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In spread complexity, the growth rate of the average position of a time-evolved state along its Krylov
chain recovers the proper radial momentum of an infalling particle in anti—de Sitter space. It is, however, a
measure of the first moment only, irrespective of the spread of the wave packet away from its classical
trajectory. The rate of a “normalized” Krylov-Wigner negativity can be proposed as a diagnostic of the
second moment of the boundary state that captures this spreading. Starting with the “seed-normalized”
Krylov-Wigner distribution—that is, the Wigner transform of the descendant cloud, with the decaying
return amplitude divided out—we obtain an analytic Bessel form in the macroscopic limit and compute its
total negativity explicitly. Retaining the Bessel variable all the way through, we find that the negativity goes
as sinh**(z¢/f). But the raw normalized-state negativity saturates to an O(1) constant, well below the
O(\/B) bound. Using the exact negative binomial statistics of the Krylov chain, the normalized negativity
is at late times a fixed power of the second moment of the Krylov wave packet, N () o« [Var(Ng,yiov)]*, for
every A > 1/2. The relation linearizes precisely at A = 1. In this regime via the momentum dictionary of
Caputa et al. [Phys. Rev. D 113, L041901 (2026)], the rate becomes the product of the proper radial
position and momentum, R o CP,, which we interpret as the rate of the tidal stretch of nearby geodesics
falling into the horizon. We also comment briefly on a speculative direction for future research, in
particular, the interpretation of the transverse string size operator in terms of the Krylov number operator

through the common SU(1, 1) discrete series.

DOI: 10.1103/6pn8-sd9f

I. INTRODUCTION

The question of decoding the emergence of classical
gravity and geometry from quantum dynamics of boundary
conformal field theory (CFT) has been a long-standing
problem of gauge-gravity duality [1-3]. Having noticed that
the entanglement entropy is not a suitable characterization
of late time geometry behind a black hole horizon, it was
conjectured that the growing length of the Einstein-Rosen
bridge is dual to the quantum complexity growth of the state
on the boundary [4-9].

The circuit complexity [10—13] depends on the chosen
gate set and reference state. The Krylov basis approach
requires no such choices. Here everything is fixed by
the Hamiltonian and the initial data. Two closely related
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notions have appeared in this context. The Krylov com-
plexity of [14—16] quantifies the growth of a Heisenberg
operator under nested commutators. The spread complexity
of [17], on the other hand, is defined for a state. In this case,
the Krylov basis is an ordered, orthonormal basis obtained
by applying the Gram-Schmidt procedure to the set of
states {wo, Hyo, H*yy, - }. The spread complexity then
measures how spread out the time-evolved state becomes
over this basis. It was shown in [17] that the Krylov basis
minimizes this spreading (see also [18-20]). The literature
on both notions has grown considerably by now. We refer
the reader to [21] for a review and to [16,22] for more
details and references. It has been found that a precise
dictionary holds in the semiclassical limit between the rate
of growth of the spread complexity and the proper radial
momentum of an infalling particle in an anti—de Sitter
(AdS) black hole [36].

Nevertheless, the point particle dictionary accounts only
for the classical center of mass dynamics. A wave packet
falling into a black hole is never described by a geodesic due
to quantum and gravitational effects—it will necessarily
spread. As a result, the spread complexity, the first moment
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of the Krylov chain (the average position along the chain),
captures the motion of this center of mass but fails to detect
higher moments of the probability distribution.

A natural language for questions of this kind is provided
by the phase-space formulation of quantum mechanics, and
it is worth explaining why. The Wigner function W,,(q, p)
for a state y is a quasiprobability distribution that gives a
representation of the quantum state in phase space, para-
metrized by position and momentum simultaneously. This
should be contrasted against the wave function y(g), whose
absolute square gives a probability distribution over position
alone. The Wigner function is real and unit normalized but it
is not a true probability distribution. It can take negative
values at some points in phase space. Indeed, had this not
been the case, then quantum mechanics would reduce to
classical probabilistic dynamics. When the Wigner function
for a state is everywhere non-negative, it acts as a genuine
probability distribution, and one might roughly expect
such states to be “classical.”” Hudson’s theorem [23,24]
shows that the only states for which the Wigner function is
everywhere positive are Gaussian states. Thus, states with
everywhere positive Wigner functions form a very restricted
class of states in the Hilbert space; however, even if we were
to start with a classical/Gaussian state, the positivity of the
Wigner function will not, in general, be preserved under
time evolution. This only happens for at most inhomo-
geneous, quadratic (i.e., free) Hamiltonians [25]. The
negativity of the Wigner function is a measure of the
intrinsic nonclassicality in a state. Further, Wigner nega-
tivity also gives a lower bound on an entropic measure of
spread complexity [26]—a Wigner negative state must
unavoidably have some minimal spread, crucially in both
position and momentum. The results of [17] suggest that the
Krylov basis is very natural in the sense that the time-
dependent wave function is as peaked as possible in this
basis. This suggests that the state looks as classical as
possible in the Krylov basis, somewhat like coherent states,
except that the latter are peaked in phase space. It thus seems
natural to study the time evolution in phase space [26,27]
(see also [28-30] for recent work in this direction).

Let us also state precisely what we mean by the Krylov-
Wigner negativity. A crucial point is that the discrete Wigner
function and its negativity are defined with respect to a
choice of basis. A priori, Wigner negativity has nothing to
do with the Krylov construction. For any finite-dimensional
quantum system of odd prime dimension D, there exists a
natural quasiprobability representation called the discrete
Wigner function [31]. Given an ordered, orthonormal basis
for the Hilbert space, the essential idea is to interpret this as
the “position” basis and correspondingly construct a phase
space, the lattice Zj, x Zp, on which the state is represented
as a real, unit-normalized quasiprobability distribution. The
discrete Wigner function satisfies many of the properties of
a standard probability distribution except for one—it can
take negative values. Taking the basis to be the Krylov basis

(truncated to a large prime dimension D) gives the “Krylov-
Wigner function” of [27]: the position variable is then the
position along the Krylov chain, and its conjugate (momen-
tum) is the discrete Fourier-dual phase. We recall the con-
struction in Sec. IIIC. The amount of negativity in the
Wigner function has an operational meaning in the theory of
quantum computation. Stabilizer circuits can be simulated
efficiently on classical computers and are in this sense
essentially classical. Now to achieve universal quantum
computation one must supplement them with an additional
resource, which Bravyi and Kitaev called a “magic” state
[32]. The total Wigner negativity is a magic monotone, i.e.,
a measure that is nonincreasing on average under stabilizer
protocols [33]. Now by the discrete version of Hudson’s
theorem, a pure state has an everywhere non-negative
discrete Wigner function if and only if it is a stabilizer
state [34]. Applied to the Krylov basis, the negativity thus
measures how far the spreading wave packet is from the
discrete analog of a classical (Gaussian) state.

Alongside other information-theoretic probes of bulk
geometry [35], we suggest that the normalized generation
rate of the Krylov-Wigner negativity is a useful boundary
observable sensitive to such spreading. The reason it probes
the holographic dictionary via the second moment is simple
to state. For the SU(1, 1) coherent-state family generated by
the local quench, we will show that the negativity is a fixed
power of the variance of the position on the Krylov chain
[see Eq. (62)]. Its growth rate therefore carries exactly the
information that the first-moment dictionary of [36] discards.
We should mention that higher moments and the full
statistics of the position on the Krylov chain have been
studied before, notably in [37,38]. Indeed, the mean-vari-
ance identity (23) that we use below already appears there.
What is new here is not the moments themselves, but the
phase-space diagnostic. The negativity rate repackages the
second moment into a quantity with a direct semiclassical
reading, together with a proposed bulk interpretation.

One structural element of our construction is important
to state at the outset. The physically meaningful object is
not the raw negativity of the evolving state (normalized or
not), since it saturates when the state becomes delocalized.
Instead, we work with a normalized or rescaled negativity,
in which the decay of the return amplitude is divided out.
For the thermal quench considered here, this decay is
monotonic and fixed kinematically by the boundary two-
point function. The normalized negativity and the corre-
sponding rate are defined in Secs. III and IV.

Our main results are as follows. Results (i)—(iii) are
analytical boundary statements and do not rely on any bulk
conjecture. In words, the logic of the paper is simple: we
first construct the natural phase-space distribution for the
spreading cloud, then compute how fast its nonclassicality
grows, and finally show that this growth rate directly
measures how fast the wave packet disperses about its
classical trajectory.
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(1) In Sec. III, we consider the seed-normalized Krylov-
Wigner function, i.e., the Wigner function defined
with respect to the Krylov basis, with the decaying
return amplitude divided out. The calculation of
Wigner negativity in the Krylov basis is facilitated
by the fact that, for the local operator quench, the
dynamics is controlled by a Hamiltonian in 3u(1, 1),
which turns out to be solvable. In the regime where
the excitation has traveled many rungs down the
chain, we derive a closed Bessel form for this
distribution. We can think of this as a “continuum”
approximation, where instead of the discrete Krylov
lattice, we now have a function of a continuous
parameter. The effective phase space has a discrete
position variable ranging over half-integer values
and a continuous, periodic momentum variable; we
will use Q to denote half-integer separated points.
In Sec. IV, we compute the Wigner negativity
directly, over the entire phase space, and show
that the seed-normalized negativity grows as
sinh*2 (zt/f3). On the other hand, the Wigner neg-
ativity of the normalized state remains an O(1)
constant and does not grow at late times, for every
A > 1/2, which precisely matches the result of [39].
Furthermore, the negativity involves a nonanalytic
function (namely, the absolute value of the Wigner
function). We use the replica trick to deal with these
complications. The output of this calculation is an
explicit formula for the rate of the Wigner negativity
in terms of the return probability.

In Sec. V, we then turn to the second moment of
the Krylov wave packet and once again derive a
universal formula for the Wigner negativity: at late
times, the normalized negativity is a fixed power of
the second moment of the Krylov wave packet,
N o [Var(Ngpio0)]*, for every A > 1/2. Here
NKrylov is the position operator on the chain, whose
mean is the spread complexity. This relation linearizes
precisely at A = 1, and only at this dimension does
the negativity rate match the growth rate of the
variance. In Sec. VI, we show that there the rate
becomes the product of proper radial position and
momentum, R CPp, which we interpret as the rate
of tidal stretching of neighboring infalling geodesics.
Finally, in Sec. VII, we comment briefly on what
bulk object could source the negativity in the first
place. There is more to the AdS/CFT correspon-
dence than just Hamiltonian evolution—one also
needs to be able to interpret operator insertions in the
boundary and the corresponding matter fields in the
bulk within this framework. A structureless point
particle cannot: its phase-space distribution is Gaus-
sian and positive, and remains so under the quadratic
evolution about a geodesic, generating no negativity.
String propagation on AdS; is described by the

(ii)

(iif)

(iv)

SL(2,R) Wess-Zumino-Witten (WZW) model,
whose discrete series sector realizes the same rep-
resentation D} of SU(1,1)—and hence the same
quadratic Casimir A(A — 1)—as the boundary Kry-
lov chain, and the operator measuring the transverse
size of the string is then a candidate bulk counterpart
of NKrylov. Admittedly, at this stage, this is a rather
vague and rudimentary proposal, and there are
several issues that need to be addressed in order
to make it more concrete; we leave this to fu-
ture work.
The rest of the paper is organized as follows. In Sec. II, we
review the necessary background on the Lanczos algo-
rithm, spread complexity, the local operator quench, and
the SU(1,1) structure of the thermal Krylov chain. In
Sec. III, we construct the seed-normalized Krylov-Wigner
distribution and derive its Bessel form in the macroscopic
limit. In Sec. IV, we compute the normalized negativity and
its rate, and contrast its growth with the saturation of the
raw negativity. In Sec. V, we compare the negativity rate
with the variance rate and land on the critical dimension
A = 1. In Sec. VI, we give this matching a bulk reading in
terms of tidal momentum. Finally, we end with a summary,
open questions and future directions in Sec. VIIL.

II. KRYLOV BASIS, SPREAD COMPLEXITY,
AND THE SU(1,1) ALGEBRA

A. The Krylov basis and spread complexity

Given an initial state |w,) and Hamiltonian H, the
Krylov basis is obtained by orthonormalizing the ordered
set of states {|yo), Hlwo), H|po), -} via the Gram-
Schmidt process. The construction goes as follows: Take
lwo) to be the first basis vector. Then consider the state
H|w), and construct the second basis vector by orthogon-
alizing it with respect to y, and then properly normalizing
the result. Then consider the state H?y, and construct the
third basis vector by orthogonalizing it with respect to the
first two basis vectors and then normalizing the result, and
so on. The resulting basis is called the Krylov basis. Note
that the Krylov basis is an ordered basis; we will henceforth
use the notation |K,) to denote the nth Krylov state.

We do not need a basis for the entire Hilbert space, but
only for the subspace spanned by the time evolution of the
initial state. In [26,27], it was important that the
Hamiltonian be chaotic, to the extent that time evolution
is ergodic; this makes it possible for the Krylov basis to
span the entire Hilbert space. The criterion on the initial
state being generic is necessary here, because for special
states, say, e.g., energy eigenstates, the time evolution
becomes trivial multiplication by a phase. When
Hamiltonian evolution is ergodic and spans the entire
Hilbert space, the dual description presumably involves
pure gravity. However, when this fails, we need additional
operators (other than the Hamiltonian) in order to construct
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a basis for the Hilbert space. This should clearly result in a
richer structure involving bulk matter.

One of the key features of the Krylov basis is that the
Hamiltonian is tridiagonalized in this basis, i.e.,

H|Kn> :an|Kn>+bn+l|Kn+l>+bn|Kn—l>’ (1)
with the real coefficients {a,} and {b,} given by

ap = <Kn|H|Kn>v b, = <Kn—1|H|Kn>‘ (2)
These numbers are called the Lanczos or Krylov

coefficients.

1. Spread complexity

The Krylov basis has the nice property that it minimizes
the “spreading” of the wave function under time evolution
[17]. This can be quantified as follows: Consider the time-
evolved state

W) = K = iy, ()

n=0

Since the Krylov basis tridiagonalizes the Hamiltonian, the
amplitudes v, (1) obey

' (0) = 5n,0'

4)

For any ordered, orthonormal basis B = {|ng)}, we can
define a measure of the spread of the state y(7),

Cu(t) =D _cal(nsly (1)), (5)

atl//n = _ianl//n + ann—l - b11+ll//n+17

where ¢, is any positive, monotonically increasing weight
function; e.g., a natural choice is to take ¢, = n. We may
think of C() as some notion of “spread complexity”, i.e., a
measure of how spread out the state is in the given choice of
basis. Let us say we choose |0)z = |w(), so that C(0) is set
to zero. This does not fix anything about the remaining basis
vectors of B. But one could ask for more: one could look for a
basis where the early growth of Cy(#) with respect to time is
minimized. In other words, we would like a basis that
successively minimizes the time derivatives {Cj(0),
C}5(0),---}. It was shown in [17] that the Krylov basis
minimizes all of these derivatives. In this sense, the Krylov
basis quantifies the minimal and inevitable spread in the wave
function that a state undergoes under quantum evolution,

ey =3y = (i)
n=0
Ryt = fj K, (K, (6)

B. Local operator quenches in 2D CFT

We begin with 2D CFTs, initially in either the vacuum or
the thermofield double state on a line excited by a primary
operator. Consider a 2D CFT on an infinite line. Let the
initial state |y) be of the form of a local operator quench
[40,41],

lwo) = Nee_EHO(xo)|O>,
lWo) = N eHrOp (xg) eHr ™5 |Q) (7)

where |0) is the vacuum, O(x) is a primary operator of
conformal dimension A, and |Q) is the maximally
entangled state between two copies (left and right) of
the CFT. The evolution over Euclidean time 7 = ¢ renders
the state normalizable, with finite energy E ~ A/e.

The return amplitude, wo(1) = (wole " |yp), can be
extracted from the thermal two-point function (26). In
particular, the Lanczos coefficients can be extracted from it
using the moments

_ 2z(n+A)

my/n(n+2A-1)
p =y =
ﬂtan(/—})

b, = i1 (27
B s1n(2/—})

(8)

C. The SU(1,1) algebra of the Krylov chain
Consider the Lie algebra corresponding to the group
SL(2,R),
N TR R

and consider a Hamiltonian of the form
H= oz(K(f> + K<_K>> +yk 451, (10)

For this choice, the Krylov basis vectors are given by
|K,) = |A,n), where

A= o e (K9) 1. an
KSK,) = (n + A)IK,), (12)

KO, =+ D)(n+24)|K,.,),  (13)
K®|K,) = /n(n+2A - 1)|K,_,), (14)

= k(O & —1) - kOK® = A(A - 1)1,

NKry]ov - K(()K) - Al (15)

Using the SL(2, R) algebra, one can show [17,19,42] that
the Lanczos coefficients in this case are given by
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a, =y(A+n)+34, b,=ay/n(2QA+n-1) (16)

(see [21,43] for more details and references). Comparing
with (8), a = x/[Bsin(2ze/p)], y = 2x/[ptan(2ze/p)),
and 6 = 0. The elementary verifications, including the
identification of this module as the positive discrete series
representation D} of SU(1, 1) with Bargmann index k = A
and lowest weight vector | K), are recorded in Appendix A.

D. The proper momentum correspondence
In [36], it was shown that, for the states (7),

dc

(17)
Holographically, this corresponds to a particle moving on a
timelike geodesic of the planar Banados-Teitelboim-Zanelli
(BTZ) black hole [44—46]. The particle is free and therefore
falls along a geodesic; this is the setting in which (17) was
established and the only one we use. Probes with internal
structure or spatial extent, whose bulk motion is not that of
a structureless particle, have been studied in [47].

The notion of “classicality” that is familiar from the AdS/
CFT correspondence is one of large-N factorization, i.e.,
large N suppresses quantum fluctuations in some simple
observables [48]. On the other hand, Wigner negativity
seems like it has more to do with efficiency of sampling the
outcome probability distribution of a quantum circuit on a
classical computer. It would be good to clarify how these
two notions of classicality are related. One way to quantify
quantum uncertainty is in terms of the “spread” of the wave
function in position and momentum basis. Summing over
one of the directions, say p, reduces the Wigner function to
the probability density along the other direction (see
Sec. I C).

III. COHERENT-STATE AMPLITUDES AND THE
SEED-NORMALIZED DISTRIBUTION

A. The SU(1,1) coherent state and its statistics

The algebra of the previous section largely determines
the evolved state. Since e~ is an SU(1, 1) group element
acting on the lowest weight vector, the time-evolved state is
a Perelomov coherent state [17,19,43], the group-theoretic
analog of a squeezed vacuum. Such a state is characterized
by a single complex number, the squeezing parameter A(7),
and its wave function on the nth rung of the chain is

I'(2A +n)

Wn(t) = nVF(ZA) A(t)nWO(t)' (18)

The combinatorial prefactor is just the norm of (K (+K> )" Ko)
in D}, so (18) is the exact wave function of a coherent state
on the chain, with one unknown function A(z) that we
determine from the dynamics in Sec. III B. Imposing

S, lwa(1)]? =1 and summing the resulting series fixes
the seed amplitude,

wo(D)? = (1= |A()P)*,

which is real and positive as long as |A(7)| < 1, the regime
of a normalizable coherent state. None of this is new. The
closed form amplitudes and the occupation statistics that
follow from them were obtained in [17,19], and the
statistics were analyzed in detail in [37,38]. We record
them in our conventions because every formula in the later
sections is built on them.

The immediate consequence of (18) is that the occupa-
tion probabilities p,(t) = |y, (t)|> form a one-parameter
family controlled by |A(¢)|* alone. This family is a familiar
one. Substituting the normalization (19) and using

[(2A 4 n)/[n'T(24)] = ("”,f‘]),

a0 = ("2 awpa - orr, o

(19)

which is the negative binomial distribution NB(24A, |A(z)|?)
(see, e.g., [17,37]). Its generating function is G(z)=
> pn?"=(1=p)"(1=pz)™" with r =2A and p = |A%,
and differentiating at z =1 gives the exact mean and
variance,

(o) = 723 1)
Var(omn) = o 01 22)

The two parameters have a simple meaning. The number of
“failures” r = 2A is twice the Bargmann index of the
representation, so the dimension of the quenching operator
directly controls the shape of the distribution. The “success
probability” p = |A(¢)]> measures the squeezing and
increases monotonically toward unity as the state spreads
down the chain. As |A| — 1 both moments diverge; this is
the spreading of the wave packet characteristic of operator
growth in a chaotic theory. (On a finite-dimensional chain
the spreading is eventually capped at the Heisenberg time,
after which the Krylov-Wigner negativity plateaus [26,27].
The coherent-state description below is valid up to that point,
in the regime (N Krylov) < D.)

Two features of (20) drive the rest of the paper. First, the
distribution is overdispersed: the variance carries an extra
factor of (1 — |A|?)~! relative to the mean, so it grows faster
as the state delocalizes. Eliminating |A|> between the two
moments gives the exact identity

Var(NKrylov) = <NKrylov> <NKry10v>2' (23)

oA

086025-5



RITAM BASU

PHYS. REV. D 114, 086025 (2026)

This identity is not new either; it appears, for instance, as
Eq. (71) of [37] in the same SU(1, 1) setting. We will use it
in Secs. VI and VII to relate the boundary statistics to the
bulk. Second, because everything depends on the single
combination |A(¢)[?, the time dependence of any moment
can be read off once A(¢) is known. We determine it next;
the late time scalings <NKW10V> ~ sinh?(zt/f) and

Var(NKrylov) ~ sinh*(z¢/p) then follow.

B. Determining the squeezing parameter

The coherent-state ansatz reduces the evolved state to a
single unknown function A(z). Naively, fixing it would
require solving the full hopping problem (4). But the
coherent state stays coherent under the group evolution,
so it is enough to impose the Schrodinger equation on a
single component; the algebra takes care of the rest. The
simplest component is n = 0. Setting n = 0 in (4), using
by = 0 and y_; = 0, and reading off y, = v2AAy, from
(18), we get a first order equation for the seed amplitude
alone,

o = —iagyo — b1 V2AAy,. (24)

Dividing by vy,

=0, Inyy (1) — iay
A(r) = b VA : (25)

So A(r) is determined by one function, the return amplitude
wo(t) = (Koly/()). For a primary of dimension A in a 2D
CFT at inverse temperature /3, conformal invariance fixes
this to be the regularized thermal two-point function,

Sinh(ﬂ(t—;ia)) —2A
wolt) = |———~" , (26)
sinh(ﬂ)
p
where the shift + - t — 2ie comes from the Euclidean

smearing discussed below (7). Its logarithmic derivative
is elementary,

0, Iny(1) =

- ZZA coth (”(t _ﬁ2i8>) Y

Substituting this together with ay and b;v/2A from (8) into
(25), the common factor 2zA/f cancels and we are left
with

p p
A1) = ; .
csc (%)

The cancellation deserves a comment. The conformal
dimension A has dropped out of A(¢) entirely; it enters

(28)

only through the parameter r = 2A of the occupation
statistics (20). In other words, the time dependence of
the shape of the Krylov wave packet—and hence the
functional form of every scaling derived below—is uni-
versal, while A only sets the relative weights. It is this
universality that allows a single matching condition to pick
out a critical dimension in Sec. V.

The remaining step is elementary trigonometry. Writing
a = nt/p and b = 2ze/f and putting the two terms in the
numerator of (28) over the common denominator
sinh(a — ib) sin b, the numerator collapses to —isinha,
and we find

_ —isinh(zt/p)

Alr) = - (('_Tz)) . (29)

So the squeezing parameter is a ratio of thermal sines. Its
modulus encodes the spreading of the wave packet, while
the explicit —i and the regulator supply the phase ¢, (7),
which rotates the Wigner distribution in Sec. III D. Since
| sinh(x + iy)|> = sinh? x + sin? y does not depend on the
sign of y, the two forms of A(z) obtained by flipping the
sign of the regulator have the same |A(¢)|> and describe
the same physics. Explicitly,

h2
AP = — i sinh (ﬂ't/ﬂz) ’ (30)
sinh*(zt/p) + sin*(2ze/f)
so that 1 — |A(#)]? is precisely the variable &(¢) introduced
in (52) below, and |A|> — 1 — sin?(2ze/p)/ sinh?(xt/p) at
late times. Substituting into (21) and (22) gives the sinh?
and sinh* growth of the mean and the variance quoted
above.

C. The discrete Wigner function and the seed-
normalized amplitudes

Before we build the phase-space distribution that we
actually use, let us recall the standard object of which it will
be a rescaling. This material follows [27,31,34], where
more details can be found.

For any finite-dimensional quantum system of odd prime
dimension D, there exists a natural quasiprobability rep-
resentation called the discrete Wigner function [31].l Let
{|k)}P=3 be an ordered, orthonormal basis for the Hilbert
space. The essential idea is to interpret this as the position
basis and correspondingly construct a “phase space.” We

"The discrete Wigner function formalism is cleanest when D is
an odd prime number, although most of the results hold more
generally for odd D, and generalizations exist for even D as well.
We take D to be a large odd prime throughout, chosen so that
truncating the Krylov chain to its first D rungs carries negli-
gible weight; all of our statements are made in the regime
<NKIylov> <D.
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define the discrete phase space P as the lattice Z, x Zp of
size D?. With respect to the chosen basis, we define a set of
D? operators A(q, p) called phase-point operators, each
labeled by a phase-space point,

D—

Agp) =Y SrguireBEOPIN (],
=0

—_

(31)

=~

where the hatted Kronecker delta & is the mod D version,
i.e.,itis 1 when (k + ) = 2¢g mod D and 0 otherwise. The
discrete Wigner function for a density matrix p is then
defined as

W,(q.p) = =Tr(pA(g. p)). (32)

D

The Wigner function should be thought of as an attempt
to represent the quantum state p as a probability distribu-
tion in phase space, as would be the case in classical
mechanics. Indeed, it is real and unit normalized,
>4p Wy(q.p) =Trp =1; summing over one of the
directions, say p, reduces it to the probability density
along the other direction, ), W,(q, p) = (qlplq); and its
time evolution follows a discrete version of the Moyal
equation, the quantum analog of the Liouville equation
from classical mechanics. This interpretation fails for one
important reason: the Wigner function can take negative
values at some points in phase space. Indeed, had this not
been the case, quantum mechanics would reduce to
classical probabilistic dynamics. For odd prime D, a pure
state has an everywhere non-negative Wigner function if
and only if it is a stabilizer state; this is the discrete version
of Hudson’s theorem [34]. The negativity of the Wigner
function will play a central role in this work.

We now take the basis to be the Krylov basis of Sec. II,
truncated to its first D rungs. The resulting object—the
Wigner function of the time-evolved state |y(#)) with respect
to the Krylov basis—is what we called the Krylov-Wigner
function in [27]. Writing p = |w(#)) (w(¢)| and labeling the
pair of chain sites in (31) by their midpoint and half-
separation, k = Q +m and £ = Q — m, the definition (32)
becomes

1 &
W(Q.p.1) =45 D ey (o, (1), (33)
n=—0

Here we have represented the Wigner function on the lattice
of half-integer separated points Q € {0, % 1, % , ...}, with the
understanding that Q = J corresponds to ¢ = (D + 1)/2 in
Zp, and so on. This is merely a reordering of the phase-point
operators, and a convenient one, because with respect to this
ordering the spread of the Wigner function along the chain

has a local appearance [27]. The mod D wraparound in the

sum plays no role in the regime <NKrylov> < D, and we
drop it.

It is worth pausing to explain the meaning of the two
phase-space variables, since neither is the position or
momentum of a particle in continuous space. The midpoint
Q tracks the position along the Krylov chain; it is our
discrete analog of the radial coordinate, and its moments
are the moments of leov. The variable p€{0,1,...,D —
1} is the discrete Fourier conjugate of the site separation
k — ¢ = 2m. It is sensitive to the phases of the coherences
yy, between chain sites and plays the role of the
momentum canonically conjugate to the chain position.
[The phase i~ in the expansion (3) contributes i~" =
e~ to the kernel, i.e., a rigid shift of p by D/4; since all
our observables are summed over the whole phase space,
we drop it.] The Krylov-Wigner function therefore gives us
a way of visualizing how the state |y (7)) (y()| evolves over
the discrete Krylov phase space, with the chain position and
its conjugate phase treated on the same footing.

Now to the normalization, which determines what the
negativity actually measures. The evolved state is always
normalized, >, [y, (¢)]*> =1, for any ¢ and any S, by
unitarity. Equivalently, the “return probability”

P(t) = lwo ()P = (1 - |A()]?)* (34)
ensures that Y, [y, > = [wol> X, ("2 )|A|*" = 1 iden-
tically, with no distinguished value of f at which normali-
zation fails. The Wigner function of the state corre-
spondingly satisfies >, , W = 1 at all times. The trouble
is that, as we will see in Sec. IV E, the negativity of this
normalized distribution saturates: the quasiprobability
spreads over an ever larger region of phase space while
its height decreases, and the total absolute weight stops
growing once the state has delocalized. That saturation is a
statement about the decay of the return amplitude, not
about the geometric spreading we want to capture. To
expose the spreading, we normalize the amplitudes relative
to the surviving seed from the start. Define the seed-
normalized amplitudes

I'(2A +n)
nT(2A)

_walt)
A= ) =

A" xo(f) =1. (35)

These are the amplitudes of the descendant cloud relative to
the surviving seed. Note carefully what has been removed:
only the n-independent magnitude and phase of the return
amplitude y,(¢). The relative phases of the cloud are
untouched, since A(r) = |A(t)|e'#" enters y, as A(r)",
and it is precisely these relative phases that rotate the
Wigner distribution in Sec. III D. What remains is the full
shape of the spreading packet, magnitudes and phases
alike. The norm of the y,, is the inverse return probability,
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i a0 = = (L= AP, (36)

which diverges as the state delocalizes and can be thought
of as an effective number of visited descendants.

The seed-normalized Krylov-Wigner distribution is the
discrete Wigner function (33) evaluated on the y,,

Y]
W(Q. p.1) EBZ e g m (DX - (1)
-0
w(Q,p.1)
O (37)

where W is the Wigner function of the normalized state. Its
total quasiprobability is

;W(Q,p, 1) = % (38)

Equivalently, WV is the Wigner transform of the unnormal-
ized operator |y (1)) (y(2)|/P(¢).

1. What VV is and is not

Let us be explicit about this, since it fixes the physical
content of everything that follows. WV is not the Wigner
function of a normalized state: its total weight (38) is
1/P(t) # 1. It is a rescaled phase-space quantity, and the
negativity computed from it in Sec. IV is the raw (nor-
malized-state) negativity divided by the return probability,
i.e., the magic content per unit surviving return amplitude.
The rescaling is uniform over phase space; it is not a
projection onto a subspace, it simply compensates for the
decay of the return amplitude. Two further clarifications are
in order. First, about the word “trivial,” which we used for
this decay in an earlier version of this paper. In general, a
return amplitude can have recurrences and oscillations, and
then no part of its time dependence deserves that name. For
the thermal quench at hand, however, the return probability
is fixed kinematically by the two-point function (26),
P(t)  [sinh?(xt/f) + sin*(2ze/B)] 724, and decays mono-
tonically; recurrences set in only at times exponentially
large in the effective Hilbert space dimension, far beyond
the window in which we work. It is this smooth decay—
which is blind to how the descendant cloud is organized
internally—that we divide out. In a system with an
oscillating return amplitude the definition (37) still makes
sense pointwise in f, but reading N as a monotone
diagnostic would require more care. Second, about what
is gained over the usual Wigner negativity. The raw
negativity saturates at an O(1) plateau (Proposition 2
below) and is therefore blind at late times to the continued
growth of the width of the wave packet. The seed-
normalized A is the rescaling under which the

phase-space diagnostic keeps registering the second
moment, cf. (62). We come back to what this choice means
for the matching problem at the end of Sec. IV E.

D. Bessel form of the seed-normalized distribution

We now derive a closed form for W in the regime
Q > 1, which we refer to as “macroscopic.” What we mean
by this is the following. Once the excitation has traveled
many rungs down the chain, the discreteness of the lattice is
a subleading effect, and the sums over chain sites are well
approximated by integrals, with controlled corrections in
1/Q (Appendixes B and C). This is also the window in
which the bulk reading applies: the semiclassical dictionary
of [36] holds when <1VKrylov> ~sinh?(xt/p) is large, i.e.,
when the wave packet sits at macroscopic Q, and it is there
—always keeping (N Krylov) << D—that our late time state-
ments are made. Said differently, we are interested in the
limits D — oo followed by r — oo, in that order.

Since y, differs from y, only by the common factor
yo (1), the computation is that of the Wigner function of an
SU(1, 1) coherent state with the survival factor stripped off.
Substituting (35) into (37) and writing A(z) = |A(1)]e™?-,
the phases combine into a single exponent and the
magnitudes into a ratio of I" functions,

im(4xp/D+2¢,)

W(Q.p.1)

A@Pe &
~ DI(24) m;Q ¢
y VI(Q2A +Q+m)(2A + Q —m)

V(Q +m){(Q —m)!

(39)

The prefactor |A|?€ is inherited from the geometric series
structure of the amplitudes (35): since |y, | « |A|", a pair of
sites with midpoint Q always contributes |A
positive everywhere and sets the envelope of the distribu-
tion in the radial variable Q. All the oscillations in phase
space come from the sum, where the kernel K (Q, m) (the
ratio of I functions) fixes the profile in the shift variable m,
and the exponential carries the dependence on the con-
jugate momentum through the combination 4zp/D + 2¢,.

Two standard steps turn the sum into something we can
integrate. First, Stirling’s approximation (Appendix B)
reduces the kernel to a power law,

K(Q, m) ~ Q2A—1(1 _ x2)A—1/2’
x=m/Qe[-1,1]. (40)
Second, since A > 1/2 the profile vanishes at x = £1, so

the Euler-Maclaurin formula (Appendix C) converts the
sum into an integral with no boundary terms,
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02 /1(1 — x2)A-1/2giZxgy, -

4z
zZ=0 <—p + 2¢A> ,
1
and the single rescaled variable Z now carries the entire
phase-space dependence. The integral is Poisson’s repre-

sentation of the Bessel function: for any A > —%,

/_ 1(1 — 2)A-12gix g — \/EF(A + %) (%) @),
(41)

Combining this with the prefactor in (39) and using the
Legendre duplication formula T'(2A) = 224-1771/21(A)
I'(A +1) to collapse the I" functions and powers of 2, we
arrive at the leading macroscopic form of the seed-normal-
ized distribution,

mApees o

W(Q, p.t) NW@A)ZA A

(42)

Equation (42) is the leading term in the macroscopic
(continuum) expansion, not an exact finite chain result. It
is cleaner than the Wigner function of the normalized state in
one respect: there is no survival factor, since P(t) = |y, |?
was divided out at the level of the amplitudes (35). The
positive envelope |A[>?¢Q%* sets the radial extent, while the
oscillatory factor J o (Z)/Z%—and, in particular, its sequence
of sign-changing zeros—produces alternating troughs of
negative quasiprobability whose total we compute next.
Such troughs are absent for any Gaussian (stabilizer) state.
They are the nonclassical content of the state, and they tell us
that the infalling excitation is not a structureless point
particle.

IV. NORMALIZED NEGATIVITY AND ITS RATE

A. Wigner negativity as a magic monotone

Throughout this section, the phase space is the discrete
lattice P = Zp x Zp of Sec. I C, with Q the (midpoint)
position along the Krylov chain and p its discrete conjugate.
Let us also make precise the sense in which we use the
“magic” term, which we have so far used loosely. Circuits
which only involve Wigner positive elements—stabilizer
states, Clifford unitaries, and measurements in the computa-
tional basis—evolve within a very small subset of states in
the Hilbert space and can be simulated efficiently on a
classical computer; this is the content of the Gottesman-Knill
theorem and its phase-space generalization [33]. Such circuit
models cannot be universal. In order to achieve universal
quantum computation, one needs an additional resource,
which Bravyi and Kitaev called a magic state [32]: a state is
said to be a magic state if it is not a stabilizer state. Much like
entanglement plays the role of a resource in the theory of
quantum communication, the magic resource plays a role in

the theory of quantum computation, with stabilizer states and
operations being treated as cheap. To quantify the notion,
one defines a “magic monotone” as any real-valued, non-
negative function on density matrices that vanishes on
stabilizer states and is, on average, nonincreasing under
any stabilizer protocol [33]. It turns out that the total
negativity of the Wigner function

Neaw(t) =D |W(Q, p.1)] (43)
Q.p

is a magic monotone [33]. It is evident from the definition
that NV, > 1, with equality if and only if the Wigner
function is nowhere negative, i.e., by the discrete Hudson
theorem [34], if and only if the pure state is a stabilizer
state. It is also bounded above by v/D: the orthogonality
of the phase-point operators gives Y, , W* = £ Trp?, and
Jensen’s inequality then yields ), , [W| < VDy/Trp? <
VD [27]. In this sense, one may regard the Wigner
negativity as a measure of stabilizer complexity or, more
loosely, of how far the state is from being classical in the
given basis.

For the descendant cloud, the natural object is the
negativity of the seed-normalized distribution, its phase-
space 1-norm,

1
N(1) = QEI;IW(Q,pﬁI = W;IW(Q,p,t)I
= (44)

Here NV, is the negativity of the normalized state, which
obeys the bounds above and, as we show in Sec. IVE,
saturates at an O(1), A-dependent constant within the
macroscopic description. Thus, N (z) is the magic content
per unit surviving return amplitude; dividing by P removes
the kinematic decay of the return amplitude and leaves the
growth.

B. The rate via a replica functional

We will want the time derivative of \V(¢). Differentiating
is slightly delicate, because |W| has a kink wherever W
vanishes, i.e., on the moving zero set of J,(Z). We deal
with this by a replica trick, much as in [26]: for k > 1/2,
define the real, non-negative “replica functional”

N () = ST OVQ. p. D),
Q.p
lim N0 (1) = N(2). 45
Jim (1) = A (1) (45)
For k > 1/2 the summand is a smooth function of W, so
N® can be differentiated term by term, and sending k — %
afterward restores the absolute value.
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Proposition 1 (Negativity rate). The rate of the seed-
normalized negativity is

=N ngn

i ( P}f) 220 W(Q, p.t),  (46)

where Q_ = {(Q, p): W < 0}. When the distribution has
conserved total weight—as does the normalized-state W,
for which ), , W = I—the first term is absent and the
rate is the pure inward flux R, = -2> o o,W.

Proof. Differentiating (45) term by term, 9,(W?)* =
2k(W?)IWo, W — sgn(W)o,W as k — 1 at every point
with W # 0; the zero set has measure zero and 9,V is
finite there. This gives the first equality. Splitting phase
space into Q., where W20, and writing > o 0,V =

Yo0p0W =2 W,

R= Zaw Zaw > oW - 2Zaw

O.p

Finally, >, ,0W =09, o, W = 9,(1/P) by (38),
which vanishes precisely when the total weight is
conserved. (]

Equation (46) has a transparent reading. For a trace-
preserving distribution, the negativity changes only through
quasiprobability flowing across the zero locus into the
negative cells. For the seed-normalized )V there is, in
addition, the rescaling term 0,(1/P), which accounts for
the growth of the descendant weight. In practice, we will
obtain the rate by differentiating a closed form for N/ (¢),
which we now compute.

C. Phase-space integration

We evaluate (44) directly from the Bessel form (42),
retaining the Bessel variable Z = Q@ throughout, with
0 =4np/D +2¢p,. Some care is needed with the dis-
crete-to-continuum measure: three factors of 2 arise, each
with a definite lattice origin, and we record them explicitly
since dropping any one of them changes the overall
coefficient.

(i) The momentum sum and the mirror copy. As p runs

over {0, 1,...,D — 1}, the angle 0 = dzp/D + 2,
|

sweeps an interval of total length 4z7—two full

periods of the phase e”"’—because of the doubled
frequency 4z/D inherited from the midpoint para-
metrization k—¢ =2m. The Bessel profile
|74(Q0)|/|06]* is localized about 8= 0(mod 27),
so the momentum sum picks up two mirror copies of
the distribution, centered at lattice momenta sepa-
rated by D /2. [This doubling is directly visible in the
exact discrete Wigner function: for a bulk row Q, the
two maxima of |W(Q, p)| over p sit half a period
apart.] Hence,

D-1

D 4z . D -
Z—’/ do=2x-— do.  (47)
= 4 /o dr .

one period

(ii) The angular integral. Within one period, the change
of variables Z = Q0 (d0 =dZ /Q) supplies an
explicit factor of 1/Q, and the envelope is even
in Z, decaying on both sides of the peak,

/ NG L[ SMa@)] _2ey
one period |Z|A Q |Z‘A Q '

cAE/“’ a2l 4, (48)

ZA

Here ¢, < oo for every A > 1/2: the integrand is
regular at Z = 0, where it tends to 274 /(A + 1),
and decays as Z~2~1/2 at large Z. Two remarks are in
order. First, the angular integral is manifestly not Q
independent; had we used the large-Z (Hankel) form
alone, we would have found a spurious divergence at
6 — 0, which is exactly the region Z < 1 where that
form is invalid and which supplies the 1/Q. Second,
this factor reduces the radial power from Q** to
Q0?1 and it is this reduction that is responsible for
the saturation of the raw negativity derived below.

(iii) The radial sum. The midpoint Q =1(k+7?) lives
on the half-integer lattice {0, 3. L, %, ...} with spac-
ing 1, so

Z—>2/)oon. (49)

Q

D. Assembly
Combining (47)—~(49) with the Bessel form (42) and writing |A[?¢ = ¢~2CI}All

o D JTQZA 4CA
Ne2 [Tao(2) T 20ima), 2
N(1) /) Q(47r> D221 (A) ¢ .
2ca o 2¢ ['(2A)
_ d0 022120/ n(A]| — A , 30
s ) 100 T (A) (2] [A]) G0)
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so that
cal'(24) !
e
N (1) 25720(A) (2| In |A(r)]|)*2
7A+1 1 1

=V AT G GV

where the second form follows from Legendre duplication.
Because the survival factor was removed at the level of the
amplitudes (35), no cancellation occurs here, and the seed-
normalized negativity is a growing function of time. We
contrast this with the raw negativity below, which also
serves as a consistency check on the coefficient.

E. Growth of the normalized negativity and saturation
of the raw negativity

Introduce the late time variable

2ne €
= sin? | =), NH=1-A0)P = 22—,
=it (B0). e =1- 0P = 5
S = sinh(zt/p), (52)
so that 2|In|A|| = —In(1 — &) ~E~gy/S? at late times.
The seed-normalized negativity (51) then grows as
ca(2A) sinh* (zt/p)
1) ~ , 53
N0 28721 (A) sin*2 (27e/ B) (53)
with rate
['(2A) 4Azx sinh*A~! (¢ h(zt
R(I) ~ CAA_Z( ) 7T S (ZA/ﬂ) cos (7[ /ﬁ) ) (54)
287 T(A) p sin*®(2ze /)

Consistency with the normalized-state picture is immedi-
ate. By (44) the raw negativity is N, (1) = P(t)N (1), and
with P = |yof* = £,

e l(20) £ 24 cal’(24)
Nraw(t) - 2A—2F(A) (_ In(1 - 5)) QZATF(A)
(55)

So the raw, normalized-state negativity saturates to a
constant (Fig. 1), in agreement with the O(1) late time
constancy of the state Wigner negativity for 2D CFT
quenches found in [39]. The growth (53) is carried entirely
by the seed normalization, as intended, and is confirmed
against the exact discrete Wigner function in Fig. 2.
Numerically, the plateau value is N ~ 3.22, 2.47, 2.24
for A = 1,%,2, and it tends to 2 as A — co. We now make
the saturation statement precise.

Proposition 2 (Saturation of the raw negativity). Within
the macroscopic regime (Q > 1, (N Krylov) << D), the raw
Krylov-Wigner negativity approaches a constant plateau,

Niaw(t) — N

t—o00

cal(2A) 2+ 1
= = I'aA+-= ,
©=28r(a) T vE o 2)e

o |JA(Z
am [Py
0

ZA

(56)

a finite number that depends only on the conformal
dimension A and is independent of the temperature f,
the regulator ¢, and the Hilbert space dimension D. It is
finite for every A > 1/2 and decreases monotonically with
A. The plateau is approached from below,

Newlt) = o (1= 80+ 02

=Nm<1—A ‘o )+-~), (57)

sinh?(zt/3

i.e., exponentially on the thermal time scale, with relative
deficit ~4Ag e2"/P,

Proof. Setting u = —In(1 — &) = 2| In |A||, Eq. (55) reads
Ny =N (E/u)* . Since u = &+ L& 4+ O(&), we have
Eu=1-1E+0(&2) and (&/u)® =1-A¢+0(&),
which gives (57) on inserting & ~ &,/ sinh?(zt/f3); the limit
& — 0 yields (56). The second form of N, follows from
Legendre duplication. Convergence of ¢, is controlled at the
two ends: near Z = 0 the integrand tends to the constant
272/T(A+ 1), while at large Z, |J5(Z)|/Z* ~\/2/x]
cos(---)|Z7A1/2, which is integrable precisely for
A>1/2. m

F. Why a spreading distribution has bounded negativity

The saturation is not an accident of the integral but a
balance between two competing effects. As |A| — 1 the
mean Krylov level (Ngyo,) = 2A[A]2/(1 = |A]?) ~2A/¢
diverges, so the packet occupies an ever larger region of the
chain; at the same time, the peak height of W, set by the
return probability P = |yo|* = &%, vanishes. In the neg-
ativity these two effects are governed by the same power of
& the radial spread contributes [ Q?A~!e~22IMIAllgQ =
[(2A)(2|1n|A|[)7* « £724, which grows exactly as fast as
the envelope P « £* decays. The total absolute quasiprob-
ability is their product, and the two powers cancel.
Physically, the quasiprobability spreads to fill an ever larger
region of phase space while thinning in height, holding the 1-
norm of the signed distribution fixed once the state has
delocalized. This is the discrete Wigner counterpart of a
wave packet whose nonclassicality stops growing after it has
spread over the phase space available to it.

G. Diagnostic status of A" and what the matching means

Two points should be kept in mind, following the
discussion at the end of Sec. IIIC. (i) N is the raw
negativity divided by the return probability; it is a rescaled
diagnostic, not the Wigner negativity of a normalized
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1.2 Saturation of the raw negativity (Analytic Limit)
plateau NV
1 .0 e ——___—:—z—:-—:-_ ..................................................... e
z ool
% 0.8 Vi oyt
= R4
= Va4
~Z /1 ) 7
= II /Il
2 0.6 71
= 1t
11
171
101 - A=1
047 14/ —— A=15
1/ A=2
1] T o
1! - = [¢/(=In(1—¢€))]** (macroscopic law)
0.24+—L! : : : : :
0.0 0.2 0.4 0.6 0.8 1.0
t/f
FIG. 1. Saturation of the raw negativity. Time evolution of the macroscopic law [£/(—1n(1 — &))]** [dashed curves, Eq. (55)] for

Ae{1,3/2,2} with e = 0.1 and # = 2x. Each curve is normalized by its late time saturation value, so that the plateau sits at unity
(dotted line). As t — oo (£ — 0) the geometric spreading exactly compensates the decay of the return amplitude, and the raw negativity
saturates to the constant A/, of Proposition 2. The raw negativity is therefore bounded at late times, which is why the seed-normalized

diagnostic is needed to follow the continued infall.

state. (ii) Comparing (51) with 1/P = (1 — |A|?)~?4, the
two share the same leading late time scaling sinh** and
differ only at subleading order [2|In|A||=—In(1-¢)=
E44E 4 versus 1 — |A|? = £]. Thus, the leading growth
of NV coincides with that of the inverse return probability,
and the matching identified in Sec. V is, at leading order, a
statement about the survival probability decay exponent 2A
rather than about the magnitude of the magic content. The
magic content enters through the coefficient N, of (56)
and through the subleading structure. We therefore present
the matching as a structural relation between boundary two-
point data and not as a dynamical coincidence of magic
content with tidal effects.

V. MATCHING AND THE CRITICAL DIMENSION

We now compare the normalized negativity rate (54)
with the growth rate of the variance of the Krylov wave
packet. Before doing so, we should say why this compari-
son is meaningful at all, since a priori the two are quantities
of a different kind. The variance rate is a property of the
occupation probabilities |y,|* on the chain alone, while the
negativity rate knows about the full phase-space distribu-
tion, coherences included. What makes a clean comparison
possible is the SU(1, 1) coherent-state structure: the entire
evolved state is controlled by the single function |A()|?, so
every observable—moments and negativity alike—is a
function of the one scaling variable &(7) of (52), and any
two observables are locked into a definite functional

relation. The comparison of the two rates then asks a
sharp question: does the production of phase-space non-
classicality keep pace with the dispersion of the wave
packet? Within the coherent-state family the answer is
encoded in two power laws of & and the comparison
reduces to matching exponents.

We should stress that this locking is special to the one-
parameter SU(1, 1) family and is not expected for generic
dynamics, which explores the Hilbert space well beyond a
single coherent-state orbit. For instance, in Gaussian
random matrix theory, the Krylov-Wigner negativity grows
as a power law for a long time and then saturates close to its
upper bound of /D [26,27], and there is no reason for it to
track the variance of the Krylov position. The matching
below is therefore a statement about the semiclassical,
symmetry-dominated window of the quench—which is
precisely the window in which the bulk dictionary (17) is
formulated.

A. Exact variance rate

From (22), Var(Ng.yio,) = 2A(1 = £)/£2, whose exact
time derivative is

d N
— Var(N
dr ar( Krylov)

_ 4Ax sinh(zt/p) cosh(nt/p)[2 sinh’ (zt/p) + &)
= 2

(58)
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Exact discrete Krylov-Wigner negativity (D =2003)

e=0.1, 3=2m, sin?(2me/B) =0.010 o
ce00 o9y —0‘*‘}
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FIG. 2. Growth of the seed-normalized negativity (log-log). The exact discrete seed-normalized negativity N' = N, /P (markers),
computed from the discrete Wigner function (33) on the Z, x Z, phase space of prime dimension D = 2003 (¢ = 0.1, f = 2x), plotted
against sinh(z¢/f) on log-log axes and divided by its value at z¢/f = 1. On these axes, the continuum law A ~ sinh** of Eq. (53) is a
straight line of slope 4A (dashed); the exact markers follow it (fitted slopes 3.91,5.79,7.74 for A = 1 3.2, against 4,6,8), confirming that

15

the seed-normalized negativity grows as a power law, in contrast to the raw negativity of Fig. 1, which saturates. The window is kept within
the validity regime of the macroscopic description ((]V Krylov) << D, truncation weight < 1073). The marginal case A = % (uppermost set of
markers), where c, diverges logarithmically, is shown for reference and carries a slow logarithmic enhancement above the pure sinh? slope.

This is exact for all >0 and & > 0. For S? > ¢, the
bracket reduces to 252, giving the late time asymptotic

d R _8Az sinh?(zt/ ) cosh(xt/p)
P Var(NKrylov) ~ ﬁ sin4(27r£/ﬁ)

P (59)

B. Matching through the single
scaling variable

Both late time rates (54) and (59) are powers of
Ex~gy/S?, so their t and e exponents are locked together:

Quantity t scaling e scaling Match
condition
R(1) sinh*=!(zt/p) cosh(xt/p) sin™**(2ze/p)
d¥ar sinh?(zt/p) cosh(zt/B)  sin™*(2ze/p)
Equality requires 4A-1=3 4A =4 A=1
Both columns give the same condition,
4A-1=3=A=1, (60)

and they are not independent tests, since the ¢ and &
exponents are tied together by &. At this value, the two rates
share the functional form sinh?(zt/f)cosh(xt/p)/
sin*(2z¢/3), and we obtain the late time proportionality

d .
R(l) >~ A(ﬂ, 8) &Var(NKrylov), A = 1’

sinh?(zt/B) > sin®(2ze/f), (61)

with A(f, €) a t-independent constant. Away from A = 1
the ratio R /(dVar/dt) « sinh**~*(zt/p) is not constant, so
the proportionality holds if and only if A = 1.

We should be clear that (61) is an asymptotic statement,
not an exact one. The variance rate (58) is exact and retains
the factor 2 sinh?(zt/f) + &), whereas the negativity rate
comes from the macroscopic Bessel form; the ratio of the
two reaches its constant plateau only once sinh?(zt/f) >
& and is not constant at finite time. No exact finite time
equality is claimed.

C. The general negativity-variance relation and the
critical dimension
The matching admits a compact statement valid for
every A >1 At late times N « &4 by (53), while
Var(Ngpyio) = 2A(1 — &)/ - 2A/&, so  eliminating
the common scaling variable & gives

N(t) & [Var(NKrylov)]A’

1
A>—:
72

sinh?(nt/f) > &,

(62)
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FIG. 3. Exact growth of the Krylov wave packet variance. Var(NKryh,V) versus 7t/ from the negative binomial formula (22) (solid)
and its late time sinh* asymptotic (dashed), for sin?(2ze/f) = 0.01 at A = 1.

the normalized negativity is a fixed power of the second
moment of the Krylov wave packet at any dimension. The
value A = 1 is then distinguished as the unique dimension
at which this relation linearizes, N o Var(Ngyjoy). Only
there do the two rates coincide, as in (61), and only there
does the negativity rate acquire the clean geometric reading
of Sec. VI, R «xCP,—the rate of tidal stretching of
neighboring infalling geodesics. Away from A =1 the
negativity rate is the tidal rate dressed by the additional
factor C2A4~22 That the higher moment (negativity) diag-
nostic singles out this linearization point, while the first-
moment (complexity) diagnostic is insensitive to it, is the
structural observation of this work.

Figures 3-5 illustrate (61) using the exact formulas (22)
and (58); the diagnostic ratio scales as sinh**~*(z¢/) and
is asymptotically flat only at A = 1.

VI. NEGATIVITY RATE AS TIDAL MOMENTUM

The matching acquires a sharper bulk reading in the
language of the holographic Krylov dictionary, in which the
rate of spread complexity is a proper momentum. We show
that the normalized negativity rate is governed by the same
proper momentum, dressed by an explicit factor, and that
this recasts the A = 1 condition as the equality of two bulk
momenta. The relations of this section rest on the exact

’In bulk language, A throughout this paper is the holomorphic
weight & of the quenching primary; a spinless bulk scalar car-
ries total dimension A, =2A, so A =1 corresponds to
m*f3 5 = Aoi(Ay —2) = 0, a massless scalar. (The Breiten-
lohner-Freedman bound [49] is instead saturated at A = % in this
convention.) We attach no bulk stability interpretation to A = 1;
its significance is precisely the linearization of (62).

boundary identity (23) and the dictionary (17); they do not
invoke the speculative string considerations of Sec. VIIL.

A. Bulk setup

Since we will use the bulk picture repeatedly, let us first
set it up explicitly. The bulk geometry is the planar (one-
sided) BTZ black brane [44],

dr? 2 P2 — 2
ds? = —f(r)df® + —— + ——dx?, f(r)= h
f(r) ?fﬂ/zxds f%\ds
2%
ry = 2o Ads 7 (63)

whose boundary time ¢ coincides with the CFT time of the
quench (7), and whose Hawking temperature is 1/4. It is
convenient to trade r for the proper radial distance p from the
horizon, defined by r = rj, cosh(p/€ aqs), in terms of which
dr?/f = dp?. The local operator insertion creates a massive
particle near the cutoff boundary at + = 0, at a radial depth
set by the smearing ¢; it subsequently falls along a radial
timelike geodesic r(z) with conserved energy E = fdr/dxz,
where 7 is its proper time. The proper radial momentum P,
in the dictionary below is the radial momentum of this
geodesic as measured by the static observer at the particle’s
instantaneous position, expressed as a function of the
boundary time ¢ at which that position is reached [36].

B. Boundary time versus proper time

One more clarification is needed before we proceed. All
the rates in this paper—C, R, and dVar/dr—are taken with
respect to the boundary time ¢, while the geodesic
deviation, Eq. (68), below is written, as usual, in the proper
time 7 of the central geodesic. The two are related along the

086025-14



NORMALIZED WIGNER NEGATIVITY RATE AS A ...

PHYS. REV. D 114, 086025 (2026)

(a) superposition at A =1 (transient region)
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FIG. 4. Superposition of R(#) and dVar/dr at A = 1. (a) The normalized negativity rate R = N and the exact Krylov variance rate
%Var(ﬁ’ Krylov), each rescaled to unit value at the right edge, versus zz/f# (log scale), restricted to the transient region for
sin®(2z¢/f) = 0.01. The gray band marks the transient sinh?(zt/) < €, i.e., 7t/ < /€5, where the two rates differ; they coincide
thereafter. The curves are built from different closed forms—7R from the macroscopic negativity N « [In(1 + &/ sinh?(zz/f3))]7** and
%Var from the exact rate (58)—so their agreement is not a tautology. (b) Relative deviation of the ratio R/ %Var from its late time
plateau R, = & 2 (log scale): it decreases monotonically to zero as t — oo, so the proportionality becomes exact only in the asymptotic

regime sinh’(zt/f) > €.

sin?(2me/ ) = 0.00996671
ratio ocsinh®® ~*(nt/)

A=0.75 (ocsinh™t)
A=1 (flat)
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102,
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FIG. 5. Diagnostic of the matching condition. The ratio

R(1)/ 4 Var(Nyy0y) for several A at sin?(2ze/f) = 0.01, built
from the macroscopic negativity N o< [In(1+ &,/ sinh?(zt/))] 724
and the exact variance rate (58), each normalized to unity at x,.; =
zt/p = 1.5 [so that every A-dependent prefactor, including ¢, and
the O(1) lattice-convention factor, cancels; the plot is convention
independent]. In the window shown, sinh?(zt/f) > &, and the
ratio follows the late time power law (sinh(z/)/ sinh x,e )*A*. It
is thus flat only at the critical value A = 1, where the negativity-
variance relation (62) linearizes; it decays for A < 1 and diverges
for A > 1. The flatness is an asymptotic statement, as discussed
below Eq. (61).

trajectory by the redshift dz/dz = E/f(r(z)). Converting a
first 7 derivative into a t derivative therefore costs one factor
of dr/dt. However, the tidal reading below only compares
the boundary time rate R with the boundary time combi-
nation CPp, both referred to the same static frame at the
position of the particle and parametrized by #; the common
redshift factor affects the two sides of the comparison
identically and drops out of the identification (67). It would
of course reappear if one wanted to compare with a bulk
rate defined in proper time.

Recall the established first moment entry [36]: with

C(t) = <NKrylov>’

dc

E X P/)(t)’
and C(r) = 32sinh*(n1/p) exactly, so P, o sinh(zt/p)

cosh(zt/p).

(64)

C. Variance rate (exact)

The Krylov occupation is negative binomial, so the
variance is an exact quadratic function of the mean, Var =
C + C?/2A by (23). Differentiating,

= (1 +%> ‘;—foc (1 +%)Pp(t)- (65)

This is an exact boundary identity: the variance rate is the
proper radial momentum dressed by the calculable fac-
tor 1 4+ C/A.

d Var(NKrylov>
dt
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D. Normalized negativity rate

From the macroscopic result A o sinh**(zt/f) of
Sec. IVE, R «sinh**~!cosh. Using C sinh®> and
P,, « sinh cosh,

R(1) « sinh**~2 -(sinh cosh) o C(¢)*27'P,(1).  (66)

Thus, the negativity rate is the proper momentum dressed
by C**~!, whereas the variance rate (65) is dressed by 1 +
C/A - C/A at late times. The two dressings coincide
precisely when 2A — 1 =1, i.e., A = 1, which reproduces
(60) from the bulk momentum side. At that dimension,
R(1) < C(1)P,(1) (A=1), (67)
the negativity rate is the product of the proper radial
position (encoded in C) and the proper radial momentum.

E. Geometric interpretation: Geodesic deviation

The structure of (67) suggests which bulk quantity the
negativity rate is tracking. The variance is the squared radial
spread of the wave packet, Var <> (6p)?, whose rate is
4 (5p)* = 25p(Sp). The separation 5p between neighboring
infalling geodesics obeys the geodesic deviation equation

D?*8p
2= —R%:,6p, (68)

written in the proper time 7 of the central geodesic;
reexpressed in boundary time via the redshift factor
discussed above, the first derivatives on both sides of the
comparison acquire the same factor of dr/dz, which

cancels. The relative (tidal) momentum (8p) grows in
proportion to the separation times the infall rate, and
dp(dp) x CP,, is the rate of tidal stretching. In this reading,
the complexity rate measures the classical geodesic
momentum, while the normalized negativity rate measures
the tidal momentum of geodesic deviation, i.e., the quan-
tum spreading about the classical trajectory. We regard this
as a heuristic interpretation rather than a derivation: it is
expressed through the proper momentum dictionary alone,
is independent of the string considerations of Sec. VII, and
is subject to the caveat on the diagnostic status of N
discussed at the end of Sec. IV E.

VII. DISCUSSION

We have presented a boundary calculation—the seed-
normalized Krylov-Wigner distribution, its total negativity,
and the negativity rate—and its interpretation as a second-
moment companion to spread complexity. Let us summa-
rize what has been established and then say a few words,
clearly flagged as speculative, about a possible bulk carrier
of the negativity.

A. Summary of boundary results

1. Seed-normalized calculus

By fixing the normalization at the level of the amplitudes
—dividing out the return amplitude to form y, = v, /wy
and the seed-normalized distribution YW = W/P (Sec. III)
—the physically informative object is primary from the
start. Its closed Bessel form (42) follows from the SU(1, 1)
coherent-state structure, Stirling asymptotics, and the
Euler-Maclaurin formula and carries no survival factor.

2. Negativity and its meaning

Evaluating the total negativity directly from the Bessel
form, and keeping the Bessel variable Z = Q@ throughout, the
radial power is Q*2~! and the normalized negativity grows as
N (t) ~ sinh*(zt/B), Eq. (53). The raw, normalized-state
negativity instead saturates, Eq. (55), consistent with N, <
/D and with the O(1) plateau found in [39]. As stressed in
Secs. III C and IV E, V is a rescaled (survival-normalized)
diagnostic whose leading growth coincides with the inverse
return probability; the matching is correspondingly a state-
ment about boundary two-point data. Proposition 1 (the rate,
including the descendant weight term) and the exact variance
rate (58) are exact boundary results.

3. Matching and tidal momentum

The normalized negativity is at late times a fixed power of
the Krylov variance, A o [Var(Nyy,)]*, Eq. (62), for
every A > %, and the relation linearizes precisely at A = 1:
only there does the normalized negativity rate track the
Krylov variance rate (61), a necessary, leading order,
asymptotic condition. In the proper momentum language
of [36] the rate is R o C24~! P, coinciding with the variance

dressing (1 +C/A)P, at A = 1, where R « CP,, which we
interpret as the rate of tidal stretching of neighboring

infalling geodesics (Sec. VI).

B. A speculative bulk candidate for the negativity

We end with a remark that is strictly a direction for future
work and logically independent of the boundary results
above. It is natural to wonder what bulk object could source
the Wigner negativity in the first place. A structureless point
particle cannot: its phase-space distribution is Gaussian and
positive and remains so under the quadratic evolution about
a geodesic, generating no negativity. So any bulk carrier of
the negativity must possess genuine quantum internal
degrees of freedom, and a natural candidate in AdS; is
the quantized fundamental string. String propagation on
AdS; is described by the SL(2,R) WZW model [50,51],
whose discrete series sector (with j = A under the stan-
dard dictionary [45,52]) realizes the same representation DX
of SU(1,1)—and hence the same quadratic Casimir
A(A — 1)—as the boundary Krylov chain of Sec. IIC.
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The operator measuring the transverse size of the string [53]
is then a candidate bulk counterpart of the Krylov position
operator NKrylov, which would map the Krylov variance to
the fluctuations of the transverse string size and the
negativity rate to the growth of the squared transverse string
area. Of course, a shared representation is a necessary
condition for such an identification, but by no means a
sufficient one—in particular, the transverse size operator
does not obviously share the integer spectrum of ](]Krylov—
and the mechanism populating the transverse modes during
infall would have to be formulated in the freely falling frame,
where no local temperature or curvature divergence is
available at the smooth BTZ horizon. Developing, or
falsifying, this identification is left to future work; for a
recent treatment of extended probes of the proper momen-
tum dictionary, see [47].

C. Outlook

There are several boundary questions that remain open:
(i) The operational status of the seed-normalized neg-
ativity A/ deserves sharpening—whether the physi-
cally preferred observable is the raw (bounded,
saturating) negativity, the survival-normalized N,
or a differently conditioned quantity—since this
fixes the physical content of the matching.

The proportionality constant A(f, ) in (61) should
be determined by a microstate-level analysis, rather
than fixed by the macroscopic coefficient alone.
The same phase-space calculus can be brought to
bear on the stabilizer complexity of Hawking radi-
ation [54-56], on the Krylov complexity of purifi-
cation for thermal states [57], and on toy models
such as the double-scaled Sachdev-Ye-Kitaev
model, where the Krylov basis coincides with the
chord-length basis [27,58,59].

(i)

(iii)

Note added.—Recently, the work of Balasubramanian et al.
[39] appeared, in which the Wigner negativity in Krylov
space is studied as a probe of emergent semiclassicality
across several solvable models. For 2D CFT local quenches,
those authors find that the state Wigner negativity remains an
O(1) constant at late times; this is precisely the raw
negativity plateau of Proposition 2, and the two computa-
tions agree where they overlap. The seed-normalized diag-
nostic studied in the present paper isolates the growing
second-moment information carried on top of that plateau.
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APPENDIX A: ELEMENTARY VERIFICATIONS
OF THE 3u(1,1) STRUCTURE

For completeness, we record here the elementary checks
of the relations (9)—(15) of Sec. II C; none of this material is
new [17,19,42,43].

(1) Commutation relations. Acting on a generic basis

vector and using (12)—(14),

K& KN K,)
=n+14+A)/(n+1)(n+2A)|K,1), (A1)
KK K,)
=+ A+ D(n+20)K,).  (A2)

whose difference is [KéK), KSrK)HKn) = KS:Q\K,[),
and likewise [KE)K), K®)] = —KX) by Hermitian
conjugation. For the remaining relation,

KOKEIK) =+ 1)(n+24)K,), (A3)

KPKSIK,) =n(n+28-1)K,).  (A4)

|K,), which is (9).

Discrete series. The coefficient in (14) vanishes at
n = 0, so the lowering operator annihilates the seed,
K®)|K;) = 0: the chain has a bottom rung and no
states of negative level, which is the defining
property of a lowest weight module. From (12)
the spectrum of K(()K) is {A,A+1,A+2,...},
equally spaced and bounded below by A, which is
exactly the weight content of the positive discrete

so that [K®) kN)|Kk,)=(2n+24)|K,) =2k

2
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series DX with Bargmann index k = A [43]. The index is therefore not a free label; it is pinned to the conformal
dimension of the quenching operator.

(3) Casimir. Using KX K®)|K,) = n(n + 2A — 1)|K,) from above,

cMIK,) =[(n+A)(n+A—1)—n(n+24 - 1)]|K,)
=2+ n2A-1)+A(A=-1)-n>—n(2A-1)]|K,) = A(A - 1)|K,,).
(AS5)

The level-dependent pieces n”> and n(2A — 1) cancel identically, so C(2K> takes the same value A(A — 1) on every
rung of the chain, which is the operator identity (15). By Schur’s lemma, this constancy is the statement that the entire
chain lies in a single irreducible representation.

(4) Lanczos data. The matrix elements y/n(n + 2A — 1) of the lowering operator in (14) differ from the Lanczos
coefficients (8) only by the overall constant z/[f sin(2ze/f)]; this is the value of a quoted below (16) and matches
the microscopic data exactly.

APPENDIX B: STIRLING ASYMPTOTICS AND THE I' KERNEL

The continuum limit rests on the large-Q behavior of the kernel in (39),

VI(2A +Q +m)[(2A + Q — m)
V(@ +m)i(Q—m)! '

K(Q.m) = (B1)

Writing (Q £ m)! =T(Q £ m + 1), the square factorizes into two ratios of identical structure,

_TQA+Q+m) T2A+Q-m)
K(Q.m)* = TQ+m+1) T[(Q-m+1) (B2)

Each factor is I'(z+a)/T(z+b) with z=Q+m, a=2A, b=1. Stirling’s expansion InI'(z) = (z—4)Inz—
z+4In(27) + O(z™") gives

F(z+a):Za_h{]+(a—b)(a+b—1)

[(z+b) 2z * O(Z_z)] ’ Y

so with a—b =2A -1,

K(QumP = (@ +mp(@=m! 14+ 80A=1)( gt g )+ (B4)

and taking the positive square root and passing to x = m/Q € [-1, 1],
K(Q,x) =~ Q*A71(1 — x?)A-1/2, (B5)
The relative correction is uniformly O(1/Q) for x bounded away from +1. Near x = +1 Stirling’s approximation degrades,

but the weight (1 — x2)2~!/2 vanishes there for every A > 1/2, so the boundary region carries negligible measure—the
same vanishing that removes the Euler-Maclaurin boundary terms in Appendix C.

APPENDIX C: EULER-MACLAURIN CONTINUUM LIMIT

With Appendix B, the mode sum in (39) becomes

0 -
> flm g = K(@ment = g (1 -2 ) T et e
m=—0

with 0 =4zp/D + 2¢, and Z = Q0. The Euler-Maclaurin formula
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/ fdm+L ZB% %-1)(Q) — f-1(=Q)] + R (C2)

k>

has only boundary corrections. Changing variables to x = m/Q,

z f(m ~Q2A/ (1 A 1/2 szdx (CS)

For A > 1/2 the weight has an algebraic zero at x = +1, so f(£Q) = 0; the residual mismatch between the sum and the
integral is suppressed by a positive power of Q [in the boundary layer m = Q — s, f o~ 2471/2QA-1/2A=1/24iZm/Q ' of order
Q~1/2 against the leading Q*, giving a relative O(Q~(4*1/2)); the smooth interior contributes O(Q~2)]. The integral (C3)
is Poisson’s Bessel representation (41); reinstating the prefactor |A|??/(DI’(2A)) and collapsing via Legendre duplication
['(24) = 222127120 (A)C(A + ),

(C4)
reproduces the closed form distribution (42).

APPENDIX D: DIRECT EVALUATION OF THE NORMALIZED NEGATIVITY

This appendix records the evaluation of the seed-normalized negativity A/ (¢) from the macroscopic Bessel envelope (42),
keeping the Bessel variable Z = Q@ throughout. Two points are essential: the change of variables from the angular

coordinate @ to Z carries an explicit factor 1/Q, and the discrete-to-continuum measure supplies three factors of 2—the
mirror copy in the momentum sum (47), the even +Z envelope in the angular integral (48), and the half-integer radial lattice
(49). Dropping any of them produces a spurious deficit of up to 8 in the overall coefficient relative to the exact discrete
evaluation.

1. Continuum limit

With @ = 4zp/D + 2¢,, the momentum sum becomes Y2 x
>0 = 2 [5° dQ (half-integer lattice), so

one period df (mirror copy) and the radial sum

zQ** e—20I Al |JA(Z>|.

D [ ~ ~
Ntz4-—/ do dOW(0.0,1)|. =
( ) dr 0 one period | ( ) D2A_1F<A) |Z|A

W| = (D1)

Note the absence of any survival factor P = || it was divided out at the level of the amplitudes (35).

2. Angular integral
Substituting Z = 00, dd = dZ/Q, and using that the envelope is even in Z,

[Ja(Z / |JA(Z 2cy / /a(2)|
do =—, CA = —dz. D2
/one period |Z|A Q |Z|A Q A 0 ZA ( )

The integral ¢, is finite for A > 1/2: the integrand is regular at Z = 0 (— 272 /T"(A + 1)) and decays as Z=2~/? at large Z.
The naive large-Z (Hankel) form alone would make the @ integral diverge at § — 0; that “divergence” is the region Z < 1
where the Hankel form fails, and its proper treatment is precisely the finite ¢, together with the factor 1/Q.
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3. Radial integral and assembly
The 1/Q reduces the radial power to Q?A~!,

& I'(2A)
dQQZA—le_ZQ“n Al — , D3
/ s Y
: : D P _
and collecting the coefficient, 4-;~- DTG 2cp =
ZA_ZICFAW = 2A_§16<A), so that
A 1
N (1) w22l 28) (D)

T287T(8) 2/ A

which is (51). Since 2| In|A|| = —In(1 — &) > E~ g,/ S? at
late times, N (¢) ~ const - sinh*A (zt/B)/ sin** (2ze/3), the
growth used in Sec. IV E. The raw negativity is recovered
a5 Ny = PN = (sl (24)/25721(A)) [/ (= In(1-&)) 4,
which tends to the constant Ny, = c,I'(2A)/2272°(A) as
& — 0: the normalized-state negativity saturates, and this
coefficient—not one computed on a single period, a single
side of Z, or the unit radial lattice—is the plateau value
verified against the exact discrete Wigner function in Fig. 1.
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