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Vacuum fluctuations and the renormalized stress-energy tensor on a cone
with arbitrary boundary conditions
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We analyze the vacuum fluctuations and the stress-energy tensor of a scalar field of mass M in a conical
spacetime, where the topological singularity at the apex requires boundary conditions for the field equation.
The necessity of boundary conditions was established by Kay and Studer in the early 1990s, while for
M = 0 stability is achieved only under Dirichlet boundary conditions, and for M > ¢ the field is stable and
a localized mode emerges. This mode admits a natural interpretation as a covariant model of an extended
particle detector, which allows us to investigate how such detectors modify the local vacuum structure. In
this framework, the renormalized stress-energy tensor offers a natural way to quantify the influence of the

detector on the surrounding spacetime.
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I. INTRODUCTION

In 1 4 2 dimensions, solutions of Einstein’s equations in
vacuum (T, = 0) are locally flat. A central example is the
conical spacetime M, which shows how nontrivial top-
ology can give rise to gravitational effects even when local
curvature is absent. From a physical perspective, this
geometry corresponds to the gravitational field generated
by a massive point source [1], and it is described by the
metric (in units where ¢ = 1)

ds* = —dt* + dr* + o*r*de?, (1)

with 0 < a < 1. Here r € (0, o) denotes the radial distance
from the source, and the circumference of a circle of radius
ris L = 2zar. The fact that L is smaller than in 1+ 2
Minkowski space reveals the presence of an angular deficit

5= 2x(1 - a). (2)
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This angular deficit has direct physical implications: geo-
desics that are initially parallel on opposite sides of the
source eventually intersect after a finite proper time [2].
Such behavior is particularly relevant in the context of
gravitational lensing and has been extensively investigated
in the (1 4 3)-dimensional analog of the cone, the cosmic
string spacetime [3,4].

This setup has also been studied in the context of wave
scattering. In particular, Deser and Jackiw obtained the
scattering amplitude for an incident wave interacting
with the conical singularity in Ref. [5]. They took into
account the fact that the spacetime is not asymptotically flat
by absorbing some undesirable delta functions into the
incident-wave definition.

The same topological structure responsible for such
intriguing classical effects also leads to nontrivial phenom-
ena in quantum field theory. In particular, the nontrivial
global geometry affects the vacuum structure of quantum
fields, modifying correlation functions and altering the
behavior of renormalized quantities. These effects arise
purely from topology, even in the absence of local
curvature [6-8].

However, this is not the end of the story. The same
nontrivial topology also gives rise to subtle analytical
effects. In fact, the corresponding field theory is, in
principle, not well posed due to the interaction between
the field and the classical singularity at the cone’s apex.
This interaction can be effectively modeled by imposing an
appropriate boundary condition at » = 0. In Ref. [9], Kay
and Studer identified the class of boundary conditions that
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yield a well-defined dynamics for the field. The notion of a
“well-defined” or “sensible” dynamics was later formalized
by Ishibashi and Wald in Ref. [10], and amounts to
imposing a small set of physically reasonable requirements:
causality, time-translation invariance, and conservation of
energy. It was also shown that these sensible dynamics are
in one-to-one correspondence with positive self-adjoint
extensions of the spatial part A of the wave operator

D

Kay and Studer showed that, for a massless scalar field in
a conical spacetime, the only positive self-adjoint extension
of A is the so-called Friedrichs extension [11], sometimes
also referred to as the generalized Dirichlet boundary
condition (since the problem at hand is a singular Sturm-
Liouville problem). This restriction stems from the fact
that, otherwise, an unstable mode ~e*¢" would be present
(here g parametrizes the boundary condition, with g =0
representing the Friedrichs extension). Although several
works discuss this issue (see, e.g., Refs. [12-16]), it
remains unclear how to consistently extract two-point
functions in the presence of such unstable modes. Here
we show that, once a mass is included and M > ¢, a
nontrivial positive extension exists and a normalizable

localized mode ~y(r)e~'VM' =4’ emerges. As the mass
M becomes negligibly small, our analysis remains valid,
but the parameter space for the boundary condition ¢
becomes increasingly restricted. Since the stability of the
model requires ¢ < M (to avoid unstable modes), taking
the limit M — O effectively forces ¢ — 0 (which corre-
sponds to the Dirichlet boundary condition).

In Ref. [17], one of the present authors considered the
alternative boundary conditions proposed in [9] and
showed that their effect on the scattering amplitude is
purely additive, in the sense that one recovers the result of
Deser and Jackiw [5] plus an extra term arising from the
boundary condition. The same idea will be applied here in
the construction of the two-point function below. However,
unlike in scattering problems, here the localized mode
plays a crucial role. Also in Ref. [18], Allen et al. model
long range effects around a cosmic string with a finite core
through an appropriate boundary condition.

In Ref. [19], a relativistically consistent particle detector
was presented. It was obtained from a Lagrangian

1 1 _
L= —50,4¢D5”¢D - Emznfl% +L, (4)

where £ includes the interaction of ¢, with an additional
classical field ¢c, as well as the interaction of ¢ with a
perfect fluid. In this setup, the field ¢ is necessary to
localize (through an interaction potential) one mode of the
detector field ¢p, so that it is given by

~

¢D(x) — e—i(uqu)(x)aA + eithq)*(x)aAT

—|—/d3k[€_iw"tyk(x)b,\k+€iwktv]t(x)[)\li]’ (5)

where

wp = \/mp, + u, W = A/ mp + Vs (6)

pu>—m} is the eigenvalue of the localized mode
e”'®(x), and v > —m3 represents the continuous spec-
trum of the generalized eigenfunctions e~y (x). The
perfect fluid is then used to localize ¢-. Within this more
elaborate setup, we obtain a stable model for an extended
Unruh-DeWitt detector, with @ and &' in Eq. (5) playing
the role of the ladder operators. If one is interested in
computable transition amplitudes for the detector, it is
sufficient to restrict the attention to only two states of the
detector, namely |0) and its first excited state a'|0), for
example. For many applications, this reduction can be
performed consistently [20].

However, as stated above there is a simpler way to obtain
a normalized mode, without the need for any additional
potential or interaction. To obtain a localized mode, it
suffices to impose at the apex a non-Dirichlet boundary
condition (self-adjoint extension parameter ¢ # 0) and
work in the massive regime M > ¢. This choice yields a
much simpler setup for modeling an extended Unruh-
DeWitt detector. This is our main motivation for calculating
the renormalized stress-energy tensor for massive fields on
the cone. This calculation can be used to quantify how this
relativistically consistent detector affects the surrounding
spacetime. Therefore, we focus solely on the study of the
detector model itself, without considering its interaction to
a target field.

II. SCALAR FIELD DYNAMICS

In this section, we follow the analysis of Ref. [9] and
consider a minimally coupled massive real scalar field W
satisfying (in units where ¢ = A = 1)

(O, = M2)¥ =0, (7)

where [, is the d’Alembert operator for the conical
spacetime metric (1). In view of the cylindrical symmetry
of the metric, we consider the ansatz

Y(t,r,0) = e @R, (1), (8)

where the functions R,, satisfy the singular Sturm-
Liouville problem

n2

R (1) R+ | (@2 07) = 2 Rup() 0. (9
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The general solution of Eq. (9) is

N, Jy(Ar), n#0,
an(r) = { “ (10)
NolJo(Ar) + B(A)Yo(Ar)], n =0,

where J,(x) and Y, (x) are the Bessel functions of the first

and second kinds, respectively, and A = Vw? — M? is the
spectral parameter. Furthermore, the coefficients N, and
B(4) will be later defined by the imposition of a proper
normalization and boundary conditions at the apex,
respectively.

Regarding the profile of the solutions, we note that when
n # 0, the strong repulsive potential —n?/a?r* effectively
decouples the field from the singularity. Mathematically,
this means that Y}, (Ar) is not square-integrable near r = 0

for n # 0; hence the equation is in the limit-point case. On
the other hand, for n = 0 the equation is on the limit-circle
case, i.e., Yy(x) is also square-integrable near x = 0 and
cannot, in principle, be excluded.

The factor (1) is given by

T

BA) = Tg(%)

(11)

and is introduced to ensure that R, satisfies the boundary
condition corresponding to the self-adjoint extensions of
the operator in Eq. (9) for n = 0 (see Ref. [9] for details):

i | o)

d
limr—R = =0. 12
rl_l;l’(%l" dr 0 (/Ir) 0’ Q 0 ( )

I]Rwo(r)}, 0€(0, ),

The choice of Q parametrizes the self-adjoint extension of
the corresponding radial Sturm-Liouville operator, and it is
convenient to recast it as

g=2e70", (13)

with ¢ = 0 and ¢ = oo identified. Indeed, this identifica-
tion is justified because the spatial part of the wave
operator, A9, converges to the same operator A(*) in both
limits (¢ — oo and g — 0). Consequently, the parameter
space effectively “loops” back on itself, compactifying the
real line into a circle rather than remaining an open interval
[9]. Under these considerations we arrive at Eq. (10), and
characterize the most general solutions satisfying the
boundary conditions above. By inserting the radial solu-
tions into Eq. (8), the continuous modes take the form

U (1,7,0) = e—iw’ei"”{ Nal(an), n#0,
T NolJo(Ar) + ()Y (Ar)], n=0,
(14)

where the normalization factors N, forn =0, 1,2, ..., are
fixed through the Klein-Gordon inner product,

<u(n’n/’ uwn> = 5(0) - a)/)énn” (15)

A straightforward calculation yields

L n#0,
N, = { e (16)
Véra\[1+4(2)°

The continuous modes are not the whole story. There
exists one discrete bound mode with positive frequency
satisfying Eq. (9) and the boundary condition (12), given in
normalized form by

q Ko(gr)
V2ra(M? = )V

where K, is the modified Bessel function of the second
kind. We notice that the radial solution K(gqr) is square-
integrable for 0 < r < oo. As a result, W,,,q characterizes
a localized mode which is physically sensible and suitable
for modeling an extended particle detector.

The quantum field ‘f‘(t, r,0) follows directly from the
expansion on the complete set of modes in Eqgs. (14) and
(17), and it takes the form

Poouna (£, 7. 60) = e IVMa L (17)

~ PN AT *
\P(t, r, 9) = aboundqlbound + aboundqlbound

wn ua)n + bAZ)ﬂ M:)n ) ’ ( 1 8)

+
]
\8
X
=R

S

where the bound solution translates into the discrete mode.

A

. o N AF
The creation and annihilation operators dyound> @poungs Pons
b,,, satisfy the canonical commutation relations

[dbound’ d:yound] = 1’ (19)
b b}, ] = 8(0 — @), (20)

The annihilation operators define the vacuum state |0) via
Apounal0) =0 and b,,[0) =0 for all we[M, ) and
n€Z. They also define the vacuum of each sector:
the state |Opouna), satisfying dpound|Opouna) = 0, repre-
sents the vacuum of the discrete (bound) mode, while
the state [Oun), satisfying b,z Ocon) = 0, represents
the vacuum of the continuum sector. Consequently, the
complete vacuum decomposes into a tensor product

|0> = |O>b0und ® |0>cont'
1. TWO-POINT FUNCTION

The study of quantum fluctuations and the associated
energy-momentum content naturally starts from the explicit
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form of the two-point correlation function'

(0¥ (x)¥(x)[0) (21)

associated with the vacuum state of a massive scalar field in
the conical spacetime (1). The function is obtained as a
mode expansion on both the discrete and the continuum
sectors. The former is described by the modes in Eq. (17),
and the latter by the solutions in Eq. (14). The resulting
expansion takes the form

GT(x,x') =

G* (X’ X ) leound )\Pbound( /)

+ Y [T donan ). (22)

This expression is not the most convenient representation
of GT(x,x’) when dealing with non-Dirichlet boundary
conditions. It is often preferable to separate G* into a
purely Dirichlet contribution and an additional term
induced by the nontrivial boundary condition. Since the
|

GDmchlet (X X

w2

n=-—co o«
1 A P
G+ X, X’ -
e (X.X) = 47705/ wl+p*(2)
(x.X') = ‘] KO(qr)KO(‘]r/) =iV M= AL
bound 2 <M2 _q2)1/2 ’

We follow the analysis by considering each contribution
separately, beginning with the Dirichlet sector. To evaluate
GPiienter» W perform a Wick rotation Az = iAt and use the
well-known identity

(I)AT

= / ds e (25)

together with the integral identity from [21],
'In fact, the symmetric expression

%G(”(Xv X') = 5 ([ (x)¥(X) + ¥(x')¥(x)[0)

N =

should in principle be used. This becomes relevant when
computing (T,4) with a # 3, as using a nonsymmetric correlator
would generally yield a complex-valued renormalized stress-
energy tensor. However, by symmetry arguments of the space-
time, we know that the only nonvanishing components of (7,)
are those with a = . Therefore, using either G*(x,Xx’) or
1GM(x,X) leads to the same final result.

d)“ J\n\ ﬂr)]w(ﬂr) ’”Age—ia)At’

{BA)[=To(Ar)To(Ar) + Yo (Ar) Yo (Ar)] +

boundary conditions affect exclusively the axisymmetric
sector (n = 0), Green’s function can be naturally decom-
posed into three distinct contributions: (i) the discrete
bound state modes arising from the self-adjoint extension
of the radial operator [Gyounq(x, x')], (ii) the continuous
mode in the £ = 0 sector modified by the non-Dirichlet
boundary conditions [Gy.(x,x")], and (iii) the modes
corresponding to the Dirichlet boundary condition
which remain unaffected by the chosen extension
[Gpisichiet (X, X')]. This separation can be implemented by
adding and subtracting the azimuthal n =0 mode,
assigning the added term to Gpjchier(X, x"), while the
remaining piece is absorbed into Gy (x, x"), ensuring that
the latter vanishes smoothly in the Dirichlet limit. Hence,
the resulting two-point function is

G* (X’ X ) Ggmchlet(x X ) + G;_C (X X ) + Gbound(x X )

(23)

where each contribution is explicitly given by

[Jo(Ar)Jo(Ar') 4+ Yo (Ar) Yo (Ar")] e~ @,

(24)

_(r2+r/2)

© ro € 42 rr’
/ d/MJm(ir) 1(/11’) WS :2—5‘21M 2_s2 . (26)

0 a

Combining these relations, we obtain

(r2+r/2)

1 © e 4 _ppo il
+ _
Gpisichie (X X') = Ao A dS[ = e TaZ
- rr’\ .
X Z IM <?> e’”M} . (27)
n=0 ° S

The remaining summation over n can be further simplified
by employing the identity from Ref. [22]:

=) E

E 1 pinAd — E ae cos(2zan—alAf)

sin 1(1A9+7Zj| eV cosh &
a

cosh( 5 —Cos (’”M”)
(X a

(28)

_%;/ de
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Here, [1/(2a)] denotes the integer part of 1/(2a), and in the
special case where 1/(2a) is a positive integer, the
summation over n in Eq. (28) must be taken with an
overall factor of 1/2. Substituting Eq. (28) into Eq. (27), we
finally obtain

[ -M\/25,
le "
+ J—
Ghirichiet(X.X') = :Z[ ]471T0'n
j(lA9+JT My
/ Sln ] \/Z
872 a cosh(£) — cos(£28047)°
(29)
with
1 o) 72 2 /
00 =3 [r? + r* — A = 2rr cos(aAO — 2rna)),
1
o =7 [+ r? — A? + 2rr cosh &]. (30)

It follows from this representation that G}, . ., exhibits the
characteristic short-distance singularities of the theory,
which must be consistently regularized by subtraction. In
particular, the relevant Hadamard parametrix [23] in 1 + 2
dimensions takes the form

Gu(x,X') =

47[\}2;;0 Ux,X) +W(x,x), (31)

where W (X, x’) denotes the smooth, state-dependent con-
tribution and the function U(X, X) is entirely determined by
the local geometry and the field dynamics. Specifically, the
latter admits an expansion in powers of the squared
geodesic interval o(X, X'),

ZU,,XX Jog (X, X'), (32)
n=0

where the Hadamard coefficients U, (x,X’) satisfy the
recurrence relation (see Ref. [23] for details)
(n + 1)(271 + l)Ul’l+1 + (271 + I)Un-&-l;ﬂo-;ﬂ
- (2n+ 1>Un+1;ﬂA_l/2A;]ﬂ/26m
+ (O, -M)U, =0, n=12,... (33)
with the boundary condition U, = A'/2. Furthermore, the

biscalar function A(x,X’) denotes the Van Vleck—Morette
determinant, which is defined by

= —[=g(X)]7"/ det[~00,, (X, X)][-g(x")] /2
(34)

A(x,X")

and satisfies the boundary condition

limA(x, x) = 1. (35)

X' =X

In fact, a direct computation shows that in the present case
A(x,x') =1 for every x,x' € M.

We now determine the Hadamard coefficients U, (X, X')
by isolating the short-distance singular structure of
Giener- This can be achieved by expanding this contri-
bution at the singularity and then comparing the result with
the Hadamard parametrix in Eq. (31). Since the expansion
takes the form

e—M\ /20,
4-71'\/ 260

4n¢1m < s 5y (200) +%(200) )

'y M3
4n\/20, 3!

(36)

we renormalize the two-point function G .., by sub-
tracting the singular part identified as

2 4
- <1+A24 (200) + - (200)° +>

(37)

where the geometric coefficients are characterized by this
expansion as Uy(X,X') = 1, U,;(x,X') = M?, U,(x,X) =
M*/3, and the subsequent coefficients determined accord-
ingly. Moreover, these Hadamard coefficients satisfy the
expected recursive relation in Eq. (33).

After subtracting the singular contribution in Eq. (37)
from the original Green’s function in Eq. (29), we obtain
the renormalized two-point function

ren 1 M3
Ggfﬁihiet(x’x/):_élﬂm <M 20, +¥(260)3/2+...)
L 1e _M\/E d oMV,
zz:izl_ n 147[ 20}1
gin[faldo+m MV
e [s s
— cosh(£) — cos(£28%47)
M
=—— 4 Gorra (X, X'), 38
4”+ extm( ) ( )
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with

M3 M>
1220 T 12020
-l | MVI, 1 ,mMyZ,
— 4z /20,
](1A9+7r} 2o

N
87520!2 / cosh(£) — cos({220+7)

(39)

GeXTIﬁ (X7 X/) =

being convergent in the coincidence limit X' — X.

The remaining contributions in Eq. (23) arise from the
choice of nontrivial boundary conditions. Unlike the
Dirichlet part, these terms are regular in the coincidence
limit X — X/, and therefore do not require any additional
subtraction. They encode the specific modifications to the
two-point function induced by the boundary condition,
including both the continuous and bound-state sectors.
For the contribution G, the integral expression cannot be
simplified into a closed analytic form. Consequently, its
evaluation must be performed numerically.

IV. VACUUM FLUCTUATIONS

Having obtained the renormalized two-point function,
we now turn to the evaluation of local observables. The first
quantity of interest is the vacuum expectation value of the
squared field operator, which encodes the fluctuations of
the quantum field in the conical background. For the
Dirichlet contribution, the renormalized fluctuations are
given by

+ (P e (40)

<‘P2>D1r1chlet - hm GDfr:ce}:ll)et(X’ X/) = P

where the term — - agrees with (W2) for a massive scalar
field in (1 + 2)—d1men31onal Minkowski spacetime [24]. In
this paper, we consider only a > 1/2. Thus,

)
477.'2(1 0

This function has no short-distance singularities since the
divergent part of the two-point function G has already
been subtracted consistently. Furthermore, the integral in
Eq. (41) is convergent and can be treated numerically. The
plot of (W2)p..ier @ @ function of 7 can be found in Fig. 1.

There still remain two regular components of (¥)
originated from Green’s function of the discrete mode
and the boundary condition, namely G, and G;... Both
contributions are obtained by the same coincidence

sin(2) <A
(14-cosh &)

¥2) ira = '
(%) extra cosh(g) —cos(%)

(41)

0.5
0.4
N
=~ o1} :

0.0—

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 1.  (¥?)picnie; (dotted line) as a function of r for M = 2
and (¥?) (solid line) for @ = 0.9, g = 1, and M = 2. As r — oo,
we recover the Minkowski value —M/(4x) (dashed line); as
r — 0, the boundary-condition contribution dominates the Di-
richlet contribution.

limit procedure in Eq. (40), and they, respectively, take
the forms

2 r
(¥ = 51 )
and
= gz | TG PR + V)
ARG + T3] (@)

The full vacuum fluctuation of the field squared is therefore
given by

<lP2> = <T2>Dirichlet + <lP2>bound + <lP2>bC' (44)
The boundary condition contribution (¥?),. must be
calculated numerically as the integral lacks a closed-form
expression. In Fig. 1 we plot (¥?) as a function of r for
M =2 and g = 1. We separate the Dirichlet contribution,
(¥?) bisichier (dotted line), from the full result, (¥?) (solid
line). We see that the contributions coming solely from the

nontrivial boundary condition approach zero as r — oo,
when far from the singularity.

V. RENORMALIZED STRESS-ENERGY TENSOR

In the present conical background, the renormalized
stress-energy tensor captures the local modifications arising
from nontrivial boundary conditions at the apex. As in the
case of the vacuum fluctuations of (¥?), the full stress-
energy tensor can be naturally decomposed into three
contributions: the Dirichlet sector (7, )pisichie Which
reflects the standard cone geometry; the bound-state sector

125011-6
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(T yu)pound» associated with the localized mode supported
for M > g; and the boundary-condition sector (7, ). This
decomposition will allow us to study the effects induced by
the boundary condition and to investigate how the localized
mode modifies the local stress distribution.

Following the same order of the previous sections, we
start by considering the contribution due to the Dirichlet
boundary condition. From Ref. [23], by defining

N ~+(ren)
Wirichtet (X X') = Gpyricher (X, X'),
— /
Whisichter = 1M Wyricpier (X, X'),
X=X

Whisichlet o = )}i_g(l,vﬂquDirichlel(X’ X), (45)

we obtain
1
(T ) irichtet = —WDirichlet . + 3 Whirichletu
1
7 9w IWisichiet + ©pup- (46)

The tensor ®" in the above equation is purely geometric
and does not affect the conservation of 7', . It represents an
ambiguity in the renormalization procedure and satisfies (in
odd dimensions)

0L = 0. (47)

In particular, in 1 + 2 dimensions, it is given by [23]

©,, = AMg,, + BM? [RW - %Rgﬁy] : (48)
In our case, since R, = 0, we have simply ©,, = AM 3 G
In what follows, our choice for the constant A will be
such that (T, )piichier = 0 for @ =1 (when we recover
Minkowski spacetime). This choice coincides with the
usual prescription of normal ordering in flat spacetime.
Notice that Gy ;11 (X. X') in Eq. (38) (for @ > 1/2) can
be split in two terms. The first term is given by

! 1 M3
W]<)i)richlet = 4”\/E <M 260 + ? (260)3/2 +ee (49)

so that (T ,SJ)Dmhlet can be treated analytically. We have

3
1 M-

<T(()0)>Dirichlet = 1o + O,
1 M3

(Tg 1> >Dirichlet = E

M
1
<Téz>>Dirichlet rra? Ton + On,. (50)

The off-diagonal components will be null, given that
t > —t and 0 — —60 are symmetries of the spacetime;

_ __0(=1) or _
hence (T',)pisichier = (T —1r) Dirichlet = I o <T;¢U>Dirichlet =

(T )pirichiet = {T'tr)Dirichier = 0, and the same argument
applies to the other nondiagonal components. Thus, we see

that (7,,) = % 9w + ©,, and, since we expect to recover

Minkowski when a — 1, we choose ©,, = —%gﬂy. We
then arrive at
) L e)
<T/w>Dirichlet = _WDirichlet;w + 5 Dirichlet;uy
1 2)
2 G W Dirichters (51)
with
aA9+Jr) 20¢
sin?’ e =
2 v/ 20¢
Wl()i)richlet(x’xl) = / jaAO+1y
8” al cosh(£) — cos(£22%47)
(52)

We first differentiate Eq. (52) under the integral symbol
according to Eq. (51) and integrate the resulting expres-
sion numerically. For a =0.9 and M =2 we obtain
(T ) Dirichter s @ function of r as shown in Fig. 2. We
verified numerically that V#(T ) pisicnier = 0. This result is
consistent with the expectation that covariant conservation
should hold when Dirichlet boundary conditions are
imposed.

There remain two additional contributions to (7T

/w>
namely (7, )p. and (T, )poung- For the bound-state sector,
we obtain

1 1
<T/w>bound = _W/t;gund + E ng);md - Z gﬂbmwbound’ (53)

with

4* Ko(ar)Kolar)
2z M? — ¢?

i\/Mz—qz(t—t’)' (54)

Wbound(x X/) _

Explicit evaluation then yields

(2M*q* - ¢*)Ko(qr)* + ¢* K, (gr)*

r und — ’
< tt>b0 d 4ﬂa\/m
7,) _ q*(Ki(qr)* — Ko(qr)?)
rr/bound 4n_a\/m ’
aq*r?(Ky(qr)? + K,(qr)?
<T00>bound — _ q ( 0(q ) l(q ) ) (55)

dg\/M? — g*
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021
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-0.002+
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—-0.008 -

(Too)irichlet

-0.010+

-0.012¢+

-0.014} ]

0.0 0.2 0.4 0.6 0.8 1.0
r

FIG. 2. Renormalized stress-energy tensor components under
Dirichlet boundary conditions for @ = 0.9 and M = 2. From top
to bottom: <Ttt>Didchlet’ (T, )pirichier> a0d (T9) pirichier as functions
of the radial coordinate r.

Finally, from Eq. (55) it follows by direct computation
that

vM<T;w>bound =0, (56)

confirming the covariant conservation of the bound-state
contribution.

0.03F"
0.02

0.01f LI u’w

ool TN |
o

-0.01} Al }‘ ‘w

-0.02+

-0.03

5 10 50 100 500 1000 5000

A
FIG.3. Integrand used in the calculation of (T),.. The explicit

expression for f(1) is provided in Appendix A. Note that f(1)
tends to zero as 4 — oo, albeit with very slow convergence.

Now we consider

N A pA)
Wbc(x,x)_%/ dﬂw1+ﬂ2(

A)
x {B(A)[=Jo(Ar)Jo(Ar') + Yo(Ar)Yo(Ar)]
+ [To(Ar)Jo(Ar') + Yo (Ar) Yo (AF)] }e A
(57)

The corresponding stress-energy contribution is

1

<Tﬂl/> Wbc;w +3 D)

1
Wbc,uy _ZgﬂDDWbC‘ (58)

Since no closed analytic form is available for W (x, '),
we adopt the following strategy: first, we differentiate
under the integral sign, and then integrate the resulting
expression. This procedure, however, comes with a caveat.
As shown in Fig. 3, the convergence of the integral is
extremely slow when evaluating (7';;),. and (T,,),., while
in the case of (Tgy),. the integral actually diverges.

To handle the slow convergence of the integrals appear-
ing in the calculation of (Tyg),., we first expand the
integrand at large A and extract its asymptotic form. This
asymptotic contribution is then treated analytically using
integration by parts, which isolates rapidly decaying terms
and leaves a remainder that converges much faster. The
resulting expression allows for stable numerical evaluation
with only a weak dependence on the cutoff parameter once
it is sufficiently large. The same strategy applies to (T',,)p.
while in the case of (Tyg)y, this direct approach fails due to
the divergence of the resulting integral (changing the order
of operations of integration and differentiation is illegal in
this case). In this situation, we exploit the conservation of the
stress-energy tensor to express (7gg)y. in terms of (T',,)y..
which can be computed numerically and differentiated after
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FIG. 4. From top to bottom: (7'} pisichie (dotted line) and (T',;)
(solid line), (T, )piscnier (dotted line) and (T,,) (solid line),
(T 90) Disichier (dotted line) and (Tyy) (solid line), as functions of
the radial coordinate r. The boundary-condition contribution
clearly dominates over the Dirichlet one.

interpolation. The full details of this procedure are presented
in Appendix A. In Fig. 4 we plot (7,,), together with
(T ) Dirichler» to compare their orders of magnitude.

VI. CONCLUDING REMARKS

We have computed the vacuum fluctuations and the
renormalized stress-energy tensor of a massive scalar field

in a conical spacetime, subject to a nontrivial boundary
condition parametrized by ¢ at the apex, under the stability
condition M > q. The existence of a discrete square-
integrable mode enables a natural interpretation of this
field as a covariant model of an extended particle detector.
The coupling of such a detector to a test field may be
described by an interaction Lagrangian of the form

Ling = 2 (X) ¥ (X) Preqt(X), (59)

where {(X) is a profile function and || < 1.

Furthermore, by inserting the renormalized stress-energy
tensor associated with ¥ into Einstein’s equations, one can
investigate how the detector backreacts on the surrounding
geometry. In addition, this framework allows for couplings
to linearized gravity through

Zint = <Tm/>hlw' (60)
We plan to explore both of these directions in future work.
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APPENDIX: DETAILS OF THE NUMERICAL
PROCEDURE

In this appendix we present the detailed procedure used
to handle the slowly convergent integrals that arise in the
evaluation of (T,),. and (T,,),.. For concreteness, we
illustrate our numerical method in the calculation of (T',),.,
while emphasizing that the same strategy applies to (7', ).-

We first consider the integrand of (7)., i.e.,

(Tube = / ® f()da. (A1)

with
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1
 8av/M? + A2 (4log? 44 7

7(2M? + 22)Y,(Ar)? + 422 log (Z) Ji(AR)Y 1 (Ar) = A2 (Ar)? + 7A%Y, (/11’)2} }

Then we expand f(A) around 4 = +oco0 and obtain

){/1[4(2M2+/12)10g</1>10(/1r)Y0(ﬂr)—ﬂ(zMZ +22)Jo(r)?

1 q
Fasymp(P) = {4008(2pr) {(—641\/1210%2 + M? —4p?)log =+ 8apr(M* + 2192)]
v 256zap®r’y/M? + p*(4log® L + 7°) P
— 2sin(2pr) | 32pr(M? +2p*) log L + 2MP (64 — 1) + 4ﬂp2] }
p
=u(p) +v(p). (A3)
where
(M*(1 — 64p°r?) — 4p?) log 4 + 8apr(M? + 2p?)) 1
u(p) = . cos(2pr) | X —=————===0:(p)h(p).
64nap*r’\/M? + p*, [4log* L + 7° \/4log? 2 + 7°
(32pr(M2 +2p? )log + ﬂM2(64p2r —1)+4zp?) 1
v(p) = sin(2pr) | X ————=—===a(p)h(p).  (A4)
128zap?r’ 4log® 4 + 7 \ /4long + ?
I
with The second term on the right-hand side of Eq. (A5) is then
1 integrated by parts, yielding
h(p) =

2 24
+/7° +log »

It can be verified that the bracketed terms, namely g,(p)
and g,(p), satisfy

' [ ot

while /'(p) <0 and lim,_,, #(p) = 0. Hence, by Dirich-
let’s test for improper integrals, f,qm,(p) converges, as
does the original integral of f(p).

Proceeding in this way we rewrite

/f )dA = /f d/H—/ Sasymp(4)

<M;, Y x>A i=12,

4 [TUD - faml (a9
Now we define /,(p) and I,(p) by
u(p) = Li(p)cos (2pr).
v(p) = L(p)sin (2pr). (A6)

cos(2Ar) sin(2Ar)

- h() T

/\oo fasymp(l)di = 12 (A)

+ R(A). (A7)
This procedure isolates rapidly decaying contributions and
leaves a remainder R(A) + [X[f fagymp(i)]dxl that
converges extremely fast to zero, thereby ensuring numeri-
cal stability and only a weak dependence on the cutoff A at
large values.

The same strategy applies to (7, )., whereas for (Tgg),.
the divergence of the integrand requires exploiting the
conservation of the stress-energy tensor. In this case,
(Tpo)n. Was obtained from (T,,),. through the v =1
component of V¥T,, = 0, namely

(Top)pe = @°1° <M + ! <T,,)bc> .

or r (A8)

The radial derivative in (Tyy),. was computed numeri-
cally using an adaptive Savitzky-Golay differentiator.
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