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Tomography of the rho meson in the QCD instanton vacuum: Transverse
momentum dependent parton distribution functions
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We analyze the rho meson unpolarized and polarized transverse momentum dependent parton
distribution functions (TMDPDFs) in the instanton liquid model (ILM). The corresponding TMDs in
ILM are approximated by a constituent quark beam function in the leading Fock state multiplied by a
rapidity-dependent factor resulting from the staple-shaped Wilson lines, for fixed longitudinal momentum,
transverse separation, and rapidity. At the resolution of the ILM, all of the rho meson TMDs are symmetric
in parton x for fixed transverse momentum, and Gaussian-like in the transverse momentum for fixed parton
x. The latter is a direct consequence of the profiling of the quark zero modes in the ILM. The evolved TMDs
at higher rapidity using the Collins-Soper kernel, and higher resolution using the renormalization group,

show substantial skewness towards low parton x.
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I. INTRODUCTION

Fast moving hadrons are composed of quarks and gluons
(partons). The partonic structure of hadrons is probed
through inclusive and semi-inclusive deep inelastic scatter-
ing experiments [1]. Transverse momentum distributions
(TMDs) for a given hadron map the probability distribution
of a parton in both transverse momentum and longitudinal
momentum fraction x [2]. They reduce to the unimodular
parton distribution functions (PDFs) after transverse inte-
gration [3].

There is continuous effort both experimentally [4-10]
and theoretically including the instanton-based nonpertur-
bative model [11,12] and large scale lattice simulations
[13-18], to quantify these nonperturbative functions. Their
understanding is part of a large experimental effort at
COMPASS at CERN, JLAB in Virginia, LHC at CERN,
and the future EIC at BNL. Currently, TMDPDFs are
empirically extracted from Drell-Yan (DY) processes and
semi-inclusive deep inelastic scattering (SIDIS), with small
final hadron transverse momentum [19].

In the leading twist approximation, TMDs are defined as
correlation functions of bilocal quarks with stapled lightlike
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Wilson lines that are lined up on the light cone. Recent
lattice developments using the large momentum effective
theory have proven useful for their possible Euclidean
extraction and matching using quasi-TMDs, where the
staple-shaped Wilson line (soft function) can be related to a
mesonic form factor [20].

Spin-0 targets are characterized by one T-even TMD
(unpolarized function) and one T-odd (Boer-Mulders func-
tion). Specifically, the T-even one reduces to the unpolar-
ized parton distribution. Spin-% targets are characterized
by six T-even TMDs and two T-odd TMDs [2,21]. The
T-odd TMDs are known as the Sivers and Boer-Mulders
functions, while the T-even TMDs are tied to the standard
unpolarized, helicity, and transversity PDFs. Spin-1 targets
do not have Sivers and Boer-Mulders functions. Alter-
natively, they have three additional T-even TMDs related to
unpolarized partons in a tensor-polarized target, which
amount to an additional PDF upon transverse integration
[22]. The purpose of this paper is to evaluate the rho meson
unpolarized and polarized TMDs at low resolution, using
the instanton liquid model (ILM) description of the QCD
vacuum. It is a follow-up on our recent study of the spin-0
TMDs for the pion and kaon in the ILM [11].

The Yang-Mills vacuum at high resolution is dominated
by UV gauge fluctuations. When the gradient flow cooling
is applied to these configurations [23-30], a smoother
landscape in the IR emerges. This landscape is dominated
by topologically active configurations known as pseudo-
particles (instantons and anti-instantons), with a mean
size¢ p~ 13 fm, and a mean density (tunneling rate)
nj.a~1/fm*. These features are well captured by the
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ILM [31-41]. For a more comprehensive review, see also
[42-44] (and references therein).

The organization of the paper is as follow: In Sec. II we
outline the general aspects of the rho TMDs, and develop
their analysis in the ILM, at low resolution. We also derive
their relationships to the rho PDFs and sum rules. In Sec. I1I
we show how to implement the soft subtraction scheme on
the TMD distributions, and carry their double evolution
in scale and rapidity. Our conclusions are in Sec. IV.
|
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Here the hadronic state label includes the quantum numbers
carried by the on-shell vector meson of mass m,., i.e.,
p(p,A). The rho kinematics is represented by the longi-
tudinal light front unit vectors n = (1,07,0,) and 7 =
(07,1,0,) in light-cone signature, and the transverse

component. The hadronic momentum with energy Ej; =

\/m3 + p* and three-momentum p can be decomposed:

2
pt = pti# _ My n* 4 p'
2pt L

)

The Wilson lines in the matrix elements (1) enforce
gauge invariance. They are different in semi-inclusive deep
inelastic scattering (SIDIS) process (spacelike), and in
Drell-Yan process (timelike) [45]. The resummation in
the SIDIS processes of the intermediate gluons yields the
Wilson line defined as W(*). The resummations in the
Drell-Yan processes of the intermediate gluons lead
the Wilson line defined as W) [46-50],

WH0,0,:27.b,] = W,[0,0,;400,0,]

X WL[:l:O0,0l;:l:OO,bJ_]

XWn[:l:OO,bJ_;Z_,bJ_], (3)
with the generic gauge link defined as
y
W(x;y] = Pexp [ig/ dz,,A”(z)]. 4)

A number of Appendixes are added to detail and support
the arguments in the main text.

II. RHO TMDS

A. General

The leading twist-2 TMDs describe the unpolarized,
helicity, and several transversity parton distributions in the
transverse plane:

[0,00527. b, Jw(z=.by)|p)

plr(0)y YPWH0,0,527, b, lw(z,b1)|p)

B. Momentum distribution

The rho TMDs can be decomposed into several functions
based on the quark spin direction compared to the polari-
zation of the hadron states. The notations follow the
convention in PDFs. The functions f, g, and h denote
the quark polarization for being unpolarized (yT), longi-
tudinally polarized (y*y°), and transversely polarized
(ic®"y>), respectfully. The lower index 1 refers to the
leading twist, and the subscripts L and 7 refer to the hadron
polarization.

For rho mesons, the Lorentz decomposition makes
use of the spin quantization axis 5§ = (s,s;), and the
vector meson polarization 1 = 0, &1 projected onto 5. With
this in mind, the TMDs for vector mesons can be decom-
posed as [51]

:fq/p(x ki) +SLLf(11£pL(xv ki)
L Surck
S P ()
m,
aff 1o 1.8
STrks K

+7
2
n,

Qp(x’ kJ_)

%pr(% ki)

(5)

k
Ag,(x. ki) = [SLQW x, k) lm ELUL gy, kJ.)] (6)

P

ke
qe(x.ky) = [ @ 1P (x, k) + sp—= 9P (x. k)
m,
+5— (st2 2kl-slk‘1)h%”(x,kl)] (7)

with the spin polarization tensors

034028-2



TOMOGRAPHY OF THE RHO MESON IN THE QCD INSTANTON ...

PHYS. REV. D 112, 034028 (2025)

Sp = (342 -2) (é—% 2) (8)
Str= (32 =2)s, 9)
SP = (322 - )<sjs’j - %si(saﬂ). (10)

There are three tensor polarized TMDs f1;;, fir7, and
f1rr that are specific to spin-1 mesons. As we noted earlier,
for spin-1 mesons there are nine leading-twist TMDs and
four PDFs, if we restrict ourselves to the T-even
distributions.

With the Fourier transform of a generic TMD
F4/?(x,k ) to the conjugated transverse coordinate space
defined as

Pk,

G P k), (1)

F‘f//’(x, bJ_) = /

the Lorentz decomposition of TMD distribution in b
space can be written as [52]

= f’f/”(x, b)+ SLL]%/}L (x,b))
+ iSLT : bmefill/‘/}(xv bl)
af 1a 1.0
+ ST b, mA T (x, b ) (12)

Qp(xﬂ bL)

Ag,(x,by) = A[SLgcf/p(x, b,)+ib, - SmeQ%/)(& bL)}
(13)

5qg(x, b)=2 [s‘jiz?/p(x, b))+ isLb”impiz‘llép(x, b))

2
m
— 2 (507 —2b, - s b8 VRIP (x, bL)}

(14)

The relations between the b | space TMD and the k| space
TMDs are listed in Appendix E.

C. Rho TMD in ILM

The computation of TMD quark distribution in the vector
meson can be simply addressed by the light front wave
functions (LFWFs). The softly factored contribution of the
staple-shaped Wilson line W(*) at low resolution will be
addressed below. With this in mind, the rho meson TMD
reads

Qp(-kaL) 3Z(D X, kl,Sl,sz) /)(x klvshsz)

( 51,82

AQ/)<x’kJ_) ( )’3 Z q) x kJ_vaSZ)

51,8782

3 !
X oxls,lCD (x,kp,s).8)

2 )3 Z(I) (x,k1,s1,5)

51,87.82

5q5(x. ki) =
X afls, CD/,(x,kL,s’l,sz), (15)

with the vector meson wave functions polarized in the §
direction. Their general form follows from the derivation
given in [32], using an arbitrary spin quantization axis. The
result for the longitudinal vector meson LEWE, is

1 C k
¢(3(ka ’S ,S): £ 2 2f< L_>‘|
PRT TR T N l /x)"c(mfz,—h%/]) AV XX
X eg(p)ﬁsl(kl)yyfavsz(kZ)' (16)

For the transverse vector meson LEFWFs, the results are

1 C k
D (x k. 51,82) = —= e zf( \/L')l
X gli(p>ﬁs1 (kl)}/;ﬂ-avh(kZ)' (17)

Here u;, (k;) denotes the light front quark spinor with spin
s; and internal momentum k{ = xp™, k;; = k, . Similarly,
vy, (ky) denotes the light front antiquark spinor with spin s,
and internal momentum k; = Xp ™, ky; = —k,, as detailed
in Appendix B. The polarization direction is encoded in the
polarization vector &“(p). The normalization condition for
the light front wave functions yields

/ / e, R+ M - 20Tk
Cor = 4n? (xxm? — K} — M?)?

()]

and

4)C)'c(k2 + M?)
d dk2
Cp, [4 2/ x/ <m,, (xxmZ — k2 — )2)

()]

with 4, = 1.260 fixed by demanding the proper normali-
zation of the rho distribution amplitude (DA) for an on-
shell rho of mass m,, as detailed in Appendix C. In other
words, 4, = 1.260 reproduces the rho electroweak decay
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constant f,. By setting the pseudoparticle (instanton) size
p =0.313 fm, and a constituent mass M = 398.17 MeV,
the rho mass is found to be m, =791 MeV, and the
normalization constants in (18) and (19) are

¢, =C, =C,=109888. (20)

It is important to note that, to recover full covariance on the
light front for the rho meson, terms of order

_ K+ M? 5
- W ~ O(”I+A)

need to be retained in the light front analysis [32]. Note that
the Ward identity is readily enforced,

puits, (ki)' vy, (k) = 0. (21)

Inserting (16) and (17) into (15) and reducing yields the
leading twist TMDs in the ILM:

£ k)

1.6 KiJr 8xx (k3 + M?) )Jﬂ( k| )]
C3(2n) [\m?  (x¥m}— k% — M?)? Ay VXX

2 G 20 +M?=2xxk3) ([ ki (22)
3(2n)% | (xxm3 — k3 — M?)? AV/xx
£ (e k)

G |:(i+ 8xx(kF + M?) >f2< ki >]

- @r) [\ (k= k3 = M2)2)T\d,Vak
Y [2(ki+M2—2xxki) 2( k. )] (23)
(2m)* | (xxm) — k3 — M?)? A V/xX

G [2(x — x)(xxm} + k3 + M?)
(2r)3 (xxm? — kK3 — M?)?
k
x P2 —= )] 24
( s (24)
c 4xxm} = ki
(27)* [(xxmj — k5 — M?)? ApV/XE

flilrky) =

f‘%’}(x, k)=

C2 4 _ 2\72 M2
k) = 2y O DL ()

(2r)3 (x)'cmg — k3 —M?)? /lp\/ﬁ

PP . ES ST, A

(2m)* (xxm3 — k3 — M?)? AyV/xX
(27)

TABLE I. Table of the k;, moment of TMDs defined in (32).
Dots indicate the corresponding TMDs are vanishing. All units
are given in GeV. Our results are compared to the Nambu—Jona-
Lasinio (NJL) model [22], the light-front holographic model
(LFHM), the light-front quark model (LFQM) [53], and the
Bethe-Salpeter equation (BSE) [51].

<kl>NJL <kL>LFHM <kL>LFQM <kL>BSE <kL>lLM
/i 0.32 0.238 0.328 0.399 0.0810
a1 0.08 0.204 0.269 0.318 0.0751
air 0.34 0.229 0.269 0.358 0.0785
hy 0.34 0.229 0.307 0.367 0.0785
hip 0.33 0.204 0.269 0.368 0.0751
hiy -, - 0.237 0.365 .
firr 032 0211 0338 0.0734
2 S0 12 2
R (x k) = Cp M 2(xxm;, + ki + M) 2( ki )
b (2m)> m, (xxm} — k7 — M?)? Ay VXX
(28)
2 4xMm k
Rale k| )=——F 14 F2 L
i (k1) (27m)3 (xxm? — kK3 — M?)? AoV XX
(29)
K9P (x, k) = 0. (30)
We note the relationship
a/p My 1 alp
gir (x. ki) = ﬁhl (o, k) (31)

which is in agreement with the relationship noted in [22].
For comparison with lattice results and other works, we
define the mean transverse momentum of a specific TMD
function F4/? as

L) — Jdx &Pk [k [FU7 (x, k) 3
< L> - 0 q/p . ( )
fdxd kJ_F (x,kj_)

The result is shown in Table I.

D. TMDs at low resolution

In Fig. 1, we show the rho TMD f ’1’/ 7 (22) (left column)

and the rho TMD f 'fé”T (24) (right column) in the two-body
Fock space approximation, calculated by the ILM at a renor-
malization scale, or resolution, y=1/p with p =0.313 fm.
The rho LFWF parameters are C, = 1.98883, m, =
791.0 MeV, and M = 398.17 MeV. Figures 1(a) and 1(b)
are the 2D density plots in x, k|, and Figs. 1(c) and 1(d)
their 3D visualization. The support of the TMDs in

longitudinal momentum is dominant at x ~ %, with a width
\/ <ki> =~ 0.1 GeV. The profiles of the TMDs (22) and (24),
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FIG. 1. Rho meson TMD f ‘1’/ ? (left) (22) and f ‘f{’} (right) (24) beam functions with only constituent quark contribution at low
resolution u = 1/p with p = 0.313 fm: (a), (b) are the density plots, (c), (d) the 3D plots, (e), (f) the longitudinal momentum dependence
for fixed k | , and (g), (h) the transverse momentum dependent plots for fixed x. The rho light front wave function (LFWF) parameters are
C, = 19888, m, ="791.0 MeV, and M = 398.17 MeV.
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in parton x for k; =0.2,0.3,0.4 GeV, are shown in
Figs. 1(e) and I(f), and the corresponding profiles in k|
for x = 0.1, 0.2, 0.3 are shown in 1(g) and 1(h), respec-

tively. For fixed k, , the distribution in parton x of f4/* is

symmetric, while that of f‘l’é’} is antisymmetric. Both

distributions in k, for fixed parton x are Gaussian-like.
This final feature arises from the profile of the quark zero
modes in the ILM.

In Fig. 2 we show the tho TMD f’fl/fz (23) (left column)

and the tho TMD f %pT (25) (right column), in the two-body
Fock space approximation, in the ILM at a resolution y =
1/p with p=0.313 fm. The tho LFWF parameters are
C, =1.9888, m, =791.0 MeV, and M = 398.17 MeV.
Figures 2(a) and 2(b) are the 2D density plots in x, k|,
and 2(c) and 2(d) their 3D visualization. The support of the
TMDs in longitudinal momentum is dominant at x ~ %, with

a width \/ (k% )~0.1 GeV. The profiles of the TMDs (23)
and (25), in parton-x for k| = 0.2,0.3,0.4 GeV, are shown
in Figs. 2(e) and 2(f), and the corresponding profiles in & |
for x = 0.1, 0.2, 0.3 are shown in 2(g) and 2(h), respec-

tively. For fixed &, both distributions in parton x of £/

and f%pT are symmetric, with the former displaying two
zeros, an indication of a possible P-wave admixture. Both
distributions in k; for fixed parton x are Gaussian-like,
the feature introduced by the profile of the instanton
zero modes.

In Fig. 3 we show the rho TMD g‘l]/ (26) (left column)

and the tho TMD gq/ ' (27) (right column), in the two-body
Fock space approximation, in the ILM at a resolution y =
1/p with p=0.313 fm. The tho LFWF parameters are
C, =1.9888, m, =791.0 MeV, and M = 398.17 MeV.
Figures 3(a) and 3(b) are the 2D density plots in x, k|,
and 3(c) and 3(d) their 3D visualization. The support of the
TMDs in longitudinal momentum is dominant at x ~ 1, with

a wider spread in /(k?)~0.1 GeV. The profiles of the
TMDs (26) and (27), in parton x for, are shown in, are
shown in 3(e) and 3(f), and the corresponding profiles in k |
for x = 0.1, 0.2, 0.3 are shown in 3(g) and 3(h), respec-

tively. For fixed k,, both distributions in parton x of gq/ ’

and g%/ are symmetric. Both distributions in k, for fixed

parton x are Gaussian-like, due to the profile of the
instanton zero modes.
In Fig. 4 we show the tho TMD h?/ 7 (28) (left column)

and the tho TMD h‘{ép (29) (right column), calculated by
the two-body Fock space approximation, in the ILM at a
resolution u = 1/p with p=0.313 fm. The rho LFWF
parameters are C,) — 1.9888, m, = 791.0 MeV, and
M = 398.17 MeV. Figures 4(a) and 4(b) are the 2D density
plots in x,k, and 4(c) and 4(d) their 3D visualization.
The support of the TMDs in longitudinal momentum is

dominant at x & 4, with a wider spread in 1/ (k7 )~0.1 GeV.
The profiles of the TMDs (28) and (29), in parton x for
k, =0.2,0.3,0.4 GeV, are shown in 4(e) and 4(f), and the
corresponding profiles in k| forx = 0.1, 0.2, 0.3 are shown
in 4(g) and 4(h), respectively. For fixed k|, both distribu-

tions in parton x of AY” and h?)” are symmetric. Both
distributions in k| for fixed parton x are Gaussian-like due
to the profile of the zero modes in the ILM.

E. Rho PDFs from TMDs

The integration over the transverse momentum k|
dependence of the TMDs yields the PDFs. As we noted
in the introduction and for vector mesons, we have four

twist-2 PDFs, f9*(x), 795 (x), ¢?"(x), and h9"(x),
given by [22]

/ Pk gy(x k) = f7() + S fi () (33)
/d@A%@ku—mMW<> (34)

[ s = st (35)
with
[ g4t g7 ] )
= [@rfs il gt w7 k). o)

For a spin-1 meson, the quark and antiquark distributions
are related by charge conjugation symmetry:

T AN N IC)
d/pt  ,d d/p d/pt
o AT A L [C O )

and

T E AN
= [r sl g . )

For spin-1 mesons there are four PDFs. Compared to the

three nucleon PDFs, the new parton distribution £7/7 was

noted originally by Hoodbhoy et al. [54]. This new PDF,
also referred to as bi’ structure function, represents the
difference of unpolarized quark distributions in a longitu-
dinally polarized spin-1 meson with spin projection A = 0
and 1 = %1,
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FIG. 2. Rho meson tensor-polarized TMD f%/
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(right) (25) beam functions with only constituent quark

contribution at low resolution u = 1/p with p = 0.313 fm: (a), (b) are the density plots, (c), (d) the 3D plots, (e), (f) the longitudinal
momentum dependence for fixed k|, and (g), (h) the transverse momentum dependent plots for fixed x. The rho LFWF parameters are
C, =1.9888, m, = 791.0 MeV, and M = 398.17 MeV.
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FIG. 3. Rho meson TMD g‘{/ ? (left) (26) and g%ﬂ (right) (27) beam functions with only constituent quark contribution at low resolution
u = 1/p with p = 0.313 fm: (a), (b) are the density plots, (c), (d) the 3D plots, (e), (f) the longitudinal momentum dependence for fixed
k, and (g), (h) the transverse momentum dependent plots for fixed x. The rho LFWF parameters are C, = 1.9888, m, = 791.0 MeV,
and M = 398.17 MeV.
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FIG. 4. Rho meson TMD h‘li/ ? (left) (28) and hi’é” (right) (29) beam functions with only constituent quark contribution at low
resolution u = 1/p with p = 0.313 fm: (a), (b) are the density plots, (c), (d) the 3D plots, (e), (f) the longitudinal momentum dependence
for fixed k;, and (g), (h) the transverse momentum dependent plots for fixed x. The rho LFWF parameters are C, = 1.9888,

m, =791.0 MeV, and M = 398.17 MeV.
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TABLE II. Our instanton estimation on the first moment of

unpolarized PDF f4/* is compared to the NJL model [22], and
lattice calculation on the rho meson structure function with
renormalization ~2.4 GeV. We also evolve our result to 2.4 GeV

by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
equation.

NJL Lattice ILM ILM

(22] (571 w~1/p) (u=24GeV)
fdxxf?//’(x) 0.5 0.334(21) 0.5 0.201

1
S S (@) = bi" (x)

= 1w - -] 69)

This PDF is sensitive to the orbital motion of the constitu-

ents, and may also be carrying information on QCD
exotica [55,56].

F. Rho sum rules

The standard parton distribution sum rule guarantees

A Ldx i (x) = 1. (40)

The first moment of the unpolarized parton distribution,

f47_is about the longitudinal momentum carried by the
quarks. In Table II we compare our results with those of
other effective models, and selected lattice results.

For spin-1 mesons, there is an additional sum rule [58,59],

/ Laxfilh () = 0, (a1)
0

which reflects on the fact that the valence quark number is
independent of the hadron spin state. It was shown in [60]
that Lorentz covariance is important for the enforcement of

this sum rule, even for nonrelativistic constituents. The first

moment of £9/” is compared to the lattice result from [57]

at the resolution ~2.4 GeV in Table IIL. If the quarks are in
a relative S-wave state in the infinite momentum frame, its
first moment is zero. The lattice results are evidence for an

TABLE III. Our instanton estimation on the first moment of
tensor polarized PDF f‘{é’JL is compared to the NJL model [22],
and lattice calculation on the rho meson structure function with

renormalization ~2.4 GeV. We also evolve our result to 2.4 GeV
by the DGLAP equation.

NJL Lattice ILM ILM
221 571 (u~1/p) (u=2.4GeV)

[l duefiln(x) 0 02923) 0 0

TABLE IV. Table of the quark spin sum defined in (40). Our
instanton estimation is compared to the NJL model [22], the
Bethe-Salpeter equation (BSE) [51], and lattice calculation on the
rho meson structure function with renormalization ~2.4 GeV.

NJL [22] BSE [51]
Agq 0.56 0.67

Lattice [57] ILM
0.570(32) 0.967

orbital contribution to the quark content [57]. The null
result for our analysis in the ILM, suggests that a higher
P-wave Fock contribution to the rtho meson is needed, to
account for the missing orbital contribution.

The quark spin sum (axial charge) for each quark in the
meson state is defined as

aq= [ dxg o (42)

The comparison of our ILM estimate to other models and
selected lattice results is shown in Table IV. The results in
the ILM show that the total valence quark and antiquark
contribution to the spin of the p meson is 96.7%.

The tensor charge for each quark in the rtho meson state is
defined as

5q = /O l dxh?” (x). (43)

The tensor charge is renormalization-scale dependent [61].
The one-loop renormalization group (RG) evolution reads

5q(u) = (“S(”) )ﬁaqom). (44)

A (Iu() )

The comparison of our ILM estimation to the other model
is shown in Table V. Our instanton estimation shows the
tensor charge of the p meson is dg = 0.9807 at original
instanton scale 1/p ~ 630 MeV and 6g = 0.704 at 2 GeV.

In Fig. 5 we show the rho meson PDF f%* at the
resolution y ~ 1 /p in the ILM, and their evolved version at
different resolutions y = 1,2,3,4 GeV in 5(b). These rho
PDFS are obtained before the soft subtraction to be
discussed below. The rho meson PDFs 7 (33), ¢/”
(34), and h’f/ ”(35) are shown in Fig. 6 at the resolution

u=1/p: (a) f‘f/ . (b) gi’/ . and (c) h?/ ”. compared to the

TABLE V. Table of the tensor charge defined in (42). Our
instanton estimation is compared to the NJL model [22] and the
Bethe-Salpeter equation (BSE) [51].

NJL Lattice BSE ILM ILM
221 [57] 51 (u~1/p)  (u=2GeV)
oq 0.94 0.803 0.79 0.981 0.704
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FIG. 5. The rho parton distribution £/ at u

after DGLAP evolution (b).

mILM,u=1/p
mu=2GeV
m pu=4GeV

results evolved to 2 and 4 GeV by DGLAP. Their other
evolved results at different resolutions ¢ = 1,2, 3,4 GeV
are shown in (d), (e), and (f), respectively. Overall, there is a
substantial shift of the evolved PDFs towards low x.

III. SOFT SUBTRACTION AND TMD EVOLUTION

A. Soft subtracted TMD distributions

The definition of TMD distributions as twist-2 matrix
elements in (1) accounts for the transverse momentum
dependent structure of a parton inside a hadron in the entire
range of kinematics. In the following, we will denote them
by Fa/r(x, by, y, = yn), where the rapidity arises from
the stapled Wilson lines. However, in TMD factorization,
the definition in (1), which is referred to as unsubtracted
TMD functions, often leads to an ambiguous overlap
between the collinear and soft kinematic region. This leads
to light-cone divergences that appear in the lightlike Wilson
lines, regulated by y,, in both the TMD distributions and
soft factor. This is because, in the real world, these gluon
exchanges are not distinguishable. Therefore, to disentan-
gle their contributions in the factorization, we introduce
rapidity regularization by implementing a soft subtraction.

For a generic unsubtracted rho meson TMD, say
Fa/r(x, by, .y, —yn), defined in (1), the soft subtracted
TMDs in b follow through,

Ftl//)(x’ blnui Vg — yn)

~1/p (a), and ]N:YJ//J(X biu.l) = (45)
e Shipy=y.)
mILM,u=1/p Zz mILM,u=1/p
mu=2GeV ’ mu=2GeV
®p=4GeV 25 m p=4GeV

0.7 14
0.6 12
~ 1.0
3 0.5 Q
o 04 S 08
- S
X5 03 S 06
® 02 ® 04
0.1 0.2
00 1 1 1 1 . 1 1 00 1 1 1 L 1 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X X
(d) (e) ()

FIG. 6. The rho parton distributions at u =~ 1/p: (a) f‘f/ ? () ¢

(d), (e), and (f).

a/p

, and (c) h‘f/ ? compared to their DGLAP evolved counterparts
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YIn(k*/k™) is the hadron rapidity and y, =
2In(n™/n") is the rapidity for the near-light-cone direction
n of Wilson line in the hadronic matrix element defini-
tion (1). This direction n usually refers to the moving
direction of the other hadron in the process. The rapidity
scale

where y, =

¢ =2k e

represents the energy of the hadron with a rapidity regulator
v, distinguishing the energy between two involving hadrons
in the TMD factorization process, and {,{), = 0*, where ¢,
is the rapidity scale of the other involved hadron 4. The soft
factor S(b,u,y, — v;) is defined as [12,62,63]

S(bj_’/’tvyn _yft)
1

= —Te(W:(0)WL, (0)W, (b))

i Wia(b1).  (46)

B. TMD evolution

For any kind of leading-twist TMD functions with soft

subtraction F9/? in b, space, the Collins-Soper-Sterman
|

(CSS) renormalization group equations reads [64,65]

InFa/?(x,by;p.8) = Kes(by . p)

dIn+/C

Fralp . =
dlnﬂlnF (x. b1 u. ) = yr(ay(u))

~Fag(as(1))In é“) (47)

with the Collin-Sober kernel Kcg, also known as the
rapidity anomalous dimension that governs the rapidity ¢
scale evolution. The anomalous dimension yr depends on
the quark spin sources y*,yTy>, ic®y>. The perturbative
expansions of the anomalous dimension functions I",, and
7, are given in Appendix G.

The TMDs involve two evolution scales, u, £, and one
intrinsic transverse scale, b | . Their evolution is driven by
both perturbative and nonperturbative kernels [19,66-69].
For simplicity, we can choose a simple evolution scheme,
with ¢ = y?. In the perturbative region b, < byp, the
transverse scale of the TMD at high resolution y > 1/p is
completely governed by the perturbative analysis, with the
result

Ldx
FOr (e by i i)y = / ~ Cl (/X b ) F77 (X )

q'=4.9.9

<exp - /ﬂ”"ﬂ—‘f/[rwsp(asw)lng‘—i) rrla )| + KE (L)), )

b

Here f4/?(x, u,) = [ d*k F4/?(x, k) is the corresponding
leading-twist collinear PDF, namely f%/7, f4/0 g4/0 pi/7,
at p;, scale defined as

My =2e775 /by (49)
The convolution is the operator product expansion

(OPE), which describes the small-b, behavior of the
|

Fralp 2 Fralp m“ (b./p)In
Falr(e, b s uapi?)|, o, = F7 (2,015 po, i5)e

where the low resolution TMD in the ILM is defined by

<

[
TMDs in terms of the collinear PDFs f4/#, convoluted
with perturbative Wilson coefficients Cif/ i where f denotes

the type of the collinear PDF. The details are briefly given
in Appendix G.

In the nonperturbative region b, > byp, the instanton
and anti-instanton fields contribute. The corresponding
TMD reads

exp | / O (10@) = Taag (%)) (f—%))]

(50)

msl (hl/[)) 1;22. (51)
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FIG. 7. Soft subtracted unpolarized f‘f/ ? (green), spin-depen-

dent TMD distributions g?/ ? (red), and ﬁ'f/ 7 (black) at two
different high resolutions, 4 =2 GeV (dashed lines) and y =
10 GeV (solid lines), using (52), with the bands corresponding to
the fitting parameter byp = 1.3-2.0 GeV~' [12].

The unsubtracted TMD at low resolution is composed of
the overlap of the LFWFs F?” (x,k,) in (15) and a

(inst)

rapidity factor exp (KUs" In y/¢,/ x?m?) from the stapled
Wilson line. Thus, the low energy unsubtracted TMD can
be fully calculated in the instanton liquid model.

The evolution now is separated into a perturbative and
nonperturbative region, where the cutoft separating the two
regions is set as

e~ TE
¢ —15GeV-!,

bxp =
Ho

where ug ~ 1/p is the nonperturbative scale fixed in the
ILM. The full TMD at high resolution y > 1/p interpolates
between the large b, and small b, , by optimally matching
the linear combination

FalP(x, by pp®) = FUP(x, by < byp; p, ) e=s/bre
+ FU7(x, by > byps p. p?)

x (1 — e~be/bwr) (52)

with byp the optimization parameter.
In Fig. 7 we show the unpolarized f?/ ” (green), spin-

dependent g‘{/ ?" (red), and 13‘11/ ? (black) TMDs at the
resolution y = 2 GeV (solid lines) compared to a higher
resolution ¢ = 10 GeV (dashed lines). The results follow
from (52) with the matching parameter in the range byp =
1.3-2.0 GeV~! [12]. In Fig. 8 we show the separate results
for the corresponding TMDs (a) 747, (b) 7%/*, and (c) h?"”
at x = 0.3, with the pQCD results (green), the ILM (red),
and combined result (black) with a band corresponding to
the matching parameter in the range byp = 1.3-2.0 GeV~!
at high resolution y= 2 GeV with ¢ = 2. Only the small-
b, perturbative contribution inside green band (b, =
0.56-1.5 GeV™!) is perturbatively reliable. The smaller
region (b, < 1/u) suffers the sensitivity to the UV regu-
larization scheme and uncertainty from the large logarithm.
The phenomenological prescriptions to this region have
been proposed in [8,9,70,71] (and references therein). On
the other hand, the large b, TMD is dominated by ILM.
The large b | of perturbative contribution in Fig. 8 is simply
modified by b, prescription [72] such that the saturation
occurs to avoid the Landau pole Agcp.

IV. CONCLUSIONS

We have developed an analysis of the leading-twist
TMDs of the spin-1 rho meson, using the ILM of the
QCD vacuum. By making use of the most general spin
quantization, we derived all nine T-even TMDs for the rho
meson, and their corresponding reductions to PDFs. The
analysis uses a leading Fock approximation for the longi-
tudinal and transverse rho meson light front wave func-
tions. O(3) symmetry is enforced through the proper
counting rule of instanton density n;,, in the ILM, at
low resolution. Lorentz covariance is dynamically restored,

w
=]
w
=3

i = ILM e = ILM (=ILM

) = pQCD - = pQCD 25} = pQCD
D20 = ILM+pQCD = 20 » ILM+pQCD S0l u ILM+pQCD
2 15F =15 3
s s S
?;:1,0- S 10 }51_0,

0.5 05 0.5

00 0.0 . . .

0.0 05 1.0 15 0.0 05 1.0 15 00,5 05 10 15
b, / fm by [ fm by / fm

(a)

(b) (c)

FIG. 8. The unpolarized TMD distributions (a) f‘f/ ?, and spin-dependent TMDs (b) ;ﬂ/ 2. () ﬁ?/ ? are shown at the resolution
u=2 GeV for also x = 0.3 with black bands corresponding to the interpolating parameter byp = 1.3-2.0 GeV~! (52). The green
interval corresponds to the perturbatively reliable region 2772 /u < b, < 1.5 GeV~.
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with the momentum sum rules for the unpolarized and
tensor polarized PDFs satisfied in the ILM.
Before evolution and at the ILM resolution u = 1/p, the

h%? tho TMD is found to be null in the leading Fock
approximation. The remaining and nonvanishing T-even
rho TMDs show a Gaussian-like behavior in k; for fixed
parton x. This feature follows from a profiling of the zero
modes in the ILM, and carries to the rest of the TMDs. The
F4% tho TMD is found to be antisymmetric with respect to
the x = L-line, while the f9/ vanishes around two sym-
metric lines about x = %, a possible sensitivity to a small P-
wave contribution in the spin-1 state, in the two-body Fock
space approximation. At low resolution, the rho tensor
charge is about 1, in agreement with the constituent quark
model, or NJL.

Following our recent analysis of the pion and kaon
TMDs [11], we have suggested that the tho TMDs in the
ILM at low resolution should be supplemented with the
pertinent CS kernels K gg“) to allow for evolution at higher
resolution and rapidities. The evolved TMDs at higher
resolutions and rapidities show substantial shift to lower
parton x. Interpolating the pQCD results at small b, and
the ILM results at large b for the rho TMDs allows the
extraction of the TMDs in transverse space for fixed
parton x.

The rho meson TMDs integrated over k, yield its four
PDFs. The resulting rho tensor is about 1 at low resolution,
which is consistent with the constituent quark model, as
well as lattice [57] and model estimate [22]. The quark spin
sum or axial charge is also about 1 at low resolution, in
contrast to lattice [57] and model estimates [22] which puts
it near % This is notable as it implies consistency with the
constituent quark model for a rho meson in the ILM. This
may not be surprising, given the LL + RR character of this
meson, which does not mix with the LR fluctuations
strongly induced by the instantons and anti-instantons
(but mix with their topologically trivial molecules), which
are a major source of intrinsic spin in the pion and nucleon.
This point deserves further investigations, namely on a
lattice with different resolutions.

Indeed, the emergent tomographic picture of the rho
meson at different resolutions is encouraging for future
comparison with lattice simulations, assuming that the rho
meson state can be numerically separated from the mixing
with the low-lying multipion states. Using the gradient flow
technique, a direct comparison to our TMDs at low
resolution would be very useful.

Finally, the extension of the present analysis to include
the four-Fock space contribution with possible P-wave
admixing may prove important in understanding the
possible role of the orbital contribution in the rho
meson TMDs.

ACKNOWLEDGMENTS

This work is supported by the Office of Science,
U.S. Department of Energy under Contract No. DE-
FG88ER40388. This research is also supported in part
within the framework of the Quark-Gluon Tomography
(QGT) Topical collaboration, under Contract No. DE-
SC0023646.

DATA AVAILABILITY

The data are not publicly available. The data are
available from the authors upon reasonable request.

APPENDIX A: POLARIZATION AND SPIN
FOUR-VECTORS

For a spin-j particle with a mass m in the rest frame, the
spin operator % is defined by a (2j+ 1) x (2j+ 1) matrix
in the irreducible representation of the spin algebra, with
the unit vector 5 as the (arbitrary) spin quantization axis.
In a boosted frame, the rest frame four-vector (0,5)
transforms to

m m(E5 +m)

with the condition p - S = 0 and S*> = —1 alongside. The
spin operator % is then the Pauli-Lubanski pseudovector X#:

1
SH = 3 erop, me

(A2)
where J,, are the generators of the Lorentz group.

For a spin-1 particle with a mass m,,, the spin operator is
a 3 x 3 matrix with entries (Z¥);; = —iey;;, defining the
spin-1 eigenstates &, by

—~iskei €] = Ael (A3)

with the polarization 4 = 0, +-1. If we set the spin quan-
tization axis in the z direction, the polarization vectors are
£, = (1,4i,0)/v/2 and &, = (0,0,1).

The covariant generalization of (A3) is

oS P (p) = 264(p) (A4)

P

with a four-vector generalization of the spin-1 eigenstate £,.
The polarization four-vectors of a spin-1 particle are
given by
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55 B3
f— A
¢ (p) ( o »ezﬁ‘n%(Eﬁ+_n%)> (AS)

with the Ward identity p-¢&;(p) =0 and normalization
condition &' - e, = ;- &y = —1. The following relation
between the polarization and spin four-vectors (AS8) is then

i
— €”Upapyezp(p)€ﬂ(r(p> = ASH. (A6)
mp,

It is convenient to recast the covariant form of the spin-1

density matrix eﬁsﬁ * for pure spin states with some fixed
polarization 4, using the spin and momentum four-vectors.
The covariant spin density matrix with a fixed 4 pure state

can be expressed as

. ) 1 , . P'p” 7
“3’; (p)gﬁ(p) = g <_gﬂ + m2 ) - m e ppSU
% P

322-2 1 prpY
- susv — = (—gw .
L5 ()]

P

(A7)

The identity is achieved by decomposing the spin-1 density
matrix into symmetric traceless and antisymmetric Lorentz
tensors and trace using (A6) and the completeness relation
of polarization vector £ (p) [73,74].

For simplicity, here we choose the three-momentum of
the target along the z direction (p, = 0) and denote the
Cartesian components of the spin quantization unit vector
by 5= (s.,s.), where s, = (s',s%) is normal to the
hadron target momentum and s; is the z component. In
the light-cone signature, the spin vector can be written as

+ m,
— - /r H
S = sL—n”—sLZ—n”—&—sl,

+
m, p

(A8)

where s; can be viewed as the target averaged helicity and
the transverse spin is defined by s2 =1 — s2.

Generally, for any given direction S, the spin of the
particle can be projected onto this direction. We note that
longitudinal polarization means that s; =0 and |s;| = 1.
There are 2j + 1 spin projections for a spin-; particle along
the direction of the momentum. Transverse polarization
means that s; = 0 and |s, | = 1, and that there are 2j + 1
spin projections along the direction s, perpendicular to the
momentum.

APPENDIX B: SPIN-DEPENDENT WAVE
FUNCTIONS ON THE LIGHT FRONT

Throughout this paper, our conventions of the light front
frame follows Kogut-Soper convention based on the Weyl
chiral basis of the gamma matrices:

0 1 ‘ 0 o
0= P= : . Bl
Y (H 0) v (_6, 0 > (B1)
The light front components are normalized to
+ _ }/O + }/3 (B2)
V2
with the light front projectors defined as
1 0 0O
1 0 0 0O
P,=_yyt = B3
=577 00 0 0 (B3)
00 01
and P_=1-P,.

The spin-dependent wave functions denote the spin
states in the creation of a quark-antiquark pair. The spin
wave functions for each channel can be computed by the
light front spinors for the quarks and antiquarks. The
spinors are defined as

W) =k =pam) () (@
and

_ 1 “kt—y ik — s
W=k —pkmm) () (es)

respectively, with &, (1,), a quark two-spinor (antiquark
two-spinor) with a spin pointing in the z direction, and M
the constituent quark mass. The antiquark two-spinor is
related to a quark two-spinor by charge conjugation
ngy = ioy&y = —2sé_;. The corresponding p meson spin
wave functions with a meson momentum p along z
direction read

i, () (1)
- J_—xl_xﬂ‘ [\/EMC# + (x ! \ng . \_/56) kR] s,
(B6)
i, () =2, ()
= \;—xl_xﬂ‘ [\szo- - (xlfz ot \J;Z) kL:|’7s2
(®7)
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i, (ky)y v, (ky) = 2\/&]9*621614‘,2 (B8)

k2
(o k) = ~Vas (L e 9

where 6* = (¢! £i0?)/2 and k; p = k! +ik3.

APPENDIX C: SUMMARY OF THE RHO WAVE
FUNCTIONS IN THE ILM

The twist-2 distribution amplitude (DA) for the longi-
tudinally polarized rho meson is

teo dZ ixptz”
Py (x f o €

<0|a<o>gy+W[o Tl =0). (€D

The twist-3 distribution amplitude (DA) for the transversely
polarized rho meson is

, pt [tedzT
0p L) =2 [T et
pJpJ=

T o
x <0|C](0)371W[0,Z lg(z7)|p(4 = £1)).
(€2)
Here f,~ 155 MeV [75] is the tho electroweak decay

constant. The explicit form of the rho DAs in the ILM
read [32]

V PL / (k2 +M2)
0 di?
@p) (%) = pfp87r (x%) 0 K 4 M? - xxm?
k
x F? (/1 b) (C3)
INZC, 0x%) [ (1—2x0)k% + M
(/)/)L( ) f 871' X / dki k2 +M2i_ 2
/) p 0 1 xxm/}
k
< F? (A _> (c4)

Here X =1—x and the unit step function 6(xx) =1
constrains the DAs to the physical domain 0 < x < 1.
The parameter 4, = 1.260 is chosen so that the DAs
are properly normalized at u = 1/p, for a fixed decay
constant f,.

APPENDIX D: DGLAP EVOLUTION

The quark distribution ¢(x) and gluon distribution g(x)
evolves with energy scale,

dq(x) dx' X X

dln,u2 = [ 7pqq’ ; q(x/) + pq_g ; g('xl)

dg(x)  [ldx X , X ,

ding2 [ ~ Pod (;) q(X') + Py (;) g(x').  (DI)

Partons g or g come out from the hadronic bound state
carrying the longitudinal momentum k* = x’p* and split
into a parton pair carrying momentum (x/x')k* and
(1 —x/x')k*, respectively. The evolution kernel can be
written in terms of a perturbative expansion,

Pyl) = ;(%?)Mpﬁf)(x)-

For the parton distribution g(x) and g(x), the splitting
functions are defined as

i) = 26 (5 + 361

(D2)

0) X I —x .y
) =4, (= )
+ Bod(1 —x), (D3)

where the one- loop beta function coefficient is Sy =
Yy —3Ny, Cp =55, and C4 = N.C4 =
For the helicity distribution Ag(x) and Ag( ), the

evolution is of the same form with similar splitting
functions defined by [76]

3
Ap;?}(x)zch< —1—x+§5(1—x)>

(1- x)+
Aply (x) = 2N;(2x = 1)
Apy) (x) = 2Cp(2 — x)
Ap_f,?) (x) =2C4 <ﬁ +2- 4x> + Bod(1 — x).

(D4)

For the transversity distribution §¢(x), with no corre-
sponding gluon distribution, the evolution does not mix
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with the gluon, leaving the evolution kernel with one
splitting function defined by [77-79]

W—2+%5(1 —x)>. (D5)

APPENDIX E: SUBTRACTED TMD
DISTRIBUTIONS IN b SPACE

Here we summarize the Fourier transformation for each
of the structure functions in the subtracted TMD distribu-
tions in (12):

FU°(x,b) =21 A " dkk £ (x, k) Jo (kb)

Folt (x.b) = 22 /) ARk (x, k)T o(kb)

~ 2 [0

Filptect) = 2o [ a1l ), (k)
P

~ 2 ©

Pl ) = o [ ao st sske)  (ED
P

7 (x,b) = 21 / " dkkg?” (x, k)Jo (kD)
0

2w

~q/, _
gl (x.b) = m—,%b

/ T Ak F () (kD) (E2)
0

i,’l?/ﬂ(x’ b) = 2;;/000 dkkh‘f/p(x, k)Jo(kb)

~ 2 [

h’{{ﬂ(x,b):mz /0 dkK*h9P (x, k)J, (kb)
P
2

740? (x, b) / " dkk3RY? (x, k)T, (kD). (E3)

)
mpb 0

APPENDIX F: CS KERNEL

The integrability of the RG evolution equations
guarantees

dKcs(by,p)

ding® —Teusp (s ())- (F1)

The solution to the CSS
equation (F1) reads

renormalization  group

Kg’sen)(bbﬂb) - 2f” d_!f/rcuspv b, < byp
Kes(by,pu) = ok

Kggso(bl), b, > byp.
(F2)

The Collins-Soper kernel is split into a perturbative con-
tribution plus a nonperturbative remainder. The splitting is
enforced by a smooth cutoff byp ~ p with a transverse scale

Ze_yE
by

Hp =

to ensure that the evolution remains within the perturbative
regime.

The coefficients for each a, order of the perturbative
part of Képsm) with minimal logarithmic dependence can
be found in G. The perturbative gluon radiation at large
transverse distance is suppressed, and the nonperturbative
Collins-Soper kernel compensates the gluon radiation
nonperturbatively. The p-independent nonperturbative cor-
rection to the Collins-Soper kernel can be estimated in the
ILM, as we have done recently in [12].

APPENDIX G: ANOMALOUS DIMENSIONS AND
WILSON COEFFICIENTS FOR TMD
EVOLUTION

Here we record the perturbative anomalous dimensions
and the Wilson coefficients, for the TMD evolution up to
next-to-next-to-next-to-leading order (N*LO) [69,80,81].

First, the light-cone cusp anomalous dimension is
given by

Teusp (@) = Y Tl (ay). (G1)
n=1
where each order is defined as
n aS "
Fip(at) = (E) r, (G2)
with the nth order coefficients defined as
Fl = 4CF (G3)
67 x? 5
I'h =8Cp|Cyl—=—— ) —=N
2= screu(f5-5) -5
1072 167* 160
- — ——N G4
9 3 277 (G4)
1767* 21447%
T3 = 3520(3) 4~ = S 4 1960
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+f<9+27 7 ) s (G

034028-17



WEI-YANG LIU and ISMAIL ZAHED

PHYS. REV. D 112, 034028 (2025)

34496¢(5)

337112

1782407>  36087* 32528z

3
| 2547(5)

r, = (—1536@(3)2 — 704722 (3) + 28032¢(3) —

16647°C(3) _ 616640¢(3)

1377380 n 5168072

6
= )
24647*

9 5 945

w1y (F

16640¢(3)
2
+ Nf< ot

81 243
71500

729

9

416z
405

121672
243

4) o0 (2565(3)

81

)

81

128
243 )"

135

[

The collinear anomalous dimension for the TMD oper-
ator is given by

(G7)

Yf(as) = Z y}n) (0(5),
n=1

where each order is defined as
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The 2D evolution of the transverse momentum depend-
ence is driven by the anomalous dimensions yr and I'¢p.
They are identical for TMD PDFs and TMD fragmentation
functions to all orders [81]. The anomalous dimension y
only varies by the quark operator, as defined in the TMD
functions.

The perturbative part of the Collins-Soper kernel at

(

.. . . Tt
minimal logarithmic scale KJg

kzz
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With the above in mind, the OPE convolution in the
small-b (b < bnp) TMD evolution (G16) can be written as

~ Ldy! X /
R bimi) = [l (b ) 16

)
x/

. Ldx' X /
17 (x, bi . ) 2/ ~ Cara <;’bvﬂh>9‘f/p(f,ub)
X

X’

- Ldx’ X /
h?/p(x,b;ﬂb,ﬂi)ﬁf ~ Casa (‘ bvﬂb)h?/p(wa)-

(G16)

The Wilson coefficient for each type of TMD distribution is
given in [82]

Cj;/yq<x’ b. )

—6(1 —x) ~|—Z—;CF [—’;25(1 —x)+2(1 —x)} (G17)

and
2

o) =01 =)+ o€ a1 =) (G18)
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