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We analyze the rho meson unpolarized and polarized transverse momentum dependent parton
distribution functions (TMDPDFs) in the instanton liquid model (ILM). The corresponding TMDs in
ILM are approximated by a constituent quark beam function in the leading Fock state multiplied by a
rapidity-dependent factor resulting from the staple-shaped Wilson lines, for fixed longitudinal momentum,
transverse separation, and rapidity. At the resolution of the ILM, all of the rho meson TMDs are symmetric
in parton x for fixed transverse momentum, and Gaussian-like in the transverse momentum for fixed parton
x. The latter is a direct consequence of the profiling of the quark zero modes in the ILM. The evolved TMDs
at higher rapidity using the Collins-Soper kernel, and higher resolution using the renormalization group,
show substantial skewness towards low parton x.
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I. INTRODUCTION

Fast moving hadrons are composed of quarks and gluons
(partons). The partonic structure of hadrons is probed
through inclusive and semi-inclusive deep inelastic scatter-
ing experiments [1]. Transverse momentum distributions
(TMDs) for a given hadron map the probability distribution
of a parton in both transverse momentum and longitudinal
momentum fraction x [2]. They reduce to the unimodular
parton distribution functions (PDFs) after transverse inte-
gration [3].
There is continuous effort both experimentally [4–10]

and theoretically including the instanton-based nonpertur-
bative model [11,12] and large scale lattice simulations
[13–18], to quantify these nonperturbative functions. Their
understanding is part of a large experimental effort at
COMPASS at CERN, JLAB in Virginia, LHC at CERN,
and the future EIC at BNL. Currently, TMDPDFs are
empirically extracted from Drell-Yan (DY) processes and
semi-inclusive deep inelastic scattering (SIDIS), with small
final hadron transverse momentum [19].
In the leading twist approximation, TMDs are defined as

correlation functions of bilocal quarks with stapled lightlike

Wilson lines that are lined up on the light cone. Recent
lattice developments using the large momentum effective
theory have proven useful for their possible Euclidean
extraction and matching using quasi-TMDs, where the
staple-shaped Wilson line (soft function) can be related to a
mesonic form factor [20].
Spin-0 targets are characterized by one T-even TMD

(unpolarized function) and one T-odd (Boer-Mulders func-
tion). Specifically, the T-even one reduces to the unpolar-
ized parton distribution. Spin-1

2
targets are characterized

by six T-even TMDs and two T-odd TMDs [2,21]. The
T-odd TMDs are known as the Sivers and Boer-Mulders
functions, while the T-even TMDs are tied to the standard
unpolarized, helicity, and transversity PDFs. Spin-1 targets
do not have Sivers and Boer-Mulders functions. Alter-
natively, they have three additional T-even TMDs related to
unpolarized partons in a tensor-polarized target, which
amount to an additional PDF upon transverse integration
[22]. The purpose of this paper is to evaluate the rho meson
unpolarized and polarized TMDs at low resolution, using
the instanton liquid model (ILM) description of the QCD
vacuum. It is a follow-up on our recent study of the spin-0
TMDs for the pion and kaon in the ILM [11].
The Yang-Mills vacuum at high resolution is dominated

by UV gauge fluctuations. When the gradient flow cooling
is applied to these configurations [23–30], a smoother
landscape in the IR emerges. This landscape is dominated
by topologically active configurations known as pseudo-
particles (instantons and anti-instantons), with a mean
size ρ ∼ 13 fm, and a mean density (tunneling rate)
nIþA ∼ 1=fm4. These features are well captured by the
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ILM [31–41]. For a more comprehensive review, see also
[42–44] (and references therein).
The organization of the paper is as follow: In Sec. II we

outline the general aspects of the rho TMDs, and develop
their analysis in the ILM, at low resolution. We also derive
their relationships to the rho PDFs and sum rules. In Sec. III
we show how to implement the soft subtraction scheme on
the TMD distributions, and carry their double evolution
in scale and rapidity. Our conclusions are in Sec. IV.

A number of Appendixes are added to detail and support
the arguments in the main text.

II. RHO TMDS

A. General

The leading twist-2 TMDs describe the unpolarized,
helicity, and several transversity parton distributions in the
transverse plane:

qρðx; k⊥Þ ¼
Z

∞

−∞

dz−

2π

Z
d2b⊥
ð2πÞ2 e

ixPþz−−ik⊥·b⊥hρjψ̄ð0ÞγþWð�Þ½0; 0⊥; z−; b⊥�ψðz−; b⊥Þjρi

Δqρðx; k⊥Þ ¼
Z

∞

−∞

dz−

2π

Z
d2b⊥
ð2πÞ2 e

ixPþz−−ik⊥·b⊥hρjψ̄ð0Þγþγ5Wð�Þ½0; 0⊥; z−; b⊥�ψðz−; b⊥Þjρi

δqαρðx; k⊥Þ ¼
Z

∞

−∞

dz−

2π

Z
d2b⊥
ð2πÞ2 e

ixPþz−−ik⊥·b⊥hρjψ̄ð0Þiσαþγ5Wð�Þ½0; 0⊥; z−; b⊥�ψðz−; b⊥Þjρi: ð1Þ

Here the hadronic state label includes the quantum numbers
carried by the on-shell vector meson of mass mρ., i.e.,
ρðp; λÞ. The rho kinematics is represented by the longi-
tudinal light front unit vectors n ¼ ð1; 0−; 0⊥Þ and n̄ ¼
ð0þ; 1; 0⊥Þ in light-cone signature, and the transverse

component. The hadronic momentum with energy Ep⃗ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

ρ þ p⃗2
q

and three-momentum p⃗ can be decomposed:

pμ ¼ pþn̄μ −
m2

ρ

2pþ nμ þ pμ
⊥: ð2Þ

The Wilson lines in the matrix elements (1) enforce
gauge invariance. They are different in semi-inclusive deep
inelastic scattering (SIDIS) process (spacelike), and in
Drell-Yan process (timelike) [45]. The resummation in
the SIDIS processes of the intermediate gluons yields the
Wilson line defined as WðþÞ. The resummations in the
Drell-Yan processes of the intermediate gluons lead
the Wilson line defined as Wð−Þ [46–50],

Wð�Þ½0; 0⊥; z−; b⊥� ¼ Wn½0; 0⊥;�∞; 0⊥�
×W⊥½�∞; 0⊥;�∞; b⊥�
×Wn½�∞; b⊥; z−; b⊥�; ð3Þ

with the generic gauge link defined as

W½x; y� ¼ P exp

�
ig
Z

y

x
dzμAμðzÞ

�
: ð4Þ

B. Momentum distribution

The rho TMDs can be decomposed into several functions
based on the quark spin direction compared to the polari-
zation of the hadron states. The notations follow the
convention in PDFs. The functions f, g, and h denote
the quark polarization for being unpolarized (γþ), longi-
tudinally polarized (γþγ5), and transversely polarized
(iσαþγ5), respectfully. The lower index 1 refers to the
leading twist, and the subscripts L and T refer to the hadron
polarization.
For rho mesons, the Lorentz decomposition makes

use of the spin quantization axis s⃗ ¼ ðs⊥; sLÞ, and the
vector meson polarization λ ¼ 0;�1 projected onto s⃗. With
this in mind, the TMDs for vector mesons can be decom-
posed as [51]

qρðx; k⊥Þ ¼ fq=ρ1 ðx; k⊥Þ þ SLLf
q=ρ
1LLðx; k⊥Þ

þ SLT · k⊥
mρ

fq=ρ1LTðx; k⊥Þ

þ SαβTTk
α⊥k

β
⊥

m2
ρ

fq=ρ1TTðx; k⊥Þ ð5Þ

Δqρðx; k⊥Þ ¼ λ

�
sLg

q=ρ
1 ðx; k⊥Þ þ

k⊥ · s⊥
mρ

gq=ρ1T ðx; k⊥Þ
�

ð6Þ

δqαρðx; k⊥Þ ¼ λ

�
sα⊥h

q=ρ
1 ðx; k⊥Þ þ sL

kα⊥
mρ

hq=ρ1L ðx; k⊥Þ

þ 1

2m2
ρ

�
sα⊥k2⊥ − 2k⊥ · s⊥kα⊥

�
hq=ρ1T ðx; k⊥Þ

�
ð7Þ

with the spin polarization tensors
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SLL ¼ ð3λ2 − 2Þ
�
1

6
−
1

2
s2L

�
ð8Þ

SαLT ¼ ð3λ2 − 2ÞsLsα⊥ ð9Þ

SαβTT ¼ ð3λ2 − 2Þ
�
sα⊥s

β
⊥ −

1

2
s2⊥δαβ

�
: ð10Þ

There are three tensor polarized TMDs f1LL, f1LT , and
f1TT that are specific to spin-1 mesons. As we noted earlier,
for spin-1 mesons there are nine leading-twist TMDs and
four PDFs, if we restrict ourselves to the T-even
distributions.
With the Fourier transform of a generic TMD

Fq=ρðx; k⊥Þ to the conjugated transverse coordinate space
defined as

F̃q=ρðx; b⊥Þ ¼
Z

d2k⊥
ð2πÞ2 e

ik⊥·b⊥Fq=ρðx; k⊥Þ; ð11Þ

the Lorentz decomposition of TMD distribution in b⊥
space can be written as [52]

q̃ρðx; b⊥Þ ¼ f̃q=ρ1 ðx; b⊥Þ þ SLLf̃
q=ρ
1LLðx; b⊥Þ

þ iSLT · b⊥mρf̃
q=ρ
1LTðx; b⊥Þ

þ SαβTTb
α⊥b

β
⊥m2

ρf̃
q=ρ
1TTðx; b⊥Þ ð12Þ

Δq̃ρðx; b⊥Þ ¼ λ
h
sLg̃

q=ρ
1 ðx; b⊥Þ þ ib⊥ · s⊥mρg̃

q=ρ
1T ðx; b⊥Þ

i
ð13Þ

δq̃αρðx; b⊥Þ ¼ λ
h
sα⊥h̃

q=ρ
1 ðx; b⊥Þ þ isLbα⊥mρh̃

q=ρ
1L ðx; b⊥Þ

−
m2

ρ

2

�
sα⊥b2⊥ − 2b⊥ · s⊥bα⊥

�
h̃q=ρ1T ðx; b⊥Þ

i
:

ð14Þ

The relations between the b⊥ space TMD and the k⊥ space
TMDs are listed in Appendix E.

C. Rho TMD in ILM

The computation of TMD quark distribution in the vector
meson can be simply addressed by the light front wave
functions (LFWFs). The softly factored contribution of the
staple-shaped Wilson line Wð�Þ at low resolution will be
addressed below. With this in mind, the rho meson TMD
reads

qρðx; k⊥Þ ¼
1

ð2πÞ3
X
s1;s2

Φ†
ρðx; k⊥; s1; s2ÞΦρðx; k⊥; s1; s2Þ

Δqρðx; k⊥Þ ¼
1

ð2πÞ3
X

s1;s01;s2

Φ†
ρðx; k⊥; s1; s2Þ

× σ3s1s01
Φρðx; k⊥; s01; s2Þ

δqαρðx; k⊥Þ ¼
1

ð2πÞ3
X

s1;s01;s2

Φ†
ρðx; k⊥; s1; s2Þ

× σαs1s01
Φρðx; k⊥; s01; s2Þ; ð15Þ

with the vector meson wave functions polarized in the s⃗
direction. Their general form follows from the derivation
given in [32], using an arbitrary spin quantization axis. The
result for the longitudinal vector meson LFWF, is

Φ0
ρðx; k⊥; s1; s2Þ ¼

1ffiffiffiffiffiffi
Nc

p
"

Cρffiffiffiffiffi
xx̄

p ðm2
ρ −

k2⊥þM2

xx̄ Þ
F
�

k⊥
λρ

ffiffiffiffiffi
xx̄

p
�#

× εμ0ðpÞūs1ðk1Þγμτavs2ðk2Þ: ð16Þ

For the transverse vector meson LFWFs, the results are

Φ�
ρ ðx; k⊥; s1; s2Þ ¼

1ffiffiffiffiffiffi
Nc

p
"

Cρffiffiffiffiffi
xx̄

p ðm2
ρ −

k2⊥þM2

xx̄ Þ
F
�

k⊥
λρ

ffiffiffiffiffi
xx̄

p
�#

× εμ�ðpÞūs1ðk1Þγμτavs2ðk2Þ: ð17Þ

Here us1ðk1Þ denotes the light front quark spinor with spin
s1 and internal momentum kþ1 ¼ xpþ, k1⊥ ¼ k⊥. Similarly,
vs2ðk2Þ denotes the light front antiquark spinor with spin s2
and internal momentum kþ2 ¼ x̄pþ, k2⊥ ¼ −k⊥, as detailed
in Appendix B. The polarization direction is encoded in the
polarization vector εμðpÞ. The normalization condition for
the light front wave functions yields

CρT ¼
�
1

4π2

Z
1

0

dx
Z

∞

0

dk2⊥
k2⊥ þM2 − 2xx̄k2⊥
ðxx̄m2

ρ − k2⊥ −M2Þ2

× F 2

�
k⊥

λρ
ffiffiffiffiffi
xx̄

p
��

−1=2
ð18Þ

and

CρL ¼
�
1

4π2

Z
1

0

dx
Z

∞

0

dk2⊥
�

1

m2
ρ
þ 4xx̄ðk2⊥ þM2Þ
ðxx̄m2

ρ − k2⊥ −M2Þ2
�

× F 2

�
k⊥

λρ
ffiffiffiffiffi
xx̄

p
��

−1=2
ð19Þ

with λρ ¼ 1.260 fixed by demanding the proper normali-
zation of the rho distribution amplitude (DA) for an on-
shell rho of mass mρ, as detailed in Appendix C. In other
words, λρ ¼ 1.260 reproduces the rho electroweak decay
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constant fρ. By setting the pseudoparticle (instanton) size
ρ ¼ 0.313 fm, and a constituent mass M ¼ 398.17 MeV,
the rho mass is found to be mρ ¼ 791 MeV, and the
normalization constants in (18) and (19) are

CρL ¼ CρT ¼ Cρ ¼ 1.9888: ð20Þ

It is important to note that, to recover full covariance on the
light front for the rho meson, terms of order

p− −
k2⊥ þM2

2xx̄pþ ∼Oðn2IþAÞ

need to be retained in the light front analysis [32]. Note that
the Ward identity is readily enforced,

pμūs1ðk1Þγμvs2ðk2Þ ¼ 0: ð21Þ

Inserting (16) and (17) into (15) and reducing yields the
leading twist TMDs in the ILM:

fq=ρ1 ðx; k⊥Þ

¼ 1

3

C2
ρ

ð2πÞ3
��

2

m2
ρ
þ 8xx̄ðk2⊥ þM2Þ
ðxx̄m2

ρ − k2⊥ −M2Þ2
�
F 2

�
k⊥

λρ
ffiffiffiffiffi
xx̄

p
��

þ 2

3

C2
ρ

ð2πÞ3
�
2ðk2⊥ þM2 − 2xx̄k2⊥Þ
ðxx̄m2

ρ − k2⊥ −M2Þ2 F 2

�
k⊥

λρ
ffiffiffiffiffi
xx̄

p
��

ð22Þ

fq=ρ1LLðx; k⊥Þ

¼ C2
ρ

ð2πÞ3
��

2

m2
ρ
þ 8xx̄ðk2⊥ þM2Þ
ðxx̄m2

ρ − k2⊥ −M2Þ2
�
F 2

�
k⊥

λρ
ffiffiffiffiffi
xx̄

p
��

−
C2
ρ

ð2πÞ3
�
2ðk2⊥ þM2 − 2xx̄k2⊥Þ
ðxx̄m2

ρ − k2⊥ −M2Þ2 F 2

�
k⊥

λρ
ffiffiffiffiffi
xx̄

p
��

ð23Þ

fq=ρ1LTðx; k⊥Þ ¼
C2
ρ

ð2πÞ3
�
2ðx − x̄Þðxx̄m2

ρ þ k2⊥ þM2Þ
ðxx̄m2

ρ − k2⊥ −M2Þ2

× F 2

�
k⊥

λρ
ffiffiffiffiffi
xx̄

p
��

ð24Þ

fq=ρ1TTðx; k⊥Þ ¼
C2
ρ

ð2πÞ3
�

4xx̄m2
ρ

ðxx̄m2
ρ − k2⊥ −M2Þ2F

2

�
k⊥

λρ
ffiffiffiffiffi
xx̄

p
��

ð25Þ

gq=ρ1 ðx; k⊥Þ ¼
C2
ρ

ð2πÞ3
4ððx − x̄Þk2⊥ þM2Þ
ðxx̄m2

ρ − k2⊥ −M2Þ2 F
2

�
k⊥

λρ
ffiffiffiffiffi
xx̄

p
�

ð26Þ

gq=ρ1T ðx; k⊥Þ ¼
C2
ρ

ð2πÞ3
2ðxx̄m2

ρ þ k2⊥ þM2Þ
ðxx̄m2

ρ − k2⊥ −M2Þ2 F
2

�
k⊥

λρ
ffiffiffiffiffi
xx̄

p
�

ð27Þ

hq=ρ1 ðx; k⊥Þ ¼
C2
ρ

ð2πÞ3
M
mρ

2ðxx̄m2
ρ þ k2⊥ þM2Þ

ðxx̄m2
ρ − k2⊥ −M2Þ2 F

2

�
k⊥

λρ
ffiffiffiffiffi
xx̄

p
�

ð28Þ

hq=ρ1L ðx; k⊥Þ ¼ −
C2
ρ

ð2πÞ3
4x̄Mmρ

ðxx̄m2
ρ − k2⊥ −M2Þ2F

2

�
k⊥

λρ
ffiffiffiffiffi
xx̄

p
�

ð29Þ

hq=ρ1T ðx; k⊥Þ ¼ 0: ð30Þ

We note the relationship

gq=ρ1T ðx; k⊥Þ ¼
mρ

M
hq=ρ1 ðx; k⊥Þ ð31Þ

which is in agreement with the relationship noted in [22].
For comparison with lattice results and other works, we
define the mean transverse momentum of a specific TMD
function Fq=ρ as

hk⊥i ¼
R
dx d2k⊥jk⊥jFq=ρðx; k⊥ÞR
dx d2k⊥Fq=ρðx; k⊥Þ

: ð32Þ

The result is shown in Table I.

D. TMDs at low resolution

In Fig. 1, we show the rho TMD fq=ρ1 (22) (left column)

and the rho TMD fq=ρ1LT (24) (right column) in the two-body
Fock space approximation, calculated by the ILM at a renor-
malization scale, or resolution, μ¼1=ρ with ρ¼0.313 fm.
The rho LFWF parameters are Cρ ¼ 1.9888, mρ ¼
791.0 MeV, and M ¼ 398.17 MeV. Figures 1(a) and 1(b)
are the 2D density plots in x; k⊥, and Figs. 1(c) and 1(d)
their 3D visualization. The support of the TMDs in
longitudinal momentum is dominant at x ≈ 1

2
, with a widthffiffiffiffiffiffiffiffiffi

hk2⊥i
p

≈ 0.1 GeV. The profiles of the TMDs (22) and (24),

TABLE I. Table of the k⊥ moment of TMDs defined in (32).
Dots indicate the corresponding TMDs are vanishing. All units
are given in GeV. Our results are compared to the Nambu–Jona-
Lasinio (NJL) model [22], the light-front holographic model
(LFHM), the light-front quark model (LFQM) [53], and the
Bethe-Salpeter equation (BSE) [51].

hk⊥iNJL hk⊥iLFHM hk⊥iLFQM hk⊥iBSE hk⊥iILM
f1 0.32 0.238 0.328 0.399 0.0810
g1 0.08 0.204 0.269 0.318 0.0751
g1T 0.34 0.229 0.269 0.358 0.0785
h1 0.34 0.229 0.307 0.367 0.0785
h1L 0.33 0.204 0.269 0.368 0.0751
h1T � � � � � � 0.237 0.365 � � �
f1TT 0.32 0.211 � � � 0.338 0.0734
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FIG. 1. Rho meson TMD fq=ρ1 (left) (22) and fq=ρ1LT (right) (24) beam functions with only constituent quark contribution at low
resolution μ ¼ 1=ρwith ρ ¼ 0.313 fm: (a), (b) are the density plots, (c), (d) the 3D plots, (e), (f) the longitudinal momentum dependence
for fixed k⊥, and (g), (h) the transverse momentum dependent plots for fixed x. The rho light front wave function (LFWF) parameters are
Cρ ¼ 1.9888, mρ ¼ 791.0 MeV, and M ¼ 398.17 MeV.
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in parton x for k⊥ ¼ 0.2; 0.3; 0.4 GeV, are shown in
Figs. 1(e) and 1(f), and the corresponding profiles in k⊥
for x ¼ 0.1, 0.2, 0.3 are shown in 1(g) and 1(h), respec-
tively. For fixed k⊥, the distribution in parton x of fq=ρ1 is

symmetric, while that of fq=ρ1LT is antisymmetric. Both
distributions in k⊥ for fixed parton x are Gaussian-like.
This final feature arises from the profile of the quark zero
modes in the ILM.
In Fig. 2 we show the rho TMD fq=ρ1LL (23) (left column)

and the rho TMD fq=ρ1TT (25) (right column), in the two-body
Fock space approximation, in the ILM at a resolution μ ¼
1=ρ with ρ¼ 0.313 fm. The rho LFWF parameters are
Cρ ¼ 1.9888, mρ ¼ 791.0 MeV, and M ¼ 398.17 MeV.
Figures 2(a) and 2(b) are the 2D density plots in x; k⊥,
and 2(c) and 2(d) their 3D visualization. The support of the
TMDs in longitudinal momentum is dominant at x ≈ 1

2
, with

a width
ffiffiffiffiffiffiffiffiffi
hk2⊥i

p
≈0.1 GeV. The profiles of the TMDs (23)

and (25), in parton-x for k⊥ ¼ 0.2; 0.3; 0.4 GeV, are shown
in Figs. 2(e) and 2(f), and the corresponding profiles in k⊥
for x ¼ 0.1, 0.2, 0.3 are shown in 2(g) and 2(h), respec-
tively. For fixed k⊥, both distributions in parton x of fq=ρLL

and fq=ρ1TT are symmetric, with the former displaying two
zeros, an indication of a possible P-wave admixture. Both
distributions in k⊥ for fixed parton x are Gaussian-like,
the feature introduced by the profile of the instanton
zero modes.
In Fig. 3 we show the rho TMD gq=ρ1 (26) (left column)

and the rho TMD gq=ρ1T (27) (right column), in the two-body
Fock space approximation, in the ILM at a resolution μ ¼
1=ρ with ρ¼ 0.313 fm. The rho LFWF parameters are
Cρ ¼ 1.9888, mρ ¼ 791.0 MeV, and M ¼ 398.17 MeV.
Figures 3(a) and 3(b) are the 2D density plots in x; k⊥,
and 3(c) and 3(d) their 3D visualization. The support of the
TMDs in longitudinal momentum is dominant at x ≈ 1

2
, with

a wider spread in
ffiffiffiffiffiffiffiffiffi
hk2⊥i

p
≈0.1 GeV. The profiles of the

TMDs (26) and (27), in parton x for, are shown in, are
shown in 3(e) and 3(f), and the corresponding profiles in k⊥
for x ¼ 0.1, 0.2, 0.3 are shown in 3(g) and 3(h), respec-
tively. For fixed k⊥, both distributions in parton x of gq=ρ1

and gq=ρ1T are symmetric. Both distributions in k⊥ for fixed
parton x are Gaussian-like, due to the profile of the
instanton zero modes.
In Fig. 4 we show the rho TMD hq=ρ1 (28) (left column)

and the rho TMD hq=ρ1L (29) (right column), calculated by
the two-body Fock space approximation, in the ILM at a
resolution μ ¼ 1=ρ with ρ¼ 0.313 fm. The rho LFWF
parameters are Cρ ¼ 1.9888, mρ ¼ 791.0 MeV, and
M ¼ 398.17 MeV. Figures 4(a) and 4(b) are the 2D density
plots in x; k⊥, and 4(c) and 4(d) their 3D visualization.
The support of the TMDs in longitudinal momentum is

dominant at x ≈ 1
2
, with a wider spread in

ffiffiffiffiffiffiffiffiffi
hk2⊥i

p
≈0.1 GeV.

The profiles of the TMDs (28) and (29), in parton x for
k⊥ ¼ 0.2; 0.3; 0.4 GeV, are shown in 4(e) and 4(f), and the
corresponding profiles in k⊥ for x ¼ 0.1, 0.2, 0.3 are shown
in 4(g) and 4(h), respectively. For fixed k⊥, both distribu-
tions in parton x of hq=ρ1 and hq=ρ1L are symmetric. Both
distributions in k⊥ for fixed parton x are Gaussian-like due
to the profile of the zero modes in the ILM.

E. Rho PDFs from TMDs

The integration over the transverse momentum k⊥
dependence of the TMDs yields the PDFs. As we noted
in the introduction and for vector mesons, we have four
twist-2 PDFs, fq=ρ1 ðxÞ, fq=ρ1LLðxÞ, gq=ρ1 ðxÞ, and hq=ρ1 ðxÞ,
given by [22]Z

d2k⊥qρðx; k⊥Þ ¼ fq=ρ1 ðxÞ þ SLLf
q=ρ
1LLðxÞ ð33Þ

Z
d2k⊥Δqρðx; k⊥Þ ¼ λsLg

q=ρ
1 ðxÞ ð34Þ

Z
d2k⊥δqαρðx; k⊥Þ ¼ λsα⊥h

q=ρ
1 ðxÞ ð35Þ

with h
fq=ρ1 ; fq=ρ1LL; g

q=ρ
1 ; hq=ρ1

i
ðxÞ

¼
Z

d2k⊥
h
fq=ρ1 ; fq=ρ1LL; g

q=ρ
1 ; hq=ρ1

i
ðx; k⊥Þ: ð36Þ

For a spin-1 meson, the quark and antiquark distributions
are related by charge conjugation symmetry:h

fu=ρ
þ

1 ; fu=ρ
þ

1LL ; gu=ρ
þ

1 ; hu=ρ
þ

1

i
ðxÞ

¼
h
fd̄=ρ

þ
1 ; fd̄=ρ

þ
1LL ; gd̄=ρ

þ
1 ; hd̄=ρ

þ
1

i
ð1 − xÞ ð37Þ

and h
fu=ρ

þ
1 ; fu=ρ

þ
1LL ; gu=ρ

þ
1 ; hu=ρ

þ
1

i
ðxÞ

¼
h
fū=ρ

−

1 ; fū=ρ
−

1LL ; g
ū=ρ−

1 ; hū=ρ
−

1

i
ðxÞ: ð38Þ

For spin-1 mesons there are four PDFs. Compared to the
three nucleon PDFs, the new parton distribution fq=ρ1LL was
noted originally by Hoodbhoy et al. [54]. This new PDF,
also referred to as bq1 structure function, represents the
difference of unpolarized quark distributions in a longitu-
dinally polarized spin-1 meson with spin projection λ ¼ 0
and λ ¼ �1,
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FIG. 2. Rho meson tensor-polarized TMD fq=ρ1LL (left) (23) and fq=ρ1TT (right) (25) beam functions with only constituent quark
contribution at low resolution μ ¼ 1=ρ with ρ ¼ 0.313 fm: (a), (b) are the density plots, (c), (d) the 3D plots, (e), (f) the longitudinal
momentum dependence for fixed k⊥, and (g), (h) the transverse momentum dependent plots for fixed x. The rho LFWF parameters are
Cρ ¼ 1.9888, mρ ¼ 791.0 MeV, and M ¼ 398.17 MeV.
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FIG. 3. Rho meson TMD gq=ρ1 (left) (26) and gq=ρ1T (right) (27) beam functions with only constituent quark contribution at low resolution
μ ¼ 1=ρ with ρ ¼ 0.313 fm: (a), (b) are the density plots, (c), (d) the 3D plots, (e), (f) the longitudinal momentum dependence for fixed
k⊥, and (g), (h) the transverse momentum dependent plots for fixed x. The rho LFWF parameters are Cρ ¼ 1.9888, mρ ¼ 791.0 MeV,
and M ¼ 398.17 MeV.
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FIG. 4. Rho meson TMD hq=ρ1 (left) (28) and hq=ρ1L (right) (29) beam functions with only constituent quark contribution at low
resolution μ ¼ 1=ρwith ρ ¼ 0.313 fm: (a), (b) are the density plots, (c), (d) the 3D plots, (e), (f) the longitudinal momentum dependence
for fixed k⊥, and (g), (h) the transverse momentum dependent plots for fixed x. The rho LFWF parameters are Cρ ¼ 1.9888,
mρ ¼ 791.0 MeV, and M ¼ 398.17 MeV.
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1

2
fq=ρ1LLðxÞ≡ bq=ρ1 ðxÞ

¼ 1

4

h
2qðλ¼0Þ

ρ ðxÞ − qðλ¼1Þ
ρ ðxÞ − qðλ¼−1Þ

ρ ðxÞ
i
: ð39Þ

This PDF is sensitive to the orbital motion of the constitu-
ents, and may also be carrying information on QCD
exotica [55,56].

F. Rho sum rules

The standard parton distribution sum rule guaranteesZ
1

0

dx fq=ρ1 ðxÞ ¼ 1: ð40Þ

The first moment of the unpolarized parton distribution,
fq=ρ1 , is about the longitudinal momentum carried by the
quarks. In Table II we compare our results with those of
other effective models, and selected lattice results.
For spin-1 mesons, there is an additional sum rule [58,59],Z

1

0

dxfq=ρ1LLðxÞ ¼ 0; ð41Þ

which reflects on the fact that the valence quark number is
independent of the hadron spin state. It was shown in [60]
that Lorentz covariance is important for the enforcement of
this sum rule, even for nonrelativistic constituents. The first
moment of fq=ρ1LL is compared to the lattice result from [57]
at the resolution ≈2.4 GeV in Table III. If the quarks are in
a relative S-wave state in the infinite momentum frame, its
first moment is zero. The lattice results are evidence for an

orbital contribution to the quark content [57]. The null
result for our analysis in the ILM, suggests that a higher
P-wave Fock contribution to the rho meson is needed, to
account for the missing orbital contribution.
The quark spin sum (axial charge) for each quark in the

meson state is defined as

Δq ¼
Z

1

0

dxgq=ρ1 ðxÞ: ð42Þ

The comparison of our ILM estimate to other models and
selected lattice results is shown in Table IV. The results in
the ILM show that the total valence quark and antiquark
contribution to the spin of the ρ meson is 96.7%.
The tensor charge for each quark in the rho meson state is

defined as

δq ¼
Z

1

0

dxhq=ρ1 ðxÞ: ð43Þ

The tensor charge is renormalization-scale dependent [61].
The one-loop renormalization group (RG) evolution reads

δqðμÞ ¼
�
αsðμÞ
αsðμ0Þ

�CF
β0
δqðμ0Þ: ð44Þ

The comparison of our ILM estimation to the other model
is shown in Table V. Our instanton estimation shows the
tensor charge of the ρ meson is δq ¼ 0.9807 at original
instanton scale 1=ρ ≃ 630 MeV and δq ¼ 0.704 at 2 GeV.
In Fig. 5 we show the rho meson PDF fq=ρ1LL at the

resolution μ ≃ 1=ρ in the ILM, and their evolved version at
different resolutions μ ¼ 1; 2; 3; 4 GeV in 5(b). These rho
PDFS are obtained before the soft subtraction to be
discussed below. The rho meson PDFs fq=ρ1 (33), gq=ρ1

(34), and hq=ρ1 (35) are shown in Fig. 6 at the resolution

μ ≃ 1=ρ: (a) fq=ρ1 , (b) gq=ρ1 , and (c) hq=ρ1 , compared to the

TABLE II. Our instanton estimation on the first moment of
unpolarized PDF fq=ρ1 is compared to the NJL model [22], and
lattice calculation on the rho meson structure function with
renormalization ≈2.4 GeV. We also evolve our result to 2.4 GeV
by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
equation.

NJL
[22]

Lattice
[57]

ILM
(μ ∼ 1=ρ)

ILM
(μ ¼ 2.4 GeV)R

dxxfq=ρ1 ðxÞ 0.5 0.334(21) 0.5 0.201

TABLE III. Our instanton estimation on the first moment of
tensor polarized PDF fq=ρ1LL is compared to the NJL model [22],
and lattice calculation on the rho meson structure function with
renormalization ≈2.4 GeV. We also evolve our result to 2.4 GeV
by the DGLAP equation.

NJL
[22]

Lattice
[57]

ILM
(μ ∼ 1=ρ)

ILM
(μ ¼ 2.4 GeV)R

1
0 dxxfq=ρ1LLðxÞ 0 0.29(23) 0 0

TABLE IV. Table of the quark spin sum defined in (40). Our
instanton estimation is compared to the NJL model [22], the
Bethe-Salpeter equation (BSE) [51], and lattice calculation on the
rho meson structure function with renormalization ≈2.4 GeV.

NJL [22] BSE [51] Lattice [57] ILM

Δq 0.56 0.67 0.570(32) 0.967

TABLE V. Table of the tensor charge defined in (42). Our
instanton estimation is compared to the NJL model [22] and the
Bethe-Salpeter equation (BSE) [51].

NJL
[22]

Lattice
[57]

BSE
[51]

ILM
(μ ∼ 1=ρ)

ILM
(μ ¼ 2 GeV)

δq 0.94 0.803 0.79 0.981 0.704

WEI-YANG LIU and ISMAIL ZAHED PHYS. REV. D 112, 034028 (2025)

034028-10



results evolved to 2 and 4 GeV by DGLAP. Their other
evolved results at different resolutions μ ¼ 1; 2; 3; 4 GeV
are shown in (d), (e), and (f), respectively. Overall, there is a
substantial shift of the evolved PDFs towards low x.

III. SOFT SUBTRACTION AND TMD EVOLUTION

A. Soft subtracted TMD distributions

The definition of TMD distributions as twist-2 matrix
elements in (1) accounts for the transverse momentum
dependent structure of a parton inside a hadron in the entire
range of kinematics. In the following, we will denote them
by F̃q=ρðx; b⊥; μ; yq − ynÞ, where the rapidity arises from
the stapled Wilson lines. However, in TMD factorization,
the definition in (1), which is referred to as unsubtracted
TMD functions, often leads to an ambiguous overlap
between the collinear and soft kinematic region. This leads
to light-cone divergences that appear in the lightlike Wilson
lines, regulated by yn, in both the TMD distributions and
soft factor. This is because, in the real world, these gluon
exchanges are not distinguishable. Therefore, to disentan-
gle their contributions in the factorization, we introduce
rapidity regularization by implementing a soft subtraction.
For a generic unsubtracted rho meson TMD, say

F̃q=ρðx; b⊥; μ; yq − ynÞ, defined in (1), the soft subtracted
TMDs in b⊥ follow through,

F̃q=ρðx; b⊥; μ; ζÞ ¼
F̃q=ρðx; b⊥; μ; yq − ynÞ

Sðb⊥; μ; y − ynÞ
; ð45ÞFIG. 5. The rho parton distribution fq=ρ1LL at μ ≃ 1=ρ (a), and

after DGLAP evolution (b).

FIG. 6. The rho parton distributions at μ ≃ 1=ρ: (a) fq=ρ1 , (b) gq=ρ1 , and (c) hq=ρ1 compared to their DGLAP evolved counterparts
(d), (e), and (f).
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where yq ¼ 1
2
lnðkþ=k−Þ is the hadron rapidity and yn ¼

1
2
lnðnþ=n−Þ is the rapidity for the near-light-cone direction

n of Wilson line in the hadronic matrix element defini-
tion (1). This direction n usually refers to the moving
direction of the other hadron in the process. The rapidity
scale

ζ ¼ 2ðkþÞ2e−y

represents the energy of the hadron with a rapidity regulator
y, distinguishing the energy between two involving hadrons
in the TMD factorization process, and ζρζh ¼ Q4, where ζh
is the rapidity scale of the other involved hadron h. The soft
factor Sðb⊥; μ; yn − yn̄Þ is defined as [12,62,63]

Sðb⊥; μ; yn − yn̄Þ

¼ 1

Nc
TrhW�n̄ð0ÞW†

�nð0ÞW�nðb⊥ÞW†
�n̄ðb⊥Þi: ð46Þ

B. TMD evolution

For any kind of leading-twist TMD functions with soft
subtraction F̃q=ρ in b⊥ space, the Collins-Soper-Sterman

(CSS) renormalization group equations reads [64,65]

d
d ln

ffiffiffi
ζ

p ln F̃q=ρðx; b⊥; μ; ζÞ ¼ KCSðb⊥; μÞ
d

d ln μ
ln F̃q=ρðx; b⊥; μ; ζÞ ¼ γFðαsðμÞÞ

− ΓcuspðαsðμÞÞ ln
�
ζ

μ2

�
ð47Þ

with the Collin-Sober kernel KCS, also known as the
rapidity anomalous dimension that governs the rapidity ζ
scale evolution. The anomalous dimension γF depends on
the quark spin sources γþ; γþγ5; iσαþγ5. The perturbative
expansions of the anomalous dimension functions Γcusp and
γF, are given in Appendix G.
The TMDs involve two evolution scales, μ, ζ, and one

intrinsic transverse scale, b⊥. Their evolution is driven by
both perturbative and nonperturbative kernels [19,66–69].
For simplicity, we can choose a simple evolution scheme,
with ζ ¼ μ2. In the perturbative region b⊥ ≪ bNP, the
transverse scale of the TMD at high resolution μ ≫ 1=ρ is
completely governed by the perturbative analysis, with the
result

F̃q=ρðx; b⊥; μ; μ2Þ
		
b≪bNP

≃
X

q0¼q;q̄;g

Z
1

x

dx0

x0
Cf
q=q0 ðx=x0; b⊥; μbÞfq

0=ρðx0; μbÞ

× exp

�
−
Z

μ

μb

dμ0

μ0

�
Γcusp

�
αsðμ02Þ

�
ln

�
μ2

μ02

�
− γF

�
αsðμ02Þ

��þ KðpertÞ
CS ðb⊥; μbÞ ln

�
μ

μb

��
: ð48Þ

Here fq=ρðx; μbÞ ¼
R
d2k⊥Fq=ρðx; k⊥Þ is the corresponding

leading-twist collinear PDF, namely fq=ρ1 , fq=ρ1LL, g
q=ρ
1 , hq=ρ1 ,

at μb scale defined as

μb ¼ 2e−γE=b⊥: ð49Þ

The convolution is the operator product expansion
(OPE), which describes the small-b⊥ behavior of the

TMDs in terms of the collinear PDFs fq=ρ, convoluted
with perturbative Wilson coefficients Cf

i=j, where f denotes
the type of the collinear PDF. The details are briefly given
in Appendix G.
In the nonperturbative region b⊥ ≫ bNP, the instanton

and anti-instanton fields contribute. The corresponding
TMD reads

F̃q=ρðx; b⊥; μ; μ2Þ
		
b⊥≫bNP

≃ F̃q=ρðx; b⊥; μ0; μ20Þe
KðinstÞ

CS ðb⊥=ρÞ ln
ffiffiffi
μ2

μ2
0

q
exp

�Z
μ

μ0

dμ0

μ0

�
γFðαsðμ02ÞÞ − Γcusp

�
αsðμ02Þ

�
ln

�
μ20
μ02

���
;

ð50Þ

where the low resolution TMD in the ILM is defined by

F̃q=ρðx; b⊥; μ0; ζ0Þ ¼
�Z

d2k⊥eik⊥·b⊥Fq=ρ
ðinstÞðx; k⊥Þ

�
e
KðinstÞ

CS ðb⊥=ρÞ ln
ffiffiffiffiffiffi
ζ0

1=ρ2

q
: ð51Þ
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The unsubtracted TMD at low resolution is composed of
the overlap of the LFWFs Fq=ρ

ðinstÞðx; k⊥Þ in (15) and a

rapidity factor exp ðKðinstÞ
CS ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ0=x2m2

ρ

q
Þ from the stapled

Wilson line. Thus, the low energy unsubtracted TMD can
be fully calculated in the instanton liquid model.
The evolution now is separated into a perturbative and

nonperturbative region, where the cutoff separating the two
regions is set as

bNP ¼
2e−γE

μ0
¼ 1.5 GeV−1;

where μ0 ∼ 1=ρ is the nonperturbative scale fixed in the
ILM. The full TMD at high resolution μ ≫ 1=ρ interpolates
between the large b⊥ and small b⊥, by optimally matching
the linear combination

F̃q=ρðx; b⊥; μ; μ2Þ ¼ F̃q=ρðx; b⊥ ≪ bNP; μ; μ2Þe−b⊥=bNP
þ F̃q=ρ

�
x; b⊥ ≫ bNP; μ; μ2

�
×
�
1 − e−b⊥=bNP

� ð52Þ

with bNP the optimization parameter.
In Fig. 7 we show the unpolarized f̃q=ρ1 (green), spin-

dependent g̃q=ρ1 (red), and h̃q=ρ1 (black) TMDs at the
resolution μ ¼ 2 GeV (solid lines) compared to a higher
resolution μ ¼ 10 GeV (dashed lines). The results follow
from (52) with the matching parameter in the range bNP ¼
1.3–2.0 GeV−1 [12]. In Fig. 8 we show the separate results
for the corresponding TMDs (a) f̃q=ρ1 , (b) g̃q=ρ1 , and (c) h̃q=ρ1

at x ¼ 0.3, with the pQCD results (green), the ILM (red),
and combined result (black) with a band corresponding to
the matching parameter in the range bNP ¼ 1.3–2.0 GeV−1

at high resolution μ¼ 2 GeV with ζ ¼ μ2. Only the small-
b⊥ perturbative contribution inside green band (b⊥ ¼
0.56–1.5 GeV−1) is perturbatively reliable. The smaller
region (b⊥ ≤ 1=μ) suffers the sensitivity to the UV regu-
larization scheme and uncertainty from the large logarithm.
The phenomenological prescriptions to this region have
been proposed in [8,9,70,71] (and references therein). On
the other hand, the large b⊥ TMD is dominated by ILM.
The large b⊥ of perturbative contribution in Fig. 8 is simply
modified by b� prescription [72] such that the saturation
occurs to avoid the Landau pole ΛQCD.

IV. CONCLUSIONS

We have developed an analysis of the leading-twist
TMDs of the spin-1 rho meson, using the ILM of the
QCD vacuum. By making use of the most general spin
quantization, we derived all nine T-even TMDs for the rho
meson, and their corresponding reductions to PDFs. The
analysis uses a leading Fock approximation for the longi-
tudinal and transverse rho meson light front wave func-
tions. Oð3Þ symmetry is enforced through the proper
counting rule of instanton density nIþA in the ILM, at
low resolution. Lorentz covariance is dynamically restored,

FIG. 7. Soft subtracted unpolarized f̃q=ρ1 (green), spin-depen-
dent TMD distributions g̃q=ρ1 (red), and h̃q=ρ1 (black) at two
different high resolutions, μ ¼ 2 GeV (dashed lines) and μ ¼
10 GeV (solid lines), using (52), with the bands corresponding to
the fitting parameter bNP ¼ 1.3–2.0 GeV−1 [12].

FIG. 8. The unpolarized TMD distributions (a) f̃q=ρ1 , and spin-dependent TMDs (b) g̃q=ρ1 , (c) h̃q=ρ1 are shown at the resolution
μ¼ 2 GeV for also x ¼ 0.3 with black bands corresponding to the interpolating parameter bNP ¼ 1.3–2.0 GeV−1 (52). The green
interval corresponds to the perturbatively reliable region 2e−γE=μ < b⊥ < 1.5 GeV−1.
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with the momentum sum rules for the unpolarized and
tensor polarized PDFs satisfied in the ILM.
Before evolution and at the ILM resolution μ ¼ 1=ρ, the

hq=ρ1T rho TMD is found to be null in the leading Fock
approximation. The remaining and nonvanishing T-even
rho TMDs show a Gaussian-like behavior in k⊥ for fixed
parton x. This feature follows from a profiling of the zero
modes in the ILM, and carries to the rest of the TMDs. The
fq=ρ1TT rho TMD is found to be antisymmetric with respect to

the x ¼ 1
2
-line, while the fq=ρ1LL vanishes around two sym-

metric lines about x ¼ 1
2
, a possible sensitivity to a small P-

wave contribution in the spin-1 state, in the two-body Fock
space approximation. At low resolution, the rho tensor
charge is about 1, in agreement with the constituent quark
model, or NJL.
Following our recent analysis of the pion and kaon

TMDs [11], we have suggested that the rho TMDs in the
ILM at low resolution should be supplemented with the

pertinent CS kernels KðinstÞ
CS to allow for evolution at higher

resolution and rapidities. The evolved TMDs at higher
resolutions and rapidities show substantial shift to lower
parton x. Interpolating the pQCD results at small b⊥ and
the ILM results at large b⊥ for the rho TMDs allows the
extraction of the TMDs in transverse space for fixed
parton x.
The rho meson TMDs integrated over k⊥ yield its four

PDFs. The resulting rho tensor is about 1 at low resolution,
which is consistent with the constituent quark model, as
well as lattice [57] and model estimate [22]. The quark spin
sum or axial charge is also about 1 at low resolution, in
contrast to lattice [57] and model estimates [22] which puts
it near 1

2
. This is notable as it implies consistency with the

constituent quark model for a rho meson in the ILM. This
may not be surprising, given the LLþ RR character of this
meson, which does not mix with the LR fluctuations
strongly induced by the instantons and anti-instantons
(but mix with their topologically trivial molecules), which
are a major source of intrinsic spin in the pion and nucleon.
This point deserves further investigations, namely on a
lattice with different resolutions.
Indeed, the emergent tomographic picture of the rho

meson at different resolutions is encouraging for future
comparison with lattice simulations, assuming that the rho
meson state can be numerically separated from the mixing
with the low-lying multipion states. Using the gradient flow
technique, a direct comparison to our TMDs at low
resolution would be very useful.
Finally, the extension of the present analysis to include

the four-Fock space contribution with possible P-wave
admixing may prove important in understanding the
possible role of the orbital contribution in the rho
meson TMDs.
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APPENDIX A: POLARIZATION AND SPIN
FOUR-VECTORS

For a spin-j particle with a mass m in the rest frame, the
spin operator Σ⃗ is defined by a ð2jþ 1Þ × ð2jþ 1Þ matrix
in the irreducible representation of the spin algebra, with
the unit vector s⃗ as the (arbitrary) spin quantization axis.
In a boosted frame, the rest frame four-vector ð0; s⃗Þ
transforms to

Sμ ¼
�
p⃗ · s⃗
m

; s⃗þ ðp⃗ · s⃗Þp⃗
mðEp⃗ þmÞ

�
ðA1Þ

with the condition p · S ¼ 0 and S2 ¼ −1 alongside. The
spin operator Σ⃗ is then the Pauli-Lubanski pseudovector Σμ:

Σμ ¼ 1

2m
ϵμνρσpνJρσ; ðA2Þ

where Jμν are the generators of the Lorentz group.
For a spin-1 particle with a mass mρ, the spin operator is

a 3 × 3 matrix with entries ðΣkÞij ¼ −iϵkij, defining the
spin-1 eigenstates ε⃗λ by

−iskϵkijε
j
λ ¼ λεiλ ðA3Þ

with the polarization λ ¼ 0;�1. If we set the spin quan-
tization axis in the z direction, the polarization vectors are
ε⃗� ¼ ð1;�i; 0Þ= ffiffiffi

2
p

and ε⃗0 ¼ ð0; 0; 1Þ.
The covariant generalization of (A3) is

i
mρ

ϵμνρσSμpνϵσλðpÞ ¼ λϵρλðpÞ ðA4Þ

with a four-vector generalization of the spin-1 eigenstate ε⃗λ.
The polarization four-vectors of a spin-1 particle are
given by
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εμλðpÞ ¼
�
p⃗ · ελ

!
mρ

; ε⃗λ þ
p⃗ðp⃗ · ε⃗λÞ

mρðEp⃗ þmρÞ
�

ðA5Þ

with the Ward identity p · ελðpÞ ¼ 0 and normalization
condition ε�� · ε� ¼ ε�0 · ε0 ¼ −1. The following relation
between the polarization and spin four-vectors (A8) is then

i
mρ

ϵμνρσpνε
�
λρðpÞελσðpÞ ¼ λSμ: ðA6Þ

It is convenient to recast the covariant form of the spin-1
density matrix εiλε

j
λ
� for pure spin states with some fixed

polarization λ, using the spin and momentum four-vectors.
The covariant spin density matrix with a fixed λ pure state
can be expressed as

εμ�λ ðpÞενλðpÞ ¼
1

3

�
−gμν þ pμpν

m2
ρ

�
−

iλ
2mρ

ϵμνρσpρSσ

−
3λ2 − 2

2

�
SμSν −

1

3

�
−gμν þ pμpν

m2
ρ

��
:

ðA7Þ

The identity is achieved by decomposing the spin-1 density
matrix into symmetric traceless and antisymmetric Lorentz
tensors and trace using (A6) and the completeness relation
of polarization vector εμλðpÞ [73,74].
For simplicity, here we choose the three-momentum of

the target along the z direction (p⊥ ¼ 0) and denote the
Cartesian components of the spin quantization unit vector
by s⃗ ¼ ðs⊥; sLÞ, where s⊥ ¼ ðs1; s2Þ is normal to the
hadron target momentum and sL is the z component. In
the light-cone signature, the spin vector can be written as

Sμ ¼ sL
pþ

mρ
nμ − sL

mρ

2pþ nμ þ sμ⊥; ðA8Þ

where sL can be viewed as the target averaged helicity and
the transverse spin is defined by s2⊥ ¼ 1 − s2L.
Generally, for any given direction S⃗, the spin of the

particle can be projected onto this direction. We note that
longitudinal polarization means that s⊥ ¼ 0 and jsLj ¼ 1.
There are 2jþ 1 spin projections for a spin-j particle along
the direction of the momentum. Transverse polarization
means that sL ¼ 0 and js⊥j ¼ 1, and that there are 2jþ 1
spin projections along the direction s⊥ perpendicular to the
momentum.

APPENDIX B: SPIN-DEPENDENT WAVE
FUNCTIONS ON THE LIGHT FRONT

Throughout this paper, our conventions of the light front
frame follows Kogut-Soper convention based on the Weyl
chiral basis of the gamma matrices:

γ0 ¼
�
0 1

1 0

�
γi ¼

�
0 σi

−σi 0

�
: ðB1Þ

The light front components are normalized to

γ� ¼ γ0 � γ3ffiffiffi
2

p ðB2Þ

with the light front projectors defined as

Pþ ¼ 1

2
γ−γþ ¼

0
BBB@

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1

1
CCCA ðB3Þ

and P− ¼ 1 − Pþ.
The spin-dependent wave functions denote the spin

states in the creation of a quark-antiquark pair. The spin
wave functions for each channel can be computed by the
light front spinors for the quarks and antiquarks. The
spinors are defined as

usðkÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p
kþ

p �
γ−kþ − γ⊥ · k⊥ þM

�� ξs

ξs

�
ðB4Þ

and

vsðkÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p
kþ

p �
γ−kþ − γ⊥ · k⊥ −M

��−ηs
ηs

�
; ðB5Þ

respectively, with ξs (ηs), a quark two-spinor (antiquark
two-spinor) with a spin pointing in the z direction, and M
the constituent quark mass. The antiquark two-spinor is
related to a quark two-spinor by charge conjugation
ηs ¼ iσ2ξ�s ¼ −2sξ−s. The corresponding ρ meson spin
wave functions with a meson momentum p along z
direction read

ūs1ðk1Þ
γ1 þ iγ2ffiffiffi

2
p vs2ðk2Þ

¼ −1ffiffiffiffiffi
xx̄

p ξ†s1

� ffiffiffi
2

p
Mσþ þ

�
x̄
1þ σzffiffiffi

2
p þ x

1 − σzffiffiffi
2

p
�
kR

�
ηs2

ðB6Þ

ūs1ðk1Þ
γ1 − iγ2ffiffiffi

2
p vs2ðk2Þ

¼ −1ffiffiffiffiffi
xx̄

p ξ†s1

� ffiffiffi
2

p
Mσ− −

�
x̄
1 − σzffiffiffi

2
p þ x

1þ σzffiffiffi
2

p
�
kL

�
ηs2

ðB7Þ
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ūs1ðk1Þγþvs2ðk2Þ ¼ 2
ffiffiffiffiffi
xx̄

p
pþξ†s1σzηs2 ðB8Þ

ūs1ðk1Þγ−vs2ðk2Þ ¼ −
ffiffiffiffiffi
xx̄

p �
k2⊥ þM2

xx̄pþ

�
ξ†s1σzηs2 ; ðB9Þ

where σ� ¼ ðσ1 � iσ2Þ=2 and kL;R ¼ k1⊥ � ik2⊥.

APPENDIX C: SUMMARY OF THE RHO WAVE
FUNCTIONS IN THE ILM

The twist-2 distribution amplitude (DA) for the longi-
tudinally polarized rho meson is

φρ;kðxÞ ¼
1

fρ

Z þ∞

−∞

dz−

2π
eixp

þz−

× h0jq̄ð0Þ τ
a

2
γþW½0; z−�qðz−Þjρðλ ¼ 0Þi: ðC1Þ

The twist-3 distribution amplitude (DA) for the transversely
polarized rho meson is

φρ;⊥ðxÞϵi⊥ðpÞ ¼
pþ

mρfρ

Z þ∞

−∞

dz−

2π
eixp

þz−

× h0jq̄ð0Þ τ
a

2
γi⊥W½0; z−�qðz−Þjρðλ ¼ �1Þi:

ðC2Þ

Here fρ ≈ 155 MeV [75] is the rho electroweak decay
constant. The explicit form of the rho DAs in the ILM
read [32]

φρ;kðxÞ ¼
ffiffiffiffiffiffi
Nc

p
mρfρ

CρL

8π2
θðxx̄Þ

Z
∞

0

dk2⊥
4ðk2⊥ þM2Þ

k2⊥ þM2 − xx̄m2
ρ

× F 2

�
k⊥

λρ
ffiffiffiffiffi
xx̄

p
�

ðC3Þ

φρ;⊥ðxÞ ¼
ffiffiffiffiffiffi
Nc

p
mρfρ

CρT

8π2
θðxx̄Þ
xx̄

Z
∞

0

dk2⊥
ð1 − 2xx̄Þk2⊥ þM2

k2⊥ þM2 − xx̄m2
ρ

× F 2

�
k⊥

λρ
ffiffiffiffiffi
xx̄

p
�
: ðC4Þ

Here x̄ ¼ 1 − x and the unit step function θðxx̄Þ ¼ 1
constrains the DAs to the physical domain 0 < x < 1.
The parameter λρ ¼ 1.260 is chosen so that the DAs
are properly normalized at μ ¼ 1=ρ, for a fixed decay
constant fρ.

APPENDIX D: DGLAP EVOLUTION

The quark distribution qðxÞ and gluon distribution gðxÞ
evolves with energy scale,

dqðxÞ
d ln μ2

¼
Z

1

x

dx0

x0
pqq0

�
x
x0

�
qðx0Þ þ pqg

�
x
x0

�
gðx0Þ

dgðxÞ
d ln μ2

¼
Z

1

x

dx0

x0
pgq0

�
x
x0

�
qðx0Þ þ pgg

�
x
x0

�
gðx0Þ: ðD1Þ

Partons q or g come out from the hadronic bound state
carrying the longitudinal momentum kþ ¼ x0pþ and split
into a parton pair carrying momentum ðx=x0Þkþ and
ð1 − x=x0Þkþ, respectively. The evolution kernel can be
written in terms of a perturbative expansion,

pijðxÞ ¼
X
n

�
αsðμÞ
4π

�
nþ1

pðnÞ
ij ðxÞ: ðD2Þ

For the parton distribution qðxÞ and gðxÞ, the splitting
functions are defined as

pð0Þ
qq ðxÞ ¼ 2CF

�
1þ x2

ð1 − xÞþ
þ 3

2
δð1 − xÞ

�

pð0Þ
qg ðxÞ ¼ Nfðx2 þ ð1 − xÞ2Þ

pð0Þ
gq ðxÞ ¼ 2CF

�
1þ ð1 − xÞ2

x

�

pð0Þ
gg ðxÞ ¼ 4CA

�
x

ð1 − xÞþ
þ 1 − x

x
þ xð1 − xÞ

�
þ β0δð1 − xÞ; ðD3Þ

where the one-loop beta function coefficient is β0 ¼
11
3
CA − 2

3
Nf, CF ¼ N2

c−1
2Nc

, and CA ¼ NcCA ¼ Nc.
For the helicity distribution ΔqðxÞ and ΔgðxÞ, the

evolution is of the same form with similar splitting
functions defined by [76]

Δpð0Þ
qq ðxÞ ¼ 2CF

�
2

ð1 − xÞþ
− 1 − xþ 3

2
δð1 − xÞ

�

Δpð0Þ
qg ðxÞ ¼ 2Nfð2x − 1Þ

Δpð0Þ
gq ðxÞ ¼ 2CFð2 − xÞ

Δpð0Þ
gg ðxÞ ¼ 2CA

�
2

ð1 − xÞþ
þ 2 − 4x

�
þ β0δð1 − xÞ:

ðD4Þ

For the transversity distribution δqðxÞ, with no corre-
sponding gluon distribution, the evolution does not mix
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with the gluon, leaving the evolution kernel with one
splitting function defined by [77–79]

δpð0Þ
qq ðxÞ ¼ 2CF

�
2

ð1 − xÞþ
− 2þ 3

2
δð1 − xÞ

�
: ðD5Þ

APPENDIX E: SUBTRACTED TMD
DISTRIBUTIONS IN b SPACE

Here we summarize the Fourier transformation for each
of the structure functions in the subtracted TMD distribu-
tions in (12):

f̃q=ρ1 ðx; bÞ ¼ 2π

Z
∞

0

dkkfq=ρ1 ðx; kÞJ0ðkbÞ

f̃q=ρ1LLðx; bÞ ¼ 2π

Z
∞

0

dkkfq=ρ1LLðx; kÞJ0ðkbÞ

f̃q=ρ1LTðx; bÞ ¼
2π

m2
ρb

Z
∞

0

dkk2fq=ρ1LTðx; kÞJ1ðkbÞ

f̃q=ρ1TTðx; bÞ ¼
2π

m4
ρb2

Z
∞

0

dkk3fq=ρ1TTðx; kÞJ2ðkbÞ ðE1Þ

g̃q=ρ1 ðx; bÞ ¼ 2π

Z
∞

0

dkkgq=ρ1 ðx; kÞJ0ðkbÞ

g̃q=ρ1T ðx; bÞ ¼ 2π

m2
ρb

Z
∞

0

dkk2fq=ρ1LTðx; kÞJ1ðkbÞ ðE2Þ

h̃q=ρ1 ðx; bÞ ¼ 2π

Z
∞

0

dkkhq=ρ1 ðx; kÞJ0ðkbÞ

h̃q=ρ1L ðx; bÞ ¼ 2π

m2
ρb

Z
∞

0

dkk2hq=ρ1L ðx; kÞJ1ðkbÞ

h̃q=ρ1T ðx; bÞ ¼ 2π

m4
ρb2

Z
∞

0

dkk3hq=ρ1T ðx; kÞJ2ðkbÞ: ðE3Þ

APPENDIX F: CS KERNEL

The integrability of the RG evolution equations
guarantees

dKCSðb⊥; μÞ
d ln μ2

¼ −ΓcuspðαsðμÞÞ: ðF1Þ

The solution to the CSS renormalization group
equation (F1) reads

KCSðb⊥; μÞ ¼
8<
:

KðpertÞ
CS ðb⊥; μbÞ − 2

R
μ
μb

dμ0
μ0 Γcusp; b⊥ ≪ bNP

KðinstÞ
CS ðb⊥Þ; b⊥ ≫ bNP:

ðF2Þ

The Collins-Soper kernel is split into a perturbative con-
tribution plus a nonperturbative remainder. The splitting is
enforced by a smooth cutoff bNP ∼ ρ with a transverse scale

μb ¼
2e−γE

b⊥

to ensure that the evolution remains within the perturbative
regime.
The coefficients for each αs order of the perturbative

part of KðpertÞ
CS with minimal logarithmic dependence can

be found in G. The perturbative gluon radiation at large
transverse distance is suppressed, and the nonperturbative
Collins-Soper kernel compensates the gluon radiation
nonperturbatively. The μ-independent nonperturbative cor-
rection to the Collins-Soper kernel can be estimated in the
ILM, as we have done recently in [12].

APPENDIX G: ANOMALOUS DIMENSIONS AND
WILSON COEFFICIENTS FOR TMD

EVOLUTION

Here we record the perturbative anomalous dimensions
and the Wilson coefficients, for the TMD evolution up to
next-to-next-to-next-to-leading order (N3LO) [69,80,81].
First, the light-cone cusp anomalous dimension is

given by

ΓcuspðαsÞ ¼
X∞
n¼1

ΓðnÞ
cuspðαsÞ; ðG1Þ

where each order is defined as

ΓðnÞ
cuspðαsÞ ¼

�
αs
4π

�
n
Γn ðG2Þ

with the nth order coefficients defined as

Γ1 ¼ 4CF ðG3Þ

Γ2 ¼ 8CF

�
CA

�
67

18
−
π2

6

�
−
5

9
Nf

�

¼ 1072

9
−
16π2

3
−
160

27
Nf ðG4Þ

Γ3 ¼ 352ζð3Þ þ 176π4

15
−
2144π2

9
þ 1960

þ Nf

�
−
832ζð3Þ

9
þ 320π2

27
−
5104

27

�
−
64

81
N2

f ðG5Þ
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Γ4 ¼
�
−1536ζð3Þ2 − 704π2ζð3Þ þ 28032ζð3Þ − 34496ζð5Þ

3
þ 337112

9
−
178240π2

27
þ 3608π4

5
−
32528π6

945

�

þ Nf

�
1664π2ζð3Þ

9
−
616640ζð3Þ

81
þ 25472ζð5Þ

9
−
1377380

243
þ 51680π2

81
−
2464π4

135

�

þ N2
f

�
16640ζð3Þ

81
þ 71500

729
−
1216π2

243
−
416π4

405

�
þ N3

f

�
256ζð3Þ

81
−
128

243

�
: ðG6Þ

The collinear anomalous dimension for the TMD oper-
ator is given by

γfðαsÞ ¼
X∞
n¼1

γðnÞf ðαsÞ; ðG7Þ

where each order is defined as

γðnÞf ðαsÞ ¼
�
αs
4π

�
n
γn ðG8Þ

with the nth order coefficients defined as

γ1 ¼ 6CF ðG9Þ

γ2 ¼ C2
F

�
3 − 4π2 þ 48ζð3Þ�

þ CFCA

�
961

27
þ 11π2

3
− 52ζð3Þ

�

þ CFNf

�
−
130

27
−
2π2

3

�
ðG10Þ

γ3 ¼ C2
FNf

�
−
2953

27
þ 26π2

9
þ 28π4

27
− 512ζð3Þ

�
þ CFN2

f

�
−
4834

729
þ 20π2

27
þ 16ζð3Þ

27

�

þ C3
F

�
29þ 6π2 þ 16π4

5
þ 136ζð3Þ − 32π2ζð3Þ

3
− 480ζð5Þ

�

þ C2
FCA

�
139345

1458
þ 7163π2

243
þ 83π4

27
−
7052ζð3Þ

9
þ 88π2ζð3Þ

9
þ 272ζð5Þ

�

þ CACFNf

�
17318

729
−
2594π2

243
−
22π4

27
þ 1928ζð3Þ

27

�

þ CAC2
F

�
151

2
−
410π2

9
−
494π4

135
þ 1688ζð3Þ

3
þ 16π2ζð3Þ

3
þ 240ζð5Þ

�
: ðG11Þ

The 2D evolution of the transverse momentum depend-
ence is driven by the anomalous dimensions γF and Γcusp.
They are identical for TMD PDFs and TMD fragmentation
functions to all orders [81]. The anomalous dimension γF
only varies by the quark operator, as defined in the TMD
functions.
The perturbative part of the Collins-Soper kernel at

minimal logarithmic scale KðpertÞ
CS ðb; μ ¼ μbÞ is defined as

KðpertÞ
CS ðb; μbÞ ¼

X∞
n¼1

�
αsðμbÞ
4π

�
n
kn ðG12Þ

k1 ¼ 0 ðG13Þ

k2 ¼ 8CF

��
7

2
ζð3Þ − 101

27

�
CA þ 14

27
Nf

�

¼ −2
�
−56ζð3Þ þ 1616

27
−
224

81
Nf

�
ðG14Þ

k3 ¼ −2
�
176π2ζð3Þ

3
−
24656ζð3Þ

9
þ 1152ζð5Þ

þ 594058

243
−
6392π2

81
−
154π4

45

�

− 2Nf

�
7856ζð3Þ

81
−
166316

729
þ 824π2

243
þ 4π4

405

�

− 2N2
f

�
64ζð3Þ
27

þ 3712

2187

�
: ðG15Þ
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With the above in mind, the OPE convolution in the
small-b (b ≪ bNP) TMD evolution (G16) can be written as

f̃q=ρ1 ðx; b; μb; μ2bÞ ≃
Z

1

x

dx0

x0
Cf
q=q

�
x
x0
; b; μb

�
fq

0=ρ
1 ðx0; μbÞ

g̃q=ρ1 ðx; b; μb; μ2bÞ ≃
Z

1

x

dx0

x0
Cg
q=q

�
x
x0
; b; μb

�
gq

0=ρ
1 ðx0; μbÞ

h̃q=ρ1 ðx; b; μb; μ2bÞ ≃
Z

1

x

dx0

x0
Ch
q=q

�
x
x0
; b; μb

�
hq

0=ρ
1 ðx0; μbÞ:

ðG16Þ

TheWilson coefficient for each type of TMD distribution is
given in [82]

Cf;g
q=qðx;b;μbÞ

¼ δð1− xÞ þ αs
4π

CF

�
−
π2

6
δð1− xÞ þ 2ð1− xÞ

�
ðG17Þ

and

Ch
q=qðx;b;μbÞ ¼ δð1− xÞ þ αs

4π
CF

�
−
π2

6
δð1− xÞ

�
: ðG18Þ
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