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Recently, the Belle II Collaboration reported the branching fraction BðBþ → Kþνν̄Þ ¼ ð2.3� 0.7Þ ×
10−5 with a significance of 3.5σ, which is 2.7σ above the Standard Model expectation. Motivated by this
measurement, we calculate this decay channel at the next-to-leading order and twist-three level using the
perturbative QCD approach. By combining lattice QCD data with our results, we obtain form factors with
improved reliability. Using these form factors, we estimate the branching ratios of Bþ → Kþ semileptonic
flavor-changing neutral current decays, including Bþ → Kþνν̄ and Bþ → Kþlþl−. To address the
anomalies in these two processes, we introduce a leptoquark model as a new physics scenario. Analyzing
five possible types of leptoquarks, we successfully explain the latest experimental measurements and
derive further constraints on the leptoquarks. Furthermore, the single leptoquark model becomes invalid
once the stringent constraints from process Bs → μþμ− and Bs − Bs mixing is taken into account.
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I. INTRODUCTION

The exclusive B decay processes play a crucial role in
probing the complex dynamics of both the quark and lepton
sectors, serving not only as a powerful tool for precisely
testing the Standard Model (SM) but also for searching for
new physics (NP) effects. Over the past 60 years, numerous
important B decay processes have been measured across
various experimental facilities, with many results con-
firmed by SM predictions. With the accumulation of more
and more experimental data [1–8], B decay physics has
firmly established itself as a leading field for precisely
testing the SM and searching for NP.
In B decay processes, semileptonic decays characterized

by the final state containing both hadron and a lepton pair
are a major area of research. Since the lepton pair and
hadron in the final state hardly interact with each other, this
helps significantly reduce uncertainties in theoretical
calculations. The decay amplitude in these processes is

primarily determined by the hadronic matrix element,
which can be expressed using form factors. Among these,
flavor-changing neutral current (FCNC) processes, which
have displayed significant flavor anomalies, serve as an
ideal platform for precisely testing the SM and searching
for NP. The FCNC processes are naturally suppressed by
the Glashow-Iliopoulos-Maiani mechanism and forbidden
at tree level in the SM. The suppression from the SM
makes these processes highly sensitive to contributions
from NP effects. Recently, with the substantial increase in
experimental luminosity, the Belle II Collaboration has
reported the first evidence for the Bþ → Kþνν decay with
a significance of 3.5 standard deviations as [9]

BðBþ → Kþνν̄Þ ¼ ð2.3� 0.7Þ × 10−5: ð1Þ

The latest experimental progress has greatly stimulated
interest in theoretical research [10–43].
Over the past decade, B decays have been extensively

studied within the frameworks of perturbative QCD
(PQCD) [44–64], lattice QCD (LQCD) [65–74], and
QCD sum rules (QCDSRs) [75–80]. The PQCD approach,
as a method for perturbative QCD analysis, serves as a
robust tool for estimating the matrix elements of semi-
leptonic decays of B mesons in the low-momentum-
transfer region [81–83]. It has demonstrated significant
predictive power concerning B decays, particularly regard-
ing CP violation [84–89]. Regarding the FCNC process
Bþ → Kþ, LQCD has achieved the most precise
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determination of the B → K form factor [90], consistent
with earlier PQCD calculations that included twist-two
and next-to-leading order (NLO) corrections [91].
Nevertheless, using this highly accurate form factor, the
theoretical prediction for the branching ratio of Bþ →
Kþνν̄ differs from the experimental measurement by
approximately 2.7 standard deviations [9] as

BðBþ → Kþνν̄ÞjExp
BðBþ → Kþνν̄ÞjLQCD

¼ 4.1� 1.3: ð2Þ

The significant discrepancy between the theoretical pre-
dictions and experimental measurements necessitates con-
sidering higher-twist (twist-three) and higher-order (NLO)
contributions within the PQCD framework, as well as
potential NP effects in this process.
Among various NP models, leptoquarks (LQs) can

introduce direct couplings between leptons and quarks
[92,93], thus bridging this fundamental connection between
quark and lepton families. At low energies, LQs can induce
two-lepton-two-quark interactions similar to those mediated
by electroweak four-fermion vertices, making them a
promising framework for explaining the previously men-
tioned discrepancies. LQs, as new color-triplet particles that
can manifest as either scalar or vector bosons and carry both
lepton and baryon numbers, have been extensively utilized
to explain a range of experimental flavor anomalies [94–98].
These anomalies include RKð�Þ , RDð�Þ , and the muon’s
anomalous magnetic moment ðg − 2Þμ in scenarios where
the LQ-lepton-quark couplings are not confined to a single
generation. Additionally, searches for relevant collider
signals have been conducted using various approaches
[99,100]. LQs typically decay into either a charged lepton
and a quark or a neutrino and a quark. At conventional
particle-antiparticle colliders, LQs can be produced in pairs,
setting a lower limit on their mass to approximately half the
center-of-mass energy of the accelerator. However, heavier
LQs can only participate in t-channel exchanges, resulting
in a smaller cross section for the interactions they mediate.
For instance, at the LHC, the leading-order (LO) processes
for leptoquark pair production primarily involve gluon-
gluon fusion and quark-antiquark annihilation.
For the processes we have investigated, the FCNC b → s

decays can occur via the exchange of a leptoquark as an
intermediate state. In SM calculations, the uncertainties in

our predictions can be significantly reduced by integrating
LQCD data from high-momentum-transfer regions with
PQCD calculations at low-momentum transfers. The
improved reliability of SM predictions, combined with
the significant discrepancy between experimental results
and theoretical expectations, highlights the critical need to
explore further constraints on leptoquark parameters,
including their masses and couplings, within our study.
This paper is organized as follows: In Sec. II, we define

the kinematics of the decay and give the necessary inputs
for our calculations. In Sec. III, we present the framework
for the theoretical calculations. In Sec. IV, we write down
the observables of the process and present our numerical
results and discussion in SM. In Sec. V, we introduce the
LQ model and place constraints on the NP parameters. In
Sec. VI, we make a brief summary. Some useful expres-
sions are listed in the Appendix.

II. KINEMATICS AND WAVE FUNCTIONS

In our work, the theoretical calculations are given under
the PQCD factorization framework. In the rest frame of the
B meson, the momentum of B and K can be defined as

p1 ¼
MBffiffiffi
2

p ð1; 1; 0TÞ; p2 ¼
MBffiffiffi
2

p ð0; η; 0TÞ; ð3Þ

under the light cone coordinates, respectively. MB is the
mass of the Bmeson, and η is the energy fraction carried by
K. Here we define the transfer momentum q ¼ p1 − p2,
then the energy fraction η ¼ 1 − q2=M2

B. The momenta of
light quarks in the B and K shown in Fig. 1 are written as

k1 ¼
MBffiffiffi
2

p ðx1; 0;k1 TÞ; k2 ¼
MBffiffiffi
2

p ð0; ηx2;k2TÞ; ð4Þ

where x1 and x2 are parton momentum fractions. k1T and
k2T are the transverse momentum. In this factorization
approach, the scales that are involved in this processes can
be divided as m2

b ≫ mbΛQCD ≫ Λ2
QCD. The part with scale

m2
b andmbΛQCD can be perturbatively calculated, called the

hard scattering kernel, and the rest parts are factorized as
nonperturbative input called wave functions. This type of
factorization may suffer end point singularities [101–103].
A notable feature of PQCD is the preservation of transverse
momentum kT to eliminate end point divergences [104]. In
this strategy, the decay amplitude can be factorized into the
convolution of the Wilson coefficient C, hard scattering
kernel H, the hadronic wave functions Φ, jet function Jt,
and Sudakov factor S as

A ¼ C ⊗ H ⊗ Φ ⊗ Jt ⊗ S: ð5Þ

Here the jet function and Sudakov factor come from the
threshold resummation and kT resummation, respectively
[105]. Recently, the resummation schemes are systematically

FIG. 1. The Feynman diagrams for Bþ → Kþ transition which
include the momenta of quark in initial and final meson states.
The black block represents vertices for weak interactions. The
gluon propagators are omitted in this figure.
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discussed in Refs. [106,107]. The hadronic wave functions,
which are expressed by the light cone distribution amplitude
(LCDA), can be extracted from experiments or other non-
perturbative methods [108–113].
The B meson distribution amplitude (DA) is defined via

the matrix element as

Z
d4z
ð2πÞ4 e

ik·zh0juαðzÞb̄βð0ÞjBðp1Þi

¼ iffiffiffiffiffiffiffiffi
2Nc

p
�
ð=p1þMBÞγ5

�
ϕBðk1Þ−

=n−=vffiffiffi
2

p ϕ̄Bðk1Þ
��

βα

; ð6Þ

where n ¼ ð1; 0; 0TÞ and v ¼ ð0; 1; 0TÞ. Nc ¼ 3 is the
number of colors. Then the wave function can be written as

ΦB ¼ iffiffiffiffiffiffiffiffi
2Nc

p ð=p1 þMBÞγ5ϕBðk1Þ: ð7Þ

For the ϕB, we adopt [83]

ϕBðx; bÞ ¼ NBx2ð1 − xÞ2 exp
�
−
x2M2

B

2ω2
B

−
ω2
Bb

2

2

�
; ð8Þ

where ωB ¼ 0.40� 0.04 GeV is the shape parameter and b
is the parameter conjugate to kT. The normalization
constant NB satisfied

Z
1

0

ϕBðx; b ¼ 0Þdx ¼ fB
2

ffiffiffiffiffiffiffiffi
2Nc

p ; ð9Þ

with decay constant fB. The light meson LCDAs are also
defined through the matrix elements as

hKðp2ÞjuβðzÞs̄αð0Þj0i ¼
Z

1

0

dxeixp·zðΦKðxÞÞαβ; ð10Þ

where the wave function of the K meson is given by

ΦKðxÞ ¼
iffiffiffiffiffiffiffiffi
2Nc

p γ5½=p2ϕ
A
KðxÞ þmK

0 ϕ
P
KðxÞ

−mK
0 ð=v=n − 1ÞϕT

KðxÞ�; ð11Þ

where mK
0 ¼ 1.6 GeV is the chiral mass of the K meson.

The kaon meson DAs up to twist three are

ϕA
KðxÞ ¼

fK
2

ffiffiffiffiffiffiffiffi
2Nc

p 6xð1 − xÞ
�
1þ aK1 C

3=2
1 ðtÞ

þ aK2 C
3=2
2 ðtÞ þ aK4 C

3=2
4 ðtÞ

�
;

ϕP
KðxÞ ¼

fK
2

ffiffiffiffiffiffiffiffi
2Nc

p
�
1þ

�
30η3 −

5

2
ρ2K

�
C1=2
2 ðtÞ

− 3

�
η3ω3 þ

9

20
ρ2Kð1þ 6aK2 Þ

�
C1=2
4 ðtÞ

�
;

ϕT
KðxÞ ¼

fK
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2xÞ
�
1þ 6

�
5η3 −

1

2
η3ω3

−
7

20
ρ2K −

3

5
ρ2Ka

K
2

�
ð1 − 10xþ 10x2Þ

�
; ð12Þ

with ρK ¼ MK=mK
0 , where MK and fK are the mass and

decay constant of the K meson, respectively. The
Gegenbauer polynomials are [108,109]

C3=2
1 ðtÞ ¼ 3t; C1=2

2 ðtÞ ¼ 1

2
ð3t2 − 1Þ;

C3=2
2 ðxÞ ¼ 3

2
ð5t2 − 1Þ;

C1=2
4 ðtÞ ¼ 1

8
ð3 − 30t2 þ 35t4Þ;

C3=2
4 ðtÞ ¼ 15

8
ð1 − 14t2 þ 21t4Þ; ð13Þ

with t ¼ 2x − 1, and the Gegenbauer coefficients are
[108,109]

aK1 ¼ 0.06; aK2 ¼ 0.25� 0.15; aK4 ¼ −0.015;

ηK3 ¼ 0.015; ωK
3 ¼ −3.0: ð14Þ

As in most current works within the PQCD approach, we
incorporate the intrinsic b dependence solely in the LCDA
of the B meson, while neglecting it in the LCDAs of the
K meson. This is because, in the B meson, the light
quark predominantly carries the longitudinal momentum
fraction, whereas the bottom quark remains nearly at rest.
Consequently, transverse momentum effects become sig-
nificant, necessitating their explicit inclusion in the LCDA.
In contrast, for the K meson, the two light quarks exhibit
comparable momentum fractions, and the transverse
momentum effects are negligible, justifying their omission
in the LCDA. Previous studies have substantiated this point,
as elaborated in Refs. [82,105,114]. However, it should be
noted that although the intrinsic b dependence in the
LCDAs of the K meson can be neglected, the transverse
momentum dependence in the hard scattering kernel must
be considered. Meanwhile, we note that in the calculation of
electromagnetic form factors of the K meson, the intrinsic
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b dependence of the K meson LCDA should be taken
into account. Comprehensive discussions can be found
in Refs. [115,116], along with relevant background in
[117–119]. In addition to this definition of the wave
function, we have noticed that another definition of the
transverse-momentum-dependent wave function has
recently been proposed [120].

III. THEORETICAL CALCULATIONS

Utilizing the provided LCDAs, we can analytically
compute the semileptonic FCNC decay process of
Bþ → Kþ. The considered Feynman diagrams are illus-
trated in Fig. 2. This figure depicts both the short-distance
(SD) interactions, as represented by the low-energy effective
Hamiltonian, and the long-distance (LD) interactions.
The low-energy effective Hamiltonian of b → sνν̄ tran-

sitions can be written as [121]

Heff ¼ −
4GFffiffiffi

2
p αem

2π
VtbV�

tsCLL
SMO

LL
V ; ð15Þ

where GF is the Fermi coupling constant, αem is the
coupling constant of electromagnetic interaction, Vij are
the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements,
and C is the Wilson coefficient. The four-fermion operator
is

OLL
V ¼ ðs̄γμPLbÞðν̄γμPLνÞ; ð16Þ

with

CLL
SM ¼ −Xt= sin2ðθWÞ ¼ −6.32ð7Þ: ð17Þ

Here Xt ¼ 1.462ð17Þ. It includes the NLO QCD correc-
tions [122–124] and the two-loop electroweak contribu-
tions [125].

For b → slþl− processes, the low-energy effective
Hamiltonian is

Heff ¼ −
4GFffiffiffi

2
p VtbV�

ts

nh
C1ðμÞOc

1ðμÞ þ C2ðμÞOc
2ðμÞ

þ
X10
i¼3

CiðμÞOiðμÞ
i
þ λu

h
C1ðμÞðOc

1ðμÞ

−Ou
1ðμÞÞ þ C2ðμÞðOc

2ðμÞ −Ou
2ðμÞÞ

io
; ð18Þ

where λu ¼ VubV�
us=ðVtbV�

tsÞ. CiðμÞ are Wilson coeffi-
cients, OiðμÞ are four fermion operators, and they all
depend on the renormalization scale μ. For notational
simplicity, we will omit the symbol μ in the subsequent
discussion.

Oc
1 ¼ ðs̄αγμPLcβÞðc̄βγμPLbαÞ;

Oc
2 ¼ ðs̄αγμPLcαÞðc̄βγμPLbβÞ;

Ou
1 ¼ ðs̄αγμPLuβÞðūβγμPLbαÞ;

Ou
2 ¼ ðs̄αγμPLuαÞðūβγμPLbβÞ;

O3 ¼ ðs̄αγμPLbαÞ
X
q

ðq̄βγμPLqβÞ;

O4 ¼ ðs̄αγμPLbβÞ
X
q

ðq̄βγμPLqαÞ;

O5 ¼ ðs̄αγμPLbαÞ
X
q

ðq̄βγμPRqβÞ;

O6 ¼ ðs̄αγμPLbβÞ
X
q

ðq̄βγμPRqαÞ;

O7 ¼
emb

16π2
s̄σμνPRbFμν;

O8 ¼
gmb

16π2
s̄σμνTaPRbGa

μν;

O9 ¼
αem
4π

ðs̄γμPLbÞðlγμlÞ;

O10 ¼
αem
4π

ðs̄γμPLbÞðlγμγ5lÞ: ð19Þ

Fμν and Ga
μν are the electromagnetic and chromomag-

netic tensors, respectively. Ta are the generators of the
SUð3ÞC group.
Based on the effective Hamiltonian, the transition

amplitude for the Bþ → Kþ FCNC process comprises both
hadronic and leptonic matrix elements. The hadronic
matrix element can be parametrized by the form factors
Fþðq2Þ, F0ðq2Þ, and FTðq2Þ as

FIG. 2. The Feynman diagrams for Bþ → Kþ FCNC processes.
(a),(b) Diagram of Bþ → Kþνν̄ and (c),(d) Bþ → Kþlþl−

including (a),(c) SD and (b),(d) LD contributions.
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hKðp2Þjs̄ð0Þγμbð0ÞjBðp1Þi ¼
�
M2

B −M2
K

q2
qμ

�
F0ðq2Þ þ

�
ðp1 þ p2Þμ −

M2
B −M2

K

q2
qμ

�
Fþðq2Þ;

hKðp2Þjs̄ð0Þσμνbð0ÞjBðp1Þi ¼
2i½p2μqν − qμp2ν�

MB þMK
FTðq2Þ: ð20Þ

It is straightforward to observe that setting q2 ¼ 0, Fþð0Þ
results in F0ð0Þ.
For B decay processes, LO calculations are insufficiently

precise for testing the SM. NLO corrections have been
extensively considered in semileptonic B decays. The NLO
B → π transition form factors at twist two are provided in
Ref. [126]. Utilizing these results, the form factors for
B → K, Bs → K, and B → π transitions were calculated in
Ref. [91]. These NLO contributions amount to approx-
imately 20%. In addition to higher-order corrections,
higher-twist effects have also been evaluated in recent
studies. The NLO twist-three contributions to B → π

transition form factors have been considered in
Ref. [127]. It was found that the NLO twist-three and
twist-two contributions are of similar magnitude but
opposite sign, resulting in significant cancellation between
them [127]. Consequently, the NLO twist-three contribu-
tion must be accounted for in this study. Given that the
behavior of B → K processes is analogous to that of B → π
transitions, by following the methodology outlined in
Refs. [126,127], we can readily recalculate the B → K
form factors at NLO. The NLO PQCD factorization
formulas for F0ðq2Þ, Fþðq2Þ, and FTðq2Þ are

F0ðq2ÞjNLO ¼ 8πCFM2
B

Z
dx1dx2

Z
b1db1b2db2ϕBðx1; b1Þfð2 − ηÞrK½ϕP

Kðx2Þ − ϕT
Kðx2Þ�

× αsðt1Þhðx1; x2; b1; b2Þe−SBKðt1ÞStðx2Þ þ η½ð1þ x2ηÞð1þ Fð1Þ
T2 ðxi; μ; t; q2ÞÞϕA

Kðx2Þ
− 2rKx2ϕP

Kðx2Þ þ 2rKð1=η − x2ÞϕT
Kðx2Þ�αsðt1Þhðx1; x2; b1; b2Þe−SBKðt1ÞStðx2Þ

þ η½2rKð1þ Fð1Þ
T3 ðxi; μ; t; q2ÞÞϕP

Kðx2Þ�αsðt2Þhðx2; x1; b2; b1Þe−SBKðt2ÞStðx1Þg; ð21Þ

Fþðq2ÞjNLO ¼ 8πCFM2
B

Z
dx1dx2

Z
b1db1b2db2ϕBðx1; b1ÞfrK½ϕP

Kðx2Þ − ϕT
Kðx2Þ�

× αsðt1Þhðx1; x2; b1; b2Þe−SBKðt1ÞStðx2Þ þ ½ð1þ x2ηÞð1þ Fð1Þ
T2 ðxi; μ; t; q2ÞÞϕA

Kðx2Þ
− 2rKx2ϕP

Kðx2Þ þ 2rKð1=η − x2ÞϕT
Kðx2Þ�αsðt1Þhðx1; x2; b1; b2Þe−SBKðt1ÞStðx2Þ

þ ½2rKð1þ Fð1Þ
T3 ðxi; μ; t; q2ÞÞϕP

Kðx2Þ�αsðt2Þhðx2; x1; b2; b1Þe−SBKðt2ÞStðx1Þg; ð22Þ

FTðq2ÞjNLO ¼ 8πCFM2
Bð1þ rÞ

Z
dx1dx2

Z
b1db1b2db2ϕBðx1; b1Þf½ð1þ Fð1Þ

T2 ðxi; μ; t; q2ÞÞϕA
Kðx2Þ

− rKx2ϕP
Kðx2Þ þ rKð2=ηþ x2ÞϕT

Kðx2Þ�αsðt1Þhðx1; x2; b1; b2Þe−SBKðt1ÞStðx2Þ
þ ½2rKð1þ Fð1Þ

T3 ðxi; μ; t; q2ÞÞϕP
Kðx2Þ�αsðt2Þhðx2; x1; b2; b1Þe−SBKðt2ÞStðx1Þg; ð23Þ

with color factor CF ¼ 4=3, r ¼ MK=MB, and rK ¼ mK
0 =MB. In this context, we have omitted the terms proportional to x1,

as they are power suppressed. The running coupling constant αs, hard function h, Sudakov exponent SBK, and threshold

resummation factor St can be found in the Appendix. NLO hard kernel Fð1Þ
T2 ðxi; μ; t; q2Þ and Fð1Þ

T3 ðxi; μ; t; q2Þ are also listed
in the Appendix.

IV. NUMERICAL RESULTS

After constructing the factorization formula for the form factors, we can compute the required form factors using the
provided input parameters. The input parameters used in our calculations are summarized as follows. The masses are taken
as (in units of GeV) [8]
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MB¼ 5.280; MK ¼ 0.494; mτ ¼ 1.777; mW ¼ 80.37;

mt¼ 172.57; mb¼4.209; mc¼ 1.272; ð24Þ

where we omit the mass of u, d, and s quarks, as well as the
e and μ leptons since they are too light.
The lifetime (in units of picoseconds) and decay constant

(in units of GeV) are [8]

τB¼ 1.638; ττ ¼ 0.29; fB¼ 0.21; fK ¼ 0.16: ð25Þ

For the CKM matrix elements, we adopt [8]

jVubj¼ð3.82�0.20Þ×10−3; jVusj¼0.22431�0.00085;

jVtbj¼1.010�0.027; jVtsj¼ð41.5�0.9Þ×10−3: ð26Þ

Wilson Coefficients at μ ¼ mb [128],

C1 ¼ −0.294; C2 ¼ 1.017; C3 ¼ −0.0059;

C4 ¼ −0.087; C5 ¼ 0.0004; C6 ¼ 0.0011;

C7 ¼ −0.2957; C8 ¼ −0.1630; C9 ¼ 4.114;

C10 ¼ −4.193: ð27Þ

Other parameters [8] are

GF¼1.1663788×10−5GeV−2; sin2ðθWÞ¼0.231;

1=αemðMZÞ¼127.952; γ¼0.5772156649: ð28Þ

A. Form factors

Using the input parameters and factorization formula
presented above, we can estimate the numerical results for
the form factors, which are summarized in Tables I and II.
In Table I, we detail the contributions from each order and
twist. It can be observed that the NLO twist-two and twist-
three contributions are approximately equal in magnitude
but have opposite signs, leading to an overall enhancement
of only about 3% ∼ 4% relative to the full LO contribution.
This finding aligns with the conclusions drawn in
Ref. [127]. In Table II, we compare our results with those
from other theoretical studies. The results show consistency
among each other within the uncertainties. Within the
PQCD framework, the primary sources of uncertainty stem
from the shape parameter ωB in the B meson DA and the
Gegenbauer coefficients of the final-state meson wave
functions. Taking into account the uncertainties associated
with the input parameters, the total error in our calculations
is approximately 20%.
While PQCD offers reliable predictions, it is particularly

effective for calculations in the low-q2 region. Conversely,

TABLE I. Central values of Bþ → Kþ transition form factors at
q2 ¼ 0, the label LO, LOþ NLOðT-2Þ, LOþ NLOðT-3Þ, and
LOþ NLO mean the full LO contribution, the full LO plus NLO
twist-two contribution, the full LO plus NLO twist-three con-
tribution, and the total contribution of LO and NLO, respectively.

LO LOþ NLOðT-2Þ LOþ NLOðT-3Þ LOþ NLO

F0ð0Þ 0.326 0.381ðþ17%Þ 0.284ð−13%Þ 0.340ðþ4%Þ
Fþð0Þ 0.326 0.381ðþ17%Þ 0.284ð−13%Þ 0.340ðþ4%Þ
FTð0Þ 0.345 0.399ðþ16%Þ 0.299ð−13%Þ 0.354ðþ3%Þ

TABLE II. Results of Bþ → Kþ transition form factors at q2 ¼ 0 obtained by using different theories. Results of Bþ → Kþll
branching ratios obtained by using different theories. The data in the fourth, sixth, and seventh column include both SD and LD
contributions, while the other data include only SD contributions. The errors in our results originate from form factors. We added the
errors mentioned in the references in quadrature. SD results of Bþ → Kþνν̄ branching ratios ð10−6Þ for various q2 bins obtained by
using different theories. The label “SCET” in the fifth column refers to Soft-Collinear Effective Theory.

PQCD (previous) [91] QCDSR [10,108,129] LQCD [90,130] SCET [131] This work Data

Fþð0Þ 0.310� 0.054 0.331� 0.041 0.332� 0.012 0.325� 0.085 0.340� 0.059 � � �
F0ð0Þ 0.310� 0.054 0.331� 0.041 0.332� 0.012 0.325� 0.085 0.340� 0.059 � � �
FTð0Þ 0.340� 0.062 0.358� 0.037 0.332� 0.024 0.351� 0.097 0.354� 0.066 � � �
BðBþ → Kþνν̄Þð10−6Þ 4.42þ1.66

−1.36 4.135þ0.820
−0.655 5.67� 0.38 5.239þ0.311

−0.281 6.69� 0.66 23� 7

BðBþ → Kþlþl−Þð10−7Þ 5.50þ2.06
−1.69 6.633þ1.341

−1.070 7.04� 0.55 � � � 8.87� 0.99 4.7� 0.5

q2 ∈ ð0; 4Þ � � � 0.93� 0.15 1.189� 0.097 1.282þ0.087
−0.080 1.32� 0.15 � � �

q2 ∈ ð4; 8Þ � � � 0.92� 0.12 1.155� 0.090 1.224þ0.076
−0.069 1.36� 0.16 � � �

q2 ∈ ð8; 12Þ � � � 0.86� 0.10 1.071� 0.084 1.112þ0.066
−0.060 1.29� 0.18 � � �

q2 ∈ ð12; 16Þ � � � 0.71� 0.08 0.905� 0.072 0.916þ0.053
−0.048 1.08� 0.15 � � �

q2 ∈ ð16; 20Þ � � � 0.55� 0.06 0.597� 0.048 0.705þ0.040
−0.036 0.67� 0.07 � � �

q2 ∈ ð20; q2maxÞ � � � 0.127� 0.011 0.13� 0.06 � � �
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LQCD provides more precise results in the high-q2 region.
Hence, we follow the approach outlined in Ref. [58],
employing PQCD for the low-q2 region and integrating
LQCD results for the high-q2 region to model the form
factors over the full kinematic range. The q2 dependence of
the form factors is described using the Bourrely-Caprini-
Lellouch (BCL) parametrization [132]

zðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t0

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ − t0
p ; ð29Þ

with t� ¼ ðMB �MKÞ2 and t0 ¼ tþð1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − t−=tþ

p Þ,
then the form factor can be expressed as

Fiðq2Þ ¼ Piðq2Þ
X
k

αik½zðq2Þ − zð0Þ�k; ð30Þ

Piðq2Þ ¼ ð1 − q2=m2
RiÞ−1 is a simple pole, and mR0 → ∞,

mRþ;RT ¼ 5.415 GeV [133].
The parameters αin, tabulated in Table III, are derived

from the fitting procedure. Utilizing these fitted parameters,
we illustrate the q2 dependence of the form factors in Fig. 3.
As previously mentioned, the PQCD approach for calculat-
ing form factors is predominantly applicable in the large-
recoil region, i.e., the low-momentum-transfer region where
q2 → 0. We consider that q2 can reach around 10 GeV2, as
the previous PQCD studies have adopted similar values
[91]. We note that as q2 increases, the reliability of the data
gradually decreases, which necessitated denser sampling
within smaller q2 intervals.

B. B+ → K + νν̄

Based on the form factors we have fitted, we can give the
decay branching ratios as

BðBþ → Kþνν̄ÞjSD

¼ τB

Z
dq2

3G2
Fα

2
emλ

3=2
K

768π5M3
B

jVtbV�
tsj2jCLL

SMj2jFþðq2Þj2; ð31Þ

where λK ¼ λðM2
B;M

2
K; q

2Þ is the Källén function as

λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ab − 2bc − 2ac: ð32Þ

The SD contribution is 5.85ð65Þ × 10−6. For comparing
with the experimental data, we also calculate the LD
contribution [134]

BðBþ → Kþντν̄τÞjLD ¼ τB
jG2

FVubV�
usfKfBj2

256π3M3
B

× ττ2πmτðM2
B −m2

τÞ2ðM2
K −m2

τÞ2:
ð33Þ

The contribution of LD interaction is 8.41ð88Þ × 10−7

which could account for 13% of the total Bþ → Kþνν̄
rates, but it does not seem to be enough to explain the
deviation between theory and experiment. Our numerical
results, along with other theoretical predictions, are sum-
marized in Table II. Overall, our results are consistent with
those from various theoretical approaches, yet they are
notably lower than the experimental data reported by Belle
II. In Table II, we present the values for different q2 bins for
a more detailed comparison. Additionally, we illustrate the
q2 dependence of the differential branching ratio in Fig. 4.
To clearly see the difference between experimental

measurements and our results, we obtain

Rν
K ≡ BðBþ → Kþν̄νÞjExp

BðBþ → Kþν̄νÞjSM
¼ 3.4� 1.1: ð34Þ

FIG. 3. The q2 dependence of the form factors in our fit: (a) Fþðq2Þ, (b) F0ðq2Þ, and (c) FTðq2Þ.

TABLE III. The fitted parameters with BCL parametrization.

α0 α1 α2

Fþ 0.358(28) −1.42ð65Þ −2.1ð2.2Þ
F0 0.360(27) −1.01ð52Þ 2.3(1.8)
FT 0.375(30) −1.55ð77Þ −2.9ð2.6Þ
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This indicates that the experimental data are 3–4 times
higher than the theoretical predictions. To account for this
significant discrepancy, one possibility is to introduce
NP effects. Further analysis is provided in the following
section.

C. B+ → K +l+l−

As for the Bþ → Kþlþl− process, the contributions
from O1−6;8 which including SD and LD interaction can be
added to the effective Wilson coefficients Oeff

7;9, then the
effective Hamiltonian can be simplified to

Heff ¼ −
4GFffiffiffi

2
p VtbV�

ts
αem
4π

�
C10½s̄γμPLb�½lγμγ5l�

þ Ceff
9 ½s̄γμPLb�½lγμl�

− 2mbCeff
7

�
s̄iσμν

qν
q2

PRb

�
½lγμl�

�
: ð35Þ

Ceff
7 and Ceff

9 are defined as

Ceff
7 ¼ C7 þ C0

b→sγ;

Ceff
9 ¼ C9 þ YpertðŝÞ þ YresðŝÞ; ð36Þ

with ŝ ¼ q2=M2
B. The term which contains the contribu-

tions of b → sγ is given by

C0
b→sγ ¼ iαsðmbÞ

�
2

9
η14=23

�
xtðx2t − 5xt − 2Þ

8ðxt − 1Þ3

þ 3x2t ln xt
4ðxt − 1Þ4 − 0.1687

�
− 0.03C2

�
; ð37Þ

where η ¼ αsðmWÞ=αsðμÞ and xt ¼ m2
t =m2

W . The term
YpertðŝÞ contains the SD perturbative contributions

YpertðŝÞ ¼ 0.124ωðŝÞ þ gðm̂c; ŝÞC0

þ λu½gðm̂c; ŝÞ − gð0; ŝÞ�ð3C1 þ C2Þ

−
1

2
gð0; ŝÞðC3 þ 3C4Þ

−
1

2
gðm̂b; ŝÞð4C3 þ 4C4 þ 3C5 þ C6Þ

þ 2

9
ð3C3 þ C4 þ 3C5 þ C6Þ; ð38Þ

with C0 ¼ 3C1 þ C2 þ 3C3 þ C4 þ 3C5 þ C6 and m̂q ¼
mq=mb. ωðŝÞ can be defined as

ωðŝÞ ¼ −
2

9
π2 þ 4

3

Z
ŝ

0

lnð1 − uÞ
u

du −
2

3
lnðŝÞ ln ð1 − ŝÞ

−
5þ 4ŝ

3ð1þ 2ŝÞ ln ð1 − ŝÞ − 2ŝð1þ ŝÞð1 − 2ŝÞ
3ð1 − ŝÞ2ð1þ 2ŝÞ lnðŝÞ

þ 5þ 9ŝ − 6ŝ2

6ð1 − ŝÞð1þ 2ŝÞ : ð39Þ

The functions gðm̂q; ŝÞ and gð0; ŝÞ are of the form

gðm̂q; ŝÞ ¼ −
8

9
lnðm̂qÞ þ

8

27
þ 4

9
x −

2

9
ð2þ xÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j1 − xj

p

×

8<
:

ln
			 1þ ffiffiffiffiffiffi

1−x
p

1−
ffiffiffiffiffiffi
1−x

p
			 − iπ; x < 1;

2 arctan 1ffiffiffiffiffiffi
x−1

p ; x > 1;

gð0; ŝÞ ¼ 8

27
−
8

9
ln
mb

μ
−
4

9
ln ŝþ 4

9
iπ; ð40Þ

with x ¼ 4m̂2
q=ŝ. The term YresðŝÞ refers to the LD

contributions

YresðŝÞ ¼ −
3π

α2em

�
C0

X
Vi

MVi
BðVi → lþl−ÞΓVi

q2 −M2
Vi
þ iMVi

ΓVi

− λugð0; ŝÞð3C1 þ C2Þ

×
X
Vj

MVj
BðVj → lþl−ÞΓVj

q2 −M2
Vj

þ iMVj
ΓVj

�
: ð41Þ

Light vector mesons and charmonium states that may
contribute are listed in Table IV.

FIG. 4. The q2 dependence of the differential branching ratio.
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Then the branching ratios can be given by

BðBþ → Kþlþl−Þ

¼ τB

Z
dq2

G2
Fα

2
emjVtbj2jV�

tsj2
ffiffiffiffiffi
λK

p
512M3

Bπ
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − 4m2

l

q2

s
1

3q2

×

�
6m2

l jC10j2ðM2
B −M2

KÞ2F2
0ðq2Þ þ ðq2 þ 2m2

l Þλðq2Þ

×

				Ceff
9 Fþðq2Þ þ

2Ceff
7 ðmb −msÞFTðq2Þ

MB þMK

				2

þ jC10j2ðq2 − 4m2
l ÞλKF2þðq2Þ

�
: ð42Þ

Our results are summarized in Table II. We have updated
the prior PQCD calculations, offering more reliable and
precise predictions. The q2 dependence branching ratios are
also given in Fig. 4. The two peaks of the branching ratio
curve correspond to the possible resonance contribution,
such as J=Ψ and Ψð2SÞ in Fig. 2(d). When comparing our
results with those from other theoretical approaches and
experimental measurements, it is evident that the theoreti-
cal predictions tend to be higher than the experimental data.
This discrepancy might indicate that certain process con-
tributions are being offset by NP effects.
Analogous to the definition of Rν

K, we can define

Rl
K ≡ BðBþ → Kþlþl−ÞjExp

BðBþ → Kþlþl−ÞjSM
¼ 0.530� 0.082: ð43Þ

While this discrepancy is less pronounced than that
observed for Rν

K, it nonetheless calls for a theoretical
explanation.

V. LEPTOQUARK EFFECTS

At the bottom-quark mass scale, considering the lepton
flavor universality (LFU), the dimension-six NP effective
Hamiltonian of b → s semileptonic FCNC transitions can
be written as [100,135]

Heff ¼ −
4GFffiffiffi

2
p αem

2π
VtbV�

ts

X
X;A;B

CAB
X OAB

X ; ð44Þ

with X ¼ V, S, T and A;B ¼ L, R, the ten four-fermion
operators

OAB
V ¼ ðs̄γμPAbÞðlγμPBlÞ;

OAB
S ¼ ðs̄PAbÞðlPBlÞ;

OAB
T ¼ δABðs̄σμνPAbÞðlσμνPBlÞ: ð45Þ

Here, l denotes neutrinos or charged leptons.
Considering the possible right-hand neutrinos are too

heavy to be produced in low-energy processes, the right-
hand lepton including lR and νR will not be considered
in our work. Based on the previous studies [100], there
are five different LQ candidates that can explain the
Bþ → Kþ anomaly: S1 ¼ ð3̄; 1; 1=3Þ, R̃2 ¼ ð3; 2; 1=6Þ,
S3 ¼ ð3̄; 3; 1=3Þ, V2 ¼ ð3̄; 2; 5=6Þ, and U3 ¼ ð3; 3; 2=3Þ.
Here the numbers in the brackets represent the SM gauge
groups SUð3ÞC, SUð2ÞL, and Uð1ÞY quantum numbers,
respectively. The former three mean the scalar LQ, and the
latter two stand for vector LQs. The corresponding
interactions are

S1∶ LS1 ⊃ þyLL1ijQ̄
Ci;a
L S1ϵabL

j;b
L þ H:c:;

R̃2∶ LR̃2
⊃ −ỹRL2ij d̄iRR̃a

2ϵ
abLj;b

L þ H:c:;

S3∶ LS3 ⊃ þyLL3ijQ̄
Ci;a
L ϵabðτkSk3ÞbcLj;c

L þ H:c:;

V2∶ LV2
⊃ þxRL2ij d̄

C
Rγ

μVa
2;μϵ

abLj;b
L þ H:c:;

U3∶ LU3
⊃ þxLL3ijQ̄

i;a
L γμðτkUk

3;μÞabLj;b
L þ H:c:; ð46Þ

where we adopt the notation for LQs in Ref. [100]. After
integrating out the heavy LQ field, we can obtain the
corresponding Wilson coefficients as shown in Table V, by
adopting the Fierz transformation into the vector cur-
rent form.
Then, the general effective Hamiltonian responsible for

the decay Bþ → Kþνν̄ is written as

Heff ¼−
4GFffiffiffi

2
p αem

2π
VtbV�

ts

h
CLL
SMðs̄γμPLbÞðν̄γμPLνÞ

þCLL
V ðs̄γμPLbÞðν̄γμPLνÞþCRL

V ðs̄γμPRbÞðν̄γμPLνÞ
i
:

ð47Þ

The corresponding branching ratios are obtained by

BðBþ → Kþνν̄Þ ¼ BðBþ → Kþνν̄ÞjSM
×

				1þ CLL
V þ CRL

V

CLL
SM

				2: ð48Þ

TABLE IV. Vector mesons masses, widths, and branching
ratios to lþl− [8]. The first three rows correspond to Vi, and
the last five rows correspond to Vj in Eq. (41).

V MV (GeV) ΓV (MeV) BðV → lþl−Þ
ρ 0.775 149 4.635 × 10−5

ω 0.783 8.68 7.380 × 10−5

ϕ 1.019 4.249 2.915 × 10−4

J=ψ 3.097 0.093 5.966 × 10−2

ψð2SÞ 3.686 0.294 7.965 × 10−3

ψð3770Þ 3.774 27.2 9.6 × 10−6

ψð4040Þ 4.039 80 1.07 × 10−5

ψð4160Þ 4.191 70 6.9 × 10−6
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Therefore, the deviation between SM prediction and
experimental data can be attributed to the vector current
coupling LQ operator associated with the Wilson coeffi-
cients CLL;RL

V .
Comparing the experimental results and our new pre-

diction in Eq. (34), we can obtain the viable LQ parameter
ranges. As shown in Table V, the above five different types
of LQ particles both can contribute to Bþ → Kþνν̄. For
simplicity, we consider only one type of LQ contributing in
each physical decay process. Within a 1σ error range, the
numerical ranges for the corresponding Wilson coefficients
are estimated as

CLL
V ðS1; S3; U3Þ ¼ CRL

V ðR̃2; V2Þ
¼ ½−7.3;−3.5� ∪ ½16.1; 19.9�: ð49Þ

In this context, the identical coefficients across all five LQs
arise from their analogous contributions to Eq. (48).
For the Bþ → Kþlþl− process, with the addition of NP

contributions, the effective Hamiltonian can be written as

Heff ¼ −
4GFffiffiffi

2
p VtbV�

ts
αem
4π

×

�
ðC10 − CLL

V − CRL
V Þ½s̄γμPLb�½lγμγ5l�

þ ðCeff
9 þ CLL

V þ CRL
V Þ½s̄γμPLb�½lγμl�

− 2mbCeff
7

�
s̄iσμν

qν
q2

PRb

�
½lγμl�

�
: ð50Þ

In this analysis, we disregard the contributions from right-
handed charged leptons for simplicity. Instead, we focus
solely on the LQs that contribute concurrently to both
charged lepton and neutrino final states, consistent with
SUð2ÞL gauge invariance. The corresponding Wilson coef-
ficients are provided in Table. V. Notably, S1 does not
contribute to the charged lepton process, leaving only the
remaining four LQs as contributors.
With the inclusion of NP contributions, the relationship

between the decay branching ratio of Bþ → Kþlþl− and

its SM counterpart becomes more complex than suggested
by Eq. (48). To address this, the differential branching ratio
must be expanded based on the distinct structures of the
Wilson coefficients, followed by separate integration to
derive the following form as

BðBþ → Kþlþl−Þ × 107

¼ 0.249ð26ÞjC10 − CNP
10 j2 þ 0.249ð26ÞjC9 þ CNP

9 j2
− 0.259ð22ÞðC9 þ CNP

9 Þ þ 1.35ð0.18Þ: ð51Þ

Based on the above equations and Eq. (43), the corre-
sponding numerical ranges for the coefficients CLL;RL

V can
be determined within the 1σ uncertainty range as follows:

CLL
V ðS3; U3Þ ¼ CRL

V ðR̃2; V2Þ
¼ ½−7.4;−5.6� ∪ ½−1.8;−0.8�: ð52Þ

Similar to the previous scenario, the four LQs contribute to
NP in an identical manner, resulting in the same coefficient
values.
These five LQ models are observed to individually

account for the experimental data of the Bþ → Kþνν̄
and Bþ → Kþlþl− decay channels. By combining the
results from both decay channels, the parameter space of
the LQs can be further constrained. Although the Wilson
coefficients for each type of LQ involved in the above two
decays (charged leptons and neutrinos) differ with different
factors, as presented in Table. V, the underlying structure
induced by Yukawa couplings and LQ masses remain
consistent. Consequently, the parameter space of the LQ
mass and the Yukawa coupling matrix elements, which
constitute the Wilson coefficient CNP, can be constrained
through the FCNC Bþ → Kþ decays. The allowed param-
eter space for the five LQs is presented in Fig. 5.
Additionally, the current experimental bounds on the LQ
mass from colliders provide the lower limit for the masses
of LQs coupled to three generations of leptons, as discussed
in Ref. [8]. Considering the requirement of LFU in our
analysis, we adopt the average lower bound of 1250 GeV
for the LQ mass, as indicated in gray. For satisfying the
perturbative unitarity bound, we choose the Yukawa
coupling Y ≤

ffiffiffiffiffiffi
4π

p
, which leads to the product YAB

ib YAB�
is

across the entire range ½−4π; 4π�.
As illustrated in Fig. 5, the semileptonic FCNC decay

Bþ → Kþ imposes significant constraints on the mass
range of LQs, under the assumption that the NP contribu-
tion arises exclusively from LQs. For the S1 type LQ, as it
does not contribute to the Bþ → Kþlþl− decay, its
allowed parameter space is broader than those of other
LQ types. Furthermore, the product YAB

ib YAB�
is spans both

positive and negative values. The LQ masses exhibit
opposite trends in the positive and negative coupling
product ranges, increasing with positive values and

TABLE V. Tree-level Wilson coefficients of LQ models in
b → sνν̄ and b → slþl− [100], λt ¼ VtbV�

ts, x, y are Yukawa
coupling matrix elements.

b → sνν̄ b → slþl−

CLL
V ðS1) v2

2M2
LQ

π
αemλt

yLL1b y
LL�
1s

� � �
CRL
V ðR̃2Þ − v2

2M2
LQ

π
αemλt

ỹRL2b ỹ
RL�
2s − v2

2M2
LQ

π
αemλt

ỹRL2b ỹ
RL�
2s

CLL
V ðS3Þ v2

2M2
LQ

π
αemλt

yLL3b y
LL�
3s

v2

M2
LQ

π
αemλt

yLL3b y
LL�
3s

CRL
V ðV2Þ v2

M2
LQ

π
αemλt

xRL2b x
RL�
2s

v2

M2
LQ

π
αemλt

xRL2b x
RL�
2s

CLL
V ðU3Þ − 2v2

M2
LQ

π
αemλt

xLL3b x
LL�
3s − v2

M2
LQ

π
αemλt

xLL3b x
LL�
3s
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decreasing with negative values. For the R̃2 and U3 type
LQs, the product of the Yukawa couplings YAB

ib YAB�
is is

restricted to negative values. The allowable masses of these
LQs increase as the product YAB

ib YAB�
is decreases. For the V2

and S3 LQs, only positive values of YAB
ib YAB�

is are viable and
the corresponding LQ masses increase as YAB

ib YAB�
is grows.

Furthermore, requiring the perturbative unitarity bound
jYAB

ib YAB�
is j ≤ 4π, we can obtain the LQ allowed upper

bound (in TeV)

MS1 ≈ 33; MR̃2
≈ 26; MS3 ≈ 33;

MV2
≈ 36; MU3

≈ 65: ð53Þ

For the above two processes, LQ models can construct
the four-fermion interactions, bsνν or bsll. The interaction
structures involve in the flavor changing quark b → s and
flavor conserving lepton pairs, which can also contribute to
other physical processes.
The first one is decay channel Bs → lþl− with the

branching ratio as

RBs→lþl− ¼
BðBs→lþl−ÞjExp
BðBs→lþl−ÞjSM

¼
				1−CLL

V −CRL
V

2CSM
10

				2: ð54Þ

Here the SM Wilson coefficients are CSM
10 ≈ −4.2 [136].

Until now, the current strongest bounds on the branching
ratio come from Bs → μþμ− with experimental values
3.34� 0.27 [137] and SM prediction 3.78� 0.15 [138],
which results in RBs→lþl− ¼ 0.88� 0.08.
Substituting this result into Eq. (54), we can obtain the

range of values for the coefficients within 1σ,

CLL
V ðS3; U3Þ ¼ ½−16.7;−15.9� ∪ ½−0.9;−0.1�;

CRL
V ðR̃2; V2Þ ¼ ½0.1; 0.9� ∪ ½15.9; 16.7�: ð55Þ

Comparing with these intervals in Eq. (49), we find that
there is no overlapping region. This indicates that the single
LQ model becomes invalid as a possible explanation of
these above two anomalies (B → Kνν̄; Klþl−) after con-
sidering the bound from the Bs → μþμ− process, which is
consistent with the previous studies [37,41].
The another process is Bs − B̄s mixing mediated by LQs

via the box diagram. For the scalar and vector LQs, the
corresponding effective Lagrangian is [100]

LS
eff ¼ −

1

128π2M2
LQ

X
i

ðyiby�isÞ2s̄γμPRbs̄γμPRb;

LV
eff ¼

1

32π2M2
LQ

X
i

ðxibx�isÞ2S0ðxi; xiÞs̄γμPLbs̄γμPLb;

LSM ¼ −
4Gfffiffiffi
2

p ðVtbV�
tsÞ2CSM

bs s̄γ
μPLbs̄γμPLb: ð56Þ

Here xi ¼ m2
i =M

2
LQ, the SM coefficients are CSM

bs ≈ 0.86 ×
10−3 [97], and the Inami-Lim function S0ð0; 0Þ ∼ 0.
Correspondingly, we obtain the contribution to the mass
differences as

ΔmBs

ΔmSM
Bs

¼
				1þ 3

ðyiby�isÞ2
128π2M2

LQ

ffiffiffi
2

p

4GfðVtbV�
tsÞ2CSM

bs

				: ð57Þ

Note that we only indicate the contribution from the scalar
LQs because the one from vector LQs is approximately
around 0 for m2

l =M
2
LQ ∼ 0. The current experimental and

theoretical values are ΔmBs
¼ 17.765� 0.006 [8] and

FIG. 5. The Bþ → Kþ decay allowed region on the LQ mass
and the coupling constant (Y ¼ x; y) for different LQ scenarios
(S1; R̃2; S3; V2; U3). The different LQ scenarios are shown in
different colors. The symbols A and B mean the chirality (L,R).
Note that the broader viable region for S1 is due to the lack of the
Rl
K constraints.

FIG. 6. The Bþ → Kþ decay allowed region and Bs − B̄s
mixing bound on the scalar LQ models for the scenarios of
S1, R̃2, and S3. The notations are the same as Fig. 5.
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ΔmSM
Bs

¼ 18.23� 0.63 ps−1 [139], which results in the
ratio as 0.975� 0.03.
Based on this ratio, we can obtain the corresponding

constraints within 2σ errors as

jyiby�isj
MLQ

¼ ð1.9� 1.0Þ × 10−5ðGeVÞ−2: ð58Þ

The corresponding bounds within 2σ are also shown in
Fig. 6, marked in yellow. We find that there exists some
viable overlapping area for explaining the Bs − B̄s mixing
and Bþ → Kþ decay simultaneously, in particular, for S1,
R̃2, and S3.

VI. SUMMARY

We have analyzed the Bþ → Kþ transition form factor at
the next-to-leading order and twist-three level within the
framework of perturbative QCD factorization. Using the
latest lattice QCD data, we performed a comprehensive fit
across the full dynamical region, as shown in Fig. 3, which
improves the reliability of the form factors. Based on these
fitted form factors, we computed the branching ratio for the
Bþ → Kþνν̄ and Bþ → Kþlþl− decay. The q2 depend-
ence of the differential branching ratio is shown in Fig. 4,
allowing for a direct comparison with existing experimental
data. The branching ratios for these two processes are
provided as

BðBþ → Kþνν̄Þ ¼ ð6.69� 0.66Þ × 10−6;

BðBþ → Kþlþl−Þ ¼ ð8.87� 0.99Þ × 10−7: ð59Þ

Our findings show that the Standard Model calculations do
not align with the experimental data presented in Table II.
To address this discrepancy between our theoretical
predictions and experimental results, we investigated
leptoquark models as a potential source of new physics.
By incorporating five types of leptoquark models—
namely, S1, R̃2, S3, V2, and U3—we were able to reconcile
the discrepancy and further constrain the parameter space
of these leptoquarks. Constraints on the masses and
Yukawa couplings of the leptoquarks are depicted in
Fig. 5. Our study demonstrates that leptoquarks can
significantly influence the semileptonic flavor-changing
neutral current Bþ → Kþ decays, thereby significantly
constraining the viable parameter space for leptoquark
masses and Yukawa couplings. Furthermore, the decay
Bs → μþμ− and Bs − Bs mixing impose the stringent
bounds, which render the single leptoquark model unten-
able as a viable explanation. We anticipate additional
experimental data in the future to reduce uncertainties,
allowing us to rigorously test the validity of leptoquark
models and other new physics hypotheses.
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APPENDIX: PQCD FUNCTIONS

The NLO running coupling constant [82]

αsðtÞ ¼
π

2β1t̂
−
πβ2
4β31

ln 2t̂
t̂2

; ðA1Þ

with t̂ ¼ lnðt=ΛÞ, Λ is the QCD scale, and we adopt
ΛQCD ¼ 0.25. The hard scales t are chosen as the maximal
virtuality of the internal particles,

t1 ¼ maxðMB
ffiffiffiffiffiffiffi
ηx2

p
; 1=b1; 1=b2Þ;

t2 ¼ maxðMB
ffiffiffiffiffiffiffi
ηx1

p
; 1=b1; 1=b2Þ: ðA2Þ

The hard functions

hðx1; x2; b1; b2Þ
¼ K0ðMB

ffiffiffiffiffiffiffiffiffiffiffi
ηx1x2

p
b1Þ

× ½θðb1 − b2ÞI0ðMB
ffiffiffiffiffiffiffi
ηx2

p
b2ÞK0ðMB

ffiffiffiffiffiffiffi
ηx2

p
b1Þ

þ θðb2 − b1ÞI0ðMB
ffiffiffiffiffiffiffi
ηx2

p
b1ÞK0ðMB

ffiffiffiffiffiffiffi
ηx2

p
b2Þ�: ðA3Þ

Sudakov exponents SBKðtÞ ¼ SBðtÞ þ SKðtÞ,

SBðtÞ ¼ s

�
MBffiffiffi
2

p x1; b1

�
þ 5

3

Z
t

1=b1

dμ
μ̄
γqðμ̄Þ;

SKðtÞ ¼ s

�
MBffiffiffi
2

p x2; b2

�
þ s

�
MBffiffiffi
2

p ð1 − x2Þ; b2
�

þ 2

Z
t

1=b2

dμ̄
μ̄
γqðμ̄Þ; ðA4Þ

where γq ¼ −αs=π is the quark anomalous dimension, and
the expression for sðQ; bÞ can be written as [82]
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sðQ; bÞ ¼ Að1Þ

2β1
q̂ ln

�
q̂

b̂

�
þ Að2Þ

4β21

�
q̂

b̂
− 1

�
−
Að1Þ

2β1



q̂ − b̂

�

−
Að1Þβ2
4β31

q̂

�
lnð2b̂Þ þ 1

b̂
−
lnð2q̂Þ þ 1

q̂

�

−
�
Að2Þ

4β21
−
Að1Þ

4β1
ln

�
e2γ−1

2

��
ln

�
q̂

b̂

�

þ Að1Þβ2
8β31

�
ln2ð2q̂Þ − ln2ð2b̂Þ

�
; ðA5Þ

where

q̂¼ ln

�
Q=ð

ffiffiffi
2

p
ΛÞ

�
; b̂¼ lnð1=ðbΛÞÞ;

β1 ¼
33−2nf

12
; β2 ¼

153− 19nf
24

;

Að1Þ ¼ 4

3
; Að2Þ ¼ 67

9
−
π2

3
−
10nf
27

þ 8

3
β1 ln

�
eγ

2

�
: ðA6Þ

Threshold resummation factor [83]

StðxÞ ¼
21þ2cΓð3=2þ cÞffiffiffi

π
p

Γð1þ cÞ ½xð1 − xÞ�c; ðA7Þ

with c ¼ 0.3.
NLO hard kernel correction factor at twist two [126]

Fð1Þ
T2 ðxi;μ; t;q2Þ¼

αsðtÞCF

4π

�
21

4
ln

μ2

M2
B
−
�
ln
M2

B

ξ21
þ13

2

�

×ln
t2

M2
B
þ 7

16
ln2ðx1x2Þþ

1

8
ln2x1

þ1

4
lnx1 lnx2þ

�
2 ln

M2
B

ξ21
þ7

8
lnη−

1

4

�
lnx1

þ
�
7

8
lnη−

3

2

�
lnx2þ

�
15

4
−

7

16
lnη

�
lnη

−
1

2
ln
M2

B

ξ21

�
3 ln

M2
B

ξ21
þ2

�
þ101π2

48
þ219

16

�
;

ðA8Þ

with

μ¼
�
exp

�
c1þ

�
ln
M2

B

ξ21
þ5

4

�
ln

t2

M2
B

�
xc21 x

c3
2

�
2=21

· t; ðA9Þ

with

c1 ¼ −
�
15

4
−

7

16
ln η

�
ln ηþ 1

2
ln
M2

B

ξ21

�
3 ln

M2
B

ξ21
þ 2

�

−
101π2

48
−
219

16
;

c2 ¼ −
�
2 ln

M2
B

ξ21
þ 7

8
ln η −

1

4

�
;

c3 ¼ −
7

8
ln ηþ 3

2
: ðA10Þ

NLO hard kernel correction factor at twist three [127]

Fð1Þ
T3 ðxi;μ;t;q2Þ¼

αsðtÞCF

4π

�
21

4
ln

μ2

M2
B
−
1

2

�
6þ ln

M2
B

ξ21

�

×ln
t2

M2
B
þ 7

16
ln2x1−

3

8
ln2x2

þ9

8
lnx1 lnx2þ

�
ln
M2

B

ξ21
þ15

8
lnη−

29

8

�
lnx1

þ
�
ln
M2

B

ξ22
þ9

8
lnη−

25

16

�
lnx2þ

1

2
ln
M2

B

ξ21

−
1

4
ln2

M2
B

ξ21
þ ln

M2
B

ξ22
−
9

8
lnη−

1

8
ln2η

þ37π2

32
þ91

32

�
; ðA11Þ

with

μ ¼
�
exp

�
c1 þ

�
1

2
ln
M2

B

ξ21
−
9

4

�
ln

t2

M2
B

�
xc21 x

c3
2

�
2=21

· t;

ðA12Þ

with

c1 ¼ −
�
1

2
−
1

4
ln
M2

B

ξ21

�
ln
M2

B

ξ21
þ
�
9

8
þ 1

8
ln η

�
ln η

−
379

32
−
167π2

96
;

c2 ¼
29

8
− ln

M2
B

ξ21
−
15

8
ln η;

c3 ¼
25

16
−
9

8
ln η; ðA13Þ

where ξ1 ¼ 25MB and ξ22 ¼ M2
B.
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