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The relic abundance of vector dark matter originating from an inherited axion-SU(2) condensate is
typically determined by implementing an adiabatic matching procedure across the symmetry-breaking
transition. We demonstrate that this outcome does not arise in the generic case. The postinflationary
crossover can be formulated as a dynamical quantum quench problem, in which the residual coherent
component of the field is characterized by a survival factor that induces an order-unity renormalization of the
standard abundance relation. Expressed in conformal time, the spatially homogeneous condensate dynamics
reduce to those of a canonical oscillator with quartic and quadratic self-interactions. This representation
enables an analytic determination of the matching conditions across the symmetry-breaking transition, the
derivation of the corresponding quench work and excess energy relations, and a quantitative validation of the
coherent sector description via numerical simulations in both Minkowski and Friedmann-Robertson-Walker
backgrounds. We also formulate the homogeneous fluctuation theory via the diagonal-SOð3Þ 1 ⊕ 3 ⊕ 5

decomposition and isolate a soft traceless-symmetric quintet with a k ¼ 0 vacuum obstruction, a regulated
ultraviolet adiabatic bound, and a positive quartic stabilization term. Collectively, these results refine the
theoretical description of inherited non-Abelian dark matter production and establish the necessary infrared
framework for subsequent investigations of finite-k gauge-Higgs transfer dynamics.
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I. INTRODUCTION

The inflationary generation of vector dark matter has
been investigated via several distinct classes of mechanisms,
including production from inflationary quantum fluctua-
tions, purely gravitational processes, dynamics associated
with spontaneous symmetry breaking, and scenarios involv-
ing time-dependent effective masses [1–9]. A particularly
well-motivated candidate is coherently oscillating hidden-
photon dark matter produced via a misalignment-type
mechanism. In its simplest realization, however, this sce-
nario is impeded because the canonically normalized vector
field typically acquires a Hubble-scale effective mass during
inflation, while the most straightforward modifications tend

to induce either phenomenological tensions or dynamical
instabilities [10–13]. The vector-dark-matter problem is
therefore highly sensitive to the dynamical origin of the
background field.
A qualitatively different resolution arises when inflation

dynamically generates an isotropic non-Abelian gauge
condensate that later undergoes symmetry breaking after
inflation. In axion-SU(2) systems this isotropic background
is sustained by the locking of spatial and gauge indices in
the homogeneous configuration, a structure familiar from
chromonatural inflation and its extensions [8,14–21]. The
resulting condensate evades the basic pathologies of a single
homogeneous U(1) vector most notably the tension with
statistical isotropy and the ghost problem of the original
nonminimal constructions while retaining the coherent
character that makes misalignment-type dark matter phe-
nomenologically compelling [10,11,13,22]. Once SU(2) is
spontaneously broken after inflation, the inherited conden-
sate becomes a coherently oscillating massive vector field.
This postinflationary scenario sits at the intersection of

several active lines of work. Axion-SU(2) inflation con-
tinues to provide a versatile setting for chiral gravitational
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waves, backreaction, primordial-black-hole production,
and thermalization diagnostics [16,21,23–29]. In parallel,
vector dark matter from time-dependent masses or sym-
metry breaking has been developed in conceptually differ-
ent realizations [5–7,9]. Phenomenological viability is
further sharpened by the mature dark-photon literature
and by late-formation constraints on scenarios in which
the dark sector becomes cold only after a delayed transition
[11,30–32]. The issue is therefore not whether the inher-
ited-condensate mechanism is interesting, but how robust
its coherent abundance remains once symmetry breaking is
treated as a genuinely dynamical stage.
A central simplifying assumption in the inherited-con-

densate scenario is adiabatic matching through symmetry
breaking. In the postinflationary scenario the gauge con-
densate initially behaves as a quartic SU(2) oscillator and
later crosses over to a quadratic massive vector. The final
abundance is inferred by assuming that the symmetry-
breaking timescale is longer than the oscillation timescale,
so that the relevant adiabatic invariant is conserved. This is
a physically motivated approximation, and in the slow-
transition regime it is expected to be correct. But the
approximation also obscures the most delicate part of the
mechanism: the postinflationary transition from an inher-
ited non-Abelian condensate to a massive-vector coher-
ent state.
The present problem is also distinct from more familiar

nonequilibrium settings. It is not a Kibble-Zurek transition,
because the observable of interest is the coherent remnant
of an already established condensate rather than the freeze-
out density of defects [33,34]. Nor is it a standard
preheating problem, where nonadiabaticity is driven by a
periodically pumped instability band [35,36]. Here the
nonlinearity is intrinsic to the non-Abelian gauge sector, the
transition is tied to symmetry breaking of the inherited
condensate itself, and the primary quantity to control is the
surviving coherent branch. Closely related nonadiabatic
vector-dark-matter scenarios with symmetry breaking or
time-dependent masses have been explored in other settings
[6,7,9]; the focus here is the inherited non-Abelian con-
densate and the dynamical robustness of its post-transition
coherent abundance.
The coherent-sector analysis presented below is appli-

cable to the kinetically resolved regime of the inherited
gauge condensate. In this regime, the symmetry-breaking
order parameter can be sourced or modulated by either a
thermal or a nonthermal environment, while scattering
processes that randomize the homogeneous SUð2Þ gauge
condensate remain inefficient throughout the transition
and thus proceed on parametrically longer timescales.
Quantitatively, the relevant gauge-sector decoherence or
thermalization rate ΓA satisfies ΓA=Hsb ≪ 1 and ΓAτsb ≪ 1,
with Hsb and τsb denoting the Hubble scale and physical
duration of symmetry breaking. The complementary kinetic
regime is a finite-temperature gauge-Higgs transport

problem rather than a coherent-quench matching problem.
Throughout, g in the dimensional equations denotes the
physical gauge coupling gphys. The illustrative benchmark
expresses the homogeneous response in units of vΦ and
ðgphysvΦÞ−1, while gphys remains an independent micro-
scopic input.
The purpose of this paper is to analyze that coherent

transition problem in detail. Our main result is conceptually
simple: the familiar adiabatic abundance relation is not the
unique prediction of the postinflationary mechanism, but
one branch of an exact quench problem. By rewriting the
homogeneous isotropic condensate in a canonical con-
formal-time variable, we derive a unified action variable
that interpolates between the quartic and quadratic regimes.
This construction makes it possible to identify the adiabatic
reference branch, derive the exact quench-work and excess-
energy equations, and define a coherent survival factor fcoh
that multiplicatively renormalizes the final abundance,

Ωquench
Q;0 ¼ fcohΩad

Q;0: ð1Þ

The standard adiabatic abundance contour is recovered
only in the adiabatic limit fcoh → 1.
To sharpen the postbreaking dynamics beyond adiabatic

matching, we next derive the homogeneous matrix for-
mulation of the isotropic condensate, decompose the
fluctuations under the diagonal SOð3Þ preserved by the
background, and obtain the full 1 ⊕ 3 ⊕ 5 channel split.
This exposes a soft traceless-symmetric quintet whose
homogeneous quadratic gap is generated only by the
symmetry-breaking mass. We show that this sector exhib-
its a k ¼ 0 vacuum obstruction in the unbroken phase,
obeys a regulated ultraviolet adiabaticity bound, and is
quartically stabilized rather than tachyonic. These results
do not replace the full finite-k helicity analysis, but they
identify the infrared channel structure and selection rules
that any complete treatment must accommodate.
The strategy of the paper is therefore to isolate the

postinflationary ingredients that can be brought under
analytic and numerical control before the full gauge-
Higgs transfer problem is attacked. Within that domain
the treatment is closed: the coherent branch is renormalized
by a calculable survival factor, the departure from the
adiabatic benchmark is tracked by an excess-energy equa-
tion, and the soft homogeneous sector is organized by a
definite channel hierarchy. This provides the natural match-
ing framework for subsequent finite-k and nonlinear
extensions.
The paper is organized as follows. In Sec. II we review

the isotropic postinflationary condensate and derive the
effective homogeneous Lagrangian. Section III gives the
canonical reduction and unified action variable, including
the quartic-to-quadratic adiabatic coefficient. Section IV
develops the quench-work, excess-energy, and coherent-
abundance formulas. Section V presents local and
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Friedmann-Robertson-Walker (FRW) numerical diagnos-
tics. Section VI derives the homogeneous matrix formu-
lation and diagonal-SOð3Þ channel split, while Sec. VII
derives the cubic selection rules. Section VIII analyzes the
soft quintet, including the zero-mode obstruction, regulated
adiabatic bound, and quartic stabilization. Section IX
develops the phenomenological interpretation and finite-
k consistency estimates, and Sec. X summarizes the main
lessons and immediate extensions. Technical derivations
are collected in the Appendixes.

II. POSTINFLATIONARY ISOTROPIC
CONDENSATE AND EFFECTIVE
HOMOGENEOUS DYNAMICS

A. Isotropic SU(2) condensate after inflation

We adopt the standard isotropic SU(2) background,

Aa
i ðtÞ ¼ aðtÞQðtÞδai ; Aa

0 ¼ 0; ð2Þ

where aðtÞ is the scale factor and QðtÞ is the gauge
amplitude. This ansatz is consistent because spatial rota-
tions can be compensated for by SU(2) gauge rotations.
The diagonal subgroup inherited from this locking is the
organizing symmetry of the homogeneous fluctuation
problem discussed later. The existence and attractor proper-
ties of the isotropic branch have been studied extensively in
the axion-SU(2) literature [14,16,17,19,20].
Once the axion driving term has become negligible after

inflation, and after SU(2) acquires an effective mass mðtÞ
through spontaneous symmetry breaking, the homo-
geneous gauge amplitude obeys

Q̈þ3HQ̇þðḢþ2H2þmðtÞ2ÞQþ2g2Q3¼ 0; ð3Þ

where g is the SU(2) gauge coupling and H ¼ ȧ=a is the
Hubble parameter. In the unbroken phasemðtÞ ¼ 0, this is a
quartic oscillator dressed by expansion. In the broken phase
the dynamics cross over to those of a massive vector. The
inherited-condensate mechanism of [37] analyzes this
transition adiabatically and infers the final abundance from
the preserved invariant. Our aim is to retain the same
homogeneous starting point while treating the transition
itself as a dynamical quench.

B. Effective homogeneous Lagrangian

A compact effective Lagrangian reproducing (3) is

Leff ¼
3

2
a3½ðQ̇þHQÞ2 − g2Q4 −mðtÞ2Q2�: ð4Þ

The overall factor 3=2 is part of the normalization inherited
from the isotropic SUð2Þ ansatz and is essential for the
quartic and mass terms to reproduce the coefficients in (3).
Varying with respect to Q gives

0¼ d
dt
½3a3ðQ̇þHQÞ�− 3a3½HðQ̇þHQÞ−2g2Q3 −m2Q�

¼ 3a3½Q̈þ 3HQ̇þðḢþ 2H2þm2ÞQþ 2g2Q3�; ð5Þ

which is precisely (3). The utility of (4) is that it isolates the
postinflationary problem in a one-dimensional mechanical
system whose time dependence enters only through the
expansion and the mass profile. The rest of the paper
exploits that reduction systematically.

C. Local fast-oscillation limit

When the oscillation timescale is much shorter than the
Hubble timescale during the transition, the system can be
treated locally as a nonlinear oscillator with slowly varying
frequency. Neglecting expansion over a few oscillations
gives

Q̈þ ½mðtÞ2 þ 2g2Q2�Q ¼ 0: ð6Þ

This local problem is not the complete cosmological
evolution, but it is extremely useful because it exposes
the quartic-to-quadratic matching problem in a clean form.
In particular, it makes it possible to derive the adiabatic
coefficient in closed form and to verify directly how fast
quenches depart from adiabatic matching. We use the local
problem in Sec. V as a high-precision diagnostic of
endpoint matching, while the FRW calculation provides
the cosmological consistency check.

III. CANONICAL REDUCTION AND UNIFIED
ACTION VARIABLE

A. Canonical variable X = aQ

The canonical simplification begins by passing to
conformal time,

dη ¼ dt
aðtÞ ; ð7Þ

and defining the canonical variable

XðηÞ ¼ aðηÞQðηÞ: ð8Þ

Since

Q̇þHQ ¼ X0

a2
; ð9Þ

where a prime denotes d=dη, the action becomes

S ¼ 3

2

Z
dη½X02 − a2m2X2 − g2X4�: ð10Þ

Multiplying the full action by any nonzero constant leaves
the Euler-Lagrange equation unchanged. Dividing by 3 and
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adopting a canonical normalization therefore gives

LX ¼ 1

2
X02 −

1

2
ΩðηÞ2X2 −

1

2
g2X4; ΩðηÞ ¼ aðηÞmðηÞ;

ð11Þ

with Hamiltonian

HX ¼ 1

2
P2
X þ 1

2
Ω2X2 þ 1

2
g2X4: ð12Þ

The equation of motion is therefore

X00 þ ½ΩðηÞ2 þ 2g2X2�X ¼ 0: ð13Þ

This frictionless canonical form is the backbone of the
entire analysis.

B. Quartic and quadratic limits

The two asymptotic regimes of (13) are immediate:
(i) In the quartic regime Ω2 ≪ g2X2, one has

X00 þ 2g2X3 ≃ 0. The turning-point amplitude of X
is approximately constant; hence Q ¼ X=a ∝ a−1.

(ii) In the quadratic regime Ω2 ≫ g2X2, one has
X00 þΩ2X ≃ 0. For constant late time m, adiabatic
invariance implies AX ∝ Ω−1=2 ∝ a−1=2; hence
Q ∝ a−3=2.

These are precisely the scalings familiar from the inherited-
condensate mechanism. The present reformulation shows
that both arise from a single canonical Hamiltonian.

C. Unified action variable

Let A denote the turning-point amplitude of X. The
energy at fixed A and Ω is

EðA;ΩÞ ¼ 1

2
Ω2A2 þ 1

2
g2A4: ð14Þ

The unified action variable is

JðA;ΩÞ¼ 4

Z
A

0

dX

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

�
EðA;ΩÞ−1

2
Ω2X2−

1

2
g2X4

�s
: ð15Þ

This expression interpolates continuously between the
quartic and quadratic regimes and is the appropriate
invariant for adiabatic symmetry breaking.
In the quartic limit,

J4 ¼ 4gA3

Z
1

0

du
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u4

p
≡ C4gA3; ð16Þ

with

C4 ¼ 4

Z
1

0

du
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u4

p
: ð17Þ

The integral is elementary in beta-function form. Setting
x ¼ u4 gives

Z
1

0

du
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u4

p
¼ 1

4

Z
1

0

dx x−3=4ð1 − xÞ1=2 ¼ 1

4
B

�
1

4
;
3

2

�
;

ð18Þ

so that

C4 ¼ B

�
1

4
;
3

2

�
¼ Γð1=4ÞΓð3=2Þ

Γð7=4Þ ¼ 2
ffiffiffi
π

p
Γð1=4Þ

3Γð3=4Þ : ð19Þ

In the quadratic limit,

J2 ¼ πΩA2: ð20Þ

Matching these limits under adiabatic evolution gives the
quartic-to-quadratic coefficient

ΩfA2
f ¼ CadgA3

i ; Cad ¼
2Γð1=4Þ

3
ffiffiffi
π

p
Γð3=4Þ≃ 1.1128357889:

ð21Þ

This sharpens the familiar parametric relation mQ2
aft ∼

gQ3
bef to an exact controlled coefficient.

IV. QUENCH WORK, EXCESS ENERGY,
AND COHERENT ABUNDANCE

RENORMALIZATION

A. Energy injection by the time-dependent mass

Because the Hamiltonian (12) depends on time only
through ΩðηÞ, its total derivative is simply

dH
dη

¼ ∂H
∂η

¼ ΩðηÞΩ0ðηÞXðηÞ2: ð22Þ

This is the quench-work identity of the homogeneous
canonical system. It states that the only source of energy
injection into the homogeneous canonical system is the
explicit time dependence of the symmetry-breaking mass
profile.

B. Adiabatic reference branch and excess energy

Let Ji be the early-time action of the quartic condensate.
The adiabatic reference branch is defined by keeping this
action fixed while allowing ΩðηÞ to vary:

EadðηÞ ¼ EðJi;ΩðηÞÞ: ð23Þ

IMTIAZ KHAN, PIRZADA, and G. MUSTAFA PHYS. REV. D 114, 043546 (2026)

043546-4



Using JðE;ΩÞ ¼ H
P dX, one has the differential identities

∂J
∂E

¼ TðE;ΩÞ; ∂J
∂Ω

¼ −TðE;ΩÞΩhX2iE;Ω; ð24Þ

where T is the oscillation period and hX2i denotes the cycle
average at fixed ðE;ΩÞ. Differentiating JðE;ΩÞ along the
true trajectory and using (22) gives

dJ
dη

¼ T

�
dE
dη

− ΩΩ0hX2i
�
: ð25Þ

The oscillation average of the bracket vanishes, reproduc-
ing the usual adiabatic theorem in the present nonlinear
setting.
Define the excess energy relative to the adiabatic branch,

ΔEðηÞ ¼ EðηÞ − EadðηÞ: ð26Þ

Then

ΔE0 ¼ ΩΩ0½X2 − hX2iJi;Ω�: ð27Þ

This formula identifies the source of departure from the
adiabatic branch: the mismatch between the instantaneous
trajectory and the cycle average required by fixed action.

C. Coherent abundance closure

In the late quadratic regime,

E ≃
ΩJ
2π

; J ≃ πΩA2: ð28Þ

The oscillation-averaged energy density of the massive
vector condensate is

hρQi ¼
3

2
m2Q2

amp; ð29Þ

so the comoving coherent number density is

ncoha3 ¼
hρQia3

m
¼ 3

2
ma3Q2

amp ¼
3

2π
Jlate: ð30Þ

Therefore the final coherent abundance is proportional to
the late-time action. This suggests the natural survival
factor,

fcoh ≡ Jlate
Jearly

: ð31Þ

The coherent abundance in the general quench problem is
then

Ωquench
Q;0 ¼ fcohΩad

Q;0: ð32Þ

This is the central replacement rule of the paper.
In particular, the benchmark adiabatic abundance con-

tour is the zero-excess-energy branch of the quench
problem. If the inherited-condensate abundance scales as

Ωad
Q;0 ∝ mg−1=2c−3=4; ð33Þ

with c denoting the model-dependent inflationary param-
eter defined in Ref. [37], the corrected observed-abundance
condition becomes

fcohmg−1=2c−3=4 ¼ const: ð34Þ

At fixed ðg; cÞ the required mass shifts by m → m=fcoh,
while at fixed ðm; cÞ the required gauge coupling shifts
by g → gf2coh.

V. NUMERICAL QUENCH DIAGNOSTICS
FOR THE COHERENT SECTOR

This section summarizes the numerical checks used to
validate the coherent-sector formulas and to illustrate the
domain in which adiabatic matching remains reliable. The
local and FRW evolutions are solved with adaptive Runge-
Kutta integration. Late-time amplitudes or actions are
extracted from the average of the last turning points after
the evolution has entered its asymptotic regime. The
numerical procedure is described in a self-contained way
in the Appendix E.

A. Local quench: Convergence to the
adiabatic coefficient

We begin by solving the local equation (6) with a smooth
monotonic mass turn-on,

mðtÞ2 ¼ m2
f
1þ tanhðt=τÞ

2
; ð35Þ

for representative parameters ðg;mf; AiÞ ¼ ð1; 5; 1Þ. The
hyperbolic-tangent profile is used here as an effective
interpolation characterized only by an asymptotic mass
and a transition width; in a microphysical Higgs completion
these parameters would be inherited from mðηÞ ¼ gvðηÞ
after matching the scalar evolution to a smooth crossover.
The present scan is therefore best read as a response map of
the coherent sector to the transition width and asymptotic
mass, rather than as a first-principles Higgs-sector survey.
The late-time amplitude Af is extracted from the oscillation
envelope and compared with the analytic adiabatic coef-
ficient (21). The results are displayed in Figs. 1 and 2. Rapid
quenches clearly depart from the adiabatic branch, while
slow transitions converge to it at the subpercentage level. In
the representative scan the ratio ðmfA2

fÞ=ðCadgA3
i Þ equals
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1.304 for τ ¼ 0.2, 0.938 for τ ¼ 1, and 0.9945 for τ ¼ 5
and 20.

B. Illustrative microphysical interpretation
of the quench width

The width parameter τ in the effective interpolation
mðηÞ ¼ mf½1þ tanhððη − ηsbÞ=τÞ�=2 should be interpreted
as an approximation for the timescale on which the order
parameter of the symmetry-breaking sector approaches its
late-time expectation value. In a simple Higgs realization
with an adjoint or fundamental scalar field Φ and potential

VðΦÞ ¼ λΦ
4
ðjΦj2 − v2ΦÞ2; ð36Þ

the effective gauge-boson mass is mðηÞ ¼ gvðηÞ with

vðηÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2hjΦj2i

p
. Linearization around the broken

minimum gives the scalar oscillation scale,

m2
Φ ≃ 2λΦv2Φ; ð37Þ

so a smooth classical crossover is expected to occur over a
conformal-time interval of order τΦ ∼ ðasbmΦÞ−1, up to
order-unity corrections from Hubble damping and from the
details of the scalar initial conditions [4,6,7,17]. In this
language the dimensionless canonical scan probes the ratio
of the scalar relaxation time to the intrinsic oscillation time
of the inherited condensate. The slow-quench regime
corresponds to asbmΦ well below the characteristic quartic
oscillation frequency of the condensate, while the rapid-
quench regime corresponds to comparable or larger scalar-
curvature scales.
This mapping is intentionally illustrative rather than

exhaustive. The purpose of the scan is not to claim a
universal Higgs prediction from the tanh profile, but to
identify how the coherent branch responds once the
symmetry-breaking timescale becomes comparable to the
oscillation timescale. The numerical results, therefore,
isolate the dynamical sensitivity of the inherited condensate
to the transition rate, which is the part of the problem that is
independent of the detailed ultraviolet completion.

C. An illustrative thermal order-parameter benchmark

The effective interpretation above can be made more
explicit with a minimal thermal background for the
symmetry-breaking order parameter. We consider a real
scalar ϕ with finite-temperature effective potential

Veffðϕ;ηÞ¼
λΦ
4
ðϕ2−v2ΦÞ2þ

cT
2
TðηÞ2ϕ2; TðηÞ¼ T0

aðηÞ :

ð38Þ

The homogeneous scalar obeys the following condition:

ϕ00 þ 2
a0

a
ϕ0 þ a2½λΦϕðϕ2 − v2ΦÞ þ cTTðηÞ2ϕ� ¼ 0; ð39Þ

while the inherited vector mass is determined self-consis-
tently by

mðηÞ ¼ gϕðηÞ: ð40Þ

The critical temperature is Tc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
λΦ=cT

p
vΦ, and the

transition width is no longer a free label but an output
of the scalar roll.
To separate the dimensionless response from the micro-

scopic coupling, we write g≡ gphys and define

FIG. 2. Convergence of the local-quench endpoint to the
analytic adiabatic coefficient Cad in (21). Slow smooth quenches
approach the analytic coefficient, while rapid quenches deviate at
order unity.

FIG. 1. Representative local quartic-to-quadratic quench tra-
jectories for the homogeneous oscillator (6). The quench width τ
controls the departure from adiabatic endpoint matching.
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η̂ ¼ gphysvΦη; X̂ ¼ X=vΦ;

ϕ̂ ¼ ϕ=vΦ; T̂ ¼ T=vΦ;

λ̂Φ ¼ λΦ=g2phys; ĉT ¼ cT=g2phys:

The coupled homogeneous equations then take the dimen-
sionless form

X̂;η̂ η̂ þ ða2ϕ̂2 þ 2X̂2ÞX̂ ¼ 0;

ϕ̂;η̂ η̂ þ 2
a;η̂
a
ϕ̂;η̂ þ a2½λ̂Φϕ̂ðϕ̂2 − 1Þ þ ĉTT̂

2ϕ̂� ¼ 0:

Thus the plotted benchmark specifies the hatted ratios and
uses ðgphysvΦÞ−1 as the conformal-time unit, while micro-
scopic embeddings retain gphys as an independent param-
eter. Hats are suppressed below only in the numerical
labels.
This benchmark is a thermal order-parameter back-

ground for the symmetry-breaking sector. The inherited
SUð2Þ condensate is treated in the kinetically resolved
coherent regime. The consistency conditions are

ΓA

Hsb
≪ 1; ΓAτsb ≪ 1; ð41Þ

where ΓA denotes the relevant gauge-boson thermalization
or decoherence rate, Hsb is the Hubble scale at sym-
metry breaking, and τsb is the physical transition time.
Equation (41) constrains the physical coupling gphys
independently of the normalization above. In a populated
weakly coupled non-Abelian plasma, color randomiz-
ation or damping scales enter parametrically at order
g2physT lnð1=gphysÞ, while kinetic equilibration rates enter

at order g4physT lnð1=gphysÞ, with the precise rate determined
by the process and occupancy [38,39]. At gphys ∼ 1, these
rates carry order-unity coupling factors in an ordinary
populated thermal gauge plasma. Coherent protection
therefore arises in sufficiently weakly coupled, dilute, or
kinetically secluded gauge sectors. The present benchmark
represents this kinetically resolved class, with gphys chosen
to satisfy (41). The thermal mass of the order parameter
may be dominated by scalar self-interactions or by a
secluded bath, while the inherited gauge zero mode
remains sufficiently weakly coupled, dilute, or kinetically
decoupled during the crossover. The complementary
regime ΓA ≳Hsb or ΓAτsb ≳ 1 is described by finite-
temperature gauge-Higgs transport.
To compare with the canonical scan we define an

effective width τeff from the 10%–90% rise time of
mðηÞ=mf, and then solve the coherent quench problem
using the full benchmark profile rather than an analytic
interpolation. Two representative thermal benchmarks are
shown in Fig. 3: a near-adiabatic case with ðλΦ; T0=TcÞ ¼
ð0.5; 1.05Þ and a more rapidly evolving case with
ðλΦ; T0=TcÞ ¼ ð2.0; 1.15Þ, both for ĉT ¼ 1, using vΦ as
the field unit and gphysvΦ as the inverse-time unit; hats are
suppressed in the figure labels. They yield

ðτeff ; fcohÞ ≃ ð1.64; 0.990Þ; ð5.74; 0.884Þ; ð42Þ

respectively, with asbmΦ=ðgphysvΦÞ ≃ 1.49 and 2.87. The
quoted points specify dimensionless response curves. A
microscopic realization chooses gphys together with λΦ ¼
g2physλ̂Φ and cT ¼ g2physĉT , within the kinetically resolved
domain defined by (41). The curves therefore represent the

FIG. 3. Illustrative dimensionless thermal order-parameter benchmarks defined by (38)–(40). Fields are expressed in units of vΦ, and
conformal time in units of ðgphysvΦÞ−1; the plotted parameters are λ̂Φ ¼ λΦ=g2phys and ĉT ¼ cT=g2phys, with hats suppressed in the panel
labels. Left: normalized order-parameter profiles and matched tanh fits used to define τ̂eff ¼ gphysvΦτeff . Right: the corresponding values
of ðτ̂eff ; fcohÞ. The detailed symmetry-breaking profile supplies information beyond the effective width and thereby influences the
coherent survival factor.
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family of microscopic embeddings associated with these
hatted ratios. The figure illustrates two points that are
phenomenologically relevant. Realistic symmetry-breaking
backgrounds do populate the same order-unity range of
coherent suppression found in the effective scan. At the
same time, the full shape of the scalar profile matters in
addition to any single width parameter; the benchmark
points do not collapse to a one-parameter family in τeff
alone. The model-agnostic scan and the explicit scalar
benchmark are therefore complementary rather than
redundant.
The quench regime extends beyond this thermal illus-

tration. It is expected whenever jΩ0=Ω2j≳ 1 during the
transition, equivalently when the symmetry-breaking time
is comparable to the intrinsic oscillation period of the
inherited condensate. This situation can arise in nonthermal
Higgs relaxation after inflation, tachyonic or supercooled
hidden-sector transitions, reheating-induced symmetry
restoration followed by delayed breaking, modulus- or
inflaton-controlled vector masses, and other late-forming
dark-sector scenarios. In all such cases the adiabatic
abundance relation is the slow-transition limit of the more
general quench problem.

D. FRW action conservation and excess energy

We next solve the full canonical FRW equation (13) in a
radiation-era background with the same tanh mass profile.
Figure 4 shows the evolution of J=Jinitial evaluated at turning
points. The action is preserved to better than 10−5 for
sufficiently slow quenches, while rapid transitions produce a
visible drift. For τ ¼ ð0.2; 1; 5; 20Þ we find relative drifts
ðJf − JiÞ=Ji ≃ ð−3.23× 10−2;−8.70× 10−3;−1.17× 10−5;
−1.48× 10−5Þ.
Figure 5 compares the numerically differentiated

Hamiltonian with the quench-work identity (22), while
Fig. 6 shows the true energy, the adiabatic reference branch,

and the excess energy for a representative run. In the
benchmark case ðg;mf; τÞ ¼ ð1; 1; 0.5Þ we obtain

Ji ¼ 3.49590019; Jf ¼ 2.37445908;

fcoh ¼ 0.67921249; ð43Þ

with a transition-window relative root-mean-square (RMS)
discrepancy of 3.17 × 10−3 in the energy-identity check.
The final excess energy extracted directly from the adiabatic
branch is ΔEexact

f ¼ −1.06875602, while the late-quadratic
closure formula gives ΔEquad

f ¼ −1.06168932, confirming
the consistency of the coherent-sector closure.

E. Survival-factor scan and abundance shifts

A representative scan of fcoh is shown in Fig. 7. The most
robust interpretation of the scan is qualitative: the coherent
abundance is only weakly renormalized for sufficiently slow

FIG. 4. FRW action conservation test for the canonical quench
problem. The action is preserved to excellent accuracy for slow
transitions and shows a controlled deficit for rapid quenches.

FIG. 5. Numerical verification of the quench-work identity (22)
in a representative FRW run.

FIG. 6. Energy along the true trajectory, the adiabatic reference
branch, and the excess energy ΔE. The benchmark adiabatic
abundance contour corresponds to the zero-excess-energy
branch.
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quenches, but can be depleted at order unity once the
transition is fast on the oscillation timescale. The resulting
shift of the adiabatic abundance line is summarized in
Fig. 8. Depending on ðmf; τÞ, the mass required at fixed
ðg; cÞ can shift by factors ranging from a few percentages to
Oð3Þ, while the effective direct-detection normalization of
the dark-photon component inherits the same suppression.
These shifts isolate a genuine dynamical correction asso-
ciated with the symmetry-breaking stage; in concrete infla-
tionary realizations they complement, rather than replace,
the uncertainties tied to reheating and to the parameter c
controlling the inherited condensate amplitude [37].

VI. HOMOGENEOUS MATRIX FORMULATION
AND DIAGONAL-SO(3) CHANNEL

DECOMPOSITION

A. Matrix formulation

To expose the structure of homogeneous fluctuations, it
is convenient to treat the spatial gauge field as a general real
3 × 3 matrix Xi

aðηÞ. In conformal time the homogeneous
Lagrangian can be defined as

L ¼ 1

2
TrðX0TX0Þ − 1

2
Ω2TrðXXTÞ

−
g2

4
½ðTrXXTÞ2 − TrððXXTÞ2Þ�: ð44Þ

For the isotropic background X ¼ qðηÞ⊮ this reduces to
the single-field canonical Lagrangian (11).

B. Diagonal-SO(3) decomposition

The isotropic background identifies gauge and spatial
indices, leaving a diagonal SOð3Þ unbroken. Any homo-
geneous fluctuation can therefore be decomposed into
irreducible pieces under this diagonal group,

δX ¼ χ⊮þ Aþ T; ð45Þ

with

AT ¼ −A; TT ¼ T; TrT ¼ 0: ð46Þ

This gives the full 1 ⊕ 3 ⊕ 5 split of the homogeneous
sector.
Expanding (44) to quadratic order around X ¼ q⊮

yields

L2 ¼
3

2
χ02 þ 1

2
TrðA0TA0Þ þ 1

2
TrðT 0TT 0Þ

−
3

2
ðΩ2 þ 6g2q2Þχ2 − 1

2
ðΩ2 þ 2g2q2ÞTrðAATÞ

−
1

2
Ω2TrðT2Þ: ð47Þ

The homogeneous channel frequencies are expressed as

ω2
tr ¼Ω2þ6g2q2; ω2

A ¼Ω2þ2g2q2; ω2
T ¼Ω2: ð48Þ

Two features stand out. The trace and antisymmetric
channels remain gapped even before symmetry breaking,
because their quadratic terms are supplied by the quartic
non-Abelian interaction. By contrast, the traceless-sym-
metric quintet is unique: its quadratic gap is generated only
by the symmetry-breaking mass, and in the unbroken phase
it is therefore gapless at k ¼ 0.
Figures 10 and 11 show the corresponding homo-

geneous frequency hierarchy and local adiabaticity

FIG. 7. Representative scan of the coherent survival factor fcoh.
Rapid quenches and larger final masses suppress the coherent
branch more strongly.

FIG. 8. Illustrative abundance-shift heatmap based on the
representative survival-factor scan. The plotted quantity is the
mass-shift factor at fixed ðg; cÞ in (34). Both axes are dimension-
less parameters of the canonical scan. The horizontal axis is the
asymptotic mass parameter mf entering the canonical postinfla-
tionary oscillator, measured in units of the initial quartic
oscillation scale; the vertical axis is the corresponding dimen-
sionless transition width τ. The color bar gives the linear mass-
shift factor at fixed ðg; cÞ.
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indicators for a representative quench. In the benchmark
run the minimum transition-window frequencies are
approximately ðωtr;ωA;ωTÞ¼ð0.866;0.700;6.19×10−4Þ,
while the peak local adiabaticity indicators are ð1.54; 2.66;
6.52 × 103Þ. The main lesson is structural rather than
numerical: the quintet is the unique homogeneous channel
whose softness is directly tied to the symmetry-breaking
quench.

VII. CUBIC INTERACTION STRUCTURE

The homogeneous channel ordering by itself does not
determine the nonlinear energy-transfer network. To
expose the leading nontrivial couplings we expand the
potential to cubic order around X ¼ q⊮. The result is

V3¼ g2q½6χ3þ2χTrðAATÞ−TrðT3Þ−TrðTAATÞ�: ð49Þ

The algebraic identities entering this expression are repro-
duced explicitly in the Appendixes B and C.
Several aspects of this structure deserve emphasis. There

is no χTrðT2Þ cubic coupling, so the trace mode does not
couple directly to a pair of quintet excitations at leading
nonlinear order. The quintet instead couples cubically only
through self-interactions and through its interaction with
the antisymmetric triplet. The interaction graph is therefore
selective rather than democratic: softness of the quintet at
quadratic order does not imply that the isotropic condensate
immediately drains into every fluctuation channel at the
first nonlinear step.
A simple dimensional estimate shows why this selec-

tivity matters. The cubic vertices scale as g2q times a
fluctuation bilinear, so the associated local channel-transfer
rates are parametrically of order Γcubic ∼ g2q2=ωgap when a
gapped daughter mode of frequency ωgap is kinematically
available. The absence of a direct χTT bridge therefore
removes the most immediate coherent-to-quintet conver-
sion path at cubic order and supports the bottleneck
interpretation of the soft sector, even though a complete
finite-k calculation is still required for quantitative branch-
ing fractions.
This observation is phenomenologically important

because it constrains the interpretation of coherent
depletion. The cubic structure shows that the postsymme-
try-breaking sector is subtle for two independent reasons:
the quintet is soft at quadratic order, but it is also selectively
coupled. Any claim about the detailed flow of energy into
inhomogeneous sectors must therefore go beyond the
homogeneous quadratic and cubic analysis performed here.

FIG. 9. Schematic deformation of the coherent matching
branch induced by nonadiabatic symmetry breaking. The dashed
curve denotes the adiabatic branch fcoh ¼ 1, while the solid
curves show representative deformations generated by nonadia-
batic symmetry-breaking quenches. The figure is intended as a
model-agnostic summary of how the coherent branch moves once
fcoh ≠ 1, not as a substitute for a full microscopic parameter scan.

FIG. 10. Homogeneous diagonal-SOð3Þ channel frequencies
(48) in a representative quench. The traceless-symmetric quintet
is the softest channel because its quadratic gap is generated only
by the symmetry-breaking mass.

FIG. 11. Local adiabaticity indicators for the homogeneous
channels. The traceless-symmetric quintet is the least adiabatic
because its frequency becomes parametrically small during the
quench.
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VIII. SOFT QUINTET: VACUUM OBSTRUCTION,
REGULATED ADIABATIC BOUND,
AND QUARTIC STABILIZATION

A. Zero-mode obstruction

The homogeneous quintet frequency is simply

ω2
Tðη; k ¼ 0Þ ¼ ΩðηÞ2: ð50Þ

Before symmetry breaking, ΩðηÞ → 0, and therefore
ωTðηi; 0Þ ¼ 0. The homogeneous quintet thus does not
admit a standard Gaussian adiabatic in vacuum at k ¼ 0 in
the unbroken phase. This is a direct statement of the
homogeneous quadratic theory in temporal gauge. It should
not be confused with the full gauge-fixed propagating finite-
k spectrum; rather, it characterizes the quadratic form of the
reduced homogeneous sector inherited from the isotropic
background. By contrast, the trace and antisymmetric
channels remain gapped in the unbroken phase because
of (48).
The significance of this result is conceptual. The

problem in the soft sector is not merely that the quintet
is produced more efficiently under some model-dependent
prescription. The more basic point is that the unbroken-
phase homogeneous limit does not support the standard
quadratic vacuum one would use in an ordinary massive
mode analysis. Any complete finite-k production analysis
must therefore regulate this IR subtlety explicitly, either by
finite momentum or by finite volume.

B. Regulated ultraviolet adiabatic bound

For the minimal regulated continuation

ω2
Tðη; kÞ ¼ k2 þΩðηÞ2; ð51Þ

the local adiabaticity parameter is

ϵTðη; kÞ ¼
jΩΩ0j

ðk2 þ Ω2Þ3=2 : ð52Þ

The function fðΩÞ ¼ Ω=ðk2 þΩ2Þ3=2 is maximized at
Ω ¼ k=

ffiffiffi
2

p
, which implies the rigorous bound

ϵTðη; kÞ ≤
2

3
ffiffiffi
3

p supηjΩ0ðηÞj
k2

: ð53Þ

Hence, for any target adiabaticity threshold ϵ�, there is a
guaranteed adiabatic UV band

k > kadðϵ�Þ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3
ffiffiffi
3

p sup jΩ0j
ϵ�

s
: ð54Þ

For the representative benchmark we find sup jΩ0j ≃ 1.610,
which gives kadð1Þ ≃ 0.787, kadð0.1Þ ≃ 2.49, and

kadð0.01Þ ≃ 7.87. The resulting bound is shown in
Fig. 12. The important consequence is that any genuinely
nonadiabatic effect in the soft channel is confined to an IR
band controlled directly by the symmetry-breaking rate.

C. Quartic stabilization of the soft quintet

A final structural question remains: is the soft homo-
geneous quintet actually unstable before symmetry break-
ing, or merely quadratically flat? The homogeneous matrix
potential provides the answer. For a pure traceless-sym-
metric fluctuation T in the unbroken phase (q ¼ 0, Ω ¼ 0),
one has

VT ¼ g2

4
½ðTrT2Þ2 − TrðT4Þ�: ð55Þ

Because T is a real symmetric traceless 3 × 3matrix, it may
be diagonalized with eigenvalues ðλ1; λ2; λ3Þ satisfying
λ1 þ λ2 þ λ3 ¼ 0. One then finds the identity

TrðT4Þ ¼ 1

2
ðTrT2Þ2; ð56Þ

which reduces the potential to

VT ¼ g2

8
ðTrT2Þ2 ≥ 0: ð57Þ

Thus the quintet is gapless at quadratic order but quartically
stabilized. It is not tachyonic. The soft-channel problem is
therefore an IR/vacuum-definition issue, not an instability
artifact.
This distinction is important for the physical interpreta-

tion. A tachyonic mode would imply that the isotropic
background is itself unstable already at the homogeneous
level. The quartically stabilized quintet instead shows that
the unbroken-phase background possesses a marginal

FIG. 12. Regulated soft-channel adiabaticity bound. The
shaded physical lesson is that nonadiabaticity is confined to an
infrared band whose width is set by the quench rate.
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direction whose dynamics are more delicate than those of a
standard gapped Gaussian mode. This is precisely why the
finite-k problem demands further work.

IX. PHENOMENOLOGICAL IMPLICATIONS
AND FINITE-k CONSISTENCY ESTIMATES

The principal phenomenological output of the coherent-
sector analysis is a controlled deformation of the post-
transition matching problem. Equation (34) shows that any
application of the inherited-condensate mechanism which
relies on the coherent abundance must be interpreted
through the survival factor fcoh. In practice this means
that the mass required at fixed ðg; cÞ and the coupling
required at fixed ðm; cÞ are shifted by the simple factors

mreq

mad
¼ 1

fcoh
;

greq
gad

¼ f2coh: ð58Þ

The representative scans in Figs. 7–9, 13, and 14 show that
these corrections are mild once the transition is comfortably
adiabatic, but can become order unity for sufficiently rapid
smooth quenches.
The role of these figures is to isolate the coherent-sector

response before a model-specific symmetry-breaking com-
pletion is imposed. The axes are the dimensionless param-
eters of the canonical quench problem:mf is the asymptotic
mass scale measured in units of the local oscillation scale
used in the numerical integration, and τ is the correspond-
ing dimensionless transition width. A complete mapping
back to the microscopic inflationary parameters requires a
specific symmetry-breaking completion. The discussion of
Sec. V shows how such a mapping may be organized in
terms of the scalar relaxation rate asbmΦ in simple Higgs
realizations, but the tanh scan should therefore be read as a

model-independent response map rather than as the output
of a unique ultraviolet completion.
This qualification is important because the same post-

breaking abundance relation enters other phenomenological
applications. Late-formation and small-scale-structure con-
straints depend on the epoch at which the inherited vector
behaves as ordinary cold matter [30–32]. Since the coherent
component is renormalized by the quench, the abundance
contour entering those constraints is shifted before one
addresses any inhomogeneous transfer. The effect should
therefore be regarded as a dynamical correction to the
coherent matching problem rather than as a replacement for
the broader theoretical uncertainty associated with reheating
or with the inflationary parameter c.
A related issue concerns the fate of the energy that exits

the coherent branch. The homogeneous analysis determines
the survival factor fcoh, while the finite-k branching
fractions into gauge, Higgs, and mixed channels require
a dynamical calculation beyond the present matching
problem. It is therefore useful to introduce an explicit
relativistic branching parameter 0 ≤ Brel ≤ 1 and define

rrel� ≡ Brelð1 − fcohÞRad
Q;�; ð59Þ

where Rad
Q;� denotes the dark-to-visible energy ratio carried

by the adiabatic coherent branch at the epoch when the
relativistic channel is established. The envelope Brel ¼ 1
corresponds to the conservative case in which all energy
missing from the coherent branch remains in decoupled
relativistic dark-sector quanta; smaller values describe
conversion into massive vectors, Higgs excitations, turbu-
lence, or other nonrelativistic dark-sector components. In
this notation the dark-radiation contribution scales as

ΔNeff ∝ rrel� : ð60Þ

FIG. 13. Representative mass-shift factormreq=mad ¼ 1=fcoh as
a function of the dimensionless quench width τ for several values
of the asymptotic mass parameter mf. The coherent-sector
correction is small in the adiabatic regime and grows to order
unity as the transition becomes faster.

FIG. 14. Representative coupling-shift factor greq=gad ¼ f2coh
extracted from the same scan. The coherent-sector effect com-
presses the coupling normalization whenever the postbreaking
transition is nonadiabatic.
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A. A conservative finite-k consistency estimate

The regulated adiabatic bound of Sec. VIII can be turned
into a conservative consistency estimate for the unresolved
inhomogeneous sector. For the minimal regulated soft
channel one has (54), so modes with k≳ kad are guaranteed
adiabatic while potentially nonadiabatic production is
confined to the infrared band k≲ kad. If one adopts the
deliberately conservative assumption that the five quintet
degrees of freedom are populated with order-unity occu-
pation throughout that entire band at the epoch η� when the
bound is saturated, the associated relativistic energy density
is bounded by

ρmax
T;� ∼

5

2π2a4�

Z
kad

0

dkk3 ¼ 5

8π2
k4ad
a4�

: ð61Þ

Comparing with the coherent energy density at the same
epoch, ρcoh;� ≃ ð3=2Þm2�Q2� ¼ ð3=2ÞΩ2�X2�=a4�, gives the
bound

rmax
T;� ≡ ρmax

T;�
ρcoh;�

≲ 5

12π2
k4ad

Ω2�X2�
: ð62Þ

This estimate is deliberately conservative, but it already
sharpens the regime of validity of the homogeneous treat-
ment. The unresolved finite-k sector becomes quantitatively
important only if the infrared production band is broad
enough and the coherent condensate is simultaneously small
enough that (62) approaches unity. Conversely, whenever
rmax
T;� ≪ 1 the homogeneous survival factor is self-consistent
as the leading correction to the post-transition coherent
abundance.
A related bookkeeping estimate may be written for late

dark radiation. For a decoupled relativistic component with
energy ratio rrel� at the epoch T�, the contribution to the
effective neutrino number is

ΔNeff ≃
43

7

�
g�sðTνÞ
g�sðT�Þ

�
4=3

rrel� : ð63Þ

Near the electroweak scale, g�sðT�Þ ≃ 106.75 gives
ΔNeff ≃ 0.027ðrrel� =10−2Þ. Equation (63) assumes a com-
ponent that is decoupled from the visible sector, remains
relativistic until the epoch at which ΔNeff is evaluated, and
receives no later entropy injection, decay, or conversion into
nonrelativistic matter. Additional contributions from direct
finite-k production, Higgs excitations, turbulence, or a
preexisting dark bath enter rrel� additively. The conservative
envelope Brel ¼ 1 in (59) gives the maximum dark-radiation
contribution associated with coherent depletion; for
Brel < 1, the result scales linearly.
This is precisely where the soft-quintet analysis becomes

relevant. The gap hierarchy, the exact cubic selection
structure, the zero-mode obstruction, the regulated adiabatic

bound, and the quartic stabilization together suggest that the
soft quintet can act as a bottleneck rather than as an
immediately democratic sink. At the same time, the gapless
nature of this channel in the unbroken phase means that
finite-k excitations could in principle erode the homo-
geneous condensate before the mass turn-on is complete.
In this sense the survival factor obtained from the coherent
quench problem should be interpreted conservatively: it
characterizes the renormalization induced by the nonadia-
batic symmetry-breaking transition of the coherent branch
itself, while any efficient pretransition or midtransition
transfer into inhomogeneous modes would only reduce
the coherent remnant further. The coherent-sector result
therefore provides a natural upper envelope for the surviving
homogeneous abundance prior to a full finite-k helicity-
resolved calculation.
Accordingly, the present work should be viewed as a

completed coherent-sector analysis together with a struc-
tural map of the unresolved fluctuation problem. That
already suffices to reinterpret the adiabatic matching branch,
to quantify when the post-transition correction is parametri-
cally negligible, and to identify the infrared window in
which any complete gauge-Higgs transfer calculation must
concentrate.

X. CONCLUSIONS

We have tackled the postinflationary symmetry-breaking
puzzle for inherited axion-SU(2) condensates with a clear
target: push the coherent transition as far as possible before
confronting the full finite-k gauge-Higgs problem. The
framework we built is both compact enough to be practical
and precise enough to force a rethink of how the abun-
dance-matching problem should be posed.
At the level of the spatially homogeneous condensate,

introducing the canonical conformal-time variable X ¼ aQ
reformulates the transition dynamics as those of an oscil-
lator with a time-dependent quartic-plus-quadratic poten-
tial. The corresponding action variable furnishes a single
invariant quantity that remains valid across the crossover
from quartic to quadratic dominance and thereby deter-
mines the adiabatic matching coefficient,

Cad ¼
2Γð1=4Þ

3
ffiffiffi
π

p
Γð3=4Þ : ð64Þ

The relations governing the quench work and the excess
energy subsequently imply that the conventional abun-
dance formula is most appropriately interpreted as the
zero–excess-energy branch of the postinflationary quench
problem. In the general case, the coherent abundance is
renormalized by the survival factor fcoh ¼ Jlate=Jearly, and
continuous yet sufficiently rapid transitions can suppress
the coherent component at order unity.
At the level of homogeneous fluctuations, the matrix

formulation leads to a diagonal-SOð3Þ decomposition
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into 1 ⊕ 3 ⊕ 5 channels and isolates a traceless-symmetric
quintet whose quadratic gap is supplied only by symmetry
breaking. The corresponding cubic interaction network is
selective rather than democratic, and the soft channel
exhibits a k ¼ 0 vacuum obstruction, a regulated ultraviolet
adiabaticity bound, and quartic stabilization. These struc-
tural results do not close the finite-k problem, but they
identify the infrared organization that any complete treat-
ment must reproduce.
The bottom line is sharp. The inherited-condensate

picture does not stop at adiabatic matching; it comes with
a concrete, post-transition renormalization whose magni-
tude is dictated by the tug of war between the oscillation
timescale and the symmetry-breaking timescale. That single
insight is enough to redraw abundance contours, to pinpoint
when the standard matching rule can be trusted, and to
spotlight the slice of parameter space where additional
inhomogeneous dynamics are poised to have the greatest
impact.
Several natural extensions of this work suggest them-

selves. A helicity-resolved, finite-k gauge-Higgs computa-
tion would elucidate how the coherent depletion channel
bifurcates into propagating excitations, while preserving the
diagonal-SOð3Þ structure identified in the present analysis.
A fully nonlinear treatment of the transition regime—for
instance, employing Hartree-resummed dynamics or lattice
simulations—would allow a quantitative characterization of
energy redistribution, dark radiation production, and the
onset of postsymmetry-breaking turbulence in explicit
Higgs-sector completions. Since the coherent sector
renormalizes independently of the inflationary initial con-
ditions, these extensions can be implemented on top of the
current framework without modifying its matching pro-
cedure. The thermal benchmark used here is an order-
parameter realization of a mass quench in the kinetically
resolved coherent regime, rather than a fully thermalized
SUð2Þ-Higgs plasma. The dark-radiation formula is a
conversion from a specified relativistic branching fraction
to ΔNeff ; the branching fraction itself is fixed by the finite-k
gauge-Higgs dynamics identified above as the next stage of
the program.
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APPENDIX A: DERIVATION OF THE
HOMOGENEOUS MATRIX POTENTIAL

For a homogeneous gauge matrix Xi
aðηÞ, the Yang-Mills

field strength in temporal gauge contains only the electric
component X0a

i and the homogeneous non-Abelian mag-
netic term proportional to gϵabcXi

bXj
c. After contraction of

spatial and gauge indices one obtains the homogeneous
Lagrangian quoted in (44). The quartic invariant may be
written in terms of the positive matrix M ¼ XXT as

V4 ¼
g2

4
½ðTrMÞ2 − TrðM2Þ�: ðA1Þ

For the isotropic background X ¼ q⊮, one has M ¼ q2⊮
and therefore

V4 ¼
g2

4
½ð3q2Þ2 − 3q4� ¼ 3

2
g2q4; ðA2Þ

recovering the quartic term of the canonical background
Lagrangian.

APPENDIX B: QUADRATIC AND CUBIC
EXPANSION AROUND THE ISOTROPIC

BACKGROUND

Substituting X ¼ q⊮þ χ⊮þ Aþ T into (44) and
expanding to second order gives (47). The cubic potential
is obtained most efficiently by symbolic expansion of the
invariants and reads as

V3¼ g2q½6χ3þ2χTrðAATÞ−TrðT3Þ−TrðTAATÞ�: ðB1Þ

The quadratic and cubic identities quoted in the main text
follow from direct expansion of the matrix invariants and
are displayed here in analytic form.

APPENDIX C: QUARTIC IDENTITIES FOR
TRACELESS SYMMETRIC 3 × 3 MATRICES

Let T be a real symmetric traceless 3 × 3 matrix. Since
T is orthogonally diagonalizable, one may write T ¼
diagðλ1; λ2; λ3Þ with λ1 þ λ2 þ λ3 ¼ 0. Then

ðTrT2Þ2 − TrðT4Þ ¼ 2
X
i<j

λ2i λ
2
j : ðC1Þ

Using λ3 ¼ −ðλ1 þ λ2Þ, one finds after a short algebraic
exercise that

TrðT4Þ ¼ 1

2
ðTrT2Þ2: ðC2Þ

Substitution into (55) yields the positive quartic stabiliza-
tion law (57).
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APPENDIX D: ILLUSTRATIVE MAPPING
BETWEEN THE EFFECTIVE WIDTH

AND A HIGGS TRANSITION

Although the main text treats the postbreaking mass
profile as an effective interpolation, the width parameter
admits a simple physical interpretation in a broad class of
symmetry-breaking models. Consider a scalar order param-
eter Φ with late-time vacuum expectation value vΦ and
quartic potential

VðΦÞ ¼ λΦ
4
ðjΦj2 − v2ΦÞ2: ðD1Þ

If the gauge bosons acquire their mass through mðηÞ ¼
gvðηÞ with vðηÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2hjΦj2i

p
, then near the minimum the

scalar relaxation scale is set by

m2
Φ ≃ 2λΦv2Φ; ðD2Þ

so the conformal transition width scales as

τΦ ∼ ðasbmΦÞ−1 ðD3Þ

up to order-unity corrections from Hubble damping and
from the details of the initial displacement. The dimension-
less parameter τ used in the main text therefore probes the
ratio of this scalar relaxation time to the characteristic
oscillation time of the inherited condensate. Rapid
quenches correspond to scalar relaxation on timescales
comparable to or shorter than the condensate oscillation
period, while slow quenches correspond to a scalar evo-
lution that is adiabatic relative to that period.
This mapping is sufficient for the present purpose: it

explains how a concrete symmetry-breaking sector feeds
into the canonical quench parameters without forcing the
analysis into one special Higgs completion. A dedicated
study of the coupled scalar-gauge dynamics would be

required to turn this illustrative mapping into a fully
predictive scan.

APPENDIX E: NUMERICAL IMPLEMENTATION
AND CONVERGENCE DIAGNOSTICS

The numerical results in Sec. V are obtained from
explicit integration of the local quench equation (6) and
the FRW canonical equation (13). In both cases we employ
adaptive Runge-Kutta integration with relative tolerances
between 10−8 and 10−9 and absolute tolerances between
10−10 and 10−11. Late-time amplitudes are extracted from
the average of the last ten turning points once the solution
has entered the asymptotic oscillatory regime. For the FRW
action plots the turning-point action is evaluated from the
unified invariant (15) at each turning point.
For the local quench benchmark, the quantities displayed

in Figs. 1 and 2 are stable at the sub-10−3 level under
simultaneous tightening of the numerical tolerances and
under moderate changes in the extraction window for the
late-time envelope. For the FRW benchmark, the relative
RMS agreement between the numerically differentiated
Hamiltonian and the work identity (22) is at the level
quoted in the main text, and the difference between the
direct excess-energy extraction and the late-quadratic
closure formula remains below 1% in the benchmark
run. These diagnostics indicate that the figures are con-
trolled by the physical transition rather than by numeri-
cal noise.
The phenomenological plots should be interpreted with

the same care as the underlying scan. They are intended to
illustrate the coherent-sector response of the postbreaking
condensate as the transition width and asymptotic mass are
varied within the canonical quench problem. They are not
substitutes for a complete microphysical parameter scan of
a specific symmetry-breaking completion.
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