
saturons (see [17]).

VII. CONCLUSIONS

One of the key features of black hole physics is that the
Hawking decay rate, Γ, as well as the characteristic energy
of the emitted particles, E, are both set by the size, R, of the
object,

Γ ∼
1

R
; E ∼

1

R
: ð84Þ

At the same time, despite radiating the energy, the
information stored in a black hole is not coming out until
a macroscopically long time.
On the other hand, in recent years it has been shown

[5,9–14] that many features of a black hole are universally
shared by the objects, the so-called saturons, that exhibit
the maximal microstate degeneracy permitted by the QFT
consistency. The corresponding bound on the microstate
degeneracy is given by three equivalent expressions (3), (4)
and (5). Within a consistent QFT, all bounds are saturated
simultaneously. Thereby, they express different physical
meanings of the same fundamental law. In particular, all
three bounds are saturated by a black hole.
It has therefore been suggested [5] that black hole

features are not specific to gravity, but rather represent a
universal outcome of the phenomenon of saturation.

SIMILARITIES IN THE EVAPORATION OF SATURATED … PHYS. REV. D 112, 125027 (2025)

125027-15



In the present paper, we have demonstrated that the
particular features (84) are indeed exhibited by a class of
saturated solitons in 1þ 1 dimensions. The soliton of our
interest represents a bubble of a vacuum with spontaneously
broken SUðNÞ-symmetry embedded in the symmetric vac-
uum. Due to the spontaneous breaking of the symmetry, the
bubble houses a large number (∼N) of gapless Goldstone
modes. These modes represent the memory modes respon-
sible for the maximal microstate degeneracy of the bubble.
Classically, the bubble is stabilized by the Goldstone charge.
However, in the quantum theory, it can decay via the
emission of bulk particles.
The black holelike features of saturon decay were

previously demonstrated via the S-matrix analysis in
[11], where the saturon states have been shown to exist
in Gross-Neveu theory [35]. The case closer to the present
paper is the S-matrix analysis of the decay of the saturon
bubbles in 3þ 1-dimensions presented in [12].
The lower-dimensional case studied in the present work

allows us to derive the bubble decay more explicitly and to
see a clear connection between the semiclassical and
quantum-composite pictures.
We analyzed the evaporation spectrum of a saturated

bubble coupled to a massless fermionic field, using the
semiclassical methods as well as the fully quantum picture
of the bubble. As predicted from the general phenomenon
of saturation, when the bubble enters the saturation
regime, its decay exhibits the black hole features given
by (84).
The evaporation rate is obtained from the explicit

computation of the Bogoliubov coefficients of the fer-
mionic field at asymptotic times. We show that the semi-
classical result matches the estimation from the fully
quantum corpuscular description of the bubble. In this
picture, the bubble evaporation is the result of the decay of
the excited Goldstone modes, localized in the bubble
interior, into the free bulk particles.
The presented model allows to explicitly monitor the

mechanisms of information storage and retrieval at the level
of a calculable microscopic theory. As in the previous work
on saturons [5,10–12], we observe the emergence of the
timescale of information retrieval (83). We note that this
timescale reproduces both the general estimate of 1=S-
departures from thermality of black hole evaporation [65]
as well as the explicit predictions from the black hole
N-portrait [8] about the strength of such departures.
It is striking (but perhaps hardly surprising) that the

timescale (83) fully matches the one previously introduced
by Page [66] in the context of a black hole. The saturon
model gives a transparent microscopic meaning to this
timescale and shows why it extends far beyond gravity.
At the same time, the saturon model also shows that the

information retrieval process can be strongly influenced by
the memory burden effect [4,15,16], which however we
only discussed very briefly (for a recent detailed study of
the effect in saturated bubbles, see [17]).

The success of this quantum picture, which is rather
transparent in nongravitational theories, also provides an
indirect support for the analogous quantum picture of a
black hole as of a saturated coherent state of gravitons [8].
The observed behavior shows on an explicit example

that saturons, even in a renormalizable 1þ 1-dimensional
theory that is drastically different from gravity, share the
black hole properties such as the decay rate (84). This
further reinforces the idea that these objects all belong to
the same universality class of saturons.
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APPENDIX A: DERIVATION OF THE
EVAPORATION SPECTRUM

In this appendix, we provide some details of derivation
of the radiation spectrum (62). We begin by considering the
Eq (60). As explained above, it is sufficient to consider the
two flavors that transform nontrivially under the generator
of SUð2Þ-subgroup responsible for the bubble charge.
Then, the evaporation dynamics is reduced to four relevant
degrees of freedom. In the thin-wall approximation, the
Eq (60) splits into three free Dirac-like equations, two in the
two asymptotic regions outside of the bubble and one in its
interior.
Notice that there is a time-dependent symmetry of the

fermionic system in the background of the bubble. It is
generated by a simultaneous time-translation and an SUð2Þ-
rotation in the flavor space, Q ¼ ∂t − ωT1. Thus, we can
label the modes according to the associated charge. This
charge is exactly the energy ϵ of the modes, after the time-
dependent fermion redefinition that we performed using (57).
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On the other hand, translational invariance is broken by the
bubble itself. Hence, from now on, it will be convenient to
express the momentum k of the modes, both asymptotically
and inside the bubble, as a function of ϵ, and not vice-versa, as
it is customary. This will make the matching of the mode
behavior between the different regions more transparent.
In the two asymptotic regions, the modes describe a

standard two-flavored massless fermion, where each flavor
dispersion relation is modified by the field redefinition

k1=2ðϵÞ ¼ �ϵ� ω

2
: ðA1Þ

Inside the bubble, both fermions acquire an effective mass
mψ ∼ gϕ0, and interact with the excited Goldstones. This
leads to a flavor-dependent modified dispersion relation

k21=2 ¼ ϵ2 −
�
mψ

2

�
2

þ
�
ω

2

�
2

� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ω2ϵ2 þm4

ψ − ω2m2
ψ

q
:

ðA2Þ

The polarization vectors are modified accordingly. Note
that for some frequencies the momenta of the modes
become imaginary. This signals that the fermionic particles
cannot propagate on-shell inside the bubble, as their energy
would be smaller than their effective mass inside the
bubble. Nevertheless, these off-shell modes must not be
dismissed as they can connect the two asymptotic regions
through tunneling.
The modes of Eq (60) hence are of the following form:

ψϵðx; tÞ ¼

8>><
>>:

P
j
c̃jũϵ

je
iðk̃jðϵÞx−ϵtÞ jxj < R

P
j
cjL=Ru

ϵ
je

iðkjðϵÞx−ϵtÞ jxj > R;
ðA3Þ

where quantities with a tilde refer to the solution inside
the bubble, and the summation goes over both spin and
flavor degrees of freedom. This expression holds for all

frequencies ϵ, both positive and negative. Note that the
coefficients ci have to be interpreted either as creation or
annihilation operators, depending on their frequencies. This
is crucial for understanding how particle creation from the
vacuum can occur.
In order to obtain the full solution for the modes, we need

to match the coefficients of the plane-wave expansion in the
different regions for a given frequency. This allows us to
obtain ciL as a function of ciR

cLiϵ ¼ Sϵijc
Rj
ϵ : ðA4Þ

The complete expression for Sij is quite lengthy and we do
not report it here. However, it contains all the necessary
ingredients for extracting the coefficients of the Bogoliubov
transformation (58). Below, for illustrative purposes, we
write explicitly the Bogoliubov coefficients for one of the
outgoing ladder operators in the expansion for small gϕ0=ω.
As explained in themain body of the paper, the asymptotic

vacuumcan be defined at t ¼ �∞ by consideringmodes that
propagate incoming or outgoing waves respectively. Once
the full spectrum ofmodes is obtained by (A4), one canwrite
the coefficients ci corresponding to outgoing waves as
functions of the incoming ones as in (58).
A particle creation can occur when the Eq (58) mixes

modes with positive and negative frequencies. If we undo
our time-dependent fermionic field redefinition, it is clear
from the Eq (A1) that this happens for ϵ ≤ ω

2
. Indeed, given

that ϵ is conserved, the only mixing that can take place is
among the modes that in the time-dependent basis have
frequencies ϵ0 and ϵ0 − ω

2
. Consequently, positive and

negative frequencies overlap only in the range discussed
above. Outside of this range, particle creation from the
vacuum is excluded in the semiclassical limit. However,
we still have a nontrivial scattering against the bubble. We
report one of the Bogoliubov equations for the outgoing
ladder operator associated with the flavor of the bubble (the
others are similar and can be obtained as described above)

cL†1;outϵ ¼ cL†2;inϵ

�
igϕ0 sinðRð2ϵ−ωÞÞ

2ϵ−ω

�
þ cR3;inϵ

�
igϕ0 sinð2RϵÞ

2ϵ

�
þ cR†1;inϵ

�
−
2iϵ2ðgϕ0Þ2e−iRω sinð4RϵÞ

ðω2 − 4ϵ2Þ2 þ 8iϵ3ðgϕ0Þ2 sinðRωÞ
ωðω2 − 4ϵ2Þ2

−
ωϵðgϕ0Þ2e−iRω cosð4RϵÞ

ðω2 − 4ϵ2Þ2 þωϵðgϕ0Þ2ðcosðRωÞ− 3i sinðRωÞÞ
ðω2 − 4ϵ2Þ2 þω2ðgϕ0Þ2 sinð4RϵÞðsinðRωÞþ icosðRωÞÞ

2ðω2 − 4ϵ2Þ2

−
ω3ðgϕ0Þ2e−iRωsin2ð2RϵÞ

2ϵðω2 − 4ϵ2Þ2
�
þ cL4;inϵ

�
2ϵ2ðgϕ0Þ2ðsinðRωÞþ icosðRωÞÞ sinðRð4ϵ−ωÞÞ

ðω2 − 4ϵ2Þ2 −
8iRϵ3ðgϕ0Þ2
ðω2 − 4ϵ2Þ2

þωϵðgϕ0Þ2e−2iRωðe4iRϵ − e2iRωÞ
ðω2 − 4ϵ2Þ2 −

2iRωϵ4ðgϕ0Þ2
ðω2 − 4ϵ2Þ2 þω2ðgϕ0Þ2e−2iRðωþ2ϵÞð2e2iRω − 3e2iRðωþ2ϵÞ þ e8iRϵÞ

4ðω2 − 4ϵ2Þ2

þ 3iRω2ϵ3ðgϕ0Þ2
ðω2 − 4ϵ2Þ2 þ iRω3ϵ2ðgϕ0Þ2

2ðω2 − 4ϵ2Þ2 þω4ðgϕ0Þ2ð1− e−4iRϵÞ
16ðω2 − 4ϵ2Þ2 −

iRω4ϵðgϕ0Þ2
4ðω2 − 4ϵ2Þ2 þ 1

�
: ðA5Þ
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The precise computation of the particle spectrum follows
directly from the expression for the modes contained in
Eq. (A4). This has been obtained exactly in the thin-wall
limit, and then expanded in series both for small gϕ0=ω and
in the opposite regime, in order to give the radiation spectra
(62) and (64).

APPENDIX B: CALCULATION OF THE WAVE
FUNCTION OVERLAP SUPPRESSION

In order to justify the suppression factors given in IV, we
estimate the decay rate of a Goldstone particle θ of energy
ω into a pair of asymptotic fermions of energy ω1 and ω2

and corresponding momenta jp1j ¼ ω1 and jp2j ¼ ω2. At
tree level, the total decay rate reads

Γ ¼ 1

T

Z
dp1

2ω1

dp2

2ω2

jhθjg R d2xθψ̄ψ jψ̄ψij2
hθjθi : ðB1Þ

The Goldstone field is localized in the bubble of size R.
Thus, the modes of the Goldstone particles populating the
bubble are normalized by a factor 1=

ffiffiffiffiffiffiffi
ωR

p
. Let us denote by

θω the mode function that corresponds to a Goldstone
particle with frequency ω.
On the other hand, the fermionic field in the background

of the bubble is expanded in a continuum of modes. Again,
let us denote by ψ i the mode that is associated with an
asymptotic fermion of energy ωi. Note that if we were in an
empty space, the process would not be kinematically
allowed by momentum conservation. We will show below
that this constraint gets relaxed in the presence of the
bubble, and a larger kinematical window is allowed.
Since the fermion is massive inside the bubble but

massless outside, for energies smaller than the fermionic
mass the modes will resemble a plane wave outside the
bubble, and will be exponentially decaying inside with the
penetration length lp ∼ 1=mψ . Indeed, inside the bubble

the modes behave like ψ iðxÞ∼ exp
�
ix

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2−m2

ψ

q �
. Notice

that, since the modes are oscillatory outside of the bubble,
they are normalized with the usual continuum norma-
lization. Namely, for each of them we have hψ ijψ ii ¼
ð2πÞωiδð0Þ ¼ ð2πÞωiV, where V is the volume of the full
space, and it should be understood as 1

V ∼ dp. When the
energyω exceeds the fermionic mass induced by the bubble,
the fermion starts propagatingon-shell also inside the bubble,

with an effective momentum of order k ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 −m2

ψ

q
.

Given the premises, we can estimate the decay rate of a
Goldstone into a fermion pair. Summing over polarizations,
we obtain

Γ ∼ g2
1

Rω

Z
dp
ω1

dq
ω2

				
Z

dxθ�ωψ̄1ψ2

				2ω1ω2δ

�
ω −

X
i

ωi

�
:

ðB2Þ

The wave function overlap factor can be estimated depend-
ing on the regimes. In the thin-wall limit, Rω ≪ 1, when
mψ ≫ ω, the integral is approximately independent of the
value of the asymptotic momenta				

Z
dxθ�ωψ̄1ψ2

				2 ∼
				
Z

R

0

dxeiωxe−2mψx

				2 ðB3Þ

∼

(
1
m2

ψ
mψ ≫ 1=R

R2 mψ ≪ 1=R:
ðB4Þ

The ωi-dependence of the wave function-overlap factor
arises in the form of the ω=mψ -corrections, which are
contributing to the phase space integral. Energy conserva-
tion ensures that they remain suppressed compared to the
leading-order contribution. When ω ≥ mψ , the fermions
can be produced on-shell. The wave function overlap
again is

				
Z

dxθ�ωψ̄1ψ2

				2 ∼
(
R2 ω ≪ 1=R
1
ω2 ∼ R2 ω ∼ 1=R:

ðB5Þ

Thus, the rate for a single particle scattering is of the order

Γ ∼

8<
:

g2

ω
1
m2

ψ

ω
R mψ ≫ 1=R

g2

ω ðωRÞ mψ ≪ 1=R:
ðB6Þ

Taking into account the occupation number of Goldstone
particles, this leads to the results of IV.

APPENDIX C: MODES OF A BUBBLE
WITH GAUSSIAN PROFILE

It can be instructive to consider modes of a bubble with
the Gaussian profile ϕ2

bðxÞ ¼ e−ðxωÞ2=2. Although such a
bubble is not a solution of the presented model, it can be
viewed as an auxiliary construct for gaining an intuition
about the Goldstone mode structure, which is exactly
solvable. The equation for the mode functions (34) takes
the form [36],

Θ00
k þ xω2Θ0

k þ k2Θk ¼ 0: ðC1Þ

which is solved by Hermite polynomials Hnðωx=
ffiffiffi
2

p Þ with
k ¼ ω

ffiffiffi
n

p
. Also, notice that in this case all the modes would

be localized. Of course, in the present case the bubble
profile is not a Gaussian, but this gives a qualitative idea
about the structure of lowest lying modes. Notice that there
exists an upper bound k2 < m2 − ω2 on frequencies of the
localized modes. This can be obtained by examining the
equation for the bubble profile for x → ∞, which takes
the form
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Θ00
k − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − ω2

p
Θ0

k þ k2Θk ¼ 0: ðC2Þ

For k2 < m2 − ω2, this is solved by Θk → eAx with A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − ω2

p
ð1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2=ðm2 − ω2Þ

p
Þ. The normalizable localized

modes exist only with k2 < m2 − ω2.
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