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Neutrino oscillation experiments present anomalous results across a vast range of baselines and energies.
Here we show that a 3þ 1 scenario in which sterile neutrinos feel a novel matter potential Vs proportional
to background density of ordinary or (asymmetric) dark matter is able to explain several anomalies. In the
limit of low-energies E≲ 1 TeV the model gives rise to effective nonstandard interactions (NSI)-like
couplings among active flavors arranged in a distinctive nongeneric rank-1 Hamiltonian. Remarkably,
unlike the ordinary NSI, the induced NSI-like couplings, being generated via mixing with a gauge-singlet
state, are immune to the stringent constraints from SUð2Þ gauge invariance involving the charged leptons.
The NSI-like couplings eliminate the tension between the two long-baseline (LBL) experiments NOvA and
T2K provided that the potential is negative and the two sterile mixing angles θ14 and θ24 are nonzero. Solar
neutrino data further constrain the strength of the potential and impose the bound jUe4j2 ≃ sin2 θ14 ≲ 0.04,
while LBL and low-energy atmospheric data establish the hierarchical pattern jUμ4j2 ≪ jUe4j2 and

jUτ4j2 ≪ jUe4j2. A further indication in favor of a nonzero negative potential comes from the anomalous
excess of νe-like events observed in Super-Kamiokande multi-GeV atmospheric neutrinos, which, in the
new scenario can be explained by a modification of the 3-flavor resonance at energies of a few GeV. In the
high-energy regime (E≳ 1 TeV) the new framework reveals its genuine 4-flavor nature and can produce a
resonant behavior at E ≃ 10 TeV as hinted at by IceCube which, for the preferred negative values of the
potential, occurs in the neutrino channel. The resonance presents unconventional features, reflecting the
complex structure of the amplification phenomenon. Specifically, we identify an irreducible three-level
dynamics generating a new resonance in the ðνe; νμÞ sector intertwined with two conventional resonances
in the ðνe; νs) and ðνμ; νsÞ subsystems. The novel amplification mechanism manifests with the emergence
of effective mixing angles in matter (θm12 or θm13) involving active neutrinos unrelated to their vacuum
counterparts and can be operative even in the absence of conventional resonances. In order to have maximal
phenomenological relevance the scenario requires values of f ¼ Vs=jVNCj ∼ −20, Δm2

41 ∼ 60 eV2 (both
roughly uncertain by a factor of two), jUe4j2 ≃ sin2 θ14 ≃ 0.01–0.03 and jUμ4j2 ≃ sin2 θ24 ≃ 10−4–10−3.

Such a very small size of jUμ4j2 eliminates the tension between IceCube and the other (all negative) νμ
disappearance searches. The third mixing angle can have a sizable impact even for tiny values as small as
jUτ4j2 ≃ sin2 θ34 ∼ 3 × 10−4. Concerning the nature (Dirac vs Majorana) of the pseudosterile neutrino, the
null results from 0ν2β decay strongly favor the Dirac case. However, this conclusion can be evaded in 3þ 2

and 3þ 3 frameworks if an underlying symmetry forces the effective Majorana mass close to zero. The
model can play a substantial role in the Reactor anomaly and can partially explain the Gallium one. More
crucially, it can be directly probed by KATRIN, which is very sensitive to the electron-sterile neutrino
admixture in the region of high Δm2

41.
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I. INTRODUCTION

The question of the anomalies in the neutrino sector is
becoming increasingly intricate. Together with the long-
standing results of LSND [1], the Reactor [2], Gallium
[3–9] and Neutrino-4 [10] anomalies and the MiniBooNE
excess [11],1 new anomalous results are gradually emerging
and consolidating. This is the case of IceCube [13,14],
which hints at a resonantlike behavior in atmospheric muon
neutrinos for energies of ∼10 TeV. In addition, an appa-
rently unrelated tension between the two long-baseline
(LBL) experiments NOvA [15] and T2K [16] has recently
appeared [17–19]. Finally, here we evidence that there is a
possibly anomalous excess of electronlike events in the
atmospheric neutrino data collected by Super-Kamiokande
[20], which in our opinion deserves attention. According to
these latest developments, the anomalous results involve a
vast range of energies and distances. Hence, in our view, a
more complex picture is emerging, in which the “tradi-
tional” short-baseline (SBL) anomalies represent only one
piece of a broader mosaic. In addition, the new discrep-
ancies involving LBL, low-energy and high-energy atmos-
pheric neutrinos, strongly suggest a key role of matter
effects in the anomalies.
The so-called 3þ 1 scenario, entailing one sterile neutrino

in addition to the three active species, has been thoroughly
explored as a possible solution of the anomalies with
prominent attention to those recorded in SBL experiments
(for a recent review see [21,22]). However, it has been
gradually recognized that this simple scheme is not able to
address simultaneously all the SBL anomalies and it can
only explain a limited subset of them. Adding further light
sterile degrees of freedom (the so-called 3þ N schemes)
does not help. Perhaps, the most important drawback of
these scenarios is their inability to explain simultaneously
the positive signal of electron neutrino appearance and the
joint disappearance searches of electron neutrinos (with
positive outcome) and muon neutrinos (with negative out-
come) [23–25]. Additionally, a tension between the IceCube
high-energy results and the other muon neutrino disappear-
ance searches is consolidating and has been recently
quantified to lie around the 3σ level [26]. Also, very recently
the 3þ 1 scheme has been challenged by a dedicated
analysis of MicroBooNE [27]. Finally, in the background,
it remains the question of the incompatibility of such
“vanilla” sterile neutrinos with cosmology (see for example
[28–30]). In an effort to overcome these drawbacks, it has
been gradually accepted that sterile neutrinos, if still deemed
relevant for the anomalies, should possess additional exotic
properties. This is not implausible and in retrospect it seems
quite natural given that we are scrutinizing completely
unknown fundamental particles. Examples of ideas going

in this direction are given by the recent hypothesis of the
nonunitary 3þ 1 scheme [31], the invisible sterile neutrino
decay [25,32,33] or decoherence [33] as a means to alleviate
the appearance-disappearance tension, the decay in visible
products [34–38] to explain the LSND and MiniBooNE
excesses, and the so-called secret interactions [39–50], put
forward to reconcile terrestrial neutrino data with cosmology.
Here we consider a 3þ 1 scenario which entails a new

matter potential felt by the sterile neutrinos, already
investigated in various contexts related to neutrino oscil-
lations [51–62], but without reaching a concrete conclusion
on its role in the anomalies.2 We will refer to such a kind of
neutrinos as pseudosterile neutrinos to emphasize that
these states, albeit being singlets under the Standard
Model gauge group, can have other kinds of interactions
in addition to the gravitational one.3 We will show that the
pseudosterile states can concretely help to explain several
anomalies. The key point of this scenario, unrecognized in
the previous literature, is that these exotic states can act as
mediators of new unconventional matter flavor conversion
phenomena among the active flavors, which under appro-
priate conditions can be even resonantly amplified. We will
explore the rich phenomenology implied by this scenario
having in mind two goals. First, we will ensure that the new
scenario respects the constraints coming from the entire
neutrino oscillation phenomenology. Second, we will show
how it can provide a satisfying explanation of several
anomalies, without being affected by the internal tensions
plaguing the ordinary 3þ 1 scheme.
We will demonstrate that in the limit of relatively low

energies (E≲ 1 TeV) the sterile state νs can be integrated
out from the dynamics, and the model behaves as an
effective 3-flavor nonstandard interactions (NSI)-like
scheme among active flavors. The NSI-like couplings are
arranged in a distinctive nongeneric rank-1 Hamiltonian.
Remarkably, unlike ordinary NSI, the induced NSI-like
couplings, being generated via mixing with a gauge-singlet
state, are immune to the stringent constraints from SUð2Þ
gauge invariance involving charged leptons. At the phe-
nomenological level, the NSI-like couplings allow us to
explain the tension between the two LBL experiments
NOvA and T2K provided that the new potential is negative4

and the two sterile mixing angles θ14 and θ24 are nonzero.
With a dedicated analytical and numerical study we will
show that solar neutrino data further constrain the strength
of the new potential and impose the bound jUe4j2≃
sin2 θ14 ≲ 0.04. In addition, we will see that LBL and
low-energy atmospheric data establish the hierarchical

1The anomalous excess of electron neutrinos recorded by
MiniBooNE has been recently challenged by the negative results
of a dedicated search of MicroBooNE [12].

2Interestingly, such a scenario has been recently considered in
[63] as a possible explanation of the tension between KM3NeT
and IceCube concerning the high-energy 220 PeVevent recorded
in KM3NeT.

3Pseudo comes from Greek ψευδής (pseudēs) meaning “false”.
4Here we tacitly refer to neutrinos. For antineutrinos the

potential has the opposite sign.
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pattern jUμ4j2 ≪ jUe4j2 and jUτ4j2 ≪ jUe4j2. This infor-
mation will guide us to identify the benchmark parameters
of the model which seem able to help in resolving other
experimental anomalies. In particular, remaining in the low-
energy regime, we will show that in addition to the LBL
discrepancy, the model can explain an anomalous excess of
νe-like events recorded in multi-GeV atmospheric data in
Super-Kamiokande. This is possible because the NSI-like
couplings lead to a substantial modification of the standard
3-flavor resonant behavior occurring in the atmospheric
neutrino flavor conversion at energies of a few GeV.
At high energies E≳ 1 TeV, the fourth state νs cannot be

integrated out5 and the new framework reveals its genuine
4-flavor nature producing a resonant behavior at E≃10TeV
as hinted at by IceCube which, for the preferred negative
values of the potential, occurs in the neutrino channel. The
possibility of the realization of a resonance in high-energy
neutrinos is not new and indeed it is expected in the ordinary
3þ 1 scheme. However, we will demonstrate that in the
new scenario the resonant amplification mechanism
becomes much more complex and presents unconventional
features. More precisely, the model predicts new resonances
in the active ðνe; νμ; ντÞ sector, which are mediated by the
fourth pseudosterile state νs through amplified NSI-like
effects. We enucleate an irreducible three-level dynamics in
which a new resonance in the active sector, for example the
ðνe; νμÞ subsystem, is intertwined with two conventional
resonances in the ðνe; νs) and ðνμ; νsÞ subsystems, giving
rise to a triple-avoided crossing phenomenon. This three-
level behavior manifests with the emergence of large matter
mixing angles and mass-squared differences in the active
sector unrelated to their (irrelevant) vacuum counterparts.
While three-level systems are widely studied in other fields
of physics (photonics, quantum optics, and quantum infor-
mation among the others), they are basically unexplored in
the neutrino field. This circumstance has deep roots in the
structure of the 3-flavor Hamiltonian in which the two mass-
squared differences (solar and atmospheric) are hierarchi-
cally separated and the potential has a particularly simple
form, leading to two distinct resonances [64]. Therefore, the
pseudosterile neutrino scenario, in addition to its prominent
purpose of providing a possible interpretation of the exper-
imental anomalies, offers the opportunity to study and
hopefully observe the rich dynamics of multilevel systems
in neutrino oscillations.
In order to work and be of maximal phenomenological

interest, the scenario under investigation requires values of
f ¼ Vs=jVNCj ≃ −20,Δm2

41 ≃ 60 eV2 (both roughly uncer-
tain by a factor of two), jUe4j2 ≃ sin2 θ14 ≃ 0.01–0.03, and
jUμ4j2 ≃ sin2 θ24 ≃ 10−4–10−3. Notably, such small values
of sin2 θ24 eliminate the tension of IceCubewith the stringent

bounds deriving from the negative searches of νμ disappear-
ance performed by MINOS/MINOS+ [65] and NOvA [66].
Beyond this, the model predicts several additional exper-
imental signatures. Most importantly, for the non-negligible
value of jUe4j2 ≃ sin2 θ14 ∼ 0.01–0.03, it should show up
with a distinctive kink in the β-decay energy spectrum
measured by KATRIN, which is very sensitive to the
electron neutrino mixing at the high values of Δm2

41 consid-
ered here. Concerning the nature (Dirac vs Majorana) of the
pseudosterile neutrino, the null results from 0ν2β decay
strongly favor the Dirac case. However, this conclusion can
be evaded in 3þ 2 and 3þ 3 frameworks if an underlying
symmetry forces the effective Majorana mass close to zero.
The paper is structured as follows. In Sec. II we introduce

the 3þ 1 scheme with the new matter potential. In Sec. III
we demonstrate how this framework at low energies can be
approximated for small values of the new mixing angles and
elucidate the formal similarity of the ordinary NSI
Hamiltonian involving the active neutrinos. In Sec. IV we
show that the tension between NOvA and T2K can be
resolved within the new framework. In Sec. V we perform an
analytical and numerical study of the new model in the
context of solar neutrino flavor conversions showing their
role in constraining its parameters. We consider the two
cases in which the new matter potential is proportional to the
electron (or proton) number density and to neutron number
density. We show that only in the first case, a degenerate
solution is present in the upper (dubbed as “dark”) octant of
the solar mixing angle θ12. In Sec. VI, guided by NOvA and
T2K findings, the solar neutrino results and the existing
bounds/hints on NSI from low-energy atmospheric neutrino
experiments, we identify the benchmark parameters of the
model of phenomenological interest. In Sec. VII we describe
the modifications induced by the new matter potential on the
standard 3-flavor resonance occurring in atmospheric neu-
trinos at energies of a few GeV, showing that they can
explain the excess of νe-like events observed in Super-
Kamiokande. Also, we assess the status of the neutrino mass
ordering (NMO) determination in the new framework. In
Sec. VIII we show that for the benchmark parameters of the
model an unconventional resonant behavior is expected
around 10 TeV in IceCube, qualitatively different from
the one realized in the ordinary 3þ 1 scheme. We clarify
the framework behind the conventional resonances and
explain the basic features of the new resonances aided by
a numerical study of the behavior of the eigenvalues and
mixing angles (eigenvectors) in matter. We point out the
irreducible three-level origin of the new resonant phenome-
non. In Sec. IX we demonstrate that for the solar mixing
angle θ12 in the dark octant, a novel ðνe; νμÞ resonance
occurs at a high energies which is regulated by an effective
two-level Hamiltonian, providing a full analytical treatment
of this regime. In Sec. X we briefly discuss the possibility
that the new potential may be related to the interaction of the
pseudosterile neutrinos with a background of asymmetric

5In particular cases, the fourth state νs can be integrated out
also at high energies E ≳ 1 TeV, giving rise to a novel effective
two-level resonance (see Sec. IX).
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dark matter. In Sec. XI we discuss the possible origin of the
new matter potential, the nature (Dirac vs Majorana) of the
pseudosterile neutrinos and the phenomenological implica-
tions of the proposed scenario. Finally, we present our
conclusions in Sec. XII.

II. THE MODEL

In the presence of a sterile neutrino, the mixing between
the flavor (νe, νμ, ντ, νs) and the mass eigenstates (ν1, ν2, ν3,
ν4) is parametrized by a 4 × 4 unitary matrix,6

U ¼ R̃34R24R̃14R23R̃13R12; ð1Þ

where Rij (R̃ij) represents a real (complex) 4 × 4 rotation of
a mixing angle θij which contains the 2 × 2 submatrix,

R2×2
ij ¼

�
cij sij
−sij cij

�
; R̃2×2

ij ¼
�

cij s̃ij
−s̃�ij cij

�
; ð2Þ

in the ði; jÞ sub-block, having defined

cij ≡ cos θij; sij ≡ sin θij; s̃ij ≡ sije−iδij : ð3Þ

Some useful properties of the matrix in Eq. (1) can be
evidenced as follows: (i) The 3-flavor Pontecorvo-Maki-
Nakagawa-Sakata matrix is recovered if one sets
θ14 ¼ θ24 ¼ θ34 ¼ 0; (ii) For small values of the mixing
angles θ13, θ14, and θ24, we have jUe3j2 ≃ s213, jUe4j2 ¼ s214,
jUμ4j2 ≃ s224, and jUτ4j2 ≃ s234, with a simple connection
between the matrix elements and the mixing angles.
(iii) The leftmost positioning of the matrix R̃34 guarantees
that the νμ → νe probability in vacuum is independent of
θ34 and of the associated CP phase δ34 (see [67]).
The presence of a new sterile neutrino potential modifies

the Hamiltonian of neutrino propagation in matter, which in
the flavor basis becomes

H ¼ UKU† þ V; ð4Þ

where,K ¼ diagð0; k21; k31; k41Þdenotes the diagonalmatrix
containing the wave numbers kij ¼ ðm2

i −m2
jÞ=2E, while V

represents the diagonal matrix encoding the matter effects
defined as

V ¼ diagðVCC; 0; 0; VS − VNCÞ; ð5Þ

where

VCC ¼
ffiffiffi
2

p
GFNe; ð6Þ

is the standard charged current (CC) potential, Ne being the
electron number density of the background matter, and

VNC ¼ −
1

2

ffiffiffi
2

p
GFNn; ð7Þ

is the standard neutral current (NC) potential, Nn being the
neutron number density. The additional term VS is the new
sterile potential which, for definiteness, we measure in units
of the standard NC potential as

VS ¼ −f × VNC ð8Þ

by introducing the rescaling parameter f.With this definition,
the new potential has the same sign of f, since VNC is
negative. For the sake of convenience we introduce the
auxiliary parameter,

f̄ ¼ rð1þ fÞ; ð9Þ

where r ¼ jVNCj=jVCCj, which in the Earth is constant and
approximately r ¼ 0.5, while in Sun it depends on the radial
position x ¼ R=Rsun, whereRsun is the Sun radius. Using this
notation the matrix representing the matter potential simply
reads

V ¼ VCC × diagð1; 0; 0; f̄Þ: ð10Þ

We see that f̄ allows us to gauge the potential felt by sterile
neutrinos in units of the charged-current potential VCC. We
note that f̄ ¼ r in the standard model case (being f ¼ 0),
while for the big values of f, which will be phenomenologi-
cally relevant, the approximation f̄ ≃ rf holds. When con-
sidering the evolution of antineutrinos, in addition to the
replacement U → U�, one has to change the sign of the
potentials VCC; VNC, and VS, which is equivalent to change
the sign of VCC in Eq. (10).
Here, an important remark is in order. Equation (8)

assumes that the new matter potential is proportional to the
neutron number density. While we will adopt this choice as
a benchmark throughout our work, it should be stressed that
the nature of the interaction of the sterile neutrinos is
unknown and it can involve electrons, protons and neu-
trons. For the propagation in the Earth the particular choice
of the fermion is irrelevant since the number densities of the
three particles are approximately equal Ne ¼ Np ≃ Nn,
being the Earth an isoscalar medium. Differently, for solar
neutrinos we still have Ne ¼ Np to ensure neutrality, while
Nn is suppressed by a factor which depends on the radial
position x ¼ R=Rsun. In particular, the neutron number
density close to the center of the sun, which is relevant for

6We recall that in the 3-flavor framework one introduces three
mass eigenstates νi with masses mi (i ¼ 1, 2, 3), three mixing
angles θ12, θ13, θ23, and one CP-phase δCP. In this work we will
indicate δCP ≡ δ13 both in the 3-flavor framework and in the 3þ
1 scheme. The NMO is said to be normal (inverted) if m3 > m1;2
(m3 < m1;2). We will abbreviate normal (inverted) ordering as
NO (IO).
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adiabatic flavor conversions, is approximately a factor of
two smaller than Ne. Therefore, in the treatment of solar
neutrinos this aspect must be taken into account if one
considers a matter potential different from our benchmark
choice. In case of interaction with fermions different from
neutrons (electrons or protons), the new potential should be
rescaled consistently with the adopted choice (see Sec. V
for further clarifications).

III. SMALL-MIXING NSI-LIKE APPROXIMATION
IN LBL AND ATMOSPHERIC NEUTRINOS

Let us now consider the impact of the new potential for
the phenomenology of LBL experiments such as NOvA
and T2K. The treatment is valid also for atmospheric
neutrinos for energies which are much lower than the
resonance energy, which as we will see in Sec. VIII, lies
around 10 TeV. Before treating the matter effects, we
consider the kinematical ones by giving a look to the
appearance probability in vacuum. As first pointed out [67],
the νμ → νe probability can be approximated as the sum of
three terms,

P4ν
μe ≃ PATM þ PINT

I þ PINT
II ; ð11Þ

where

PATM ≃ 4s223s
2
13sin

2Δ; ð12Þ

PINT
I ≃ 8s13s12c12s23c23ðαΔÞ sinΔ cosðΔþ δ13Þ; ð13Þ

PINT
II ≃ 4s14s24s13s23 sinΔ sinðΔþ δ13 − δ14Þ; ð14Þ

where Δ≡ Δm2
31L=4E is the atmospheric oscillating fac-

tor, L and E being the neutrino baseline and energy,
respectively. We have also defined the ratio of the solar
over the atmospheric mass-squared splitting α≡Δm2

21=
Δm2

31≃0.03. The term PATM represents the leading order
standard three neutrino term which is related to the
oscillations driven by the atmospheric mass-squared split-
ting. The other two terms, namely PINT

I and PINT
II represent

two interference terms and each one of them is generated by
the interference of two independent frequencies. In par-
ticular, the term PINT

I arises from the interference between
the solar and atmospheric frequencies, whereas the term
PINT
II , a genuine 4-flavor effect, arises from the interference

between the atmospheric and the new frequency introduced
by the fourth mass eigenstate. Note that these terms survive
the averaging process of the fast oscillations induced by the
large eV2-scale value of Δm2

41. For the small values of the
mixing angles that we will find phenomenologically
relevant in the next sections (s214 ≃ 0.02 and s224 ≃ 10−3),
the amplitude of the new interference term is 2.5 × 10−3,
almost one order of magnitude smaller than that of the
standard interference effect which lies around 10−2.

Therefore, the new interference term has negligible impact
in LBL experiments and in atmospheric neutrinos as we
have explicitly checked. An analogous derivation can be
done for the disappearance probability of muon neutrinos
Pμμ (see [68]), which shows that the corrections to the 3-
flavor case are proportional to the product of s14s24s13 and
thus below 10−3. Hence, the kinematical/vacuum effects
induced by the sterile neutrinos are negligible, and we must
be concerned only with the perturbations induced in the
oscillations probabilities by the matter effects.
Let us consider the matter effects explicitly. As shown in

[67] (see the Appendix), in order to simplify the treatment
of matter effects in LBL setups, it is useful to introduce the
new basis,

ν̄ ¼ Ū†ν; ð15Þ

where Ū ¼ R̃34R24R̃14, is the part of the mixing matrix
defined in Eq. (1) that contains only the rotations involving
the fourth neutrino mass eigenstate. The mixing matrixU is
split as follows U ¼ ŪU3ν, where U3ν is the 4 × 4 matrix
which contains the standard 3-flavor mixing matrix in the
(1,2,3) sub-block. In the new basis, the Hamiltonian takes
the form,

H̄ ¼ H̄vac þ H̄mat ¼ U3νKU
†
3ν þ Ū†VŪ; ð16Þ

where the first term describes the oscillations in vacuum,
and the second one represents a nonstandard dynamical
term. Since the wave number k41 is much bigger than k21
and jk31j, we can reduce the dynamics to that of an effective
3-flavor system. In fact, from Eq. (16) one can see that the
(4,4) entry of H̄ is much larger than all the other entries and
the fourth eigenvalue of H̄ is much larger than the other
three ones. As a consequence, the eigenstate ν̄s evolves
independently of the others. Extracting from H̄ the sub-
matrix with indices (1,2,3), one obtains the effective 3 × 3
Hamiltonian,

H̄3ν ¼ H̄vac
3ν þ H̄mat

3ν ; ð17Þ

which governs the evolution of the rotated eigenstates
ðν̄e; ν̄μ; ν̄τÞ. It should be noted that labeling the rotated
states with the flavor index makes sense, since for very
small mixing angles they are very close to the original
flavor eigenstates. In order to calculate the oscillation
probabilities, it is useful to introduce the evolution operator,
which, in the new basis, takes the expression

S̄≡ e−iH̄L ≈
�
e−iH̄3νL 0

0 e−ik41L

�
; ð18Þ

and is related to the evolution operator in the flavor basis
via the unitary transformation
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S ¼ Ū S̄ Ū†: ð19Þ

Considering the block-diagonal form of S̄ and the identities
Ūe2 ¼ Ūe3 ¼ Ūμ3 ¼ 0, one has for the relevant transition
amplitudes (see [67,69]),

Seμ ¼ Ūe1S̄eeŪ�
μ1 þ Ūe1S̄eμŪ�

μ2 þ Ūe4S̄ssŪ�
μ4; ð20Þ

Sμμ ¼ Ūμ1S̄eeŪ�
μ1 þ Ūμ1S̄eμŪ�

μ2 þ Ūμ2S̄μeŪ�
μ1

þ Ūμ2S̄μμŪ�
μ2 þ Ūμ4S̄ssŪ�

μ4: ð21Þ

Since S̄ss ¼ e−ik41L oscillates very fast, the associated terms
are averaged out by the finite-energy resolution of the
detector. Considering the explicit expressions of the ele-
ments of the matrix Ū, and expanding in the small values of
the mixing angles, one has for the oscillation probabilities
the approximate expressions,

P4ν
μe ≡ jSeμj2 ≃ ð1 − s214 − s224ÞP̄3ν

μe

− 2s14s24Reðe−iδ14 S̄eeS̄�eμÞ;
P4ν
μμ ≡ jSμμj2 ≃ ð1 − 2s224ÞP̄3ν

μμ

− 2s14s24Reðe−iδ14 S̄μμS̄�eμ þ eiδ14 S̄μμS̄�μeÞ; ð22Þ

where P̄3ν
μe ≡ jS̄eμj2 and P̄3ν

μμ ≡ jS̄μμj2. Therefore, the
4-flavor problem is reduced to a more familiar 3-flavor
one, being the probabilities expressed in terms of the
amplitudes S̄ee, S̄eμ, S̄μe, and S̄μμ of the 3-flavor system
governed by the effective Hamiltonian H̄3ν in Eq. (17).
More specifically, we see that the 4-flavor probabilities are
the sum of two contributions, the first one being the 3-
flavor probability (with rotated Hamiltonian H̄3ν) with a
prefactor close to unity, and a term deriving from the
interference of the sterile frequency with the atmospheric
and solar ones. As first noted in [67] such an interference,
maybe counterintuitively, survives the process of averaging
the oscillations. It is easy to check (see [67]) that in the
vacuum limit one obtains the probability expression given
in Eqs. (12)–(14), and in particular the 4-flavor interference
term in Eq. (14). If the active-sterile mixing angles are very
small like in our case, in which we will consider s214 ≃ 0.02
and s224 ≃ 10−3, and also taking into account that7

jS̄eμj ≪ 1, one can neglect the interference terms and arrive
at the approximate expressions

P4ν
μe ≃ P̄3ν

μe;

P4ν
μμ ≃ P̄3ν

μμ: ð23Þ

Therefore, the 4-flavor probabilities with the original
Hamiltonian in Eq. (4) can be approximated by the 3-
flavor probabilities with the effective Hamiltonian H̄3ν.
While these expressions cannot be used for precision
calculations (in fact we use full 4-flavor evolution in our
codes), they can be very insightful to grasp the behavior of
the 4-flavor probabilities in the limit of very small mixing
angles. In fact, using a result found in [67] and making the
appropriate modifications needed to incorporate the new
potential, the matter part of the effective Hamiltonian in
Eq. (17), for small values of the mixing angles, can be
approximated by

H̄mat
3ν ≈ VCC

2
664
1þ f̄⊕s214 f̄⊕s̃14s24 f̄⊕s̃14s̃�34

† f̄⊕s224 f̄⊕s24s̃�34
† † f̄⊕s234

3
775; ð24Þ

where we have denoted f̄⊕ ¼ r⊕ð1þ fÞ ≃ 0.5ð1þ fÞ. The
Hamiltonian in Eq. (24) returns the standard 3-flavor matter
effect when one sets θ14 ¼ θ24 ¼ θ34 ¼ 0. On the other
hand for the case f ¼ 0 it reproduces the 3þ 1 scheme.
Now, one can notice that this matter Hamiltonian, apart
from the term equal to unity in the (1, 1) entry, represents a
perturbation matrix which is formally equivalent to the one
which regulates the usual NSI, and can be written as

H̄NSI
3ν ≈ VCC

2
664
ε⊕ee ε⊕eμ ε⊕eτ

† ε⊕μμ ε⊕μτ

† † ε⊕ττ

3
775: ð25Þ

It is important to observe that these couplings do not
describe interactions which involve directly the active
neutrinos, since the interaction intervenes only mediated
by their mixing with the fourth mass eigenstate and by the
new potential. Remarkably, unlike ordinary NSI, the
induced NSI-like couplings, being generated via mixing
with a gauge-singlet state, are immune to the stringent
constraints from SUð2Þ gauge invariance involving charged
leptons.
Also, we note that in the NSI-like Hamiltonian in Eq. (25)

there are not nine independent parameters as in a generic
Hermitian matrix but only six,8 since there are three mixing
angles θ14, θ24, θ34, two CP-phases δ14 and δ34, and the
rescaling parameter f̄⊕.

9 It should be also stressed that f̄⊕ is

7In normal conditions jS̄eμj ∝ s13, but in the presence of the 1-
3 resonance it can be bigger. We have checked that even in this
case, for the small values of the sterile mixing angles considered
in the present work, the relations in Eq. (23) provide a good
estimate of the oscillation probabilities.

8In neutrino oscillations a diagonal matrix proportional to the
identity can be always added/subtracted, so the number of
independent parameters decreases by one unit.

9This parameter counting can be understood also by observing
that the NSI-like Hamiltonian can be constructed with the real
scalar f̄ and the outer product of the complex vector uT ¼
ðs̃14; s24; s̃34Þ being HNSI

3ν ¼ f̄uu†. This also implies that the
matrix is rank-deficient being of rank 1, having only one linearly
independent column (or row).
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an overall multiplicative factor that, apart from its sign, can
be reabsorbed in the couplings by recasting the NSI-like
Hamiltonian in the form,

H̄NSI
3ν ≈ðsgnf̄⊕Þ

×VCC

2
6664
jε⊕eej

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jε⊕eejjε⊕μμj

q
eiϕeμ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jε⊕eejjε⊕ττ

p
jeiϕeτ

† jε⊕μμj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jε⊕μμjε⊕ττj

q
eiϕμτ

† † jε⊕ττj

3
7775; ð26Þ

which depends on the three independent diagonal amplitudes
jε⊕ααj (α ¼ e, μ, τ) and three CP-phases ϕeμ ≡ −δ14,
ϕμτ ≡ δ34, the third one being a linear combination of the
first two ones ϕeτ ¼ ϕeμ þ ϕμτ ¼ δ34 − δ14. This observa-
tion allows us to derive three important consequences. First,
the Hamiltonian depends on five effective parameters instead
of six. Second, there is a complete degeneracy among the
rescaling parameter f̄⊕ and the products of the mixing
angles si4sj4 with (i ¼ 1, 2, 3) appearing in the ði; jÞ
position of the matrix. In order to break such a degeneracy,
one will need other kind of systems, different from LBL and
low-energy neutrinos, like for example, SBL setups, solar
neutrinos and the resonant behavior like that occurring in
IceCube high-energy neutrinos, which present a different
analytical dependency on the model parameters. Third,
despite this complete degeneracy, the system (in our case
LBL and atmospheric oscillations) is sensitive to the sign of
f̄⊕. We will see that this last property will be crucial for our
findings concerning NOvA and T2K.
We underline that the sterile NSI-like Hamiltonian in

Eqs. (24) and (26) has a very distinctive pattern and
constitutes one of the main signatures of the model under
consideration, which could be the target of future LBL
experiments such as DUNE, Hyper-Kamiokande and
ESSνSB. In the absence of the new potential of sterile
neutrinos one has f̄⊕ ¼ r⊕ ≃ 0.5 and all the couplings in
Eq. (24) are very small, being of the second order in powers
of the sij. In this limit, one recovers the ordinary 3þ 1

scenario in which matter effects have almost no relevance.10

However, things are expected to qualitatively change when
the rescaling factor f̄⊕ is allowed to assume large Oð10Þ
values, in which case some of the NSI-like couplings will
have a non-negligible impact.

IV. RESOLUTION OF THE TENSION BETWEEN
NOVA AND T2K

As we underlined in [18], the two long-baseline accel-
erator experiments NOvA and T2K represent the ideal
setup where to seek nonstandard matter effects in neutrino
propagation due to their different and complementary
configurations. In particular, the two experiments work
at different peak energies (2 GeV for NOvA and 0.6 GeV
for T2K) because of the different baselines (810 km for
NOvA and 295 km for T2K). As a consequence, in NOvA
matter effects are approximately three/four times larger
with respect to T2K. In this situation, one can use T2K as a
quasivacuum experiment which is capable of measuring the
CP-phase δ13 almost independently of the presence of NSI.
On the other hand, NOvA can exploit this external
information to acquire sensitivity to the NSI couplings.
The interplay between NOvA and T2K presents similarities
with the synergy of solar neutrinos with the KamLAND
experiment. In fact, the irrefutable proof of the existence of
matter effects in solar neutrino flavor conversion could be
obtained only by exploiting the external information
provided by KamLAND, which fixes the oscillation
parameters (in particular Δm2

21) independently of matter
effects [71].
NOvA and T2K since 2020 display a persisting discrep-

ancy in the νe appearance channel, which shows up in three
ways when the data are interpreted in the standard 3-flavor
scheme.11 First, in the normal neutrino mass ordering the
estimates of the CP-phase δ13 provided by the two experi-
ments are in disagreement, being in tension with a statistical
significance of ∼2σ, as recently reevaluated in [19]. While
T2K [16] prefers values of δ13 ≃ 1.5π, NOvA [15] points
towards δ13 ≃ π. Second, while each of the two experiments
taken separately prefers the NO, their combination prefer
the IO. Third, their joint preference for IO is in contrast with
all the remaining world neutrino oscillation data, which
prefer NO [72–76]. In [18] (see also [17]) we pointed out
that all these three discrepancies could be solved by
hypothesizing the existence of NSI. More specifically, we
found a ∼2σ level preference for nonzero complex neutral-
current NSI of the flavor changing type involving the e − μ
or the e − τ sectors with couplings jε⊕eμj ∼ jε⊕eτj ∼ 0.1.
In the present work, as a preliminary step, we generalize

the NSI analysis of NOvA and T2K by taking into account
two NSI couplings simultaneously. More specifically, we
consider the off-diagonal complex coupling ε⊕eμ (already
considered alone in our previous work) and the diagonal
coupling ε⊕ee (not considered in our previous work). We have
done a similar analysis (whose results will be not shown for

10The role of the ordinary 3þ 1 scheme as a possible solution
of the NOvA and T2K tension has been considered in [70], where
it has been shown that it is not able to explain the discrepancy
assuming for the mixing angles θ14 and θ24 the values preferred
by the global fits performed in the 3þ 1 scheme. For the choice
of the mixing angles which will be relevant for the present work,
we have checked that the 3þ 1 fit to NOvA and T2K is almost
indistinguishable from that obtained in the 3-flavor scheme.

11An alternative way to interpret the observed discrepancy,
which is conceptually more correct when adopting a nonstandard
scenario, is to consider it as an internal tension of the theoretical
3-flavor framework, which is not flexible enough to provide a
satisfying fit of the experimental data.
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brevity) by replacing ε⊕eμ with ε⊕eτ. Thanks to the formal
analogy expounded in the previous section, the results of the
NSI analysis will allow us to gain insight when interpreting
the findings concerning the 3þ 1 scenario with the novel
matter potential. In addition, this analysis will allow us to
compare the hint of nonzero NSI coming from NOvA and
T2K with the bounds/hints deriving from low-energy atmos-
pheric neutrino experiments. For the analysis, we have made
use of the same datasets for NOvA [15] and T2K [16]
experiments used in [19]. We have fully accounted for both
the disappearance and appearance channels for each experi-
ment. We use the GLoBES software package [77,78] along
with an additional public tool [79] designed to implement
nonstandard interactions. We marginalized over θ13 using a
2.4% 1 sigma prior, with a central value of sin2 θ13 ¼
0.0223, as determined by the global analysis [74]. The solar
parameters Δm2

21 and sin2 θ12 are taken at their best-fit
values found in the updated global fit [72].12

Figure 1 displays the results of this analysis for NO (IO) in
the left (right) panel, where the CP phase ϕeμ is margin-
alized. In addition, we marginalize the standard parameters
θ13, δ13, θ23, andΔm2

31. We see that in both orderings there is
a preference for nonzero NSI couplings, which is more
pronounced for the case of NO. Specifically, in NO the case
of no NSI is disfavored with Δχ2 ≃ 4.1, while in IO, it is
disfavored at Δχ2 ≃ 2.6. In both plots we observe a
pronounced correlation between ε⊕ee and jε⊕eμj. We also
observe that the plots corresponding to NO and IO are

symmetrical with respect to the replacement ε⊕ee → −2 − ε⊕ee.
Also we have checked that for such a transformation the
marginalization process provides the replacement ϕeμ →
2π − ϕeμ i.e., ε⊕eμ → ε⊕�

eμ . This behavior is expected due to a
well-known degeneracy property of the neutrino flavor
evolution (see [81]). We notice that while the preferred
values of the off-diagonal coupling lie around 0.05, the
diagonal coupling jε⊕eej can assume large Oð1Þ negative
values. To this regard, one should note that in both NMO, the
case ε⊕ee ¼ −1 (for ε⊕eμ ¼ 0), corresponds to the complete
absence of matter effects (standard and nonstandard), i.e., to
propagation in vacuum. Graphically, this would correspond
to coinciding biprobability plots for the two cases of NO and
IO for both experiments NOvA and T2K, which, as it is well-
known, get separated due to (standard) matter effects. Hence,
it is very interesting to note that the two LBL experiments
jointly prefer the vacuum case, and that this weird circum-
stance can be seen as a further declination of their mutual
tension.
Let us now consider the 3þ 1 scenario with the novel

potential. Figure 2 presents the constraints in the plane
spanned by the two parameters f and s214 obtained by the
combined analysis of NOvA and T2K, having marginalized
away the new CP phase δ14. The left (right) panel refers to
NO (IO). The allowed regions are drawn at the 68%, 90%,
and 99% CL in 2 degrees of freedom. Concerning the 3-
flavor parameters, we have fixed Δm2

21 ¼ 7.48 × 10−5 eV2,
sin2 θ12 ¼ 0.308, sin2 θ13 ¼ 0.0223, and marginalized over
θ23 and δ13. In these plots we have assumed s234 ¼ 0, thus
automatically setting to zero the NSI-like couplings involv-
ing the τ neutrino (ε⊕eτ ¼ ε⊕μτ ¼ ε⊕ττ ¼ 0). In addition, we
have imposed the prior jf̄⊕s224j < 0.05 (equivalent to

FIG. 1. Allowed regions for the two NSI couplings εee and jεeμj determined by the combined analysis of NOvA and T2K. The left
(right) panel refers to NO (IO). The contours correspond to the 68% and 90% CL for 2 degrees of freedom.

12When considering the so called Dark-LMA solution [80], in
NOvA and in T2Kwe fix sin2 θ12 at the octant symmetric valuewith
respect to the value obtained for the ordinary LMA solution.
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jfs224j < 0.1) at 90% CL justified by the stringent bound on
the εμμ-like copling deriving from atmospheric neutrino
experiments (see below). Under these working assumptions
the 3þ 1 model with the new potential becomes easily
comparable with the NSI scheme analyzed above, which can
be used to gain insight in the numerical results.
From these two plots we learn that in NO (IO) the 3-flavor

scheme (corresponding to f ¼ 0 and s214 ¼ 0) is disfavored
at more than the 90% CL (68% CL). Specifically we find
Δχ2 ≃ 4.3 in NO and Δχ2 ≃ 2.5 in IO. The allowed regions
exhibit an inverted funnel-like structure, which can be
explained thanks to the NSI analogy, by observing that

NOvA and T2K are mostly sensitive to the coupling
ε⊕ee ¼ f̄⊕s214, and therefore they can limit only the product
of the two parameters f and s214. The asymmetry of the
allowed regions, which indicates a preference for negative
values of f, is related to the fact that the combination of
NOvA and T2K prefers a negative value of the ε⊕ee. Also the
preference for a negative real part of the complex NSI
coupling ε⊕eμ ¼ f̄⊕s̃14s24 goes in the same direction. In
summary, our combined analysis of NOvA and T2K shows
that the LBL data provide an indication in favor of the 3þ 1
scheme with the novel potential over the 3-flavor scheme
with a preference for negative values of the potential. In

FIG. 2. The left (right) panel represents the allowed regions for NO (IO) at the 68%, 90%, and 99% CL for 2 degrees of freedom by the
combination of NOvA and T2K in the plane spanned by the two parameters ½f; s214�. We have marginalized over the CP phase δ14 and
imposed the prior jfs224j < 0.1 at 90% CL to take into account the bound on jεμμj deriving from atmospheric neutrino experiments.

FIG. 3. Allowed regions by NOvA and T2K for normal ordering. The left panel represents the 3-flavor framework, while the right
panel refers to the 3þ 1 scheme with the new potential. The contours correspond to the 68% and 90% CL for 2 degrees of freedom
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addition, the data tell us that the indication is stronger in the
NO case with respect to the IO.
In order to illustrate that such an improved fit is related to

the capability of the model of resolving the tension between
the two experiments, we present in Fig. 3 the regions allowed
for the two parameters δ13 and sin2 θ23 for the case of NO.
The left plot represents the standard 3-favor fit, where a clear
tension emerges in the determination of the CP phase δ13.
The right plot refers to the 3þ 1 scheme with enhanced
potential. In this case we have fixed s214 ¼ 0.02, all the other
parameters being constrained exactly as in Fig. 2. For this
value of s214, we find the best-fit values f̄⊕ ¼ −21.0 (or
equivalently f ¼ −43.0) and δ14 ¼ 1.7π. In the new 3þ 1
framework there is a high level of overlap of the allowed
regions for values of δ13 close to 1.5π, showing that the new
model is very effective in reducing the tension between the
two experiments. We can observe that the T2K regions are
basically unchanged as expected because of the low sensi-
tivity to matter effects. Differently, the NOvA regions
appreciably change because of its pronounced sensitivity
to matter effects. These findings are in agreement with our
analytical discussion and evidence the vacuum-matter syn-
ergy of the two experiments.
It is interesting and useful to compare the indication in

favor of nonzero NSI coming from NOvA and T2K with
the bounds/hints provided by the low-energy atmospheric
neutrino experiments. For this purpose, we list such bounds
in Table I also providing their combination performed
assuming gaussian (asymmetric where appropriate) uncer-
tainties, which may serve as a benchmark. From this table
we can observe that only IceCube provides an interval for
the diagonal coupling ε⊕ee − ε⊕μμ, which interestingly weakly
favors nonzero negative values like NOvA in T2K. In
IceCube the case ε⊕ee ¼ −1 (no matter effects) is disfavored
atΔχ2 ≃ 7.0, demonstrating an interesting sensitivity to this
coupling. Concerning the off-diagonal parameters ε⊕eμ and
ε⊕eτ, we note that the atmospheric experiments provide a
sensitivity for couplings of magnitude ∼0.05, and in some
cases there are feeble hints in favor of a nonzero value. On
the third off-diagonal coupling ε⊕μτ the same experiments
provide the very stringent bound ∼3.3 × 10−3. Finally, for
the diagonal coupling jε⊕μμ − ε⊕ττj there is an upper bound
around 0.02. Such a bound justifies the prior jfs224j < 0.1
used in the analysis of NOvA and T2K, since in the limit

θ34 ¼ 0 we have considered, one has ε⊕ττ ¼ f̄⊕s234 ¼ 0, and
the equality ε⊕μμ − ε⊕ττ ¼ ε⊕μμ holds.

V. CONSTRAINTS FROM SOLAR
NEUTRINO DATA

Solar neutrinos have played a pivotal role in establishing
the existence of matter effects as predicted by Wolfenstein
[86]. This is due to the high electron number density in the
central region of the Sun, where neutrinos are produced in
nuclear fusion reactions. In fact, solar neutrino data, with
the solid anchor of the quasi-vacuum measurements per-
formed with KamLAND, where matter effects are much
smaller, provided the first irrefutable evidence for the
coherent forward scattering of electron neutrinos mediated
by charged currents [71]. Therefore, one naturally expects
that solar neutrinos should play an important role in
constraining the scenario we are studying. For this reason
we provide an analytical and numerical study of the solar
neutrino conversion in the model under investigation.
The treatment of the matter effects relevant for solar

neutrinos in the ordinary 3þ 1 scheme has been performed
in [87] (see also [88]), to which we refer the reader for more
details (see the Appendixes). Here, we report the basic
results with the appropriate modifications necessary to
include the new matter potential. It is convenient to
introduce the new basis

ν̄ ¼ A†ν; ð27Þ
where we have defined the matrix A as

A ¼ R̃34R24R̃14R23R̃13 ≡ URT
12: ð28Þ

In this new basis the Hamiltonian assumes the form,

H̄ ¼ H̄vac þ H̄mat ¼ R12KRT
12 þ A†VA; ð29Þ

and, in the hierarchical limit Δm2
21 ≪ Δm2

31 ≪ Δm2
41, the

dynamics can be reduced to an effective 2-flavor one with
Hamiltonian,

H̄2ν ¼ H̄vac
2ν þ H̄mat

2ν ; ð30Þ
where the matter term, using the expressions of the
elements of the matrix A, can be written in the form

TABLE I. Best estimates with 1σ error of the listed NSI couplings. The intervals/bounds refer to the 90% CL for 1 degrees of freedom.

Experiment ε⊕ee − ε⊕μμ ε⊕ττ − ε⊕μμ jε⊕eμj jε⊕eτj jε⊕μτj
ANTARES [82] � � � −0.032þ0.015

−0.025 ∪ 0.032þ0.035
−0.015 � � � � � � < 0.0045

IceCube [83] ½−2.26;−1.27� ∪ ½−0.74; 0.32� 0.002� 0.025 0.072þ0.038
−0.069 0.060þ0.08 < 0.0232

KM3NeT=ORCA [84] � � � 0.00� 0.01 0.03þ0.02
−0.03 0.04þ0.02

−0.04 < 0.0055

SuperKamiokande [85] � � � ½−0.049; 0.049� � � � � � � < 0.011
Combination ½−2.26;−1.27� ∪ ½−0.74; 0.32� ½−0.018; 0.019� 0.038þ0.018

−0.028 0.041þ0.019
−0.040 < 0.0033
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H̄mat
2ν ¼ VCCðxÞ

�
γ2 þ f̄⊙jαj2 f̄⊙αβ

f̄⊙ðαβÞ� f̄⊙jβj2
�
; ð31Þ

where the parameter f̄⊙ ¼ r⊙ðxÞð1þ fÞ depends on the
radial position x ¼ R=Rsun (Rsun being the Sun radius),
through r⊙ðxÞ, which assumes the maximal value rmax

⊙ ≃
0.25 at the center of the Sun. The constant parameters (α, β,
γ) are given by13

α ¼ c13c24c34s̃14 − s̃13ðc34s23s24 þ c23s̃34Þ; ð32Þ
β ¼ c23c34s24 − s23s̃�34; ð33Þ

γ ¼ c14c13: ð34Þ
The matrix in Eq. (31) can be written, modulo an irrelevant
diagonal factor, as a NSI-like Hamiltonian

H̄mat
2ν ≈ VCC

�
γ2 þ ε⊙ee ε⊙ex

† 0

�
; ð35Þ

with

ε⊙ee ¼ f̄⊙ðjαj2 − jβj2Þ; ð36Þ
ε⊙ex ¼ f̄⊙αβ: ð37Þ

We see that in the case f ¼ 0 one has f̄⊙ ¼ r⊙ and the
ordinary 3þ 1 scheme is recovered (see Appendix A in
[87]). At the second order in the small values of s2i4 (i ¼ 1,
2, 3) we have the approximate expressions

ε⊙ee ≃ f̄⊙s214; ð38Þ
ε⊙ex ≃ f̄⊙s̃14ðc23s24 − s23s̃�34Þ: ð39Þ

In this limit the expressions of the NSI-like couplings are
similar to those found in the treatment of LBL experiments in
Eq. (24), with ε⊙ex being a linear combination of ε⊙eμ and ε⊙eτ.
Note, however, that the size of the couplings is different
because f̄⊙ ≠ f̄⊕. In particular in the central regionof theSun,
which is relevant for solar neutrinos, we have r⊙ ≃ 0.25 ≃
0.5r⊕ and f̄⊙ ≃ 0.5f̄⊕. Therefore, the amplitude of the solar
NSI-like couplings is approximately one half of that acting in
the Earth. The matrix H̄2ν in Eq. (30) can be exactly
diagonalized by a 2 × 2 rotationRm

12 which defines themixing
angle in matter θm12 and the full 4-flavor Hamiltonian in the
flavor basis in Eq. (4) is diagonalized by the matrix
Um ¼ ARm

12. For adiabatic propagation of solar neutrinos
the transition probabilities only depend upon their production

and detection points. Neglecting Earth-induced matter effects
one has the general expressions for the conversion probabil-
ities,

Peα ¼
X4
i¼1

jUαij2jUm
eij2ðα ¼ e; μ; τ; sÞ; ð40Þ

where theUm
ei’s denote the mixing matrix elements involving

the electron neutrino in the production point. One can find that
the mixing angle θm12 is given by

cos2θm12

¼ cos2θ12−vðγ2þε⊙eeÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jsin2θ12þ2vε⊙exj2þ½cos2θ12−vðγ2þε⊙eeÞ�2

p ; ð41Þ

where v ¼ VCC=k21 ¼ 2VCCE=Δm2
21. The 4-flavor survival

probability can be expressed as

Pee ¼ c414c
4
13P̄

2ν
ee þ c414s

4
13 þ s414; ð42Þ

where

P̄2ν
ee ¼

1

2
ð1þ cos 2θ12 cos 2θm12Þ ð43Þ

is the well-known expression of the 2-flavor survival prob-
ability in the adiabatic regime [90]. The expression of Pes is
less straightforward. In the limit of small mixing angles it
depends on second order combinations si4sj4 ði; j ¼ 1; 2; 3Þ
and presents a dependency on the CP-phases δ14 and δ34. In
the analytical treatment above we have assumed that the
propagation of neutrinos is adiabatic. We have checked that
this approximation is valid exploiting the analytical criterion
described in [87].14 The Earth-regeneration effects are
expected to modify the picture above and have been included
as described in [87].
In the left panel of Fig. 4, we show the probability for the

3-flavor and the ordinary 3þ 1 framework. The solid curve
represents the best fit 3-flavor scheme, while the dotted
curve refers to the ordinary 3þ 1 scheme with s214 ¼ 0.02.
In this scheme, the dynamical couplings in the Hamiltonian
Eq. (31) are negligible, and the other sterile mixing angles
are irrelevant. The only effect of the sterile neutrinos is the
kinematical one, and consists in an energy-independent

13Note that in [87] a different parametrization of the mixing
matrix was used and the parameters (α, β, γ) do not depend on the
mixing angle θ23. Here consistently we adopt the parametrization
introduced in Eq. (1). Similar results were achieved in [89]
considering a different scenario where sterile neutrinos are
supposed to interact with dark matter particles accreted by the
Sun and confined in its central region.

14Violation from adiabaticity can occur if along the neutrino
trajectory inside the Sun there is a point x ¼ R=R⊙ where the
difference between the two energy eigenstates in matter ap-
proaches zero. As shown in [87], this occurs if the two conditions:
(i) vðxÞðγ2 þ ε⊙eeÞ ¼ cos 2θ12 and (ii) j2vðxÞε⊙ex þ sin 2θ12j ¼ 0
hold simultaneously. The second condition can be verified only if
ε⊙ex is real and negative (i.e., f < 0), and if jε⊙exj is very large. In
the limit case θ34 ¼ 0 we will consider in the analysis, one has
jε⊙ex ≃ f⊙c23s̃14s24j. In addition, justified by the atmospheric
neutrino data we will consider only small values of the product
f⊙s224 and this ensures that the off-diagonal coupling jε⊙exj is
always small enough to guaranty adiabaticity in the allowed
regions.
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suppression induced by the nonzero value of s214, which can
be quantified as c414 ≃ 1–2s214. It is clear that if one increases
s214 the suppression becomes too large to be tolerated by the
data. In fact, it is precisely this behavior that allows one to
set an upper bound on the admixture of the electron neutrino
with the fourth mass eigenstate, as first deduced in [87,91].
The existing analyses [91–93] set a 90% CL upper limit on
s214 lying in the interval ½0.02 − 0.04�. The bound we obtain
in the 3þ 1 scheme (see below the case f ¼ 0) is in
agreement with that obtained by one of us in the analysis
performed in [87,91], where a very similar dataset was used.
In the right panel of Fig. 4, we show a few representative

profiles of the electron neutrino survival probability in the
3þ 1 schemewith the new potential. We assume interaction
with neutrons. All curves refers to the same value of the
standard parameters Δm2

21 ¼ 7.48 × 10−5 eV2, sin2 θ12 ¼
0.308, and sin2 θ13 ¼ 0.0223. The different curves represent
the probability for different values of f as listed in the
legend. The black profile corresponds to the case f ¼ 0,
coinciding with the ordinary 3þ 1 scheme. The colored
profiles refer to four cases in which f ≠ 0 and are chosen to
be relatively large in order to magnify the visibility of the
effect. The parameters related to the sterile sector are fixed at
the values s214 ¼ 0.02, s224 ¼ 10−3, and δ14 ¼ 1.7π. We see
that in the four cases in which f ≠ 0 there are energy
dependent modifications of the probability with respect to
the normal 3þ 1 scheme. For positive (negative) values of f
the survival probability in the presence of the new potential
is lower (higher) compared with the case f ¼ 0 and this

occurs at all energies. Also, we note that the modifications
of the profile of the probability are more (less) pronounced
for negative (positive) values of f.
In order to better evaluate the impact of the new sterile

matter potential scenario in solar neutrino oscillations, we
have performed a numerical analysis of solar neutrino data
including the radiochemical experiments Homestake for
Chlorine [94] and GALLEXþ GNO and SAGE for
Gallium [5,7], the three-phase data [95] from the Sudbury
Neutrino Observatory (SNO), the Super-Kamiokande data
from 1496-day phase I (energy and zenith spectrum) [96]
and 2970-day phase IV (day and night energy spectrum)
[96], and the low energy Borexino data [97–99]. We adopt
the recent solar model denoted MB22m in [100]. We have
included the first JUNO results imposing a prior on the solar
mixing angle using the estimate determined in the official
analysis of the JUNO Collaboration [101]. To this purpose,
we note that JUNO, probing vacuum oscillations, cannot
distinguish between the two octants of the solar mixing angle
θ12, and one obtains a mirror (dubbed “dark”) solution [80]
with the replacement θ12 → π=2 − θ12. While this is irrel-
evant within the standard 3-flavor framework, where solar
neutrinos fix θ12 in the first octant thanks to matter effects, it
becomes relevant in our new scenario in which solar
neutrinos in general cannot fix the θ12 octant because the
model entails the possibility of large NSI-like couplings, in
particular ε⊙ee ¼ −2. In this case, due to a well-known
degeneracy theorem the octant of θ12 cannot be distin-
guished. We will see that this conclusion holds only in the
case of a potential proportional to the electron or proton

FIG. 4. Daytime survival probability of solar neutrinos averaged over the 8B neutrinos production region. The left panel shows the
impact of the nonzero value of s214 ¼ 0.02 with respect to the 3-flavor case in the ordinary 3þ 1 scheme. The right panel confronts the
ordinary 3þ 1 scheme with the 3þ 1 scenario with the new potential for four choices of the parameter f. In both panels we fix
Δm2

21 ¼ 7.48 × 10−5 eV2 as determined by KamLAND and JUNO.
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number density. In the case of a potential proportional to the
neutron number density things are different because the NSI
couplings in the Sun and in the Earth scale differently. In
such a case the inclusion of Earth matter effects breaks the
degeneracy distinguishing the ordinary LMA solution from
the dark-LMA solution, strongly disfavoring the second one.
For completeness and illustrative purposes we consider both
cases in which the potential is proportional to the electron/
proton and to neutron number density. In the first case we
define the new potential as VS ¼ f0VCC introducing the
parameter f0 used only in the present section. In the second
case we define VS ¼ −fVNC as in the rest of the paper.
Figure 5 displays in the three upper (lower) panels the

regions allowed in the plane spanned by the two parameters
f0 (f) and θ14. The left panels represent the regions allowed
by solar neutrinos which are identical for the two neutrino
mass orderings (NO/IO). The central panels represent the
regions allowed by the two LBL experiments NOvA and
T2K, while the right panels show the combination of solar
with LBL experiments. The LBL experiments are sensitive
to the NMO and we have adopted the NO choice for all the

panels. In order to determine the solar neutrino regions in
the left panels, we have applied exactly the same procedure
adopted for NOvA and T2K by assuming s234 ¼ 0 and
imposing the prior jf0s224j < 0.1 at 90% CL, that as we
stress again, is justified by the stringent bound on the εμμ-
like coupling from atmospheric neutrino experiments (see
Sec. VI). Focusing on the left-upper panel referring to a
potential proportional to the electron/proton number den-
sity, we see that the allowed regions are composed by two
separate branches. The right branch, approximately cen-
tered on f0 ¼ 0, corresponds to (marginalized values of)
s212 < 0.5 (lying in the ordinary LMA solution), while the
left branch is obtained for s212 > 0.5 (lying in the so-called
dark-LMA solution [80]). The borders of the allowed
regions follow approximately isocontours of constant
ε⊙ee ¼ f0s214. By inspection of the contours, we derive that
this coupling is limited at the 90% CL in the two intervals
½−0.3; 0.8� and ½−2.7; 1.7�. These ranges are in agreement
with those derived in NSI analyses (see [102]). The dark
branch is approximately centered on ε⊙ee ¼ f0s214 ≃ −2, as
expected. The χ2 minima of the two branches are basically

FIG. 5. Allowed regions of the two displayed parameters assuming interaction with electron/protons Vs ¼ f0VCC (upper panels) and
with neutrons Vs ¼ −fVNC (lower panels), as obtained from the solar neutrinos (left panels), LBL experiments NOvA and T2K (central
panels) and their combination (right panels). The allowed regions in the left panels are independent of the NMO, while those represented
in the central and right panels refer to NO. The contours are obtained fixing s234 ¼ 0, imposing the prior fs224 < 0.1, and marginalizing
over δ14. Concerning the 3-flavor parameters we have fixed Δm2

21 ¼ 7.48 × 10−5 eV2, sin2 θ13 ¼ 0.0223, and marginalized over θ12,
θ23, and δ13.
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degenerate, as expected on the basis of the so-called
generalized mass-ordering degeneracy [81]. The value
ε⊙ee ¼ −1 is excluded at a very high confidence level (more
than 10 standard deviations), reflecting the strong rejection
of solar neutrino data of a mere vacuumlike flavor con-
version, in agreement with the early study [71]. We observe
that solar neutrinos provide an upper bound on s214, which is
allowed to reach the maximal value for f0 ≃ 0 or along the
isocontour corresponding to ε⊙ee ≃ −2. It is now very
interesting to investigate what is the result of the combined
analysis of the solar neutrino sector data with the two LBL
experiments NOvA and T2K. The upper-central panel
reports the regions allowed by NOvA and T2K for the
NO case. Note that these regions are different with respect
to those obtained for a potential proportional to VNC
(shown in the lower-central panel), because in the Earth
VCC and VNC used in the definition of the new potential
differ by a factor of two (being jVCCj ¼ 2jVNCj). The
contours for the two kinds of potential are related by a
simple rescaling of a factor of two. In any case the standard
3-flavor scheme corresponding to the origin of the axes
(f0 ¼ 0; s214 ¼ 0) is disfavored at Δχ2 ≃ 4.3. In the right
upper-panel, we see that in the combined fit there are still
two degenerate branches as expected. Also, we see that a
slight preference for a nonzero value of f0 persists around
the 90% CL with Δχ2 ≃ 2.7.
Let us now consider the three lower panels in Fig. 5,

corresponding to a new potential proportional to the neutron
number density. In the left-lower panel we see that only the
ordinary LMA branch survives, while the dark-LMA branch
is excluded almost at the 99% CL. The degeneracy is broken
due to the fact that in the Sun the effective coupling with
neutrons of the new potential is different with respect to the
Earth, being approximately two times smaller. In partic-
ular, the dark branch approximately centered on ε⊙ee ¼
f̄⊙s214 ≃ −2, corresponds to the larger coupling in the
Earth ε⊕ee ¼ f̄⊕s214 ≃ −4, which leads to an enhanced
regeneration effects in the Earth and a consequent higher
day-night asymmetry in tension with data at approximately
Δχ2 ≃ 4. We have checked that JUNO constraints indirectly
contribute to further disfavor the dark-LMA by Δχ2 ≃ 4 by
rendering the solar neutrino data less flexible in tolerating
the different NSI-like couplings in the Sun and the Earth.
The lower-central panel reports the regions allowed by
NOvA and T2K (already shown in the left panel of Fig. 2).
The lower-right panel displays the combination of LBL with
solar neutrino data. We can observe that the LBL data
further disfavor the dark-LMA solution, which is excluded
at more than 99% CL. This can be understood, as already
observed above, because the NSI-like couplings in the Earth
probed by LBL neutrinos are a factor of two larger than
those probed by solar neutrinos in the Sun. The 3-flavor
case, coinciding with the origin of the axes is disfavored at
more than the 90% CL with Δχ2 ≃ 2.7.

It is very interesting to observe that the size of the Earth
matter effects in the LBL experiments NOvA and T2K is
similar to that experienced by solar neutrinos traversing the
Earth. This can be seen by looking at the dimensionless
parameter v ¼ 2VCC=k ¼ 2VCCE=Δm2, where E is the
neutrino energy (E ≃ 10 MeV for solar and E ≃ 1 GeV for
LBL neutrinos) and Δm2 is the relevant mass-squared
difference (Δm2

21 for solar and Δm2
31 for LBL neutrinos).

Assuming for solar neutrinos propagating in the Earth its
average density (ρave ¼ 5.5 g=cm3) and for LBL neutrinos
the density of the crust (ρcrust ¼ 2.7 g=cm3), one has
vsol=vLBL ¼ 0.6ðE=10 MeVÞðE=GeVÞ. Hence, it is not
surprising to find that NOvA and T2K disfavor the
LMA-dark solution similarly to the day-night effects
experienced by solar neutrinos in the case of a potential
proportional to the neutron number density. While Fig. 5
refers to the case of NO, we find similar results in IO, where
the dark-LMA branch is still disfavored at more than the
99% CL in the combination of solar and LBL neutrinos. In
conclusion, we observe that in the combination of solar
with LBL data a slight indication at 90% CL ðΔχ2 ≃ 2.7Þ
persists in favor of nonzero f (or f0).15 We can observe that
by selecting a value of s214 ≃ 0.01–0.03 of some relevance
for the short-baseline anomalies, the combination of solar
with LBL data is compatible with values of f in the range
½−60; 120� (f0 in the range ½−30; 60�). These results will be
of guide in the next section in identifying a benchmark set
of parameters towards which to address our attention.

VI. IDENTIFICATION OF THE
BENCHMARK PARAMETERS

Now, on the basis of all the indication/bounds at our
disposal and of the insight gained in the structure of the
model, we try to acquire further information on its
parameters. In the previous section we have seen that
NOvA and T2K, together with IceCube indicate a prefer-
ence for a nonzero negative value of ε⊕ee and a nonzero jε⊕eμj.
In addition, LBL, IceCube DeepCore and KM3NeT/ORCA
tend to weakly prefer a nonzero value of the complex
coupling ε⊕eμ. We now observe, that in our model with the
extra matter potential, in order to construct a nonzero value
of these two NSI-like couplings one needs a nonzero value
of all the three parameters f, s14, and s24. Then, by
construction the other diagonal coupling ε⊕μμ is automati-
cally nonzero as well. The preference of a negative ε⊕ee
translates into a preference for f < 0 with respect to f > 0.
Concerning the μ − μ diagonal coupling, the limits are

15We find that the preferred value of s214 is very sensitive to the
gallium cross section. By increasing or decreasing by 5% such a
cross section we obtain a smaller/larger best fit. In literature there
are several evaluations of the cross section driven by the Gallium
anomaly. Therefore, the exact best fit value of s214 is quite
uncertain.
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much stringent. In fact, the atmospheric data provide for the
combination (ε⊕μμ − ε⊕ττ), the 90% range ½−0.022; 0.019�
(see Table I). Therefore, the amplitude of the NSI-like
coupling jε⊕μμj ¼ jf̄⊕js224 must be at least one order of
magnitude smaller16 than that of jε⊕eej ¼ jf̄⊕js214. This leads
us to consider s224 ≪ s214, with s224 being one order of
magnitude smaller than s214. Taking into account all the
existing constraints we are led to the following benchmark
values for the NSI-like couplings entering the Hamiltonian,
which are compatible at 1σ level with the existing com-
bined bounds listed in the last row of Table I and with the
solar neutrino constraints, respecting at the same time the
relations among the three parameters (f; s14; s24) imposed
by our model,

ε⊕ee ≃ f̄⊕s214 ¼ −0.2; ð44Þ

ε⊕eμ ≃ f̄⊕s14s24e−iδ14 ¼ −0.045; ð45Þ

ε⊕μμ ≃ f̄⊕s224 ¼ −0.01: ð46Þ

We have fixed the CP-phase δ14 ¼ 0, which is allowed
within the 68% CL in the NOvA and T2K analysis.17 We
stress once again that, as it is clear from the Eqs. (45)–(46),
the LBL neutrinos and low-energy atmospheric data give
information only on the product of f̄⊕ with s2i4 or si4sj4
with ði; jÞ ¼ 1, 2. Therefore, although they allow us to
identify the hierarchical pattern s214 ≫ s224, in order to fix
the values of the mixing angles, one needs to know at least
one of them or the value of f. Since f, based on the data
considered until now is completely unknown, we proceed
by fixing one of the two mixing angles, in particular s214.
Quite interestingly, we will see that the IceCube resonance
at E ≃ 10 TeV, in conjunction with the limits determined
by KATRIN, will provide us a preferred interval for f
compatible with that determined below.
The choice of fixing θ14 is motivated by the strong

evidences of disappearance of electron neutrinos provided
by the Reactor and Gallium anomalies as well as Neutrino-
4, which naturally lead to assume a non-negligible value of
s214. However, in doing this choice we must take into
account all the available upper bounds on this parameter,
and in particular the strongest ones, which come from
KATRIN and from solar neutrino data. Based on the

numerical analysis of solar neutrinos presented in Sec. V
and on the constraints from KATRIN [103], we take s214 ¼
0.02 as a benchmark value, which is compatible at 90% CL
with f in the range ½−50; 50� according to the combined
analysis of LBL and solar neutrino data. With this choice
Eq. (44) provides a benchmark value of f ¼ −20 (corre-
sponding to f̄⊕ ≃ −10). We choose a negative value of f
since NOvA and T2K show a clear preference for such
values. In the next section, we will see that also Super-
Kamiokande atmospheric neutrino data point towards a
negative potential. We also note that, once the benchmark
values for s214 and f have been chosen, from Eqs. (44)–(46),
a benchmark value of the second sterile mixing angle is
fixed to be s224 ≃ 10−3 being the ratio s214=s

2
24 ≃ 20. We

underline that, even after fixing s214 ¼ 0.02, the uncertainty
on the estimates of the NSI couplings will translate into an
uncertainty on s224. The estimate of ε⊕μμ in the range
½−0.018; 0.019� makes it compatible with zero. So, the
actual value of s224, albeit necessarily nonzero by construc-
tion due to the structure of the model, may be substantially
smaller than the benchmark value s224 ≃ 10−3. It is interest-
ing to note that the indicated very small values of s224
eliminate altogether the tension even with the most stringent
bounds deriving from the negative searches of muon
neutrino disappearance performed by MINOS/MINOS+
[65] and NOvA [66], which put a 90% upper limit s224 ≲
0.01 for eV2 mass-squared differences.18

For the ε⊕eτ coupling, we can reason similarly to ε⊕eμ. The
indication for a nonzero ε⊕eτ from NOvA and T2K leads to
consider a nonzero s34. This automatically switches on the
other two couplings ε⊕μτ ¼ f̄⊕s̃24s�34 and ε⊕ττ ¼ f̄⊕s234. The
limits on the combination ε⊕μμ − ε⊕ττ lead us to assume a
nonzero very small value for s234 similarly to s224. The low-
energy atmospheric data put a very stringent bound on
this NSI coupling19 jε⊕μτj≲ 3.3 × 10−3. Hence, once the
benchmark value f ¼ −20 is fixed, the product of s24s34 is

16In principle the bounds on the difference ε⊕μμ − ε⊕ττ would
allow big values for the single couplings which cancel out in the
linear combination. However, we will see that the IceCube
resonance will require very small values of both mixing angles
s224 ∼ s234 ≪ 10−2. Therefore, this possibility is excluded.

17This choice will simplify the numerical simulations per-
formed in the following sections concerning the IceCube reso-
nance at ∼10 TeV. We will underline the situations in which the
CP-phase δ14 can play an important role as in the case of the 1-3
resonance occurring in multi-GeV atmospheric neutrinos mea-
sured by Super-Kamiokande (see Sec. VII).

18We have explicitly checked that in MINOS and NOvA the
muon neutrino survival probability Pμμ in the presence of the new
matter potential is basically indistinguishable from the 3-flavor
case. This can be understood because the NSI-like couplings ε⊕μμ
and ε⊕μτ, which have more impact on such a channel, are
negligibly small in our scenario. Also, we have verified that
the transition probability Pμs of muon neutrinos into sterile
neutrinos is very small being proportional to s224 ¼ 0.001. There-
fore, the scenario is unobservable in the present dual-baseline
searches performed using νμ charged-current and neutral-currents
as in MINOS=MINOSþ and NOvA.

19We point out that there exists an independent bound jε⊕μτj≲
4 × 10−3 derived from IceCube [104], which interestingly in-
dicates a ∼90% CL preference for the nonzero coupling
jε⊕μτj ≃ 2.9 × 10−3, which would imply an estimate of a nonzero
s234. However, this indication is derived by using a neutrino
sample with very high energies, included those involved in the
resonantlike behavior, a region where our NSI-like treatment does
not hold. For this reason we do not consider this indication.
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constrained to be smaller than ≲3 × 10−4. One can have
both mixing angles of similar size s224 ≃ s234 ≃ 10−4, or
different size with the larger one being not bigger than 10−3

(and consequently the smaller one being not lower than
10−5) in order to respect the upper bound on jε⊕μμ − ε⊕ττj. In
summary, we see that the current limits on the NSI lead us
to identify the hierarchical pattern s214 ≫ s224 and s

2
14 ≫ s234,

while the ratio s234=s
2
24 lie in the interval [0.1, 10]. As it will

be clear from Sec. VIII, one of the most important purposes
of our work is to show that the new 3þ 1 model is able to
produce in IceCube the high-energy resonance in the μ − μ
channel. Similarly to the standard 3þ 1 scheme the leading
mixing angle regulating such a resonance is s224. For this
reason, for simplicity, we consider the benchmark case
s234 ¼ 0, commenting later on the impact of nonzero s234.
For clarity we summarize the benchmark values of the
model parameters and their approximate allowed ranges in
the first row of Table II. The range of the parameters will be
further clarified when discussing the high-energy resonance
relevant for IceCube in Sec. VIII. In particular, we will see
that the value of Δm2

41 is strictly related to that of jfj.

VII. IMPACT ON THE 3-FLAVOR ATMOSPHERIC
NEUTRINO RESONANCES AT A FEW GEV

A. Explaining the excess of electronlike events
in Super-Kamiokande

We have shown the new sterile potential induces NSI-
like couplings in low-energy atmospheric neutrinos.
Consequently, one may expect a modification of the
standard 3-flavor MSW and parametric resonances, which
occur at a few GeV. Although these resonances are difficult
to observe, a first indication is coming from atmospheric
neutrinos. In fact, the preference for NO found in Super-
Kamiokande, as stressed in [20], is imputable to an excess
of νe-like events (without an excess of ν̄e-like events) in the
multi-GeV and multiring samples and their concurrent up-
down asymmetry (see Figs. 6, 8, and 15), which can
naturally be traced to the resonantly enhanced muon-to-
electron flavor conversion, occurring in the neutrino (anti-
neutrino) channel in NO (IO). Looking at the plots, the
excess is bigger than expected in the 3-flavor framework,
and this plausibly leads to a statistical significance of the
indication in favor of NO (Δχ2 ≃ 6), which is sensibly
larger than the expected sensitivity (Δχ2 ≃ 2, see Fig. 16).
Concerning IceCube DeepCore, the official analysis [105]

does not provide information on the NMO preference.
However, the preliminary study [106] using a 9.28-years
data sample, indicates a preference for NO at Δχ2 ≃ 4.4. In
such a study it is emphasized that the origin of the
preference can be traced to an excess of cascades events
related to electron neutrinos (see Fig. 6.4), which as in
Super-Kamiokande are expected to be produced by the
MSW resonantlike behavior for neutrino energies
E ≃ 3–7 GeV. Also in this case, the indication has a
statistical significance sensibly larger than the expected
sensitivity (see Fig. 8.2), which is below ∼1.2σ.
While the excess of electronlike events is compatible

with a statistical over fluctuation, it may constitute a
manifestation of active-sterile neutrino oscillations with
the novel potential. Here, we demonstrate that the proposed
scenario can indeed lead to an enhanced excess of νe-like
events at a few GeV. In order to illustrate this point, we
show in Fig. 6 the plots of the transition probability
Pðνμ → νe) in the neutrino channel. The upper (lower)
panels refer to the negative (positive) valued new potential
with jfj ¼ 20. The left panels refer to a mantle-crossing
trajectory while the right ones refer to a core-crossing
trajectory. In the first case, one expects a MSW resonance at
∼6 GeV, while in the second case three parametric
enhancements are predicted (see for example [107]). The
black profile corresponds to the 3-flavor scheme, in which
case we have fixed the parameters at the best fit values of
the global analysis [74], with the exception of δ13, which
we have fixed at the best fit value obtained from our joint fit
of NOvA and T2K in the presence of the new matter
potential, which is basically the same for both NMO
(δ13 ≃ 1.5π). The colored profiles are obtained for the
benchmark parameters of the model with the novel poten-
tial, jfj ¼ 20, Δm2

41 ¼ 60 eV2, s214 ¼ 0.02, s224 ¼ 10−3.
The different colors correspond to four different choices
of the CP-phase δ14 indicated in the legend. Focusing on
the 6 GeV MSW resonance occurring for mantle crossing
(left panels), we can observe that all properties of the
resonance (peak energy, height, width and tail) are mark-
edly modified in the presence of the new physics. However,
the effects are radically different for negative with respect to
positive values of the potential. In the upper-left plot,
corresponding to f ¼ −20, we see that the peak energy
appreciably moves toward larger energies with a shift
ΔE ≃þ1.5 GeV. The peak height strongly depends on
the value of the CP-phase δ14. In all cases, the width is
approximately the double compared to the 3-flavor scheme

TABLE II. Benchmark values of parameters and their approximate allowed ranges. Note that jfj and Δm2
41 are

fully positively correlated since their ratio must be approximately constant.

Parameter f Δm2
41=eV

2 s214=10
−2 s224=10

−3 s234=10
−3 δ13=π δ14=π δ34=π

Benchmark value −20 60 2 1 0 1.5 0 � � �
Preferred range [−40;−10] [30, 120] [1, 3] [0.5, 2] ≲1 [1.1, 1.8] [0, 0.3] ∪ [1.2, 2.0] [0, 2]
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and the tail extends to much higher energies. This means
that, for the same peak height, in the presence of the new
(negative) potential, the resonance would lead to at least as
twice the number of events compared with the 3-flavor
case. Given the linear grow with the energy of the involved
cross sections, the number of events can be even substan-
tially larger. In the left-lower plot, we can notice that in the
case with positive potential (f ¼ þ20), the resonance is
shifted toward lower energies (ΔE ≃ −1 GeV), and has
smaller width. These findings, clearly indicate that the new
scenario goes in the direction indicated by data only for a
negative valued potential. The modifications of the

parametric enhancements shown in the right panels are
less trivial and a numerical analysis is needed to properly
evaluate the impact of the new effects. However, due to the
lower energy and lower area under the curve they should be
less important in the overall excess. We note that these
findings on the resonance at a few GeV are in striking
agreement with the independent indication provided by
NOvA and T2K, which prefer a negative potential. We
deem that the excess of electronlike events observed in
Super-Kamiokande and IcecCube DeepCore may be easily
explained by the scenario under consideration. Our edu-
cated guess is that Super-Kamiokande and IceCube

FIG. 6. The plots represent the electron neutrino appearance probability for energies around a few GeV, where the MSWand parametric
resonances occur. The upper (lower) panels refer to a negative (positive) value of the parameter f regulating the strength of the new
potential. The left panels illustrate a mantle-crossing trajectory with cos θz ¼ −0.75, in which case aMSW resonance is expected. The right
panels correspond to a core-crossing trajectory with cos θz ¼ −1.0, in which case three parametric enhancements occur. The black profile
depicts the 3-flavor case. The colored curves represent the 3þ 1 model with the new matter potential with parameters f ¼ �20, Δm2

41 ¼
60 eV2, s214 ¼ 0.02, s224 ¼ 0.001, s234 ¼ 0. The CP-phase δ14 assumes the four values indicated in the legend.
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DeepCore could provide an indication in favor of the new
model with a statistical level comparable to that of the
indication in favor of NO.

B. Impact on the status of the current indication on the
neutrino mass ordering

The modification of the resonances at a few GeV naturally
rises the issue of the robustness of the indication in favor of
NO provided by global neutrino analyses in the 3þ 1
framework with pseudosterile neutrinos. To understand this
point, one must carefully consider the origin of the current
preference for NO in the 3-flavor scheme. The global fits
incorporate several datasets, which overall in the combina-
tion lead to the indication in favor of the NO. There are three
distinct sources which provide the aforementioned indica-
tion. First, there is the νμ → νe appearance channel of NOvA
and T2K. In the 3-flavor scheme the two LBL experiments
jointly provide a weak indication in favor of IO. In our
analysis, we find that in the new scenario there is weak
indication in favor of NO (as also observed in analyses with
ordinary NSI [18,19]). In any case the hint from this source
is currently very weak. Second, there is a well-known
interplay between the LBL νμ → νμ disappearance channel
and reactor neutrinos (currently dominated by Daya Bay and
expected to be dominated by JUNO in the near future). In
fact, the joint estimates of the atmospheric mass-squared
splitting Δm2

31 from these two classes of experiments,
provide a Δχ2 ≃ 2.0 in favor of the NO [74] (see also
[75,76]).20 We have explicitly checked that the estimate of
Δm2

31 by NOvA and T2K is stable and independent on the
new matter potential. This can be easily understood because
the NSI-like εμμ and εμτ couplings, which have more impact
on the muon neutrino survival probability that is sensitive to
Δm2

31, are negligibly small in our scenario. Similarly, Daya
Bay and other reactor experiments have basically no
sensitivity to matter effects and also their estimate of
Δm2

31 is unaffected. As a consequence the interplay between
LBL and Reactor experiments remains intact in the presence
of pseudosterile neutrinos, and their (small) indication in
favor of NO is unaltered. This is very important for the future
searches. In fact, in case of confirmation of the new 3þ 1
scenario here considered, the interplay of LBL experiments
with JUNO, which is expected to soon release relevant data,
would provide a clean signature on the NMO. The third,
currently dominant, piece of information on the NMO is
potentially more problematic, because, as we have discussed
in the subsection above, it comes from the SK atmospheric
neutrino data [20], which show a preference for NO with
Δχ2 ≃ 6, which is strictly related to the GeV resonant
enhancements. Based on our findings, the NO seems to

be favored also in the presence of pseudosterile neutrinos,
because only in NO one can explain the observed excess of
νe-like events. One should expect and increased statistical
level of the indication in favor of NO since the new scenario
offers a better fit of the experimental data. Hence, we can
conclude, with the important caveat given below, that the
status of the indication in favor of NO in current global
analyses is robust and the indication would be even
enhanced by LBL (which jointly prefer NO in the new
scheme) and by Super-Kamiokande.
In the discussion above, we have tacitly assumed that the

solar lower octant (sin2 θ12 < 0.5) solution is that chosen by
nature. However, we have seen that in the case in which the
new potential is proportional to the electron or proton number
density, a degenerate solution exists for the dark octant
(sin2 θ12 > 0.5). In the presence of such a degenerate
solution, one cannot distinguish between NO and IO. This
happens because the 3-flavor scheme suffers from the so-
called generalized mass ordering degeneracy [81]. It implies
that in the dark-octant solution (sin2 θ12 ≃ 0.7), all the
existing experiments sensitive to theNMOprefer the alternate
case (IO) with respect to the one (NO) preferred for the lower-
octant solution (sin2 θ12 ≃ 0.3). In particular, also JUNO, in
the presence of the octant degeneracy is completely blind to
the NMO [108], and its combination to the disappearance
channel of LBL experiments is also ineffective in this respect.
Therefore, if the existence of the dark-solution is taken into
account (as it should be in the senario entailing pseudosterile
neutrinos with a matter potential proportional to the electron
or proton number density), the NMO is completely unde-
termined by current data. However, we will see that the high-
energy (∼10 TeV) atmospheric data offer a tool able to break
the degeneracy because they are sensitive to a 4-flavor
resonance which presents different features in the two
(otherwise) degenerate solutions.

VIII. NEW THREE-LEVEL RESONANT
CONVERSION PHENOMENA IN HIGH-ENERGY

ATMOSPHERIC NEUTRINOS

It is well-known that neutrino flavor transitions in matter
can give rise to resonantlike amplification. This distinctive
behavior was first predicted in the context of solar neutrinos
[109,110]. Within the 3-flavor framework, it is extremely
difficult to observe the resonant phenomenon in terrestrial
experiments, albeit some hints are coming from multi-GeV
atmospheric neutrinos, as we have discussed in the previous
section. The situation is radically different when an extra
light sterile neutrino species comes into play. In fact, in the
3þ 1 scheme, as first evidenced in [111], high-energy
(E ≃ TeV) atmospheric neutrinos can undergo matter
enhanced conversion. As pointed out in [112], neutrino
telescopes have the unique potential to detect such a resonant
behavior. More precisely, matter effects can result in the near
complete disappearance of TeV-scale muon anti-neutrinos
traveling through the Earth for a sterile neutrino with

20A recent exploratory analysis [73] of JUNO data in con-
junction with NOvA and T2K provides an enhanced indication at
Δχ2 ≃ 5 in favor of NO.
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eV2-scale mass-squared difference (see [113–124] for fur-
ther studies on this topic). The experimental search for the
resonant signature has been pioneered by the IceCube
Collaboration with high-energy analyses exploiting neutri-
nos from 500 GeV to 100 TeV. Starting from the eight-years
data analysis [125], the collaboration has found a hint in
favor of sterile neutrinos within the ordinary 3þ 1 scheme,
which has been subsequently confirmed and consolidated in
the eleven-years data analyses [13,14,126]. This indication
seems to come from the observation of a resonantlike
behavior occurring at energies of ∼10 TeV. In the analysis
[13], performed under the assumption of θ34 ¼ 0, the best fit
point is obtained for Δm2

41 ∼ 3.5 eV2 and s224 ¼ 0.04. Such
a best fit point is rather stable if θ34 is allowed to assume a
nonzero value compatible with the existing bounds, as
shown in [14]. Here, we will show that in the pseudosterile
neutrino scenario the picture of the resonant phenomena
involving high-energy neutrinos becomes much more com-
plex. In particular, we will see that together with the ordinary
resonances involving a pair of active-sterile states ðνα; νsÞ
(α ¼ e, μ, τ) one can have new resonances in the active
ðνα; νβÞ (α; β ¼ e, μ, τ) subsystems, mediated by the
pseudosterile states. We will see that such new resonances
are dynamically and algebraically different with respect to
the conventional ones.

A. Qualitative aspects of the conventional resonances
and the bare level-crossing diagram

As a first step in our study of the resonant behavior we
clarify the framework behind the conventional resonances
usually considered in the literature. This will allow us to
better appreciate the unconventional features of the new
amplification phenomena implied by the new matter
potential, which will be addressed in the following sub-
sections. A resonant behavior can take place if the matter
potential is comparable to the wave number k41 ¼
Δm2

41=2E associated to the active-sterile oscillation fre-
quency. For an eV-scale sterile neutrino and matter density
ρ ¼ 5.0 g=cm3 in the Earth, one gets the reference neutrino
energy of ∼10 TeV as follows:

jVNCj
k41

¼0.74

�
Δm2

41

3.5 eV2

�−1� ρ

5.0 g=cm3

��
E

10TeV

�
; ð47Þ

where we have used as a benchmark the best fit value
Δm2

41 ¼ 3.5 eV2 found in the IceCube analysis [13]. This
value is roughly uncertain by a factor of two as derived
from the 90% CL contours. Qualitatively, one expects that
if jVNCj is multiplied by a large factor f, the resonance
energy will remain unaltered provided thatΔm2

41 is rescaled
by the same factor (taking its absolute value). In addition,
one must note that the sign of the rescaling factor f would
determine the channel of the resonance. One expects the

resonance in the neutrino (antineutrino) channel for Vs <
0 (Vs > 0).
It is useful to define the “bare” Hamiltonian setting to

zero all the six mixing angles, thus considering U ¼ 1 in
the original Hamiltonian in Eq. (4), obtaining

Hbare
4ν ¼ K þ V ¼ 1

2E

2
666664

0 0 0 0

0 Δm2
21 0 0

0 0 Δm2
31 0

0 0 0 Δm2
41

3
777775

þ

2
666664

VCC 0 0 0

0 0 0 0

0 0 0 0

0 0 0 f̄VCC

3
777775
; ð48Þ

which is diagonal. The matrix 2EHbare
4ν has the (2, 2) and (3,

3) entries constant, while the (1, 1) and (4, 4) entries present
a linear dependency on the energy. The behavior of the
eigenvalues of 2EHbare

4ν , which we will denote with λBi
(i ¼ 1, 2, 3, 4), can be represented in a diagram recently
introduced in [124] to analyze the high-energy resonance in
the ordinary 3þ 1 scheme. While in [124] the diagram is
called the“surface level-crossing diagram”, here we prefer to
call it the “bare level-crossing diagram”, in contrast with the
ordinary level crossing diagram obtained when the mixing
angles are taken into account in the full or “dressed”
Hamiltonian. In Fig. 7 we show the bare level crossing
diagram for the ordinary 3þ 1 scheme (left panel) and for
the 3þ 1 framework with the new matter potential (central
and right panel), where we have taken a large value jfj ≫ 1,
which is positive in the central panel and negative in the right
panel. In all panels we have considered the case of NO,
which implies that the 1-2 (solar) and 1-3 (atmospheric)
crossings occur for the neutrino channel. The vertical axis
corresponds to zero potential/energy.21 The right part of the
plane refers to neutrinos, while the left one corresponds to
antineutrinos. The scales are qualitative, as this diagram has
the sole purpose to identify the topological structure of the
crossings among the four different energy levels. When the
mixing angles are switched on to form the complete or
“dressed” Hamiltonian, the crossing points will become
avoided crossings regions, where the phenomenon of
eigenvalue repulsion [127,128] occurs mediated by the

21When studying the resonant behavior in a constant density
medium as in the present work, in which case the potential is
constant, the horizontal axis is proportional to the neutrino energy
(positive for neutrinos, negative for antineutrinos). In the context
of flavor conversion of a neutrino with definite energy in an
environment with varying density, the horizontal axis is propor-
tional to the matter potential which we will be a function of the
time/position coordinate.
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off-diagonal entries which act as effective couplings among
the different levels.
In the left panel we observe that in the ordinary 3þ 1

scheme, in addition to the standard 3-flavor 1-2 and 1-3
crossings, one expects three crossings involving the fourth
state, a 1-4 crossing occurring in the neutrino channel and
two crossings (2-4 and 3-4) in the antineutrino channel. This
crossing scheme is related to the slope of the fourth state
determined by the potential 0.5VCC appearing in the (4, 4)
entry of the bare Hamiltonian. From the phenomenological
point of view only the 2-4 crossing in the antineutrino
channel is relevant because it induces ν̄μ → ν̄s conversion
observable in IceCube. The 1-4 and 3-4 crossings are less
relevant since IceCube is not sensitive to νe → νs and
ν̄τ → ν̄s transitions due to the flavor composition of the
atmospheric neutrinos. The central panel depicts the sit-
uation for a large positive value of the f parameter, which
regulates the strength of the new potential. In this case the
new potential in the (4,4) entry f̄VCC is positive as in the
ordinary 3þ 1 scheme but the slope of the fourth state is
much larger. This implies that all the three crossings 1-4, 2-4,
3-4 occur in the antineutrino channel. Conversely, for a
negative value of f, as apparent in the right panel, all such
three level crossings occur in the neutrino channel.
One advantage of the bare level crossing diagram is its

role in identifying the mixing angles in matter which
regulate a given resonance [124]. Once the sterile vacuum
mixing angles (θ14, θ24, θ34) are included to obtain the full
Hamiltonian, three avoided crossings will emerge. These
level repulsions will correspond to resonances22 originating

respectively from the [1-4, 2-4, 3-4] crossings, whose
amplitude will be regulated by the corresponding mixing
angles in matter [θm14, θ

m
24, θ

m
34], which will be amplified with

respect to their values in vacuum.23 We will see that
although these expectations will be fulfilled by the numeri-
cal simulations, in addition to such conventional resonan-
ces involving one of the three active species and the sterile
one, we will encounter new unconventional resonances
occurring among the active flavors ðνe; νμ; ντÞ. The exist-
ence of such a kind of resonances is unexpected as it cannot
be deduced from the bare level-crossing diagram. We will
see that they are generated by amplified second-order
effects mediated by the sterile neutrino mixing and become
appreciable only if f is sufficiently large. In the following
we will expound and explain this new amplification
mechanism.

B. Numerical diagonalization of the Hamiltonian in the
case of constant density

As a second step towards the understanding the proper-
ties of the resonant behavior we perform a numerical study
considering a constant density profile with density equal to
that of the Earth mantle. For the ordinary 3þ 1 scheme we
assume Δm2

41 ¼ 3.5 eV2 and s224 ¼ 0.04, corresponding to
the IceCube best fit point. For the new scenario we take
f ¼ −20, s224 ¼ 0.001, and δ14 ¼ 0, which is our bench-
mark point. In both the ordinary and new 3þ 1 scenarios

FIG. 7. The three panels represent the “bare level-crossing diagram” obtained by setting to zero all the six mixing angles. The left
panel refers to the 3þ 1 ordinary scheme. The central (right) panel refers to the 3þ 1 scheme with the new potential for a positive
(negative) value of f much larger than one. In all cases we assume NO for the three light states. The energy scale of the diagrams is
qualitative as they are envisaged to illustrate a topological structure.

22The resonant enhancement in a constant density medium will
appear as a dip/peak when plotting the survival/transition
probability as a function of the energy. In the context of flavor
conversion in a medium with varying density, the phenomenon of
adiabatic conversion (possibly corrected by nonadiabatic tran-
sitions) will occur when the neutrino traverses the resonance
region.

23It should be underlined that for the realization of a resonant
phenomenon, an enhanced mixing angle in matter is a necessary
but not sufficient condition. In fact, one also needs a sufficiently
large oscillating factor in the conversion probability, which
depends both on the dynamics (through the differences of the
eigenvalues of the full Hamiltonian) and a phenomenological
parameter, which is the baseline traveled by neutrinos. It is a very
lucky circumstance that the dimension of our planet allows the
developments of oscillating phases large enough to make such
phenomena observable.
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we adopt the same value of s214 ¼ 0.02 and set to zero θ34.
In the new scenario we rescale the value of the mass-
squared difference by approximately the same factor jfj ≃
20 so as to maintain the resonance energy fixed at ≃10 TeV
as indicated by IceCube. We find numerically that the best
matching of the resonance energy is obtained for
Δm2 ¼ 60 eV2, which we adopt as the benchmark value.
Figure 8 refers to the ordinary 3þ 1 scheme, in which

case the new matter potential is absent. The upper (lower)
panels refer to neutrino (antineutrino) channel. The left
panels report the six mixing angles in matter (three active
and three sterile) as a function of the neutrino energy.24 The
central panels depict the probabilities involving the electron
neutrino channel, while the right panels report the prob-
abilities entailing the muon neutrino channel. In the left-
upper panel we recognize that around E ≃ 15 TeV there is
a 1-4 resonance corresponding to a maximal value of the

mixing angle θm14 in matter. This resonance gives rise to
enhanced conversion in the ðνe; νsÞ subsystem, which
reveals in the upper-central panel. Such a conversion is
of scarse phenomenological relevance because the flux of
atmospheric electron neutrinos is very low, being one order
of magnitude smaller than that of muon neutrinos. We
observe that in the range [0.1 TeV—10 TeV] there are fast
oscillations, which in average lead to an almost energy-
independent suppression of the survival probability. This
suppression is regulated by the amplitude of the θ14 mixing
angle in vacuum (s214 ¼ 0.02). The right-upper panel shows
the probabilities involving muon neutrinos, which, as
expected do not present any resonant behavior. Also for
muon neutrinos, in the range [0.1 TeV—10 TeV] there are
fast oscillations regulated by the amplitude of the θ24
mixing angle in vacuum, which in the ordinary 3þ 1

scheme is appreciably large (s224 ¼ 0.04). In the left-lower
panel, corresponding to the antineutrino case, in the region
around E ≃ 15 TeV there is a 2-4 resonance, corresponding
to a maximal value of the mixing angle θm24 in matter. In this
case, as confirmed by the lower-central panel, there is no
resonance in the ðνe; νsÞ subsystem, which is regulated by

FIG. 8. The six panels summarize the properties of the ordinary 3þ 1 scheme for constant density equal to Earth mantle value. The
upper (lower) panels refer to neutrinos (antineutrinos). The left panels represent the mixing angles in matter while the central and right
ones depict the oscillation probabilities involving the electron and muon neutrino channel, respectively.

24Our findings on the behavior of the elements of the mixing
matrix in matter as a function of the energy are in agreement with
those obtained in [129] for the 3-flavor case and in [130] for the
ordinary 3þ 1 framework.
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vacuumlike oscillations related to s214 ¼ 0.02. In the right-
lower panel we can observe the resonant conversion in the
ðνμ; νsÞ subsystem, which is of phenomenological interest
because the flux of atmospheric neutrinos is mostly of the
muon type. We notice that in the ordinary 3þ 1 scheme
everything goes as expected from the bare level crossing
diagram (left panel of Fig. 7), with a 1-4 resonance in the
neutrino channel and a 2-4 resonance in the antineutrino
channel. The 3-4 resonance expected in the antineutrino
channel is not there simply because we have adopted a zero
value for the mixing angle θ34. This picture confirms the
usefulness of the bare diagram as a powerful guide in
identifying the relevant resonances.
Figure 9 shows analogous plots to Fig. 8 but refers to the

3þ 1 model with pseudosterile neutrinos. The upper
(lower) panels refer to the neutrino (antineutrino) channel.
We use the benchmark parameters f ¼ −20, Δm2

41 ¼
60 eV2 and the mixing angles s214 ¼ 0.02, s224 ¼ 0.001
and δ14 ¼ 0. Looking at the mixing angles in matter in the
left-upper panel, we observe that around E ≃ 15 TeV there
is a 1-4 resonance similarly to the ordinary 3þ 1 case and a
2-4 resonance (θm24 enhanced albeit not maximal). This

pattern is expected based on the bare crossing diagram.
What is less expected is the 1-3 resonance (θm13 maximal),
which, as seen in both the upper-central and upper-right
panels, drives amplified ðνe; νμÞ conversion. We notice that
such a resonance is not predicted on the basis of the bare
crossing diagram, where the only 1-3 crossing intervenes at
low energies and it is the well-known standard 3-flavor
resonance occurring at a few GeV. This circumstance
suggests that the ðνe; νμÞ resonance is not the result of a
usual two-level avoided crossing. In fact, as we will discuss
in the next subsection, this resonance is related to a three-
level behavior mediated by the pseudosterile neutrinos. We
observe that Peμ ¼ Pμe as can be checked confronting the
upper-central and upper-right panels, as expected for the
symmetric matter profile inside the Earth. In the central-
upper and right-upper panels we can also observe the
conventional resonances in the ðνe; νsÞ and ðνμ; νsÞ chan-
nels. In the right-upper panel we observe that in the energy
range around 1 TeV, differently from the ordinary 3þ 1
scheme, the muon neutrino survival probability is basically
equal to one because the fast oscillations induced by the
vacuum mixing angle θ24 are suppressed by the very small

FIG. 9. The six panels summarize the results obtained in the 3þ 1 scheme with the new potential for the benchmark case f ¼ −20 for
constant density equal to Earth mantle value. The upper (lower) panels refer to neutrinos (antineutrinos). The left panels represents the
mixing angles in matter while the central and right ones depict the oscillation probabilities involving the electron and muon neutrino
channel, respectively.
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value of this parameter (s224 ¼ 0.001). In the lower panels,
representing the antineutrino channel, we see that there is
no resonance and that the behavior of the probabilities is
similar to the 3-flavor scheme apart from the fast oscillating
flat suppression of the electron survival probability in the
lower central panel, which is a vacuum effect driven by the
relatively large s214 ¼ 0.02.

C. Three-level dynamics as the origin of the resonance
in the (νe, νμ) subsystem

In the previous subsection we have seen that in the
presence of the new potential a resonance in the (νe, νμ)
subsystem takes place. Here, we try to gain some insight in
this unexpected phenomenon. With this purpose, we set
θ34 ¼ 0 as in the previous subsection. In the high-energy
limit the 3-flavor parameters become irrelevant and it is
easy to check that the Hamiltonian has the third row and
third column exactly equal to zero. This means that the ντ
state is unaffected by flavor conversion phenomena and
remains unaltered during the evolution. Hence, we can
extract from the four-flavor Hamiltonian the 3 × 3 sub-
matrix with ð1; 2; 4Þ indexes, which regulates the dynamics
of the 3-flavor subsystem ðνe; νμ; νsÞ. Neglecting the CP
phase δ14, we obtain the effective 3-flavor Hamiltonian,

HðeμsÞ
3ν ¼ R24R14K0RT

14R
T
24 þ V 0

≃

2
664
VCC þ ks214 ks14s24 ks14

† ks224 ks24
† † f̄VCC þ k

3
775; ð49Þ

where K0 ¼ diagð0; 0; k≡ k41Þ and V 0 ¼ diagðVCC; 0;
f̄VCC ¼ VS − VNCÞ are the three-dimensional diagonal
matrixes corresponding to the four-dimensional matrixes
K and V from where we have omitted the third (equal to
zero) entry. In the second equality in Eq. (49) we have taken
the limit of small mixing angles which is of phenomeno-
logical interest. The diagonalization of such an
Hamiltonian in general will require the product of three
orthogonal rotations defining the three mixing angles in
matter θm24, θ

m
14, θ

m
12, and can be cast in the form

Um
3ν ¼ Rm

24R
m
14R

m
12; ð50Þ

where we have respected the same order of the three
rotations in vacuum. Now, we observe that if the mixing
angle θ14 ¼ 0, the Hamiltonian in Eq. (49) has a block-
diagonal form and is diagonalized by a simple rotation in the
2-4 plane, with Um

3ν ¼ Rm
24 involving only the mixing angle

θm24. Physically, it happens that the νe flavor state evolves
independently of the ðνμ; νsÞ subsystem. This system
presents a resonance for ½Hð4; 4Þ −Hð2; 2Þ� ¼ 0, i.e.,
k ≃ −f̄VCC ≃ −0.5fVCC, which occurs in the neutrino
(antineutrino) channel for f < 0 (f > 0). Similarly, if the

mixing angle θ24 ¼ 0, the Hamiltonian has again a block-
diagonal form and is diagonalized by a simple rotation in the
1-4 plane with Um

3ν ¼ Rm
14 depending on the mixing angle

θm14. In this case, the evolution of the νμ flavor state is
decoupled from the ðνe; νsÞ subsystem, which presents a
resonance for ½Hð4; 4Þ −Hð1; 1Þ� ¼ 0, i.e., kð1 − s214Þ≃
ð1 − f̄ÞVCC, which for the values of the parameters we
are considering (small s214 and large f̄), presents only a minor
shift with respect to the resonance in the ðνμ; νsÞ subsystem.
In the most general case in which both mixing angles θ14

and θ24 are nonzero, the Hamiltonian in Eq. (49) has not a
block-diagonal structure anymore. It is clear that, in order
to obtain its diagonalization, one would need all the three
mixing angles in matter, and in particular a nonzero 1-2
mixing angle θm12 will emerge. What is less immediate to
understand is that the 1-2 system may resonate, with θm12
becoming maximal. With the purpose of shedding light on
this point, it is useful to come back to the rotated NSI-like
Hamiltonian. Also in this case, taking the case θ34 ¼ 0, we
can extract the 3 × 3 submatrix,

H̄ðeμsÞ
3ν ¼ VCC

2
6664
1þ f̄⊕s214 f̄⊕s̃14s24 ð1 − f̄⊕Þs̃14

† f̄⊕s224 −f̄⊕s24
† † f̄⊕ þ k41

VCC

3
7775

¼ VCC

2
6664
1þ εee εeμ εes

† εμμ εμs

† † δðEÞ

3
7775; ð51Þ

where for compactness we have introduced δðEÞ ¼
f̄⊕ þ k41

VCC
. We see that in the 4-flavor dynamics the off-

diagonal NSI-like couplings εes and εμs appear which
involve one active state and the sterile one. Now, we can
note that the νμ → νe transitions can be mediated by the
coupling εeμ or via the product εesεμs. In the first case the
coupling appears directly in the Hamiltonian, while in the
second case it represents a second-order effect. In general,
in the model we are considering, both direct and indirect
couplings are different from zero, and the first order and
second order mechanisms will act simultaneously and
interfere. However, one can note that the second order
effects are amplified by the new potential being
εesεμs ≃ f̄2⊕s14s24, and dominate over the first order effects.
These observations allow us to enucleate the core dynamics
of the resonant ðνe; νμÞ conversion, which is captured by
the simplified Hamiltonian,

H̄0ðeμsÞ
3ν ¼ VCC

2
64
1 0 εes

0 0 εμs

† † δðEÞ

3
75; ð52Þ
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where we have set to zero all the other couplings and for
simplicity we consider real couplings (neglecting the CP
phases). Of course the neglegted couplings will modify the
picture but are less fundamental. The system has two
natural resonances corresponding to δ ¼ 0 and δ ¼ 1.
When εes ¼ 0 the (νμ, νs) subsystem resonates for
δ ¼ 0, while when εμs ¼ 0 the (νe, νs) subsystem resonates
for δ ¼ 1. When both couplings are nonzero as implied in
our model, the second-order effects, far from the regions of
the two well localized resonances [(0≲ δ≲ 1) for the
internal region and (δ≲ 0, δ≳ 1) for the external region],
are expected to provide an effective NSI-like coupling
∝ εesεμs=δ. This perturbative approach, for small values of
the couplings is expected to hold also in between the two
resonances, where δ ≃ 1=2, which remain well-separated.
For increasing value of the couplings these corrections will
blow up in the region between the resonances making
necessary a full 3-level treatment. One expects that the two
resonances will get coupled for increasing values of the off-
diagonal couplings giving rise to a more complex resonant
behavior. In order to illustrate this point, in our full model
we fix s214 ¼ s224 ¼ 0.005 and consider the two values of
f ¼ −4 and f ¼ −20. These two choices make our full
model very close to the toy model described by the
Hamiltionian in Eq. (52) and correspond to two values
of εesεμs ≃ 0.07 and 0.45, respectively. In the first (second)
case, one expects a small (large) perturbation of the
unperturbed Hamiltonian.
Figure 10 summarizes the behavior of the model in the

resonance region highlighting the transition of the system
from a regime in which the two resonances are decoupled to
one in which they get coupled. In the upper (lower) panels
we have taken two different values of the f parameter
(respectively, f ¼ −4 and f ¼ −20). The left panels report
the energy eigenvalues in units of jVCCj. The varying color
along the curves represents the flavor composition of the
eigenvectors in matter νmi (i ¼ 1, 2, 4). Thanks to such colors
we can clearly visualize the relevant flavor transitions
occurring in the resonance region. For the smaller value
of f ¼ −4 (left-upper panel) we observe the presence of two
distinct resonances corresponding to two separate avoided
crossings, the first one involving the (νe, νs) system at δ ¼ 1
and the second one involving the (νμ, νs) system at δ ¼ 0.
The central and right panels represent the oscillation
probabilities relevant for the electron and muon neutrino
channels, respectively. The upper-central panel and the
upper-right panels confirm that in the case of f ¼ −4 there
are only two resonances involving (νe, νs) and (νμ, νs)
transitions. For large values of f ¼ −20 (left-lower panel)
the two avoided crossings merge to form a single triple-
avoided crossing involving the full (νe, νμ, νs) system. From
the colors of the curves, we see that in the region between
δ ¼ 1 and δ ¼ 0, each eigenvector in matter is a super-
position of at least two flavors, and we can deduce that the
transitions will involve all the three subsystems, and in

particular the (νe, νμ) one. This is confirmed by the lower-
central and lower-right panels, where we see that a resonance
in the (νe, νμ) channel coexists with the two resonances in
the (νe, νs) and (νμ, νs) systems. Therefore, for increasing
values of the off-diagonal couplings εes and εμs, the system
undergoes a transition from a regime where it is possible to
describe it in terms of two separate 2-level systems to a
regime where a genuine 3-level dynamics is at play. Finally,
we note that the differences between the eigenvalues are
related to the scale of the matter potential VCC. Such large
differences correspond to large phase factors ϕij ¼ ðλi −
λjÞL≡ Δ̃m2

ijL=2E (L being the baseline and with Δ̃m2
ij we

have indicated the mass-squared differences in matter) in the
transition probabilities, which reveal as a fast oscillating
behavior evidenced in the central and right panels of Fig. 10.
The full analytical treatment of the 3-level system is beyond
the scope of the present work and can be performed using for
example the method recently introduced in [131]. However,
the resulting formulas are not transparent since one cannot
avoid to resolve a cubic secular equation in order to calculate
the analytical expressions of the eigenvalues.
A closing technical remark is in order. In the simplified

3-flavor framework we have considered in this subsection,
we have seen that a matter 1-2 mixing angle θm12 emerges
naturally. In the 4-flavor results presented in Sec. VIII B a
nonzero 1-3 mixing appears (see Fig. 9). The explanation
for this apparent inconsistency is the following. In the full
4-flavor system the ντ flavor is present, although at high
energies, for θ34 ¼ 0 it does not participate to the flavor
conversion. If one considers the flavor composition of the
eigenvectors in matter νmi , one would find that at energies
below the resonance, at around E ≃ 1 TeV, one has that the
second eigenstate coincides with the τ flavor state
(νm2 ≃ ντ). This can be checked by considering the expres-
sions of the elements of the mixing matrix in matterUm and
is related to the fact that neutrinos (not antineutrinos)
undergo the two standard resonances (solar and atmos-
pheric) at low energies. This implies that the dynamics of
the ðνe; νμÞ system involved in the new resonance is
regulated by the ðνm1 ; νm3 Þ eigenvectors in matter. At the
algebraic level this is achieved by replacing a rotation in the
1-2 plane (related to θm12), with the product of a rotation in
the 1-3 plane (related to θm13) and a rotation in the 2-3 plane
with θm23 ¼ π=2. In fact, from the left-upper panel in Fig. 9
it can be seen that for energies E≳ 1 TeV, the mixing
angle θm23 assumes a value equal to π=2. More precisely, one
must note that in the full diagonalization, the 3-flavor
mixing matrix Um

3ν ¼ Rm
23R

m
13R

m
12 in matter lies at the

external position, so this matrix performs the last step in
the diagonalization process, after which the Hamiltonian
acquires the diagonal formH4nu

diag ¼ diagðλ1; λ2; λ3; λ4Þ. One
can check that the action of Um

3ν¼R23ðπ=2ÞR13ðθm13ÞR12ð0Þ
would produce the swapping of λ2 ↔ λ3. We have also
checked that in the high-energy regime, the value of θm12
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obtained in the simplified 3-flavor system is identical to the
value of θm13 obtained in the 4-flavor case. Basically, this is
an algebraic subtlety needed to ensure that the relevant
dynamics intervenes between the two physical states
involved in the level repulsion. We have also checked that
in the antineutrino channel, where the ðνe; νμÞ resonant
amplification occurs for positive values of f, one has
νm3 ≃ ντ, and in that case no 2-3 level swapping is needed
and one simply has a rotation in the 1-2 plane
with Um

3ν ¼ R23ð0ÞR13ð0ÞR12ðθm12Þ≡ R12ðθm12Þ.

D. Impact of nonzero θ34 and factorization of the
4-level dynamics

Until now, for definiteness, we have restricted our study
to θ34 ¼ 0, in which case the ντ is not involved in the flavor
transitions at high energies. However, in general, when
such a mixing angle is nonzero, the resonant flavor
conversion phenomena are expected to involve also the
ντ flavor. When considering a nonzero θ34 one has to

respect the low-energy constraints on the NSI-like cou-
plings εeτ, εμτ and εττ which are related to such an angle. In
particular, one has to respect the bound on the coupling
εμτ ¼ f̄s24s̃�34, which is the most stringent one being
jεμτj≲ 3 × 10−3. For our benchmark values f ¼ −20,
s224 ¼ 0.001, one has s234 ≲ 3 × 10−4. Even for such a
low values we find observable effects at the level of the
oscillation probabilities. In Fig. 11 we show the plots
corresponding to s234 ¼ 3 × 10−4. The left panel represents
the four eigenvalues in the resonance region. We note that
in our previous eigenvalues plots, only three eigenvalues
where shown since we illustrated the effective 3-flavor
Hamiltonian. In such a context the fourth eigenvalue was
zero by construction and was not shown. However, we can
observe that in the more general case with nonzero θ34 the
situation is very similar to the case of zero θ34. In fact, one
of the eigenvalues (λ2) is constant and equal to zero. In
order to understand this feature, let us consider the full
rotated Hamiltonian for small values of the mixing-angles,

FIG. 10. The six panels summarize the behavior of the model in the resonance region highlighting the transition of the system from a
two-level regime to a three-level one. In the upper (lower) panels we have taken two different values of the f parameter (respectively,
f ¼ −4 and f ¼ −20). The left panels report the behavior of the eigenvalues. The central (right) panels represent the oscillation
probabilities relevant for the electron (muon) neutrino channel.
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H̄4ν≈VCC

2
666664

1þ f̄⊕s214 f̄⊕s̃14s24 f̄⊕s̃14s̃�34 ð1− f̄⊕Þs̃14
† f̄⊕s224 f̄⊕s24s̃�34 −f̄⊕s24
† † f̄⊕s234 −f̄⊕s̃34
† † † f̄⊕þ k41

VCC

3
777775
:

ð53Þ

In order to simplify the treatment, it is useful to extend our
effective 3-flavor toy Hamiltonian in Eq. (52) to the 4-
flavor case, defining

H̄ðeμτsÞ
4ν ¼ VCC

2
66664

1 0 0 εes

0 0 0 εμs

0 0 0 ετs

† † † δðEÞ:

3
77775; ð54Þ

where we consider the real NSI-couplings εes; εμs; ετs
setting to zero the CP phases and neglect all the other
couplings. In the limit in which the three off-diagonal
couplings εes; εμs; ετs are equal to zero, the system presents

one 1-4 crossing for δ ¼ 1, and two coinciding crossings at
δ ¼ 0 involving the 2-4 and 3-4 states. The structure of the
Hamiltonian implies that in the (νμ, ντ) subspace only a

linear combination will be coupled to the sterile state. In

fact, defining εas ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðε2μs þ ε2τsÞ

q
and introducing the

orthogonal normalized states,

jνþi ¼
εμsjνμi þ ετsjντi

εas
¼ s24jνμi þ s34jντiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s224 þ s234
p ; ð55Þ

jν−i ¼
−ετsjνμi þ εμsjντi

εas
¼ −s34jνμi þ s24jντiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s224 þ s234
p ; ð56Þ

in the new basis (νe; νþ; ν−; νs) the Hamiltonian takes the
form25

H̄ðeþ−sÞ
4ν ¼ VCC

2
66664

1 0 0 εes

0 0 0 εas

0 0 0 0

† † 0 δðEÞ

3
77775: ð57Þ

Therefore, the 4-level system is factorized in a nontrivial
part involving the three-level system (νe; νþ; νs) regulated
by the Hamiltonian,

H̄ðeþsÞ
3ν ¼ VCC

2
64
1 0 εes

0 0 εas

† † δðEÞ

3
75; ð58Þ

and a trivial part involving the “spectator” state ν−, which
has constant zero energy.26 This toy model provides a very
good description of the real 4-flavor system because all the
couplings involving directly the ντ flavor (for example εμτ)
are very small. It can be shown that the full 4-flavor model,
because of the particular structure of the Hamiltonian,
preserves exactly the basic properties of the toy model. In
fact, it can be checked that in the full Hamiltonian (53) the
second and third columns (or rows) are linearly dependent
and therefore it has rank 3. It happens that the state ν−
defined in Eq. (55) is an exact eigenvector of the
Hamiltonian (53) with zero eigenvalue. Therefore, the
system can be factorized with the same rotation used for
the toy model. The effective 3-flavor Hamiltonian in
Eq. (58) will induce (possibly resonant) transitions within
the (νe, νμ) and (νe, ντ) subsystems mediated by the second-
order coupling εesεas of the νe with the νþ state. It is
important to notice that the four-dimensional Hamiltonian
Eq. (57) will also induce (νμ, ντ) transitions mediated by the
interference of the survival amplitudes of the spectator state
ν− (which has trivial dynamics) and of the state νþ (which
has nontrivial dynamics). Hence, we can conclude that in
the presence of a nonzero θ34, the core dynamics of the
4-flavor system remains that of a 3-level system, allowing
at the same time the ντ flavor to fully participate to the
resonant conversion phenomena.
The central panel in Fig. 11 representing the running of

the mixing angles in matter shows that in the high-energy
resonant region, the mixing angle θm34 becomes appreciable
and has a similar behavior to θm24. In fact, we have checked
that these two angles are identical if their vacuum value is
the same, as expected from the μ − τ symmetry of the
Hamiltonian. Also we observe that the mixing angle θm23
assumes values different from π=2 and that it does not have
a resonantlike behavior. This angle basically regulates the
relative amplitude of the 2-4 and 3-4 resonances. The right
panel represents the transition probabilities involving the
muon neutrino channel. We can observe that, albeit not
very pronounced, there is a resonance involving the (νμ, ντ)
sector. Similarly, we find (not shown) that there is a
comparable resonance in the (νe, ντ) sector. Both such
resonances can become more pronounced for values of θ34
larger than our benchmark choice. Hence, we see that in the
most general case, all the active flavors are involved in the
resonant conversion mediated by the sterile neutrino

25The 4-flavor Hamiltonian is factorized by an orthogonal
rotation in the ðνμ; ντÞ plane with an angle defined by cos α ¼
εμs=εas and sin α ¼ ετs=εas.

26In the language of multilevel systems, in particular in atomic
physics and quantum optics, the spectator state is dubbed as a
“dark state” (see [132]).
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potential, as expected on the basis of our analytical
treatment.

E. Full numerical results with the PREM density model
and parametric enhancement

As a final step in our exploration of the resonant
phenomenon, we consider some numerical results using
the realistic PREM model of the Earth density. Figure 12
displays a few representative examples of the oscillation
probabilities focusing on the muon neutrino channel, which
is phenomenologically relevant. The left panels refers to the
ordinary 3þ 1 scheme (f ¼ 0) while the right panels
represent the 3þ 1 scheme with the new potential for
the benchmark value f ¼ −20. All the parameters are fixed
at the benchmark values adopted in the previous subsec-
tion. We stress that the left (right) panels represent anti-
neutrino (neutrino) oscillations probabilities. The upper
panels refer to a radial core-crossing trajectory with
cos θz ¼ −1.0 where θz is the zenith angle, while the
lower panels refer to a mantle-crossing trajectory with
cos θz ¼ −0.75. The right plots confirm that in the presence
of the new potential there is a strong resonance in the νμ →
νe channel (red color) as expected from the results obtained
for the constant density case. However, while for the
mantle-crossing trajectory the probabilities are very similar
to the case of constant density (compare the right-lower
panel to the right-upper panel in Fig. 9), for the core-
crossing trajectory the probabilities have a radically differ-
ent behavior, presenting a very large width with fast
oscillations. In addition, the muon survival probability
presents two distinct dips. This behavior is the sign that
huge parametric effects are at play induced by the layered
structure of the Earth density. While IceCube cannot
resolve the detail of the fast oscillations because of the
limited energy resolution of the detector, it may be able to

observe the large width of the resonance and possibly
identify the two dips.
The resonant behavior can be further illustrated with the

help of the so-called oscillograms, which are two-dimen-
sional isocontour plots of the muon neutrino disappearance
probability as a function of neutrino energy E and cosine of
the zenith angle cosðθzÞ. In the left panel of Fig. 13 we
show the oscillogram for the ordinary 3þ 1 case, with the
same parameters used in Fig. 12. The plot refers to
antineutrinos, for which one expects the resonance to occur
in the ordinary 3þ 1 scheme and the oscillation pattern is
well-understood. The resonance enhancement of the ν̄μ →
ν̄s oscillation manifests as antineutrinos pass through the
Earth’s core and/or mantle. For trajectories crossing the
core, that is cos θz ≲ −0.8, the enhancement is described
by a parametric resonance [114,119] at the energy
≃ð9 TeVÞðΔm2

41=3.5 eV2Þ. For the mantle-crossing trajec-
tories (cos θz ≳ −0.8) the enhancement is a MSW reso-
nance at the energy ≃ð14 TeVÞðΔm2

41=3.5 eV2Þ. The right
panel displays the oscillogram that we obtain for the 3þ 1
scenario with the novel potential, where the resonance
occurs in the neutrino channel. From this plot we see that,
as expected, there is a resonant behavior at the same
energies involved in the ordinary 3þ 1 scheme. We still
observe a well-defined separation indicative of the tran-
sition between core-crossing and mantle-crossing trajecto-
ries. We find that the depth and the width of the resonance
(both for core and mantle-crossing trajectories) depends on
the value of s224 and the width can be noticeably influenced
by s214, becoming larger (smaller) for higher (lower) values
of this parameter. The oscillogram confirms the presence of
fast oscillations for core-crossing trajectories, which are
imputable to parametric effects.
We could not perform a numerical study of the IceCube

resonance beyond the level of probability plots and

FIG. 11. The three panels summarize the results obtained in the 3þ 1 scheme with the new potential for a nonzero value of θ34. The
left panel represents the behavior of the eigenvalues in the high-energy resonance region. The central panel displays the mixing angles in
matter for constant density equal to the average mantle value. The right panel reports the oscillation probabilities relevant for the muon
neutrino channel for a mantle-crossing trajectory using the PREM profile.
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oscillograms because reproducing the IceCube analysis is
unfeasible from outside the Collaboration. Hence, it
remains to be seen if the quality of the fit of the
IceCube data to the new resonance is similar to that of
the usual one. We note that the reconstruction of the
neutrino energy is subject to a substantial degradation
due to the limited energy resolution of the detector and
what appears as a clear resonance at Eν ¼ 10 TeV in the
oscillogram, looking by eye at the IceCube 2D-histograms
of events, is translated into a deficit of events around the
muon energy of Eμ ∼ 1 TeV and to an archlike pattern. So,
it is plausible that the distinction between the ordinary
resonance and the one predicted in the model under

investigation should be difficult. However, an accurate
official simulation performed by the IceCube collaboration
is needed to clarify the issue. We also notice that IceCube
could distinguish the new resonance from the ordinary one
looking at the appearance of electron neutrinos, which
should manifest as cascade events. However, according to a
recent study [133] (see also the early study [134]) per-
formed in the 3þ 1 scheme with a large nonzero θ34, where
ντ appearance is strongly enhanced giving rise to ντ events
(indistinguishable from the νe ones), the sensitivity of
IceCube to cascades is currently limited, albeit it could
improve in the future by considering an expanded data
sample larger (up to ten-years) than the one-year sample

FIG. 12. Oscillation probabilities for the ordinary 3þ 1 scheme (left panels) and the 3þ 1 scheme with new potential (right panels).
The left panels represent antineutrino oscillations probabilities, while the right panels represent neutrino oscillation probabilities. The
upper panels refer to a radial core-crossing trajectory with cos θz ¼ −1.0, while the lower panels refer to a mantle-crossing trajectory
with cos θz ¼ −0.75. In the left panels we assumeΔm2

41 ¼ 3.5 eV2 and s224 ¼ 0.04, s214 ¼ 0.02. corresponding the IceCube best-fit point
in the ordinary 3þ 1 scheme. In the right panels we take f ¼ −20, Δm2

41 ¼ 60 eV2, s214 ¼ 0.02, s224 ¼ 0.001, and δ14 ¼ 0, which is our
benchmark point in the scenario with the new potential.
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presently used in the analysis. Therefore, cascade events are
a signature of the model under consideration provided that
there is enough sensitivity to detect them.
An important remark is in order concerning the compat-

ibility of the benchmark parameters of the model with the
existing data. In Sec. VI we have seen that with the choice
of a non-negligible value s214 ¼ 0.02, solar and LBL data
indicates Oð10Þ values for the f parameter regulating the
strength of the new potential. In the present section, we
have also seen that in order to maintain fixed the energy
of the resonance at the value hinted at by IceCube
(E ≃ 10 TeV), the new mass-squared must be rescaled
by the factor jfj with respect to the best fit value obtained
in the ordinary 3þ 1 scheme, leading to the choice
Δm2

41 ¼ 60 eV2. Here, one must notice that for such large
values of the mass-squared splitting there are strong
constraints on s214 established by KATRIN [103].
Looking at the exclusion regions in [103] (see Fig. 3),
one can observe that in the window Δm2

41 ≃ ½30; 80� eV2,
the constraints are less restrictive compared with those
provided for lower/higher values. This is confirmed by a
very recent analysis combining KATRIN with SBL dis-
appearance data [135]. In particular, for Δm2

41 ¼ 60 eV2

KATRIN allows values of s214 ≲ 0.025. Therefore, our
benchmark parameters are fully compatible with
KATRIN. We observe that values of Δm2

41 (and conse-
quently of f) a factor of two smaller or larger than our
benchmark choice would be disfavored by KATRIN since
the bound on s214 becomes stronger. It is interesting to
observe that because of the connection between f and
Δm2

41, KATRIN indirectly constrains the new potential and
it provides an independent indication that f should be
Oð10Þ. New data with increased statistics expected to come

from KATRIN should be able to push the sensitivity around
the benchmark value of our model possibly confirming/
disconfirming it.
As a closing observation, we stress that the estimated

Oð10Þ value for the parameter f is strictly related to our
assumption to fix an appreciable value of s214 ≃ 0.01–0.03.
We have checked that basically all manifestations of the
model where matter effects are crucial, such as the
explanation of the LBL discrepancy between NOvA and
T2K, the production of an excess of νe-like events in Super-
Kamiokande multi-GeV atmospheric neutrinos and the
multi-TeV resonance in IceCube, are intact also for very
small values of s214 provided that the parameters f and s224
are appropriately rescaled (considering much larger values
for f and much smaller values for s224), in order to keep
fixed the ε⊕ee and ε⊕eμ couplings at their benchmark values
identified in Sec. VI [see Eqs. (44)–(45)]. However, one
must notice that a realization of the scenario with a very
small value of s214 ≪ 0.01 would be of no relevance for the
explanation of the SBL electron neutrino disappearance
findings such as the Gallium and Reactor anomalies.

IX. EFFECTIVE TWO-LEVEL RESONANCE IN
ICECUBE FOR θ12 IN THE DARK OCTANT

Until now we have assumed that the solar mixing angle
lies in the lower octant (sin2 θ12 < 0.5). In fact, we have
seen that if the new potential is proportional to the neutron
number density, the combination of solar neutrino data with
NOvA and T2K, excludes the higher (or dark) octant
(sin2 θ12 > 0.5) solution. However, if the new potential is
proportional to the electron or proton number density, the
degeneracy persists in the combination of solar and LBL

FIG. 13. Oscillograms for the ordinary 3þ 1 scheme (left panel) and the 3þ 1 scheme with new potential (right panel). The left panel
refers to muon antineutrinos, while the right panel refers to muon neutrinos.
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experiments. This is a consequence of the so-called
generalized mass-ordering degeneracy [81], which implies
that the oscillation physics is invariant under the combined
transformation27 εee→−2−εee, θ12 → π=2 − θ12, Δm2

31 →
−Δm2

32 (i.e., NO → IO), δ13 → π − δ13. Therefore, in this
case the dark degenerate solution cannot be discarded.
According to the degeneracy theorem, the 3-flavor phe-
nomenology will not allow the distinction between the two
neutrino mass orderings. For example, in the dark octant
solution, the 6 GeV resonance in Super-Kamionande in the
neutrino channel will occur in IO instead of NO. Also, the
current preference for NO of reactor experiments when
combined with LBL experiments, would become a pref-
erence for IO. All in all, in the 3-flavor framework, in the
presence of large NSI-like couplings (possibly close to
εee ≃ −2), there is no way to determine the NMO if the NSI
are proportional to the electron or proton number density.
It is natural to ask if in the 3þ 1 scheme with the new

matter potential, it is possible to distinguish between the
two degenerate solutions. The answer is positive essentially
for a very simple reason. Differently from what happens for
the NMO in the 3-flavor scheme, the sign of Δm2

41 is fixed
to be positive. The case of a negative Δm2

41 is excluded
because the light neutrino states would have a mass
incompatible with cosmology, especially in our scenario
where Δm2

41 can be much bigger than the usual ∼1 eV2

scale more often considered in the literature. This renders
less dangerous a possible 4-flavor generalization of the
3-flavor degeneracy theorem. If we consider the IceCube
resonance at 10 TeV, the 3-flavor parameters are irrelevant,
so apparently it is blind to the octant of θ12 and to the NMO.
On the other hand, one must observe that the coupling
ε⊕ee ¼ f̄⊕s214 is relatively small in the lower-octant solution
(since f ≃ −20), while it becomes close to −2 in the dark-
octant solution for which one needs much larger (negative)
values of f. Since the value of f is different and much larger
in the dark-octant solution, one may expect a different
behavior in the two degenerate solutions. This means, that
the study of the IceCube resonance, breaking the general-
ized 3-flavor degeneracy, can allow us to pin down
indirectly the correct octant of the solar mixing angle
and the NMO. In fact, we find that the degeneracy is
maximally broken since for the dark-octant solution there
exists a ðνe; νμÞ resonance in the antineutrino channel,
which has no counterparts for the ordinary solution.
In oder to understand this behavior we report below the

expression of the Hamiltonian regulating the (νe, νμ, νs)
oscillations already introduced in Eq. (49),

HðeμsÞ
3ν ¼

2
64
VCC þ ks214 ks14s24 ks14

† ks224 ks24
† † f̄VCC þ k

3
75: ð59Þ

We notice that for a very large values of f̄, the (4,4) entry in
the Hamiltonian can be much larger than the (1, 4) and (2,
4) entries. In this limit the sterile state νs can be approx-
imately integrated away, and the effective dynamics of the
ðνe; νμÞ system is approximately that of a two-level system.
Second, we observe that, in the limit jf̄j → ∞, if the
condition ½Hð2; 2Þ −Hð1; 1Þ� ¼ 0 is verified, one has a
resonant enhancement regulated by a mixing angle θm12.

28 In
such a limit, it is possible to provide an exact analytical
expression for the 1-2 mixing angle in matter diagonalizing
the (1, 2) block of the Hamiltonian, obtaining

sin 2θm12 ¼
2s14s24ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4s214s
2
24 þ ðvþ s214 − s224Þ2

p ; ð60Þ

with v ¼ VCC
k , and the conversion probability of muon to

electron neutrinos can be expressed as

Pμe ¼ sin22θm12sin
2ϕm

12; ð61Þ

where we have introduced the oscillation phase,

ϕm
12 ¼

kL
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4s214s

2
24 þ ðvþ s214 − s224Þ2

q
: ð62Þ

These expressions explicitly show that the origin of the
mixing angle in matter θm12 and of the oscillation phase ϕm

12

is purely dynamical and completely unrelated to their value
in vacuum. The two-level (νe, νμ) conversion is an effective
phenomenon mediated by the far pseudosterile state νs, in
which case it behaves as a virtual mediator.
A more general formula for the oscillation probability,

valid for the large finite values of f̄, which are of
phenomenological relevance, can be obtained by intro-
ducing a two-dimensional effective Hamiltonian which
retains the second-order corrections in the active-sterile
mixing after the integration of the fourth state.29

Introducing the projector operators P¼diagð1;1;0Þ and
Q ¼ diagð0; 0; 1Þ, the three-dimensional Hilbert space can
be partitioned in the target two-dimensional subspace
(P-space) of interest for the active flavors and its orthogo-
nal one-dimensional complement (Q-space) of the sterile

flavor. The full 3-flavor Hamiltonian H ≡HðeμsÞ
3ν in

27In the presence of off-diagonal NSI-like couplings the
symmetry requires εαβ → ε�αβ, which in our model is obtained
by the replacement of the CP-phases δ14 → 2π − δ14 and
δ34 → 2π − δ34.

28We underline that, as we have seen in the previous section, in
the full 4-flavor scheme the mixing angle θm12 is replaced by θ

m
13 in

conjunction with θ23 ≃ π=2.
29The effective Hamiltonian can be obtained using the parti-

tioning technique introduced independently in nuclear physics by
Feshbach [136] and in quantum chemistry by Löwdin [137] (see
[138,139] for textbook treatments).
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Eq. (59) can be expressed as

H ¼ PHPþ PHQþQHPþQHQ ¼
�
HPP HPQ

HQP HQQ

�
;

ð63Þ

where we denote with ðe; μÞ the indexes of HPP and with
(s) that of HQQ. This decomposition allows us to derive an
effective two-dimensional Hamiltonian [136,137],

Heff
eμ ðλÞ ¼ HPP þHPQðλ −HQQÞ−1HQP; ð64Þ

which depends on the eigenvalue λ. For the active
neutrinos one has jλj ≪ jHQQj, since HQQ ≡Hss ¼
fVCC þ k is very large and one has for the elements of
the effective Hamiltonian

ðHeff
eμ Þαβ ≃Hαβ −

HαsHsβ

Hss
: ð65Þ

Taking into account the expression of the matrix elements
of H in Eq. (59), one finds that the two-level effective
Hamiltonian is diagonalized by the mixing angle

sin 2θm12 ¼
2jf̄js14s24ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4f̄2s214s
2
24 þ ½f̄ðvþ s214 − s224Þ þ 1�2

q ; ð66Þ

and the conversion probability of muon to electron
neutrinos can be expressed as

Pμe ¼ sin22θm12sin
2ϕm

12; ð67Þ

where the oscillation phase is given by

ϕm
12 ¼

ΔλL
2

; ð68Þ

with

Δλ¼ jVccj
jf̄vþ1j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4f̄2s214s

2
24þ½f̄ðvþs214−s224Þþ1�2

q
; ð69Þ

representing the difference of the two eigenvalues of the
effective Hamiltonian. The expressions in Eqs. (66)–(69),
which in the limit jf̄j → ∞ return the asymptotic results
found in Eqs. (60)–(62), make even more explicit the role
of the new potential in the dynamics of the novel effective
2-flavor resonance.
The resonance condition, for sufficiently large values of

f̄, given the hierarchical pattern s224 ≪ s214 is approximated
by VCC ¼ −ks214, which implies that the resonance cannot
occur in the neutrino channel because it requires VCC < 0.
Considering our dark NSI-like solution, for which ε⊕ee ¼
f̄s214 ≃ −2 and jf̄j ≃ 2=s214, we see that for sufficiently small

values of s214, the parameter f̄ can be very large. We
illustrate this ðνe; νμÞ resonant behavior for one selected
choice of parameters. We find that s214 ¼ 0.02 (adopted
until now) and the value of f ≃ −200, which jointly provide
ε⊕ee ¼ f̄⊕s214 ≃ −2, are not phenomenologically interesting
because such an electron neutrino mixing at the resulting
rescaled value of Δm2

41 ≃ 600 eV2 (needed to maintain
fixed the resonance energy at ∼10 TeV), is excluded by
KATRIN, which imposes the upper bound s214 ≲ 0.005 at
95% C.L. (see Fig. 3 in [103]). This leads us to move
towards smaller (larger) values of s214 (jfj), and thus to
larger values of Δm2

41, where the bounds from KATRIN get
relaxed. Our final choice is to adopt the values s214 ¼ 0.005,
f ¼ −800 (which still provide ε⊕ee ¼ f̄⊕s214 ¼ −2) and
Δm2

41 ¼ 3000 eV2. These parameters are compatible with
KATRIN and also with Mainz [140] and Troitsk [141,142],
which are sensitive in the region of such very high values of
Δm2

41 (see Fig. 1 in [143] for their combined fit). Note that
the large value of f, leads us to select an extremely small
value of s224 ≃ 2 × 10−5, which serves to respect the bounds
on the εeμ and εμμ NSI-like couplings imposed by the low-
energy (E≲ 1 TeV) phenomenology.
In Fig. 14 we show the numerical results obtained for the

“dark resonance” of IceCube. The left-upper panel repre-
sents the behavior of the eigenvalues. The largest eigen-
value, which is positive and very large is not represented in
the plot, where we report only the three smaller eigenval-
ues. Note that the order of the three eigenvalues is different
with respect to the case considered in the previous section,
because for consistency with the degeneracy theorem, in
the dark solution we have fixed the NMO to be the IO.
However, this is relevant only at low energies while it is
completely irrelevant for the high-energy dynamics which
is independent of the 3-flavor parameters. We can observe
that one of the eigenvalues is constant and equal to zero
because we have set θ34 ¼ 0 and the ντ is not involved in
the flavor conversion. We can observe that the other two
eigenvalues display a clear avoided crossing, which is
induced by the off-diagonal 1-2 coupling which at the
resonance takes the value kress14s24 ¼ jVCCjs24=s14≃
0.22jVCCj. At the resonance, as confirmed by the varying
color along the eigenvalues curves, there is maximal
admixture of νe and νμ flavors. The right-upper panel
reports the mixing angles in matter. For consistency we
have fixed θ12 at the octant symmetric “dark” best fit value
sin2 θ12 ¼ 0.69, albeit this is irrelevant at high energies. We
can see that, differently from the resonance encountered in
the ordinary (nondark) scenario, only the mixing angle θm13
becomes maximal, confirming that the effective dynamics
is a 2-flavor one, albeit it is mediated by the far pseudos-
terile state. The left-lower panel depicting the muon
channel probabilities shows that there is a pure ðνe; νμÞ
resonance as expected. All these findings confirm our
analytical description. For completeness, in the right-lower
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panel we report the oscillogram of the muon antineutrino
disappearance probability, from which we can infer that the
dark resonance is more pronounced for core-crossing
trajectories.
We must observe that the dark solution would have little

impact in the electron disappearance short-baseline anoma-
lies since the implied θ14 mixing angle is very small.
However, we think that the illustration of the resonance
occurring for the dark octant solution is conceptually
important independently of its possible phenomenological
relevance, because of three different reasons. First, as
already underlined, this resonance offers the possibility
to determine indirectly the octant of θ12 and consequently
distinguishing the NMO in the framework in which

pseudosterile neutrinos oscillate with a potential propor-
tional to electron or proton number density. In fact,
confronting the oscillation probabilities and the oscillo-
gram with those obtained for the benchmark parameters
used for the lower-octant solution discussed in Sec. VIII
(see the right panels in Figs. 12 and 13), we see that the
behavior is quite different. Also, having at disposal a
detector able to distinguish neutrinos from antineutrinos
would be very important as this resonance occurs always in
the antineutrino channel. Second, we realize that the
unconventional dark ðνe; νμÞ resonance occurs in the
absence of the conventional resonances in the ðνe; νsÞ
and ðνμ; νsÞ subsystems. Hence, we learn that the new
resonant phenomenon mediated by the sterile neutrinos in

FIG. 14. Illustration of the IceCube resonance for parameters in the dark θ12 octant solution as indicated in the plots.
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the presence of the new potential can manifest independ-
ently of the coexistence of conventional resonances. Third,
it must be noted that the dark resonance cannot be predicted
on the basis of the bare level crossing diagram, which
shows no other 1-3 resonance apart from the standard 3-
flavor one occurring at energies of a few GeV. Finally, we
note that for a nonzero value of θ34 a companion dark
resonance in the ðνe; ντÞ channel is present, as expected
based on our discussion in the previous section. However,
such a resonance is of less phenomenological interest given
the involved flavors.
A final important remark is in order. In this section, we

have discussed the novel (νe, νμ) resonance motivated by
the generalized mass-ordering degeneracy [81]. However, it
should be underlined that, as evident from the analytical
treatment, the properties of this resonance are independent
of the value of the solar mixing angle θ12 and of the NMO
choice. Hence, the resonance occurs identical for both
octants of θ12 and for both choices of the NMO. Also, we
point out that the realization of the resonance is not limited
to values of ε⊕ee ¼ f̄s214 ≃ −2 and can occur for different
choices of such coupling. In particular, we stress that far
from the condition ε⊕ee ¼ f̄s214 ≃ −2, it is possible to realize
the resonance also in the neutrino channel. Therefore, such
a resonance has potentially a wide phenomenological
interest. A full numerical simulation would be needed to
correctly identify all the regions of the parameters (Δm2

41,
f, s214, s

2
24) of interest for IceCube.

30

X. INTERACTION OF PSEUDOSTERILE
NEUTRINOS WITH ASYMMETRIC DARK

MATTER

In the treatment provided in the previous sections we
have assumed that the sterile neutrino potential is produced
by their interaction with ordinary matter. The question
arises if the such an interaction can involve the background
dark matter (DM) instead of the ordinary matter. This is
possible only under very particular circumstances. First of
all, one has to assume that the DM is asymmetric (see [144]
for a review). In this case, as already investigated in various
works, both active [145–154] and sterile neutrinos
[89,155–157] can entail MSW effects. In this scenario,
the discrepancies recorded in LBL, low-energy and high-
energy atmospheric neutrinos, should be interpreted as a
hint of the refraction of the pseudosterile neutrinos on the
DM particles encountered along the path traversed by
neutrinos from source to detector. The explanation of the
anomalies provides the strength of the needed potential,
which should be fine-tuned to be approximately ten times
larger than the standard potential in the Earth crust/mantle.

This potential should be generated by an extremely low
matter density equal to the density of the DM halo in the
solar neighborhood ρχðr⊙Þ ≃ 0.4 GeV=cm3. This low den-
sity should be counterbalanced by an enormous strength of
the new interaction GX ¼ fχGF, with fχ ≃ ne=nχ ∼ 1024,
pointing towards an ultralight vector mediator.
A potential issue arises concerning solar neutrinos since

the DM can be accreted by the Sun and accumulated at its
center. In general one may expect an over-density of DM
inside the Sun with respect to its average Halo value felt by
terrestrial neutrinos, which would imply big MSW effects
in solar neutrinos, which however are not observed. In fact,
we have seen that solar neutrinos can tolerate only the small
effects considered in Sec. V. In order to circumvent this
difficulty one has to avoid that the DM particles are
accreted in the Sun, which can be obtained adopting a
mass of the DMwell-below the evaporation threshold [158]
(mevp

χ ≃ 4 GeV) and/or supposing that the DM interaction
with ordinary matter is negligibly small. In these conditions
the Sun would be transparent to DM and, apart from small
effects induced by gravitational focusing (see [159,160]),
no over-density with respect to the surrounding halo would
be present in its interior. Under this assumption, sterile
neutrinos traveling from the Sun center to the Earth, would
propagate in a medium of constant density with a potential
similar in size (approximately ten times larger) to the
standard potential in the Earth crust/mantle. This potential
is too small to impact solar neutrino transitions, as we have
explicitly checked with a numerical simulation. As a result,
in this scenario solar neutrinos will behave as in the
ordinary 3þ 1 scheme just providing the upper bound
on θ14.
It is important to note that atmospheric neutrinos are

expected to distinguish between a potential related to
ordinary matter from a potential due to dark matter. In
fact, only in the first case, in which the density varies
abruptly along the path due to the layered structure of the
Earth (in particular due to mantle-core-mantle transition),
one has parametric effects. We have seen that the para-
metric enhancement has a huge impact on the IceCube
resonance for core-crossing trajectories, providing the
resonance with distinctive features (see the right-upper
panel of Fig. 12). In the case of MSW on a dark matter
background this structure would be absent. In order to be
more quantitative, we show in Fig. 15 the behavior of the
IceCube resonance assuming a new potential having a
(negative) constant value in all points of the Earth equal to
twenty times the value of the standard neutral current
potential in the mantle VS ¼ 20Vmantle

NC . The left plot shows
the probabilities relevant for the muon neutrino channel for
a core crossing trajectory. A comparison with the similar
plot obtained for a potential proportional to the (layered)
neutron number density presented in the right-upper panel
of Fig. 12, shows a drastic reduction of the parametric
effects. This is confirmed by the oscillogram displayed in

30For completeness, we mention that there is also a ðνe; νsÞ
resonance occurring in the neutrino channel, which however is of
scarce phenomenological interest given the involved flavors.
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the right panel. A comparison with the results obtained in
the ordinary case (see right panel in Fig. 13), shows also a
different shape of the oscillograms, in particular the slope in
the ½cosðθzÞ; E� plane. Therefore, in principle, a spectro-
scopic study of the high-energy resonance would allow the
distinction between the two cases. Similarly, a precision
study of the parametric resonances in multi-GeV atmos-
pheric neutrinos could help in distinguishing between the
two possibilities.31

XI. DISCUSSION AND FUTURE PERSPECTIVES

A. Possible origin of the new matter potential

Although we remain agnostic on the nature of the
interaction leading to the new matter potential, here we
comment about its possible origin. The simplest scenario
entails a hidden Uð1Þ gauge group involving a new vector
boson Z0. In this model, in the case in which the potential is
related to ordinary baryonic matter, one expects a possible
signal in coherent scattering experiments. However, these
constraints can be evaded by choosing a sufficiently small
value of the mediator massmZ0 . This is possible because the
matter potential represents a process with zero-momentum
exchange, while in the scattering experiments the
exchanged momentum is finite. Of course, it remains to
be understood how the pseudosterile neutrinos impact

astrophysics and cosmology, which is a highly nontrivial
question. While the ordinary sterile neutrinos are severely
constrained by cosmology, the situation is less obvious if
they interact with ordinary or dark matter. A common
mechanism invoked to render sterile neutrinos compatible
with cosmology are self-interactions [39–50], which seem
capable to suppress their mixing. Also unstable pseudos-
terile neutrinos decaying in visible or invisible products
may have a noticeable impact [36]. Sterile neutrinos with a
new potential have been recently investigated in [60],
where it has been shown that they are compatible with a
series of bounds from laboratory and cosmology provided
that the mass of the vector mediator is extremely light
(∼10 eV). According to the same work, self interactions of
sterile neutrinos suppress active-sterile mixing and their
production before neutrino decoupling and BBN era,
provided that sterile neutrinos have contact NSI-like
interactions with dark matter particle with an asymmetric
dark matter particle. Considered the highly involved sit-
uation of the status of pseudosterile neutrinos in cosmology
we think that the last word on these exotic neutrino states
should be left to oscillations experiments.

B. Dirac vs Majorana nature of the
pseudosterile neutrinos

We briefly comment on the nature (Dirac vs Majorana)
of the sterile neutrinowithin the model under consideration.
It is well-known that light sterile neutrinos, if Majorana
particles, may be observable in neutrinoless double beta
decay [161–170]. In fact, sterile neutrino mass contributes
to the effective Majorana mass mββ with a complex term
proportional to jU2

e4jm4eiα4 , where α4 is a CP phase related
to Dirac and Majorana phases. The recent study [170] takes

FIG. 15. The figure illustrates the IceCube resonance assuming that the new matter potential is proportional to a constant density of
dark matter particles. The left panel represents the oscillation probabilities in the muon neutrino channel for a core-crossing trajectory.
The right panel represents the oscillogram for the muon-neutrino survival probability.

31We stress that in the case of a matter potential related to
asymmetric dark matter (ADM), in addition to the resonance
encountered in the three-level regime (Sec. VIII), also that found
in the effective two-level regime (Sec. IX) can be of relevance in
the lower octant of θ12, because there is more freedom on the size
of the coupling ε⊕ee ¼ f̄⊕s214, which in the ADM scenario is
basically unconstrained by solar data.

SABYA SACHI CHATTERJEE and ANTONIO PALAZZO PHYS. REV. D 114, 075008 (2026)

075008-34



into account the most restrictive bounds coming from
KamLAND-Zen, mββ < ð28–122Þ meV at the 90% CL,
where the interval corresponds to the uncertainty in the
nuclear matrix element. According to this work, a Majorana
sterile neutrino with jUe4j2 ≃ 0.01–0.03 and mass-squared
Δm2

41 ≃ 60 eV2, as that considered in the present work, is
excluded or at least strongly disfavored by data, especially
for the case of normal neutrino mass ordering. We stress
that if θ12 lies in the dark octant it is expected to have a
substantial impact (in particular for the NO case) in
neutrinoless double beta decay as shown in [171,172],
but this is true only in the 3-flavor framework with large
ordinary NSI. Within the 3þ 1 framework, where the
effective Majorana mass mββ is dominated by the sterile
contribution, the octant of θ12 is expected to have a minor
impact on the limits. Therefore, the pseudosterile neutrinos
we are considering, if s214 is appreciable, are most probably
of the Dirac type. This conclusion can be evaded if
s214 ≪ 0.01, or within 3þ 2 and 3þ 3 schemes where
the contribution to the effective Majorana mass of the
additional mass eigenstates ν5 and ν6 can in principle lead
to cancellations. However, for this scenario to work, one
needs fine tuning or an underlying symmetry forcing the
effective Majorana towards values close to zero.

C. Possible manifestations of pseudosterile
neutrinos in MiniBooNE

In the study of the oscillation phenomenology of the
pseudosterile neutrinos we have considered basically all
kinds of anomalies, with the exception of the SBL accel-
erator anomalies such as LSND andMiniBooNE. Regarding
this last one, it must be noted that MicroBooNE has recently
excluded the electron neutrino appearance [12] as a possible
explanation of the excess. We observe that our model
produces a negligible signal since the transition probability
is proportional to the effective appearance mixing angle
sin2 2θμe ¼ 4U2

e4U
2
μ4 ≃ 10−4, and therefore it has no role in

the appearance of electron neutrinos. However, pseudosterile
neutrinos may manifest in MiniBooNE in different ways.
Here we will mention two (possibly intertwined) options;

(i) Neutral current interactions of pseudosterile neu-
trinos with emission of photons. The existence of a
new matter potential giving rise to the coherent
forward scattering, a process involving zero ex-
changed momentum q2 ¼ 0, strongly suggests that
the pseudosterile states may also interact in neutral-
current scattering processes where a finite q2 ex-
change is involved. An obvious candidate to mediate
such an interaction is a new vector Z0 boson related
to a symmetry group Uð1Þ. The explanation of
MiniBooNE excess may require a nontrivial cou-
pling of the Z0 with baryons and photons. In our
model, one has a guaranteed flux of pseudos-
terile neutrinos at the detector proportional to

Pðνμ → νsÞ ≃ 2U2
μ4, where we have assumed aver-

aged oscillations. In this condition a minimal dark
sector containing a vector Z0 and a scalar ϕ can
produce a neutral current scattering with emission of
photons. A similar process has been recently pro-
posed in [173], where the active neutrinos have been
supposed to be coupled to the new mediators. We
believe that the same model could work even more
naturally by replacing the active neutrinos with the
pseudosterile ones;

(ii) Visible decay of pseudosterile neutrinos. We have
already underlined that the small values of jUμ4j2 ≃
0.001 preferred by the data would eliminate the
tension between IceCube and the most stringent
negative νμ disappearance searches of MINOS=
MINOSþ [65] and NOvA [66]. Such low values
of jUμ4j2, in principle, present another advantage,
having been invoked to explain the LSND and
MiniBooNE excesses in models in which the sterile
neutrino is endowed with visible decay [34–38].
However, to this regard, it must be noted that a
recent study [38] has shown that MicroBooNE
results are in tension with the visible decay explan-
ation of MiniBooNE. We note that the visible decay
scenario may coexist with the neutral current scat-
tering with emission of photons since the same
vector and/or scalar particles can mediate both
processes.

D. Implications for flavor conversion in a medium with
varying density

In our present study of the resonant behavior focused on
matter effects in the Earth, along the neutrino trajectory the
density is constant or presents layers of constant density. In
this case, the dynamics of the resonance is determined by
the mixing angles in matter and by the oscillating phases.
The situation would be different in the case of neutrinos
traversing a matter profile with varying density. In this case,
one may interpret the eigenvalues as the energies of the
instantaneous mass eigenstates in matter as a function of
the density. Looking from this perspective at the eigenval-
ues plots, one expects that for large values of f a strong
adiabatic conversion between the flavors νμ and νe will
occur traversing the resonance region. As a consequence, a
muon neutrino produced at high density (above the
resonance condition) would be transformed in an elec-
tron-neutrino at lower density (below the resonance con-
dition). In addition, a nonzero value of θ34 would imply an
important role of ντ in the conversion phenomenon.
Therefore, one expects that the model will have implica-
tions for neutrinos propagating in dense environments. As a
matter of fact, the recent work [174] has shown that even in
the standard 3-flavor scheme there is an observable impact
of matter effects in high-energy neutrinos produced in
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dense environments, leading to observable deviations of the
flavor composition detected on the Earth, with respect to
the case of pure vacuum oscillations. In the presence of
pseudosterile neutrinos the situation is expected to change
appreciably. We think that this can be a potential signature
of our model, which can be investigated with future
upgraded versions of the neutrino telescopes such as
IceCube-Gen2 [175].

E. Signatures of the model

The proposed scenario has several signatures in planned
neutrino experiments. In case of appreciable values of
jUe4j2 ≃ sin2 θ14 ∼ 0.01–0.03, the pseudosterile neutrinos
should show up with a distinctive kink in the β-decay
energy spectrum measured by KATRIN [103]. Hence, one
of the most effective smoking guns of the model is
nonoscillatory. We notice that KATRIN in [103] has
presented the analysis of five measurement campaigns.
The Collaboration has already collected data in other
eleven campaigns [176], which cumulatively contain a
statistics four times larger than the first five ones. Hence,
we can expect a noticeable improvement of the sensitivity
in the near future.
Considering the most obvious oscillation feature, which

is the L=E dependency of oscillations in vacuum, we must
notice that it is difficult to be observed. In fact, the high
indicated value of Δm2

41 ∼ 60 eV2 would give rise to a
mere energy-independent deficit in all existing short-base-
line oscillation experiments. The observation of the oscil-
lation pattern at energies of a few MeV would require a
baseline of few centimeters. In principle one could circum-
vent this obstacle by considering a movable finely seg-
mented detector with an exceptional spatial resolution.
Indeed, some of the existing experiments are already using
this kind of approach. However, from the contour plots of
the exclusion regions [22], it seems that all the current
experiments loose sensitivity for Δm2

41 ≳ 10 eV2. Perhaps
an upgraded version of the existing detectors may be able to
improve the sensitivity. Considering larger GeV energies
obtained in accelerators, the new SBL project nuSCOPE
[177] has an impressive sensitivity in the range of high
Δm2

41, and would provide the possibility to probe directly
the tiny values of the sterile mixing angles implied by the
new scenario by measuring the electron and muon dis-
appearance as well as the muon appearance channels
(see [178]).
Considering signatures involving the presence of matter

effects, we highlight what we have called the matter-
vacuum synergy. In fact, this concept applied to T2K
(quasivacuum) and NOvA (matter-dominated) has been an
important guide for us to build the model and will have an
even more important role in the future. In fact, having at our
disposal two new experiments, Hyper-Kamiokande [179],
and DUNE [180], which will substantially upgrade the

existing ones would allow us to maximally exploit the
matter-vacuum interplay. The first experiment would work
as as a solid (quasivacuum) anchor for the second (matter-
dominated) one, making it possible to better identify the
new matter effects. In addition, it is worthwhile to mention
that DUNE, with a broadband spectrum, would be par-
ticularly sensitive to the spectral energy distortions induced
by the NSI-like couplings and together with Hyper-
Kamiokande and ESSνSB [181] will constitute the ideal
setup for exploring the NSI-like Hamiltonian shown in
Eqs. (24) and (26), which is another very distinctive
signature of the model. We have shown that the model
predicts an excess of electronlike events due to the
modification of the standard 3-flavor resonance occurring
at a few GeV in atmospheric neutrinos. Dedicated analyses
performed by Super-Kamiokande and IceCube DeepCore
may provide interesting indications about this feature. The
future detectors Hyper-Kamiokande, DUNE and KM3NeT-
ORCA [182] are expected to be extremely sensitive to the
behavior of multi-GeV atmospheric neutrinos, and will be
able to perform a precision spectroscopy of the resonance.
However, one should keep in mind that in LBL and low-
energy atmospheric neutrinos, the effects of the 3þ 1
model with the new matter potential are indistinguishable
from those induced by NSI couplings, albeit such couplings
have a well definite pattern in our model, being arranged in
a nongeneric rank-1 matrix. Ultimately, the 4-flavor origin
of the observed effects can be proved only by looking at
high-energy multi-TeV atmospheric neutrinos or by
exploiting kinematical methods outlined above (SBL oscil-
lations and β-decay). On the other hand, we underline that
purely kinematical experiments cannot reveal the new
matter potential, whose identification makes necessary
the explorations performed with LBL, atmospheric neu-
trino experiments and with neutrinos of astrophysical
origin.
Concerning the resonance at around 10 TeV, we have

already underlined the limits of our work, in which we
could not perform a full data analysis. An accurate official
analysis would be indispensable to establish the quality of
the fit, which is of the foremost importance to confirm the
existence of the new matter potential. Strictly speaking, a
good quality of the fit would not provide per se a distinctive
signature of the model but only a sort of degenerate solution
with the ordinary 3þ 1 scheme. In principle, one should be
able to distinguish sufficiently well the new resonance from
the usual one, which is probably a much more difficult task.
The new resonance predicts the existence of cascade events
generated by electron neutrinos, whose identification is a
realistic target for IceCube. We note that a precision study
of the resonance would be possible with an experiment of
new conception such as the Neutrino Kaleidoscope recently
proposed in [183], where a collimated beam of TeV
neutrinos [184] produced in a muon collider [185] would
be detected in one of the existing or planned neutrino
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telescopes such as IceCube, KM3NeT, and P-ONE. The
realization of such an ambitious experiment would enable
us to explore the amplification phenomenon for mantle and
core-crossing trajectories, using our planet with its layered
structure as the ultimate neutrino oscilloscope. Moving to
the sky, the scenario is expected to impact the flavor
composition of astrophysical neutrinos produced in dense
environments. In particular, a substantial conversion of
muon into electron neutrinos is expected. All in all, we
think that our model is highly predictive and can be
efficiently tested by the current and future experiments.

XII. CONCLUSIONS

We have considered a 3þ 1 scenario in which sterile
neutrinos feel a new matter potential proportional to
background density. We have called such states as pseu-
dosterile neutrinos. We have shown that the model behaves
as an effective NSI-like scenario at low energies
(E≲ 1 TeV) and presents a very distinctive Hamiltonian,
represented by a nongeneric rank-1 matrix. Remarkably,
unlike the ordinary NSI, the induced NSI-like couplings,
being generated via mixing with a gauge-singlet state, are
not subject to the stringent constraints from SUð2Þ gauge
invariance involving charged leptons, thus overcoming a
well-known structural limitation of the ordinary NSI. At the
phenomenological level, the novel NSI-like couplings are
able to provide an explanation of the discrepancy observed
between NOvA and T2K and explain the excess of νe-like
events in multi-GeV atmospheric neutrinos as hinted at by
Super-Kamiokande.
At high energies (E ≃ 10 TeV) the new scenario reveals

its full 4-flavor nature producing a resonance as suggested
by IceCube. We have shown that the structure of the
amplification phenomenon is much more complex with
respect to the ordinary 3þ 1 framework. Specifically, we
have demonstrated that a genuine three-level dynamics can
emerge. In this regime, the pseudosterile neutrino partic-
ipates to new resonant phenomena with the active flavors
and it cannot be integrated out from the dynamics. In
addition, we have pointed out that, in the case in which the
new matter potential is proportional to the electron or
proton number density, an interesting resonance exists for
the solar mixing angle in the dark octant. In this case, the
fourth pseudosterile state can be integrated out, giving rise
to a different regime, which can be described by an
effective two-level Hamiltonian, of which we have pro-
vided a full analytical derivation. This resonance seems
phenomenologically less interesting as it involves very
small values of θ14, which are not relevant for the short-
baseline anomalies. However, a full numerical study is
warranted to better evaluate its potential interest. Finally,
we have discussed the possibility that the new matter
potential is generated by the interaction of the pseudosterile
states with a background of asymmetric dark matter

particles pointing out the role of parametric enhancement
in the Earth in discriminating such a scenario.
The three-level regime seems to be the most interesting

from the phenomenological point of view. In order to be of
maximal relevance for the anomalies, the new scenario
requires that the new potential is approximately twenty
times larger than the standard neutral-current potential and
has negative sign f ¼ VS=jVNCj ≃ −20. The preferred value
of the mass-squared splitting lies around Δm2

41 ¼ 60 eV2.
Both jfj andΔm2

41 are roughly uncertain by a factor of a two
and are positively correlated since their ratio is required to be
approximately constant in order to fix the IceCube resonance
energy at∼10 TeV. The data also indicate that the admixture
of the muon neutrinos with the fourth sterile neutrino mass
eigenstate is one order of magnitude smaller than the mixing
of the electron neutrinos (jUe4j2 ≃ 0.01–0.03, jUμ4j2≃
0.001). The small values of jUμ4j2 eliminate the tension
between IceCube and the other negative νμ disappearance
searches. Also the values of jUτ4j2 are limited to be at least
one order of magnitude smaller than jUe4j2. The predictions
for Δm2

41 and jUe4j2 will be directly tested in the near future
by KATRIN, in which one expects a characteristic kink in
the β-decay energy spectrum. Concerning the nature (Dirac
vs Majorana) of the pseudosterile neutrino, the null results
from 0ν2β decay strongly favor the Dirac case. However,
this conclusion can be evaded in 3þ 2 and 3þ 3 frame-
works if an underlying symmetry forces the effective
Majorana mass close to zero.
The pseudosterile neutrino scenario presents an

extremely rich phenomenology, involving baselines from
the centimeter scale to the Earth-Sun distance, passing
through the hundreds/thousands kilometers traveled by
LBL and atmospheric neutrinos. Also the interested ener-
gies span from a fraction of MeVof pp solar neutrinos, to
hundreds of TeVof atmospheric neutrinos. It is plausible to
expect further signatures at even larger baselines and higher
energies in neutrinos of astrophysical origin. Also, addi-
tional pseudosterile species are naturally expected to exist,
making the picture even more complex and intriguing.
Given such a rich landscape, if the proposed scenario were
to be confirmed, a strenuous effort would be required to the
neutrino community to shape the model and identify the
nature of the new fundamental interaction involving the
pseudosterile states. We would like to conclude by recalling
that the neutrino index of refraction in matter has led to the
resolution of the longstanding solar neutrino problem, and
likewise we hope that it can shed light on the modern
puzzle of the terrestrial neutrino oscillation anomalies in an
even more spectacular way.
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