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We discuss the generalization of the Weyl double copy to higher spin “multicopies,” showing how the
natural linearized higher spin field strengths can be related to sums of powers of the Maxwell tensor. The
tracelessness of the field strength involves the appropriate Fronsdal equations of motion for the higher
spin field. We work with spacetimes admitting Kerr-Schild coordinates and give a number of examples in
different dimensions. We note that the multicopy is particularly transparent in four dimensions if one uses
spinor descriptions of the fields, relating this to the Penrose transform. The higher dimensional spinor
multicopy is also explored and reveals some interesting new features arising from the little group based
identification of higher spin field strengths and Maxwell tensor types. We then turn to the vector superspace
formalism describing higher spin and “continuous” spin representations given by Schuster and Toro, based
on symmetric tensor fields. Here the Kerr-Schild higher spin fields we have used earlier naturally package
into a simple expression involving an arbitrary function, when the continuous spin scale ρ is set to zero.
Further, we discuss the case of an anti–de Sitter background, where there is also a vector space formalism
given by Segal and we clarify this approach using a different definition of the covariant derivative. We give
a general solution of Kerr-Schild type and finally we describe some of the obstacles to a continuous spin
formulation.
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I. INTRODUCTION

The double copy has proven a fertile source of new ideas
and results over recent years. It was first applied to
scattering amplitudes, initially relating amplitudes in
Yang-Mills theory and gravity [1,2], where it continues
to influence progress in increasingly diverse areas (see,
for example, the SAGEX series [3] for comprehensive
reviews). Subsequently it has been explored in the context
of field theory solutions, where similar progress has ensued
(see, for example, the book [4] and references therein). One
particularly interesting approach to the double copy is the
Weyl double copy, first explored in [5].1 Here the Weyl
tensor in four dimensions is related to an expression

quadratic in the Maxwell tensor. Subsequent work has
expanded on this in a number of different directions [9–15].
In this paper we would like to explore the generalization

of the Weyl double copy to higher spin fields, that we will
call the field strength multicopy. This relates the higher spin
s > 2 field strengths to products of the Maxwell tensor.
We will develop this in various dimensions and for
both tensor and spinor formulations. We will also explore
higher spin fields in the continuous spin formulation of
[16], with a related Kerr-Schild construction, applying this
to anti–de Sitter space.
We begin in Sec. II with the definition of the higher spin

Kerr-Schild fields and the Fronsdal equations of motion,
and give the recursion relation satisfied by these. We then
turn in Sec. III to define the field strength and gauge in-
variance for the spin s fields, relating its trace and
divergence to the Fronsdal equations. This allows us to
formulate the field strength multicopy, which relates the
spin s field strength to sums of powers of s copies of
the Maxwell tensor which share the same symmetry and
trace properties. We give a number of examples: the
Schwarschild and Eguchi-Hanson metrics in four dimen-
sions, the Tangherlini metric in five and six dimensions,
and the Myers-Perry singly rotating solution in five
dimensions.
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1With some related earlier work in the general relativity
literature [6–8].
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In Sec. IV we describe the spinor description of
the multicopy. This avoids many of the complications
of the tensor analysis and provides new insights. In four
dimensions, the spin smulticopy is easily derived using the
Penrose transform. This also provides simple formulas
for “mixed” multicopies whereby the spin s spinor field
strength is expressed in terms of field strengths of lower
spin. This includes a simple recursion relation linking the
spin s field strength to the product of the spin s − 1 field
strength and the Maxwell spinor. After a brief review of the
spinor version of the Petrov-type classification of space-
times, we describe how the multicopy leads to the defi-
nition of higher spin quantities which are linked to those in
the classification of Maxwell spinors. This then relates the
types of higher spin field strengths which can be generated
from the differing Maxwell types via the multicopy. We
then explore higher dimensional versions of the spinor
multicopy, where the little group is nontrivial and plays
an important role in the analysis. We discuss the five-
dimensional case, and after summarizing briefly the
recently discovered Petrov-type classification, we describe
how the spinor multicopy relates the higher spin little
group-valued quantities to the Maxwell spinors. This again
then relates the types of higher spin field strengths which
can be generated from the differing Maxwell fields via the
multicopy, albeit in a more involved way due to the
presence of the little group.
In Sec. V we discuss the vector superspace formulation

of higher spin and “continuous” spin particles (CSPs). Here
the Kerr-Schild higher spin field that we have used earlier
can be written in a unified compact form involving an
arbitrary function. When the continuous spin parameter is
zero we show that this unified higher spin Kerr-Schild field
satisfies the vector superspace equations of motion. Finally
in this section we study the AdS-Kerr case, presenting
gauge invariant higher spin field strengths defined using the
relevant Kerr-Schild vector and scalar, and noting examples
of the tensor multicopy. The vector superspace formulation
of the equations of motion and gauge invariance are then
given, using a new covariant derivative. A generalized
Kerr-Schild type solution is also given, and the simple
extension of this formulation to a continuous spin particle
which applied in flat space is shown not to yield a CSP
theory in this case.
In Sec. VI we present conclusions and note some further

avenues of exploration that our work suggests. Finally, the
Appendix contains additional details about the covariant
derivative used in Sec. V.

II. HIGHER SPIN KERR-SCHILD FIELDS

The study of metrics admitting a Kerr-Schild formu-
lation [17,18] (see also the review [19]) has had many
applications in general relativity. These metrics have
more recently played a key role in the discovery of the
double copy for classical field theory and gravitational

solutions [20,21].2 Here we will discuss higher spin
versions of the standard Kerr-Schild fields and their
equations of motion, before turning to generalizations of
the Weyl double copy that can be defined based on these.
Given a static vacuum Kerr-Schild metric solution

gμν ¼ ημν þ kμkνϕ; ð2:1Þ

with a Kerr-Schild vector kμ satisfying

kν∂νkμ ¼ 0 ¼ kμkμ; ð2:2Þ

one can define the zeroth, single and double copy fields

ϕ;

ϕμ ¼ kμϕ;

ϕμν ¼ kμkνϕ; ð2:3Þ

which satisfy the spin zero, one and two equations

□ϕ ¼ 0;

□ϕμ − ∂
ν
∂μϕν ¼ 0;

□ϕμν − 2∂ρ∂ðμϕνÞρ þ ∂μ∂νϕ
ρ
ρ ¼ 0: ð2:4Þ

It is natural to then consider the higher spin Kerr-Schild
field

ϕKS
μ1…μs ≔ kμ1…kμsϕ ð2:5Þ

and show that it satisfies a higher spin linearized field
equation, i.e., the Fronsdal equation. This has been done
in [24] (with earlier work in four dimensions in [22]). Note
that ϕKS is traceless as the vector kμ is null. To summarize
their result, we define an expression whose vanishing is the
Fronsdal equation for a symmetric double traceless spin s
field ϕμ1…μs

FðsÞ
μ1…μsðϕðsÞÞ ≔ □ϕμ1…μs − s∂λ∂ðμ1ϕμ2…μsÞλ

þ 1

2
sðs − 1Þ∂ðμ1∂μ2ϕμ3…μsÞλ

λ ð2:6Þ

[(anti)symmetrizations are defined with unit weight, e.g.,
AðμνÞ ¼ 1

2
ðAμν þ AνμÞ]. The Fronsdal equation is invariant

under the gauge transformation

δϕðsÞ
μ1…μs ¼ ∂ðμ1ξμ2…μsÞ ð2:7Þ

where ξ is required to be traceless.

2Some earlier work on higher spin fields and the multicopy for
Kerr-Schild spacetimes is [22,23].
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A helpful discussion of the Fronsdal equation can be
found in the recent review of higher spin theories in [25].
The subject has a long and varied history; two earlier
reviews are [26,27].

We will also define F̃ðsÞ
μ1…μs by

F̃ðsÞ
μ1…μs ≔ FðsÞ

μ1…μsðϕKSÞ ð2:8Þ

i.e., the expression on the right-hand side of Eq. (2.6) with
the spin s Kerr-Schild field ΦKS replacing ϕðsÞ.
In Ref. [24], it is shown that if the Fronsdal equations

F̃ðsÞ ¼ 0 are satisfied for s ¼ 0; 1; 2 [i.e., Eq. (2.4)] then
they are satisfied for all values of s. This argument relies on
the following recursion relation, implicit in their derivation:

F̃ðsÞ
μ1…μs ¼ kðμ1F̃

ðs−1Þ
μ2…μsÞ þ ðs − 1Þkðμ1…kμs−2F̃

ð2Þ
μs−1μsÞ

− ð2s − 3Þkðμ1…kμs−1F̃
ð1Þ
μsÞ

þ ðs − 2Þkμ1…kμs F̃
ð0Þ: ð2:9Þ

Applying this repeatedly then leads to the desired result

F̃ðsÞ
μ1…μs ¼

1

2
sðs − 1Þkðμ1…kμs−2F̃

ð2Þ
μs−1μsÞ

− sðs − 2Þkðμ1…kμs−1F̃
ð1Þ
μsÞ

þ 1

2
ðs − 1Þðs − 2Þkμ1…kμs F̃

ð0Þ: ð2:10Þ

III. THE FIELD STRENGTH MULTICOPY

Now consider field strengths associated to the above
higher spin fields. The linearized field strength asso-
ciated to a symmetric higher spin field ϕμ1…μs is the
2s-component tensor

HðsÞ
μ1ν1μ2ν2…μsνsðϕðsÞÞ ¼ ∂μs∂μs−1…∂μ1ϕ

ðsÞ
ν1ν2…νs

���
½μiνi�

; ð3:1Þ

where the notation j½μiνi� means to antisymmetrize the
expression in each pair of indices ðμi; νiÞ, for
i ¼ 1;…; s. The field strength is invariant under the gauge
transformations

δϕðsÞ
μ1…μs ¼ ∂ðμ1Λμ2…μsÞ ð3:2Þ

for a symmetric spin s − 1 field Λ.3

It is straightforward to show that the trace of the field
strength is related to the Fronsdal equation by

ημ1νsHðsÞ
μ1ν1μ2ν2…μsνs ¼ −

1

4
∂μ2…∂μs−1F

ðsÞ
ν2…νs−1ν1μs

���
½μiνi�

; ð3:3Þ

where the antisymmetrization on the right-hand side is over
each pair ðμi; νiÞ for i ¼ 2;…; s − 1. The divergence of the
field strength is also related to the Fronsdal equation, by the
equation

∂
μ1HðsÞ

μ1ν1μ2ν2…μsνs ¼
1

2
∂μ2…∂μsF

ðsÞ
ν2…νsν1

���
½μiνi�

; ð3:4Þ

where here again the antisymmetrization on the right-hand
side is over each pair ðμi; νiÞ for i ¼ 2;…; s. If we insert the
Kerr-Schild solution for the spin s field into these equations
we thus deduce that the field strength for this field is
traceless and divergence-free.
Now consider the linearized Weyl double copy. This

concerns examples where the linearized Weyl tensor Cð0Þ
μνρσ

is proportional to a sum of terms quadratic in the Maxwell
field strength tensor. Explicitly

Cð0Þ
μνρσ ¼ α

�
FμνFρσ − FρμFνσ −

6

d − 2
ημρFν

λFσλ

þ 3

ðd − 1Þðd − 2Þ ημρηνσF
λπFλπ

�����
s
; ð3:5Þ

where α is a proportionality factor, d is the number of
spacetime dimensions, and the symbol js here means to
antisymmetrize in the pairs of indices ðμ; νÞ and ðρ; σÞ.
Note that both sides of this equation are traceless using the
flat metric. Here the Maxwell and Weyl tensor are just
special cases of the higher spin field strength tensors
defined in (3.1)

F ≔ 2Hð1Þ
μν ðϕð1ÞÞ; Cð0Þ

μ1ν1μ2ν2 ≔ 2Hð2Þ
μ1ν1μ2ν2ðϕð2ÞÞ: ð3:6Þ

One can then consider “multicopy” versions of the
linearized Weyl double copy, where the spin s field strength
can be expressed in terms sums of products of s Maxwell
tensors which share the same symmetry and trace proper-
ties. For example, a triple copy where the field strength
for a spin three field, given by (3.1) above for s ¼ 3, is
proportional to an expression cubic in the Maxwell tensor
which has the same symmetries,

Hð3Þ
μνρσλτðϕð3ÞÞ ∝ C½F�μνρσλτ ≔ FμνFρσFλτ þ…; ð3:7Þ

where the dots indicate terms which ensure the symmetries
and tracelessness of the field strength on the left-hand side
of the equation are reproduced by the combination of
Maxwell tensors.

3A discussion of field strengths, gauge symmetries, (nonlocal)
actions, and the equivalents of the Einstein tensor for fields
in arbitrary representations of the Lorentz group can be found
in [28,29].
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To see this explicitly, define

Xμνρσλτ ¼ ðFμνFρσFλτ þ 3FμνFρλFστ þ 2FμρFνλFστÞjsymm;

ð3:8Þ

and the trace terms (taken with the flat metric)

X0
μνρσλτ ¼ ημνXα

ρασλτ; X00
μνρσλτ ¼ ημνηρσXαβ

αλβτ; ð3:9Þ

where the notation jsymm means to antisymmetrize the
expression in the indices ðμνÞ; ðρσÞ; ðλτÞ and symmetrize
under the interchange of any two of those pairs. The
expression in (3.8) vanishes upon antisymmetrization in
any three adjacent indices. Then the triple copy expression
is given explicitly by

C½F�μνρσλτ
¼ Xμνρσλτ −

12

d
ðX0

μρνσλτ þ X0
μρλτνσ þ X0

λτμρνσÞjsymm

−
12

dðdþ 1Þ
�
X00
νρμσλτ þ X00

νρλτμσ þ X00
λτνρμσ

− 2ðX00
λμτσνρ þ X00

λμνρτσ þ X00
νρλμτσÞ

���
symm: ð3:10Þ

A. Schwarzschild metric

To give a simple example, consider the Schwarzschild
metric, written in the Kerr-Schild form

ds2 ¼ ðημν þ hμνÞdxμdxν

¼
�
ημν þ

λ

r
kμkν

�
dxμdxν; ð3:11Þ

with kμ ¼ ð1; x=r; y=r; z=rÞ and λ a constant.
First consider the linearized double copy. The field

strength is given by

Cð0Þ
μνρσ ¼ 2∂μ∂ρhνσjs; ð3:12Þ

and the Maxwell single copy gauge field is

Aμ ¼
λ

r
kμ: ð3:13Þ

The linearized double copy is then

Cð0Þ
μνρσ ¼ 2r

λ

�
FμνFρσ − FρμFνσ − 3ημρFν

λFσλ

þ 1

2
ημρηνσFλπFλπ

�����
s
; ð3:14Þ

where indices are raised with the flat metric in the
expression above.

For the triple copy, define the spin three field

ϕμνρ ¼
λ

r
kμkνkρ; ð3:15Þ

and its field strength

Hð3Þ
μ1ν1μ2ν2μ3ν3 ¼ ∂μ1∂μ2∂μ3ϕν1ν2ν3 j½μi;νi�; ð3:16Þ

where the notation indicates that the expression on the
right-hand side is to be antisymmetrized in the pairs ðμi; νiÞ
for i ¼ 1; 2; 3. This field strength is traceless with the flat
metric.
The triple copy is then found to be

Hð3Þ
μ1ν1μ2ν2μ3ν3 ¼

5r2

2λ2
C½F�μ1ν1μ2ν2μ3ν3 : ð3:17Þ

B. Eguchi-Hanson

Another example is the Euclidean Eguchi-Hanson met-
ric. With coordinates ðu; v; X; YÞ the Kerr-Schild vector is
kμ ¼ 1

uv−XY ðv; 0; 0;−XÞ and the flat metric and metric
perturbation are given by

ημνdxμdxν ¼ 2ðdudv − dXdYÞ; hμν ¼
m

uv − XY
kμkν;

ð3:18Þ

with m a constant, and the total metric given by

ds2EH ¼ ðημν þ hμνÞdxμdxν: ð3:19Þ

The Maxwell gauge field is

Aμ ¼
m

uv − XY
kμ: ð3:20Þ

The linearized field strength is given again by

Cð0Þ
μνρσ ¼ 2∂μ∂ρhνσjs; ð3:21Þ

and the double copy is

Cð0Þ
μνρσ ¼ uv − XY

m
C½F�μνρσ: ð3:22Þ

For the triple copy, define the spin three field

ϕμνρ ¼
m

uv − XY
kμkνkρ; : ð3:23Þ

and its field strength

Hð3Þ
μ1ν1μ2ν2μ3ν3 ¼ ∂μ1∂μ2∂μ3ϕν1ν2ν3 j½μi;νi�; ð3:24Þ
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and we find the triple copy expression

Hð3Þ
μ1ν1μ2ν2μ3ν3 ¼

5ðuv − XYÞ2
8m2

C½F�μ1ν1μ2ν2μ3ν3 : ð3:25Þ

C. D > 4

For examples in more than four dimensions, first con-
sider the Tangherlini metric in five dimensions. In Kerr-
Schild coordinates ðt; x; y; z; wÞ the Kerr-Schild vector is
given by ki ¼ ð1; x=r; y=r; z=r; w=rÞ, where here i ¼
1;…; 5 and r2 ¼ x2 þ y2 þ z2 þ w2. The metric is

ds2 ¼ ðηij þ hijÞdxidxj ¼
�
ηij þ

λ

r2
kikj

�
dxidxj; ð3:26Þ

with λ a constant.
For the linearized double copy, the field strength is

given by

Cð0Þ
ijkl ¼ 2∂i∂khjljs; ð3:27Þ

and the Maxwell single copy gauge field is

Ai ¼
λ

r2
ki: ð3:28Þ

The linearized double copy is then

Cð0Þ
ijkl ¼

r2

λ

�
FijFkl − FkiFjl − 2ηikFj

mFlm

þ 1

4
ηikηjlFmnFmn

�����
s
; ð3:29Þ

where we antisymmetrize in ði; jÞ and ðk; lÞ, and indices are
raised with the flat metric in the expression above.
For the triple copy, define the spin three field

ϕijk ¼
λ

r
kikjkk ð3:30Þ

and its field strength

Hð3Þ
i1j1i2j2i3j3

¼ ∂i1∂i2∂i3ϕj1j2j3 j½ia;ja�: ð3:31Þ

This is traceless with the flat metric.
The triple copy is then found to be

Hð3Þ
i1j1i2j2i3j3

¼ 5r4

8λ2
C½F�i1j1i2j2i3j3 : ð3:32Þ

This can be generalized to the higher dimensional
Tangherlini metrics in a straightforward way; for example
the double and triple copies in six dimensions are

Cð0Þ
ijkl ¼ −

20r3

27λ

�
FijFkl − FiFjk −

3

2
ηikFi

mFlm

þ 3

20
ηikηjlFmnFmn

�����
s
; ð3:33Þ

and

Hð3Þ
i1j1i2j2i3j3

¼ 70r6

27λ2
C½F�i1j1i2j2i3j3 ; ð3:34Þ

where we remind the reader that C½F�, defined in (3.10),
should be evaluated in the appropriate space time
dimension.
For a different five-dimensional example, consider the

singly rotating Myers-Perry solution. The Weyl double
copy for this case was studied in a particular coordinate
system in [12], but here we will use Kerr-Schild coordinates
xi ¼ ðt; x1; x2; y1; y2Þ so we can set up the formalism for
studying multiple copies.
The metric is given by

gij ¼ ηij þ hkikj ð3:35Þ

where the Kerr-Schild vector ki is given by

ki ¼
�
1;
Rx1 − ay1
R2 þ a2

;
x2
R
;
Ry1 þ ax1
R2 þ a2

;
y2
R

�
: ð3:36Þ

The vector ki is null with respect to both the flat and full
metric. The inverse metric is simply

gij ¼ ηij − hkikj: ð3:37Þ

We raise the index on ki with either the flat or curved
metric.
The parameter a is the rotation constant, and the function

h in (3.35) is

h ¼ μ

ðR2 þ a2Þ
�
1 − a2ðx2

1
þy2

1
Þ

ðR2þa2Þ2
� ; ð3:38Þ

where μ is a constant. Finally, R is a solution of the equation

x21 þ y21
R2 þ a2

þ x22 þ y22
R2

¼ 1: ð3:39Þ

Now consider the linearized Weyl double copy. The
Maxwell field strength is given by

Fij ¼ ∂iðhkjÞ − ∂jðhkiÞ: ð3:40Þ

Use this to form a tensor with the same symmetries as the
Weyl tensor, which is also traceless with respect to the flat
metric as

HIGHER SPIN FIELDS AND THE FIELD STRENGTH … PHYS. REV. D 113, 065017 (2026)

065017-5



C½F�ijkl ¼
�
FijFkl − FkiFjl − 2ηikFj

sFls

þ 1

4
ηikηjlFstFst

�����
s
; ð3:41Þ

where the notation js means to antisymmetrize the expres-
sion within the brackets in ði; jÞ and ðk; lÞ.
The linearized Weyl double copy can then be written

Cð0Þ
ijkl ¼

1

h
C½F�ijkl: ð3:42Þ

Now consider the triple copy. Firstly, define the spin
three field strength by

Hð3Þ
ijklst ¼ ∂s∂k∂iðhkjklktÞjs; ð3:43Þ

where here js means to antisymmetrize the expression
within the brackets in ði; jÞ, ðk; lÞ, and ðs; tÞ.
The field strength Hð3Þ

ijklst has the following properties: it
is antisymmetric in the pairs of indices ði; jÞ, ðk; lÞ, and
ðs; tÞ, and symmetric under the interchange of any two of
these pairs. The tensor also vanishes if any three indices
are antisymmetrized. Finally, it can be checked that it is
traceless using the flat metric. We find that the triple copy in
this case is given by

Hð3Þ
ijklst ¼ −

5

8h2
C½F�ijklst: ð3:44Þ

There are obvious generalizations of the tensor triple
copy, studied in various examples above, to higher spins,
defining a spin s field strength using s derivatives of the
appropriate function h times s copies of the Kerr-Schild
vector ki, and showing that this is reproduced by the sum of
products of s copies of the Maxwell tensor which shares the
same symmetry and trace features. This will involve an
increasing number of terms. We will see in the following
sections that this is much simplified in the spinor approach,
which will also allow a study of generalized Petrov types
for the Maxwell, spin two and higher spin spinor field
strengths, and show how multicopies lead to relations
between these.

IV. THE SPINOR MULTICOPY

A. Four dimensions

We now show how many of the above results can be
derived using a spinor-based approach. Firstly consider
four dimensions. Then the spinor form of the Maxwell
tensor is a two index symmetric spinor ϕAB, along with its
conjugate ϕA0B0 [(A; B; A0; B0 ¼ ð1; 2Þ] and the spinor equiv-
alent of the Weyl tensor is a four index symmetric spinor
ϕABCD along with its conjugate ϕA0B0C0D0 . One can immedi-
ately construct a symmetric four index spinor from the

Maxwell spinor as an object proportional to ϕðA0B0ϕC0D0Þ.
Using twistor space results, an understanding of how and
under what conditions this maps between solutions of the
spin one and two equations and with what proportionality
factor has been given in [30] (see also [14]), and wewill use
the results of that paper, and their notation, here.
Using the Penrose transform, one can derive the scalar,

and electromagnetic and gravitational spacetime field
strength spinors in terms of the spacetime principal spinors
αA0 ¼ ð1; ξ1Þ; βB0 ¼ ð1; ξ2Þ as

ϕ ¼ NðxÞ
ξ1 − ξ2

; ϕA0B0 ¼ −
N2ðxÞ

ðξ1 − ξ2Þ3
αðA0βB0Þ;

ϕA0B0C0D0 ¼ N3ðxÞ
ðξ1 − ξ2Þ5

αðA0βB0αC0βD0Þ; ð4:1Þ

where NðxÞ is the normalization factor arising from the
twistor/spinor incidence relation. An advantage of the
twistor approach is that it identifies this function explicitly;
a simple example is the Schwarschild metric where one can
derive the result ϕ ∝ 1=r [30], as can be seen in the tensor
equation (3.13) earlier. Notice also that in this construction
the Weyl double copy is restricted to type D spacetimes,
i.e., those with two pairs of repeated principal spinors.4

Using the spin s Penrose transform (see Eq. (13) of [30]),
one can derive the general result

ϕA0
1
B0
1
…A0

sB0
s
¼ ð−1ÞsNsþ1ðxÞ

ðξ1 − ξ2Þ2sþ1
αðA0

1
βB0

1
…αA0

s
βB0

sÞ: ð4:2Þ

Using this and the previous equation one can immediately
write down the spin s multicopy,5

ϕA0
1
B0
1
…A0

sB0
s
¼ ðξ1 − ξ2Þs−1

Ns−1ðxÞ ϕðA0
1
B0
1
…ϕA0

sB0
sÞ: ð4:3Þ

One can also consider equivalent expressions
which could be interpreted as a “mixed” multicopy, e.g.,

for spin three ϕA0B0C0D0E0F0 ¼ ðξ1−ξ2Þ2
N2ðxÞ ϕðA0B0ϕC0D0ϕE0F0Þ ¼

ξ1−ξ2
NðxÞ ϕðA0B0C0D0ϕE0F0Þ. A particular example then takes the

form of a recursion relation,

ϕA0
1
B0
1
…A0

sB0
s
¼ −

NðxÞ
ðξ1 − ξ2Þ2

ϕðA0
1
B0
1
…A0

s−1B
0
s−1
ϕA0

sB0
sÞ: ð4:4Þ

For an explicit example, consider the Eguchi-Hanson
metric of Sec. III B. In [5] it was shown that in this case the

4More general double copies which yield a variety of space-
time types have been found in [14] and the Weyl double copy
with sources studied in [31].

5The spin s spinor multicopy for AdS4 black holes was first
studied in [23], and a more recent discussion of the flat and AdS
cases is in [32].
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Weyl spinor is proportional to the product of two Maxwell
spinors. To connect with the discussion just above and
the higher spin copies, define the spin-s spinor field
strengths by

ϕA0
1
B0
1
…A0

sB0
s
¼ 1

2s
σμ1ν1 ðA0

1
B0
1
…σμsνsA0

sB0
sÞHμ1ν1…μsνs ð4:5Þ

with

Hμ1ν1…μsνs ¼ ð∇ðμ1…∇μsÞϕν1…νs − tracesÞj½μi;νi�; ð4:6Þ

where ϕν1…νs ¼ kν1…kνsϕ is the Kerr-Schild spin-s field
and the notation indicates antisymmetrization in the pairs
ðμi; νiÞ for i ¼ 1…s. [Note that the spinor index symmet-
rization in (4.5) projects out the traces ofH.] Now consider
the (unscaled) Newman-Penrose spinors6

α̂A0 ¼ 1ffiffiffi
2

p ðu − iY; uþ iYÞ; β̂A0 ¼ 1ffiffiffi
2

p ðvþ iX;−ðv − iXÞÞ: ð4:7Þ

Then α̂:β̂ ≔ α̂A
0
β̂A0 ¼ −ðuv − XYÞ and one can derive the results

ϕ ¼ −
m

α̂:β̂
; ϕA0B0 ¼ −

m

ðα̂:β̂Þ3 α̂ðA0 β̂B0Þ; ϕA0B0C0D0 ¼ −
3m

ðα̂:β̂Þ5 α̂ðA0 β̂B0 α̂C0 β̂D0Þ;

ϕA0B0C0D0E0F0 ¼ −
15m

ðα̂:β̂Þ7 α̂ðA0 β̂B0 α̂C0 β̂D0 α̂E0 β̂F0Þ;

ϕA0B0C0D0E0F0G0H0 ¼ −
105m

ðα̂:β̂Þ9 α̂ðA0 β̂B0 α̂C0 β̂D0 α̂E0 β̂F0 α̂G0 β̂H0Þ; ð4:8Þ

leading to the conjecture that

ϕA0
1
B0
1
…A0

sB0
s
¼ −

mð2s − 1Þ!!
ðα̂:β̂Þ2sþ1

αðA0
1
βB0

1
…αA0

s
βB0

sÞ: ð4:9Þ

This reproduces the relations (4.2) for the Eguchi-
Hanson case, up to purely numerical factors, noting that
αAβA ¼ −ðξ1 − ξ2Þ.7
Both the Maxwell and Weyl spinors may be assigned to

different classes reflecting how algebraically special they
are, using the Petrov classification (see, for example, the
discussions in [33,5] and references therein). This can be
presented using a Newman-Penrose tetrad of null vectors
kμ; nμ; mμ; m̃μ which can be written in terms of a pair of
two-spinors ιA; σ̃Ȧ and their conjugates.
The Maxwell spinor ϕAB can then be described by the

three scalars

ϕ0 ≔ ϕABσ
AσB; ϕ1 ≔ ϕABσ

AιB; ϕ2 ≔ ϕABι
AιB;

ð4:10Þ

with

ϕAB ¼ ϕ0ιAιB þ 2ϕ1σðAιBÞ þ ϕ2σAσB: ð4:11Þ

There are then two distinct types of nontrivial Maxwell
tensor: type I where ϕ0 ¼ 0 (which can always be
arranged in four, but not higher, dimensions) but ϕ1 ≠ 0,
and type II, where both are zero. This can also be described
in terms of spinor alignment: generically one can write
ϕAB ¼ αðAβBÞ for some choice of spinors αA, βB. If these
are proportional then the Maxwell spinor is of type II,
and if not it is type I. Note that the three quantities
ϕ0;ϕ1;ϕ2 depend on the choice of tetrad, so that the
classification of Maxwell types is more transparent using
spinor alignment.
There is an analogous well-known classification of the

Weyl spinor ϕABCD in curved spacetimes. This can be
described by the five complex scalars

ψ0 ≔ ϕABCDσ
AσBσCσD; ψ1 ≔ ϕABCDσ

AσBσCιD; ψ2 ≔ ϕABCDσ
AσBιCιD;

ψ3 ≔ ϕABCDσ
AιBιCιD; ψ4 ≔ ϕABCDι

AιBιCιD ð4:12Þ

6Forming the null vectors k; n;m; m̄ in the usual way from these, the only nonzero inner products are k:n ¼ −ðuv − XYÞ2 and
m:m̄ ¼ ðuv − XYÞ2.

7These formulas also follow for the linearized case, with partial derivatives in (4.6) and the flat space sigma matrices in (4.5), giving
the spinor versions of the formulas in Sec. III B.
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(the NP spinors ιA, σA are the curved spacetime versions
here) with

ϕABCD ¼ ψ0ιAιBιCιD þ 4ψ1ιðAιBιCσDÞ þ 6ψ2ιðAιBσCσDÞ
þ 4ψ3ιðAσBσCσDÞ þ ψ4σAσBσCσD: ð4:13Þ

There are then five different Petrov classes of Weyl spinor:
type I when ψ0 ¼ 0, type II when ψ0 ¼ ψ1 ¼ 0, type D
when ψ0 ¼ ψ1 ¼ ψ3 ¼ ψ4 ¼ 0 (here there are two distinct
pairs of aligned spinors), type III when ψ0 ¼ ψ1 ¼ ψ2 ¼ 0,
and type N when ψ0 ¼ ψ1 ¼ ψ2 ¼ ψ3 ¼ 0. As in the
Maxwell case, the quantities ψ0;…;ψ4 depend on the
choice of tetrad, and the classification of Weyl spinor types
can alternatively be made by studying spinor alignment:
type I when there is no alignment, type II when there is one

aligned pair, type D when there are two different aligned
pairs, type III when there is a triplet of aligned spinors, and
type N when there is a quartet.
The standardWeyl double copy is based on two copies of

the same Maxwell tensor, with ϕABCD ∼ ϕðABϕCDÞ and this
imposes restrictions on which type of Weyl spinor arises,
depending on the different types of Maxwell spinor. A type
II Maxwell spinor, when double copied, yields a type N
Weyl spinor, for example. The double copy in this case
yields examples of radiation regions of isolated gravita-
tional systems [9]. A type I Maxwell spinor, on the other
hand, yields a type D Weyl spinor under the double copy,
since this yields two pairs of aligned spinors.
The triple copy analog has ϕABCDEF ∼ ϕðABϕCDϕEFÞ

with similar conditions arising. One has seven quantities,

χ0 ≔ ϕABCDEFσ
AσBσCσDσEσF; χ1 ≔ ϕABCDEFσ

AσBσCσDσEιF;

χ2 ≔ ϕABCDEFσ
AσBσCσDιEιF; χ3 ≔ ϕABCDEFσ

AσBσCιDιEιF;

χ4 ≔ ϕABCDEFσ
AσBιCιDιEιF; χ5 ≔ ϕABCDEFσ

AιBιCιDιEιF;

χ6 ≔ ϕABCDEFι
AιBιCιDιEιF ð4:14Þ

with

ϕABCDEF ¼ χ0ιAιBιCιDιEιF þ 6χ1ιðAιBιCιDιEσFÞ þ 15χ2ιðAιBιCιDσEσFÞ þ 20χ3ιðAιBιCσDσEσFÞ
þ 15χ4ιðAιBσCσDσEσFÞ þ 6χ5ιðAσBσCσDσEσFÞ þ χ6σðAσBσCσDσEσFÞ: ð4:15Þ

One can then define different types of spin three field
strength spinors based on the vanishing of sets of the seven
quantities above, or using spinor alignment: a type II
Maxwell spinor will triple copy to a null type spin three
field strength, with six aligned spinors, and a type I
Maxwell spinor will triple copy to a field strength with
two triplets of aligned spinors. This generalizes to multi-
copies in the obvious way. Spinor alignment will also come
into play for multicopies here and in higher dimensions as
there are only a finite number of independent spinors in
each dimension.

B. Higher dimensions

In more than four dimensions the spinor double copy
again follows from transforming the tensor version into
spinor coordinates. In five dimensions, for example, the
spinor indices A;B;… run from 1 to 4, reflecting the
relationship SOð5Þ ∼ Spð2Þ. We then have the Maxwell
and Weyl spinors

ϕAB ¼ Fijσ
ij
AB; ϕABCD ¼ Cijklσ

ij
ABσ

ij
CD; ð4:16Þ

using the Lorentz generators σijAB. Inserting a double copy
formula for Cijkl, such as those given in examples earlier,

into the second equation above then leads to the spinor
double copy relationship ϕABCD ∼ ϕðABϕCDÞ.
In dimensions greater than four the classification of the

Maxwell and Weyl spinors is more detailed, since the little
groups are non-Abelian (c.f. [33] and references therein). In
the five-dimensional case, the little group is SUð2Þ, and we
will use the two-spinor indices a; b;… ¼ 1; 2. Here the
Newman-Penrose pentad can be defined using null vectors
ki; ni; ði ¼ 1;…5Þ, together with “polarization” vectors
ϵiab, symmetric in ða; bÞ. This pentad can be formulated
in terms of spinors kia; nia, carrying little group indices.
Contracting these into the field strength spinors then yields
little group-valued quantities that can be used to classify the
field strengths into different types.
For the Maxwell spinor ϕAB this yields the bispinors

ϕð0Þ
ab ≔ ϕABkAakBb; ϕð1Þ

ab ≔ ϕABkAanBb;

ϕð2Þ
ab ≔ ϕABnAanBb; ð4:17Þ

with

ϕAB ¼ ϕð0Þ
ab nA

anBb þ 2ϕð1Þ
ab n

a
ðAkBÞ

b þ ϕð2Þ
ab kA

akBb: ð4:18Þ
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While ϕð0Þ
ab and ϕð2Þ

ab are symmetric in ða; bÞ and in the 3

of SUð2Þ, the bispinor ϕð1Þ
ab has two irreducible compo-

nents: the symmetrized piece ϕð1Þ
ðabÞ and the trace 1

2
ϵabϕ

ð1Þ
tr .

The Petrov-like classification here is then type G when
none of the little group-valued bispinors in (4.17) vanish,

type I when only ϕð0Þ
ab ¼ 0, and type II when both ϕð0Þ

ab ¼ 0

and ϕð1Þ
ab ¼ 0. However, there is a further subclassification

of type I as ϕð1Þ
ðabÞ or ϕ

ð1Þ
tr may independently vanish or not.

An example is a constant electric field which has ϕð1Þ
ðabÞ ¼ 0

but ϕð1Þ
tr ≠ 0, whereas a constant magnetic field has

ϕð1Þ
ðabÞ ≠ 0 but ϕð1Þ

tr ¼ 0 [33].

For the Weyl spinor ϕABCD one follows an analogous
path, defining five little group-valued quantities

ϕð0Þ
abcd ≔ ϕABCDkAakBbkCckDd; ϕð1Þ

abcd ≔ ϕABCDkAakBbkCcnDd;

ϕð2Þ
abcd ≔ ϕABCDkAakBbnCcnDd; ϕð3Þ

abcd ≔ ϕABCDkAanBbnCcnDd;

ϕð4Þ
abcd ≔ ϕABCDnAanBbnCcnDd; ð4:19Þ

with the expansion

ϕABCD ≔ ϕð0Þ
abcdnA

anBbnCcnDd þ 4ϕð1Þ
abcdnðA

anBbnCckDÞd þ 6ϕð2Þ
abcdnðA

anBbkCckDÞd

þ 4ϕð3Þ
abcdnðA

akBbkCckDÞd þ ϕð4Þ
abcdkA

akBbkCckDd: ð4:20Þ

The little group-valued quantities in Eq. (4.19) may be
further broken down into irreducible representations, and a
detailed classification given of the separate types and
subtypes of Weyl spinor depending on which of these
vanish. One can also describe these, in complex Minkowski
spacetime, in terms of spinor alignment [33].
For the higher spin field strengths there is a similar, albeit

more complex structure of field types. For example, for
spin three the field strength ϕABCDEF will give rise to seven

little group-valued quantities ϕðqÞ
abcdef; ðq ¼ 1;…7Þ upon

contracting with the naA; k
a
A fields, which will then generate

a range of little group irreducible components and a variety
of types of field depending on which of these vanish.
The double copy and multicopy will yield relationships
between the types of Maxwell spinor and higher spin field
strength. The Maxwell spinor for the constant electric
field mentioned above, for example, is not of the most

general type as ϕð1Þ
ðabÞ ¼ 0, and this is reflected in the result

that the only nonzero gravitational quantity is ϕð2Þ
abcd ∼

1
2
ðϵacϵbd þ ϵbcϵadÞðTrϕð1ÞÞ2. Similarly, for the Maxwell

field for the Myers-Perry solution in (3.40), the symmetric

part of ϕð1Þ
ab vanishes.

An analogous discussion to the above applies to the
multicopy for a spin s field strength, based on the relation-
ship ϕA1;…A2s

∼ ϕðA1A2
…ϕA2s−1;A2sÞ.

V. VECTOR SUPERSPACE AND
CONTINUOUS SPIN

Returning now to four dimensions, the classification
of massless particles includes a “continuous spin” particle

with nonzero spin Casimir W2 ¼ −ρ2, for a parameter
ρ > 0 [34]. In this case one has an infinite tower of helicity
states which are mixed under Lorentz transformations, with
the mixing depending on ρ. A gauge theory construction of
a bosonic CSP was found in [16] (see also [35–38] for
reviews). This approach uses a vector superspace, and has
been generalized in various ways [36,39–42], see also [43]
for references. Alternative approaches to the CSP have
been presented in [44,45] and the relationships between the
different formulations discussed in [35,41,46]. Interactions
have also been explored in a number of papers [43,47–54].
The vector superspace approach to the bosonic continu-

ous spin particle uses a vector coordinate ημ (μ ¼ 1;…; 4),
and the continuous spin field

Ψðx; ηÞ ¼
X∞
s¼0

ϕðsÞ
μ1…μsη

μ1…ημs ; ð5:1Þ

with spin s component spacetime fields ϕðsÞ
μ1…μs . The CSP

action, equations of motion, and gauge invariances for the
field Ψ have been presented in [16], and further discussed in
[47]. The theory contains the continuous spin parameter ρ,
and for ρ → 0 and a partial gauge-fixing the equations of
motion and symmetries reduce to the Fronsdal equa-
tions (2.6) for each component of Ψ. In the following we
highlight some key points of this discussion, notably from
Sec. 2 of [47], before applying this to the Kerr-Schild field.
The equations of motion for the case ρ ¼ 0 are

δ0ðη2 þ 1Þ□Ψ −
1

2
△ðδðη2 þ 1Þ△ΨÞ ¼ 0; ð5:2Þ
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where △ ¼ ∂:e∂, with ∂̃μ ≔ ∂

∂ημ. The symmetries of (5.2) are

δϵΨ ¼ Dϵ ≔
�
η:∂ −

1

2
ðη2 þ 1Þ△

�
ϵðη; xÞ; ð5:3Þ

where ϵ can be expressed as an expansion of coefficient
fields times powers of η. Gauge invariance follows straight-
forwardly using the identities

△ðDϵÞ ¼ □ϵ −
1

2
ðη2 þ 1Þ△2ϵ;

δ0ðη2 þ 1ÞDϵ ¼ 1

2
△ðδðη2 þ 1ÞϵÞ: ð5:4Þ

The formulation uses certain polynomials in the η
coordinates

Pμ1…μn
ðnÞ ¼2n=2

�
ημ1…ημn −

nðn−1Þ
4

gðμ1μ2ημ3…ημnÞðη2þ1Þ
�

ð5:5Þ

(to avoid potential confusion with the η coordinates, gμν
denotes the flat space metric in this section). It is conven-
ient to expand the field Ψ in components as

Ψ ¼
X
n≥0

PðnÞðηÞϕðnÞðxÞ: ð5:6Þ

This shift in the definition of the component fields has
the effect of decoupling them at each level, simplifying the
analysis. We similarly define the component fields of the
gauge parameter as

ϵ ¼
X
n≥0

PðnÞðηÞϵðnÞðxÞ: ð5:7Þ

The equations of motion for the component fields ofΨ at
each level are then obtained by applying the polynomial
PðnÞ to the equations of motion (5.2) and integrating over
the η coordinates. The PðnÞ satisfy certain orthogonality
relations which have the effect of projecting the equations
of motion onto individual and independent equations for
the component fields of Ψ. The outcome is the Fronsdal
equations (2.6) for each component. This requires a partial
gauge-fixing which imposes a double tracelessness con-
dition on the component fields and reduces the gauge
symmetry to the standard one

δϵΦ ¼ η:∂ϵðη; xÞ; ð5:8Þ

with the components of ϵ now traceless. We note in passing
that the η integrals may be evaluated using the results

Z
d4ηδðη2 þ 1ÞFðηÞ ¼

X
n¼0

cnð∂̃Þ2nFðηÞjη¼0;Z
d4ηδ0ðη2 þ 1ÞFðηÞ ¼

X
n¼0

dnð∂̃Þ2nFðηÞjη¼0; ð5:9Þ

for any function FðηÞ, with cn ¼ ð−1Þn
4nn!ðnþ1Þ! and dn ¼ ð−1Þn

4nðn!Þ2.
Now define EðΨÞ to be the left-hand side of the

equations of motion (5.2). Then

Eμ1…μs
ðsÞ ðΨÞ ≔

Z
d4ηPμ1…μs

ðsÞ EðΨÞ ð5:10Þ

are the spin s Fronsdal equations of motion, and the relation
(2.5) then implies that Eμ1…μs

ðsÞ ðΦKSÞ vanishes for all s > 2,

since the equations for s ¼ 0; 1; 2 are satisfied. Thus all the
components of EðΦKSÞ are zero and the Kerr-Schild field
satisfies the equations of motion (5.2).
We can also translate our higher spin Kerr-Schild

solutions to the superspace approach

Ψ̂ ¼ fðk · ηÞϕ; ð5:11Þ

where kμ and ϕ satisfy the properties (2.2), (2.4) and f is an
arbitrary function. We can show that this satisfies the higher
spin field equations (5.2) directly for ρ ¼ 0. First we rewrite
the equation of motion (5.2) as follows:

δ0ðη2þ1Þ½□Ψ− ðη ·∂ÞΔΨ�−1

2
δðη2þ1ÞΔ2Ψ¼ 0: ð5:12Þ

Now we find that

ΔΨ̂ ¼ ∂ · ∂̃fðk · ηÞϕ ¼ f0ðk · ηÞ∂νðkνϕÞ; ð5:13Þ

where we have used the fact that ðk · ∂Þkμ ¼ 0. Similarly, it
is immediate that

Δ2Ψ̂ ¼ f00ðk · ηÞ∂μðkμ∂νðkνϕÞÞ ¼ f00ðk · ηÞ∂μ∂νðkμkνϕÞÞ:
ð5:14Þ

If we contract the flat metric gμν into the last relation
of (2.4) we find

gμνð□ðkμkνϕÞ − 2∂ρ∂ðμðkνÞkρϕÞ þ ∂μ∂νðkρkρϕÞÞ ¼ 0

⇒ ∂
ρ
∂
νðkνkρϕÞ ¼ 0;

ð5:15Þ

where we have used k2 ¼ 0. Comparing (5.14) and (5.15)
we find that Δ2Ψ̂ ¼ 0. Now let us consider the first term in
(5.12) which is proportional to

□Ψ − ðη · ∂ÞΔΨ: ð5:16Þ
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This also turns out to be zero for the field (5.1). For the first and second terms above we find

□Ψ̂ ¼ f00ðk · ηÞ½ð∂μðk · ηÞÞð∂μðk · ηÞÞϕ� þ f0ðk · ηÞ½ημ□ðkμϕÞ�; ð5:17Þ

ðη · ∂ÞΔΨ̂ ¼ f00ðk · ηÞ½ðη · ∂ðk · ηÞÞð∂νðkνϕÞÞ� þ f0ðk · ηÞ½η · ∂∂νðkνϕÞ�: ð5:18Þ

When combined the second terms in the expressions above cancel due to the spin-one equation in (2.4) and we obtain

□Ψ̂ − ðη · ∂ÞΔΨ̂ ¼ fðk · ηÞ½ð∂μðk · ηÞÞð∂μðk · ηÞÞϕ − ðη · ∂ðk · ηÞÞð∂νðkνϕÞÞ�: ð5:19Þ

To simplify this, note that we can write the nonzero terms of the spin-two equation in (2.4) as

ημην□ðkμkνϕÞ ¼ 2ðk · ηÞημ□ðkμϕÞ þ 2ð∂μðk · ηÞÞð∂μðk · ηÞÞϕ; ð5:20Þ

ημην2∂ρ∂ðμðkνÞkρϕÞ ¼ 2ðη · ∂ðη · kÞÞð∂ρðkρϕÞÞ þ 2ðη · kÞη · ∂ð∂ρðkρϕÞÞ; ð5:21Þ

which allows us to express (5.19) as

□Ψ̂ − ðη · ∂ÞΔΨ̂ ¼ f00ðk · ηÞ


1

2
ημην

�
□ðkμkνϕÞ − 2∂ρ∂ðμðkνÞkρϕÞ

�
− ðk · ηÞημ

�
□ðkμϕÞ − ∂μ

�
∂
ρðkρϕÞ

��� ¼ 0: ð5:22Þ

This is zero since the terms in brackets above are exactly
the spin-one and spin-two field equations from (2.4). By
taking fðk · ηÞ ¼ ðk · ηÞs we recover the result from [22,24]
that the Fronsdal equations are satisfied by the higher spin
copies of the Kerr-Schild fields.
Now consider the plane wave solutions discussed in [47].

These take the form

Ψh;l ¼ e−il:xψh;lðηÞ≔ e−il:xðiη · ϵþÞh ðh ≥ 0Þ;
Ψh;l ¼ e−il:xψh;lðηÞ≔ e−il:xð−iη · ϵ−Þh ðh ≤ 0Þ ð5:23Þ

where h is the helicity. We use the symbol l rather than the
traditional k to avoid confusion with the Kerr-Schild
vector k. We use the null complex frame vectors
ðlμ; qμ; ϵμþ; ϵμ−Þ, where ϵμ− is the complex conjugate of ϵμþ
and the nonzero inner products are q · l ¼ 1 and
ϵþ · ϵ− ¼ 2. The fields (5.23) satisfy (5.2) since both □

and △ annihilate them.
One can expand a general field Ψðη; xÞ in modes as

Ψðη; xÞ ¼
Z

d3l
ð2πÞ32jlj

X
h

ðahðlÞψh;lðηÞe−il·x þ c:cÞ
���
l0¼jlj

;

ð5:24Þ

where the coefficients ahðlÞ are given by

ahðlÞ ¼ 2jlj
Z

d4ηδ0ðη2 þ 1Þψ�
h;lðηÞΨðη; lÞ

���
l0¼jlj

: ð5:25Þ

As an example, for the Kerr-Schild solution ΦKS ≔ ek:ηϕ
one finds the formulas

aþhðlÞ ¼ 2jlj ih

2hh!

Z
dxe−il:xðk:ϵþÞhϕðxÞ;

a−hðlÞ ¼ 2jlj ð−iÞ
h

2hh!

Z
dxe−il:xðk:ϵ−ÞhϕðxÞ; ð5:26Þ

where k here is the Kerr-Schild vector, which depends on
the coordinates xμ.

A. Continuous spin

Now consider the continuous spin case where ρ ≠ 0.
Here the equations of motion and gauge symmetries are
obtained by simply replacing △ by △þ ρ [16,47], whence

δ0ðη2 þ 1Þ□Ψ −
1

2
ð△þ ρÞðδðη2 þ 1Þð△þ ρÞΨÞ ¼ 0;

ð5:27Þ

and

δϵΨ ¼
�
η:∂ −

1

2
ðη2 þ 1Þð△þ ρÞ

�
ϵðη; xÞ: ð5:28Þ

This introduces interactions between the particles of
different spin. Note that we can rewrite the equations of
motion (5.27) as

δ0ðη2 þ 1Þ
�
□Ψ − η:∂ð△þ ρÞΨ

þ 1

2
ðη2 þ 1Þð△þ ρÞ2Ψ

�
¼ 0; ð5:29Þ
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where we have used the distributional identity

ðη2 þ 1Þδ0ðη2 þ 1Þ ¼ −δðη2 þ 1Þ: ð5:30Þ

This also implies that ðη2 þ 1Þ2δ0ðη2 þ 1Þ ¼ 0.
Using the fact that the Kerr-Schild field ΦKS satisfies the

ρ ¼ 0 equations of motion, we would like to find a
generalization of this which solves (5.27). While we have
not succeeded in this, we note that there are some known
solutions—these are the plane waves given in [47], which
are a simple extension of the solutions (5.23) given by

Ψ̃h;l ¼ e−il:xψ̃h;lðηÞ ≔ e−il:xe−iρη·qðiη · ϵþÞh ðh ≥ 0Þ;
Ψ̃h;l ¼ e−il:xψ̃h;lðηÞ ≔ e−il:xe−iρη·qð−iη · ϵ−Þh ðh ≤ 0Þ

ð5:31Þ

where qμ is one of the null frame vectors introduced above.
These plane waves are annihilated by both □ and △þ ρ
and so solve the equations of motion (5.27).
If a solution ΨðρÞ of (5.27) has the component-field

expansion

ΨðρÞ ¼
X
s¼0

ϕðρÞ
μ1…μsη

μ1…ημs ; ð5:32Þ

then the Fourier modes are given by

aðρÞþhðlÞ ¼ 2jljih
X
m≥h

Z
dx

ð−1Þm
2m

ðiρÞm−h

ðm − hÞ!
× ϵμ1þ…ϵμhþ qμhþ1…qμmϕðρÞ

μ1…μm;

aðρÞ−hðlÞ ¼ 2jljð−iÞh
X
m≥h

Z
dx

ð−1Þm
2m

ð−iρÞm−h

ðm − hÞ!
× ϵμ1− …ϵμh− qμhþ1…qμmϕðρÞ

μ1…μm; ð5:33Þ

where the component fields have been assumed to be
traceless in the above. As would be expected, these
formulas reflect the fact that the parameter ρ mediates
interactions between particles of different helicities. It may
be possible to take the Fourier coefficients forΦKS at ρ ¼ 0
in (5.26) and multiply them by the ρ-dependent Fourier
modes of (5.33) to generate a CSP version of the Kerr-
Schild solution. However, we were not able to perform the
inverse Fourier transform to obtain this result.

B. AdS

We now turn to consider how the discussions above
may generalize to anti–de Sitter (AdS) backgrounds.
(Formulations of a continuous spin particle in AdS space
using the alternative light-cone, framelike, and Becchi-
Rouet-Stora-Tyuyin (BRST) approaches have been given in
[44,52,55–62].)
Higher spin field equations with Kerr-Schild solutions

for the AdS spacetime have been studied in [24,63]. We
will use the notation of [24] in the following (however we
will use the metric with signature þ − −−). Thus consider
the d-dimensional metric gμν given by8

gμνdxμdxν ¼ ð1þ λr2Þdt2 − 1

1þ λr2
dr2 − r2dΩ2

d−2;

ð5:34Þ

with dΩ2
d−2 the metric on the unit sphere in (d − 2)-

dimensions and λ the cosmological constant. The AdS
covariant derivative ∇μ satisfies

½∇μ;∇ν�Xρ ¼ 2λgρ½μXν�; ð5:35Þ

for a covector Xμ. The higher spin equations on this
spacetime are

∇2ϕμ1…μs − s∇ðμ1∇ρϕμ2…μsÞρ þ
1

2
sðs − 1Þ∇ðμ1∇μ2ϕμ3…μsÞρ

ρ

þ λsðs − 1Þgðμ1μ2ϕμ3…μsÞρ
ρ þ λ

�ððs − 2Þðdþ s − 3Þ − sÞ�ϕμ1…μs ¼ 0; ð5:36Þ

with the double trace of ϕ vanishing. These have the gauge
invariance

δϕμ1…μs ¼ s∇ðμ1Λμ2…μsÞ ð5:37Þ

for a traceless gauge parameter field Λμ1…μs−1 .
One can then consider field strengths in this AdS

background. Considering four dimensions for the moment,
the spin one field strength is just Hμν ¼ 2∇½μϕν�, while for
spin two the gauge invariant field strength is

Hμνρσ ¼ 4ð∇ρ∇μϕνσ þ λgρμϕνσÞjs; ð5:38Þ

where js here means to antisymmetrize in the pairs ðμ; νÞ
and ðρ; σÞ.
The Kerr-Schild higher spin solutions are given by

ϕμ1…μs ¼ kμ1…kμsϕ; ð5:39Þ

where the scalar field and Kerr-Schild vector are given by

8We have also changed the sign of λ relative to [24].
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ϕ ¼ 2

r
; kμ ¼

�
1;

1

1þ λr2
; 0; 0

�
: ð5:40Þ

The field strength (5.38) is then traceless and divergence-
free when the solution ϕμν ¼ kμkνϕ is inserted.
In a similar way one can write down the gauge invariant

spin-3 field strength

Hμνρσλτ ¼ 8ð∇ðλ∇ρ∇μÞϕνστ þ 4λgðλρ∇μÞϕνστÞjs; ð5:41Þ

where here js means to antisymmetrize in the pairs ðμ; νÞ;
ðρ; σÞ; ðλ; τÞ. Then Hμνρσλτ is traceless and divergence-free
when the spin-3 solution ϕνστ ¼ kνkσkτϕ is inserted into its
definition. These results generalize to higher spins with
additional terms coming in; for example for spin-4 the
invariant on-shell traceless and divergence-free field
strength is given by

Hμνρσλταβ ¼ 16ð∇ðα∇λ∇ρ∇μÞ þ 10λgðαλ∇ρ∇μÞ
þ 9λ2gðαλgρμÞÞϕνστβjs; ð5:42Þ

where here js means to antisymmetrize in the pairs ðμ; νÞ,
ðρ; σÞ, ðλ; τÞ, ðα; βÞ.
When the Kerr-Schild solutions (5.39) are inserted into

these field strengths, one can derive tensor expressions for
the multicopies. For example the double copy is given by

HμνρσðϕKSÞ ¼ 2rC½H�μνρσ; ð5:43Þ

where C½H�μνρσ is the expression on the right-hand side of
(3.5), with Fμν replaced by Hμν and the AdS metric used
throughout instead of the flat metric. Similarly the triple
copy is given by

HμνρσλτðϕKSÞ ¼ 30r2C½H�μνρσλτ; ð5:44Þ

where C½H�μνρσλτ is the expression on the right-hand side of
(3.10), with again Fμν replaced by Hμν and the AdS metric
used instead of the flat metric. Note that these expressions,
and their generalization to higher spin, are tensor forms of
the spinor multicopy formula given in [23].9

The above results generalize to a Kerr black hole in AdS
where it is useful to write the AdS metric in spheroidal
coordinates [24]

gμνdxμdxν ¼ Wð1þ λr2Þdt2 − Fdr2 −
r2 þ a2 cos2 θ
1 − λa2 cos2 θ

dθ2

−
ðr2 þ a2Þ sin2 θ

1 − λa2
dϕ2; ð5:45Þ

with W ¼ 1−λa2 cos2ðθÞ
1−λa2 and F ¼ r2þa2 cos2ðθÞ

ð1þλr2Þðr2þa2Þ, and with the

scalar field and Kerr-Schild vector now given by

ϕ¼ 2r
r2þa2 cos2 θ

; kμ ¼
�
F;W;0;−

asin2 θ
1− λa2

�
: ð5:46Þ

The equations of motion and field strengths are then given
by the formulas presented above for AdS, but using the
scalar and Kerr-Schild vector from (5.46).

C. Vector superspace

Returning to d dimensions, a vector superspace equation
of motion in AdS space has been given in [64], and
generalized to fermionic fields in [65] (along with cor-
recting a factor in [64]). Both [64] are [65] are based on the
derivative

∇0
μ ¼ ∂μ þ Γρ

μνηρ∂̃
ν ð5:47Þ

with Γρ
μν the spacetime connection. This derivative fails to

satisfy some expected identities such as ½∇0
μ;gρσ�Aα1…αn ¼ 0

and ½∇0
μ; ην�Aα1…αn ¼ 0, where Aα1…αn is any function of

the spacetime coordinates and the ημ.
Let us instead define a covariant derivative as10

∇μ ¼ ∇μ þ Γρ
μνηρ∂̃

ν ¼ ∇μ −∇μðηνÞ∂̃ν ð5:48Þ

(we assume that ∂μην ¼ 0), where∇μ is the usual spacetime
covariant derivative for some metric gμν. In flat space the
ημ vectors are simply coordinates in an additional vector
space. However, in curved space it is natural to identify ημ
with coordinates on the cotangent bundle associated with a
particular coordinate patch (as noted in [64]). To be
concrete, given a chart with coordinates xμ for some
manifold M there are canonical coordinates on the cotan-
gent bundle T�M given by ðx; ηÞ where

ðx; ηÞ → ðxμ; ηνdxνÞ∈T�M: ð5:49Þ

The two coordinates are independent so ∂μην ¼ 0, and any
particular fixed choice of ημ defines a one-form (at least
locally) to which we can apply the usual covariant
derivative, as used in (5.48). We will raise and lower
indices on ημ using the metric and, from the above
definitions, under a coordinate transformation xμ → xμ

0

(and the induced transformation ημ → ημ0 ) we have
9We thank Slava Didenko for pointing this out, which led to

multicopy results above being added. 10This type of covariant derivative has also appeared in [66,67].
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∂μ0 ¼
∂xμ

∂xμ
0 ∂μ þ

�
∂
2xν

0

∂xμ
0
∂xν

�
ην0 ∂̃ν; ημ0 ¼

∂xμ

∂xμ
0 ημ;

∂̃
μ0 ¼ ∂xμ

0

∂xμ
∂̃
μ ⇒ ∇μ0 ¼

∂xμ

∂xμ
0 ∇μ: ð5:50Þ

Note that the extra term in the transformation law of the
spatial derivative ∂μ implies that the usual derivative ∇μ

does not transform covariantly when acting on a function of
x and η. Indeed, this is one motivation for introducing
(5.48) in the first place (see Appendix for more details). It is
also worth mentioning that (5.48) is useful even in flat
space when using coordinates where Γρ

μν is nonzero. As will
be made clear in later examples, ∇μ acts on expressions
with indices in the usual way including those indices on ημ
and ∂̃

μ. (The definition (5.48) may be compared with the
natural metric on the co-tangent bundle, discussed in
[68,69] for example.) This definition has several nice
properties which we list below11:

½∇μ; gρσ�Aα1…αn ¼ 0; ð5:51Þ

½∇μ; ην�Aα1…αn ¼ 0; ð5:52Þ

½∇μ; ∂̃
ν�Aα1…αn ¼ 0; ð5:53Þ

½∇μ;∇ν�f ¼ Rα
βμνηα∂̃

βf; ð5:54Þ

½∇μ;∇ν�Xσ ¼ Rα
βμνηα∂̃

βXσ þ Rα
μνσXα; ð5:55Þ

∇μðAα1…αnBβ1…βmÞ ¼ ð∇μAα1…αnÞBβ1…βm

þ Aα1…αnð∇μBβ1…βmÞ; ð5:56Þ

∇μðηα1 � � � ηαnAα1…αnÞ ¼ ηα1 � � � ηαn∇μAα1…αn ; ð5:57Þ

where all of the tensors Aα1…; f; Xμ; Yμ are arbitrary
functions of x and η. If ∇μ acts on an expression that
does not depend on η it simply reduces to the usual
covariant derivative.
Acting on a scalar superfield, one then has the identities

½Δ̄; η:∇̄� ¼ ∇̄2 þ Rα
βηα∂̃

β − Rα
β
μ
νηαημ∂̃

β
∂̃
ν;

½∇̄2; η:∇̄� ¼ Rμνημ∇̄ν þ∇μðRα
β
μνÞηνηα∂̃β

þ 2Rα
β
μνηνηα∂̃

β∇̄μ;

½∇̄2; Δ̄� ¼ ð∇νRνμ
α
βÞηα∂̃μ∂̃β − ð∇νRνβÞ∂̃β

− Rμα∇̄α
∂̃
μ þ 2Rνμ

α
βηα∇̄ν

∂̃
μ
∂̃
β; ð5:58Þ

where △ ¼ e∂:∇ and ∇2 ¼ ∇μ∇μ. In the AdS case these
reduce to12

½Δ̄; η:∇̄� ¼ ∇̄2 þ λððd − 1Þη:∂̃þ ημην∂̃μ∂̃ν − η2∂̃2Þ;
½∇̄2; η:∇̄� ¼ λð2η:∇̄η:∂̃ − 2η2Δ̄þ ðd − 1Þη:∇̄Þ;
½∇̄2; Δ̄� ¼ λð2η:∇̄∂̃2 − ðd − 1ÞΔ̄ − 2η:∂̃ Δ̄Þ: ð5:59Þ

Using these, one can show that the following equation of
motion13

δ0ðη2þ 1Þ


∇2Ψ− ðη ·∇ÞΔ̄Ψþ 1

2
ðη2þ 1ÞΔ̄2Ψ

þ λ
�ðη:∂̃Þ2þðd− 6Þη:∂̃− 2ðd− 3Þþ η2∂̃2þ 2∂̃2

�
Ψ
�
¼ 0

ð5:60Þ

is invariant under the gauge transformations

δϵΨ ¼
�
η:∇ −

1

2
ðη2 þ 1ÞΔ̄

�
ϵþ ðη2 þ 1Þ2ξ; ð5:61Þ

with the second-order gauge symmetry

δϵ ¼ ðη2 þ 1ÞΛ; δξ ¼ 1

2
Δ̄Λ: ð5:62Þ

The equation of motion (5.60) can be obtained by varying
the action14

Z
ddxddη



1

2
δ0ðη2 þ 1Þð∇μΨÞð∇μΨÞ þ 1

4
δðη2 þ 1ÞðΔ̄ΨÞ2

þ δ0ðη2 þ 1Þ λ
2
Ψ
�ðη:∂̃Þ2 þ ðd − 6Þη:∂̃ − 2ðd − 3Þ

þ η2∂̃2 þ 2e∂2�Ψ�: ð5:63Þ

Note that since we are integrating over the cotangent bundle
the integration measure no longer contains any factors offfiffiffiffiffijgjp

, as would be expected when just integrating over just
the base manifold. This is due to the fact that, under a
coordinate transformation ðxμ; ηνÞ → ðxμ0 ; ην0 Þ,

11Equation (5.54) indicates that there is torsion in this super-
space, if we think of ∂̃

β as the covariant derivative in the η
direction.

12In AdS space we have Rμνρσ ¼ λðgμρgνσ − gμσgνρÞ and
Rμν ¼ λðd − 1Þgμν.

13This is equivalent to Eq. (2.25) in [65] but is based on the
covariant derivative (5.48) rather than (5.47).

14We thank Mojtaba Najafizadeh for asking if our equation of
motion could be obtained from an action, which led us to add the
explanation below.

GRAHAM R. BROWN and BILL SPENCE PHYS. REV. D 113, 065017 (2026)

065017-14



dxμ
0 ¼ ∂xμ

0

∂xμ
dxμ; dημ0 ¼

∂xμ

∂xμ
0 dημ þ

�
∂
2xν

∂xμ∂xμ
0

�
ηνdxμ:

ð5:64Þ

When we wedge dx and dη the extra term in the trans-
formation rule of dη disappears and so the correct invariant
measure is

ð
ffiffiffiffiffi
jgj

p
ddxÞ

�
1ffiffiffiffiffijgjp ddη

�
¼ ddxddη; ð5:65Þ

which is just the standard measure on phase space. This
measure also has the property that the derivative (5.48)
satisfies the usual integration-by-parts relations. To show
this consider

Z
ddxddη∇μðXμÞ ¼

Z
ddxddη∇μðXμÞ

−
Z

ddxddη∇μðηνÞ∂̃νðXμÞ; ð5:66Þ

where Xμ is an arbitrary vector field depending on x, η.
The two terms above cancel each other, as we will now
demonstrate. First we write

Z
ddxddη∇μðηνÞ∂̃νðXμÞ ¼

Z
ddxddη∂̃νð∇μðηνÞXμÞ

−
Z

ddxddη∂̃νð∇μðηνÞÞXμ

¼
Z

ddxddηΓν
μνXμ; ð5:67Þ

where we have discarded a total derivative in η. If we
combine this with the first term in (5.66) we find

Z
ddxddη∇μðXμÞ ¼

Z
ddxddη∇μðXμÞ − Γν

μνXμ

¼
Z

ddxddx∂μðXμÞ ¼ 0 ð5:68Þ

where the result vanishes since it is a total spacetime
derivative. This gives the integration-by-parts identity

Z
ddxddη∇μðXμÞ ¼ 0 ⇒

Z
ddxddηf∇μðXμÞ

¼ −
Z

ddxddη∇μðfÞXμ: ð5:69Þ

With this one can show explicitly the equation of motion
(5.60) can be obtained by varying the action (5.63).
Equivalently, one can also show that the operator in
(5.60) is Hermitian.

We can now show that there is a generalized AdS Kerr-
Schild solution analogous to the flat space expression
(5.11) i.e.,

Ψ̂ ¼ fðk · ηÞϕ; ð5:70Þ

where k2 ¼ 0 ¼ kμ∇μkν here. Inserting this expression
into (5.60), and using similar manipulations to those
below (5.11), we find that these equations of motion are
satisfied if

∇2ϕ − 2ðd − 3Þλϕ ¼ 0;

∇2ðkμϕÞ −∇μ∇νðkνϕÞ − ðd − 1ÞλðkμϕÞ ¼ 0;

∇2ðkμkνϕÞ − 2∇ðμ∇ρðkνÞkρϕÞ − 2λðkμkνϕÞ ¼ 0: ð5:71Þ

These are precisely the spin zero, one and two equations
from (5.36) if one substitutes the Kerr-Schild fields ϕ → ϕ,
ϕμ → kμϕ and ϕμν → kμkνϕ, with the ϕ on the right-
hand sides the field in (5.70), satisfying the first equation
in (5.71). If we choose Ψ̂ ¼ ðk · ηÞsϕ we recover the result
of [24] that the spin s Kerr-Schild field satisfies the AdS
higher spin equation of motion (5.36), assuming the spin
zero, one and two equations above are satisfied.
It is not clear if there is a continuous spin generaliza-

tion of (5.60); if one replaces Δ̄ → Δ̄þ ρ in these
equations of motion and in the gauge invariance (5.61),
the order ρ3, ρ2 terms cancel in the variation of the
equations of motion, but there is a noncancelling order ρ
term −ρλδ0ðη2 þ 1Þð2η:∂̃þ d − 1Þðη2 þ 1Þϵ. We note that
this contains no space-time derivatives, and so given the
presence of these in the gauge transformations it appears
unlikely that there is any local correction term that can be
added to the equations of motion to obtain invariance.
Another way to explore this question is to consider the

Pauli-Lubanski vector

Wμ ¼ 1

2
ϵμνρσJμνPρ: ð5:72Þ

In [16] it was shown that for their flat space action and
symmetries W2 ¼ −ρ2 up to gauge transformations, as
required to describe a CSP (see also [36] for a related
discussion). This result does not appear to immediately
generalize to AdS.

VI. CONCLUSIONS

In this paper we have discussed a generalization of the
Weyl double copy to higher spin “multicopies,” with the
linearized higher spin field strengths given by sums of
powers of the Maxwell tensor. This utilized Kerr-Schild
formulations of the fields. The Fronsdal equations for
higher spin fields guarantee that the field strengths are
traceless and divergence-free. Various examples were
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given. The spinor formulation provided further insights,
working from the Penrose transform. The multicopy was
seen to provide information on admissible spacetime types
under classification schemes. We studied the Schuster-
Toro vector superspace formulation of the continuous
spin particle, giving a generalized Kerr-Schild solution
involving an arbitrary function. We then discussed the case
of an anti–de Sitter background and gave examples of the
tensor multicopy, corresponding to the spinor formulations
of [23]. We clarified the vector superspace formulation of
the theory, using a different definition of the covariant
derivative, with a generalized solution given in terms of the
AdS-Kerr Kerr-Schild vector and scalar. We then described
some of the obstacles to a continuous spin formulation.
Whether the multicopy generalizes beyond linearized

field strengths in flat space, or the AdS case, is one
question. It would be interesting to study whether imposing
some self-duality constraints does allow a multicopy,
notably using the spinor formalism and the Penrose trans-
form on self-dual spaces, linking this for example to the
discussion of the Eguchi-Hanson case in Sec. IVA.
Regarding nonlinear extensions, multicopy formulas
involving corrections to the linearized higher spin black
brane have been found in [70].
A further question is the formulation of continuous

spin particles in nonflat spacetimes. The AdS formulation
of the Schuster-Toro theory for ρ ¼ 0 does not give a
CSP formulation upon shifting △ → △þ ρ, as worked in
flat space. However, continuous spin solutions in AdS
have been studied in alternative approaches (see, e.g.,
[60,71,72]) and it would be interesting to see if these
results can be translated into the superspace formalism. It
was interesting that the general function in (5.11) solves the
higher spin equations and it may be possible to use this
freedom to explore CSP solutions. However, in the case of
CSPs the equations of motion for different spins will mix
and thus the general function we found for ρ ¼ 0 may be
constrained. It is also worth exploring possible CSP
formulations on backgrounds such as the Schwarschild
metric, although we found that solving the equations
iteratively in ρ did not prove possible. This is perhaps not
surprising given that there are significant obstacles when
coupling conventional massless higher spins to gravity
beyond (A)dS backgrounds; see for example reviews given
in [26,73]. However CSPs naturally incorporate a tower of
higher spins, a property expected of higher spin fields
which interact consistently with gravity [26,73]. Thus one
might hope that the gravitational interactions of CSPs are
better behaved; see [48,51] for first steps in this direction.
We leave investigations of this last point to future work.
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APPENDIX: APPENDIX THE COTANGENT
BUNDLE AND COVARIANT DERIVATIVE

Here we compile some useful properties about the
cotangent bundle T�M and its symplectic and geometric
structure which we used in Sec. V C to define a covariant
derivative. The material found here is covered in many
standard textbooks, e.g., [74].
First let us restate our notation from the main text. Given

a manifold M, in each chart (with coordinates xμ) one can
define natural coordinates on T�M given by (xμ, ην)

ðx; ηÞ → ðxμ; ηνdxνÞ∈T�M: ðA1Þ

From the definition of ημ under a change of coordinates
xμ → xμ

0
coordinates we have

ημ0 ¼
∂xμ

∂xμ
0 ημ: ðA2Þ

The vectors ∂μ ¼ ∂

∂xμ and ∂̃
μ ¼ ∂

∂ημ
then naturally span the

tangent space to T�M. However, this basis of vectors does
not transform in a nice way under a change of coordinates
ðxμ; ημÞ → ðxμ0 ; ημ0 Þ,

∂μ0 ¼
∂xμ

∂xμ
0 ∂μ þ

∂ημ
∂xμ

0 ∂̃ν ¼
∂xμ

∂xμ
0 ∂μ þ

�
∂
2xν

0

∂xμ
0
∂xν

�
ην0 ∂̃ν;

∂̃
μ0 ¼ ∂xμ

0

∂xμ
∂̃
μ: ðA3Þ

A better basis is given by a splitting into horizontal and
vertical vectors

Hμ ≔ ∂μ þ Γρ
μνηρ∂̃

ν; Vμ ≔ ∂̃
μ; ðA4Þ

which now have the simpler transformation properties

Hμ0 ¼
∂xμ

∂xμ
0 Hμ; Vμ0 ¼ ∂xμ

0

∂xμ
∂̃
μ: ðA5Þ

For the connection coefficients Γρ
μν we simply choose the

usual Levi-Civita connection coefficients from M. There is
also a dual basis
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H̄μ ≔ dxμ; V̄μ ≔ dημ − Γρ
μνηρdxν; ðA6Þ

which transforms similarly

V̄μ0 ¼
∂xμ

∂xμ
0 V̄μ; H̄μ0 ¼ ∂xμ

0

∂xμ
H̄μ; ðA7Þ

due to the transformation laws

dxμ
0 ¼ ∂xμ

0

∂xμ
dxμ; dημ0 ¼

∂xμ

∂xμ
0 dημ þ

�
∂
2xν

∂xμ∂xμ
0

�
ηνdxμ:

ðA8Þ

We extend the covariant derivative from M to T�M so
that it is compatible with the horizontal and vertical
splitting defined above,

∇Hμ
ðHνÞ ≔ Γρ

μνHρ; ∇Hμ
ðV̄μÞ ≔ Γρ

μνV̄ρ;

∇Hμ
ðH̄νÞ ≔ −Γν

μρH̄ρ; ∇Hμ
ðVνÞ ≔ −Γν

μρVρ; ðA9Þ

and

∇VμðHνÞ ¼ ∇VμðV̄μÞ ¼ 0; ∇VμðH̄νÞ ¼ ∇VμðVνÞ ¼ 0:

ðA10Þ

With this choice ∇Vμ ¼ ∂̃
μ and ∇Hμ

¼ ∇μ defined in the
main text. For example

∇Hμ
ðXνHνÞ ¼ ðHμðXνÞ þ Γν

μρXρÞHν

¼ ð∂μðXνÞ þ Γρ
μσηρ∂̃

σXμ þ Γν
μρXρÞHν: ðA11Þ

This covariant derivative also preserves the canonical
symplectic form

ω ≔ dημ ∧ dxμ ¼ V̄μ ∧ H̄μ; ∇Hμ
ω ¼ ∇Vμω ¼ 0

ðA12Þ

which looks the same in any choice of coordinates, and in
the second equality above we have used the torsionless
condition of Γρ

μν. We can use this to relate the horizontal/
vertical basis and its dual

ωðVμ; Þ ¼ H̄μ; ωð ; HμÞ ¼ V̄μ: ðA13Þ

The metric on the manifold M can also be lifted to a
Sasaki metric [75]15 on T�M (see also [68,69]) given by

ds2T�M ¼ gμνðxÞH̄μH̄ν þ gμνðxÞV̄μV̄ν: ðA14Þ

With this definition the metric component gμν and its
inverse gμν transform in the usual way. In addition, the
metric above has vanishing covariant derivative as expected
since the connection coefficients Γρ

μν come from the Levi-
Civita connection on M. Due to the compatibility of the
covariant derivative with the symplectic form and the
metric, we will write component fields as Xμ without
specifying whether they belong to a vector or covector.
Indeed, ∇Xμ takes the same value regardless of whether Xμ

was the component of XμHμ or XμV̄μ, and similarly for Xμ.
For concreteness, one can exclusively use either the
horizontal basis or the vertical one.
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