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We recently described a cosmological quantum spacetime of vanishing spatial curvature, which can be
considered as background for the Ishibashi-Kitazawa-Kawai-Tsuchiya (IKKT) matrix model, assuming
that the resulting gauge theory couples weakly. Building on this example, we construct a large class of
spatially flat cosmological quantum spacetimes. We also elaborate on various details of their algebraic and
semiclassical structure as well as the higher spin modes present in these models. In particular, we introduce
the notion of approximate diffeomorphisms on the cosmological quantum spacetimes that stem from gauge
transformations of the underlying matrix model, and investigate how different gauges are related in the
semiclassical regime by approximate diffeomorphisms. Finally, we briefly outline how the described
quantum spacetimes could be incorporated into the full IKKT model.
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I. INTRODUCTION

It has been known for some time that the unitary
irreducible representations of soð4; 2Þ in the minimal
discrete series [1], labeled by n∈N0 and sometimes called
doubleton representations, can be used to model the fuzzy
hyperboloid H4

n. This is possible because the doubleton
representations descend to irreducible representations of
soð4; 1Þ. In a next step, the fuzzy hyperboloid can be used
to model covariant quantum spacetimes via certain pro-
jections [2–4]. Among those quantum spacetimes, the ones
that are currently best understood are Friedman-Lemaitre-
Robertson-Walker (FLRW) spacetimes with negative spa-
tial curvature (k ¼ −1) and a big bounce geometry [2–8].
Such spacetimes have a spatial SOð3; 1Þ symmetry.
We recently extended the set of examples by describing a

spatially flat (k ¼ 0) FLRW spacetime with a big bang [9].
In the current paper, we generalize this example to describe
a much larger class of spatially flat FLRW quantum
spacetimes, which have a spatial Eð3Þ symmetry.
All these cosmological quantum spacetimes should be

viewed in the context of the Ishibashi-Kitazawa-Kawai-
Tsuchiya (IKKT) matrix model [10] formulated in D ¼ 10
dimensions. In particular, the cosmological k ¼ 0 quantum
spacetime discussed in [9] defines an action

S0½Φ� ¼ Trð½Tμ;Φ†�½Tμ;Φ� −m2Φ†ΦÞ; ð1:1Þ

where Φ is a free, noncommutative scalar field on the
quantum spacetime, and where the matrices Tμ form a static
background that transforms under an irreducible represen-
tation of Eð3Þ. S0½Φ� can be seen as a toy model for the
bosonic part of the action of the IKKTmodel (1.5) below—
with a static instead of dynamical background Tμ in the
regime where the matrices describing the extra dimensions,
represented by several scalars, couple weakly.
Our paper should also be viewed as part of an ongoing

program to construct examples of quantum spacetimes and
gravity frommatrix theory. We are aware of constructions of
other cosmological spacetimes [3–7,11] in the framework of
the IKKT model, as well as fuzzy de Sitter space [12–14].
For other related work on the origin of quantum spacetime
from matrix theory see, e.g., [15–21]. Let us also mention
recent work on the polarized IKKT model [22–26], a
deformation of IKKT that may extend the scope of con-
sistent backgrounds.
We consider quantum spaces defined as quantized

symplectic spaces M via Hermitian operators or matrices
acting on a separable Hilbert space H. The space of “nice”
operators in EndðHÞ is interpreted in terms of quantized
functions on the underlying symplectic manifoldM, related
by a quantization map

Q∶ CðMÞ → EndðHÞ;
ϕð·Þ ↦ Φ: ð1:2Þ

In a certain semiclassical regime, the map Q should be
invertible and satisfy
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QðϕψÞ ∼QðϕÞQðψÞ;
iQðfϕ;ψgÞ ∼ ½QðϕÞ;QðψÞ�;

and TrðQðϕÞÞ ∼
Z
M

Ω
ð2πÞd ϕ; ð1:3Þ

where ∼ indicates approximate equality in the semiclass-
ical regime and where Ω is the symplectic volume form on
M (which has dimension 2d). Such quantization maps are
not unique, but preferred maps can often be found by
requiring their compatibility with some symmetry group,
notably for quantized coadjoint orbits such as the fuzzy
hyperboloid described in the following. Another way to
describe quantization maps is via (quasi)coherent states
jxi as Φ ¼ R

ΩϕðxÞjxihxj; see, e.g., [2,27,28] for an
introduction to this framework. For the specific case
M ≅ CP1;2 under consideration, these maps are discussed
in some detail in Appendix A.
In the case of covariant quantum spacetimes originating

from the fuzzy hyperboloid, it turns out that the underlying
symplectic spaceM is the six-dimensional projective space
CP2;1 [3,4], which can be written as a local bundle

M ≅ M1;3e×S2; ð1:4Þ

where M1;3 is a cosmological spacetime (in particular, the
metric has Minkowskian signature) and where e× indicates
that the isometry group of the spacetime acts nontrivially of
the local fiber. The presence of the internal two-sphere S2

implies the existence of higher-spin degrees of freedom in
the model.
Due to the nontrivial bundle structure of the symplectic

space, one encounters a problem. Gauge transformations of
the matrix model correspond to symplectomorphisms onM
[2] but not necessarily to diffeomorphisms on M1;3.
However, it may happen that gauge transformations are
related to approximate diffeomorphisms onM1;3 in regimes
where the contribution of the higher spin variables is
negligible. The study of such approximate diffeomorphisms
on cosmological k ¼ 0 quantum spacetimes is one of the
main points of this paper. Our definitions and results may be
extended to other covariant quantum spacetimes.
The metric of Minkowskian signature on M1;3 is

encoded in the matrix d’Alembertian □T associated to
the action (1.1). Its semiclassical version □ ∼□T is in turn
related to a geometric d’Alembertian □G via a dilaton ρ2,
□ ¼ ρ2□G. This geometric d’Alembertian then yields the
Minkowskian metric Gμν on M1;3, which is in general
higher-spin valued.
We will see that on a timelike curve, the dependence of

the metric tensor and other physical quantities on higher-
spin variables can be removed by going to local normal
coordinates. The residual higher spin components should
be small in the semiclassical regime, more precisely in a
local patch at late times near this timelike curve.

The description of this semiclassical structure of cos-
mological k ¼ 0 quantum spacetimes forms the main body
of our paper. However, we also outline how these space-
times may be incorporated into the IKKTmodel, whose full
action is given by

SIKKT½T;Ψ� ¼ Trð½Ta; Tb�½Ta; Tb� þ Ψ̄Γa½Ta;Ψ�Þ: ð1:5Þ

Here a and b run from 0 to 9, Ta are Hermitian matrices and
Ψ is a Majorana-Weyl spinor of SOð9; 1Þ with Grassmann-
valued matrices as entries.
While the true IKKTmodel (1.5) has no quadratic “mass”

term, it is sometimes necessary to add an Eð3Þ-invariant
mass term to the action (1.5) by hand to stabilize spacetime.
For example, the background discussed in [9] satisfies the
IKKT equations with a nonvanishing mass term.
To embed the background Tμ, μ ¼ 0;…; 3, describing

cosmological quantum spacetimes into the full IKKT
model, and to recover gravity [29], one needs to take into
account the coupling of Tμ to the matrices describing the
extra dimensions as well as their self-coupling. This has
been studied to some extent in the case of cosmological
k ¼ −1 quantum spacetimes [2,11,30]. In the present
paper, we will only outline how this may be extended to
the case of k ¼ 0 quantum spacetimes. We expect that the
classical stabilization of extra dimensions via R charge
discussed in [11] will carry over to the k ¼ 0 case, while
quantum effects coming from the one-loop effective action
need to be taken into account so that the matrices defining
spacetime lead to a physically reasonable cosmic evolution.

A. Outline of the paper and summary
of the main results

Complementing several recent constructions in the
case of k ¼ −1 cosmological quantum spacetimes
[2–8,11,30,31], the main aim of this paper is to elaborate
on and generalize the example given by the action S0½Φ�
from (1.1), which was discussed in [9].
In Sec. II, we briefly recall how covariant quantum

spacetimes arise from the fuzzy hyperboloid H4
n. We work

out the algebraic and semiclassical structure as well as the
higher-spin theory on the cosmological quantum space-
time M1;3 that arises from the local bundle structure
M ¼ M1;3e×S2. We also discuss how gauge transforma-
tions can implement approximate diffeomorphisms on
M1;3 in the semiclassical regime.
The background Tμ in (1.1), which we work out in

Sec. III and which was partially investigated in the previous
paper [9], can be used as a reference background for
cosmological k ¼ 0 quantum spacetimes. We discuss its
algebraic structure, which is richer in the present case than
it is for cosmological k ¼ −1 quantum spacetimes: there
are two distinct but important actions of Eð3Þ, while the
respective actions of SOð3; 1Þ in the k ¼ −1 case coincide.
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We introduce appropriate derivations on M1;3 that act also
on higher-spin valued functions. In complete analogy to the
k ¼ −1 case, this derivation is used to relate vector fields on
M1;3 to tangential vector fields on H4

n.
Using the reference background Tμ as a starting point,

we describe in Sec. IV dynamical backgrounds that respect
the Eð3Þ symmetry by adding time dependent prefactors

T0 → T̃0 ≔ αðY0ÞT0; Ti → T̃i ≔ βðY0ÞTi; ð1:6Þ

where y0 ∼ Y0 parametrizes time on M1;3, and α, β are
well-behaved functions. However, this description is redun-
dant. We show that different choices ðα; βÞ are related via
gauge transformation generated by ΛðY0ÞT0, correspond-
ing to approximate diffeomorphisms along the time direc-
tion under mild assumptions. Distinguished gauges are the
timelike gauge β≡ 1, where formulas become particularly
simple, and the covariant gauge α ¼ β, in which the
generators do not only transform under a representation
of Eð3Þ but also under a representation of SOð3; 1Þ.
For the dynamical backgrounds, we determine various

quantities that are important to describe the physics in the
noncommutative and the semi-lassical regime: (i) the
matrix d’Alembertian that governs the IKKT equations
of motion, (ii) various geometric quantities that describe the
resulting semiclassical spacetime, (iii) local normal coor-
dinates, which allow one to eliminate higher-spin contri-
butions along a timelike curve.
In particular, the cosmological k ¼ 0 spacetimes

described with the background T̃μ define a FLRW geometry
with cosmic scale factor that depends on α and β. We
illustrate the relation between gauge transformation and
diffeomorphisms by verifying that certain distinguished,
gauge-equivalent backgrounds yield equivalent FLRW line
elements in the timelike and covariant gauge. One of them is
the background where the dilaton is constant, which is
shown to yield a shrinking FLRW spacetime for k ¼ 0,
rather than an expanding spacetime as in the k ¼ −1 case.
However, we can obtain a variety of expanding k ¼ 0
FLRW spacetimes for different α and/or β. This computa-
tion also demonstrates the use and the consistency of local
normal coordinates in the higher-spin framework [2].
Finally, we outline in Sec. V how the background T̃μ can

be incorporated in the full IKKT model. The details of such
an incorporation are beyond the scope of the present paper
and are left for future research. However, we concisely
discuss the general recipe, which is based on a stabilization
of dynamical extra dimensions and corrections to the IKKT
equations at one loop and which should work similarly to
the k ¼ −1 case discussed in [11,18,30].
In Appendix B, we list a number of pertinent properties

of cosmological k ¼ −1 quantum spacetimes that are
needed in our construction of cosmological k ¼ 0 space-
times. Appendix C contains a derivation of the concrete
form of the SOð3; 1Þ generators in various cases.

II. FUZZY HYPERBOLOID AND COSMOLOGICAL
QUANTUM SPACETIMES

Let us describe how to obtain cosmological quantum
spacetimes from matrix models. Within the scope of this
paper, such a construction cannot be fully self-contained.
We refer to the book [2] for a comprehensive introduction.

A. Fuzzy hyperboloid

Let Mab, a; b ¼ 0;…; 5 denote the generators of
SOð4; 2Þ, which are skew-symmetric and satisfy the com-
mutation relations

½Mab;Mcd� ¼ iðMacδbd −Madδbc −Mbcδad þMbdδacÞ:
ð2:1Þ

Unless specified otherwise, Latin indices a; b;… will run
from 0 to 5, Latin indices i; j;… will run from 1 to 3, and
Greek indices will run from 0 to 3. We use the conventions
ðηabÞ¼ diagð−1;1;1;1;1;−1Þ and ðημνÞ¼ diagð−1;1;1;1Þ.
In this paper, we will only consider doubleton repre-

sentationsHn of soð4; 2Þ, which are labeled by n∈N0, and
assume that the Mab are given in one of these representa-
tions. There is a standard oscillator construction of the
doubleton representations, which is described in detail in
[2]. In the doubleton representation labeled by n, we have
the important identity [2]

ηabMacMbd þ ðc ↔ dÞ ¼ n2 − 4

2
ηcd ≕ 2

R2

r2
ηcd;

n ¼ 0; 1; 2;…; ð2:2Þ

where we introduced two dependent parameters r2, r > 0,
and R2 ¼ r2 n2−4

4
, which will introduce a scale on the fuzzy

hyperboloid and the cosmological quantum spacetimes. For
further details on doubleton representations, we refer to the
existing literature [1,2].
The generators Mab can be used to introduce a set of

non-commuting coordinate matrices

Xa ≔ rMa5; a ¼ 0;…; 4: ð2:3Þ

Due to the identity (2.2), the Xa satisfy the SOð4; 1Þ-
invariant constraint

XμXμ þ X42 ¼ −R21; ð2:4Þ

which means that they can be interpreted as noncommu-
tative coordinates describing the four-dimensional fuzzy
hyperboloid H4

n of radius R. Strictly speaking, R2 is
negative for n ¼ 0, 1 and vanishes for n ¼ 2. In the
minimal case n ¼ 0, one can nevertheless describe mean-
ingful spacetimes in some late-time regime [6], but to
have a global semiclassical structure one should assume
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n ≫ 0 [2]. Except for a few instanceswherewe also consider
the minimal case n ¼ 0, we will always assume n ≫ 0.

1. Semiclassical structure

It turns out that the semiclassical structure describes six-
dimensional projective space CP2;1 ≔ fz∈C4jz̄z ¼ 1g,
which can be viewed as coadjoint orbit of SOð4; 2Þ. In
other words, the fuzzy hyperboloid H4

n can be viewed as
quantization of (the symplectic space) CP2;1, which has a
(local) bundle structure

M ≔ CP2;1 ≅ H4e×S2: ð2:5Þ

Here, H4 is the four-hyperboloid, S2 the two-sphere, and e×
indicates a local bundle structure and that the isometry
group SOð4; 1Þ ofH4 acts nontrivially on the local fiber in a
way respecting the bundle map. The internal two-sphere
corresponds to the existence of higher-spin degrees of
freedom in the model [2–4].
We write xa ∼ Xa and mab ∼Mab for the semi-classical

versions of Xa and Mab for a; b ¼ 0;…; 4. Moreover, we
have f·; ·g ∼ −i½·; ·�.
The algebra C ≔ CðMÞ of functions on M has a

decomposition [2]

C ¼ ⨁
∞

s¼0

Cs; ð2:6Þ

where Cs can be interpreted as describing the spin-s degrees
of freedom. The subspace C0 of classical (or scalar)
functions consists of functions that only depend on xμ.
The higher-spin degrees of freedom are described by two
independent variables parametrizing the internal S2.
A useful derivation on C is the tangential derivative

ða ≔
1

R2
mabfxb; ·g¼−

1

R2
xbfmab; ·g; a;b¼ 0;…;4;

ð2:7Þ

which satisfies xaða ¼ 0. We will see later how ða serves to
define appropriate derivations on the cosmological space-
times. The trace on EndðHnÞ becomes the integral over M
with respect to the symplectic density as in (1.3). In order to
have finite kinetic energy and inner products, functions
ϕ∈ C are subject to certain integrability conditions, which
we tacitly assume in this work, cf. [2] for details.
Note that (2.2) implies

ðaxb ¼ ηab þ xaxb

R2
: ð2:8Þ

Moreover, for any ϕ∈ C, the vector field Va ≔ fxa;ϕg is
conserved with respect to ða,

ðaVa ¼ 0: ð2:9Þ

The conservation law (2.9) can be verified using the Jacobi
identity for the Poisson bracket, the skew-symmetry of
mab, and the identity (2.2).

B. Cosmological quantum spacetimes

To associate a quantum spacetime to the fuzzy hyper-
boloid H4

n, one needs an appropriate metric structure of
Minkowskian signature. This structure is encoded in a
matrix d’Alembertian

□T ≔ ½Tμ; ½Tμ; ·��; ð2:10Þ

where Tμ is a suitable set of matrices. In the choices
yielding cosmological spacetimes, the matrix algebra can
be identified in the semiclassical regime with the algebra of
functions on a bundle over spacetime as in (1.4): M ≅
M1;3e×S2 in analogy to (2.5). Here M1;3 is the cosmo-
logical spacetime, whose coordinate functions are
described by the semiclassical xμ ∼ Xμ, and the internal
two-sphere S2 is parametrized by tμ ∼ Tμ with (locally) two
independent entries. The variables tμ are interpreted as
higher spin variables.
Specifically, the metric is constructed in the following

way. For ϕ∈ CðMÞ, let ½ϕ�0 ∈ CðM1;3Þ denote its fiber
projection. By (1.3), we have

TrðQðϕÞÞ ∼
Z
M1;3

Ω1;3½ϕ�0 ≕
Z
M1;3

ρM½ϕ�0d4x; ð2:11Þ

where the volume form Ω1;3 ≔ ρMd4x on M1;3 is the pull-
back of the unique SOð4; 1Þ-invariant volume form on the
four-hyperboloid H4 ⊂ R4;1 spanned by the xa generators.
It can be written explicitly as [3,9]

Ω1;3 ¼ dx0…dx3

R3x4
¼ dy0dy1…dy3

R3y0
; ð2:12Þ

where y0 ≔ x0 þ x4 and yi ¼ xi. The SOð3; 1Þ-invariant
quantity x4 and the coordinates xμ are well adjusted to
cosmological k ¼ −1 spacetimes, while the Eð3Þ-invariant
quantity y0 and the coordinates yμ are well adjusted to
k ¼ 0 spacetimes.
Now consider a free, noncommutative scalar field Φ ¼

ΦðXÞ described by the action S0½Φ� from (1.1), which is
equivalent to

S0½Φ� ¼ −TrðΦ†ð□T þm2ÞΦÞ: ð2:13Þ

In the semiclassical regime, the action reduces to
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S0½Φ� ∼ −
Z
M

Ωϕ�ð□þm2Þϕ

¼ −
Z
M1;3

Ω1;3½ϕ�ð□þm2Þϕ�0; ð2:14Þ

where the semiclassical d’Alembertian, acting on a suitable
space of functions on M, is given by

□ ≔ −ftμ; ftμ; ·gg: ð2:15Þ

It turns out that the right-hand side of (2.14) can be given
a geometric meaning when restricted to scalar expressions
by introducing a dilaton ρ2 so that

□ ¼ ρ2□G; ð2:16Þ

where□G is a geometric d’Alembertian corresponding to a
metric Gμν of Minkowskian signature,

□G ¼ −
1ffiffiffiffiffiffiffi
−G

p ∂μ

ffiffiffiffiffiffiffi
−G

p
Gμν

∂ν: ð2:17Þ

It is most convenient to describe Gμν via a frame

Eα ≔ ftα; ·g; Eαμ ≔ ftα; yμg; ð2:18Þ

where yμ are the coordinates of M1;3 as above. Then,
defining γμν ≔ ηαβEαμEβν, one finds [2]

ρ2 ¼ ρM
ffiffiffiffiffiffiffiffiffi
jγμνj

p
and Gμν ¼ ρ2γμν: ð2:19Þ

For more general backgrounds, the so-defined frame and
metric will typically be higher-spin valued. Locally, one
can remove their dependence on the higher-spin variables
by changing to suitable local normal coordinates. In the
present case of (general) cosmological k ¼ 0 quantum
spacetimes, the metric and frame in local normal coordi-
nates will not depend on the higher-spin variables along a
timelike curve, and we argue that their dependence on the
higher-spin variables is small in the semiclassical regime.

C. Physical scales and semiclassical regime

The minimal requirement that we should impose on our
model is that the semiclassical approximation is valid in a
local patch at late times. In the case of cosmological k ¼ 0

quantum spacetimes, that means that for y0 ≫ 0, there must
exist a sufficiently large region where the higher-spin
degrees of freedom are suppressed if we express physical
quantities in terms of local normal coordinates.
Additionally, there are various physical scales that are

relevant to determine the range of validity of the semi-
classical physics in our matrix model description of
cosmological quantum spacetimes. These are

(1) the effective scale of noncommutativity,

LḠ
NC ¼ jḠμκḠνλθ

μνθκλj14; ð2:20Þ

set by θμν ¼ fyμ; yνg and the classical part of the
effective metric Ḡμν in local normal coordinates;

(2) the cosmic curvature scale Lcosm ≔ H−1 set by the
Hubble rate of the FLRW spacetime associated to
Ḡμν—see (4.47) below;

(3) the order of magnitude of the higher spin compo-
nents of the frame and metric—see (4.36) below.

For the semiclassical approximation to be valid, the cosmic
curvature scale should be much larger than the effective
scale of noncommutativity,

Lcosm ≫ LNC; ð2:21Þ

and the higher-spin components should be negligible in a
reasonably large patch. We make these requirements
precise in Sec. IVG, specifically in (4.51), for concrete
choices of the background.

D. Gauge transformations and symplectomorphisms

On the noncommutative level, a gauge transformation on
the fuzzy hyperboloid H4

n is implemented by a Hermitian
operator Λ∈EndðHnÞ. Accordingly, a real-valued function
Λ∈ CðMÞ defines an infinitesimal symplectomorphism,
i.e., an infinitesimal diffeomorphism preserving the sym-
plectic form, on M [2],

δΛϕ ≔ fΛ;ϕg; ϕ∈ CðMÞ: ð2:22Þ

This infinitesimal diffeomorphism is nothing but the Lie
derivative of ϕ with respect to the Hamiltonian vector field
ξ ≔ fΛ; ·g,

δΛϕ ¼ Lξϕ: ð2:23Þ

Accordingly, a Hamiltonian vector field V ¼ fv; ·g
on M transforms under a gauge transformation δΛv of
the generator as

ðδΛVÞ½ϕ� ¼ ffΛ; vg;ϕg ¼ fΛ; fv;ϕgg − fv; fΛ;ϕgg
¼ ξ½V½ϕ�� − V½ξ½ϕ�� ¼ ½ξ; V�½ϕ�
¼ LξV½ϕ� ð2:24Þ

for any ϕ∈ CðMÞ. Here, ½ξ; V� ¼ LξV is the Lie bracket of
the vector fields ξ and V, which is precisely the Lie
derivative of V along ξ. Thus, V transforms covariantly
(i.e., as the Lie derivative) under the symplectomorphism
generated by ξ.
In the case of cosmological quantum spacetimes arising

from the fuzzy hyperboloid, we encounter a complication:
the spacetimeM1;3 is not the same as the symplectic space
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M, as described in Sec. II B. Instead, we have
M ∼M1;3e×S2, where the internal sphere accounts for
higher spin degrees of freedom in the model. Hence higher-
spin valued quantities might not transform covariantly from
the spacetime point of view.
The most important example is the noncovariant trans-

formation behavior of higher-spin valued frames:
Consider the frame Eαμ ≔ Eα½yμ� ¼ ftα; yμg given by

(2.18), and ξμ ≔ fΛ; yμg ¼ δΛyμ. Assume that both of
them admit decompositions

ξμ ¼ ½ξμ�0 þ ½ξμ�hs; Eαμ ¼ ½Eαμ�0 þ ½Eαμ�hs ð2:25Þ

into a classical and a higher-spin component. We will show
below that the deviation between the classical Lie deriva-
tive of the classical frame L½ξ�0 ½Eαμ�0 from the projection
onto the spin-0 part of the gauge variation ðδΛEαÞ½yμ� is
given by

L½ξ�0 ½Eαμ�0 − ½ðδΛEαÞ½yμ��0 ¼ ½ftα; ½ξμ�hsg − δΛ½Eαμ�hs�0:
ð2:26Þ

That is to say that higher-spin components both of ξ and E
contribute to an obstruction to tensorial transformation
behavior (where the rhs would vanish). We will assume that
the classical part ½ξμ�0 of ξμ is nonvanishing.
We aim to work on backgrounds (or at least in regimes)

where the right-hand side of (2.26) is small compared to the
individual terms on the left-hand side, in order to preserve
the classical notions of differential geometry. In particular,
this is expected to hold in local normal coordinates, where
the hs components of the frame are small.
To derive (2.26), note first that

½δΛ½Eαμ�0�0 ¼ ½ξρ∂ρ½Eαμ�0�0 ¼ ½ξρ�0∂ρ½Eαμ�0
¼ L½ξ�0 ½Eαμ�0 þ ½Eαρ�0∂ρ½ξμ�0: ð2:27Þ

Adding a zero-term in the form of the Jacobi identity, we
obtain

L½ξ�0 ½Eαμ�0 ¼ ½δΛ½Eαμ�0�0 − ½Eαρ�0∂ρ½ξμ�0
− ½δΛEαμ�0 þ ½ðδΛEαÞ½yμ��0 þ ½ftα; ξμg�0

¼ ½ðδΛEαÞ½yμ��0 − ½δΛ½Eαμ�hs�0
þ ½ftα; ξμg− Eαρ

∂ρ½ξμ�0Þ�0
¼ ½ðδΛEαÞ½yμ�− δΛ½Eαμ�hs þ ftα; ½ξμ�hsg�0:

ð2:28Þ

If, on M1;3, the deviation from (2.24) is small in a
reasonable sense, then we say that the gauge transformation
determined by Λ implements an approximate diffeomor-
phism on M1;3. More precisely, we compare (2.26) to the
classical Lie derivative of the classical frame L½ξ�0 ½Eαμ�0.

That is, we use the quantity

ΔδΛE
αμ ≔

����L½ξ�0 ½Eαμ�0− ½ðδΛEαÞ½yμ��0
L½ξ�0 ½Eαμ�0

����; L½ξ�0 ½Eαμ�0 ≠ 0

ð2:29Þ

to estimate the deviation from tensoriality in the semi-
classical regime. We will elaborate this in an important
example in Sec. IV F.

III. STATIC REFERENCE BACKGROUND
FOR A k = 0 QUANTUM SPACETIME

Before describing more general cosmological k ¼ 0
spacetimes, let us first recall and elaborate on the reference
background considered in [9]. Some relevant identities
from the k ¼ −1 case are collected in Appendix B.
The generators

Tμ ≔
1

R
ðMμ0þMμ4Þ; Yμ ≔ rðMμ5þδμ0M45Þ; ð3:1Þ

where Mab, a; b ¼ 0;…; 5, are the generators of SOð4; 2Þ
described in Sec. II, were shown to yield the metricGμν of a
spatially flat FLRW spacetime with a big bang [2,9],

Gμν ¼
y0

R
ημν: ð3:2Þ

Here, y0 > 0 is the conformal time. Using the cosmological
time t ≔ 2

3
ffiffiffi
R

p y0
3
2, the metric Gμν corresponds to the line

element

ds2G ¼ −dt2 þ aðtÞ2dy2 with aðtÞ ¼
�
3t
2R

�1
3

: ð3:3Þ

The Tμ generators will define a matrix background1 in
the IKKT model, while the Yμ generators are considered as
(quantized) local coordinate functions on spacetime. The
matrices Tμ and Yμ satisfy the commutation relations2

½Ti;Tj�¼0; ½T0;Ti�¼−
i
R
Ti; ½Tμ;Yν�¼ i

Y0

R
ημν ð3:4Þ

as well as

½Y0; Yi� ¼ ir2RTi; ½Yi; Yj� ¼ −ir2Mij: ð3:5Þ

1These are special cases of the “pure backgrounds” considered
in [2].

2These commutation relations are very similar to those of
k ¼ −1 quantum spacetime upon zooming in to a locally flat
patch [32].
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The identity (2.2) implies the following constraints on
the Tμ and Yμ generators,

TiTi −
1

r2R2
Y02 ¼ 0; TμYμ þ YμTμ ¼ 0: ð3:6Þ

A. Eð3Þ-subalgebra, invariant quantities
and Casimir operators

Clearly, the set fMij; Tiji; j ¼ 1; 2; 3g can be interpreted
as generators of an Eð3Þ-subalgebra because

½Mij; Tk� ¼ iðδikTj − δjkTiÞ: ð3:7Þ

They act via commutators on the space of matrices
EndðHÞ. A priori, it is clear that all quantities invariant
under SOð3Þ ⊂ Eð3Þ must be functions of

Y0; T0; YkYk; TkTk; YkTk and TkYk: ð3:8Þ

However, there are several redundancies due to the con-
straints (3.4) and the identity

4i
R
Y0 ¼ ½Tμ; Yμ� ¼ 2TμYμ: ð3:9Þ

Eliminating the redundancies, we are left with three
independent linear or quadratic SOð3Þ-invariant quantities,
in terms of which all SOð3Þ-invariant quantities can be
expressed,

Y0; T0 and YkYk: ð3:10Þ

Among these three, only Y0 is invariant under Eð3Þ. To
see this, note that by (3.4), Y0 commutes with the gen-
erators Ti of the translations, while T0 and YkYk do not.
Therefore, any Eð3Þ-invariant quantity must be a function
of Y0 only.
Note that both Ti and Tμ transform as vectors under

Eð3Þ. That is, both of them carry a representation of Eð3Þ.
In the four-dimensional representation on the space with
basis Tμ, the translations are implemented by a function
ckTk, so that

δT0 ¼ i½ckTk; T0� ¼ − 1
R ckT

k

δTi ¼ i½ckTk; Ti� ¼ 0

�
⇒ δTμ ¼ Λμ

νTν: ð3:11Þ

In terms of the generators of Eð3Þ, the two quadratic
Casimir operators of Eð3Þ are given by

C1 ¼ TiTi and C2 ¼ εijkTiMjk: ð3:12Þ

Their values on the SOð4; 2Þ-doubleton representation
labeled by n are

C1 ¼
Y02

r2R2
and C2 ¼ −

n
rR

Y0: ð3:13Þ

The first Casimir simply follows from the normalization of
the Ti, while the second follows from the identity (B3).3

Remark 1. We want to point out an interesting coinci-
dence. Observe that a Yang-Mills type action of the form

S½T� ≔ Trð½Tμ; Tν�½Tμ; Tν�Þ ð3:14Þ

is manifestly invariant under the global Eð3Þ symmetry

S½T0;Tiþci1� ¼ S½T0;Ti� and S½T0;Ri
jT

j� ¼ S½T0;Ti�;
ð3:15Þ

where ci are constants and where Ri
j is a rotation. This

transformation is distinct from the above gauge invariance
under Eð3Þ, in contrast to the SOð3; 1Þ symmetry of the
k ¼ −1 case. The transformation

Ti → Ti þ δTi ≔ Ti þ ci1 ¼ Ti þ i½Λc; Ti� ð3:16Þ

for k ¼ 0 is also equivalent to a gauge transformation,
generated by Λc ¼ R

Y0 ciYi. Therefore this symmetry does
not lead to physical zero modes.

B. Explicit form of the SOð3;1Þ generators
It was shown in [9] that in the minimal representation

n ¼ 0, the generators of rotations Mij are given by4

Mij ¼ R
Y0

ðTiYj − TjYiÞ; n ¼ 0: ð3:17Þ

In fact, this form can only be correct in the case n ¼ 0

because Mij from (3.17) satisfies C2 ¼ 0, where C2 is the
second Casimir operator from (3.12) or (3.13), respectively.
Determining Mij explicitly for generic n is beyond the

scope of this paper. It is clear that Mij must be of the form

Mij ¼ cðTiYj − TjYiÞ þ dεijkYk þ fεijkTk; ð3:18Þ

where c, d, and f are functions of the SOð3Þ-invariant
quantities Y0, T0, and YkYk. However, their semiclassical
limits mij ∼Mij for n ≫ 0 and also in the minimal case
n ¼ 0 can be determined explicitly. In Appendix C, we
derive

3Note that to derive C2 from (B3), one needs to keep track of
signs carefully because the Minkowski metrics relating X0 to
X0 ¼ −X0 and Y0 to Y0 ¼ −Y0 do not coincide.

4Note that the generators Tμ are no longer Hermitian for n ¼ 0
because R ¼ ir in this case. The SOð3; 1Þ generators, however,
remain Hermitian. Tμ can be made Hermitian for n ¼ 0 via the
redefinition Tμ ¼ 1

r ðMμ0 þMμ4Þ, and adjusting the formulas for
the SOð3; 1Þ generators accordingly.
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mi0 ¼ R
y0

×

8><
>:

y02þy2þR2

2y0 ti − t0yi; n ¼ 0;

y02þy2−R2

2y0 ti − t0yi þ R
y0 ε

ijkyjtk; n ≫ 0;

mij ¼ R
y0

×

(
tiyj − tjyi; n ¼ 0;

tiyj − tjyi þ Rεijktk; n ≫ 0:
ð3:19Þ

A simple explicit realization of the minimal n ¼ 0 repre-
sentation in terms of three canonical generators is given
in [33].

C. Fiber projection

We would like to average higher-spin valued quantities
over the internal S2. As introduced in Sec. II B, we denote
this average by ½·�0. The starting point is to average linear
quadratic expressions in the tμ variables.
Using the semiclassical version of the identity (3.6), we

parametrize t ¼ y0

rR u, with u2 ¼ 1, i.e., u∈ S2 ↪ R3, and
t0 ¼ 1

rR ðyuÞ. Therefore, ½tμ�0 ¼ 0 and, using the identity

½uiuj�0 ¼
1

4π

Z
S2
duuiuj ¼ 1

3
δij; ð3:20Þ

we find

½tμtν�0 ¼
1

3r2R2
κμν ð3:21Þ

with κ00 ¼ y2, κi0 ¼ κ0i ¼ y0yi and κij ¼ y02δij.
Note that κμν is transversal in the sense κμνyν ¼ 0. As a

consequence of (3.21) and (3.19), the various components
of the average ½tαmμν�0 are given by

½t0mi0�0 ¼
1

3r2Ry0
×

(
− yμyμ−R2

2
yi;

− yμyμþR2

2
yi;

½tlmi0�0 ¼
1

3r2R
×

(
y02þy2þR2

2
δli − ylyi;

y02þy2−R2

2
δli − ylyi − Rεiljyj;

½t0mij�0 ¼
1

3r2R
×

(
0;

Rεijkyk;

½tlmij�0 ¼
y0

3r2R
×

(
δliyj − δljyi;

δliyj − δljyi þ Rεijl;
ð3:22Þ

where in all four equations, the upper case corresponds to
the minimal representation n ¼ 0 and the lower case is
valid for n ≫ 0.
Fiber projections of polynomials of higher order in tμ can

be computed using Wick type formulas as in [2,31].

D. Derivatives

In this section, we will construct suitable derivative
operators acting on the algebra of hs-valued functions on
spacetime, analogous to the construction for k ¼ −1 in [2].
We will always assume n ≫ 0. To obtain more transparent
formulas, it is sometimes convenient to use the variables xa

suitable to describe the fuzzy hyperboloid and k ¼ −1
spacetimes instead of yμ. However, in all formulas of the
following considerations, xa should be understood as
xaðyμÞ via the relations

x0¼y02þy2þR2

2y0
; x¼y and x4¼y02−y2−R2

2y0
: ð3:23Þ

In terms of the variables yμ and x4, the tangential
derivatives (2.7) on H4 become

ð0 ¼ −
1

R2
ðmj0fyj; ·g − Rt0fx4; ·gÞ;

ði ¼ −
1

R2
ðmi0fy0; ·g −mijfyj; ·g − Rtifx4; ·gÞ;

ð4 ¼ −
1

R2
ð−Rt0fy0; ·g þ ðRti −mi0Þfyi; ·g þ Rt0fx4; ·gÞ;

ð3:24Þ

where we may insert mij and mi0 for n ≫ 0 from (3.19).
The action of ða on yμ is given by

ð0y0¼−1þx0y0

R2
; ðiy0 ¼ y0yi

R2
; ð4y0 ¼ 1þx4y0

R2
;

and ðayj ¼ ηajþxayj

R2
: ð3:25Þ

Moreover, Eq. (3.24) and the Poisson brackets (B4) yield

ð0t0 ¼ x0t0

R2
;

ð0tj ¼ 1

R2

�
x0tj þ R

y0
ð−Rtj þ εjklyktlÞ

�
;

ðit0 ¼ −
1

R2

�
−t0yi þ R

y0
ð−Rti þ εiklyktlÞ

�
;

ðitj ¼ −
1

R2
ð−yitj þ RεijktkÞ;

ð4t0 ¼ x4t0

R2
;

ð4tj ¼ −
1

R2

�
−x4tj þ R

y0
ð−Rtj þ εjklyktlÞ

�
: ð3:26Þ

A derivative ∂μ on M1;3 that is appropriately applicable
to hs-valued functions should satisfy

∂
μyν ¼ ημν: ð3:27Þ
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It is easy to see that

∂
μ ≔ ðμ−

xμ

y0
ðð0þð4Þ¼ ðμ−

yμ−ημ0x4

y0
ðð0þð4Þ ð3:28Þ

fulfills this condition. Note that ∂
0 ¼ 1

y0 ðx4ð0 − x0ð4Þ.
Applied to the higher-spin variables tμ, we obtain

∂
0t0 ¼ 0; ∂

0tj ¼ 1

y0

�
−tj þ 1

R
εjklyktl

�
¼ −∂jt0

and ∂
itj ¼ −

1

R
εijktk: ð3:29Þ

We thus have ∂
μtν þ ∂

νtμ ¼ 0.
Remark 2. Note that (3.25) is only true for n ≫ 0.

Inserting instead mij and mi0 for n ¼ 0 given in (3.19)

yields ð0y0 ¼ x0y0

R2 and ð4y0 ¼ x4y0

R2 . Hence there is no
straightforward analog of (3.28) that satisfies (3.27) for
n ¼ 0. The problem arises because the minimal represen-
tation n ¼ 0 admits a semiclassical structure only in the

limit y0 ≫ 0, so �1 is subleading to xay0

R2 and we need to
make a suitable approximation for the generators mμν to
obtain reasonable tangential derivatives. This is beyond the
scope of the present paper.

E. Reconstruction of divergence-free vector fields

In this subsection, we will again assume n ≫ 0. In the
case of a cosmological k ¼ −1 spacetime, it has been
shown that the pushforward Vμ of a tangential vector field
Va on H4 to the spacetime M1;3

k¼−1 satisfies

ðaVa ¼ sinhðηÞ∂μðρM;k¼−1VμÞ; ð3:30Þ

where ða is the tangential derivative on H4 defined in (2.7);
and that conversely any vector field Vμ onM1;3

k¼−1 possesses
a lift toH4 so that (3.30) is satisfied [2]. Note that the vector
fields may be hs valued. Therefore, there is a correspon-
dence between tangential and divergence-free vector fields
on H4 to divergence-free vector fields on M1;3

k¼−1. In the
following, we establish the analogous correspondence for
the k ¼ 0 case.
To do so, suppose that Vμ is a (possibly hs-valued)

vector field onM1;3. We can lift Vμ to a vector field Ṽa on
H4 by defining,

Ṽ0≔V0þxμVμ

y0
; Ṽi≔Vi; i¼1;2;3; and Ṽ4≔−

xμVμ

y0
:

ð3:31Þ

The so-defined Ṽa is tangential on H4:

xaṼa ¼ xμVμ þ η00x0 − η44x4

y0
xμVμ ¼ 0: ð3:32Þ

Moreover, we have

ðaṼa ¼ y0∂μ

�
1

y0
Vμ

�
¼ R3y0∂μðρMVμÞ ð3:33Þ

with ∂μ ¼ ημν∂
ν as in (3.28). The relation (3.33) can be

proved by a short computation, which uses (2.2),

y0∂μ

�
1

y0
Vμ

�
¼ ∂μVμ −

V0

y0

¼ ðμVμ −
1

y0
ðV0 þ xμðð0 þ ð4ÞVμÞ

¼ ðμVμ −
1

y0
ðV0 þ ðð0 þ ð4ÞxμVμ

− Vμðð0 þ ð4ÞxμÞ

¼ ðμVμ −
1

y0

�
ðð0 þ ð4ÞxμVμ −

y0

R2
xμVμÞ

�

¼ ðaṼa þ xμVμ

�
ðð0 þ ð4Þ 1

y0
þ 1

R2
Þ
�

¼ ðaṼa: ð3:34Þ

Next, consider a—possibly hs-valued—function
ϕ ¼ ϕðy; tÞ∈ C, which defines a vector field Vμ ≔
fyμ;ϕg. The so-defined Vμ is conserved in the sense

∂μðρMVμÞ ¼ 0; Vμ ¼ fyμ;ϕg: ð3:35Þ

This follows as a corollary from (3.33). Instead of comput-
ing ∂μðρMVμÞ, we may compute ðaṼa. Then, expressing y0

in terms of x0 and x4, a short computation yields

ðaṼa ¼ −
m0b þm4b

R2

�
xb;

1

2y0
fxaxa;ϕg

�
¼ 0: ð3:36Þ

For ϕ ¼ yν and θμν ¼ fyμ; yνg, (3.35) implies in par-
ticular

∂μðρMθμνÞ ¼ 0: ð3:37Þ

IV. DYNAMICAL BACKGROUND AND GENERAL
k= 0 QUANTUM SPACETIME

We now describe more general cosmological k ¼ 0
quantum spacetimes that arise from the fuzzy hyperboloid.
To do so, we start by considering more general matrix
backgrounds respecting the Eð3Þ symmetry.
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A. Generalized Eð3Þ-covariant background
The generalized translation generators T̃i of Eð3Þ should

commute with each other and with the Eð3Þ-invariant
quantity Y0, and additionally transform as vector under
the SOð3Þ-subgroup generated by theMij. Any such vector
T̃i must be a linear combination of Ti, Yi, and εiklYkTl with
coefficients that may depend on Y0. That is, we make the
ansatz

T̃i ≔ βðY0ÞTi þ γðY0ÞYi þ δðY0ÞεiklYkTl: ð4:1Þ

Using the commutation relations (3.4) and (3.5), one
readily verifies that

½T̃i; Y0� ¼ ½T̃i; T̃j� ¼ 0 ð4:2Þ

together imply γ ¼ δ ¼ 0.
We will see below that the function β is sufficient to

describe a generic cosmological k ¼ 0 spacetime—as it
should be, because the latter is entirely determined by the
time-dependent scale factor. However, it is convenient to
consider as well a deformed generator T̃0 ≔ αðY0ÞT0.
Summing up, we define a new, dynamical (i.e.,

Y0-dependent) background T̃μ via

T̃0 ¼ αðY0ÞT0; T̃i ¼ βðY0ÞTi: ð4:3Þ

In fact, we will show in Sec. IV F that there are gauge
transformations—defining approximate diffeomorphisms
on M1;3—which relate well-behaved gauge configurations
ðα; βÞ to other well-behaved gauge configurations ðα̃; β̃Þ.
Here, “well behaved” essentially means that α and β
should, at late times, satisfy some monotonicity conditions
and not behave too differently. Thus, the semiclassical
structures for two gauge configurations related by such an
approximate diffeomorphism are equivalent.
The choices α≡ 1 or β≡ 1 yield simple expressions for

many interesting objects like the frame, the effective metric,
or the local normal coordinates. On the other hand, one
might say that the choice α≡ β is preferred because then,
as in the reference case, the generators additionally carry a
representation of SOð3; 1Þ.
We call β≡ 1 the timelike gauge, α≡ 1 the spacelike

gauge, and α≡ β the covariant gauge.

B. Gauge symmetries

An important problem is to understand how diffeo-
morphisms of spacetime arise from gauge transformations.
The present setting suggests to focus on diffeos that respect
Eð3Þ. These arise from gauge transformations generated by
ΛðY0ÞT0, which preserve the structure of the background
due to the commutation relations (3.4),

e−iΛðY0ÞT0

αðY0ÞT0eiΛðY0ÞT0 ¼ α̃ðY0ÞT0;

e−iΛðY0ÞT0

βðY0ÞTieiΛðY0ÞT0 ¼ β̃ðY0ÞTi: ð4:4Þ

Since ½ΛT0; ½ΛT0; T̃μ�� ≠ 0 for a generic function Λ, it is
not easy to determine the full action of the gauge trans-
formation on the generators T̃μ. However, it is sufficient to
determine the infinitesimal action

δΛT0 T̃μ ¼ i½T̃μ;ΛðY0ÞT0�: ð4:5Þ

In detail, we have

δΛT0 T̃0¼Y0Wðα;ΛÞ
R

T0 and δΛT0 T̃i¼−
ΛðY0βÞ0

R
Ti; ð4:6Þ

whereWðf; gÞ ≔ fg0 − f0g is the Wronskian and where the
prime indicates a derivative with respect to Y0.
We note the interesting fact that for nontrivialΛ, we have

δΛT0 T̃i ¼ 0 if and only if β ¼ const:
Y0 . The semiclassical

structure corresponding to this particular choice of β is
therefore not related to the structures for other β by an
approximate diffeomorphism. In fact, we will see that
β ¼ const:

Y0 corresponds to a degenerate frame and metric.
In all other cases, the infinitesimal gauge transformation

is precisely the one relating backgrounds described by
ðα; βÞ to backgrounds described by ðα̃; β̃Þ for appropri-
ate α̃; β̃.

C. Commutation relations and matrix d’Alembertian

The new generators (4.3) satisfy the commutation
relations

½T̃i; T̃j� ¼ 0; ½T̃0; T̃i� ¼ −
iα
R
ðY0βÞ0Ti;

½T̃0; Y0� ¼ −i
Y0α

R
; ½T̃0; Yj� ¼ ir2Rα0TjT0;

½T̃i; Y0� ¼ 0; ½T̃i; Yj� ¼ i
Y0

R
βδij þ ir2Rβ0TiTj; ð4:7Þ

and the double-commutators are given by (no summation)

½T̃0; ½T̃0; T̃j�� ¼ −
α

R2
ðY0αðY0βÞ0Þ0Tj;

½T̃i; ½T̃i; T̃j�� ¼ ½T̃i; ½T̃i; T̃0�� ¼ ½T̃0; ½T̃0; T̃0�� ¼ 0: ð4:8Þ

Thus, applying the matrix d’Alembertian □T̃ ≔
½T̃μ; ½T̃μ; ·�� on the background yields

□T̃ T̃
0 ¼ 0 and □T̃ T̃

j ¼ α

R2β
ðY0αðY0βÞ0Þ0T̃j: ð4:9Þ

The specific generators Uμ obtained by setting α ¼
β ¼ rR

Y0 yield a degenerate frame and metric, and we will not
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consider them in the following as physical background.
However, they are very convenient to parametrize the
internal S2 because they are normalized, UiUi ¼ 1 (see
also Sec. III C). Therefore, if hs-valued quantities are
expressed in terms of uμ ∼Uμ, it is easy to estimate the
contribution of the hs part. We will thus use uμ instead of tμ

to expand the hs components of physical quantities.
We observe that the reference background Tμ corre-

sponding to α≡ β≡ 1 satisfies the equations □TT0 ¼ 0

and □TTi ¼ 1
R2 Ti. It is therefore a classical solution of the

IKKT model with mass terms for the spatial generators Ti.

D. Higher-spin valued frame, dilaton,
and effective metric

The frame arising from the general background T̃μ ∼ t̃μ

reads

ðEαμÞ ≔ ft̃α; yμg ¼ y0

R

�−α α0ðyuÞut
0 β1þ y0β0uut

	
ð4:10Þ

with uμ ¼ rR
y0 t

μ so that u2 ¼ 1 and u0 ¼ ðuyÞ
y0 . Note that the

inverse of a rank one perturbation of the identity is

ð1þ avvtÞ−1 ¼ 1 −
avvt

1þ av2
; ð4:11Þ

so that the inverse of the frame is formally given by

ðEαμÞ ¼
R
y0

2
4− 1

α
α0

αðy0βÞ0 ðyuÞut

0 1
β



1 − y0β0

ðy0βÞ0 uu
t
�
3
5: ð4:12Þ

We now see explicitly that the frame is nondegenerate if
ðy0βÞ0 ≠ 0, hence if β ≠ const:

y0 . In the following, we will

exclude this choice of β, although we will sometimes
comment on it. The determinant of the frame and the
dilaton can easily be determined using (2.19),

detðEαμÞ ¼ −
y04αβ2ðy0βÞ0

R4
and ρ2 ¼ y03αβ2ðy0βÞ0

R3
:

ð4:13Þ

We obtain the (higher-spin valued) effective metric

Gμν ¼ R
y0αβ2ðy0βÞ0

��
−α2 0t

0 β21

	

þ
�

0 αα0ðyuÞut
αα0ðyuÞu ðy0β0ðy0β0 þ2βÞ− ððyuÞα0Þ2Þuut

	�
:

ð4:14Þ

The frame Eαμ has a spin-0 and a spin-2 part, which can
easily be computed using (3.21). From the latter equation,

we obtain the pure spin-0 part of the frame,

½ðEαμÞ�0 ¼
y0

R

"−α α0
3
yt

0


β þ y0β0

3

�
1

#
; ð4:15Þ

while the pure spin-2 part is given by

½ðEαμÞ�2 ≔ ðEαμÞ − ½ðEαμÞ�0 ¼
y0

R

2
64 0 α0



ðyuÞut − yt

3

�
0 y0β0



uut − 1

3
1
�
3
75:

ð4:16Þ

The effective metric has a spin-0, a spin-2, and a spin-4
part, which we will not work out explicitly here.

E. Local normal coordinates

Due to the hs components, the physical meaning of a
metric or frame is not clear a priori. As shown in [2], it is
always possible to locally eliminate these hs components,
in local normal coordinates. We illustrate this in the
following for the present backgrounds.
We fix the point ξ ¼ ðτ; 0; 0; 0Þ as a reference point. We

want to find local normal coordinates ỹμ such that the frame
has no higher-spin components at ξ and satisfies

Ẽμνjξ ¼ ft̃μ; ỹνgjξ ¼
τ

R

�−αðτÞ 0t

0 βðτÞ1

	
: ð4:17Þ

We make the ansatz

ỹ0 ¼ y0; ỹi ¼ yi þ bðy0ÞðyuÞui ¼ yi þ y0bðy0Þu0ui;
ð4:18Þ

which respects the local SOð3Þ. Note that we have
yjξ ¼ u0jξ ¼ 0. This ansatz yields

Ẽ00 ¼ −
y0α
R

;

Ẽ0j ¼ 1

R
Wðy0ð1þ bÞ; y0αÞ ðyuÞ

y0
uj;

Ẽi0 ¼ 0;

Ẽij ¼ y0

R
ðβδij þ ðy0β0 þ bðy0βÞ0ÞuiujÞ ð4:19Þ

where W is the Wronskian. Because yjξ ¼ 0, the require-
ment (4.17) is fulfilled for

bðτÞ ¼ −
y0β0

ðy0βÞ0
����
y0¼τ

: ð4:20Þ
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The local normal coordinates with b as in (4.20) naturally
extend for all τ > 0, i.e., on a timelike worldline. Then the
frame Ẽμν is globally given by

ðẼμνÞ ¼ ðĒμνÞ þW
R

"
0

ðyuÞ
y0 ut

0 03×3

#
;

where ðĒμνÞ ¼ y0

R

�−α 0t

0 β1

	
ð4:21Þ

and where the Wronskian W ¼ Wðy0Þ ≔ Wð y0β
ðy0βÞ0 ; y

0αÞ
determines the size of the higher-spin contributions. The
determinant of the frame in local normal coordinates is then
given by

detðẼμνÞ ¼ −
y0αðy0βÞ3

R4
: ð4:22Þ

The symplectic density ρ̃M in the new coordinates reads

ρMd4y ¼ ρ̃Md4ỹ ¼ R

y0jdet ∂ỹμ
∂yν j

d4ỹ; ð4:23Þ

and the Jacobian is readily computed to be

det
∂ỹμ

∂yν
¼ 1þ b ¼ β

ðy0βÞ0 ⇒ ρ̃M ¼ R
ðy0βÞ0
y0β

: ð4:24Þ

The dilaton, which can be computed from the symplectic
density and the determinant (4.22), is not affected by the
change of coordinates: we have

ρ̃2 ¼ ρ2 ð4:25Þ

with ρ2 as in (4.13). Consequently, the effective metric is
obtained as

G̃μν ¼ 1

R2ρ̃2

��
−ðy0αÞ2 0t

0 ðy0βÞ21

	

þ αWðyuÞ
�
0 ut

u −W ðyuÞ
αy02 uu

t

	�
; ð4:26Þ

so that

G̃μν ¼ Ḡμν þ
ðy0βÞ0WðyuÞ

Ry0

"
WðyuÞ
y02α ut

u 03×3

#
;

where Ḡμν ¼
y0αðy0βÞ0

R

"
− β2

α2
0t

0 1

#

and det Ḡμν ¼ −
y04α2β2ððy0βÞ0Þ4

R4
: ð4:27Þ

If the higher spin entries of G̃μν are small in a neighbor-
hood of L ¼ fðy0; 0Þjy0 > 0g, we may use the metric Ḡμν

in this neighborhood. The line element corresponding to
Ḡμν is

ds2Ḡ ¼ y0β2ðy0βÞ0
Rα

�
−dy02 þ α2

β2
dy2

�
: ð4:28Þ

To recognize this as a cosmological FLRW metric, we
define the cosmological time t via

t ≔
Z

y0

0

�
βðzÞ
αðzÞ

zβðzÞðzβðzÞÞ0
R

�1
2

dz;

dt ¼
�
β

α

y0βðy0βÞ0
R

�1
2

dy0: ð4:29Þ

Expressed in terms of t, the line element (4.28) becomes

ds2Ḡ ¼ −dt2 þ a2ðtÞdy2; ð4:30Þ

where

aðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y0αðy0βÞ0

R

r
ð4:31Þ

is the cosmic scale factor with y0 ¼ y0ðtÞ, where the
prime indicates a derivative with respect to y0 as usual.
If we indicate the derivative with respect to t by a dot, then
the Hubble parameter H and the scalar curvature R are
given by

H¼ ȧ
a
¼ ẏ0

2

ðy0αðy0βÞ0Þ0
y0αðy0βÞ0 ;

R¼ ä
a
þH2 ¼ ÿ0ðy0αðy0βÞ0Þ0 þ ẏ02ðy0αðy0βÞ0Þ00

2y0αðy0βÞ0 ; ð4:32Þ

where we always assume y0 ¼ y0ðtÞ. In Sec. IVG, we will
determine the asymptotic behavior ofH andR at late times
assuming that α and β grow polynomially.
Let us estimate the magnitude of the higher spin-

components of the frame Ẽμν and metric G̃μν in local
normal coordinates away from the line L. The only entries
with higher-spin components are Ẽ0j, and we have
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jẼ0jj ≤
���� Wffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ry03αðy0βÞ0
p ����jjyjjG; ð4:33Þ

where

jjyjjḠ ≔ ðḠijyiyjÞ12 ¼
���� y0αðy0βÞ0R

δijyiyj
����
1
2 ð4:34Þ

is the length of ymeasured in terms of the metric Ḡ. Similar
estimates on the higher spin components of the metric yield

jG̃00 − Ḡ00j ≤
W2

y04α2
jjyjj2Ḡ;

jG̃0j − Ḡ0jj ≤
���� ðy0βÞ0W2

Ry03α

����
1
2jjyjjḠ: ð4:35Þ

The higher-spin components of the metric and frame are
negligible in the semiclassical regime if the right-hand sides
of (4.33) and (4.35) become small compared to the
reference frame Ēμν and metric Ḡμν. That is,

ΔẼ0j ≔
jẼ0jj

j det Ēμνj14 ≤
���� RW2

y05ðαβÞ32ðy0βÞ0
����
1
2jjyjjḠ;

ΔG̃00 ≔
jG̃00 − Ḡ00j
j det Ḡμνj14

≤
���� RW2

y05α
5
2β

1
2ðy0βÞ0

����jjyjj2Ḡ;
ΔG̃0j ≔

jG̃0j − Ḡ0jj
j det Ḡμνj14

≤
���� RW2

y05α2βðy0βÞ0
����
1
2jjyjjḠ ð4:36Þ

must become small in a local patch at late times. Therefore,
the bounds (4.36) can be used to estimate the size of the
patch in which the semiclassical approximation is valid.

F. Approximate diffeomorphisms relating
different backgrounds

In this section, we show that the gauge transformation
(4.4) corresponds to an approximate diffeomorphism on
M1;3, under mild assumptions.
For Ψ∈ CðMÞ, we introduce the notation δΨ ≔

fΛðy0Þt0;Ψg. If Φ is a scalar function of the variables
yμ, then its variation δΦ ¼ ξμ∂μΦ is described by the
higher-spin valued vector

ξμ ¼ y0

R
ð−Λ;Λ0ðyuÞuÞ; ð4:37Þ

which contains a classical (spin-0) and a spin-2 part,
ξμ ¼ ½ξμ�0 þ ½ξμ�2,

½ξμ�0 ¼
y0

R

�
−Λ;

Λ0

3
y

�
;

½ξμ�2 ¼
y0Λ0

R

�
0; ðyuÞu −

y
3

�
: ð4:38Þ

The classical part describes a translation along the time
direction y0 near y ¼ 0. Note that a time translation cannot
implement the gauge transformation globally because the
vector field is volume preserving in the sense

∂μðρM½ξμ�0Þ ¼ 0: ð4:39Þ

Now we want to check the Lie derivatives of the frame
(2.26). Using the explicit form of the spin-2 part of the
frame given by (4.16), we find

ft̃α; ½ξ0�2g − δ½Eα0�2 ¼ 0;

ft̃0; ½ξj�2g − δ½E0j�2 ¼ −
y0yk
R2

ðy0Wðα;ΛÞÞ0½ukuj�2 ∈ C2;

ft̃i; ½ξj�2g − δ½Eij�2 ¼
2y03Λ0β0

3R2
uiuj þ y02

R2
ðWðβ;ΛÞ þ 2y0Λβ00Þ½uiuj�2: ð4:40Þ

Thus, only the purely spatial part contributes to the right-
hand side of (2.26), which parametrizes the deviation from
a proper transformation behavior of the frame under
diffeomorphisms,

L½ξ�0 ½E0μ�0 − ½ðδE0Þ½yμ��0 ¼ L½ξ�0 ½Ei0�0 − ½ðδEiÞ½y0��0 ¼ 0;

L½ξ�0 ½Eij�0 − ½ðδEiÞ½yj��0 ¼
2y03

9R2
β0Λ0δij: ð4:41Þ

The relative error (2.29) becomes

����L½ξ�0 ½Eij�0− ½ðδΛEiÞ½yj��0
L½ξ�0 ½Eij�0

����¼
2
9
j y0β0
ðy0βÞ0 jjΛ

0
Λ j

j1þ y0Λ0
3Λ þ y0ðy0βÞ00

3ðy0βÞ0 −
2
9

y0β0
ðy0βÞ0

Λ0
Λ j

:

ð4:42Þ

Suppose that β ∼ y0μ as y0 ≫ 0 for some μ∈Rnf−1g.
Then
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����L½ξ�0 ½Eij�0 − ½ðδΛEiÞ½yj��0
L½ξ�0 ½Eij�0

���� ¼ 2

9

j μ
μþ1

jj Λ0
Λ j

j1þ y0Λ0
3Λ þ μ

3
− 2

9
μ

μþ1
Λ0
Λ j

:

ð4:43Þ

Therefore, anyΛ ∼ y0a as y0 ≫ 0will make the error decay
as y0 → ∞,5 and the frame transforms as expected.
Suppose we are given a fixed gauge configuration ðα; βÞ.

In order to determine which other gauge configurations
ðα̃; β̃Þ lie in the same gauge orbit as ðα; βÞ, one needs to
compute the finite gauge transformations implemented by
Λðy0Þt0 such that (4.42) becomes small at late times. This is
beyond the scope of our paper, but our evaluation of
physical consistency conditions in Sec. IVG below sug-
gests that the ratios α

β and
β
αmust not grow too fast. That is to

say, α and β should not behave too differently. We will
describe more concrete bounds on their behavior in the
following two subsections.

G. Physical scales and consistency conditions

Let us now explicitly work out constraints on the
background T̃μ so that the conditions for reasonable
semiclassical physics described in Sec. II C are fulfilled.
We restrict our considerations to backgrounds where α and
β (and their derivatives) behave monotonously like powers
in the late time regime,

α ∼ y0λ; β ∼ y0μ for y0 ≫ 0: ð4:44Þ

On the noncommutative level, the leading contribution to
j½Yμ; Yν�½Yμ; Yν�j is the mixed spatial-temporal entry [2].
This should remain true on the semiclassical level, which is
easy to verify if the ratio α

β does not grow too fast. In this
case, we generically find

LḠ
NC∼2jḠ00Ḡijfy0;yigfy0;yjgj14 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4r
R
βðy0βÞ0

r
y0∼y01þμ:

ð4:45Þ

The cosmological time t defined in (4.29) and the
derivatives of y0 with respect to t satisfy

t ∼
2

3μ − λþ 3
y0

3μ−λþ3
2 ; y0 ∼

�
3μ − λþ 3

2
t

� 2
3μ−λþ3

;

ẏ0 ∼ y0
−3μþλ−1

2 ; ÿ0 ∼
−3μþ λ − 1

2
y0−3μþλ−2: ð4:46Þ

Consequently, the scale factor, Hubble rate, and Ricci
curvature behave like

a ∼ y0
1þλþμ

2 ∼ t
1þλþμ
3μ−λþ3;

H ∼
1þ λþ μ

2
y0

−3μþλ−3
2 ∼

1þ λþ μ

3μ − λþ 3

1

t
;

R ∼ −
ð1þ λþ μÞðμ − 3λþ 1Þ

4
y0−3μþλ−3

∼ −
ð1þ λþ μÞðμ − 3λþ 1Þ

ð3μ − λþ 3Þ2
1

t2
: ð4:47Þ

In a physically reasonable situation, the minimum
requirements should be that the Hubble rate and Ricci
curvature decay with y0, and that the cosmic scale Lcosm is
large compared to the noncommutativity scale LḠ

NC,

Lcosm

LḠ
NC

¼ 1

HLḠ
NC

∼ y0
1þμ−λ

2 ≫ 1 for y0 ≫ 0: ð4:48Þ

The decay of the Hubble rate implies λ < 3ð1þ μÞ, which
is equivalent to t increasing with y0. The requirement that
the cosmic scale becomes large compared to the scale of
noncommutativity implies λ < 1þ μ. Both constraints are
upper bounds on the growth of the ratio α

β, as expected.
The second bound λ < 1þ μ also guarantees that the

scale of noncommutativity is dominated by the mixed
spatial-temporal entries, as should be,

���� GijGklθ
ikθjl

GijG00θ
i0θj0

���� ∼ y0−2ð1þμ−λÞ: ð4:49Þ

Finally, the estimates (4.36) for the higher-spin compo-
nents of the frame and metric read

ΔẼ0j ≔
jẼ0jj

j det Ēμνj14 ≤
����

ffiffiffiffi
R

p
λ

ð1þ μÞ32
����y0−6þ5μ−λ

4 jjyjjḠ;

ΔG̃00 ≔
jG̃00 − Ḡ00j
j det Ḡμνj14

≤
���� Rλ2

ð1þ μÞ3
����y0−6þ3μþλ

2 jjyjj2Ḡ;

ΔG̃0j ≔
jG̃0j − Ḡ0jj
j det Ḡμνj14

≤
����

ffiffiffiffi
R

p
λ

ð1þ μÞ32
����y0−3þ2μ

2 jjyjjḠ: ð4:50Þ

These bounds can be used to estimate the size of the
patch at late times in which the semiclassical approxima-
tion is valid: if all powers of y0 on the right-hand side are
negative, this patch will be large at late times. However, if at
least one estimate grows with y0, then the semiclassical
approximation is only valid in a small patch.
Finally, we require the dilaton to be either constant or

increasing with y0, corresponding to weak Yang-Mills
coupling gYM ∼ ρ−1 [34]. Using the formula (4.13), this
means that 3ð1þ μÞ þ λ ≥ 0. This condition might not be
strictly necessary, but we will find later that it only excludes
some shrinking FLRW spacetimes, which are anyway not
interesting from a physical point of view.5With the exception Λ ¼ cðy0Þ−3−μ.
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Let us summarize all physical requirements,

t grows; H and R decay with y0∶ λ < 3ð1þ μÞ;
Lcosm ≫ LNC∶ λ < 1þ μ;

semi-class: approx: valid in large patch∶

8><
>:

λ < 6þ 5μ;

λ > −6 − 3μ;

μ > − 3
2
;

dilaton constant or growing with y0∶ λ ≥ −3ð1þ μÞ: ð4:51Þ

These conditions can easily be satisfied simultaneously. For
example, the undeformed background λ ¼ μ ¼ 0 and small
deformations thereof satisfy (4.51).

H. Distinguished gauges

Let us now consider special choices of one of the two
parameters. We investigate the timelike gauge β≡ 1 and
the covariant gauge α≡ β. We will verify explicitly that
these different gauges lead to the same classical geometry
for some specific backgrounds, by computing the effective
metric in local normal coordinates. This validates in
particular the physical significance of local normal
coordinates.

1. Timelike gauge

As outlined in Sec. IV E, things become particularly
simple in the gauge β≡ 1 because then, the local normal
coordinates coincide with the original coordinates yμ. In
this gauge, we have

□T̃ T̃
0 ¼ 0 and □T̃ T̃

j ¼ α

R2
ðY0αÞ0T̃j: ð4:52Þ

On the semiclassical level, the frame and its determinant
are given by

ðEαμÞ¼ y0

R

�−α α0ðyuÞut
0 1

	
; detðEαμÞ¼−

y04α
R4

; ð4:53Þ

and the effective metric reads

Gμν ¼ Ḡμν þ
y0α0

R
ðyuÞ

"
α0ðyuÞ

α ut

u 03×3

#
;

Ḡμν ¼
y0α
R

�
− 1

α2
0t

0 1

	
: ð4:54Þ

If we assume a powerlike behavior α ¼ const: × y0λ, the
physical consistency conditions (4.51) in the timelike
gauge (μ ¼ 0) become

−3 ≤ λ < 1: ð4:55Þ

Defining t ≔ const: × y0
3−λ
2 , the line element associated to

Ḡμν becomes

ds2Ḡ ¼ const: ×


−dt2 þ t2

1þλ
3−λdy2

�
; ð4:56Þ

which is the line element of a spatially flat FLRW
spacetime with scale factor aλðtÞ ¼ t

1þλ
3−λ. Different values

of λ yield differently behaving scale factors,

λ∈ ð−1; 1Þ∶ expanding FLRW;

λ ¼ −1∶ static case;

λ∈ ½−3;−1Þ∶ shrinking FLRW:

The scale factor approaches linear growth as λ↗1, and the
dilaton (4.13) satisfies

ρ̃2 ∼ y03þλ ∼ t
6þ2λ
3−λ : ð4:57Þ

Let us mention two distinguished backgrounds.
(i) The classical solution. By classical solution, we

mean the solution that makes T̃μ a solution of the
equation□T̃ T̃

μ ¼ 0. In the current gauge, this means

that α ¼ const:
y0 . If we define t ≔ const: × y02, the line

element (4.56) becomes the line element of the
Minkowski metric,

ds2Ḡ ¼ const: × ð−dt2 þ dy2Þ: ð4:58Þ

However, the dilaton is not constant, but grows
like ρ̃2 ∼ t.

(ii) The constant dilaton background. The dilaton is

constant for α ¼ const:
y0

3 . Defining t ≔ const: × y03, the

line element (4.56) becomes

ds2Ḡ ¼ const: ×


−dt2 þ t−

2
3dy2

�
: ð4:59Þ

2. Covariant gauge

Let us now discuss the covariant gauge α≡ β. In this
gauge, the frame is given by
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ðẼμνÞ¼ ðĒμνÞþðy0βÞ2ðy0βÞ00
Rððy0βÞ0Þ2

"
0

ðyuÞ
y0 ut

0 03×3

#
; Ēμν ¼ y0β

R
ημν;

ð4:60Þ

and the effective metric reads

G̃μν ¼ Ḡμν þ
y0β2ðy0βÞ00ðyuÞ

Rðy0βÞ0
"

βðy0βÞ00ðyuÞ
y0ððy0βÞ0Þ2 ut

u 03×3

#
;

where Ḡμν ¼
ððy0βÞ2Þ0

2R
ημν: ð4:61Þ

If we assume a powerlike behavior β ¼ const: × y0
μ
, the

physical consistency conditions (4.51) in the timelike
gauge (λ ¼ μ) reduce to the constraint

μ ≥ −
3

4
: ð4:62Þ

Then we define t ≔ const: × y0
μþ3

2, so that the line element
becomes

ds2Ḡ ¼ const: × ð−dt2 þ t
4μþ2
2μþ3dy2Þ: ð4:63Þ

The scale factor of this FLRW line element is aμðtÞ ¼ t
2μþ1
2μþ3,

and in complete analogy to the timelike gauge, different
values of μ yield differently behaving scale factors,

μ∈
�
−
1

2
;∞

�
∶ expanding FLRW;

μ ¼ −
1

2
∶ static case;

μ∈
�
−
3

4
;−

1

2

�
∶ shrinking FLRW:

The scale factor approaches linear growth as μ → ∞, and
the dilaton (4.13) satisfies

ρ̃2 ∼ y03þ4μ ∼ t
6þ8μ
3þ2μ: ð4:64Þ

Let us again discuss some distinguished solutions.
(i) The classical solution. For the dynamical back-

ground to satisfy the equations □T̃ T̃
μ ¼ 0, β must

be of the form

βðy0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cy0 þ d

p
y0

ð4:65Þ

for some constants c, d. We assume c > 0 to exclude
the degenerate solution and d ≥ 0. For large times,

we have β ∼ y0−
1
2.

As in the timelike gauge, the metric Ḡ is simply a

multiple of the Minkowski metric—now even with-
out a change of time variable,

ds2Ḡ ¼ const: × ð−dy02 þ dy2Þ: ð4:66Þ

As in the timelike gauge, the dilaton grows
like ρ̃2 ¼ t.

(ii) The constant dilaton background. The dilaton is
constant for β of the form

βðy0Þ ¼ ðcy0 þ dÞ14
y0

: ð4:67Þ

If we define t ≔ const: × ðcy0 þ dÞ34, then, again as
in the timelike gauge, the line element correspond-
ing to such β is given by

ds2Ḡ ¼ const: × ð−dt2 þ t−
2
3dy2Þ; ð4:68Þ

which describes the same shrinking, spatially flat
FLRW spacetime as the constant dilaton solution in
the timelike gauge.

(iii) Background with exactly vanishing hs components.
Consider β ¼ d

y0 þ c for some c > 0. The corre-

sponding background is a sum of the reference
background Tμ and the background Uμ (which on
its own yields a degenerate frame and metric). For
this background, the higher-spin components of the
frame Ẽμν and metric G̃μν in local normal coordi-
nates vanish exactly because ðy0βÞ00 ¼ 0. Moreover,
the frame and metric are nondegenerate be-
cause ðy0βÞ0 ¼ c ≠ 0.

Thus, the transition to local normal coordinates removes
the higher-spin components globally for such β, and not
only along the line L. We have

G̃μν ¼ Ḡμν; ð4:69Þ

and the FLRW line element is the same as for the reference
background, where aðtÞ ¼ t

1
3 with t ¼ const: × ðcy0 þ dÞ32.

Remark 3. Note that by (4.26), a background where the
hs components of the metric vanish exactly can be found
for any gauge configuration α ¼ fðβÞ such that

W ¼ W
�

y0β
ðy0βÞ0 ; y

0fðβÞ
�

¼ 0: ð4:70Þ

We presented this background in more detail for the
covariant gauge because then (4.70) becomes particularly
simple: ðy0βÞ00 ¼ 0, ðy0βÞ0 ≠ 0.
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V. FLRW QUANTUM SPACETIMES
AND THE IKKT MODEL

Let us finally describe how the cosmological quantum
spacetimes described above could be incorporated into the
IKKT model.6 To this end, consider the bosonic part of the
IKKT action (1.5),

S½T� ≔ Trð½Ta; Tb�½Ta; Tb�Þ; a; b ¼ 0;…; 9: ð5:1Þ

We split the Ta into the matrices parametrizing the back-
ground and the extra dimensions, respectively,

Tμ ¼ T̃μ; TI ¼ΦI; μ¼ 0;…;3; I¼ 4;…;9: ð5:2Þ

Then

S½T� ¼−TrðT̃νð□T̃ þ□ΦÞT̃νþΦJð□T̃ þ□ΦÞΦJÞ; ð5:3Þ

and the equations of motion for the background and extra
dimensions become

ð□T̃ þ□ΦÞTa ¼ 0; a ¼ 0;…; 9: ð5:4Þ

Taking into account (4.9), the background T̃μ and the
nontrivial extra dimensions ΦI satisfy the classical IKKT
equations of motion if and only if

□ΦT̃0 ¼ 0;

□ΦT̃j ¼ −
α

R2β
ðY0αðY0βÞ0Þ0T̃j;

ð□T̃ þ□ΦÞΦI ¼ 0: ð5:5Þ

Since □Φ ¼ ½ΦI; ½ΦI; ·�� is a positive operator, nontrivial
solutions for the ΦI are possible only if □T̃ΦI ≠ 0.
Following [11], the latter is naturally achieved by intro-
ducing some time dependence to the internal generatorsΦI ,
corresponding to a nontrivial R charge. This is achieved by
an ansatz of the form

Tþ
I ≔ χðY0ÞeiωðY0ÞðK2I þ iK2Iþ1Þ;

T−
I ≔ χðY0Þe−iωðY0ÞðK2I − iK2Iþ1Þ; I ¼ 2;3;4; ð5:6Þ

where the KJ are fixed matrices. This respects the full Eð3Þ
symmetry of the cosmology, and it allows one to stabilize a
large hierarchy between the cosmic IR scale and a UV scale
set by the Kaluza-Klein modes arising on the compact
space K generated by the Φj, as demonstrated for k ¼ −1

in [11]. However, this will not affect the equations of
motion for the background T̃μ.
To find physically reasonable solutions for T̃j, it thus

appears that quantum corrections are required. Indeed,
quantum corrections arising, e.g., from the one-loop
effective action will certainly modify the equations of
motion, and a partial analysis of such effects was carried
out for the k ¼ −1 case in [11,30]. Using covariance
arguments, one may reason along the lines of [11] that
the one-loop quantum corrections modify the classical
equations of (5.5), so that the right-hand side is not
vanishing but dependent on the dilaton and the scale m2

K
of the extra dimension, yielding in particular

−
α

R2β
ðY0αðY0βÞ0Þ0 ∼ Fðρ̃2Þm2

K þ higher-loop corrections;

ð5:7Þ

where Fðρ̃Þ2 is a function of the dilaton. However, a
detailed study of this issue is beyond the scope of
this paper.
Let us also mention that the one-loop effective action on

covariant spacetimes arising from the IKKT model was
computed in [29] and worked out in some detail for
cosmological k ¼ −1 quantum spacetimes in [30] under
the assumption that the full ten-dimensional background
has a product structure M1;3 ×K. For related works,
see [2,7,8,36].

VI. DISCUSSION

We have described a large class of spatially flat cosmo-
logical quantum spacetimes arising from the doubleton
representations of soð4; 2Þ. The obtained spacetimes can be
expanding with a big bang geometry or shrinking with a big
crunch geometry. We have elaborated on the algebraic and
semiclassical structure of these spacetimes and the asso-
ciated matrix configurations, including the appearing
higher-spin degrees of freedom, the effective metric and
geometry, the definition of appropriate derivation, and the
form of local normal coordinates that make the higher-spin
components of the effective metric vanish along a time-
like curve.
A particular focus was on the relation between gauge

transformations of the matrix model and approximate
diffeomorphisms on the spacetime. We elaborate two
distinguished gauges, the timelike gauge and the covariant
gauge. Among other results, we have shown that particular
backgrounds—the ones solving the classical equations of
motion and the ones yielding a constant dilaton—yield
equivalent geometries in these two gauges. Determining the
finite gauge transformations relating arbitrary gauges is
however beyond the scope of this work.
An interesting result is the existence of a background

β ¼ cþ d
y0 in the covariant gauge, where the higher-spin

6It is sometimes questioned whether the IKKT mode admits
any nontrivial backgrounds or saddle points with reduced
dimension. These doubts are resolved by the example of flat
D3 BPS branes realized by the Moyal-Weyl quantum plane R3;1

θ ,
leading to noncommutative N ¼ 4 SYM [35].
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contributions to the effective metric can be eliminated
globally by going to local normal coordinates. This back-
ground, which corresponds to an expanding FLRW space-
time with scale factor aðtÞ ∼ t

1
3, is a sum of the reference

background investigated in [9] and the background β0 ∼ 1
y0,

which on its own yields a degenerate frame and (inverse)
metric.
An important deviation from the case of cosmological

k ¼ −1 spacetimes is the observation that the background
corresponding to a constant dilaton yields a shrinking
spacetime, rather than an expanding spacetime. One might
argue that the case of a constant dilaton is, in some sense,
the “most physical.” However, such a conclusion is
premature without a more complete understanding of the
resulting physics. Indeed, we also obtain a large class of
expanding spacetimes with a big bang provided that the
dilaton has some mild growing behavior during the cosmic
evolution. This should ensure a weak coupling (at late
times) for the low-energy gauge theory governing the
internal fluctuation modes corresponding to K.
Finally in Sec. V, we have outlined how the cosmo-

logical k ¼ 0 quantum spacetimes under consideration
can be embedded into the full ten-dimensional IKKT
model. The details of such an embedding are beyond the
scope of the present paper. Although we expect that this
works similarly to the better-known case of k ¼ −1
spacetimes [8,11,30,36], there are some important
differences. In particular, the fact that the k ¼ 0 case is
“more commutative” means that time-dependent extra
dimensions will not affect the classical equations of
motion of spacetime, so that quantum effects are required
to stabilize spacetime.
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APPENDIX A: REMARKS ON THE
QUANTIZATION AND THE SEMICLASSICAL

CORRESPONDENCE

We discuss the explicit quantization and the semiclass-
ical correspondence for the symplectic space CP1;2 under-
lying the covariant quantum spacetime M1;3.
Since CP1;2 is a coadjoint orbit of SUð2; 2Þ, it carries a

natural (Kirillov-Kostant-Souriau) invariant symplectic
form. One then expects that a SUð2; 2Þ-equivariant

quantization in terms of operators on suitable representa-
tions exists. The appropriate representations are easily
recognized as the doubleton representations, which can
be constructed conveniently using an oscillator construc-
tion; this is discussed in detail in [2,6]. This provides a
quantization map where polynomial functions on CP1;2

generated bymab ∈ suð2; 2Þ� are mapped to (symmetrized)
polynomials in the generators Mab of suð2; 2Þ in the
chosen representation, respecting the Poincare-Hilbert
series, i.e., the number of independent polynomials of
any given degree. Using the oscillator construction and its
Poisson version, it is then straightforward to verify (1.3).
Another—often more useful—way to define quantiza-

tion is based on (quasi)coherent, i.e., optimally localized
states jxi via

Φ ¼
Z

ΩϕðxÞjxihxj; ϕðxÞ ≈ hxjΦjxi: ðA1Þ

For compact coadjoint orbits of semisimple Lie groups,
such coherent states are obtained as group orbits of the
highest weight state of some representation [37]. This orbit
is then isomorphic to the corresponding coadjoint orbit. For
noncompact groups, the story is more complicated, and
there is no obvious choice of coherent states. In the present
case there appears to be a natural candidate given by the
lowest weight state of the doubleton representations of
SUð2; 2Þ; however their group orbit is not isomorphic to
CP1;2 but higher dimensional, and moreover these states
are not optimally localized. Nevertheless, it is possible to
construct quasicoherent states that are optimally localized
in some local patch of CP1;2, i.e., saturating the uncertainty
implied by the symplectic volume form Ω; we refer to [6]
for details. This allows us to use (A1) in the local patch,
which justifies the semiclassical treatment of M1;3 in the
present paper.

APPENDIX B: IDENTITIES FROM k= − 1
COSMOLOGICAL QUANTUM SPACETIMES

It was shown previously that a reference metric of a
cosmological spacetime with k ¼ −1 and a big bounce is
induced by the static choice

Tμ
k¼−1 ≔

1

R
Mμ4; ðB1Þ

which can be generalized and made dynamical by replacing
Tμ
k¼−1 by T̃

μ
k¼−1 ≔ fðX4ÞTμ

k¼−1. Here, f is a (well-behaved)
function of X4, which can be expressed in terms of the
cosmological time variable only [2–4,11]. The Xμ and
Tμ
k¼−1 satisfy the commutation relations
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½Xμ; Xν� ¼ −ir2Mμν;

½Tμ
k¼−1; T

ν
k¼−1� ¼

i
R2

Mμν;

½Tμ
k¼−1; X

ν� ¼ iX4

R
ημν: ðB2Þ

The generatorsMab and the matrices Xa satisfy a number
of SOð4; 1Þ-invariant constraints in the doubleton repre-
sentations. Among these, we will make use of the identity
(2.3) and [2]

εabcdeMabMcd ¼ 4n
r
Xe; a; b; c; d; e ¼ 0;…; 4: ðB3Þ

For large n → ∞, we have in the semiclassical
limit R ∼ nr

2
, xμ ∼ Xμ, tμk¼−1 ∼ Tμ

k¼−1, mab ∼Mab and
f·; ·g ∼ −i½·; ·�. Moreover, the Poisson brackets with
x4 ∼ X4 relate xμ and tμk¼−1,

fx4; xμg ¼ r2Rtμk¼−1 and fx4; tμk¼−1g ¼ xμ

R
: ðB4Þ

A standard parametrization of the xa is

xa ¼ R

0
B@

coshðηÞ coshðχÞ
coshðηÞ sinhðχÞΩ

sinhðηÞ

1
CA; ðB5Þ

where Ω∈ S2 ↪ R3, and where η∈R parametrizes time
and χ ∈R is a spatial variable.

APPENDIX C: SEMICLASSICAL GENERATORS
OF ROTATIONS AND BOOSTS

We determine the semiclassical form of the generators of
rotations, Mij ∼mij and of the boosts, Mi0 ∼mi0 as
functions of the vectors y and t and the SOð3Þ-invariant
variables y0, t0 and y ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffi
δijyiyj

q
, assuming that the

parameter n parametrizing the representation is either large,
n ≫ 0, or vanishes n ¼ 0. Starting point are the concrete
forms mμν

k¼−1 of the semiclassical generators of SOð3; 1Þ in
the k ¼ −1 case, which is in the large-n limit given by [[2],
Eq. (5.4.13)]

mμν¼−
R

R2þx42
ðx4ðxμtνk¼−1−xνtμk¼−1ÞþRεμναβxαtk¼−1;βÞ;

n≫0; ðC1Þ

where xμ ¼ yμ − δμ0x4, tμk¼−1 ¼ tμ − 1
Rm

μ0 is the standard
background for a cosmological k ¼ −1 quantum space-
time, related to yμ via (3.23).

In the case n ¼ 0, we have the simpler form [6]

mμν ¼ R
x4

ðtμk¼−1x
ν − tνk¼−1x

μÞ: ðC2Þ

The antisymmetric tensors in three dimensions are
spanned by the Hodge duals of the vectors y, t and
t × y. That is, they are spanned by

Aij ≔ tiyj− tjyi; Bij≔ εijkyk; and Cij≔ εijktk;

or A¼ t∧ y¼�ðt× yÞ; B¼�y; and C¼�t: ðC3Þ

For convenience, note that the tensors

Dij ≔ Aklðεiklyj − εjklyiÞ and Fij ≔ Aklðεikltj − εjkltiÞ
ðC4Þ

satisfy

1

2
Dij ¼ y0t0Bij − y2Cij;

1

2
Fij ¼ y02

r2R2
Bij − y0t0Cij: ðC5Þ

Remark 4. In the case of a k ¼ −1 spacetime, where we
look for antisymmetric rank two tensors in four spacetime
dimensions, invariant under SOð3; 1Þ, we only have two
independent candidates A4 ¼ t ∧ y and B4 ¼ �ðt ∧ yÞ,
while in the case of k ¼ 0, three spatial dimensions and
SOð3Þ, we have the three candidates (C3).
Minimal case n ¼ 0. Starting from the form (C2), the

formula (3.19) was proven in [9] for the minimal
case n ¼ 0.
Large n case. Substituting yμ and tμ for xμ and tμk¼−1 into

(C1) yields7

mij ¼ Rx4

R2þ x42
Aij −

R2t0

R2þ x42
Bijþ R2x0

R2þ x42
Cij

þ x4

R2þ x42
ðyimj0− yjmi0Þ− Rx0

R2þ x42
εijk m

k0: ðC6Þ

A similar substitution yields

7Note that one needs to be careful raising and lowering indices:
The indices of yμ and xμ are lowered with a different Minkowski
metric. In the following, all indices are raised and lowered with
the Minkowski metric corresponding to xμ. This does not matter
for the spatial components, but we make sure that x0, t0, and y0 do
only appear with upper indices in this derivation.
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mi0 ¼ Rx4

R2 þ x42

�
x0ti −

1

R
x0mi0 − t0yi

�

þ R2

R2 þ x42
εijkyjtk −

R
R2 þ x42

εijk yjm
k0

¼ 1

R2 þ x4y0
ðRx4ðx0ti − t0yiÞ

þ R2εijkyjtk − Rδilεljkyjmk0Þ: ðC7Þ

Now, the vector Vi ≔ mi0 must be a linear combination

mi0 ¼ ayi þ bti þ cεijkyjtk; ðC8Þ

where a, b, c are functions of y0; t0; y. Inserting this form
into the first form of mi0 and equating the two yields

− Rt0ðx4 þ cy0Þyi þ Rðcy2 þ x4x0Þti þ RðR − bÞεijkyjtk
¼ ðR2 þ x4y0Þðayi þ bti þ cεijkyjtkÞ: ðC9Þ

The corresponding system of equations is uniquely
solved by

a¼−
Rt0

y0
; b¼R

y02þy2−R2

2y02
; and c¼ R2

y02
; ðC10Þ

which implies (3.19).
Using (3.19), one then easily verifies fmij; y0g ¼

fmij; t0g ¼ 0 and fmij; tkg ¼ δiktj − δjkti. Finally, we
have

fmij; ykg ¼ δikyj − δjkyi þ r2R3

y02

ðεikltj − εjklti − εijltkÞtl þ Rεijk

¼ δikyj − δjkyi; ðC11Þ

which implies fmij; yg ¼ 0.
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