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We analyze the vacuum fluctuations and the stress-energy tensor of a scalar field of massM in a conical
spacetime, where the topological singularity at the apex requires boundary conditions for the field equation.
The necessity of boundary conditions was established by Kay and Studer in the early 1990s, while for
M ¼ 0 stability is achieved only under Dirichlet boundary conditions, and forM > q the field is stable and
a localized mode emerges. This mode admits a natural interpretation as a covariant model of an extended
particle detector, which allows us to investigate how such detectors modify the local vacuum structure. In
this framework, the renormalized stress-energy tensor offers a natural way to quantify the influence of the
detector on the surrounding spacetime.
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I. INTRODUCTION

In 1þ 2 dimensions, solutions of Einstein’s equations in
vacuum ðTμν ¼ 0Þ are locally flat. A central example is the
conical spacetime M, which shows how nontrivial top-
ology can give rise to gravitational effects even when local
curvature is absent. From a physical perspective, this
geometry corresponds to the gravitational field generated
by a massive point source [1], and it is described by the
metric (in units where c ¼ 1)

ds2 ¼ −dt2 þ dr2 þ α2r2dθ2; ð1Þ

with 0 < α < 1. Here r∈ ð0;∞Þ denotes the radial distance
from the source, and the circumference of a circle of radius
r is L ¼ 2παr. The fact that L is smaller than in 1þ 2
Minkowski space reveals the presence of an angular deficit

δ ¼ 2πð1 − αÞ: ð2Þ

This angular deficit has direct physical implications: geo-
desics that are initially parallel on opposite sides of the
source eventually intersect after a finite proper time [2].
Such behavior is particularly relevant in the context of
gravitational lensing and has been extensively investigated
in the (1þ 3)-dimensional analog of the cone, the cosmic
string spacetime [3,4].
This setup has also been studied in the context of wave

scattering. In particular, Deser and Jackiw obtained the
scattering amplitude for an incident wave interacting
with the conical singularity in Ref. [5]. They took into
account the fact that the spacetime is not asymptotically flat
by absorbing some undesirable delta functions into the
incident-wave definition.
The same topological structure responsible for such

intriguing classical effects also leads to nontrivial phenom-
ena in quantum field theory. In particular, the nontrivial
global geometry affects the vacuum structure of quantum
fields, modifying correlation functions and altering the
behavior of renormalized quantities. These effects arise
purely from topology, even in the absence of local
curvature [6–8].
However, this is not the end of the story. The same

nontrivial topology also gives rise to subtle analytical
effects. In fact, the corresponding field theory is, in
principle, not well posed due to the interaction between
the field and the classical singularity at the cone’s apex.
This interaction can be effectively modeled by imposing an
appropriate boundary condition at r ¼ 0. In Ref. [9], Kay
and Studer identified the class of boundary conditions that
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yield a well-defined dynamics for the field. The notion of a
“well-defined” or “sensible” dynamics was later formalized
by Ishibashi and Wald in Ref. [10], and amounts to
imposing a small set of physically reasonable requirements:
causality, time-translation invariance, and conservation of
energy. It was also shown that these sensible dynamics are
in one-to-one correspondence with positive self-adjoint
extensions of the spatial part A of the wave operator

∂
2Φ
∂t2

¼ −AΦ: ð3Þ

Kay and Studer showed that, for a massless scalar field in
a conical spacetime, the only positive self-adjoint extension
of A is the so-called Friedrichs extension [11], sometimes
also referred to as the generalized Dirichlet boundary
condition (since the problem at hand is a singular Sturm-
Liouville problem). This restriction stems from the fact
that, otherwise, an unstable mode ∼e�qt would be present
(here q parametrizes the boundary condition, with q ¼ 0
representing the Friedrichs extension). Although several
works discuss this issue (see, e.g., Refs. [12–16]), it
remains unclear how to consistently extract two-point
functions in the presence of such unstable modes. Here
we show that, once a mass is included and M > q, a
nontrivial positive extension exists and a normalizable

localized mode ∼ψðrÞe−i
ffiffiffiffiffiffiffiffiffiffi
M2−q2

p
t emerges. As the mass

M becomes negligibly small, our analysis remains valid,
but the parameter space for the boundary condition q
becomes increasingly restricted. Since the stability of the
model requires q < M (to avoid unstable modes), taking
the limit M → 0 effectively forces q → 0 (which corre-
sponds to the Dirichlet boundary condition).
In Ref. [17], one of the present authors considered the

alternative boundary conditions proposed in [9] and
showed that their effect on the scattering amplitude is
purely additive, in the sense that one recovers the result of
Deser and Jackiw [5] plus an extra term arising from the
boundary condition. The same idea will be applied here in
the construction of the two-point function below. However,
unlike in scattering problems, here the localized mode
plays a crucial role. Also in Ref. [18], Allen et al. model
long range effects around a cosmic string with a finite core
through an appropriate boundary condition.
In Ref. [19], a relativistically consistent particle detector

was presented. It was obtained from a Lagrangian

L ¼ −
1

2
∂μϕD∂

μϕD −
1

2
m2

Dϕ
2
D þ L̄; ð4Þ

where L̄ includes the interaction of ϕD with an additional
classical field ϕC, as well as the interaction of ϕC with a
perfect fluid. In this setup, the field ϕC is necessary to
localize (through an interaction potential) one mode of the
detector field ϕD, so that it is given by

ϕ̂DðxÞ ¼ e−iωDtΦðxÞâþ eiωDtΦ�ðxÞâ†

þ
Z

d3k½e−iωktvkðxÞb̂k þ eiωktv�kðxÞb̂†k�; ð5Þ

where

ωD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

D þ μ
q

; ωk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

D þ νk

q
; ð6Þ

μ > −m2
D is the eigenvalue of the localized mode

e−iωtΦðxÞ, and νk > −m2
D represents the continuous spec-

trum of the generalized eigenfunctions e−iωktukðxÞ. The
perfect fluid is then used to localize ϕC. Within this more
elaborate setup, we obtain a stable model for an extended
Unruh-DeWitt detector, with â and â† in Eq. (5) playing
the role of the ladder operators. If one is interested in
computable transition amplitudes for the detector, it is
sufficient to restrict the attention to only two states of the
detector, namely j0i and its first excited state â†j0i, for
example. For many applications, this reduction can be
performed consistently [20].
However, as stated above there is a simpler way to obtain

a normalized mode, without the need for any additional
potential or interaction. To obtain a localized mode, it
suffices to impose at the apex a non-Dirichlet boundary
condition (self-adjoint extension parameter q ≠ 0) and
work in the massive regime M > q. This choice yields a
much simpler setup for modeling an extended Unruh-
DeWitt detector. This is our main motivation for calculating
the renormalized stress-energy tensor for massive fields on
the cone. This calculation can be used to quantify how this
relativistically consistent detector affects the surrounding
spacetime. Therefore, we focus solely on the study of the
detector model itself, without considering its interaction to
a target field.

II. SCALAR FIELD DYNAMICS

In this section, we follow the analysis of Ref. [9] and
consider a minimally coupled massive real scalar field Ψ
satisfying (in units where c ¼ ℏ ¼ 1)

ð□g −M2ÞΨ ¼ 0; ð7Þ

where □g is the d’Alembert operator for the conical
spacetime metric (1). In view of the cylindrical symmetry
of the metric, we consider the ansatz

Ψðt; r; θÞ ¼ e−iωteinθRωnðrÞ; ð8Þ

where the functions Rωn satisfy the singular Sturm-
Liouville problem

R00
ωnðrÞþ

1

r
R0
ωnðrÞþ

�
ðω2−M2Þ− n2

α2r2

�
RωnðrÞ ¼ 0: ð9Þ
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The general solution of Eq. (9) is

RωnðrÞ ¼
(
NnJjnj

α
ðλrÞ; n ≠ 0;

N0½J0ðλrÞ þ βðλÞY0ðλrÞ�; n ¼ 0;
ð10Þ

where JνðxÞ and YνðxÞ are the Bessel functions of the first
and second kinds, respectively, and λ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 −M2

p
is the

spectral parameter. Furthermore, the coefficients Nn and
βðλÞ will be later defined by the imposition of a proper
normalization and boundary conditions at the apex,
respectively.
Regarding the profile of the solutions, we note that when

n ≠ 0, the strong repulsive potential −n2=α2r2 effectively
decouples the field from the singularity. Mathematically,
this means that Y jnj

α
ðλrÞ is not square-integrable near r ¼ 0

for n ≠ 0; hence the equation is in the limit-point case. On
the other hand, for n ¼ 0 the equation is on the limit-circle
case, i.e., Y0ðxÞ is also square-integrable near x ¼ 0 and
cannot, in principle, be excluded.
The factor βðλÞ is given by

βðλÞ ¼ π

2 logðqλÞ
ð11Þ

and is introduced to ensure that Rω0 satisfies the boundary
condition corresponding to the self-adjoint extensions of
the operator in Eq. (9) for n ¼ 0 (see Ref. [9] for details):

lim
r→0

��
ln

�
r
Q

�
r
d
dr

− 1

�
Rω0ðrÞ

�
; Q∈ ð0;∞Þ;

lim
r→0

r
d
dr

Rω0ðλrÞ ¼ 0; Q ¼ 0: ð12Þ

The choice of Q parametrizes the self-adjoint extension of
the corresponding radial Sturm-Liouville operator, and it is
convenient to recast it as

q ¼ 2e−γQ−1; ð13Þ

with q ¼ 0 and q ¼ ∞ identified. Indeed, this identifica-
tion is justified because the spatial part of the wave
operator, AðqÞ, converges to the same operator Að0Þ in both
limits (q → ∞ and q → 0). Consequently, the parameter
space effectively “loops” back on itself, compactifying the
real line into a circle rather than remaining an open interval
[9]. Under these considerations we arrive at Eq. (10), and
characterize the most general solutions satisfying the
boundary conditions above. By inserting the radial solu-
tions into Eq. (8), the continuous modes take the form

uωnðt; r;θÞ ¼ e−iωteinθ
(
NnJjnj

α
ðλrÞ; n≠ 0;

N0½J0ðλrÞþ βðλÞY0ðλrÞ�; n¼ 0;

ð14Þ

where the normalization factors Nn, for n ¼ 0; 1; 2;…, are
fixed through the Klein-Gordon inner product,

huω0n0 ; uωni ¼ δðω − ω0Þδnn0 ; ð15Þ

A straightforward calculation yields

Nn ¼
( 1ffiffiffiffiffiffi

4πα
p ; n ≠ 0;

1ffiffiffiffiffiffi
4πα

p 1ffiffiffiffiffiffiffiffiffiffiffiffi
1þβ2ðλÞ

p ; n ¼ 0:
ð16Þ

The continuous modes are not the whole story. There
exists one discrete bound mode with positive frequency
satisfying Eq. (9) and the boundary condition (12), given in
normalized form by

Ψboundðt; r; θÞ ¼
qffiffiffiffiffiffiffiffi
2πα

p K0ðqrÞ
ðM2 − q2Þ1=4 e

−i
ffiffiffiffiffiffiffiffiffiffi
M2−q2

p
t; ð17Þ

where K0 is the modified Bessel function of the second
kind. We notice that the radial solution K0ðqrÞ is square-
integrable for 0 < r < ∞. As a result, Ψbound characterizes
a localized mode which is physically sensible and suitable
for modeling an extended particle detector.
The quantum field Ψ̂ðt; r; θÞ follows directly from the

expansion on the complete set of modes in Eqs. (14) and
(17), and it takes the form

Ψ̂ðt; r; θÞ ¼ âboundΨbound þ â†boundΨ�
bound

þ
X∞
n¼−∞

Z
∞

M
dωðb̂ωnuωn þ b̂†ωnu�ωnÞ; ð18Þ

where the bound solution translates into the discrete mode.
The creation and annihilation operators âbound, â

†
bound, b̂ωn,

b̂†ωn satisfy the canonical commutation relations

½âbound; â†bound� ¼ 1; ð19Þ

½b̂ωn; b̂†ω0n0 � ¼ δðω − ω0Þδnn0 : ð20Þ

The annihilation operators define the vacuum state j0i via
âboundj0i ¼ 0 and b̂ωnj0i ¼ 0 for all ω∈ ½M;∞Þ and
n∈Z. They also define the vacuum of each sector:
the state j0boundi, satisfying âboundj0boundi ¼ 0, repre-
sents the vacuum of the discrete (bound) mode, while
the state j0conti, satisfying b̂ωlmj0conti ¼ 0, represents
the vacuum of the continuum sector. Consequently, the
complete vacuum decomposes into a tensor product
j0i ¼ j0ibound ⊗ j0icont.

III. TWO-POINT FUNCTION

The study of quantum fluctuations and the associated
energy-momentum content naturally starts from the explicit
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form of the two-point correlation function1

Gþðx; x0Þ ¼ h0jΨðxÞΨðx0Þj0i ð21Þ

associated with the vacuum state of a massive scalar field in
the conical spacetime (1). The function is obtained as a
mode expansion on both the discrete and the continuum
sectors. The former is described by the modes in Eq. (17),
and the latter by the solutions in Eq. (14). The resulting
expansion takes the form

Gþðx; x0Þ ¼ ΨboundðxÞΨ�
boundðx0Þ

þ
X
n∈Z

Z
∞

M
dωuωnðxÞu�ωnðx0Þ: ð22Þ

This expression is not the most convenient representation
of Gþðx; x0Þ when dealing with non-Dirichlet boundary
conditions. It is often preferable to separate Gþ into a
purely Dirichlet contribution and an additional term
induced by the nontrivial boundary condition. Since the

boundary conditions affect exclusively the axisymmetric
sector (n ¼ 0), Green’s function can be naturally decom-
posed into three distinct contributions: (i) the discrete
bound state modes arising from the self-adjoint extension
of the radial operator [Gboundðx; x0Þ], (ii) the continuous
mode in the l ¼ 0 sector modified by the non-Dirichlet
boundary conditions [Gbcðx; x0Þ], and (iii) the modes
corresponding to the Dirichlet boundary condition
which remain unaffected by the chosen extension
[GDirichletðx; x0Þ]. This separation can be implemented by
adding and subtracting the azimuthal n ¼ 0 mode,
assigning the added term to GDirichletðx; x0Þ, while the
remaining piece is absorbed into Gbcðx; x0Þ, ensuring that
the latter vanishes smoothly in the Dirichlet limit. Hence,
the resulting two-point function is

Gþðx; x0Þ≡Gþ
Dirichletðx; x0Þ þGþ

bcðx; x0Þ þ Gþ
boundðx; x0Þ;

ð23Þ

where each contribution is explicitly given by

Gþ
Dirichletðx;x0Þ ¼

1

4πα

X∞
n¼−∞

Z
∞

0

dλ
λ

ω
Jjnj

α
ðλrÞJjnj

α
ðλr0ÞeinΔθe−iωΔt;

Gþ
bcðx;x0Þ ¼

1

4πα

Z
∞

0

dλ
λ

ω

βðλÞ
1þβ2ðλÞfβðλÞ½−J0ðλrÞJ0ðλr

0ÞþY0ðλrÞY0ðλr0Þ�þ ½J0ðλrÞJ0ðλr0ÞþY0ðλrÞY0ðλr0Þ�ge−iωΔt;

Gþ
boundðx;x0Þ ¼

q2

2πα

K0ðqrÞK0ðqr0Þ
ðM2−q2Þ1=2 e−i

ffiffiffiffiffiffiffiffiffiffi
M2−q2

p
Δt: ð24Þ

We follow the analysis by considering each contribution
separately, beginning with the Dirichlet sector. To evaluate
Gþ

Dirichlet, we perform a Wick rotation Δτ ¼ iΔt and use the
well-known identity

eωΔτ

ω
¼ 2ffiffiffi

π
p

Z
∞

0

ds e−λ
2s2e−

Δτ2

4s2 ; ð25Þ

together with the integral identity from [21],

Z
∞

0

dλ λJjnj
α
ðλrÞJjnj

α
ðλr0Þe−ω2s2 ¼ e−

ðr2þr02Þ
4s2

2s2
I jnj

α

�
rr0

2s2

�
: ð26Þ

Combining these relations, we obtain

Gþ
Dirichletðx; x0Þ ¼

1

4απ3=2

Z
∞

0

ds

�
e−

ðr2þr02Þ
4s2

s2
e−M

2s2−Δτ2

4s2

×
X∞
n¼0

I jnj
α

�
rr0

2s2

�
einΔθ

�
: ð27Þ

The remaining summation over n can be further simplified
by employing the identity from Ref. [22]:

X∞
n¼0

I jnj
α
ðyÞeinΔθ ¼

X½ 12α�
n¼−½ 1

2α�
α ey cosð2παn−αΔθÞ

−
1

2π

X
j¼�

Z
∞

0

dξ
sin

h
jαΔθþπ

α

i
e−y cosh ξ

coshðξαÞ − cos
	
jαΔθþπ

α


 :

ð28Þ

1In fact, the symmetric expression

1

2
Gð1Þðx; x0Þ ¼ 1

2
h0jΨðxÞΨðx0Þ þΨðx0ÞΨðxÞj0i

should in principle be used. This becomes relevant when
computing hTαβi with α ≠ β, as using a nonsymmetric correlator
would generally yield a complex-valued renormalized stress-
energy tensor. However, by symmetry arguments of the space-
time, we know that the only nonvanishing components of hTαβi
are those with α ¼ β. Therefore, using either Gþðx; x0Þ or
1
2
Gð1Þðx; x0Þ leads to the same final result.
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Here, ½1=ð2αÞ� denotes the integer part of 1=ð2αÞ, and in the
special case where 1=ð2αÞ is a positive integer, the
summation over n in Eq. (28) must be taken with an
overall factor of 1=2. Substituting Eq. (28) into Eq. (27), we
finally obtain

Gþ
Dirichletðx;x0Þ ¼

X½ 12α�
n¼−½ 1

2α�

1

4π

e−M
ffiffiffiffiffi
2σn

p

ffiffiffiffiffiffiffi
2σn

p

−
1

8π2α

X
j¼�

Z
∞

0

dξ
sin½jαΔθþπ

α � e−M
ffiffiffiffi
2σξ

pffiffiffiffiffi
2σξ

p
coshðξαÞ− cosðjαΔθþπ

α Þ ;

ð29Þ

with

σn ¼
1

2
½r2 þ r02 − Δt2 − 2rr0 cosðαΔθ − 2πnαÞ�;

σξ ¼
1

2
½r2 þ r02 − Δt2 þ 2rr0 cosh ξ�: ð30Þ

It follows from this representation that Gþ
Dirichlet exhibits the

characteristic short-distance singularities of the theory,
which must be consistently regularized by subtraction. In
particular, the relevant Hadamard parametrix [23] in 1þ 2
dimensions takes the form

GHðx; x0Þ ¼
1

4π
ffiffiffiffiffiffiffi
2σ0

p Uðx; x0Þ þWðx; x0Þ; ð31Þ

where Wðx; x0Þ denotes the smooth, state-dependent con-
tribution and the function Uðx; xÞ is entirely determined by
the local geometry and the field dynamics. Specifically, the
latter admits an expansion in powers of the squared
geodesic interval σ0ðx; x0Þ,

Uðx; x0Þ ¼
X∞
n¼0

Unðx; x0Þσn0ðx; x0Þ; ð32Þ

where the Hadamard coefficients Unðx; x0Þ satisfy the
recurrence relation (see Ref. [23] for details)

ðnþ 1Þð2nþ 1ÞUnþ1 þ ð2nþ 1ÞUnþ1;μσ
;μ

− ð2nþ 1ÞUnþ1;μΔ−1=2Δ1=2
;μ σ;μ

þ ð□x −M2ÞUn ¼ 0; n ¼ 1; 2;…: ð33Þ

with the boundary condition U0 ¼ Δ1=2. Furthermore, the
biscalar function Δðx; x0Þ denotes the Van Vleck–Morette
determinant, which is defined by

Δðx; x0Þ ¼ −½−gðxÞ�−1=2 det½−σ0;μν0 ðx; x0Þ�½−gðx0Þ�−1=2
ð34Þ

and satisfies the boundary condition

lim
x0→x

Δðx; x0Þ ¼ 1: ð35Þ

In fact, a direct computation shows that in the present case
Δðx; x0Þ ¼ 1 for every x; x0 ∈M.
We now determine the Hadamard coefficients Unðx; x0Þ

by isolating the short-distance singular structure of
Gþ

Dirichlet. This can be achieved by expanding this contri-
bution at the singularity and then comparing the result with
the Hadamard parametrix in Eq. (31). Since the expansion
takes the form

e−M
ffiffiffiffiffi
2σ0

p

4π
ffiffiffiffiffiffiffi
2σ0

p

¼ 1

4π
ffiffiffiffiffiffiffi
2σ0

p
�
1þM2

2!
ð2σ0Þþ

M4

4!
ð2σ0Þ2þ���

�

−
1

4π
ffiffiffiffiffiffiffi
2σ0

p
�
M

ffiffiffiffiffiffiffi
2σ0

p
þM3

3!
ð2σ0Þ3=2þ

M5

5!
ð2σ0Þ5=2þ�� �

�
;

ð36Þ

we renormalize the two-point function Gþ
Dirichlet by sub-

tracting the singular part identified as

Gsingðx;x0Þ ¼
1

4π
ffiffiffiffiffiffiffi
2σ0

p Uðx;x0Þ

¼ 1

4π
ffiffiffiffiffiffiffi
2σ0

p
�
1þM2

2!
ð2σ0Þþ

M4

4!
ð2σ0Þ2þ� � �

�
;

ð37Þ

where the geometric coefficients are characterized by this
expansion as U0ðx; x0Þ ¼ 1, U1ðx; x0Þ ¼ M2, U2ðx; x0Þ ¼
M4=3, and the subsequent coefficients determined accord-
ingly. Moreover, these Hadamard coefficients satisfy the
expected recursive relation in Eq. (33).
After subtracting the singular contribution in Eq. (37)

from the original Green’s function in Eq. (29), we obtain
the renormalized two-point function

GþðrenÞ
Dirichletðx;x0Þ ¼−

1

4π
ffiffiffiffiffiffiffi
2σ0

p
�
M

ffiffiffiffiffiffiffi
2σ0

p
þM3

3!
ð2σ0Þ3=2þ���

�

þ
X−1

n¼−½ 1
2α�

1

4π

e−M
ffiffiffiffiffi
2σn

p

ffiffiffiffiffiffiffi
2σn

p þ
X½ 12α�
n¼1

1

4π

e−M
ffiffiffiffiffi
2σn

p

ffiffiffiffiffiffiffi
2σn

p

−
1

8π2α

X
j¼�

Z
∞

0

dξ
sin½jαΔθþπ

α �e−M
ffiffiffiffi
2σξ

pffiffiffiffiffi
2σξ

p
coshðξαÞ− cosðjαΔθþπ

α Þ

¼−
M
4π

þGextraðx;x0Þ; ð38Þ
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with

Gextraðx; x0Þ ¼ −
M3

12π
σ0 −

M5

120π
σ20 þ � � �

þ
X−1

n¼−½ 1
2α�

1

4π

e−M
ffiffiffiffiffi
2σn

p

ffiffiffiffiffiffiffi
2σn

p þ
X½ 12α�
n¼1

1

4π

e−M
ffiffiffiffiffi
2σn

p

ffiffiffiffiffiffiffi
2σn

p

−
1

8π2α

X
j¼�

Z
∞

0

dξ
sin½jαΔθþπ

α � e−M
ffiffiffiffi
2σξ

pffiffiffiffiffi
2σξ

p
coshðξαÞ − cosðjαΔθþπ

α Þ
ð39Þ

being convergent in the coincidence limit x0 → x.
The remaining contributions in Eq. (23) arise from the

choice of nontrivial boundary conditions. Unlike the
Dirichlet part, these terms are regular in the coincidence
limit x → x0, and therefore do not require any additional
subtraction. They encode the specific modifications to the
two-point function induced by the boundary condition,
including both the continuous and bound-state sectors.
For the contribution Gþ

bc, the integral expression cannot be
simplified into a closed analytic form. Consequently, its
evaluation must be performed numerically.

IV. VACUUM FLUCTUATIONS

Having obtained the renormalized two-point function,
we now turn to the evaluation of local observables. The first
quantity of interest is the vacuum expectation value of the
squared field operator, which encodes the fluctuations of
the quantum field in the conical background. For the
Dirichlet contribution, the renormalized fluctuations are
given by

hΨ2iDirichlet ¼ lim
x0→x

GþðrenÞ
Dirichletðx;x0Þ ¼−

M
4π

þhΨ2iextra; ð40Þ

where the term − M
4π agrees with hΨ2i for a massive scalar

field in (1þ 2)-dimensional Minkowski spacetime [24]. In
this paper, we consider only α > 1=2. Thus,

hΨ2iextra ¼ −
1

4π2α

Z
∞

0

dξ
sinðπαÞ e−Mr

ffiffiffiffiffiffiffiffiffiffiffi
ð1þcosh ξÞ

p

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þcosh ξÞ

p
coshðξαÞ − cosðπαÞ

: ð41Þ

This function has no short-distance singularities since the
divergent part of the two-point function Gþ has already
been subtracted consistently. Furthermore, the integral in
Eq. (41) is convergent and can be treated numerically. The
plot of hΨ2iDirichlet as a function of r can be found in Fig. 1.
There still remain two regular components of hΨi

originated from Green’s function of the discrete mode
and the boundary condition, namely Gþ

bound and Gþ
bc. Both

contributions are obtained by the same coincidence

limit procedure in Eq. (40), and they, respectively, take
the forms

hΨ2ibound ¼
q2

2πα

K0ðqrÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − q2

p ð42Þ

and

hΨ2ibc ¼
1

4πα

Z
∞

0

dλ
λ

ω

1

1þ β2ðλÞfβ
2ðλÞ½−J20ðλrÞþY2

0ðλrÞ�

þ βðλÞ½J20ðλrÞþY2
0ðλrÞ�g: ð43Þ

The full vacuum fluctuation of the field squared is therefore
given by

hΨ2i ¼ hΨ2iDirichlet þ hΨ2ibound þ hΨ2ibc: ð44Þ

The boundary condition contribution hΨ2ibc must be
calculated numerically as the integral lacks a closed-form
expression. In Fig. 1 we plot hΨ2i as a function of r for
M ¼ 2 and q ¼ 1. We separate the Dirichlet contribution,
hΨ2iDirichlet (dotted line), from the full result, hΨ2i (solid
line). We see that the contributions coming solely from the
nontrivial boundary condition approach zero as r → ∞,
when far from the singularity.

V. RENORMALIZED STRESS-ENERGY TENSOR

In the present conical background, the renormalized
stress-energy tensor captures the local modifications arising
from nontrivial boundary conditions at the apex. As in the
case of the vacuum fluctuations of hΨ2i, the full stress-
energy tensor can be naturally decomposed into three
contributions: the Dirichlet sector hTμνiDirichlet, which
reflects the standard cone geometry; the bound-state sector

0.0 0.2 0.4 0.6 0.8 1.0

�0.2

�0.1

0.0

0.1

0.2

0.3

0.4

0.5

FIG. 1. hΨ2iDirichlet (dotted line) as a function of r for M ¼ 2

and hΨ2i (solid line) for α ¼ 0.9, q ¼ 1, and M ¼ 2. As r → ∞,
we recover the Minkowski value −M=ð4πÞ (dashed line); as
r → 0, the boundary-condition contribution dominates the Di-
richlet contribution.
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hTμνibound, associated with the localized mode supported
forM > q; and the boundary-condition sector hTμνibc. This
decomposition will allow us to study the effects induced by
the boundary condition and to investigate how the localized
mode modifies the local stress distribution.
Following the same order of the previous sections, we

start by considering the contribution due to the Dirichlet
boundary condition. From Ref. [23], by defining

WDirichletðx; x0Þ ¼ GþðrenÞ
Dirichletðx; x0Þ;

WDirichlet ¼ lim
x→x0

WDirichletðx; x0Þ;
WDirichlet μν ¼ lim

x→x0
∇μ∇νWDirichletðx; x0Þ; ð45Þ

we obtain

hTμνiDirichlet ¼ −WDirichlet μν þ
1

2
WDirichlet;μν

−
1

4
gμν□WDirichlet þ Θμν: ð46Þ

The tensor Θμν in the above equation is purely geometric
and does not affect the conservation of Tμν. It represents an
ambiguity in the renormalization procedure and satisfies (in
odd dimensions)

Θμν
;ν ¼ 0: ð47Þ

In particular, in 1þ 2 dimensions, it is given by [23]

Θμν ¼ AM3gμν þ BM2

�
Rμν −

1

2
Rgμν

�
: ð48Þ

In our case, since Rμν ¼ 0, we have simply Θμν ¼ AM3gμν.
In what follows, our choice for the constant A will be
such that hTμνiDirichlet ¼ 0 for α ¼ 1 (when we recover
Minkowski spacetime). This choice coincides with the
usual prescription of normal ordering in flat spacetime.
Notice that Gþ

Dirichletðx; x0Þ in Eq. (38) (for α > 1=2) can
be split in two terms. The first term is given by

Wð1Þ
Dirichlet ¼

1

4π
ffiffiffiffiffiffiffi
2σ0

p
�
M

ffiffiffiffiffiffiffi
2σ0

p
þM3

3!
ð2σ0Þ3=2þ �� �

�
ð49Þ

so that hTð1Þ
μν iDirichlet can be treated analytically. We have

hTð1Þ
00 iDirichlet ¼ −

M3

12π
þ Θ00;

hTð1Þ
11 iDirichlet ¼

M3

12π
þ Θ11;

hTð1Þ
22 iDirichlet ¼ r2α2

M3

12π
þ Θ22: ð50Þ

The off-diagonal components will be null, given that
t → −t and θ → −θ are symmetries of the spacetime;

hence hTtriDirichlet ¼ hT−triDirichlet ¼ ∂ð−tÞ
∂xμ

∂r
∂xμ hTμνiDirichlet ¼

−hTtriDirichlet ⇒ hTtriDirichlet ¼ 0, and the same argument
applies to the other nondiagonal components. Thus, we see
that hTμνi ¼ M3

12π gμν þ Θμν and, since we expect to recover

Minkowski when α → 1, we choose Θμν ¼ − M3

12π gμν. We
then arrive at

hTμνiDirichlet ¼ −Wð2Þ
Dirichletμν þ

1

2
Wð2Þ

Dirichlet;μν

−
1

4
gμν□Wð2Þ

Dirichlet; ð51Þ

with

Wð2Þ
Dirichletðx;x0Þ ¼−

1

8π2α

X
j¼�

Z
∞

0

dξ
sin½jðαΔθþπÞ

α � e−M
ffiffiffiffi
2σξ

pffiffiffiffiffi
2σξ

p
coshðξαÞ− cosðjαΔθþπ

α Þ :

ð52Þ

We first differentiate Eq. (52) under the integral symbol
according to Eq. (51) and integrate the resulting expres-
sion numerically. For α ¼ 0.9 and M ¼ 2 we obtain
hTμνiDirichlet as a function of r as shown in Fig. 2. We
verified numerically that ∇μhTμνiDirichlet ¼ 0. This result is
consistent with the expectation that covariant conservation
should hold when Dirichlet boundary conditions are
imposed.
There remain two additional contributions to hTμνi,

namely hTμνibc and hTμνibound. For the bound-state sector,
we obtain

hTμνibound ¼ −Wbound
μν þ 1

2
Wbound

;μν −
1

4
gμν□Wbound; ð53Þ

with

Wboundðx; x0Þ ¼ q2

2πα

K0ðqrÞK0ðqr0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − q2

p e−i
ffiffiffiffiffiffiffiffiffiffi
M2−q2

p
ðt−t0Þ: ð54Þ

Explicit evaluation then yields

hTttibound ¼
ð2M2q2 − q4ÞK0ðqrÞ2 þ q4K1ðqrÞ2

4πα
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − q2

p ;

hTrribound ¼
q4ðK1ðqrÞ2 − K0ðqrÞ2Þ

4πα
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − q2

p ;

hTθθibound ¼ −
αq4r2ðK0ðqrÞ2 þ K1ðqrÞ2Þ

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − q2

p : ð55Þ
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Finally, from Eq. (55) it follows by direct computation
that

∇μhTμνibound ¼ 0; ð56Þ

confirming the covariant conservation of the bound-state
contribution.

Now we consider

Wbcðx; x0Þ ¼
1

4πα

Z
∞

0

dλ
λ

ω

βðλÞ
1þ β2ðλÞ

× fβðλÞ½−J0ðλrÞJ0ðλr0Þ þ Y0ðλrÞY0ðλr0Þ�
þ ½J0ðλrÞJ0ðλr0Þ þ Y0ðλrÞY0ðλr0Þ�ge−iΔt:

ð57Þ

The corresponding stress-energy contribution is

hTμνibc ¼ −Wbcμν þ
1

2
Wbc;μν −

1

4
gμν□Wbc: ð58Þ

Since no closed analytic form is available forWbcðx; x0Þ,
we adopt the following strategy: first, we differentiate
under the integral sign, and then integrate the resulting
expression. This procedure, however, comes with a caveat.
As shown in Fig. 3, the convergence of the integral is
extremely slow when evaluating hTttibc and hTrribc, while
in the case of hTθθibc the integral actually diverges.
To handle the slow convergence of the integrals appear-

ing in the calculation of hT00ibc, we first expand the
integrand at large λ and extract its asymptotic form. This
asymptotic contribution is then treated analytically using
integration by parts, which isolates rapidly decaying terms
and leaves a remainder that converges much faster. The
resulting expression allows for stable numerical evaluation
with only a weak dependence on the cutoff parameter once
it is sufficiently large. The same strategy applies to hTrribc,
while in the case of hTθθibc this direct approach fails due to
the divergence of the resulting integral (changing the order
of operations of integration and differentiation is illegal in
this case). In this situation, we exploit the conservation of the
stress-energy tensor to express hTθθibc in terms of hTrribc,
which can be computed numerically and differentiated after

5 10 50 100 500 1000 5000

0.03

0.02

0.01

0.00

0.01

0.02

0.03

f ( )

FIG. 3. Integrand used in the calculation of hT00ibc. The explicit
expression for fðλÞ is provided in Appendix A. Note that fðλÞ
tends to zero as λ → ∞, albeit with very slow convergence.
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FIG. 2. Renormalized stress-energy tensor components under
Dirichlet boundary conditions for α ¼ 0.9 and M ¼ 2. From top
to bottom: hTttiDirichlet, hTrriDirichlet, and hTθθiDirichlet as functions
of the radial coordinate r.
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interpolation. The full details of this procedure are presented
in Appendix A. In Fig. 4 we plot hTμνi, together with
hTμνiDirichlet, to compare their orders of magnitude.

VI. CONCLUDING REMARKS

We have computed the vacuum fluctuations and the
renormalized stress-energy tensor of a massive scalar field

in a conical spacetime, subject to a nontrivial boundary
condition parametrized by q at the apex, under the stability
condition M > q. The existence of a discrete square-
integrable mode enables a natural interpretation of this
field as a covariant model of an extended particle detector.
The coupling of such a detector to a test field may be
described by an interaction Lagrangian of the form

Lint ¼ λζðxÞΨðxÞϕtestðxÞ; ð59Þ

where ζðxÞ is a profile function and jλj ≪ 1.
Furthermore, by inserting the renormalized stress-energy

tensor associated with Ψ into Einstein’s equations, one can
investigate how the detector backreacts on the surrounding
geometry. In addition, this framework allows for couplings
to linearized gravity through

L̄int ¼ hTμνihμν: ð60Þ

We plan to explore both of these directions in future work.
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APPENDIX: DETAILS OF THE NUMERICAL
PROCEDURE

In this appendix we present the detailed procedure used
to handle the slowly convergent integrals that arise in the
evaluation of hTttibc and hTrribc. For concreteness, we
illustrate our numerical method in the calculation of hTttibc,
while emphasizing that the same strategy applies to hTrribc.
We first consider the integrand of hTttibc, i.e.,

hTttibc ¼
Z

∞

0

fðλÞdλ; ðA1Þ

with
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FIG. 4. From top to bottom: hTttiDirichlet (dotted line) and hTtti
(solid line), hTrriDirichlet (dotted line) and hTrri (solid line),
hTθθiDirichlet (dotted line) and hTθθi (solid line), as functions of
the radial coordinate r. The boundary-condition contribution
clearly dominates over the Dirichlet one.
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fðλÞ ¼ 1

8α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ λ2

p
ð4log2 q

λ þ π2Þ

�
λ

�
4ð2M2 þ λ2Þ log

�
q
λ

�
J0ðλrÞY0ðλrÞ − πð2M2 þ λ2ÞJ0ðλrÞ2

þ πð2M2 þ λ2ÞY0ðλrÞ2 þ 4λ2 log

�
q
λ

�
J1ðλrÞY1ðλrÞ − πλ2J1ðλrÞ2 þ πλ2Y1ðλrÞ2

��
: ðA2Þ

Then we expand fðλÞ around λ ¼ þ∞ and obtain

fasympðpÞ ¼
1

256παp2r3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ p2

p
ð4log2 q

p þ π2Þ

�
4 cosð2prÞ

�
ð−64M2p2r2 þM2 − 4p2Þ log q

p
þ 8πprðM2 þ 2p2Þ

�

− 2 sinð2prÞ
�
32prðM2 þ 2p2Þ log q

p
þ πM2ð64p2r2 − 1Þ þ 4πp2

��
≡ uðpÞ þ vðpÞ; ðA3Þ

where

uðpÞ ¼

2
64ððM2ð1 − 64p2r2Þ − 4p2Þ log q

p þ 8πprðM2 þ 2p2ÞÞ
64παp2r3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ p2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4log2 q

p þ π2
q cosð2prÞ

3
75 ×

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4log2 q

p þ π2
q ≡ g1ðpÞhðpÞ;

vðpÞ ¼ −

2
64ð32prðM2 þ 2p2Þ log q

p þ πM2ð64p2r2 − 1Þ þ 4πp2Þ
128παp2r3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ p2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4log2 q

p þ π2
q sinð2prÞ

3
75 ×

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4log2 q

p þ π2
q ≡ g2ðpÞhðpÞ; ðA4Þ

with

hðpÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2 þ log2 q

p

q :

It can be verified that the bracketed terms, namely g1ðpÞ
and g2ðpÞ, satisfy����

Z
x

Λ
giðλÞdλ

���� ≤ Mi; ∀ x ≥ Λ; i ¼ 1; 2;

while h0ðpÞ ≤ 0 and limp→∞ hðpÞ ¼ 0. Hence, by Dirich-
let’s test for improper integrals, fasympðpÞ converges, as
does the original integral of fðpÞ.
Proceeding in this way we rewriteZ

∞

0

fðλÞdλ ¼
Z

Λ

0

fðλÞdλþ
Z

∞

Λ
fasympðλÞdλ

þ
Z

∞

Λ
½fðλÞ − fasympðλÞ�dλ: ðA5Þ

Now we define l1ðpÞ and l2ðpÞ by
uðpÞ ¼ l1ðpÞ cos ð2prÞ;
vðpÞ ¼ l2ðpÞ sin ð2prÞ: ðA6Þ

The second term on the right-hand side of Eq. (A5) is then
integrated by parts, yielding

Z
∞

Λ
fasympðλÞdλ ¼ l2ðΛÞ

cosð2ΛrÞ
2r

− l1ðΛÞ
sinð2ΛrÞ

2r

þ RðΛÞ: ðA7Þ

This procedure isolates rapidly decaying contributions and
leaves a remainder RðΛÞ þ R∞

Λ ½fðλÞ − fasympðλÞ�dλ that
converges extremely fast to zero, thereby ensuring numeri-
cal stability and only a weak dependence on the cutoff Λ at
large values.
The same strategy applies to hTrribc, whereas for hTθθibc

the divergence of the integrand requires exploiting the
conservation of the stress-energy tensor. In this case,
hTθθibc was obtained from hTrribc through the ν ¼ 1
component of ∇μTμν ¼ 0, namely

hTθθibc ¼ α2r3
�
∂hTrribc

∂r
þ 1

r
hTrribc

�
: ðA8Þ

The radial derivative in hTθθibc was computed numeri-
cally using an adaptive Savitzky-Golay differentiator.
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