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We fully classify the phenomenology of gravitational wave emission from scaling cosmic string
networks with varying tension and compute the spectral indices of the resulting stochastic backgrounds.
In string compactifications, periods of varying tension occur when moduli acquire a time dependence.
We present concrete examples in type IIB string theory as D3- and NS5-branes wrapping internal cycles,
which become dynamical due to the effect of moduli potentials. Moreover, we use swampland constraints
to derive general bounds on the allowed time variation of the effective string tension in Friedmann-
Lemaitre-Robertson-Walker backgrounds and on the resulting spectral indices.
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I. INTRODUCTION

Since the discovery that D-branes are fundamental and
dynamical components of string theory, the study of
extended heavy objects has become a central topic in the
subject. As any other physical quantity in string theory, the
properties of these objects (in Planck units) are set
dynamically in a given vacuum, and so in particular they
depend on the expectation values of moduli fields (and
other quantities like gauge fluxes). While in highly super-
symmetric vacua these moduli remain flat directions, in any
realistic string vacuum supersymmetry ought to be broken
at some high energy scale. Among other things, super-
symmetry breaking leads to isolated points in the moduli
space becoming energetically preferred: the main target of
string phenomenology is to identify which of these vacua
resembles our Universe.
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'"While remarkable progress in this direction has been made, it
is fair to say that no concrete construction has all ingredients
required to claim victory (a fully controlled construction of
metastable de Sitter vacua in particular still remains an open
question, see [1,2] for state of the art progress in this direction).
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A related question is what are the dynamics that lead to
this vacuum after, say, a period of inflation. Remarkably,
one can make general statements about this question
without detailed knowledge of the vacuum itself. More
concretely, this paper studies the dynamics of light moduli
rolling down exponential potentials, both being conse-
quences of accidental scaling symmetries, a robust feature
of string vacua [3].

A particularly interesting feature of these exponential
potentials is that, in a cosmological background, the fields
reach scaling configurations, where their energy density
redshifts in the same way as that of the background.
Moreover, such epochs involve an order one of
Planckian displacements per e-fold [4-6], so that physical
scales (set by the moduli) can vary substantially with time.’
In phenomenologically relevant scenarios this dynamics
ends with the scalars reaching the minima of a more
complicated potential for which the exponential is a good
approximation in a particular regime of field space. Recent
discussions [7—18] have renewed attention on the effect of
rolling moduli after inflation and their effects on cosmic
string dynamics, see [19] for a review of string cosmology.

Interestingly, cosmic strings stretching further than the
cosmic horizon represent another system that can reach a
cosmological scaling regime. Such scaling configurations
are achieved through a balance of the energy that enters

*Kiihler moduli can be displaced from their late-time minimum
due to both quantum fluctuations during inflation and their
generic couplings to other sources of energy.
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the horizon as the Universe expands, and the energy loss
due to intercommutation of these objects, which generate
unstable subhorizon loops. The latter generically release
gravitational waves (GWs) and, depending on the micro-
physics that generates them, perhaps other massless modes
(e.g., axions [20]). Due to the scaling regime, the amplitude
of the resulting gravitational wave background today can be
sizeable throughout many orders of magnitude in frequency
(each correlated with a given time), with its spectral index
depending on the equation of state of the background.
Gravitational waves from cosmic superstring networks are
a well studied subject and are active targets of current and
upcoming gravitational wave experiments [21,22]°

As a consequence of scaling, if present throughout the
universe, gravitational radiation from cosmic strings could
give rise to observational access to epochs before big bang
nucleosynthesis (BBN) [23]. Since the properties of these
objects are given by the moduli, moduli dynamics in the
early universe alters the gravitational wave spectrum.
Inspired by the swampland program, we give general
bounds on the rate of variation of the tension, u(¢), which
in turn bound the possible spectral indices provided a
scaling regime is achieved. An analytic study providing
evidence that this is the case when the tension varies is
given in [12], as long as the possibly growing loops do not
have time to percolate [11].

Current quantitative understanding of how moduli-
induced variations of the tension translate into a GW
spectrum is restricted to the dependence on the overall
volume modulus for the case of fundamental strings [14]. In
this paper, we explore a qualitatively different system in the
context of type IIB string theory: p-branes wrapped around
(p — D-cycles of an internal manifold whose volume is
fixed and admits a product form.* The tension of these
effective strings depends on the volume of the wrapped
cycle and we show that the dynamics of this moduli,
assuming the conjecture in [24], evolves as to prefer
scalings p ~ t*!, yu~t*1/2. The case with u~t"! (for
wrapped D3 branes) displays a spectral index which is
independent of the equation of state of the background.

Lastly, the GW phenomenology of scaling cosmic string
networks with varying tension has not been fully explored
in the literature (for early work on cosmic strings with
varying tension, see [25]). Reference [14] studied the GW
spectrum for particular values of the equation of state of the

*Our focus is strictly on the spectral indices that are featured in
the GW spectrum, which can be calculated in a model-agnostic
way. Model-dependent assumptions are required in order to make
concrete predictions for overall amplitudes and frequency ranges
where such spectral indices occur. An analysis of the detection
prospects in current and future GW detectors is therefore beyond
the scope of the paper. More concrete scenarios have been
discussed in Ref. [14].

“The latter assumption is important, because it gives rise to
exponential potentials.
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FIG. 1. Parameter space (n, q), where Gu ~ t~7 and H = 2/ (nt).
The main text computes spectral indices of the GW background
from scaling networks of cosmic strings in these backgrounds. The
orange (undashed) region is scenario 1, with spectral index
computed in Eq. (46). The blue (undashed) region is scenario 2,
with spectral index computed in Eq. (47). Dashed regions are either
excluded by the swampland bound in Eq. (16) (right) or have a
spectral index of —1/3, dominated by higher modes (scenario 3).

background and the rate of variation of the tension. It was
shown that in these cases the phenomenology is different to
the constant tension case in that the largest contribution to
the GW spectrum at a given frequency is sourced by loops
that emit in the relevant frequency bin as soon as they are
created. This is in contrast to the case with constant tension,
where the loops that source the maximum power in GWs do
so after radiating half of their energy. In this paper we fully
classify the possibilities, identifying three different scenar-
ios. The results are shown in Fig. 1, and we compute the
associated spectral index in all regions. As an application of
our swampland-inspired bounds, we exclude a region of
parameter space where the rate of variation of the tension is
too large.

II. TIME-DEPENDENT STRING TENSION

A. A swampland argument

Borrowing some ideas from the swampland program, we
provide a succinct argument to constrain the time evolution
of the string tension in Friedmann-Lemaitre-Robertson-
Walker cosmologies. For both fundamental and field theory
strings, the latter can be viewed as the square of some
effective field theory (EFT) cutoff. This is clear in the case
of fundamental strings, where the tension is related to the
string scale m, as u ~ m2. As another example, for axion
strings p ~ 278 f 2, Where S, is the relevant instanton
action and the axion decay constant f, may also be thought
of as a cutoff [26]. For strings which are fundamental in
nature (i.e., either F-strings or wrapped D-branes), it is
natural to expect u > A2, where A, is an upper bound on
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the quantum-gravitational cutoff known as the species
scale [27,28]. As discussed in [29,30] for the case of
EFT strings [31,32], fundamental strings cannot be
resolved within the EFT regime, and therefore the mass
of their would-be quantized excitations should lie
above A,.

According to the emergent string conjecture (ESC) [33],
any asymptotic limit in moduli space is realized either as a
decompactification limit or a tensionless string. In that case,
A, can be identified with the higher-dimensional Planck
scale or the string scale respectively. Inspired by the ESC,
in [34,35] it was suggested that (see also [36]) the gradient
of the species scale be bounded as

2 11
<

R I et 1)
MP,dd_z

Ay

across the whole of moduli space (including the interior). In
the above, the norm of the gradient is taken with respect the
field space metric G;;, and d is the number of spacetime
dimensions of the EFT. If we assume a system of N
spatially homogeneous scalars ¢;, coupled to arbitrary
fluids and with a nonzero scalar potential V(¢'), the first
Friedmann equation reads

d¢p' dgp’ . .
V@) + ijpj<¢ ) ()

1
adeM%,_dz =5 Gij(¢)

with ay; = (d —1)(d =2)/2. If V(¢;), p; > 0 we can com-
bine the two to write

2 2

WP vasin ()

dr

A, dt

‘ldAs
<

VA,
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where | dd—"i[ > =G; dd—‘/;idd—qij and we have applied the Capchy—
Schwarz inequality to the two vectors \/Eija ¢' and
VG s (G is positive definite). Notice how the bound

"
og’

(3) is invariant under time reparametrization, and hence is

valid in any frame. A first application is that, if A is

monotonically decreasing with time (as one expects along

paths approaching the boundary of moduli space), (3) can

be integrated to give

ally Vd-1
A0 2 a0 (S8 (@)

This condition is weaker than (and implied by) the require-
ment A; = A(t)(a(ty)/a(t)), necessary for the consis-
tency of the EFT at late times [37]. Moreover, since
H < A, in order for the EFT picture to be valid, it implies

1 dA,
AZ dt

H
5\/d—1A—<<1, (5)

s

implying, among other things, that gravitational production
of heavy states with mass m 2 A is suppressed [38]. From
the reasonable assumption that 2 > A2, we can then turn (4)
into a bound on the time dependence of string tension

a Vd-T1
o) ) (420) ©

For a cosmology that is dominated by a fluid with
p~a and if uy~179 ,5 Eq. (6) translates to

gn <4vd - 1. (7)

The latter applies to any scenario with ¢ > 0. A decreasing
tension is particularly interesting for our purposes because
it induces growth in the GW spectrum at high frequencies.

B. Decompactification and tensionless limits

To obtain some intuition on the above, let us now
consider some simple examples arising in (toy models
of) compactifications of 10D string theory/supergravity to
4D. We first discuss the cases in which the inequality (6) is
saturated and then provide more constraining bounds on the
rate of variation of the tension provided the dilaton is fixed.

The inequality (6) is saturated when Eq. (2) is dominated
by the kinetic energy of the field (i.e., kination), with this
rolling along the direction where (1) also holds with an
equal sign. In particular, the latter happens in emergent
string limits, where A, ~ m.

Let us discuss explicit examples in a given field space.
Without warping, one can express the Einstein frame
volume V (in units of m,) and string coupling g, as

VeV go~e V2, (8)

where y and ¢ are the (4D) canonically normalized volume
and dilaton respectively and we have set the 4D Planck
mass Mpy, = 1.

For fundamental strings

12
Js i, /3
KL~ e Vi, 9)

and |Vug|/up, = /2, realizing the upper bound in
Eq. (1).6 Then, Eq. (3) can be saturated by kination of
the “4D dilaton,” i.e., the linear combination of y and ¢
parallel to V;up,. As another example, emergent string
limits in 4D can also arise from NS5 branes wrapping
4-cycles [33]. Anticipating part of the next section, let us

>Close to a boundary of moduli space, as the string tension will
depend exponentially on scalar fields, and the latter typically
evolve logarithmically with time.

°In fact, this is true in any number of dimensions, as can be
inferred from the species-scale vectors of [36].
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consider compactification on a Calabi-Yau (CY) space with
a fibered structure, such that the volume can be written in
terms of 4-cycle volumes 7, 7, as V = ar,,/7;, for some
constant a. In terms of the canonically normalized scalars y
and yq,

V = e %I T] = 6\/Zﬂ+\/i§;{l, (10)

and the tension of an NS5 wrapped around z; is

2 1 3 2 2
ms;’-l ~ e+ﬁ(ﬂ—(\/%—\/§))(+73){1. (11)

S

HNS5 ~

Again, |Vunss|/pings = /2, precisely along the direction
where up; remains constant. Notice how both of these cases
feature the growth region of [13] in the respective phase
space, and provide new examples of string loops that can
grow in comoving coordinates [11,15,16].

From a phenomenological perspective, the previous
examples would be relevant for compactifications where
the dilaton is light [39] and can be cosmologically active.
However, let us also notice how a large field excursion for ¢
would likely drive the Universe to a vacuum where g, < 1,
presenting challenges for realistic Standard Model embed-
dings with agy; ~ 1072, For this reason, it is interesting to
examine how much the bound (3) can be tightened if one
assumes a constant string coupling. From the ESC, the only
other option is given by a decompactification limit from
d+k <10 to d dimensions. In that case, the analog of
Eq. (1) is (reintroducing Mp ;)

VA, |2 k 10-d
M2 L < < 12
PAdl Ay | T(d+k=2)(d—-2)~ 8(d-2)’ (12)
which leads to the stronger bound
10-d)(d—-1
PPN () R

In d = 4, for example, the above is saturated for F1 strings
and volume kination, giving gn = 6 [12].

The above discussion provides bounds which are satu-
rated along particular directions in field space. In actual
models without supersymmetry, the induced scalar poten-
tials will determine preferred directions for the dynamics to
occur. In the next sections, we study such potentials and the
dynamics they induce.

C. Scaling solutions

The bound (3) is valid at any time and for an arbitrary
trajectory {¢;(7)}, including transients between different
regimes or oscillatory solutions. On the other hand, for the
purpose of GW emission we are interested in solutions
lasting for a significant number of e-folds, so that the string

network has enough time to form and achieve scaling. For
concreteness, let us specialize to the case where d = 4,
G;; = 6;; and there is a single additional fluid with equation
of state P, = (y — 1)p,, usually taken to be matter (y = 1)
or radiation (y = %). In that case, one of the Friedmann
equations can be written as

[Z(;ﬁwy] (14)

If the potential V(¢,) takes a relatively simple form sums
and products of exponentials in the ¢;—the full equations
of motion can be rewritten as an autonomous dynamical
system (see, e.g., [40,41] for the general case including a
fluid). Fixed points of the dynamical system are known as
scaling solutions, and are characterized by constant ratios
between the (kinetic and potential) energy densities of each
scalar field, as well as that of additional components.
Notice that we are not necessarily interested in stable fixed
points—unstable or saddle points can also give rise to
phases lasting many e-folds for sufficiently fine-tuned
initial conditions (which must be justified on a physical
basis). An example of this is kination, which is always
unstable in the presence of matter/radiation, but can last a
significant number of e-folds under certain conditions
[7,10]. In this setting, scaling solutions are always char-
acterized by a power-law expression for the scale factor,
a(t) ~ 2" (with n < 6). Then, (14) implies (Mp = 1)

1
M3,

dd)i d¢i2
< < —3yQH 15
'dt‘Z(dt‘ny’()
where Q = 3‘% is constant along the solution. The above

equation can be used to derive a tighter version of the
bound (3) in the case of scaling solutions. In this particular
case, the analogs of (7) and (13) become

gn <2vV2n,  gqn<+on, (16)
for general and decompactification limits respectively (in
d = 4). The bound is saturated when Q = 0 in (15), that is
scaling solutions dominated by the scalar fields. Such
solutions, however, can only arise for shallow enough
scalar potentials, and are often unstable. In the presence of a
fluid, tracker solutions with Q # 0 are typically favored by
energy considerations [42].

To illustrate this last point, let us quickly recall what
happens in the simplest situation involving a single scalar
field with a potential V = Vye™ in d = 4 [6]. For > < 6,
there exists a scaling fixed point with Q = 0 and n = A2,
where the time-derivative of the field is

¢ =2H = \/nH. (17)
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This saturates the bound (15), and the corresponding
solution is stable only for A> < 3y. Instead, for 4> > 3y,
there exists an attractor where the field tracks the energy
density of the fluid (n = 3y) and

¢=ilH<ﬁH. (18)

We will discuss these type of solutions in what follows.

III. NOVEL SCENARIOS IN TYPE IIB

In this section, we discuss a few explicit examples of
time-dependent tension in simplified string theory com-
pactifications with broken supersymmetry. In order to be
fully explicit, it is most convenient to work in a framework
where moduli potentials are well understood. As empha-
sized in the previous section, moduli potentials will
invariably affect their cosmological dynamics, and are
therefore a crucial ingredient to derive the exact time
dependence of the tension.” For this reason, we specialize
to type IIB flux compactifications: in particular the large
volume scenario scenario [43] and variations thereof. From
the underlying Giddings-Kachru-Polchinski construction
[44], complex structure moduli (including the dilaton) are
stabilized at parametrically heavy scales, and do not play a
dynamical role. On the other hand, the Kihler moduli are
flat directions at tree level (thanks to the no-scale property),
and only obtain a potential from perturbative and non-
perturbative corrections. We thus restrict our attention to
the subset of moduli space spanned by Kihler moduli and
identify the relevant directions along which the dynamics
occurs.

In this setting, together with Fls and Dls, the only
objects that can be sufficiently stable to form a network of
effective strings are D3, D7 and NS5 branes [45]. The
dependence of truly one-dimensional objects on the Kihler
moduli arises through the overall volume modulus, while
the tension of D7-strings does not depend on these at all.
The dynamics of this modulus and its implications for the
tensions of fundamental strings has already been studied
extensively in [11,12,14,15] and, since the dependence of
the tension of D1-branes on Kéhler moduli is the same, we
will not consider either case here. In the following, we will
focus on the remaining cases: effective strings arising from
either a D3-brane wrapping a 2-cycle (or an NS5 wrapping
the dual 4-cycle) in a manifold with a factored volume,
expanding on what was done in [13]. Such strings will also
turn out to have very interesting properties in terms of their
gravitational wave emission.

"As opposed to the bounds assuming the largest possible |¢
as in kination.

s

A. Manifolds with factored volume

We will consider either a toroidal manifold or a fibered
manifold with volumes respectively
Vr = ity Vi = 113, (19)
where the t;’s are volumes of 2-cycles in string units.
Inverting the relation between corresponding 2- and
4-cycles, namely 7; = dV/dt;, one gets, up to overall
constants, the volume in terms of the 4-cycle volumes

Vior = V7117273, Viib = 72\/7_1~ (20)

The tree-level Kihler potential K = —21n(V) for the
Kéhler moduli will be, up to a constant term

3

Kior = _Zln(fi)’ Kpp = =2In(z;) —In(zy).  (21)
i=1

and displays a no-scale structure.

B. Contributions to the scalar potential

A well known consequence of the tree-level scale
invariance of string compactifications is that Kihler moduli
span flat directions with zero vacuum energy at tree level.
In Kéhler moduli stabilization schemes of type IIB string
theory, the overall volume acquires a potential due to a
combination of perturbative and nonperturbative correc-
tions (see Ref. [1] for a review). Generically, however, the
compactification manifolds have N 4-cycles and so the
overall stabilization mechanism leaves N —1 [46] or
N — 2 [43] flat directions at this level of approximation.
The dynamics and stabilization of these additional direc-
tions due to further corrections has been studied in many
contexts, with phenomenological applications from infla-
tion to dark energy (see [19] and references therein). In the
present context, the dynamics induced in the remaining
moduli gives rise to a particular time dependence for the
tension of effective strings obtained by D3-branes wrap-
ping one of the 2-cycles in (19), or NS5-branes wrapping
the dual cycles.

In [47], the authors studied string-loop corrections to the
Kihler potential in a toroidal orientifold. They found that
the only nonvanishing A/ =1 contributions arise from
Kaluza-Klein (KK) mode exchange between parallel stacks
of branes (KK-loops), or winding corrections at the
intersections of stacks (W-loops). The Berg-Haack-Pajer
(BHP) conjecture [24] proposes a generalization of these
results for the form of loop corrections to the Kihler
potential in the case of a Calabi-Yau orientifold. Due to an
extended no-scale structure found in [48], the leading KK
correction takes the form 6V (7;) « Kii,., with no sum-
mation over i. For a product-form volume {cf, (20)}, this
translates into corrections to the scalar potential of the form

043555-5
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Ci
2

1
5VKK(Ti) = V o (22)

Ts

where C; are functions of complex structure moduli and the
string coupling, which we take as constants. Low-energy
arguments supporting these scalings were provided in [49]
and more recently in [50,51], where it was argued that these
arise in the absence of branes as well. In what follows we
assume that the overall volume is fixed and that these are
the leading corrections to the potential (as is known to be
true in concrete examples [48]). This allows us to study the
dynamics induced on (a subset of) the remaining moduli.

C. The fiber

The strategy is to identify the orthogonal direction to the
volume which the potential in Eq. (22) renders dynamical.
In a fibered CY, we can rewrite the moduli in terms of two
orthogonal directions in field space: the overall volume V' «
75,/71 and u o 7,/7,. We note that the assumption that the
volume is fixed at a higher mass than the field u is well
justified for perturbative moduli stabilization of fibered
manifolds [48]. From the Kihler potential (21), one can
work out the canonical normalization of the fields

VeV, un~ eV, (23)
This leads to the following scalings of the fiber 2/4-cycle
with y:

ty ~ V1/3eLf3)“, T~ V23 (24)

and that of the base 2/4-cycles

b~ V3T, Ty~ V23T (25)
We can see that, for a fibered CY, and assuming 7, > 7,
the leading order KK correction to the scalar potential for
the fiber is

C 1 _4
V(1) NV—;T—ZA’@ A, (26)
I

where the last term focuses on y; dependence. This term
dominates in the scalar potential to the left of the minimum.
In what follows we assume that the initial conditions are
such that the field becomes dynamical somewhere in this
region of field space, before settling down into its
minimum.

Exponential potentials as in Eq. (26) are generic in string
compactifications and have been thoroughly studied
(see [10] and references therein for recent discussions).
For cosmological purposes, we assume the existence of a
perfect fluid contributing to the energy density of the
Universe, inducing Hubble friction to the dynamics of y;.

Fixed points of the dynamics then correspond to the scaling
solutions of the previous section. According to our analy-
sis, for this particular value of the exponent 4 (we recall
V = Vye™), both field-dominated and fluid (co)domi-
nated scaling solutions exist, although only the latter are an
attractor for y > 1 [6]. While the field-dominated solution
could in principle also last for several e-folds, we do not
have a physical motivation to justify the necessary (fine-
tuned) initial conditions.® Therefore, from now on we will
only consider the attractor solutions, given by a fluid
tracker. From (18), the evolution along the attractor is
described by9

2
x1(t) = x1(10) +zln (t/10), (27)
where the dependence on y has dropped out. According to
Egs. (25) and (27), this implies that the time dependence of
the tension of a three-dimensional brane wrapping t;
(which is proportional to t;) is

1
) =), (28)
The opposite scaling u~t is found for a five-brane
wrapping 7. Similarly, the tension of a three-brane wrap-
ping t, grows

u(t) = o <i> 1/2, (29)

ty

while the tension of a five-brane wrapping the dual cycle 7,
decreases like ~1/2.
The regime 7; > 7, does not admit a similar analysis

because A = -2/ V3, and so A2 = 4/3 < n for radiation
(n = 4) and matter (n = 3), so the tracker is unstable. For
these values of the parameters there also exist stable, field-
dominated solutions. The latter would correspond to
accelerated expansion and are not phenomenologically
relevant for our purposes.'”

D. The torus

The scalings observed in the fibered case also appear in
the torus. As before, assume that the volume is fixed and
assume, without loss of generality, that 7; < 7,,75. The
BHP conjecture then states that the dominant contribution

*Volume modulus kination after inflation is however an
example where these initial conditions are well motivated [7].

The parameter y,(f,) is determined by V, 4 and the initial
value of the potential V(z).

Note that this is not in contradiction with the strong de Sitter
conjecture [52], which bounds |[VV/V| < v2M p in the asymp-
totics of moduli space. In the strict asymptotic limit in the
direction u — oo the cycle 7, shrinks to zero and a tower of o
corrections that were neglected here become relevant.

043555-6



GRAVITATIONAL WAVE LANDSCAPE OF COSMIC STRING ...

PHYS. REV. D 114, 043555 (2026)

to the potential is §Vk(z1) {cf. (22)}. We want to find a
basis {y,x1,x.} comprised of the fixed volume modulus
(), a direction that gets dynamical by the potential (y;),
and a further direction that remains flat at this order of
approximation and whose dynamics we neglect (y,). A
straightforward exercise shows that the appropriate change
of basis is given by

€ € 1
V3 V3 V3
y=Mz  M=|,3 -L L1 (0
0 4 L
V2 V2

where the basis {7;} is defined via 7,,; = exp(v/27;). The
potential thus reads, ignoring y dependence

Vg ~ 9_%)“, (31)

and so the dynamics of y, is as in the fibered case.

We can thus study the dynamics of branes wrapping the
different cycles. The tension of a D3 wrapping t; inherits
the following time dependence:

2 t
MNGXP(—ﬁ)h) N_o’ (32)

while the tension of an NS5 wrapping 7; instead grows
like z.

The time dependence of the tension of a D3 wrapping
any other of the two cycles is not as immediate because it
depends on y,, which is a flat direction at this level of
approximation. Neglecting the dynamics in this direction (a
good approximation due to the combination of Hubble
friction and the assumed mass hierarchy), the scalings are

() ~ exp (\%){1) ~ (é)m, (33)

while the tension of an NS5 wrapping the dual cycle instead
decreases like ~'/2.

We thus conclude that the scalings y ~ =2 and y ~ ! are
interesting benchmarks for phenomenological studies of
strings with varying tension.'' This adds to the other known
cases of volume modulus kination, with s ~ ~! (degenerate
with some of the wrapped D3s here) and volume modulus
tracker u ~ t~2/3. In the remaining of the paper we take a first
step in studying their phenomenology.

"That the powers are related by a factor of 2 is expected from
fixing these particular directions in moduli space. If y; ~t; ~ 1
and p, ~1, ~1* one can relate in this direction t; ~ 1/t,t3
(because the volume is fixed) and t, ~t;, which is ensured
because t, = t3 in the fiber case and because this direction is
fixed in the torus case. It follows that a; = —2a,.

IV. GRAVITATIONAL WAVE SPECTRUM

One of the most interesting aspects about scaling
configurations of cosmic strings is that their associated
GW spectrum carries information about the physics of the
early Universe. As could be expected, variations in the
tension of these objects affect the gravitational wave

spectrum Qgw (f) = pl[jﬁg},
of the critical energy density of the Universe p,.. In this last
section we discuss some general aspects of the GW
spectrum for cosmic strings with varying tension assuming
a background with Gu(t) = Gug(ty/t)? and constant equa-
tion of state so that the Hubble scale satisfies H = 2/(nt)
throughout. We identify the loops that source the largest
contribution to the GW spectrum at a given frequency
and fully classify the phenomenology in three different
scenarios:

(1) Scenario 1. The loops radiate the largest contribution
to the spectrum at their formation time. This is an
effect that only occurs when the tension decreases.

(i1) Scenario 2. The loops radiate the largest contribution
to the spectrum when they have radiated half of their
energy.

(iii) Scenario 3. The spectrum is dominated by higher

modes of loops sourcing past this time.

The regions of ¢ and n where each scenario applies is
shown in Fig. 1, in the region of parameter space that is not
ruled out by the arguments in the first section. In what
follows we describe the computations that lead to this
classification and calculate the resulting spectral indices as
a function of ¢ and n. In addition, we discuss the bound that
Eq. (16) yields for the spectral index.

which is expressed in units

A. Qualitative aspects

We now sketch the steps required in order to compute the
GW spectrum for a scaling cosmic string network in the
backgrounds of interest. We assume that the scalings of Gu
and H are as such for times 7; < 7 < t,, and we only focus
on GWs sourced during these times in this paper. The
interested reader is referred to Ref. [14] for details and
computations for 7 > r,.

The gravitational wave spectrum arising12 from a loop
distribution with formation rate dn/dt; and sourcing GW's
at a time 7 with power dE/dt is given by

Here we study the usual spectrum arising from cusps in the
string, which gives rise to GWs of typical frequencies related to
the length of the loop. Calculations in string theory [53] suggest
the existence of another decay channel whose emission spectrum
peaks at high frequencies, of order the string scale. A study of the
phenomenological challenges and opportunities of this channel is
left for future work. We similarly do not discuss other irreducible
contributions to the GW background sourced by the strings, such
as isocurvature [54] or non-Gaussianities. Apart from resonant
effects during fast transitions (see, e.g., [55] in the context of
isocurvature), these are suppressed by additional powers of Gu.
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gy (r) =L [* cﬁ(@>4‘f§ (“(?’)

Pe t ap a(t)

which redshifts the initial loop population at a time ¢; to the
emission time 7 and the sourced energy density to today.
Further, the integrand should be supplemented with
Heaviside functions which take into account, e.g., the
formation time of the network.

The quantity dn/dt; can be computed from the scaling
properties of the network to be ~(z7/1;)* for some fiducial
time 77, and we assume that the emission power is
dE/dt ~ Gu(t)?. Further assuming that the loops radiate
in frequencies corresponding to their vibrational modes,
labeled by k € Z,, we relate the emission frequency f., to
the length of the loop at the emission time #(7) via
fem = 2k/€(1) = fk(a(7)/ay). Let us focus on the effects
of the first mode, postponing the discussion of higher
modes to later in the section. We have

dndt;
—_— ! 34
) d;df’ (34)

dti dtl dt a(f) 2 dti
di, _di;de__alt) 2 diy (35)
df —dcdf ~  a, fldf

and the remaining unknown quantity df;/d¢ can be
computed by relating the creation time and the length at
the time of emission via the evolution equation of the loop
length, which can be determined itself by the world sheet
equations of motion. The solution for the evolution
equation for £(¢) is (for g #2/3) [14]

£\ a/2 I'G IAYa
f(t)zf,-(;) +i<—f> . (36)

3g/2 -1\t
with Guy the dimensionless tension at a time 77 and 7; a
constant determined by the initial conditions. Reference [14]
follows “model 17 in [56] in assuming this initial condition to
be £(t;) = at;, with a an order one number which may
depend on the equation of state of the background or the
intercommutation probability of the network. Thus,

ti=(a—— (L) )1, ~at, 37
’ <“ 3q/2—1<r,-)>’ @ B9

where in what follows we will work under the simplifying
assumption that R(z) =T'Gu(t)/(a(1 —3¢/2)) < 1—for
positive ¢ this is always justified provided the initial tension
is Guy < 1, which s required for a perturbative description of
the system. We can thus work out the formation time of a loop
that at a time 7 sourced GWs that today have a frequency f

1\ 1-4/2 te\92[ a(t 1\ a1
@) =) e ()] e
tr t a(ty) f t

where f / is a fiducial frequency related to 7, and R, = R(t;).

Equation (38), at fixed f, distinguishes two regimes:
either #; is dominated by the scale factor-dependent

contribution or by the term proportional to R;. The case
g > 1—2/n where the first term always dominates is
discussed later. For ¢ < 1 —2/n instead, the second term
is subdominant until a time 7,,(f) where both contributions
become equal, namely

t ~ tp\ 9!
altv) fr _ R (—f> : (39)
a(ty) f Iy
which defines ), implicitly. It is possible to show that
L (1, \9/2
ty) == — , 40
=3 (1) (40)

which implies that #;, is the time at which the loops have
lost half of their initial energy.

The computation then inserts the relevant quantities
described above into the integral in Eq. (34), finding a
different power-law dependence on 7 depending on whether
T <ty(f)ori>ty(f) Fori< ty(f), one finds that the
overall dependence on 7 is

Qaw L D fty(f) i E _6(n—2)
QGW,A_(f> [I di(%) 7 D_"(Z—‘I)’ “1)

with

+L_4<g+ﬁ—4>. (42)

All we are interested in the present article is the frequency
dependence of the GW spectrum. For completeness, how-
ever, we quote here that the frequency-independent con-
tribution A2Qgw  can be estimated in terms of redshift z,
and the microscopic parameters of the string at the relevant
time, Gu(t,) and P, as

. (Gu(ta))* [ 10 \?
QGW,A_KAW @ ) (43)

where f and y are parameters capturing the different
P-dependences of cosmic string physics reported in the
literature, as discussed in [14]. The constant K, depends on
simulation-inferred quantities which do not play any role in
the discussion and correspond to a minor scaling of the
overall amplitude, though we refer the reader to [14] for
definitions.

B. The different scenarios

The physics is qualitatively different depending on the
sign of £ + 1 in Eq. (41) and this allows us to distinguish
the different scenarios.

Scenario 1. Let us discuss the first case, E < —1, where
the GW spectrum at frequency f is dominated by loops that
sourced GWs at the appropriate frequency bin during their
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formation time, namely #;(tyin(f),f) = tmin(f). This
occurs for g_(n) < g < g, (n), where

2mq.(n) =4+n+\/-3n%+24n—-32. (44)

If so, from Eq. (38), we see that

a(tmin)@ _ I'imin (1 —R0< A >q) ztmi. (45)

ap f ty Tinin Iy

Performing the integral and focusing on the contribution
from 7,,;,(f), this gives rise to

A
Qcw = Qgw o <JJ;> , A=2 [1 +

The region where Eq. (46) holds is plotted in orange in
Fig. 1, with the orange solid lines corresponding to ¢ (n)
as per Eq. (44). The region at high ¢ is excluded by the
decompactification bounds in Eq. (16), denoted by a solid
black line.

Scenario 2. Let us now study the regime where the GW
spectrum is dominated by ¢,,. This requires both £ > —1
andg <1—-2/n.Ifg>1-2/nwith E > —1, t3,(f) does
not exist and the integral is dominated by very late times.
This case belongs to the third scenario and the boundary
g =1 —2/n is the uppermost solid blue line in Fig. 1.

In this scenario, the integral should be performed and
evaluated now at #,,(f), giving rise to Qgw ~ f&, with

an = 22} . (46)

n—

8 — 10g — 2n + 2gn + ng?
(2-q)2+n(g-1))

One can similarly evaluate the integral with the “late time”
expression for #;, namely the second term in Eq. (38),
and show that the integral is dominated by 7,(f) for
2ng > 10/n — 3. This is the lowermost solid blue line in
Fig. 1. The integral is otherwise dominated at later times,
which belong to the third scenario.

Scenario 3. In the cases that do not belong to the above
the spectral index is evaluated at 7, where the description
breaks down, either because the equation of state or the rate
of variation of the tension change.13 To fully compute the
contribution to the GW spectrum from the loops formed
during the epoch 7 < 1, that we are currently discussing
one should solve for the evolution of #(¢) in the new
background and proceed as above, see [14] for details, but
this remains beyond the scope of this work. Focusing on the
epoch 7 < t, within the white region in Fig. 1, the integral
in Eq. (34) evaluates at ¢, and so Qgw ~ f~'. In this case
higher modes play an important role. As discussed in [57],
when the first mode predicts a spectral index fC,

B=2 (47)

"This also the case when 7,,(f) < t, which can be used to
compute values of f where the spectral index changes [14].

C < —1/3, higher modes tend to modify it to —1/3.
This physics occurs not only within the white region, since
there are values of n and ¢ where B < —1/3 within the blue
region in Fig. 1. One can compute that, within the blue
region, B < —1/3 for n < 2(31q —26)/(5¢*> + 15g — 14)
(dashed blue in the figure), and so the spectral index in this
region is not given by Eq. (47) but by B = —1/3.

C. Bounds on the spectral index

In combination with the results of this section, the
swampland-inspired bounds on the time dependence of
the tension can be used to constrain the spectral index of the
corresponding GW signal. In the case of decompactifica-
tion limits, and assuming a scaling solution for the back-
ground cosmology, one can insert (16) into (46) to bound
the spectral index in the case where the emission is
dominated by early times (scenario 1), obtaining

)

n—

A§2[1+ (48)

If, instead, the GW emission is dominated at a time t,,,
(corresponding to scenario 2), the expression for the
spectral index (47) is a monotonically increasing function
of ¢ for fixed n, and coincides with (46) when ¢ = ¢_ (i.e.,
at the boundary between the blue and orange regions in
Fig. 1). Therefore, the spectral index is still bounded by
(48). Moreover, for the white region of Fig. 1 where
scenario 3 is realised, the spectral index is negative. We
conclude that the bound (48) holds in the entire parameter
space, given the assumptions we have just stated.
Although the bound (48) would appear to become less
stringent for small values of n (e.g., n = 3, 4 relevant for
matter/radiation trackers), we recall that (16) can only be
saturated in the case of field-dominated scaling solutions.
The latter require a very shallow scalar potential, and are
typically unstable, as remarked in previous sections. It
would be a very interesting avenue of future work to try to
understand whether there exist any physically relevant
cases where the upper bound of (48) can be reached.
Indeed, this does not happen in any of the examples
discussed in the literature, which only reach up to
q = 1. This corresponds to A = 4, which is independent
of the equation of state of the background. It is very
interesting that there are examples in string theory that
reach the line ¢ = 1 for n = 3, 4 (wrapped branes in tracker
regimes, as above) and 6 (volume modulus kination) [11].

V. CONCLUSIONS

In string compactifications, cosmic strings can arise both
from fundamental (F1) strings as well as p-branes wrap-
ping a compact p — 1 cycle. In the latter case, their tension
is controlled by the volume of the individual cycle they
wrap, and can naturally acquire a time dependence even if
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the overall volume and the dilaton are stabilized. A first
result of this work are bounds on the rate of variation for the
tension of any such effective string, Eqs. (6)—(7), assuming
the validity of certain swampland conjectures (such as
the ESC).

Phenomenologically, periods of decreasing tension in the
early universe are very interesting in that they give rise to
GW spectra with spectral indices that are larger than the
constant tension case, boosting the amplitude at high
frequencies. Building on [14], we derived analytic expres-
sions for the spectral index expected from a scaling network
of such objects, in the case of a power-law background
cosmology. The swampland-inspired bounds then allowed
us to derive the universal constraint (48) on their spectral
index, assuming the dynamical moduli are exploring a
decompactification (rather than tensionless string) limit. It
would be interesting to understand whether the connection
to swampland constraints could be taken further, perhaps
linking the tension of the strings to other properties of the
compactification [30-32].

On the other hand, the precise value of the spectral index
in a given case relies on the dependence of the string
tension on the various moduli, and also from how the latter
evolve with time. Therefore, any realistic calculation
requires knowledge of the potential for the moduli, and
eventually of a scenario for moduli stabilization (i.e., the
existence of a late-time minimum). For this reason, we
specialized to the phenomenologically motivated case of
type 1IB compactifications, with D3 and NS5 branes
wrapping 2— and 4—cycles in fibered or toroidal manifolds.
In both cases, we found that the string tensions follow the
general scalings y ~ =2 or u ~ r=!, depending on which
cycle the branes wrap. The case u ~ ¢! is particularly
interesting from a phenomenological perspective, as it
implies a GW spectral index that is independent of the
background equation of state.

Our work significantly expands previous discussions [14]
in studying the GW phenomenology of scaling networks of
cosmic strings with varying tension in all well motivated

scenarios. Using the swampland bounds to identify a well
motivated region in the (n,g) plane, we have identified
three scenarios and computed their associated spectral
indices. These are the differently colored regions of Fig. 1.

In the present paper, we have focused on the spectral
index of the GW spectrum without mention of the overall
amplitude or the relevant frequency ranges.

These strongly depend on the detailed cosmological
history of the Universe, which can vary between models. In
particular, GWs emitted in a pre-BBN tracker phase may be
strongly diluted by any subsequent period of matter
domination, ubiquitous in models where reheating is driven
by decaying moduli [58,59]. A detailed study of the
amplitude and frequency ranges where Eq. (46) applies
has been carried out in this context in [14]. Applying such
methods to a concrete embedding of our wrapped-brane
scenarios is a promising avenue for further investigation.
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