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Spatially flat cosmological quantum spacetimes
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We recently described a cosmological quantum spacetime of vanishing spatial curvature, which can be
considered as background for the Ishibashi-Kitazawa-Kawai-Tsuchiya (IKKT) matrix model, assuming
that the resulting gauge theory couples weakly. Building on this example, we construct a large class of
spatially flat cosmological quantum spacetimes. We also elaborate on various details of their algebraic and
semiclassical structure as well as the higher spin modes present in these models. In particular, we introduce
the notion of approximate diffeomorphisms on the cosmological quantum spacetimes that stem from gauge
transformations of the underlying matrix model, and investigate how different gauges are related in the
semiclassical regime by approximate diffeomorphisms. Finally, we briefly outline how the described
quantum spacetimes could be incorporated into the full IKKT model.
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I. INTRODUCTION

It has been known for some time that the unitary
irreducible representations of 30(4,2) in the minimal
discrete series [1], labeled by n € N, and sometimes called
doubleton representations, can be used to model the fuzzy
hyperboloid H?*. This is possible because the doubleton
representations descend to irreducible representations of
30(4,1). In a next step, the fuzzy hyperboloid can be used
to model covariant quantum spacetimes via certain pro-
jections [2—4]. Among those quantum spacetimes, the ones
that are currently best understood are Friedman-Lemaitre-
Robertson-Walker (FLRW) spacetimes with negative spa-
tial curvature (k = —1) and a big bounce geometry [2-8].
Such spacetimes have a spatial SO(3,1) symmetry.

We recently extended the set of examples by describing a
spatially flat (k = 0) FLRW spacetime with a big bang [9].
In the current paper, we generalize this example to describe
a much larger class of spatially flat FLRW quantum
spacetimes, which have a spatial E(3) symmetry.

All these cosmological quantum spacetimes should be
viewed in the context of the Ishibashi-Kitazawa-Kawai-
Tsuchiya (IKKT) matrix model [10] formulated in D = 10
dimensions. In particular, the cosmological k = 0 quantum
spacetime discussed in [9] defines an action
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Sol®] = Tr([T#, @[T, @] — m2®d'®),  (1.1)

where @ is a free, noncommutative scalar field on the
quantum spacetime, and where the matrices 7# form a static
background that transforms under an irreducible represen-
tation of E(3). Sy[®] can be seen as a toy model for the
bosonic part of the action of the IKKT model (1.5) below—
with a static instead of dynamical background 7* in the
regime where the matrices describing the extra dimensions,
represented by several scalars, couple weakly.

Our paper should also be viewed as part of an ongoing
program to construct examples of quantum spacetimes and
gravity from matrix theory. We are aware of constructions of
other cosmological spacetimes [3—7,11] in the framework of
the IKKT model, as well as fuzzy de Sitter space [12-14].
For other related work on the origin of quantum spacetime
from matrix theory see, e.g., [15-21]. Let us also mention
recent work on the polarized IKKT model [22-26], a
deformation of IKKT that may extend the scope of con-
sistent backgrounds.

We consider quantum spaces defined as quantized
symplectic spaces M via Hermitian operators or matrices
acting on a separable Hilbert space . The space of “nice”
operators in End(H) is interpreted in terms of quantized
functions on the underlying symplectic manifold M, related
by a quantization map

Q: C(M) - End(H),

#() = @. (1.2)

In a certain semiclassical regime, the map Q should be
invertible and satisfy
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Qdy) ~ Q#)Lw).

iQ({g.w}) ~[Q(e). Qw)].

Q

and  Tr(Q(¢)) ~ /M ot

(1.3)
where ~ indicates approximate equality in the semiclass-
ical regime and where Q is the symplectic volume form on
M (which has dimension 2d). Such quantization maps are
not unique, but preferred maps can often be found by
requiring their compatibility with some symmetry group,
notably for quantized coadjoint orbits such as the fuzzy
hyperboloid described in the following. Another way to
describe quantization maps is via (quasi)coherent states
|x) as @ = [Q¢p(x)|x)(x]; see, e.g., [2,27,28] for an
introduction to this framework. For the specific case
M =~ CP'2 under consideration, these maps are discussed
in some detail in Appendix A.

In the case of covariant quantum spacetimes originating
from the fuzzy hyperboloid, it turns out that the underlying
symplectic space M is the six-dimensional projective space
CP2! [3,4], which can be written as a local bundle

M x M'3XS?, (1.4)
where M3 is a cosmological spacetime (in particular, the
metric has Minkowskian signature) and where X indicates
that the isometry group of the spacetime acts nontrivially of
the local fiber. The presence of the internal two-sphere S?
implies the existence of higher-spin degrees of freedom in
the model.

Due to the nontrivial bundle structure of the symplectic
space, one encounters a problem. Gauge transformations of
the matrix model correspond to symplectomorphisms on M
[2] but not necessarily to diffeomorphisms on M3,
However, it may happen that gauge transformations are
related to approximate diffeomorphisms on M'? in regimes
where the contribution of the higher spin variables is
negligible. The study of such approximate diffeomorphisms
on cosmological k = 0 quantum spacetimes is one of the
main points of this paper. Our definitions and results may be
extended to other covariant quantum spacetimes.

The metric of Minkowskian signature on M3 is
encoded in the matrix d’Alembertian [y associated to
the action (1.1). Its semiclassical version [ ~ [y is in turn
related to a geometric d’Alembertian (J; via a dilaton p?,
[0 = p?0g. This geometric d’Alembertian then yields the
Minkowskian metric G,, on M3, which is in general
higher-spin valued.

We will see that on a timelike curve, the dependence of
the metric tensor and other physical quantities on higher-
spin variables can be removed by going to local normal
coordinates. The residual higher spin components should
be small in the semiclassical regime, more precisely in a
local patch at late times near this timelike curve.

The description of this semiclassical structure of cos-
mological kK = 0 quantum spacetimes forms the main body
of our paper. However, we also outline how these space-
times may be incorporated into the IKKT model, whose full
action is given by
Succr[T. W] = Te([T%, T[T, T, + BT, [T %)), (1.5)
Here a and b run from 0 to 9, T¢ are Hermitian matrices and
¥ is a Majorana-Weyl spinor of SO(9, 1) with Grassmann-
valued matrices as entries.

While the true IKKT model (1.5) has no quadratic “mass”
term, it is sometimes necessary to add an E(3)-invariant
mass term to the action (1.5) by hand to stabilize spacetime.
For example, the background discussed in [9] satisfies the
IKKT equations with a nonvanishing mass term.

To embed the background 7#, u =0, ..., 3, describing
cosmological quantum spacetimes into the full IKKT
model, and to recover gravity [29], one needs to take into
account the coupling of 7# to the matrices describing the
extra dimensions as well as their self-coupling. This has
been studied to some extent in the case of cosmological
k = —1 quantum spacetimes [2,11,30]. In the present
paper, we will only outline how this may be extended to
the case of k = 0 quantum spacetimes. We expect that the
classical stabilization of extra dimensions via R charge
discussed in [11] will carry over to the kK = 0 case, while
quantum effects coming from the one-loop effective action
need to be taken into account so that the matrices defining
spacetime lead to a physically reasonable cosmic evolution.

A. Outline of the paper and summary
of the main results

Complementing several recent constructions in the
case of k= -1 cosmological quantum spacetimes
[2-8,11,30,31], the main aim of this paper is to elaborate
on and generalize the example given by the action S,[®]
from (1.1), which was discussed in [9].

In Sec. II, we briefly recall how covariant quantum
spacetimes arise from the fuzzy hyperboloid H%. We work
out the algebraic and semiclassical structure as well as the
higher-spin theory on the cosmological quantum space-
time M3 that arises from the local bundle structure
M = M'3X8%. We also discuss how gauge transforma-
tions can implement approximate diffeomorphisms on
M3 in the semiclassical regime.

The background 7*# in (1.1), which we work out in
Sec. Il and which was partially investigated in the previous
paper [9], can be used as a reference background for
cosmological kK = 0 quantum spacetimes. We discuss its
algebraic structure, which is richer in the present case than
it is for cosmological k = —1 quantum spacetimes: there
are two distinct but important actions of E(3), while the
respective actions of SO(3, 1) in the k = —1 case coincide.
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We introduce appropriate derivations on M3 that act also
on higher-spin valued functions. In complete analogy to the
k = —1 case, this derivation is used to relate vector fields on
M3 to tangential vector fields on Hy.

Using the reference background 7* as a starting point,
we describe in Sec. IV dynamical backgrounds that respect
the E(3) symmetry by adding time dependent prefactors

70 - 70 := a(YO)TO, T = Th=pYO)T!, (1.6)
where y? ~ Y0 parametrizes time on M!3, and a, B are
well-behaved functions. However, this description is redun-
dant. We show that different choices (a, ) are related via
gauge transformation generated by A(Y?)TY, correspond-
ing to approximate diffeomorphisms along the time direc-
tion under mild assumptions. Distinguished gauges are the
timelike gauge f = 1, where formulas become particularly
simple, and the covariant gauge a = f, in which the
generators do not only transform under a representation
of E(3) but also under a representation of SO(3,1).

For the dynamical backgrounds, we determine various
quantities that are important to describe the physics in the
noncommutative and the semi-lassical regime: (i) the
matrix d’Alembertian that governs the IKKT equations
of motion, (ii) various geometric quantities that describe the
resulting semiclassical spacetime, (iii) local normal coor-
dinates, which allow one to eliminate higher-spin contri-
butions along a timelike curve.

In particular, the cosmological k=0 spacetimes
described with the background 7* define a FLRW geometry
with cosmic scale factor that depends on a and f. We
illustrate the relation between gauge transformation and
diffeomorphisms by verifying that certain distinguished,
gauge-equivalent backgrounds yield equivalent FLRW line
elements in the timelike and covariant gauge. One of them is
the background where the dilaton is constant, which is
shown to yield a shrinking FLRW spacetime for k = 0,
rather than an expanding spacetime as in the k = —1 case.
However, we can obtain a variety of expanding k =0
FLRW spacetimes for different o and/or . This computa-
tion also demonstrates the use and the consistency of local
normal coordinates in the higher-spin framework [2].

Finally, we outline in Sec. V how the background T# can
be incorporated in the full IKKT model. The details of such
an incorporation are beyond the scope of the present paper
and are left for future research. However, we concisely
discuss the general recipe, which is based on a stabilization
of dynamical extra dimensions and corrections to the IKKT
equations at one loop and which should work similarly to
the k = —1 case discussed in [11,18,30].

In Appendix B, we list a number of pertinent properties
of cosmological k = —1 quantum spacetimes that are
needed in our construction of cosmological k = 0 space-
times. Appendix C contains a derivation of the concrete
form of the SO(3, 1) generators in various cases.

II. FUZZY HYPERBOLOID AND COSMOLOGICAL
QUANTUM SPACETIMES

Let us describe how to obtain cosmological quantum
spacetimes from matrix models. Within the scope of this
paper, such a construction cannot be fully self-contained.
We refer to the book [2] for a comprehensive introduction.

A. Fuzzy hyperboloid

Let M, a,b=0,...,5 denote the generators of
SO(4,2), which are skew-symmetric and satisfy the com-
mutation relations

[Mab Mcd] — i(MaC(de _ Mad&bc _ Mbc‘5ad + Mbd&ac)_
(2.1)

Unless specified otherwise, Latin indices a, b, ... will run
from O to 5, Latin indices i, j, ... will run from 1 to 3, and
Greek indices will run from 0 to 3. We use the conventions
(net) =diag(-1,1,1,1,1,—1) and (y**) =diag(-1,1,1,1).

In this paper, we will only consider doubleton repre-
sentations H,, of 80(4,2), which are labeled by n € Ny, and
assume that the M?” are given in one of these representa-
tions. There is a standard oscillator construction of the
doubleton representations, which is described in detail in
[2]. In the doubleton representation labeled by n, we have
the important identity [2]

2 _ 4 R2
nabMacMhdJr(c(_)d) :I’l : ’7061:’27’7”1
r
n=20,12,..., (2.2)
where we introduced two dependent parameters r2, r > 0,

and R? = 12 #, which will introduce a scale on the fuzzy
hyperboloid and the cosmological quantum spacetimes. For
further details on doubleton representations, we refer to the
existing literature [1,2].
The generators M“’ can be used to introduce a set of
non-commuting coordinate matrices
X = rM®, a=0,....4. (2.3)
Due to the identity (2.2), the X satisfy the SO(4,1)-
invariant constraint
X*X, + X** = —R1, (2.4)
which means that they can be interpreted as noncommu-
tative coordinates describing the four-dimensional fuzzy
hyperboloid H% of radius R. Strictly speaking, R? is
negative for n =0, 1 and vanishes for n =2. In the
minimal case n = 0, one can nevertheless describe mean-
ingful spacetimes in some late-time regime [6], but to
have a global semiclassical structure one should assume
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n > 0[2]. Except for a few instances where we also consider
the minimal case n = 0, we will always assume n > 0.

1. Semiclassical structure

It turns out that the semiclassical structure describes six-
dimensional projective space CP?!:= {z€C*zz = 1},
which can be viewed as coadjoint orbit of SO(4,2). In
other words, the fuzzy hyperboloid H% can be viewed as
quantization of (the symplectic space) CP>!, which has a
(local) bundle structure

M :=CP>! > H*XS$. (2.5)
Here, H* is the four-hyperboloid, S? the two-sphere, and X
indicates a local bundle structure and that the isometry
group SO(4, 1) of H* acts nontrivially on the local fiber in a
way respecting the bundle map. The internal two-sphere
corresponds to the existence of higher-spin degrees of
freedom in the model [2-4].

We write x* ~ X4 and m® ~ M for the semi-classical
versions of X¢ and M for a,b = 0, ..., 4. Moreover, we
have {-,-} ~—i[,-].

The algebra C:=C(M) of functions on M has a
decomposition [2]

Yo (2.6)
s=0

where C* can be interpreted as describing the spin-s degrees
of freedom. The subspace C° of classical (or scalar)
functions consists of functions that only depend on x*.
The higher-spin degrees of freedom are described by two
independent variables parametrizing the internal S2.

A useful derivation on C is the fangential derivative

1 1
0= sm{xy, } = _Fxb{mab’ +

a,b=0,...4,
R

(2.7)

which satisfies x,0¢ = 0. We will see later how §¢ serves to
define appropriate derivations on the cosmological space-
times. The trace on End(H,,) becomes the integral over M
with respect to the symplectic density as in (1.3). In order to
have finite kinetic energy and inner products, functions
¢ €C are subject to certain integrability conditions, which
we tacitly assume in this work, cf. [2] for details.
Note that (2.2) implies

xaxb

0%xb = 7

n* + (2.8)

Moreover, for any ¢ €C, the vector field V¢ := {x%, ¢} is
conserved with respect to d%,

o‘v, =0. (2.9)
The conservation law (2.9) can be verified using the Jacobi
identity for the Poisson bracket, the skew-symmetry of
m?, and the identity (2.2).

B. Cosmological quantum spacetimes

To associate a quantum spacetime to the fuzzy hyper-
boloid H%, one needs an appropriate metric structure of
Minkowskian signature. This structure is encoded in a
matrix d’Alembertian

Oy = [T",[T,."]], (2.10)
where T* is a suitable set of matrices. In the choices
yielding cosmological spacetimes, the matrix algebra can
be identified in the semiclassical regime with the algebra of
functions on a bundle over spacetime as in (1.4): M
M!3%S? in analogy to (2.5). Here M3 is the cosmo-
logical spacetime, whose coordinate functions are
described by the semiclassical x* ~ X*, and the internal
two-sphere S? is parametrized by ## ~ T# with (locally) two
independent entries. The variables # are interpreted as
higher spin variables.

Specifically, the metric is constructed in the following
way. For ¢ €C(M), let [p],€C(M'?) denote its fiber
projection. By (1.3), we have

(o) ~ |

Q3 [l = / puldlodix,  (2.11)
Ml,3 M].3

where the volume form Q'3 := p,,d*x on M3 is the pull-
back of the unique SO(4, 1)-invariant volume form on the
four-hyperboloid H* ¢ R*! spanned by the x* generators.
It can be written explicitly as [3,9]

dx.ded dyOdy'...dy?

Ql,3 —
R3x4 R3y0

. (212

where y° := x0 4+ x* and y’ = x'. The SO(3, 1)-invariant
quantity x* and the coordinates x* are well adjusted to
cosmological k = —1 spacetimes, while the E(3)-invariant
quantity y° and the coordinates y* are well adjusted to
k = 0 spacetimes.

Now consider a free, noncommutative scalar field ® =
®(X) described by the action Sy[®] from (1.1), which is
equivalent to

So[®] = ~Tr(®" (O + m?)®). (2.13)

In the semiclassical regime, the action reduces to
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Sof®] ~ — /M Q¢ (O + m)
B ‘/ QU (O +m?)gly,  (2.14)
Mlﬂ

where the semiclassical d’ Alembertian, acting on a suitable
space of functions on M, is given by

O:=—{"{1,,-}}.

It turns out that the right-hand side of (2.14) can be given
a geometric meaning when restricted to scalar expressions
by introducing a dilaton p? so that

(2.15)

0 = p*Og. (2.16)

where [ is a geometric d’ Alembertian corresponding to a
metric G, of Minkowskian signature,

1
V-G

It is most convenient to describe G*¥ via a frame

O = 9,V=GG"a,. (2.17)

Eoe= {0}, E%e= {0}, (2.18)
where y# are the coordinates of M!3 as above. Then,

defining y** := 5,,E*E", one finds [2]

p*=puVIr"| and G, =p¥,. (2.19)
For more general backgrounds, the so-defined frame and
metric will typically be higher-spin valued. Locally, one
can remove their dependence on the higher-spin variables
by changing to suitable local normal coordinates. In the
present case of (general) cosmological kK =0 quantum
spacetimes, the metric and frame in local normal coordi-
nates will not depend on the higher-spin variables along a
timelike curve, and we argue that their dependence on the
higher-spin variables is small in the semiclassical regime.

C. Physical scales and semiclassical regime

The minimal requirement that we should impose on our
model is that the semiclassical approximation is valid in a
local patch at late times. In the case of cosmological k = 0
quantum spacetimes, that means that for y° >> 0, there must
exist a sufficiently large region where the higher-spin
degrees of freedom are suppressed if we express physical
quantities in terms of local normal coordinates.

Additionally, there are various physical scales that are
relevant to determine the range of validity of the semi-
classical physics in our matrix model description of
cosmological quantum spacetimes. These are

(1) the effective scale of noncommutativity,

Lic = |GuG.10" 0% (2:20)
set by 0" = {y#,y*} and the classical part of the
effective metric (_}W in local normal coordinates;

(2) the cosmic curvature scale L., := H™' set by the
Hubble rate of the FLRW spacetime associated to
G,,—see (4.47) below;

(3) the order of magnitude of the higher spin compo-
nents of the frame and metric—see (4.36) below.

For the semiclassical approximation to be valid, the cosmic

curvature scale should be much larger than the effective

scale of noncommutativity,

Leosm > Lnc. (2.21)
and the higher-spin components should be negligible in a
reasonably large patch. We make these requirements
precise in Sec. IV G, specifically in (4.51), for concrete
choices of the background.

D. Gauge transformations and symplectomorphisms

On the noncommutative level, a gauge transformation on
the fuzzy hyperboloid H? is implemented by a Hermitian
operator A € End(H,,). Accordingly, a real-valued function
AeC(M) defines an infinitesimal symplectomorphism,
i.e., an infinitesimal diffeomorphism preserving the sym-
plectic form, on M [2],
This infinitesimal diffeomorphism is nothing but the Lie
derivative of ¢ with respect to the Hamiltonian vector field

&={A.-},

onp = L. (2.23)
Accordingly, a Hamiltonian vector field V = {v,-}
on M transforms under a gauge transformation d,v of
the generator as

(6aV)#] = {{A. v}, ¢} = {A {v. ¢} — {v. {A. ¢}}
= ¢[VIgll - VIglgll = £ V][9]
= L:V[¢]

for any ¢ € C(M). Here, [£, V] = LV is the Lie bracket of
the vector fields & and V, which is precisely the Lie
derivative of V along &. Thus, V transforms covariantly
(i.e., as the Lie derivative) under the symplectomorphism
generated by &

In the case of cosmological quantum spacetimes arising
from the fuzzy hyperboloid, we encounter a complication:
the spacetime M3 is not the same as the symplectic space

(2.24)
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M, as described in Sec. IIB. Instead, we have
M ~ M'3XS?%, where the internal sphere accounts for
higher spin degrees of freedom in the model. Hence higher-
spin valued quantities might not transform covariantly from
the spacetime point of view.

The most important example is the noncovariant trans-
formation behavior of higher-spin valued frames:

Consider the frame E% := E*[y*] = {t*,y*} given by
(2.18), and & = {A,y"} = 5py*. Assume that both of
them admit decompositions
¢ =[N0+ [&ger BV = [Eg+ [E™]ge  (2.25)
into a classical and a higher-spin component. We will show
below that the deviation between the classical Lie deriva-
tive of the classical frame Ly [E*], from the projection
onto the spin-0 part of the gauge variation (5, E%)[y*] is
given by

Lig, [E*]g = [((GAE*) o = [{1%, [6"]ge} — OAIE™]gs]o-
(2.26)

That is to say that higher-spin components both of £ and £
contribute to an obstruction to tensorial transformation
behavior (where the rhs would vanish). We will assume that
the classical part [¢#], of & is nonvanishing.

We aim to work on backgrounds (or at least in regimes)
where the right-hand side of (2.26) is small compared to the
individual terms on the left-hand side, in order to preserve
the classical notions of differential geometry. In particular,
this is expected to hold in local normal coordinates, where
the h3 components of the frame are small.

To derive (2.26), note first that

[5A[Ea”]o]o = [5/’6,,[E“”]0]0 = [5/)]00/)[150’”]0

= Lig, [E™]o + [E™]50,[¢"]o- (2.27)

Adding a zero-term in the form of the Jacobi identity, we
obtain
Lig, [E*]o = [SAIE™]olo — [E*]00,[&"]o
= [OAE™]o + [(SAE*) [*]]o + [{*, & Ho
= [(BAE") Yo — [6ALE™]gslo
+ [{1*.&"} = E*0,[¢"]y)]o
= [(BAE")[Y] = OA[E™] g + {17, [€"]gs }o-
(2.28)
If, on M!'3, the deviation from (2.24) is small in a
reasonable sense, then we say that the gauge transformation
determined by A implements an approximate diffeomor-

phism on M'3. More precisely, we compare (2.26) to the
classical Lie derivative of the classical frame Lz [E*],.

That is, we use the quantity

Lig,[E™]o = [(GAE") [Y*]]o
Lig, [E*] ’

AgAEaﬂ = ‘C['}:]O [Eaﬂ]o ?é 0

(2.29)

to estimate the deviation from tensoriality in the semi-
classical regime. We will elaborate this in an important
example in Sec. I[VFE

III. STATIC REFERENCE BACKGROUND
FOR A k=0 QUANTUM SPACETIME

Before describing more general cosmological k = 0
spacetimes, let us first recall and elaborate on the reference
background considered in [9]. Some relevant identities
from the k = —1 case are collected in Appendix B.

The generators

Y= r(M* 4 8°M*),

(3.1)

1
T+ ::E(Mﬂo + MH),

where M a,b =0, ..., 5, are the generators of SO(4,2)
described in Sec. II, were shown to yield the metric G,w ofa
spatially flat FLRW spacetime with a big bang [2,9],

G =M (3.2)
Here, y° > 0 is the conformal time. Using the cosmological
time f:= ﬁ yO%, the metric G,, corresponds to the line
element

dsg = —d* +a(1)’dy*  with a(r) = <23—;> (3.3)

The T# generators will define a matrix backgroundl in
the IKKT model, while the Y# generators are considered as
(quantized) local coordinate functions on spacetime. The
matrices 7+ and Y* satisfy the commutation relations’

_ : i Y0
[T, 7)]=0, [T0.T)=—2T, [T"Y|=i—y* (3.4)
R R
as well as
(YO, Y] = ir’RT', YL, Y/] = —ir’M¥. (3.5)

'These are special cases of the “pure backgrounds” considered
in [2].
These commutation relations are very similar to those of

k = —1 quantum spacetime upon zooming in to a locally flat
patch [32].
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The identity (2.2) implies the following constraints on
the 7# and Y* generators,

1

T'Ty =55 ¥ =0. T, +Y*T,=0.  (3.6)

A. E(3)-subalgebra, invariant quantities
and Casimir operators
Clearly, the set {M", T'|i, j = 1,2,3} can be interpreted
as generators of an E(3)-subalgebra because

MU, T = i(§*T) — §/*T?). (3.7)
They act via commutators on the space of matrices
End(H). A priori, it is clear that all quantities invariant
under SO(3) C E(3) must be functions of

YO, TO, YkYk, Tka, Yka and TkYk. (38)
However, there are several redundancies due to the con-

straints (3.4) and the identity

4i
0 _ —
EY = [T",Yﬂ] =2T"Y,,.

(3.9)
Eliminating the redundancies, we are left with three
independent linear or quadratic SO(3)-invariant quantities,
in terms of which all SO(3)-invariant quantities can be
expressed,

Y0, 719 and Yty,. (3.10)

Among these three, only Y* is invariant under E(3). To
see this, note that by (3.4), Y commutes with the gen-
erators 7' of the translations, while 7° and Y*Y, do not.
Therefore, any E(3)-invariant quantity must be a function
of Y only.

Note that both 7% and T* transform as vectors under
E(3). That is, both of them carry a representation of E(3).
In the four-dimensional representation on the space with
basis T*, the translations are implemented by a function
c; Tk, so that

8T = i[, T*, T = — % ¢, T

. . } = 5TF = ALT*.  (3.11)
ST = i[e, T+, T') = 0

In terms of the generators of E(3), the two quadratic
Casimir operators of E(3) are given by
C] = TiTl' and C2 = Sl‘jkTiMjk. (312)

Their values on the SO(4,2)-doubleton representation
labeled by n are

02

C, = and Cp = — Y0
r

s - (3.13)

The first Casimir simply follows from the normalization of
the T, while the second follows from the identity (B3).3

Remark 1. We want to point out an interesting coinci-
dence. Observe that a Yang-Mills type action of the form

S[T] = Tr([T*, T"][T,.T,]) (3.14)

is manifestly invariant under the global E(3) symmetry

S[TO.T" + 1] = S[T°.T"] and S[T°,RiT/]=S[T°.T"],
(3.15)

where ¢’ are constants and where R’] is a rotation. This
transformation is distinct from the above gauge invariance
under E(3), in contrast to the SO(3, 1) symmetry of the
k = —1 case. The transformation

TN > T +6T =T +c1=T +i[A,,T] (3.16)
for k =0 is also equivalent to a gauge transformation,
generated by A, = %c,-Y". Therefore this symmetry does
not lead to physical zero modes.

B. Explicit form of the SO(3.1) generators

It was shown in [9] that in the minimal representation
n = 0, the generators of rotations M are given by"

- R . . o
M‘/:W(T’Y/—T/Y’), n=0. (3.17)
In fact, this form can only be correct in the case n =0
because M" from (3.17) satisfies C, = 0, where C, is the
second Casimir operator from (3.12) or (3.13), respectively.

Determining M explicitly for generic n is beyond the
scope of this paper. It is clear that M*/ must be of the form

M = c(T'Y) = TIY') + de'*yY, + feU*T,,  (3.18)
where ¢, d, and f are functions of the SO(3)-invariant
quantities Y°, 7°, and Y*Y,. However, their semiclassical
limits m” ~ M% for n > 0 and also in the minimal case
n =0 can be determined explicitly. In Appendix C, we
derive

*Note that to derive C, from (B3), one needs to keep track of
signs carefully because the Minkowski metrics relating X° to
Xo=-X%and Y° to Y, = —Y° do not coincide.

“Note that the generators 7# are no longer Hermitian for n = 0
because R = ir in this case. The SO(3, 1) generators, however,
remain Hermitian. 7% can be made Hermitian for n = 0 via the
redefinition 7# =1 (M*0 + M#*), and adjusting the formulas for
the SO(3, 1) generators accordingly.
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02 2 2 . .
o R : +2yyU+R 1 =10y, n=0;
m :_OX Y22 R2 0. R ik
Y s 1=y +WS” Yite, n>0;
R tyl — iyt n=0;
ij—
m GX ik (3.19)
y 'y —ty' + ReV t,, n> 0.

A simple explicit realization of the minimal n = 0 repre-
sentation in terms of three canonical generators is given
in [33].

C. Fiber projection

We would like to average higher-spin valued quantities
over the internal 2. As introduced in Sec. II B, we denote
this average by [-],. The starting point is to average linear
quadratic expressions in the # variables.

Using the semiclassical version of the identity (3.6), we

. 0 . .
parametrize t = f—;u, with 2 =1, ie., ueS*? & R3, and
1* = L (yu). Therefore, [*], = 0 and, using the identity

o 1 A
[w'u], = E/Sv duv'v/ = 55’1, (3.20)
we find
Hiv, = ! HY 3.21
[tt]0*3r2R2K ( . )

with %0 = y2, k0 = k% = 0y and k'/ = y02§.

Note that ¥*¥ is transversal in the sense ¥**y, = 0. As a
consequence of (3.21) and (3.19), the various components
of the average [1*m*"], are given by

1 YR
0,,,i0 2 ’
t'm = ——F X
[my 3r°Ry° { YR
7Y

’

Y242 4R ol 1.
[('mi®), = 1 % 0=
07 32R V2R il ilj
=8 =y = ReVy;
N 1 0;
[Pmil]y = ——x -
3r°R Re"y,;
0 livj _ slivi.
[f'mil], = —2— x 5l.y]__5j.yl.’ . (3.22)
3r2R 511}7] _5ljyl _+_R£.ljl,

where in all four equations, the upper case corresponds to
the minimal representation n = 0 and the lower case is
valid for n > 0.

Fiber projections of polynomials of higher order in ## can
be computed using Wick type formulas as in [2,31].

D. Derivatives

In this section, we will construct suitable derivative
operators acting on the algebra of h3-valued functions on
spacetime, analogous to the construction for k = —1 in [2].
We will always assume 7 > 0. To obtain more transparent
formulas, it is sometimes convenient to use the variables x*
suitable to describe the fuzzy hyperboloid and k = —1
spacetimes instead of y*. However, in all formulas of the
following considerations, x“ should be understood as
x4(y*) via the relations

2y°

Y02 _y2 g2

3.23

, x=y and x*=

In terms of the variables y* and x*, the tangential
derivatives (2.7) on H* become

0 = — s (03} = RO )
s (7000} =T} = RO, D)
0 = =3 (“RODY. -+ (RF = m) [y} + RO(, ),

o =

(3.24)

where we may insert m*/ and m™® for n > 0 from (3.19).
The action of 8% on y* is given by

04,0 0yi 4.0
0,0 _ Xy io_YY 0_q1.%Y
Oy =l =T 0N =T
; . x"yj
and 8“y/ =n% + o (3.25)

Moreover, Eq. (3.24) and the Poisson brackets (B4) yield

0.0
X't
R

| . R i o
3 = = <x°t1 +—5 (=RY + €Jkl)7ktl)>;
y

. 1 ;R P

50 — — (—t‘)y‘ + — (—=Rt' + e’k’ykt1)>§
R? y°

o 1 - ik
0t = — 5 (= + Relhry);
X

4.0 .
O =

. 1 . R : ;
o =~ (—x4t~’ +p (RY + 8’k’yklz))- (3.26)

A derivative 0% on M3 that is appropriately applicable
to hs-valued functions should satisfy

oyt = . (3.27)
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It is easy to see that

-t

"
a#::a#-’yc—o(aua‘*):aﬂ 5 @ +3Y  (3.28)

fulfills this condition. Note that 0° = yio(x“éo — x%9%).
Applied to the higher-spin variables #, we obtain

1 1 .
1 =0, 1 = 30 (—tf + Efjkl)’ktl> =0/t

o 1 ..
and 0t/ = —— eliky,. 3.29
R

We thus have 0##* + 0"t = 0.

Remark 2. Note that (3.25) is only true for n > 0.
Inserting instead m"/ and m™® for n =0 given in (3.19)
yields 9°y° :% and 0*° :x;_y;)_ Hence there is no
straightforward analog of (3.28) that satisfies (3.27) for

n = 0. The problem arises because the minimal represen-
tation n = 0 admits a semiclassical structure only in the

limit y° > 0, so +1 is subleading to )‘;—ZO and we need to
make a suitable approximation for the generators m** to
obtain reasonable tangential derivatives. This is beyond the
scope of the present paper.

E. Reconstruction of divergence-free vector fields

In this subsection, we will again assume n > 0. In the
case of a cosmological k = —1 spacetime, it has been
shown that the pushforward V* of a tangential vector field

V< on H* to the spacetime M,>_| satisfies

0,V* = sinh(1n)d, (parx=—1 V*), (3.30)
where 8, is the tangential derivative on H* defined in (2.7);
and that conversely any vector field V# on M ,lcﬁ_l possesses
a lift to H* so that (3.30) is satisfied [2]. Note that the vector
fields may be §3 valued. Therefore, there is a correspon-
dence between tangential and divergence-free vector fields
on H* to divergence-free vector fields on M ,Lﬁ_l. In the
following, we establish the analogous correspondence for
the k = 0 case.

To do so, suppose that V¥ is a (possibly h3-valued)
vector field on M3, We can lift V¥ to a vector field V¢ on
H* by defining,

) e ) yu

Po=Vo+ T Pimvi (=123, and V-t
y y

(3.31)

The so-defined V¢ is tangential on H*:

7O0x0 — x4

x, V4 =x, V¥ + 5 x, Vi = 0. (3.32)
y
Moreover, we have
- 1
o,Ve = yoaﬂ (—0 V") = R3y00ﬂ(pMV”) (3.33)
y

with d, =1,,0" as in (3.28). The relation (3.33) can be
proved by a short computation, which uses (2.2),

1 Vo

0 _
00 <w> =9, Vr——
#\y0 " 30

1
=0,VH — y—O(VO + x, (0" + %) V)

1
=9,V — 0 (VO + (8% 4 6%)x, V¥

—V, (80 + 8%
_ 1 0 | x4 y°
—GMV"——O (6 +6 )X”V”—FXMV”)
y

- 1 1
=0,V + x, V¥ ((60 -+ 64)F +F)>
=9,V (3.34)

Next, consider a—possibly h3-valued—function
¢ =¢(y,1)€C, which defines a vector field V*:=
{y*,¢}. The so-defined V* is conserved in the sense

dulpuV*) =0.  VE={y".¢}.  (3.35)
This follows as a corollary from (3.33). Instead of comput-
ing 9, (py V*), we may compute 9, V. Then, expressing y°

in terms of x* and x*, a short computation yields

mOh + m4b

8,V = -

{x,,, ZLyO {x%x,, ¢}} =0. (3.36)

For ¢ =y and 6" = {y*,y*}, (3.35) implies in par-
ticular

0, (put™) = 0. (3.37)

IV. DYNAMICAL BACKGROUND AND GENERAL
k=0 QUANTUM SPACETIME

We now describe more general cosmological k =0
quantum spacetimes that arise from the fuzzy hyperboloid.
To do so, we start by considering more general matrix
backgrounds respecting the E(3) symmetry.
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A. Generalized E(3)-covariant background

The generalized translation generators 77 of E(3) should
commute with each other and with the E(3)-invariant
quantity Y°, and additionally transform as vector under
the SO(3)-subgroup generated by the M*/. Any such vector
7' must be a linear combination of T, Y?, and ¢/*'Y, T, with
coefficients that may depend on Y°. That is, we make the
ansatz

T = pYOT +y(YO) Y +5(Y0)eMy, T).  (4.1)
Using the commutation relations (3.4) and (3.5), one
readily verifies that
[T, Y% = [T',T/] =0 (4.2)
together imply y = 6 = 0.

We will see below that the function f is sufficient to
describe a generic cosmological k = 0 spacetime—as it
should be, because the latter is entirely determined by the
time-dependent scale factor. However, it is convenient to
consider as well a deformed generator 79 := a(Y?)7°.

Summing up, we define a new, dynamical (i.e.,
Y0-dependent) background T# via

70 = a(YO)T; Ti = pYOT'. (4.3)

In fact, we will show in Sec. IV F that there are gauge
transformations—defining approximate diffeomorphisms
on M!3—which relate well-behaved gauge configurations
(a, ) to other well-behaved gauge configurations (&, f3).
Here, “well behaved” essentially means that a and f
should, at late times, satisfy some monotonicity conditions
and not behave too differently. Thus, the semiclassical
structures for two gauge configurations related by such an
approximate diffeomorphism are equivalent.

The choices a = 1 or f = 1 yield simple expressions for
many interesting objects like the frame, the effective metric,
or the local normal coordinates. On the other hand, one
might say that the choice a = f is preferred because then,
as in the reference case, the generators additionally carry a
representation of SO(3,1).

We call g =1 the timelike gauge, a =1 the spacelike
gauge, and a = f the covariant gauge.

B. Gauge symmetries

An important problem is to understand how diffeo-
morphisms of spacetime arise from gauge transformations.
The present setting suggests to focus on diffeos that respect
E(3). These arise from gauge transformations generated by
A(Y?)T?, which preserve the structure of the background
due to the commutation relations (3.4),

e AT g (yO) TOIAY)TY — G(y0)TO,

e‘iA(YO)TOﬁ(YO)TieiA(YO)TO = p(YOT. (4.4)

Since [AT?, [AT?, T#]] # O for a generic function A, it is
not easy to determine the full action of the gauge trans-
formation on the generators 7#. However, it is sufficient to
determine the infinitesimal action

SppoTH = i[TH, A(YO)TO). (4.5)
In detail, we have
0 Y'W(a,A .. AYOB) .
6AT0T0:#T° and 8,0 T =~ (Rﬁ> T, (4.6)

where W(f, g) := fg — f'gis the Wronskian and where the
prime indicates a derivative with respect to Y°.

We note the interesting fact that for nontrivial A, we have
SypoT" =0 if and only if f =%t The semiclassical
structure corresponding to this particular choice of f is
therefore not related to the structures for other f by an
approximate diffeomorphism. In fact, we will see that
p= C"YLOS‘ corresponds to a degenerate frame and metric.

In all other cases, the infinitesimal gauge transformation
is precisely the one relating backgrounds described by
(a. ) to backgrounds described by (@,p) for appropri-

ate a, f.

C. Commutation relations and matrix d’Alembertian

The new generators (4.3) satisfy the commutation
relations

L) =0 (10T = - (YO T

- Y0 ~0 i ,

0¥ = —i—=: [10.] = iPRaTT;

iy R C -

[T, Y] = 0; [T’,Yf]:ifﬂé’-’JrirzRﬁ’T’T-’, (4.7)

and the double-commutators are given by (no summation)

(4.8)

Thus, applying the matrix d’Alembertian [J; :=
[T#,[T,.-]] on the background yields
0,7 =0 and 0,7/ = Rizﬂ(yﬂa(yoﬁ)/)'ﬂ (4.9)

The specific generators U* obtained by setting o =
p= ;—’S yield a degenerate frame and metric, and we will not

024050-10



SPATIALLY FLAT COSMOLOGICAL QUANTUM SPACETIMES

PHYS. REV. D 113, 024050 (2026)

consider them in the following as physical background.
However, they are very convenient to parametrize the
internal S? because they are normalized, U'U; = 1 (see
also Sec. IIC). Therefore, if H3-valued quantities are
expressed in terms of u# ~ U¥, it is easy to estimate the
contribution of the h3 part. We will thus use u* instead of #
to expand the h3 components of physical quantities.

We observe that the reference background T# corre-
sponding to @ = =1 satisfies the equations [1;7° = 0
and 077" = 2, T". It is therefore a classical solution of the
IKKT model with mass terms for the spatial generators T".

D. Higher-spin valued frame, dilaton,
and effective metric

The frame arising from the general background T+ ~
reads

(Eaﬂ) — {fa,yﬂ} _ y_O —-a a’(yu)ut

4.1
R0 p1+y'Buu (4.10)

with u# = ;—’(ft" so that u> = 1 and u° = % Note that the

inverse of a rank one perturbation of the identity is

avv!

-1
(14 avv') _1_1+av2’

(4.11)

so that the inverse of the frame is formally given by

R [ ahy Ow

(Eau) 0 0
1 Wp t
y 0 5 (1 05y uu )

(4.12)

We now see explicitly that the frame is nondegenerate if
(y°B)" # 0, hence if f # C"% In the following, we will

exclude this choice of ﬁ,' although we will sometimes
comment on it. The determinant of the frame and the
dilaton can easily be determined using (2.19),

04 2 (1,0 2}/
det(Eaﬂ) — _y aﬂR‘Ey ﬂ)

We obtain the (higher-spin valued) effective metric

o= yoaﬂzliyoﬂ)’ ( {_g 2 ﬂgtl}
0 ad !
- La'(yu)u A +2ﬁ()wi)(u@”)a')2)uu’] >
(4.14)

The frame E* has a spin-0 and a spin-2 part, which can
easily be computed using (3.21). From the latter equation,

we obtain the pure spin-0 part of the frame,

o

)
0/}/
0 (ﬂ +yT>1

(B =2

], 1s)

while the pure spin-2 part is given by

[(E™)], = (E*) — [(E™)], :%) 0 a’((yu)u’ —%)
0 50 (' ~11)

(4.16)

The effective metric has a spin-0, a spin-2, and a spin-4
part, which we will not work out explicitly here.

E. Local normal coordinates

Due to the h3 components, the physical meaning of a
metric or frame is not clear a priori. As shown in [2], it is
always possible to locally eliminate these 3 components,
in local normal coordinates. We illustrate this in the
following for the present backgrounds.

We fix the point £ = (z,0,0,0) as a reference point. We
want to find local normal coordinates 3 such that the frame
has no higher-spin components at £ and satisfies

- ot z[—a(z) 0O
S I AT
We make the ansatz
F=y0 P =y b0 bu)ul =y b (),
(4.18)

which respects the local SO(3). Note that we have

y|¢ = u°]: = 0. This ansatz yields

0

goo__Y¢?
R b
I | .
EY = W1+ b),yoa)(y—l;)”’v
y

B9 0,

0
B =2 (561 + (O + b(OP) i) (4.19)

where W is the Wronskian. Because y| ¢ = 0, the require-
ment (4.17) is fulfilled for

O
°B) o=

b(z) = (4.20)
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The local normal coordinates with b as in (4.20) naturally
extend for all = > O, i.e., on a timelike worldline. Then the
frame E** is globally given by

~ _ 0 Oy
(B) = (B 4 | " 1
R10 053
N Of—a O
where (E*) = > [ “ ] (4.21)
R0 p1

and where the Wronskian W = W(y") := W(%,yoa)

determines the size of the higher-spin contributions. The
determinant of the frame in local normal coordinates is then
given by

a0

det(E") = e

(4.22)

The symplectic density p,, in the new coordinates reads

- e R -
pud'y = pyd*y = M&% (4.23)
ay?

and the Jacobian is readily computed to be

O°p)
yp o

(4.24)

The dilaton, which can be computed from the symplectic
density and the determinant (4.22), is not affected by the
change of coordinates: we have

(4.25)

with p? as in (4.13). Consequently, the effective metric is
obtained as

& = ({_@:;a)z (y‘g)zJ

0 u'
+ aoW(yu) [u W) } ) . (4.26)
ayOZ

so that

2 (OB W(yu) WO({W u'
G/u_/ = G/“/ + —0 ya )

Ry u Oz
0a(vO8)Y | =& o
where (_}W — M p 0
R 0 1
04 202 0 \/\4

and  detG,, = _Wﬂ}‘#‘ o

If the higher spin entries of Gﬂy are small in a neighbor-
hood of L = {(3°,0)|y° > 0}, we may use the metric G,,,
in this neighborhood. The line element corresponding to
G,, is
_YPOB)

a2
ds ==~ 2 (—dy02 + ﬁdyz) (4.28)

Qe

Ra

To recognize this as a cosmological FLRW metric, we
define the cosmological time ¢ via

e f“ @2 zﬂ(z)(;ﬁ(z))’de

dr = <[_7) M) %dyo.
a R

(4.29)

Expressed in terms of ¢, the line element (4.28) becomes

ds? = —di? + a*(1)dy?, (4.30)
where
0 02\
dnzwl%yﬁ (4.31)

is the cosmic scale factor with y° = y°(¢), where the
prime indicates a derivative with respect to y° as usual.
If we indicate the derivative with respect to ¢ by a dot, then
the Hubble parameter H and the scalar curvature R are
given by

@3 (e B))
2 Ya(y'p) ’
i, 300%a(08)) + 0 (Ca(y0p))”
R —E+H2 = 2l p) . (432)

where we always assume y° = y°(z). In Sec. IV G, we will
determine the asymptotic behavior of H and R at late times
assuming that o and f grow polynomially.

Let us estimate the magnitude of the higher spin-
components of the frame E* and metric G** in local
normal coordinates away from the line L. The only entries
with higher-spin components are £%, and we have
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|E%| < ‘% (4.33)
VR a(y'p)
where
0 02V 1
i | Y aly'p P
blls = @iyt = 2P s i aaa)

is the length of y measured in terms of the metric G. Similar
estimates on the higher spin components of the metric yield

~ W2
|GOO GOOl <yo4 2 ||y|

G’

O

|G0j - G0j| < R 03

(4.35)

The higher-spin components of the metric and frame are
negligible in the semiclassical regime if the right-hand sides
of (4.33) and (4.35) become _small compared to the
reference frame E* and metric G,,. That is,
|E%|

RW?

ARV = BT :
| det E#[t ~ [ y03 ()3 (y°B)
G i |Goo G00| RW? ) .
" TaetGlt = SRy
~ |GOJ - GO]| RW2 %
712

must become small in a local patch at late times. Therefore,
the bounds (4.36) can be used to estimate the size of the
patch in which the semiclassical approximation is valid.

|

{;a» [50]2} - 5[an}2 =0
{1, [¢/],} = 8[EY], =

{710} - 3lE7), =2

Thus, only the purely spatial part contributes to the right-
hand side of (2.26), which parametrizes the deviation from
a proper transformation behavior of the frame under
diffeomorphisms,

L1g,[E%]o = [(BE°) Y ]]o = Lyg, [E®)o = [(BET)°]]o = 0:
03
Lig, [ET)o = [(GEN Yy = %ﬂ’A’(SU. (4.41)

F. Approximate diffeomorphisms relating
different backgrounds

In this section, we show that the gauge transformation
(4.4) corresponds to an approximate diffeomorphism on
M3, under mild assumptions.

For Ye(C(M), we introduce the notation &Y :=
{A(Y*)°,W}. If @ is a scalar function of the variables
y*, then its variation 6@ = &9, ® is described by the
higher-spin valued vector

wl‘%

G =—(=A,N(yu)u), (4.37)

which contains a classical (spin-0) and a spin-2 part,

& =&, + &,

(4.38)

The classical part describes a translation along the time
direction y” near y = 0. Note that a time translation cannot
implement the gauge transformation globally because the
vector field is volume preserving in the sense

au(ﬂM[fﬂ}o) =0 (4-39)
Now we want to check the Lie derivatives of the frame
(2.26). Using the explicit form of the spin-2 part of the
frame given by (4.16), we find

yRyk( OW(a, A))[uku'], € C;

03 /ﬁ/
l /

2

5 (W(BA) + 2N, (4.40)
[
The relative error (2.29) becomes
ij i)y 2| 2% A
L, [E)o ~ [(BAE) Do 2 )
Ly [EY PN OB 2 38 A
5D RS S
(4.42)

Suppose that  ~ y% as y° > 0 for some y€R\{-1}.
Then
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E[f]o {EU]O - [(5AEi)[yjH0
Lig, [EV]o

[l

2
9‘1"‘ 3N +*_§,mK|
(4.43)

Therefore, any A ~ y°¢ as y° > 0 will make the error decay
as Y0 — oo,5 and the frame transforms as expected.

Suppose we are given a fixed gauge configuration (a, /).
In order to determine which other gauge configurations
(&, f) lie in the same gauge orbit as (a, 3), one needs to
compute the finite gauge transformations implemented by
A(y°)1° such that (4.42) becomes small at late times. This is
beyond the scope of our paper, but our evaluation of
physical consistency conditions in Sec. IV G below sug-
gests that the ratios % and g must not grow too fast. That is to
say, a and f should not behave too differently. We will
describe more concrete bounds on their behavior in the
following two subsections.

G. Physical scales and consistency conditions

Let us now explicitly work out constraints on the
background 7* so that the conditions for reasonable
semiclassical physics described in Sec. I C are fulfilled.
We restrict our considerations to backgrounds where o and
p (and their derivatives) behave monotonously like powers
in the late time regime,

for y° > 0. (4.44)

a~y”,  f oy

On the noncommutative level, the leading contribution to
|[Y*,Y*][Y,,Y,]| is the mixed spatial-temporal entry [2].
This should remain true on the semiclassical level, which is
easy to verify if the ratio ‘B’ does not grow too fast. In this

case, we generically find

A = = . PR 4r
LS ~2|GooGi{y°. y Hy . ¥/ = \/Eﬂ(yoﬁ)’yo ~ YOl

(4.45)

The cosmological time ¢ defined in (4.29) and the
derivatives of y° with respect to ¢ satisfy

2 Yiid 3u—A+3 \5om
ZN— O—a ON —t ’
VR Y < 2 >
=3u+i1-1

.0 03tz -0
y ~
2

0—3u+1-2
yo~yor, YUTH .

(4.46)

Consequently, the scale factor, Hubble rate, and Ricci
curvature behave like

*With the exception A = ¢(y°)=3#

142 14+A+pu
0 +Atu

aNy Nﬂy—l+3;

HNI—l—ﬂ—i-ﬂyO—zﬂ;A—sN 1+A+M1;
2 3u—21+3t

RN_(1+/1+M)(M 3441 )y0—3ﬂ+z—3

_(1+/1+/4)(/4—3/1+ )1
(Bu—A+3)? =

(4.47)

In a physically reasonable situation, the minimum
requirements should be that the Hubble rate and Ricci
curvature decay with y°, and that the cosmic scale Ly, is

large compared to the noncommutativity scale Lgc,

L 1 I+pu—2
= ——~ )y > 1 fory? > 0. 4.48
AT y (4.48)
The decay of the Hubble rate implies 4 < 3(1 + u), which

is equivalent to ¢ increasing with y°. The requirement that
the cosmic scale becomes large compared to the scale of
noncommutativity implies 4 < 1 4 u. Both constraints are
upper bounds on the growth of the ratio 4 7 as expected.

The second bound A < 1 4 y also guarantees that the
scale of noncommutativity is dominated by the mixed
spatial-temporal entries, as should be,

ik jl
‘ Giijla ¢’ 0-2(1+u~2)

G,jGoy00"

~y (4.49)

Finally, the estimates (4.36) for the higher-spin compo-
nents of the frame and metric read

AEUj = |E0j| ‘ \/I_?/l O 6+5;¢ g [yH
|det E#|s ~ | (14 p)2 G
G |Goo = Goo <' R2? RECTINTS
© T detG, b T TR ’
Ay, = Gl ¢ ‘ VRL |0 (450)
|det G, |7 (1 +p)

These bounds can be used to estimate the size of the
patch at late times in which the semiclassical approxima-
tion is valid: if all powers of y* on the right-hand side are
negative, this patch will be large at late times. However, if at
least one estimate grows with yO, then the semiclassical
approximation is only valid in a small patch.

Finally, we require the dilaton to be either constant or
increasing with y°, corresponding to weak Yang-Mills
coupling gyy ~ p~' [34]. Using the formula (4.13), this
means that 3(1 + u) + 4 > 0. This condition might not be
strictly necessary, but we will find later that it only excludes
some shrinking FLRW spacetimes, which are anyway not
interesting from a physical point of view.
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Let us summarize all physical requirements,

t grows, H

Lcosm > LNC:

semi-class. approx. valid in large patch:

dilaton constant or growing with y°:

These conditions can easily be satisfied simultaneously. For
example, the undeformed background 4 = y = 0 and small
deformations thereof satisfy (4.51).

H. Distinguished gauges

Let us now consider special choices of one of the two
parameters. We investigate the timelike gauge =1 and
the covariant gauge a = . We will verify explicitly that
these different gauges lead to the same classical geometry
for some specific backgrounds, by computing the effective
metric in local normal coordinates. This validates in
particular the physical significance of local normal
coordinates.

1. Timelike gauge

As outlined in Sec. IV E, things become particularly
simple in the gauge f = 1 because then, the local normal
coordinates coincide with the original coordinates y*. In

this gauge, we have
~ ~ . a ~ .
0;7°=0 and 0O;7T/ = F(Yoa)’TJ. (4.52)
On the semiclassical level, the frame and its determinant

are given by

y04a

0 / t
YW [—a o (yu)u
E#) = , det(E*)=———, (4.53
=%y ] e =T s
and the effective metric reads
0,/ o (yu) t
_ Ya —= u
Gu=G,+—(u)| ,
g g R l u 03x3]
0 —L 0
= ya 2
G, ="— * . 4.54
"R {0 1} (4.54)

If we assume a powerlike behavior a = const. x y*4, the
physical consistency conditions (4.51) in the timelike
gauge (4 = 0) become

3<i<l. (4.55)

and R decay withy?:

A<3(1+p),
A<1+up,
A <6+ 5u,
2> —6-3p,
p>—3,

2> =31+ p). (4.51)

Defining 7 := const. X y0¥, the line element associated to
G,, becomes

ds%, = const. X (—dt2 + tz%dyz), (4.56)

which is the line element of a spatially flat FLRW
. . 1+2 .
spacetime with scale factor a,(z) = - Different values

of 1 yield differently behaving scale factors,
re(-1,1):
A=-1:
A€[-3,—1): shrinking FLRW.

expanding FLRW;

static case;

The scale factor approaches linear growth as A 1, and the
dilaton (4.13) satisfies

,52 - yo3+/1 ~ t%. (4_57)

Let us mention two distinguished backgrounds.

(1) The classical solution. By classical solution, we
mean the solution that makes 7# a solution of the
equation (Jz7# = 0. In the current gauge, this means

2 .
that @ = C")LOS‘ If we define ¢ := const. x y°7, the line

element (4.56) becomes the line element of the
Minkowski metric,

dsZ = const. x (=d* +dy?).  (4.58)

However, the dilaton is not constant, but grows
like p* ~ t.
(i) The constant dilaton background. The dilaton is
constant for a = <@t Defining 7 := const. x y°3, the
R

line element (4.56) becomes

ds = const. x (—dt2 -+ t_%dyz). (4.59)

2. Covariant gauge

Let us now discuss the covariant gauge a = . In this
gauge, the frame is given by
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Tuv\ — ( Guv (yOﬂ) ( Oﬁ)// uu Ty yo_ﬁ "
B =B R |g 0, | 2R
(4.60)

and the effective metric reads

N _ OﬂZ( Oﬂ)”(yu) 0\’0/"0”0"4) u'
G,=6G 22 RV (0%))? ,
. ( Oﬂ) l u 03><3
(°8)%)

where G, = R

M- (4.61)

If we assume a powerlike behavior f = const. x yoﬂ, the
physical consistency conditions (4.51) in the timelike
gauge (4 = p) reduce to the constraint

- (4.62)

w3

Then we define 7 := const. x y*" 7, so that the line element

becomes

ds?, = const. x (—dr* + t%dyz). (4.63)

2+l

The scale factor of this FLRW line element is a, (1) = %+,
and in complete analogy to the timelike gauge, different
values of y yield differently behaving scale factors,

1 .
ﬂ€<—§,00>.
R
H=3
301\
‘1"5>~

The scale factor approaches linear growth as ¢ — oo, and
the dilaton (4.13) satisfies

expanding FLRW;
static case;

JAS shrinking FLRW.

6+8u

pz y03+4;4 ~ 32, (464)

Let us again discuss some distinguished solutions.
(i) The classical solution. For the dynamical back-

ground to satisfy the equations (J;7# = 0, # must
be of the form
o Vo' +d
pOY) = —5— (4.65)

y
for some constants ¢, d. We assume ¢ > 0 to exclude
the degenerate solution and d > 0. For large times,

we have f# ~ y072
As in the timelike gauge, the metric G is simply a

multiple of the Minkowski metric—now even with-
out a change of time variable,

dsZ = const. x (=dy? + dy?).

(4.66)
As in the timelike gauge, the dilaton grows
like p* = t.

(i) The constant dilaton background. The dilaton is
constant for # of the form

cy? i
poo) = ?:d) :

(4.67)
y

If we define 7 := const. x (cy + d)3, then, again as
in the timelike gauge, the line element correspond-
ing to such f is given by

dst, = const. X (—dt* + 1dy?),

(4.68)
which describes the same shrinking, spatially flat
FLRW spacetime as the constant dilaton solution in
the timelike gauge.

(iii) Background with exactly vanishing §8 components.
Consider f = ;%+ ¢ for some ¢ > 0. The corre-

sponding background is a sum of the reference
background 7* and the background U* (which on
its own yields a degenerate frame and metric). For
this background, the higher-spin components of the
frame E** and metric G* in local normal coordi-
nates vanish exactly because (y°)” = 0. Moreover,
the frame and metric are nondegenerate be-
cause (y'B)' = ¢ #0.
Thus, the transition to local normal coordinates removes
the higher-spin components globally for such f, and not
only along the line L. We have

G, =G,, (4.69)

and the FLRW line element is the same as for the reference
background, where a(r) =  with t = const. x (cy° + d)2.
Remark 3. Note that by (4.26), a background where the

H3 components of the metric vanish exactly can be found
for any gauge configuration o = f(f3) such that

Yp

R (4.70)

W= W( °f(ﬁ)> =0.

We presented this background in more detail for the
covariant gauge because then (4.70) becomes particularly

simple: (y08)" = 0, ()’ #0.
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V. FLRW QUANTUM SPACETIMES
AND THE IKKT MODEL

Let us finally describe how the cosmological quantum
spacetimes described above could be incorporated into the
IKKT model.® To this end, consider the bosonic part of the
IKKT action (1.5),

S[T) = Tr([T¢, T?)[T,, T})), a,b=0,....9. (5.1)
We split the T¢ into the matrices parametrizing the back-
ground and the extra dimensions, respectively,

TH=T+ T!'=d, u=0,....3, I1=4,...9. (5.2)
Then
S[T] = =Te(T(O7 +Uo) T, + @/ (07 + Lo )@y),  (5.3)

and the equations of motion for the background and extra
dimensions become

(O +0e)T* =0, a=0,...,9. (5.4)
Taking into account (4.9), the background T# and the
nontrivial extra dimensions @' satisfy the classical IKKT
equations of motion if and only if

D@TU = 0,

Oy = —Riz’ﬂ (Yoa(YOR) ) T/

(07 + Og)®! = 0. (5.3)
Since g = [®, [®;,-]] is a positive operator, nontrivial
solutions for the ®! are possible only if [J;®! # 0.
Following [11], the latter is naturally achieved by intro-
ducing some time dependence to the internal generators @,
corresponding to a nontrivial R charge. This is achieved by
an ansatz of the form

T} =y (Y0)e ) (Ky) + iKar 1),

Tr =y (YO)e @) (Ky = iKyiy),  1=2.3.4. (5.6)
where the K; are fixed matrices. This respects the full E(3)
symmetry of the cosmology, and it allows one to stabilize a
large hierarchy between the cosmic IR scale and a UV scale
set by the Kaluza-Klein modes arising on the compact

space K generated by the ®/, as demonstrated for k = —1

®It is sometimes questioned whether the IKKT mode admits
any nontrivial backgrounds or saddle points with reduced
dimension. These doubts are resolved by the example of flat
D3 BPS branes realized by the Moyal-Weyl quantum plane R},
leading to noncommutative A" = 4 SYM [35].

in [11]. However, this will not affect the equations of
motion for the background T*.

To find physically reasonable solutions for 77, it thus
appears that quantum corrections are required. Indeed,
quantum corrections arising, e.g., from the one-loop
effective action will certainly modify the equations of
motion, and a partial analysis of such effects was carried
out for the k = —1 case in [11,30]. Using covariance
arguments, one may reason along the lines of [11] that
the one-loop quantum corrections modify the classical
equations of (5.5), so that the right-hand side is not
vanishing but dependent on the dilaton and the scale m3.
of the extra dimension, yielding in particular

_Rizﬁ (Ya(Y°B)') ~ F(p*)m% + higher-loop corrections,
(5.7)

where F(p)? is a function of the dilaton. However, a
detailed study of this issue is beyond the scope of
this paper.

Let us also mention that the one-loop effective action on
covariant spacetimes arising from the IKKT model was
computed in [29] and worked out in some detail for
cosmological k = —1 quantum spacetimes in [30] under
the assumption that the full ten-dimensional background
has a product structure M3 x K. For related works,
see [2,7,8,36].

VI. DISCUSSION

We have described a large class of spatially flat cosmo-
logical quantum spacetimes arising from the doubleton
representations of 80(4, 2). The obtained spacetimes can be
expanding with a big bang geometry or shrinking with a big
crunch geometry. We have elaborated on the algebraic and
semiclassical structure of these spacetimes and the asso-
ciated matrix configurations, including the appearing
higher-spin degrees of freedom, the effective metric and
geometry, the definition of appropriate derivation, and the
form of local normal coordinates that make the higher-spin
components of the effective metric vanish along a time-
like curve.

A particular focus was on the relation between gauge
transformations of the matrix model and approximate
diffeomorphisms on the spacetime. We elaborate two
distinguished gauges, the timelike gauge and the covariant
gauge. Among other results, we have shown that particular
backgrounds—the ones solving the classical equations of
motion and the ones yielding a constant dilaton—yield
equivalent geometries in these two gauges. Determining the
finite gauge transformations relating arbitrary gauges is
however beyond the scope of this work.

An interesting result is the existence of a background
p=c +y% in the covariant gauge, where the higher-spin
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contributions to the effective metric can be eliminated
globally by going to local normal coordinates. This back-
ground, which corresponds to an expanding FLRW space-
time with scale factor a(t) ~ £5, is a sum of the reference
background investigated in [9] and the background f, ~ y%,

which on its own yields a degenerate frame and (inverse)
metric.

An important deviation from the case of cosmological
k = —1 spacetimes is the observation that the background
corresponding to a constant dilaton yields a shrinking
spacetime, rather than an expanding spacetime. One might
argue that the case of a constant dilaton is, in some sense,
the “most physical.”” However, such a conclusion is
premature without a more complete understanding of the
resulting physics. Indeed, we also obtain a large class of
expanding spacetimes with a big bang provided that the
dilaton has some mild growing behavior during the cosmic
evolution. This should ensure a weak coupling (at late
times) for the low-energy gauge theory governing the
internal fluctuation modes corresponding to /.

Finally in Sec. V, we have outlined how the cosmo-
logical k =0 quantum spacetimes under consideration
can be embedded into the full ten-dimensional IKKT
model. The details of such an embedding are beyond the
scope of the present paper. Although we expect that this
works similarly to the better-known case of k= —1
spacetimes [8,11,30,36], there are some important
differences. In particular, the fact that the k = O case is
“more commutative” means that time-dependent extra
dimensions will not affect the classical equations of
motion of spacetime, so that quantum effects are required
to stabilize spacetime.
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APPENDIX A: REMARKS ON THE
QUANTIZATION AND THE SEMICLASSICAL
CORRESPONDENCE

We discuss the explicit quantization and the semiclass-
ical correspondence for the symplectic space CP'? under-
lying the covariant quantum spacetime M3,

Since CP'? is a coadjoint orbit of SU(2,2), it carries a
natural (Kirillov-Kostant-Souriau) invariant symplectic
form. One then expects that a SU(2,2)-equivariant

quantization in terms of operators on suitable representa-
tions exists. The appropriate representations are easily
recognized as the doubleton representations, which can
be constructed conveniently using an oscillator construc-
tion; this is discussed in detail in [2,6]. This provides a
quantization map where polynomial functions on CP'?
generated by m®” € 8u(2,2)* are mapped to (symmetrized)
polynomials in the generators M% of 8u(2,2) in the
chosen representation, respecting the Poincare-Hilbert
series, i.e., the number of independent polynomials of
any given degree. Using the oscillator construction and its
Poisson version, it is then straightforward to verify (1.3).

Another—often more useful—way to define quantiza-
tion is based on (quasi)coherent, i.e., optimally localized
states |x) via

. )R (x|@x). (Al

o= [

For compact coadjoint orbits of semisimple Lie groups,
such coherent states are obtained as group orbits of the
highest weight state of some representation [37]. This orbit
is then isomorphic to the corresponding coadjoint orbit. For
noncompact groups, the story is more complicated, and
there is no obvious choice of coherent states. In the present
case there appears to be a natural candidate given by the
lowest weight state of the doubleton representations of
SU(2,2); however their group orbit is not isomorphic to
CP'? but higher dimensional, and moreover these states
are not optimally localized. Nevertheless, it is possible to
construct quasicoherent states that are optimally localized
in some local patch of CP!?, i.e., saturating the uncertainty
implied by the symplectic volume form Q; we refer to [6]
for details. This allows us to use (Al) in the local patch,
which justifies the semiclassical treatment of M'3 in the
present paper.

APPENDIX B: IDENTITIES FROM k= -1
COSMOLOGICAL QUANTUM SPACETIMES

It was shown previously that a reference metric of a
cosmological spacetime with k = —1 and a big bounce is
induced by the static choice

1
T = — MM, B1
ARET- (B1)

which can be generalized and made dynamical by replacing
T__ by Th__| = f(X*)T|__,. Here, f is a (well-behaved)
function of X*, which can be expressed in terms of the
cosmological time variable only [2-4,11]. The X* and
T%__, satisfy the commutation relations
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[X*, X*] = —ir’M*;

i

[T Th—_\] = R? M,
.X4
i) = e, (B2

The generators M“ and the matrices X¢ satisfy a number
of SO(4, 1)-invariant constraints in the doubleton repre-
sentations. Among these, we will make use of the identity
(2.3) and [2]

4n

EabcdeMabMCdZTX.e’ a,b,c,d,e=0,...,4. (B3)

For large n — oo, we have in the semiclassical
limit R~%, x*~X+, fi__ ~T¢__;, m®~M® and
{,-} ~—i[-,:]. Moreover, the Poisson brackets with
x* ~ X* relate x* and #__,,

"
{x*x} =r’R¢{__, and {x*7__ }= % (B4)
A standard parametrization of the x* is
cosh(n) cosh(y)
x4 =R cosh(n)sinh(y)Q |, (B3)
sinh(n)

where Q€ 5% < R3, and where 7 €R parametrizes time
and y €R is a spatial variable.

APPENDIX C: SEMICLASSICAL GENERATORS
OF ROTATIONS AND BOOSTS

We determine the semiclassical form of the generators of
rotations, MY ~m% and of the boosts, MO ~m® as
functions of the vectors y and ¢ and the SO(3)-invariant

variables y°, 1° and y:=,/5;;y'y/, assuming that the
parameter n parametrizing the representation is either large,
n > 0, or vanishes n = 0. Starting point are the concrete
forms m)- _, of the semiclassical generators of SO(3, 1) in
the k = —1 case, which is in the large-n limit given by [[2],
Eq. (5.4.13)]

m — (e =X ) + R Px by ),

R4 x%2
n>0, (C1)
where x* = y* — 30x%, #f__| = #* — 4 m** is the standard
background for a cosmological k = —1 quantum space-
time, related to y* via (3.23).

In the case n = 0, we have the simpler form [6]

(€2)

R
mt =3 (g X = iy ¥).

The antisymmetric tensors in three dimensions are
spanned by the Hodge duals of the vectors y, ¢ and
t x y. That is, they are spanned by

Al =iyl iyl Bi:=gliky, —and CU:=¢gliky,

or A=tAy=x(txy), B==xy, and C=x (C3)

For convenience, note that the tensors

DU = Ay (eMyl — eMyl) and  Fii = Ay (et — e¥gi)

(C4)
satisfy

1. G o

ED” = yOBI —y2Cl;

| VR L 0.0 i

—FY = S—=BY —y’{’CY. (O8]

2 r2R? Y ( )
Remark 4. In the case of a k = —1 spacetime, where we

look for antisymmetric rank two tensors in four spacetime
dimensions, invariant under SO(3, 1), we only have two
independent candidates Ay =7 Ay and By = *(t A y),
while in the case of k = 0, three spatial dimensions and
SO(3), we have the three candidates (C3).

Minimal case rn = 0. Starting from the form (C2), the
formula (3.19) was proven in [9] for the minimal
case n = 0.

Large n case. Substituting y# and # for x* and #;__, into
(C1) yields’

i Rx* i R0 i R2x0 i
" _R2+x42A' _R2+x4zB' +R2+x42C
4 ..
o (im0 = yim©) - efmt.  (Co)

RZ +x42 R2 +x42

A similar substitution yields

"Note that one needs to be careful raising and lowering indices:
The indices of y* and x* are lowered with a different Minkowski
metric. In the following, all indices are raised and lowered with
the Minkowski metric corresponding to x*. This does not matter
for the spatial components, but we make sure that x°, 1% and y0 do
only appear with upper indices in this derivation.
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. Rx* o1 : ,
mtO — R2 n x42 (xotz _ Exomzo _ onl)

2
ik ij. kO
+ R+ 2 eyt = R+ 12 Egyjm
1 ) )
— e ey (Rx4(x°t’ - toy’)

+ R%e'*y ity — R'e ;37 mh). (C7)

Now, the vector V! := m‘® must be a linear combination

m' = ay' + bt' + ceVky;1, (C8)

where a, b, c are functions of y°, %, y. Inserting this form
into the first form of m™ and equating the two yields

= RO(x* + ¢)°)y' + R(ey* + x*x°) 1" + R(R — b)e*y i1y
= (R* + x"°)(ay' + bt' 4 ce'*y;1;). (C9)

The corresponding system of equations is uniquely
solved by

R{° 02, \2_R2 R?
PR S A & LS
y

C10
y 2y02 ( )

which implies (3.19).
Using (3.19), one then easily verifies {mi y0} =
{m, %} =0 and {m", "} = 5% — /%t Finally, we
have
- o .. r’R3
.y} = 0%y = oMy + o
(M) — gitlyi

= §ikyi — §ikyi,

— ekt + Relik
(1)

which implies {m/,y} = 0.
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