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We derive the factorization theorem for the quasi–transverse-momentum-dependent (quasi-TMD) corre-
lator, including kinematic power corrections to all orders. The resulting expression involves only twist-two
TMD distributions and is frame invariant. As in the leading-power approximation, the reduced soft factor
factorizes multiplicatively; however, in contrast, the TMD evolution factor is not multiplicative but enters as a
convolution with the nonperturbative TMD distribution. We present a numerical estimate of the difference
between the derived expression and the leading-power approximation, finding it to be of the order of tens of
percentages for current lattice simulations.We also demonstrate that the inclusion of these corrections improves
the agreement between phenomenological extractions of the Collins-Soper kernel and lattice results.
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I. INTRODUCTION

Lattice simulations of nonlocal QCD operators offer a
unique opportunity to explore parton dynamics in regimes
inaccessible to collider experiments [1–3]. Corresponding
approaches have been formulated for a variety of parton
distributions, including collinear parton distributions [4–6],
transverse-momentum-dependent (TMD) parton distribu-
tions [7–12], generalized parton distributions [13–17], and
others. All these approaches share a common feature: they are
based on factorization theorems in the hadronmomentumPz,
and thus the precision of the theoretical description depends
crucially on thevalue ofPz. At present, lattice simulations can
reach momenta of about Pz ≃ 3 GeV [18], which is only
moderately larger than the nonperturbative QCD scale.
Therefore, one may expect sizable power corrections. In this
work, we investigate the magnitude of power corrections for
quasi-TMD distributions (quasi-TMDs) and explore their
impact on the extraction of TMD distributions.
Quasi-TMD correlators are lattice observables used to

determine transverse-momentum-dependent parton distri-
bution functions (TMDPDFs) and the Collins-Soper (CS)
kernel, which are central elements of nucleon tomography
in momentum space [19,20]. They are defined as matrix
elements of spatially separated quark and antiquark fields
connected by a staple-shaped Wilson line of finite length
[12]. In the limit Pz → ∞, these correlators can be

expressed in terms of the standard TMDPDFs and the
so-called reduced soft factor [7,8,10,11,21] through a QCD
factorization theorem. This relation has been exploited by
several groups to determine the CS kernel [22–32] as well
as the TMDPDFs themselves [33,34]. These simulations
have demonstrated that this approach complements tradi-
tional phenomenological extractions of TMD distributions
[35–47], providing access to the large-b region [48].
In essence, the factorization theorem for quasi-TMDs

corresponds to the standard TMD factorization theorem,
with the hard scale provided by the hadron momentum Pz
(or, more precisely, by the momentum of the leading parton,
xPz). Owing to its intrinsic multidimensional structure, the
TMD factorization theorem exhibits a nontrivial pattern of
power corrections [49–51]. It is convenient to classify these
corrections into the following four categories:
(1) Kinematic power corrections (KPCs): These cor-

rections arise due to the nonzero own transverse
momentum of partons and appear as derivatives of
TMD matrix elements. They are generically sup-
pressed by a factor of ∼jkT j=Pz, where jkT j denotes
the parton transverse momentum.

(2) Genuine higher-twist corrections: These corrections
describe multiparton dynamics that emerge at sublead-
ing power and are parametrized in terms of genuine
higher-twist distributions. They are generically sup-
pressed by ∼Λ=Pz, where Λ is the nonperturbative
QCD scale. Although higher-twist TMD distributions
are largely unknown in practice, they are expected to be
orders of magnitude smaller than twist-two distribu-
tions, in analogy with the collinear case [52].

(3) qT-corrections: These corrections arise in the limit
of small transverse separation between the factorized
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currents and are characterized by the scale 1=ðbPzÞ
[53]. This type of correction governs the transition
region between TMD and collinear factorization.
However, these corrections can be controllably
neglected in lattice computations, where the param-
eter b is directly specified.

(4) Target-mass corrections: These corrections arise due
to the finite hadron mass and scale as M=Pz. One
therefore expects them to be numerically significant
for current lattice simulations (see, for instance, [54]).

At present, the quasi-TMDcorrelator is knownup to next-to-
leading power (NLP) [21,55], and the higher-order power
corrections remain unexplored.
In this work, we analyze KPCs in the quasi-TMD

factorization theorem. We argue that these corrections
are likely to be the most important among all types of
power corrections, both theoretically and numerically.
Their numerical dominance cannot be firmly established
without a complete analysis of all contributions. However,
we expect genuine higher-twist corrections to be relatively
small, since they are proportional to multiparton correlation
functions (whereas KPCs are expressed in terms of stan-
dard TMD distributions), while qT-corrections are con-
trolled by the lattice setup and are negligible in the large-b
region. One should also be aware that target-mass correc-
tions may be significant; however, no systematic method
for computing them is currently available, and they are
typically accompanied by an additional factor of x2.
Therefore, under present conditions, KPCs represent the
most relevant class of power corrections to investigate.
The KPCs play an important role in the TMD factorization

theorem, as they restore frame invariance (or reparametriza-
tion invariance [56]) and other symmetries that are broken at
leading power (LP) (such as the charge conservation for the
Drell-Yan hadron tensor [49,57]). In this sense, KPCs are not
independent power corrections. Rather, they are descendants
of the LP term and can be partially deduced from it. For
reviews ofKPCs in TMDand collinear factorization, we refer
to Refs. [51,57–59]. Another notable property ofKPCs is that
they can be computed and resummed exactly to all orders in
thepower expansion [51], leading to an improved formulation
of the TMD factorization theorem, referred to as the TMD-
with-KPC framework [60]. This approach is as fundamental
as the traditional TMD factorization, sharing all its key
ingredients—such as evolution and coefficient functions—
while additionally restoring symmetries broken at LP
approximation. In the case of the Drell-Yan process and
semi-inclusive deep-inelastic scattering (SIDIS), KPCs have
been shown to be numerically significant for data with Q≲
10 GeV [57,60].
Following Refs. [51,57], we derive the TMD-with-KPC

expressions for quasi-TMD matrix elements, restricting
ourselves to those with nonvanishing LP contributions, i.e.,
those that do not involve mixing with twist-three TMD
distributions at LP. The derivation is presented in Sec. II. In

Sec. III, we estimate the impact of KPCs on the determi-
nation of the CS kernel and TMDPDFs from current lattice
setups. The conclusions are presented in Sec. IV.

II. EXPRESSION FOR QUASI-TMD IN
TMD-WITH-KPC FORMALISM

In this section, we derive the factorization theorem for
the quasi-TMDmatrix element, including KPCs that follow
the LP term to all powers. The derivation closely follows
analogous treatments of factorization theorems for scatter-
ing cross sections [51,57,60]. For this reason, we do not
present the technical aspects of the derivation in full detail,
but instead focus on their consequences.

A. Definitions

The quasi-TMD matrix element is defined as follows
[7,11,12]:

Ω̃½Γ�
q=hðy; μÞ ¼ Z−1hP; sjq̄ðyÞ½y; bþ Lv�

× ½bþ Lv; Lv�½Lv; 0�Γ
2
qð0ÞjP; si; ð1Þ

where bμ ¼ yμT ¼ yμ − vμðyvÞ=v2, hP; sj is a hadron state
with momentum P and spin s, q are quark fields, Γ is a
Dirac matrix, and ½a1; a2� denotes the straight gauge link
between points a1 and a2. The renormalization scale μ
enters via the renormalization constant, which in the
continuum is defined as

Z−1 ¼ Z−1
W ðy; L; μÞZ−2

J ðμÞ; ð2Þ

where ZW is the renormalization factor for the gauge links,
and ZJ is the renormalization factor for quark fields (in the
axial gauge).
Both vectors y and v are purely spatial, such that this

matrix element is suitable for lattice simulations. The
momentum of hadron defines standard light cone directions

Pμ ¼ Pþn̄μ þ M2

2Pþ nμ; ð3Þ

where n2 ¼ n̄2 ¼ 0, ðnn̄Þ ¼ 1, and P2 ¼ M2 is the mass of
hadron, in the following considered to be negligible. For
simplicity, we orient the operator such that the vector v
belongs to the plane ðn; n̄Þ,1 and can be written as

1If the vector vμ has transverse components (i.e., ðv · bÞ ≠ 0),
the derivation of the factorization theorem is analogous, although
it requires the assumption jbj ≫ jv · bj. The final form is the same
as in (18), with the argument of the reduced soft factor Ψ being
ðb − vTy−=v−Þ. If the condition jbj ≫ jv · bj is violated, the
factorization theorem gets harmful power corrections; see the
discussion in Ref. [12]. Here we consider only case (4), as it is the
simplest and the most commonly used in practice.
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vμ ¼ nμ − n̄μffiffiffi
2

p ; v2 ¼ −1; ðv · PÞ ¼ Pv > 0: ð4Þ

In this case, the vector y can be decomposed as

yμ ¼ lvμ þ bμ; ð5Þ

such that ðb · vÞ ¼ ðb · PÞ ¼ 0 and l ¼ ðyvÞ=v2.
The TMD factorization theorem can be applied in the

following limit:

jLj ≫ jyj; Pþ ≫ Λ; jbj ≫ Λ−1; ð6Þ

whereΛ is a generic low-energy scale of QCD. These limits
have distinct implications with respect to the factorization
theorem and power corrections, namely,
(1) The limit jLj ≫ jyj is required to suppress the

interaction between the “far” end of the staple gauge
link and the quark currents. This limit is essential for
the entire factorization approach, because it allows
one to separate the soft gluon radiation from the hard
radiation. Most probably, power corrections with
respect to L violate the factorization theorem. For
that reason, this limit is taken prior to any other limit.

(2) The limit Pþ ≫ Λ is required to suppress genuine
power corrections and target-mass corrections.

(3) The limit jbj ≫ Λ−1 corresponds to the small-trans-
verse-momentum limit in the ordinary factorization.
It is required to suppress qT corrections.

Note that none of these limits is related to KPCs. The KPCs
are related to the transverse momenta of partons, kT , which
are not controlled by the external kinematics, nor do they
have a fixed value. It is often assumed that kT ∼ Λ GeV,
and thus KPCs are suppressed to the same extent as genuine
and target-mass corrections. However, this is not entirely
correct, since the value of kT is integrated over an infinite
range. Due to the shape of nonperturbative TMD distri-
butions, kT can take certain effective values, and practical
studies [57,60,61] show that this effective value strongly
depends on x and is of the order of kT ∼ 2−3 GeV for
moderate values of x.
Conventionally, one also defines the quasi-TMD corre-

lator in the momentum-fraction space as

Ω̃½Γ�
q=hðx; b; μÞ ¼

Z
∞

−∞

dl
2π

e−ixlPvΩ̃½Γ�
q=hðlvþ b; μÞ: ð7Þ

B. Factorized expression at the tree order

The derivation of the TMD factorization theorem at
higher powers can be most conveniently performed within
the background field method [50]. The idea of the back-
ground field method consists in computing the factorized
operator structure via explicit integration of hard modes
in the QCD functional integral. In that aspect it is

ideologically similar to soft-collinear effective field theory
(SCET). However, there is a principal technical difference.
Instead of construction of an effective action, as it is done in
SCET, in the background field method one directly
computes the functional integral. It allows one to concen-
trate on the desired operators without computing extra
terms. Due to it, this method is significantly more efficient
in the analyses of higher powers where the number of
possible structure grows exponentially. The equivalence
between these two approaches was demonstrated in [62] for
a particular case of TMD factorization in SIDIS with a jet.
The analysis of the quasi-TMD matrix element in the
background-field method is presented in detail in Ref. [21].
The key element of the higher-power factorization is the

decomposition of TMD correlators in terms of distributions
with specific TMD twists. The TMD twist is defined such
that TMD distributions with distinct TMD twists do not
mix with each other during the evolution procedure, and
thus are completely independent. As a result, a series of
power corrections with operators of a given TMD twist can
be considered independently of other series. It obeys all the
symmetries and properties of the original operator.
The KPCs then correspond to the series of terms with

TMD-twist-two only. This limitation allows one to identify
the KPC contribution at all powers, because TMD-twist-
two operators are those that contain only two good
components of the quark field and no additional gluon
fields (except for the gluon fields that compose the gauge
links). Therefore, to extract the KPCs, it is sufficient to
compute the factorization theorem with vanishing back-
ground gluon fields, and re-express the bad components of
the remaining fields in terms of the good ones using the
QCD equations of motion.
In the absence of the background gluon fields, the tree-

order factorization reduces to algebraic manipulations with
indices, and the resulting expression reads as

Ω̃½Γ�
q=hðyÞ¼ Φ̃½Γ�

q=hðyÞΨðyÞþðcontributionswithgluonfieldsÞ;
ð8Þ

where Φ̃½Γ�
q=hðyÞ is the TMD correlator

Φ̃½Γ�
q=hðyÞ ¼ hP; sjq̄ðyÞ½y;−∞nþ yþn̄þ b�

×
Γ
2
½−∞n; 0�qð0ÞjP; si; ð9Þ

and ΨðyÞ is the “reduced soft-factor,”

ΨðyÞ ¼ Tr
Nc

h0j½−n̄∞þ y−nþ b; y�HðyÞH†ð0Þ½0;−n̄∞�j0i;

ð10Þ

with HðyÞ ¼ ½y; bþ Lv�½bþ Lv;∞T þ Lv�.

FACTORIZATION THEOREM FOR QUASI-TMD DISTRIBUTIONS … PHYS. REV. D 114, 034028 (2026)

034028-3



The next step is to extract the leading TMD-twist
component of the correlator (9). For the TMD correlator
with a general separation between fields it has been done in
Ref. [51]. The result can be conveniently written in the
form of an integral in the momentum space:

Φ̃½1�
q=hðyÞjtw2 ¼ Φ̃½γ5�

q=hðyÞjtw2 ¼ 0; ð11Þ

Φ̃½γμ�
q=hðyÞjtw2 ¼ 2Pþ

Z
d4k δðk2ÞeiðkyÞ

×
Z

dξ δðkþ − ξPþÞkμΦ½γþ�
11 ðξ; kTÞ; ð12Þ

Φ̃½γμγ5�
q=h ðyÞjtw2 ¼ 2Pþ

Z
d4kδðk2ÞeiðkyÞ

×
Z

dξ δðkþ − ξPþÞkμΦ½γþγ5�
11 ðξ; kTÞ; ð13Þ

Φ̃½iσμνγ5�
q=h ðyÞjtw2 ¼ 2Pþ

Z
d4kδðk2ÞeiðkyÞ

Z
dξδðkþ − ξPþÞ

×

�
gμαT kν − gναT kμ þ kμnν − nμkν

kþ
kαT

�

×Φ½iσαþγ5�
11 ðξ; kTÞ; ð14Þ

where Φ11 are ordinary TMD distributions defined in the
momentum space

Φ½Γ�
11 ðξ; kTÞ ¼

Z
d2b
ð2πÞ2 e

−iðbkÞT Φ̃½Γ�
11 ðξ; bÞ

¼
Z

dy−d2b
ð2πÞ3 e−iξy

−Pþ−iðbkÞT Φ̃½Γ�
11 ðy−nþ bÞ:

ð15Þ

Note, that the values of ξ are restricted by the causality
as ξ∈ ½0; 1�.
One of the main consequence of resummation of KPC is

the appearance of δðk2Þ in expressions (11)–(14). It arises
due to systematic reduction of operators with “bad”
derivatives (∂−), that appear in the multipole expansion,
into the TMD-twist-two operators using equations of
motions, and consecutive resummation of the multipole
expansion. Thanks to δðk2Þ, the structures [(11)–(14)]
satisfy the Laplace equation, as it is demanded for twist-
two operators [63,64]. As a further consequence, the
factorization theorem with resummed KPCs enjoys frame
invariance. For further details of derivation we refer
to Ref. [51].
The leading-TMD-twist component of Ψ can be derived

analogously. In this case, the equation of motion is

ðv ·DÞH ¼ O
�
1

L

�
: ð16Þ

In the absence of background gluon fields, it leads to

Ψlead twðyÞ ¼ ΨðbÞ: ð17Þ

Therefore, the expression for TMD-with-KPC factorization
at tree order is

Ω̃½Γ�
q=hðyÞ ¼ 2PþΨðbÞ

Z
dξ

Z
d4k

× δðkþ − ξPþÞδðk2ÞeiðkyÞK½Γ�Φ½Γþ�
11 ðξ; kTÞ;

ð18Þ

where the expression for K½Γ� and corresponding Γþ are
given in Table I.

C. Factorized expression beyond the tree order

Beyond the tree order, the factorized expression receives
the coefficient function and the dependence on the factori-
zation scales. At one loop, it is produced by a single
diagram [65]. Performing the computation of this diagram
in general kinematics, i.e., without applying the power
expansion, we obtain the following result:

H†ð0Þqð0Þj1-loop ¼ 2asCFΓð−ϵÞΓð2ϵÞ
1 − ϵ

1 − 2ϵ

×

�
−
v2

4

�
ϵ 1

½ðv · ∂Þ − s0�2ϵH
†ð0Þqð0Þ;

ð19Þ

where s ¼ signðLÞ and as ¼ g2=ð4πÞd=2 is the QCD
coupling constant. This expression coincides with the
NLP computation [21]. Expression (19) proves that the
coefficient function is the same for KPCs at all powers,
which is a fundamental property of the KPCs guaranteed by
Lorentz invariance.
The important observation is that the derivative ðv · ∂Þ

does not act on H, because of the equation of motion (16).
This derivative acts solely on the quark field and produces
the momentum of the parton. It also defines the Lorentz-
invariant argument of the hard coefficient function as
4ðv · kÞ2, where k is the parton momentum defined within
the Fourier transform (18). Note that, at LP, this argument is
ð2xðv · PÞÞ2, which corresponds to the kþ-only part of the
Lorentz-invariant argument. This is the only modification

TABLE I. The table of correspondence between elements of the
Dirac basis Γ, and elements in the factorized expressions.

Γ K½Γ� K½Γ�
LP Γþ

1; γ5 0 0 ∅
γμ kμ

ffiffiffi
2

p
xPvn̄μ γþ

γμγ5 kμ
ffiffiffi
2

p
xPvn̄μ γþγ5

iσμνγ5 gμαT kν − gναT kμ þ kμnν−nμkν
kþ kαT

ffiffiffi
2

p
xPvðgμαT n̄ν − gναT n̄μÞ iσαþγ5
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of the coefficient function within the KPC formalism. This
modification makes the factorized expression Lorentz
invariant and has important consequences.
The singularities of the coefficient function are renor-

malized by the factor Z−1 (2) and the renormalization
factors of Φ and Ψ, in a complete analogy of LP
computation. The only modification brought by KPC is
the condition for the rapidity renormalization scales ζ and
ζ̄. This condition is modified due to the change in the
argument of the coefficient function and becomes

ζζ̄ ¼ μ2ð2v · kÞ2; ð20Þ

where μ is the factorization scale. The evolution equations
with respect to the rapidity scale are

ζ
∂

∂ζ
Φ̃½Γ�

11 ðx; b; μ; ζÞ ¼ −Dðb; μÞΦ̃½Γ�
11 ðx; b; μ; ζÞ; ð21Þ

ζ
∂

∂ζ
Ψðb; μ; ζÞ ¼ −Dðb; μÞΨðb; μ; ζÞ; ð22Þ

where D is the Collins-Soper kernel (also often defined
as K ¼ −2D).
There is one last important comment to be made. The

TMD factorization beyond LP possesses the phenomenon
of special rapidity singularities [55]. They cancel between
various terms of the factorization theorem at a given power,
but leave a trace in the form of logarithms lnðζ=ζ̄Þ
accompanied by derivatives of the Collins-Soper kernel.
These terms add up together with derivatives in KPCs and
form boost-invariant derivatives. This immediately leads to
a severe complication, namely, the series of KPCs cannot
be summed into simple expressions (11)–(14) unless ζ ¼ ζ̄
(such that boost-invariant logarithms vanish). The distri-
butions however, still obey the evolution equations (21) and
(22), and thus one can change the rapidity scale to any
convenient point after the summation of KPCs, which lead
to rather involved expressions. Therefore, in what follows,
we consider the case ζ ¼ ζ̄ for simplicity.

D. Final expression for the quasi-TMD correlator

Summarizing these observations we write the final form
for the quasi-TMD correlator:

Ω̃½Γ�
q=hðy; μÞ ¼ 2PþΨðb; μ; ζ̄Þ

Z
dξ

Z
d4kδðkþ − ξPþÞδðk2ÞeiðkyÞC

�
2kv
μ

�
K½Γ�Φ½Γþ�

11 ðξ; kT ; μ; ζÞ; ð23Þ

where kv ¼ ðv · kÞ, ζ ¼ ζ̄ and their product is given by Eq. (20). The coefficient function is the LP coefficient function at all
perturbative orders [currently known up to next-to-next-to-leading order (NNLO) [65,66]].
In the momentum-fraction representation (7) it reads as

Ω̃½Γ�
q=hðx; b; μÞ ¼ 2PþΨðb; μ; ζ̄Þ

Z
dξ

Z
d4kδðkþ − ξPþÞδðkv − xPvÞδðk2Þe−iðkbÞC

�
2kv
μ

�
K½Γ�Φ½Γþ�

11 ðξ; kT ; μ; ζÞ; ð24Þ

where the scalar product of transverse components is written with the Euclidean norm ðkbÞ ¼ −ðkbÞ. Here and in the
following, we follow the standard practice to indicate by the bold font the transverse components of the vectors with the
Euclidian norm. Integrating over k0;v and ξ the expression simplifies to

Ω̃½Γ�
q=hðx; b; μÞ ¼ Ψðb; μ; ζ̄ÞC

�
2xPv

μ

�Z
d2kTe−iðkbÞ

K½Γ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2P2

v þ k2T
p Φ½Γþ�

11 ðξ; kT ; μ; ζÞ; ð25Þ

where

ξ ¼ x
2

0
B@1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2T

x2P2
v

s 1
CA; kv ¼ xPv;

k0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2P2

v þ k2T

q
: ð26Þ

The value of ξ is restricted to ξ∈ ½x; 1�, which in turn,
restricts the integration range of kT as jkT j < 2Pv

ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p
.

Note, that the coefficient function is moved out of the
kT-integral, and the values of ζ’s are given by

ζ ¼ ζ̄ ¼ 2xμPv: ð27Þ

In the limit ðxPvÞ2 ≫ k2T the expression (25) reproduces
the standard factorization theorem for the quasi-TMD
correlator. This limit must be taken prior to the integration,
and thus ξ turns to x, and the factor K½Γ� becomes
dominated by kv ¼ xPv. Then the Fourier transform is
trivially taken, and one obtains
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lim
LP

Ω̃½Γ�
q=hðx;b;μÞ¼Ψðb;μ; ζ̄ÞC

�
2xPv

μ

�
K½Γ�

LP

xPv
Φ̃½Γþ�

11 ðx;b;μ;ζÞ;

ð28Þ

where K½Γ�
LP is the LP limit of K½Γ� presented in Table I. This

is the well-known expression for LP factorization of the

quasi-TMDmatrix element. Note, that in the position space
the requirement (27) is not important, because the evolution
is multiplicative.
The expression depends on the particular value of Γ, via

the coefficient K½Γ�. For example, for the unpolarized
hadron after the integration over the angle of transverse
momentum one finds

Ω̃½γ0�
q=hðx; b; μÞ ¼ 2πΨðb; μ; ζ̄ÞC

�
2xPv

μ

�Z
2Pv

ffiffiffiffiffiffi
1−x

p

0

djkjjkjJ0ðjkjbÞf1ðξ; jkj; μ; ζÞ; ð29Þ

Ω̃½γv�
q=hðx; b; μÞ ¼ 2πΨðb; μ; ζ̄ÞC

�
2xPv

μ

�Z
2Pv

ffiffiffiffiffiffi
1−x

p

0

djkjjkjJ0ðjkjbÞ
2ξ − x

x
f1ðξ; jkj; μ; ζÞ; ð30Þ

where f1 is the unpolarized TMD distribution and J0 is the zeroth order Bessel function of the first kind. The explicit
expressions for other components, including spin-dependent TMD distributions, have similar form.
In practice, one often considers the reduced quasi-TMD correlator, that is obtained by removing the reduced soft factor at

the scale μ, i.e. by dividing (25) by Ψðb; μ; μ2Þ. The corresponding expression can be obtained using the evolution
equation (22):

Ω̃½Γ�
q=hðx; b; μÞ
Ψðb; μ; μ2Þ ¼ C

�
2xPv

μ

��
2xPv

μ

�
−Dðb;μÞ Z

d2kTe−iðkbÞ
K½Γ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2P2
v þ k2T

p Φ½Γþ�
11 ðξ; kT ; μ; ζÞ: ð31Þ

In this form, the factorization formula is very similar to the
LP expression (compare e.g. with Refs. [8,11,12,21]). The
only difference is the value ξ that depends on the parton’s
momentum. Such modification is welcome because
the LP factorization theorem allows the parton to have
any transverse momentum, including infinitely large, while
the expression (25) respects natural kinematical constraints.
The expression (25) reveals the dependence of power

corrections on x. Clearly, these corrections are enhanced at
small and large x. At smaller x they behave as
Oðk2T=ðxPvÞ2Þ, which is a known behavior; see [11,12].
However, the causality restriction jξj < 1 also leads to
corrections of order Oðk2T=ð1 − xÞP2

vÞ, which were not
discussed earlier. Let us mention that similar corrections
(although from a different origin) arise in the factorization
of quasi-PDF matrix elements [54,67].
Evidently, the main modification brought by KPCs is the

dependence of the parton’s momentum fraction ξ on its
transverse momentum kT . This modification prevents
multiplicative factorization of the quasi-TMD in transverse
position space, as occurs at LP. It also implies that the
dependence on ζ is not multiplicative, and one cannot
single it out by taking the ratio of quasi-TMD correlators.
In the following section, we analyze this expression
numerically.

III. NUMERICAL SIGNIFICANCE OF KPCS

The evaluation of the numerical significance of KPCs
is not straightforward, since they are not presented

as an additional or multiplicative factor, but instead
modify the form of the integral convolution. Therefore,
they essentially depend on the shape of the test
function. In this section, we estimate the size of the
correction using the ART25 TMD extraction [68] as the
test input. The quasi-TMD coefficient function is taken at
NNLO [65].
To make a comparison clearer we consider the reduced

quasi-TMD correlator defined as

F½Γ�
q=hðx; b; μÞ≡

Ω̃½Γ�
q=hðx; b; μÞ
Ψðb; μ; μ2Þ : ð32Þ

On the one hand, this expression can be measured using
lattice QCD (see, for instance, [33,34]). On the other hand,
there is the factorization theorem derived in the previous
section. Using the complete (i.e., Lorentz-invariant) form of
the factorization theorem given in Eq. (25), the reduced
quasi-TMD correlator takes the form

F½Γ�;KPC
q=h ðx; b; μÞ ¼ C

�
2xPv

μ

��
2xPv

μ

�
−Dðb;μÞ

×
Z

d2kTe−iðkbÞ
K½Γ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2P2
v þ k2T

p
×Φ½Γþ�

11 ðξ; kT ; μ; ζÞ; ð33Þ

while the LP approximation is
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F½Γ�;LP
q=h ðx; b; μÞ ¼ C

�
2xPv

μ

��
2xPv

μ

�
−Dðb;μÞ

×
K½Γ�

LP

xPv
Φ̃½Γþ�

11 ðx; b; μ; ζÞ: ð34Þ

In both cases, ζ ¼ 2μxPv. In what follows, we consider
only the cases Γ ¼ γ0 and Γ ¼ γv with a spinless hadron,
which project to the unpolarized TMDPDF; see (29)
and (30).

A. Size of KPCs in various kinematic limits

To start with, we consider the relative difference between
the reduced quasi-TMD correlators computed with KPCs
(33) and in the LP approximation (34). This comparison is
shown in Fig. 1 as the relative deviation between FKPC and
FLP for different cases. Let us summarize our observations
in the following points:
(1) We observe that the size of KPC drops very fast with

the increase of Pv, and it is not that large compared
to the contribution of KPCs in the Drell-Yan reaction
[57] or SIDIS [60]. At Pv ∼ 10 GeV, it is generally
less than 5%.

(2) The size of the correction critically depends on the
values of x and b, and it is not sign definite. For
sufficiently large values of b (b ≳ 1.5 GeV−1), the x
dependence becomes flatter and demonstrates a

plateau in the range 0.3≲ x≲ 0.7. Consequently,
this region is the best for practical studies, because
within it the power corrections do not significantly
modify the shape of the observable, although they
could modify the magnitude. It is interesting to
mention that lattice studies also found that the
determination of the CS kernel depends on the value
of x, and is stable in a similar regime [29,30,33,34],
which practically confirms our observation.

(3) In this region, the correction is negative. This
implies that the lattice extractions of TMD distri-
butions (based on the LP approximation) under-
estimate its absolute value.

(4) The difference between the γ0 and γv cases is almost
negligible in comparison to the size of the deviation
between KPC and LP, and generally of the order of
5%. This observation perfectly coincides with lattice
simulations (see, e.g., Fig. 17 in [33]).

(5) The size of the correction depends significantly on b.
For Pv ¼ 1.7 GeV, which is a typical scale of
modern lattice simulations, the correction ranges
from −20% (at b ¼ 3 GeV−1) to −5%
(at b ¼ 5 GeV−1).

The general conclusion that can be drawn from this
comparison is that, at the present momentum scales of
lattice simulations, the LP factorization is not precise
and possesses an error of the order of 10–20% due
to KPCs.

FIG. 1. Relative difference between the reduced unpolarized quasi-TMDPDF with KPCs and at LP: ΔF½Γ�
q=P ¼

ðF½Γ�;KPC
q=P − F½Γ�;LP

q=P Þ=F½Γ�;LP
q=P , as a function of proton’s momentum (left), parton’s momentum fraction x (center) and transverse distance

b (right) for u (up panels) and d (down panels) quarks. The renormalization scale is chosen to be equal to the proton momentum μ ¼ Pv,
and the remaining variables are fixed to those values indicated at the top of each column. The comparison is done using the central values
of ART25 extraction [68]. The kinks in Pv plots correspond to charm and bottom mass scales.
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B. Impact to CS kernel

Due to the intricate relation between quasi-TMDs and
TMDs in the TMD-with-KPC factorization approach
[Eq. (25)], a direct computation of the impact to the
extraction of nonperturbative functions is not possible.
To estimate the impact of KPCs, we adopt the following
procedure. First, we use the ART25 phenomenological
input to compute FKPC (33), which serves as a “pseudo-
measurement” based on a known input. Next, we use the
LP expression (34) to extract the target observable—either
the CS kernel or a TMDPDF—following the standard
strategy employed in modern lattice studies [29,30,34].
This procedure produces a “lattice determination” of
corresponding TMD distributions. By comparing this
lattice determination with the original input, we can
quantify the impact of the missing power corrections.

The determination of the CS kernel is the simplest
application of quasi-TMDs. At LP it could be extracted
considering the quotient of reduced quasi-TMDs evaluated
at different values of the hadron momentum [8,10,11].
Explicitly, the expression is

DLP-likeðb; μÞ ¼
1

2 logðPv;2=Pv;1Þ

log

�
Cð2xPv;2=μÞF½Γ�;KPCs

q=h ðx; b; μ;Pv;1Þ
Cð2xPv;1=μÞF½Γ�;KPCs

q=h ðx; b; μ;Pv;2Þ

�
;

ð35Þ

where Pv;i ¼ v · Pi. This is currently the common method
employed for the extraction of the CS kernel from lattice
data due to the fact that the reduced soft factors cancel in

FIG. 2. CS kernel at b ¼ 2 GeV−1 and μ ¼ 2 GeV, obtained from Eq. (35) for different values of x and Γ, computed using the central
values of ART25. The solid lines correspond to various combinations of hadron momenta considered in lattice data extraction [29]. The
ART25 input is shown as a dashed line.

FIG. 3. CS kernel at μ ¼ 2 GeV, obtained from Eq. (35) using the ART25 input. The employed combinations of hadron momenta are
indicated at the top of each panel, together with the value of x. The black band represents the CS kernel of ART25.
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the ratio, as well as, the actual TMDPDF. Note, that
although it is not indicated in the argument, the value of
DLP-like depends implicitly on x, P1 and P2.
The value of DLP-like can be interpreted as the CS kernel

that would be extracted from a lattice simulation using the
LP formalism, given a specific input CS kernel and TMD
distributions. Clearly, this value does not coincide with the
actual CS kernel, because DLP-like is correlated with the
values of the TMDPDFs. The comparison of DLP-like with

the inputD is shown in Figs. 2 and 3 for several kinematical
configurations.
In Fig. 2, at fixed b ¼ 2 GeV−1, we present the x

dependence of DLP-like. As discussed earlier, it exhibits a
plateau for 0.3≲ x≲ 0.7. The b dependence of DLP-like at
fixed x is shown in Fig. 3. In both cases, we use momentum
values typical of lattice simulations [29]. The uncertainty
band is derived from the ART25 uncertainty, and is larger
than the uncertainty band for the CS kernel alone, because
it also incorporates the uncertainty of the TMDPDFs.
In Fig. 4, we present DLP-like averaged over the region

x∈ ½0.3; 0.7�, for momentum configurations Pv ¼
f1.29; 1.81; 2.32g GeV and Γ ¼ γ0; γv. The considered
kinematic configuration roughly corresponds to that used
in Ref. [29]. There is a clear difference between the input
ART25 CS kernel and the result of the LP analysis. The
resulting DLP-like is in very good agreement with the
determination of Ref. [29] (we also show the points from
Ref. [30] for comparison). Therefore, we conclude that the
measurement in Ref. [29] is in agreement with ART25 once
KPCs are taken into account.

C. Impact for TMDPDFs

A similar comparison can be made for the actual TMD
distributions. For this purpose, we construct a function that
corresponds to the TMDPDF determined using the LP
formula. Such a function is given by

FIG. 4. CS kernel at μ ¼ 2 GeV, obtained by averaging the
results of Eq. (35) over x∈ ½0.3; 0.7�, Pv ¼ f1.29; 1.81; 2.32g,
and Γ ¼ γ0; γv (green band). The black line represents the input
CS kernel from ART25. The points show the lattice extractions
[29,30], performed in a similar kinematic range.

FIG. 5. Unpolarized TMDPDFs obtained from (36) for u (upper panels) and d (lower panels) valence quarks inside the proton, as a
function of the transverse distance, for three fixed values of the momentum fraction: x ¼ 0.3 (left), x ¼ 0.5 (center), and x ¼ 0.7 (right
panels), and for Γ ¼ γ0; γv. The renormalization scales are taken to be μ ¼ ffiffiffi

ζ
p ¼ 2 GeV. The uncertainty bands are computed by

propagating the uncertainty band of ART25.
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fq=hLP-likeðx; b; μÞ ¼
F½Γ�;KPCs
q=h ðx; b; μÞ
Cð2xPv=μÞ

: ð36Þ

Note that here the value of the CS kernel is taken as given,
while in an actual lattice computation it is determined from
the same calculation, i.e. it corresponds to DLP-like.
The comparison of fLP-like with the input TMDPDF is

shown in Fig. 5 for several kinematical configurations. In
general, one can see that the corrections are of the order of
10–20% for b≳ 1.5 GeV−1, and the value of the TMDPDF
is underestimated in the LP computation. This is the same
conclusion as that drawn from Fig. 1.

IV. CONCLUSION

In this work, we have derived the factorization theorem
for the quasi-TMD matrix element, improved by the
inclusion of KPCs at all powers (the so-called TMD-
with-KPC factorization theorem [51]). The resulting
expression incorporates the complete contribution of
twist-two TMD distributions and is frame invariant. The
expression has the same perturbative hard coefficient
function as the LP factorization theorems and is valid
for all polarization cases.
The KPCs are only a part of the variety of power

corrections contributing to the TMD factorization theorem.
However, we argue that they represent the most important
part, because they restore frame invariance and other
continuous symmetries of the original observable that
are broken at the LP approximation. The corrections to
the TMD-with-KPC factorization theorem incorporate
higher-twist TMD distributions, but do not include twist-
two distributions (apart from unknown target-mass con-
tributions). In that sense, the TMD-with-KPC factorization
theorem can be considered as the proper form of the LP
factorization theorem. In a nutshell, the main difference
between the LP and KPC approaches is that the latter takes
into account the nontrivial parton kinematics with nonzero
transverse momentum.
The improved version of the factorization theorem is

presented in (25). This expression is valid for any Dirac
structure that contributes at LP, and also for any polariza-
tion of the hadron. As in the LP factorization, the reduced

soft factor is factorized multiplicatively. Due to this, quasi-
TMD correlators remain clean observables for TMD
physics, since the reduced soft factor can be computed
separately and eliminated from the quasi-TMD correlator at
all powers.
The crucial difference between the LP and TMD-with-

KPC expressions is that the latter relates the values of the
parton’s x and kT . As a consequence, the evolution factor
cannot be multiplicatively factorized, but enters in an
integral convolution. This prevents a direct determination
of the CS kernel from the ratio of quasi-TMD correlators, as
is suggested by the LP factorization theorem. However, it
does not prevent usage of lattice data as valuable data
points for usual fits of TMD distributions, once KPCs are
taken into account.
We have estimated the size of KPCs and found that it

crucially depends on the momentum of the hadron. In
particular, they can be considered very small for
Pv ≳ 10 GeV. For the actual values of Pv (of order
1–2 GeV), the corrections are 10–20% with respect to
the LP factorization theorem. The corrections grow sig-
nificantly for small and large values of x, and possess a
plateau at 0.3≲ x≲ 0.7. These corrections translate
directly into the TMDPDF; however, they are larger for
the CS kernel, which is a more delicate observable. The
inclusion of KPCs can change the interpretation of already
known results. In particular, we find very good agreement
between the ART25 extraction and the results of lattice
simulations within the updated approach, although the LP
comparison indicates a disagreement.
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