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Summing large Pomeron loops in the saturation region:
Nucleus-nucleus collision
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In this paper we found the nucleus-nucleus scattering amplitude at high energies by summing large
Pomeron loops. It turns out that the energy dependence of this amplitude is the same for dipole-dipole
scattering. This happens since the evolution of one dipole cascade contributes to this scattering.
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I. INTRODUCTION

In this paper we continue [1,2] to develop our approach for
summing large BEKL Pomeron loops [3]." Our goal is to sum
these loops for nucleus-nucleus scattering at high energies.
This process gives a clear example of the dense-dense parton
system scattering for which we do not have a nonlinear
evolution equation. Actually, the only nonlinear evolution that
we know is able to describe the evolution of dilute-dense
parton system (dipole-nucleus scattering) [4-22]. This non-
linear BK [8,9]* equation stems from summing the “fan”
Pomeron diagrams in the BFKL Pomeron calculus [4,11]. In
our previous paper [2] we demonstrated that large Pomeron
loops changed drastically the scattering dipole-nucleus ampli-
tude making it asymptotically at ultrahigh energy the same as

|
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yB4 is the scattering amplitude of two dipoles in the Born
approximation of perturbative QCD. The parton densities
pP(Y; {r;,b;}) for projectile and p? (Y;{r;,b;}) for target
have been introduced in Ref. [22] as follows:
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dipole-dipole scattering, which is an example of dilute-dilute
parton system scattering.

In Fig. 1 the first Pomeron diagrams are shown and one
can note that they have a much more complicated structure
than the “fan” diagrams. It is well known that in spite of
intensive work [4-58], the problem of summation of the
Pomeron loops has not been solved. In our recent papers
[1,2] we have suggested the way to sum the large Pomeron
loops for dipole-dipole and dipole-nucleus scattering
deeply in the saturation region. Our summation was based
on the ¢-channel unitarity, which has been rewritten in the
convenient form for the dipole approach to color glass
condensate in Refs. [7,22,23,26,30,44,57,59,60] (see
Fig. 2). The analytic expression takes the form for the
imaginary part of the scattering amplitude (N) [22,30,57],

n(Y=Yo{ri.bi})pn (Yo {ri.bi}). (1)

|
where the generating functional Z is

Z(Y 1. b [u / (Y.r.b: {rb,})Hu(rb)erdzb-

(3)

where u(r;b;) = u; is an arbitrary function and P, is the
probability to have n dipoles with the given kinematics.
The initial and boundary conditions for the BFKL cascade
stem from one dipole have the following form for the
functional Z:

Z(Y=0,r,b;[u)]) =u(rb); Z(Y,r,u;=1])=1; (4a)
p1 (Y =0;r,b,r,b) =6 —r)6? b -b,);
po(Y =0;r,b;[r;,b;]) =0 atn>2. (4b)
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FIG. 1.

First BFKL Pomeron diagrams for nucleus-nucleus scattering. The imaginary part of the scattering amplitude (N) is equal to

N =1—exp(-X). X is the set of the two nuclei irreducible Pomeron diagrams. Wavy lines denote the BFKL Pomerons. The black
circles stand for Pomeron-dipole interaction vertex. The gray circles denote the triple Pomeron vertices.

The parton densities for fast dipole and fast nucleus have
been found in Ref. [1,2]. For the completeness of presentation
we will briefly discuss them in the next section. However we
wish to stress here that they satisfy both the evolution
equations and the recurrence relations derived in QCD (see
Refs. [22,28,57]) and the analytic solution to the nonlinear BK
equation of Ref. [27]. Based on parton densities, found in
Sec. II, we show in Sec. III that the scattering amplitude for
nucleus-nucleus collisions is determined by the dipole
(nucleon)-dipole(nucleon) interaction at ultrahigh energies.
In the conclusions we summarize our results.

II. DIPOLE DENSITIES p, (r, b, {r;.b;})

A. The BFKL Pomeron in the saturation region

The Green’s function for the BFKL Pomeron exchange
satisfies the linear equation [3], which has the form,

aGlP(Y,r;b) _ aar/ r2 . 1
T:as ﬁm G[P Y,r/,b—i(r—r/)

1
+Gp (Y,r—r’;b—ir’) —Gp(Y,r;b) } (5)

The solution to this equation is the sum over the eigen-
function ¢, (r,r,,b) with the eigenvalues agy(y),

€+ico
dy -
Gp(Y.r.r;;b) = /2—71_1.eas’f(”)yfﬁy(",rhb)¢in(”1)~ (6)

The eigenfunction ¢, (r,r,,b) (the scattering amplitude of
two dipoles with sizes r and ry) is equal to [29]

r’r !
0000 = (G 5T r)

=en with 0 < Rey < 1. (7)

¢in(r1) can be found from the initial conditions: at Y = 0
Gp has to describe the scattering amplitude in the Born
approximation of perturbative QCD (the exchange of two

gluons between dipoles with sizes r and r, see insertion in
Fig. 2). The eigenvalue w(ag,y) = asy(y) is given by

w(as,y) = asy(y) = asy(1) —w(y) —yw(1-7)). (8)

y(z) is the Euler y function [see Ref. [61] formula (8.36)].

At high energies (in the saturation region) the exchange of
the BFKL Pomeron shows two features. The new scale,
saturation momentum, appears in the solution to the BK
equation [4], which has the following Y dependence [4,39,40]:

QX(Y,b) = QX(Y = 0, b)e ™7 ©)

where Y = 0 is the initial value of rapidity and « and y,., are
determined by the following equations:

X(er) _ _dx(ver)
1 - Yer d}/cr .

(10)

K=

In the saturation region the exchange of the BFKL
Pomeron shows the geometric scaling behavior [62], being
a function of one argument,

nucleus

nucleus

FIG. 2. Summing large Pomeron loops for nucleus-nucleus
scattering: t-channel unitarity for . The wavy lines denote the
BFKL Pomeron exchanges. The circles denote the amplitude y in
the Born approximation of perturbative QCD. The nuclei are
viewed as the bags of dipoles with the size r and r.
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Y

(Y Y0)+§rr1 (11)
where &, . is given by Eq. (7).

It turns out that the Green’s function for the exchange of one BFKL Pomeron for scattering of dipoles with sizes r and r,
can written in the following way [4,39]:

Gp(z) = Noe™ (12)
where y = 1 —y,,, Ny is a constant, z in Eq. (12) is defined in Eq. (11).

The Pomeron Green’s function satisfies the 7-channel unitarity [3] analytically continued to the s channel and can be
rewritten as the integration over two Reggeized gluons at fixed momentum Q7 that carries each Pomeron [4,7],

d’k
GP<Y5 QT? r, R) = /ﬁG (Y y QT&r kT>GP(y QT:R kT) (13)
where
/ 2 d kT ik /
GIP(Y_vaT’r’r/):r lTrG (Y_y 7QT7r7kT)'
(2n)?
(14)
Eqaution (13) can be rewritten through Gp(Y —y', r, 7, Q) in the form
Gp(Y,r,R;b) = /dzr &Eb;d*r\d?bip (Y — Yo; 7, b — by, r;)yBA(ri, 75, 8b)p (Y3 ¥, bl 7)) (15a)
:4_ﬂ2/71JlblGP(Y_Y0’r’ r,,b—bl)GP(YO,r,,bl) (le)

where yBA(r;, ¥, 8b) is the scattering amplitude of two dipoles in the Born approximation of perturbative QCD. The first
equation is derived in Ref. [7] (see also Refs. [26,44]) while the second is in Ref. [63].

B. Pz(",b, {r;,b;}) for dipole
In Ref. [1] we found the parton (dipole) densities for the projectile (fast dipole with size r). They are equal to

e+ioo 2 1 F((l) + I’l) - GP(Z')
pn( 07 ’{rl’ ’}) C[zoo 272,'le I’l' F(w) 111 No ( )
where
q=at D (v - v+, "

with &, .. from Eq. (7) in which r; is replaced by r;.
It has been shown that Eq. (16) leads to the solution of the BK nonlinear equation deep in the saturation region [27]. This
solution takes the form,

NPB(z = r2Q%(Y,b)) = 1 — C(z) exp (— ;—j{) (18)

where z = In (r?Q?(Y)). One can see that this solution shows the geometric scaling behavior [62] being a function of one
variable. Function C(z) is a smooth function that can be considered as a constant in our approach.

Actually Eq. (16) stems from our main idea that this solution to the BK equation has to sum the “fan” Pomeron diagrams
in the BFKL Pomeron calculus. In Ref. [1] we present Eq. (18) as a sum of many Pomerons exchanges and in doing so we
find the parton densities p,,.
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C. pi(r,b, {r;,b;}) for nucleus

We consider a nucleus as a bag of dipoles with size r that do not interact with each other at Yj = 0. It means that
[see Eq. (4b)]

PA(Yo=0:.b' {r\.b'}) = Ha ¥ —r)5@ (' -b,).
(19)

Factor S} (b') describes the probability to find n nucleons (dipoles) in a nucleus at the impact parameter b'.

Looking in Fig. 2 one can see that parton cascades with rapidities less than Yy include only annihilation of two dipoles to one
(2IP — IP vertices). Hence each nucleon of the target at Y, = 0 creates the dipole cascade that produces k; dipoles. The dipole
densities for a nucleus can be written as

n
1 .
pn(Yosr. b, {ri,b;}) = Z — Sa(b) Z O™ kimn
=1 L k=l k=1 -
probability to find j-nucleons

summimg all k;

d [V N d A d AN
pkl(YO,r,b,rl,...,rkl)X...Xpki(YO,r,b,rki_IH,...rki)X...kaj(YO,r,b,rkj_l+1,...rkj). (20)

dipole density produced by i-th nucleon

This formula describes the simple fact that each i-th nucleon produces k; dipoles and Z{: | ki = n, where n is the total
number of dipoles at Y = Y. Each k; runs from k; = 1 to k; = n — j + 1 with the additional restriction that > /_, k; = n as

it is written in the sum of the second factor of Eq. (20).
Eqaution (19) can be easily derived from the McLerran-Venugopalan formula for the scattering amplitude [13] in which

y(ri,v';b) = SA(b)/débyBA(r,»,r’;ébi) (21)

where S(b) is the nucleus profile function, which is equal to
$a(0) = [~ dapa(VIP 4 2) (22)

with p, the density of nucleons in the nucleus A.
In Eq. (20) it is included that for interaction with nuclei all impact parameters are large (all ' — b) for large nuclei (see

Fig. 2). Summing in Eq. (20) over k; is restricted by Z{:l k; = n. Using Eq. (16) we can obtain that

ky=n—j—1kj=n—j-1 etico

Pn(Yosr b, {ri bi}) = H—Gl;v(ozi) Z;Sj (b) Z 521{':1/(,:"_1_[ / 62{;); Fo ’sz (laj(a—:)k ) (23)

=l =1 ki=1k;=1 =l i

In this paper we use Eq. (23) for pl(r, b, {r;, b;}) replacing I'(w; + k;) by the integrals over f;, viz.,

T(w; + k;) = / dt, 17K g1 (24)
0
In doing so we obtain
pa(Yoir, b.{r;. bi})
ky=n—j—1k;=n—j—1 i etic 0o
G}p Z j { . da) 7K 2 1 1

= - b O b C L e2?i — dtt”ithi=le=ti (25
ﬂ ;J,A<> 3 ey sl | Sme iy [ et @s)

- 1=LKj= o €—i0o 0
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In Eq. (25) we put all b, = b neglecting the size of the
dipole cascade in the impact parameter space. z; is defined
in Eq. (17) for rapidity Y.

III. SCATTERING AMPLITUDE
A. Single BFKL Pomeron contribution

Let us start with the simplest interaction: the exchange of
one BFKL Pomeron. The impact parameter picture of this
interaction is shown in Fig. 3(a). In this figure b is the
impact parameter between the centers of two nuclei. b —
b’ — b is the position in the impact parameters of the
dipole r from the nucleus A;, while b’ is the position of
the dipole 7. 8b is the position of dipole r’ with respect to
dipole r in impact parameters. The typical value of 6b is the
size of the interacting dipoles, which is much smaller than
the sizes of nuclei: R, or R,,. Hence we can replace b —
b’ — 6b by b — b’ neglecting 5b. In Eq. (1) we integrate over
0b. Therefore, we can write the contribution of the single
Pomeron exchange as follows:

N(Y, r. Pb) = / PYSu (b —b)Sy, ()
x/dzébGP(Y, r,r';6b).  (26)

fdzﬁbGP(Y, r,r';6b) is the Green’s function of the
Pomeron at a fixed momentum QO =0

Gp(Y,Qr=0;r,7) = / d*sbGp(Y,r,7;6b). (27)

QOr is the momentum that carries each Pomeron.

FIG. 3. Pomeron interaction: the impact parameter view.
(a) The exchange of one BFKL Pomeron. (b) The Pomeron
interaction of one nucleon from the nucleus A with two nucleons
in the nucleus A,. The wavy lines denote the BFKL Pomeron
exchanges. The circles denote the dipoles with size r or r. b —
b’ —6b(b’) is the position of the nucleon in the nucleus A; (A4,).
ob is the impact parameter size of the BFKL Pomeron or several
BFKL Pomerons that carry the interaction between nucleons.

~ , 1 dzrl-~
G(Y’QT;r9r):% r2 GP(Y_Y()’QT;rvri)

XGMYO’QT;’%’J) (28)
In particular, for Q7 = 0 we have
~ 1 [ d?r -
G(Y,0;r,r) = —/ 2r, Gp(Y =Y,,0;r,1;)

2w r;

XGP<Y0,0, r,-,r'). (29)

It is worthwhile mentioning that the Green’s function
G(Y,Qr =0;r,7) has the form of Eq. (12) in the
saturation region where N, is the dimensionless constant
and z is equal to

x(7)

Extracting factor 2zr7 from this Green’s function, = 5‘S7Y + & (30)
Gp(Y,Qp;r. 7)) =2zr”G(Y,Qr;r, /') we can rewrite i
the t-channel unitarity of Eq. (15) in the following form &, is equal to In(%;).
for Gp: Plugging Eq. (29) into Eq. (26) we obtain,
|
N(Y.r.r':b) = / PS5 (b —B)S,, () / P5bGyp(Y. 1., 5b)
21,/ / / 1 dzri ~ ~ /
= [ db SAl(b -b )SAz(b )2_ 2 GP(Y =Y, 0;r, ri)GP(YO’O; i, ")
n) 13
/ 1 dzri A / N A (] B! / /
= [ &b 5| 2P {(r,b=b'ri,b; =b—b)p*(r, b, r;, b, =b). (31)
r) r;

One can see that for large nuclei we simplify the general
formulas of Eq. (1) integrating over the impact parameters
of the dipoles that originate from the cascade of one
nucleon (dipole) in a nucleus.

|
B. Impact parameter dependence

In this section we are going to integrate over 6b;(5b}).
Our approach is based on the results, which have been
discussed in the previous section, and we are going to use
two features of the impact parameter dependence for
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nucleus-nucleus collisions. First is the general property of Eq. (1) shown in Fig. 2 that for Y > Y|, all Pomerons interact with
vertex I[P — 2IP while for Y < Y, only vertex 2IP — IP contribute to their interactions. Therefore, each nucleon (dipole)
produces its own dipole cascade and these dipole cascades interact at ¥ = Y. Bearing this in mind we can rewrite
pA(r,b,{r; b;}) through the dipole cascades p(Y,r, {r;, 5b;}), which are generated by j nucleons,

J

pa(Ysr,b,{ri, b;}) :Z%HSA (Y, r.{r;6b;}) <Zn/—n> (32)

S ‘]71

where 6b; is the values of the impact parameters of dipoles with respect to the nucleons. The second feature is that the dipole
develops a dipole cascade, which has §b < b;. Indeed, each nucleon (dipole) is distributed over the impact parameters in a
nucleus with S,(b;) [see Eq. (22)]. Recall that S, (b;) is the probability to have a nucleon with a large impact parameter
b; ~ R4. The dipole cascades, described by the Pomeron exchanges, have small typical 6b; [see Fig. 3(b) and Eq. (26)] of
the order of the dipole size: r > §b; > 1/Q,(Y). Hence we can integrate over them in Eq. (1) without affecting the value of
b; and replace Eq. (1) by

© A A J J
N(Y.r.R:b) => (- )"+1n!2i/1—[ v, ﬂf[sAb b';)S4, (b))

17
= == IR S S

x [ [ d*rid*rid?sb;d>sbjyPA(r, . v/ 6b — 6b})

i

Xpn,(Y Yo;r,{r;, 6b; })5<an —n)pn,(YO, ' {rl,6b} 5<§:n/2:n). (33)

/1_1 .//2:1

Equation (33) is written for j; < j,. b}, for j, > j; coincide with some of b;.,. Figure 3(b) gives the example of one such
2 2

situation. It demonstrates the interaction for which two dipoles in the nucleus A, have almost the same impact parameters.
Using Eq. (15b) we can rewrite Eq. (33) in a more convenient form,

(o]

N(Y.r.R:b)=> (- "aniZ/ H ﬁsAl b—b))S,(b)

]] 17 '
= =1 =t TR S

xH/dzrﬂ(){?f n,] (Y =Yo;r,{r;,6b;})6 (an )pn, Yo, 7', {r;,6b;})8 (Z”’ —n> (34)

Ji=1

This equation can be simplified by taking into account Egs. (29) and (31). Indeed, as we have discussed in the previous
section, in the case of nucleus interaction the parton densities in the parton cascade, generated by one nucleon (dipole) can
be described by the integral over ob; of dipole densities, viz.,

ph(rb.tr)) = [ TI@ovit b4 o) (39)

They can be written as follows:

n n ky=n—j—1,..., ki=n—j—1 e+ico
- Gp(zi)\~ 1 - ! da; . 1 T(w; + k)
) — i —(2 2 j ; i S i i
pa(r.b.{r.}) i|:|1 N, ,'E:1 j!( 7rsS,(b)) . Eﬂ.,k._l 52521 e / 5O B Ty (36)

with
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= 2
14 r;

(37)

For further simplification of the impact parameter dependence we consider the set of Pomeron diagrams X that are
irreducible with respect two nuclei states (see Fig. 1 and compare the diagrams for the scattering amplitude and X). The

scattering amplitude is equal to
N(Y,r,r;b) =1—exp(—2Z(Y,r,r;b)).

For £ we can simplify Eq. (33) introducing

21/
1
(Y, r,r;b) Z/ b (2r?Sa, (b — b))/ (mr?S,, (b)) (Y, 7).

2mrr’ ! 2
s Jili!

For Zj;(Y r,r") we have the simple form of Egs. (1) and (33),

i o0 n G ;
Y. )= (=1)"n! /dzi p()

n=1 i=1 ki=1...k;=1

_ Z . c / dwie%w{zil“(wi-l-l;)
e OS2ty 27i 11 T(w;)

—100

Using Eq. (29) we can take the integral over z; and obtain,

s n ky=n—j-1,.. ki=n—j—1
. Gp(Z)\" ! ! do; » . 1 T'(w; + k;)
S (¥ 7, ) = <—1>"+'n!<”’— T e
" n§=:1 Nj 11:[1 k,1;kj1 2tk i 2ri kit D(w)

li=n—jo—1.1;=n—j~1 etico

da); » . 1 T(a)+1;)
D SR > = C/E L T(w)
h=11=1 e—ico

where 7' is equal to

2
Z/ = )(( ) Y() +In <:’2>

Y

C. Contribution of two nucleons (dipoles) scattering

. Z/ ; C/e+i00da)ie§wgir<wi+ki)
OS5 ki i 2 kil T(w;)

(38)

(39)

(41)

(42)

(43)

In this section we consider the instructive example: the interaction of pairs of nucleons (dipoles) from different nuclei. In

this case

a2’ d?sb
Ei(Y’ r,r';b) :/ o SA1<b_b/)SA2(b/)/7Ndipole—dipole(Y’ r,1';6b).

N ipole—dipote (Y» 7. 7;6b) has been found in Ref. [1]:

054033-7
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_5(d)=1-CPexp <-£>
(45)

Ndipole—dipole(Y7 r, r’,&b) =

where 7’ is given by Eq. (30). C(7') is a smooth function
of 7.
From Eq. (45) we have

2
/dz(sbNdipole—2dipoles(Y7 r,r’;0b) =0 <1 —C'exp (—Z—) )

(46)

where 6, = 2zrr’ but the exact numerical factor we cannot
find in this general consideration.
Plugging Eq. (46) into Eq. (44) we obtain

d2 /
(Y, r, r’;b):cfo/ 5

(mcew(-D))

Hence the scattering amplitude is equal to

Sa, (b =b")S4, ()

N(Y,r,r;b)=1—exp(=Z1(Y,r,7;b))

v’
=1 —exp <_GO/2_SA] (b—b/)SAz(b/)>
T

de/ Z/2
. / 5. Sa, (b=, (b’)Cexp<—4K).

(48)

N(Y,r,/;b) =1 —exp (-Z3(Y, r,7;b))

1—e p< 271’2
—exp | — 6
2!

D.ji1=1.j,=2(1=2.j,=1)

In this section we consider the example of interaction:
the case when the fast dipole from one nucleus interacts
with two dipoles of another nucleus [see Fig. 4(a)].  for
this case has the following form using Eq. (38):

1 [d*
21 2z
X / d5bNdipole—2dipoles(A2)(Yv r,r';0b).

(49)

Y, rrb) = Al(b—b’)2ﬂr’2S§2(b’)

The scattering amplitude N gipole—2dipoles(a,) (Y. 7. 7’; 6b) has
been found in Ref. [2] and it has the form,

72
Ndipole—2dipoles(Y’ r,r';0b) =1 —-2C"exp <— Z_) (50)
K

where 7' is given by Eq. (30) and C’ is the smooth function
of 7. Using this equation we obtain

2
/dzébNdipole—Zdipoles(Yﬂ r, r/;ﬁb) =0y <1 —2C/6Xp <_2-K> >
(51)

with &, which is of the order of 27r'.
Plugging Eq. (51) into Eq. (49) we have,

1
SV, #b) = 5100 / VS, (b~ b)27r S5 ()

x (1 —2Cexp (—%)) (52)

Equation (52) leads to the following scattering amplitude:

12
/ d’b'S,, (b —b)S3, (b’)> — op2nr’? / d’b'S,, (b —b')S3, (b')C exp <— Z—) (53)
K

E.ji1=j,=2
In this section we consider the first case of Fig. 4(b), which crucially differs from dipole-dipole and dipole-nucleus
scattering. Using Egs. (39) and (42) with p,, from Eq. (20) we obtain for X3

(54)

e+ico e+ico e+ico
- dw dw do, da), y £ 2 = S Gp(z;) Gp(h)
22 Y, , 1 — C2 “ / @2 / 1 / e’ (u +a) +of+af / PA\<i !
2(Y-r.) / i ) 22 | 2mi | 2mi€ ; n! 11 Ny N
Zl [Ny +10)T a)2+n—l (@) + k) T(0h + n—k)
2 =1 o) Hin-0! D@y (@)

Using Egs. (24) and (15a) we can sum over [ and k and make the integration over r; and r} reducing Eq. (54) to the form,
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nucleus nucleus nucleus
Y e e = ==
fi
O ) % ﬁv
Yo n n
(a) (b)
0 —_— e - r — —_— —_—Tr
nucleus nucleus

FIG. 4. Summing large Pomeron loops for nucleus-nucleus scattering. (a) The parton cascade of the fast dipole from one nucleus
(j; = 1) interacts with the parton cascades generated by two nucleons in the second nucleus (j, = 2). (b) The parton cascades of two fast
dipoles from one nucleus (j; = 2) interacts with the parton cascades generated by two nucleons in the second nucleus (j, = 2). (c) The
parton cascade of the fast dipole from one nucleus interacts with the parton cascades generated by one nucleon in the second nucleus,
which gives the main contribution to nucleus-nucleus interaction at high energy. The circles denote the amplitude y in the Born
approximation of perturbative QCD. A nucleus is viewed as the bag of dipoles with the size .

€+ioco J s+iood e+i ood J
~ w () (1) w yzx 2 2
22 Y.r N — 2 / hed 8 / a2 / =1 / hntat’] (W +0i+a?+al)
2(¥, 7. 7) 2mi 2mi 2mi 2m ’
€—ioo €;00
xi(_l)n/ dtie™ "t 1/ dtye 212>~ l/oo dt’le—f’lt'(]l’/l_l/ dtye™ /w I(GP(Z;)>”
=0 n! 0 0 0 N(Z)
1
x (i +0)" = =) +15)" =11 =17). (55)

[ (@)1 ()1 ()T (@)

In this equation we introduce a different function i%(Y ,r,r';b). As one sees from Eq. (54) we started to sum with n = 0,
while in ¥ summation should go from n = 1 since X is the contribution of two nuclei irreducible Pomeron diagrams to the
scattering amplitude. Therefore, ¥ is the contribution of the irreducible diagrams to the S matrix.

Using Eq. (24) we can integrate over #; and #, and rewrite Eq. (55) in the form

e+ico e+ico

S2(y.r.1) = /da)l /da)2 / a’co1 da)2 yzx(w R el) i’: ' ( (0 +wy+n) F(a)1+n)_F(a)2—|—n))
n!

2ri 27i 271'1 2711 g [N, +,) [Nw;) ['w,)
€—io0
G;p(z,-))”/oo , w’—l/ ;-1 1
x| A dt/ e—tlt/ 1 dt/ —I‘Zt/ 2 - t/+t/ n_t/n_tln . 56
( N% 0 1 1 0 2 F(a)’l)F(a)’Q)((l 2) 1 2) ( )

We can perform summing over n using that

Equation (56) takes the form,

€+ico €+ico €+ico
~ dw dw do' dw, ,2K » Gp(Zh)\ 1o Gip(Zh)\ 12
2 Y,r.r =C? o / _2/ 1 / 2 (0?+ @i +al+of 1 /4t IP\%j (147 i
2(Y,r7) /27:1' 27i 27i i’ ’ +Ht+0) N2 th N3
Gp(z)\ 1= Gp(z})\ ™™ Gip(z)\ ™ Gp(z;)\ ™
—<L+4 N2 — | 1+(r}+1,) N +( 1+ N +( 1+, N2
Gir(z}) L , Gip(2)\ ™ Gip(2;) ™ 1
—| 1+ (#)+15) : 147 +( 147, : . (58)
( RN N N (@) I (@)
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GP( )

For =2 > 1 we can take integrals over #'1 and ;. The result takes the form,

€+ico €+ioco €+ico / €+ioco 2
@ @ dw de V w3 +o? )

22(Y,rr) = C2/

oo 27 Jeo 27 Jowo o 2mi 2ri
X{[””ﬁ&iiflii{””j”““aii{f’”-”“"EZ;{”’”] o (o757 )
e et ()

B e o o e S ) )

Closing contour of integrations over ®; and @/ on the first pole of the I" function we reduce Eq. (59) to the sum of integrals
that can be taken using the method of steepest descent at large z’. Finally we obtain,

5 Z/2 Z/2 Z/2
23(Y,r, ) = Clexp (— 2_1<> —4C3C%exp (— 231() +4C3C%exp (— 4_1<) (60)

From this equation the contribution to X(Y, r, 7;b) with j, = j, = 2 is equal to

- 11 d*v’
S3(Y. 7. 75b) = 5, / a8, (b - ) (28, ()

x [ 1—Clexp _z +4C3C% exp _Z —4C2C2 exp _ .
! 2k 2 23k 31 4k

F. General case: Arbitrary j; sand j,

After thorough derivation of the j; = j, = 2 case we can write the general formula,

. . €+ioco e+ico .
J1_ )2 J1 : J2 .
oy dw; dw) y (02 Jo! _
ZJ»I(Y, r, r/;) :C2 | | | | / i / l (u +(u E . . . (_1)j1+j2
. i J 2 . 27i ¢ ]Z,lzlj ! ]l) 7= 2= )
Ji / J /
G Gp(Z r
o (=(350) (%22 Yo (- (30 m (222) (ko= S o))
i=1 No i=1 N I( 52 1 @)
Closing the contour of integration over Z !, w; = w on the pole w = {2:1 o) we have the following integrals over w; and

. J1 I J2
SN )=

" = U =)
1 2

i et / (o ()
YIS >C —exp —wIn
1]’2!(12—/2) ll,H ‘ Nj

J

do. e+ico dw? 772](' Ja 2 Ji , jlz )
1 / /
3 5 exp (—2 <<a) - E w,») + ;12 w; + (a) - E a)l> + IEZZ W] )) (61)

e+ico
e—

X

. 1=2 =2
ico ;00

Expecting that @ o« yzislarge we can take the integrals over @’s using the method of steepest descent. The equations for the saddle
points are the following:

Ji J g Ji
(1) 72K<2wsp—2a)isp—2a)§sp> —77=0; (i)wl.SP+Zw§P—a)SP:0; (l)a),SP—I—ZaﬁSP—a)SP:O. (62)
i=2 =2 i=2 =2
Solutions to these equations are
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1 : 1
o =—0%; 0P =—w

J1 )

-
SP wSP:_i -;]112-/ . (63)
YKt

Plugging Eq. (63) into Eq. (61) we obtain that each term
in the sum of this equation behaves as

Z/Z j/ j/
exp <_ 2, (64)

2k ji+ 7>

Therefore, we can conclude that the main contribution
stems from j; = j, =1 and

2 (Y, r,r) —J1]2C2HH / exp< m(GI];/(Z/)))

i=2 1=2
+too €+ico
da)l
Zm 2m
€—ioo

One can see that @ ~ In( N(ZZ )Y, while all other @ do not

depend on 7/, being of the order of w;~w;~1/ \/_

Hence the scattering amplitude for the nucleus-nucleus
interaction can be reduced to the contribution of the
interaction of two nucleons from different nuclei that has
been discussed in Sec. III C [see Eq. (48)]. Integration over
w; and @) with i, [ > 2 are absorbed in the smooth function
C in this equation.

IV. CONCLUSIONS

In this paper we summed the large BFKL Pomeron loops
in the framework of the BFKL Pomeron calculus for the
nucleus-nucleus scattering. The main result is that this
scattering amplitude has the same energy dependence as
the dipole-dipole amplitude. Therefore, all three types of
scattering: dilute-dilute dipoles systems (dipole-dipoles scat-
tering [1]), dilute-dense dipole system (dipole-nucleus
scattering [2]), and dense-dense dipole system (this paper),
show the same energy dependence due to contributions of
large BFKL Pomeron loops. In other words, it turns out that the
evolution of one dipole cascade contributes to all three cases
[see Fig. 4(c)]. FromFig. 4(c) one can see that the interaction of
two dipoles can be interpreted as the exchange of the “dressed”
Pomeron with the Green’s function given by Eq. (48).

We believe that this observation could be valuable for
summing the Pomeron loops of arbitrary sizes. We wish to
recall that we have summed only Pomeron loops with the
sizes larger than min{Y — Y, Y }. The smaller loops are
still out of our control and we do not know how important
their contributions could be.

& . 22
YY) = jiaE (Y, 7)) cexp <_ﬂ> (65)

Therefore, one can see that the only interaction between
two nucleons (dipoles) from different nuclei are essential at
high energy. This interaction leads to the nucleus-nucleus
scattering amplitude deep in the saturation region, which
has the same 7' behavior as the dipole-dipole scattering.
Indeed, Eq. (61) for j5 =1 and j5 =1 reduces to the
following expression:

2
0

ol S )

We could not provide reliable estimates of what value of
energy of the calculated contributions will be dominant.
Reference [64] states that the Pomeron loops started to
dominate over single Pomeron exchange at ¥ > 10. We
gave in Ref. [2] that for proton-nucleus scattering we
expect that our contribution will prevail at ¥ > 18. For
nucleus-nucleus scattering the border would be larger.

We thank our referee who noticed that the Pomeron
loops that we have calculated are included in the estimates
by the Monte Carlo generators, like ARIADNE [65] and
DIPSY [66] from the Lund group. Indeed, these generators
are based on the dipole approach [7,26] and their dipole
cascades take into account our loop diagrams. Therefore,
we believe that the real estimate for the values of rapidity
when our contribution will dominate, can be obtained from
collaboration with these groups.

We hope that this paper will contribute to the further
study of Pomeron calculus in QCD.
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