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We discuss the generalization of the Weyl double copy to higher spin “multicopies,” showing how the
natural linearized higher spin field strengths can be related to sums of powers of the Maxwell tensor. The
tracelessness of the field strength involves the appropriate Fronsdal equations of motion for the higher
spin field. We work with spacetimes admitting Kerr-Schild coordinates and give a number of examples in
different dimensions. We note that the multicopy is particularly transparent in four dimensions if one uses
spinor descriptions of the fields, relating this to the Penrose transform. The higher dimensional spinor
multicopy is also explored and reveals some interesting new features arising from the little group based
identification of higher spin field strengths and Maxwell tensor types. We then turn to the vector superspace
formalism describing higher spin and “continuous” spin representations given by Schuster and Toro, based
on symmetric tensor fields. Here the Kerr-Schild higher spin fields we have used earlier naturally package
into a simple expression involving an arbitrary function, when the continuous spin scale p is set to zero.
Further, we discuss the case of an anti—de Sitter background, where there is also a vector space formalism
given by Segal and we clarify this approach using a different definition of the covariant derivative. We give
a general solution of Kerr-Schild type and finally we describe some of the obstacles to a continuous spin

formulation.

DOI: 10.1103/6f9g-jbzn

I. INTRODUCTION

The double copy has proven a fertile source of new ideas
and results over recent years. It was first applied to
scattering amplitudes, initially relating amplitudes in
Yang-Mills theory and gravity [1,2], where it continues
to influence progress in increasingly diverse areas (see,
for example, the SAGEX series [3] for comprehensive
reviews). Subsequently it has been explored in the context
of field theory solutions, where similar progress has ensued
(see, for example, the book [4] and references therein). One
particularly interesting approach to the double copy is the
Weyl double copy, first explored in [5]." Here the Weyl
tensor in four dimensions is related to an expression

“Contact author: graham.brown@ed.ac.uk

Contact author: w.j.spence@gmul.ac.uk

'With some related earlier work in the general relativity
literature [6-8].

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2026/113(6)/065017(19)

065017-1

quadratic in the Maxwell tensor. Subsequent work has
expanded on this in a number of different directions [9-15].

In this paper we would like to explore the generalization
of the Weyl double copy to higher spin fields, that we will
call the field strength multicopy. This relates the higher spin
s > 2 field strengths to products of the Maxwell tensor.
We will develop this in various dimensions and for
both tensor and spinor formulations. We will also explore
higher spin fields in the continuous spin formulation of
[16], with a related Kerr-Schild construction, applying this
to anti—de Sitter space.

We begin in Sec. II with the definition of the higher spin
Kerr-Schild fields and the Fronsdal equations of motion,
and give the recursion relation satisfied by these. We then
turn in Sec. III to define the field strength and gauge in-
variance for the spin s fields, relating its trace and
divergence to the Fronsdal equations. This allows us to
formulate the field strength multicopy, which relates the
spin s field strength to sums of powers of s copies of
the Maxwell tensor which share the same symmetry and
trace properties. We give a number of examples: the
Schwarschild and Eguchi-Hanson metrics in four dimen-
sions, the Tangherlini metric in five and six dimensions,
and the Myers-Perry singly rotating solution in five
dimensions.

Published by the American Physical Society
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In Sec. IV we describe the spinor description of
the multicopy. This avoids many of the complications
of the tensor analysis and provides new insights. In four
dimensions, the spin s multicopy is easily derived using the
Penrose transform. This also provides simple formulas
for “mixed” multicopies whereby the spin s spinor field
strength is expressed in terms of field strengths of lower
spin. This includes a simple recursion relation linking the
spin s field strength to the product of the spin s — 1 field
strength and the Maxwell spinor. After a brief review of the
spinor version of the Petrov-type classification of space-
times, we describe how the multicopy leads to the defi-
nition of higher spin quantities which are linked to those in
the classification of Maxwell spinors. This then relates the
types of higher spin field strengths which can be generated
from the differing Maxwell types via the multicopy. We
then explore higher dimensional versions of the spinor
multicopy, where the little group is nontrivial and plays
an important role in the analysis. We discuss the five-
dimensional case, and after summarizing briefly the
recently discovered Petrov-type classification, we describe
how the spinor multicopy relates the higher spin little
group-valued quantities to the Maxwell spinors. This again
then relates the types of higher spin field strengths which
can be generated from the differing Maxwell fields via the
multicopy, albeit in a more involved way due to the
presence of the little group.

In Sec. V we discuss the vector superspace formulation
of higher spin and “continuous” spin particles (CSPs). Here
the Kerr-Schild higher spin field that we have used earlier
can be written in a unified compact form involving an
arbitrary function. When the continuous spin parameter is
zero we show that this unified higher spin Kerr-Schild field
satisfies the vector superspace equations of motion. Finally
in this section we study the AdS-Kerr case, presenting
gauge invariant higher spin field strengths defined using the
relevant Kerr-Schild vector and scalar, and noting examples
of the tensor multicopy. The vector superspace formulation
of the equations of motion and gauge invariance are then
given, using a new covariant derivative. A generalized
Kerr-Schild type solution is also given, and the simple
extension of this formulation to a continuous spin particle
which applied in flat space is shown not to yield a CSP
theory in this case.

In Sec. VI we present conclusions and note some further
avenues of exploration that our work suggests. Finally, the
Appendix contains additional details about the covariant
derivative used in Sec. V.

II. HIGHER SPIN KERR-SCHILD FIELDS

The study of metrics admitting a Kerr-Schild formu-
lation [17,18] (see also the review [19]) has had many
applications in general relativity. These metrics have
more recently played a key role in the discovery of the
double copy for classical field theory and gravitational

solutions [20,21]. Here we will discuss higher spin
versions of the standard Kerr-Schild fields and their
equations of motion, before turning to generalizations of
the Weyl double copy that can be defined based on these.
Given a static vacuum Kerr-Schild metric solution

9w = Nw + kﬂkl/¢’ (21)
with a Kerr-Schild vector k, satisfying
ko k* =0 = k'k,, (2.2)

one can define the zeroth, single and double copy fields

¢7
by = kb,
¢;w = kﬂkv¢’ (23)
which satisfy the spin zero, one and two equations
L¢ =0,
U¢, — 00,¢, =0,
U, — 2070, + 0,0,¢°, = 0. (2.4)

It is natural to then consider the higher spin Kerr-Schild
field

KS =
Hi--ps T k,ul o kﬂs¢

(2.5)

and show that it satisfies a higher spin linearized field
equation, i.e., the Fronsdal equation. This has been done
in [24] (with earlier work in four dimensions in [22]). Note
that ¢%S is traceless as the vector k, is null. To summarize
their result, we define an expression whose vanishing is the
Fronsdal equation for a symmetric double traceless spin s
field ¢, .

Fl(lsl)ﬂx(qs(Y)) = D¢[u1...ﬂs - saia(quﬁuz...ﬂx)i

1
+5s(s— 1)‘)(/41aﬂz‘r"’ﬂs--»m)/li

: (2.6)

[(anti)symmetrizations are defined with unit weight, e.g.,
Agw) =%(A,, +A,,)]. The Fronsdal equation is invariant
under the gauge transformation
D8 . = 0 & (2.7)
1 Hs (k1 Spa - pis) :

where ¢ is required to be traceless.

*Some earlier work on higher spin fields and the multicopy for
Kerr-Schild spacetimes is [22,23].
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A helpful discussion of the Fronsdal equation can be
found in the recent review of higher spin theories in [25].
The subject has a long and varied history; two earlier
reviews are [26,27].

We will also define 7', by

FO) oy = F) o (655) (2.8)

i.e., the expression on the right-hand side of Eq. (2.6) with
the spin s Kerr-Schild field ®XS replacing ¢).

In Ref. [24], it is shown that if the Fronsdal equations
F®) = 0 are satisfied for s =0, 1,2 [i.e., Eq. (2.4)] then
they are satisfied for all values of s. This argument relies on
the following recursion relation, implicit in their derivation:

#(s) #(s=1) #(2)
Fuyon, = k(”lFllz-nﬂs) + (s - 1)k(”l "'k/‘x—zFﬂ.\-_m,\-)
(1)
- (25— 3)k(m ok )

+ (s = 2)k,, ...k, FO. (2.9)

Applying this repeatedly then leads to the desired result

. 1 o
F/(u)---u.y = Es(s = Dk, "'kﬂsszlszlﬂx)

~ (1
—s(s— 2)k(ﬂ] ...kﬂl\;lF,(h_))

1 y
+ E(s —1)(s = 2)k,, ...k, FO. (2.10)

III. THE FIELD STRENGTH MULTICOPY

Now consider field strengths associated to the above
higher spin fields. The linearized field strength asso-
ciated to a symmetric higher spin field ¢, ..., is the
2s-component tensor

Hl(lslllﬂzl/zmﬂxvs (¢<Y)) = aﬂ\-aﬂ.\»] "'aﬂlqﬁl(/flz-»”l‘ ]

ivi)

(3.1)

where the notation [, means to antisymmetrize the

expression in each pair of indices (y;,v;), for
i =1,...,s. The field strength is invariant under the gauge
transformations

5¢£“1>/‘x = a(u]A;tg.../Ax) (32)

for a symmetric spin s — 1 field AP
It is straightforward to show that the trace of the field
strength is related to the Fronsdal equation by

3A discussion of field strengths, gauge symmetries, (nonlocal)
actions, and the equivalents of the Einstein tensor for fields
in arbitrary representations of the Lorentz group can be found
in [28,29].

s 1 s
;1#1”.\-[-]( ) _ F) (s)

e Y] l‘z"'aﬂx—lF’/Z---l’x—ll’lﬂs )

33
[uivi] ( )
where the antisymmetrization on the right-hand side is over
each pair (u;,v;) for i = 2, ..., s — 1. The divergence of the
field strength is also related to the Fronsdal equation, by the
equation

L0 FS |

s
2
Vi

o H/(li)ylﬂzyz---ﬂxl’x (34)

:zaﬂz.

where here again the antisymmetrization on the right-hand
side is over each pair (y;, v;) for i = 2, ..., s. If we insert the
Kerr-Schild solution for the spin s field into these equations
we thus deduce that the field strength for this field is
traceless and divergence-free.

Now consider the linearized Weyl double copy. This

concerns examples where the linearized Weyl tensor C,(l%,,
is proportional to a sum of terms quadratic in the Maxwell
field strength tensor. Explicitly

0 _ 6
Cuwps = a<FMDF/”’ = Fpulye — d— 2'7ﬂva/1Fm1
3 Am
+ (d— 1)(61—2) nﬂp’/[baF FM: ’ (35)

where « is a proportionality factor, d is the number of
spacetime dimensions, and the symbol |, here means to
antisymmetrize in the pairs of indices (u,v) and (p, o).
Note that both sides of this equation are traceless using the
flat metric. Here the Maxwell and Weyl tensor are just
special cases of the higher spin field strength tensors
defined in (3.1)

2

1

1 0
F = 2HI(4V) (¢(l))’ CE‘IZ’IﬂZVZ = 2Hl<4 2’1ﬂzl/z (¢(2)) (36)

One can then consider “multicopy” versions of the
linearized Weyl double copy, where the spin s field strength
can be expressed in terms sums of products of s Maxwell
tensors which share the same symmetry and trace proper-
ties. For example, a triple copy where the field strength
for a spin three field, given by (3.1) above for s = 3, is
proportional to an expression cubic in the Maxwell tensor
which has the same symmetries,

®3)
H Hvpoit

(¢®)) « C[F] = FFpoF+ ..., (3.7)

Hvpoit

where the dots indicate terms which ensure the symmetries
and tracelessness of the field strength on the left-hand side
of the equation are reproduced by the combination of
Maxwell tensors.
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To see this explicitly, define

X;wprrﬂr = (F;w /m—Fh + 3F F AFrrr + ZFW)FMFM)|symm’

(3.8)
and the trace terms (taken with the flat metric)
X//,{ppo'ﬂ,‘[ ”ﬂvXa/Jaml‘r ’ XZypo-ﬂf ”ﬂyﬂpﬂxaﬂaﬂ/ﬁ ’ (3 9)

where the notation |y, means to antisymmetrize the
expression in the indices (uv), (po), (A7) and symmetrize
under the interchange of any two of those pairs. The
expression in (3.8) vanishes upon antisymmetrization in
any three adjacent indices. Then the triple copy expression
is given explicitly by

C [F ] Hvpoit

12
= X;wpa/l‘r - d

12
_d(d+1)(

1 1"
-2 (X/I/Amup +X Apvpto

(X,

!/
HpvoAt +X

U
pupitve + X/Iw/wa) |symm

X//

UpuoAt + Xy

vpituo + X Atvppo

+ X:/lp/l/tm)) | symm*

(3.10)

A. Schwarzschild metric

To give a simple example, consider the Schwarzschild
metric, written in the Kerr-Schild form

ds* = (1, + hy,)dx*dx”

A
= (’Lw + - kﬂky> dxtdx”, (3.11)
B
with k, = (1,x/r,y/r.z/r) and 1 a constant.
First consider the linearized double copy. The field
strength is given by

0
C\)y = 20,0,h (3.12)
and the Maxwell single copy gauge field is
A
A, :;kﬂ. (3.13)
The linearized double copy is then
O =2 (FuF, —F,F,, — 3, FF
pvpe — 7 wl pe = L ppl’ yo = Nypl’ )" I g),
1 2
+§’7yp’7uo-F ”Fﬂzr ’ (314)

where indices are raised with the flat metric in the
expression above.

For the triple copy, define the spin three field

/1

¢ﬂl/p kp’ (315)
and its field strength
3
Hl(tlz/lﬂzl/zﬂsvs llz m¢vlvzu3|[ﬂ (3'16)

where the notation indicates that the expression on the
right-hand side is to be antisymmetrized in the pairs (y;, v;)
for i = 1,2, 3. This field strength is traceless with the flat
metric.

The triple copy is then found to be

3) 5}"2

( _
Hﬂl”lﬂz”zﬂz”s

o ﬁC[F}MIVIHzVMzUs' (317)

B. Eguchi-Hanson
Another example is the Euclidean Eguchi-Hanson met-
ric. With coordinates (u, v, X, Y) the Kerr-Schild vector is
k, = —1(v,0,0,—X) and the flat metric and metric
perturbation are given by

m
nlwdx”dx = 2(dud7J - dXdY), h/w = mkﬂky,
(3.18)
with m a constant, and the total metric given by
dsty = (N + hy, ) dx*dx”. (3.19)
The Maxwell gauge field is
m
A, =——k,. 3.20
ouw - XY ! (3:20)
The linearized field strength is given again by
C)y =20,0,h,, (3.21)
and the double copy is
0 uv — XY
Ciwim - T C[F];wpa' (322)
For the triple copy, define the spin three field
m
¢/’”’/) - mkﬂkykﬂ’ . (323)
and its field strength
HY) = 0,,01,00. P00 | (3.24)
H1V1 ol 33 ptz /4; vivos v .
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and we find the triple copy expression

3) 5(uv — XY)?

( _
Hll Vipalopi3lz 2 C[F]ﬂﬂflﬂzl/zml’f

o (3.25)

C.D>4

For examples in more than four dimensions, first con-
sider the Tangherlini metric in five dimensions. In Kerr-
Schild coordinates (¢, x,y, z, w) the Kerr-Schild vector is
given by k; = (1,x/r,y/r,z/r,w/r), where here i=
1,....5 and 7> = x> + y*> + 2% + w?. The metric is

. A oo
ds* = (n;j + hy;)dx'dx/ = (nij +2k,~kj> dx'dx’/, (3.26)
r

with A a constant.
For the linearized double copy, the field strength is
given by

0

Cz(;,'zzz = 20,0;h;, (3.27)

and the Maxwell single copy gauge field is

A
Ai =5k 3.28
=5k (3.28)
The linearized double copy is then
o _"
Ciju =7 (F iiFr = FiiF g = 20y F " F oy,
1 mn

+ Zniknle Fopp E (3.29)

where we antisymmetrize in (i, j) and (k, /), and indices are
raised with the flat metric in the expression above.
For the triple copy, define the spin three field

A

bijx = kiksk, (3.30)
and its field strength
©) —
Hijiipyisis = 9095958 jojs i) (3.31)
This is traceless with the flat metric.
The triple copy is then found to be
4
() _or
niiniiiy = g2 CFlijiiajainis: (3.32)

This can be generalized to the higher dimensional
Tangherlini metrics in a straightforward way; for example
the double and triple copies in six dimensions are

0 201‘3 3
Clstr = =577 \Fiifa = Fil e =50k Fip,

3
+2_0’7ik7]lemnan) > (333)
and
3) 707°
ivjiiajaisis 27,2 [F]i]jli2j2i3j37 (334)

where we remind the reader that C[F|, defined in (3.10),
should be evaluated in the appropriate space time
dimension.

For a different five-dimensional example, consider the
singly rotating Myers-Perry solution. The Weyl double
copy for this case was studied in a particular coordinate
system in [12], but here we will use Kerr-Schild coordinates
x' = (t,x1,%,,1,y2) so we can set up the formalism for
studying multiple copies.

The metric is given by

9ij = Nij + hk,’kj (335)
where the Kerr-Schild vector k; is given by
Rx; —ay, x; Ry, +ax; y

ki=1(1, =, = . 3.36

' ( R>+a*> "R’ R*+a*> 'R (3:36)

The vector k; is null with respect to both the flat and full
metric. The inverse metric is simply

g7 =nl — hk'k/. (3.37)
We raise the index on k; with either the flat or curved
metric.

The parameter a is the rotation constant, and the function
h in (3.35) is

u

222N
(R +a?)(1-2)

h:

(3.38)

where  is a constant. Finally, R is a solution of the equation

N4y G+
R? + a? R?

1. (3.39)

Now consider the linearized Weyl double copy. The
Maxwell field strength is given by

' (3.40)

Use this to form a tensor with the same symmetries as the
Weyl tensor, which is also traceless with respect to the flat
metric as
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C[F}ijkl = <Fiij1 — FiiFj =20y F g

, (3.41)

N

1
+ Z'?ik’?le'”Fsz>

where the notation |, means to antisymmetrize the expres-
sion within the brackets in (i, j) and (k, ).
The linearized Weyl double copy can then be written

o 1

Cijkl = h CIF] ijkl (3.42)

Now consider the triple copy. Firstly, define the spin
three field strength by

HY) = 0,0,0;(hk;kik,)], (3.43)

ijkist
where here |, means to antisymmetrize the expression
within the brackets in (i, j), (k,[), and (s, t).

The field strength H S‘lzzsz has the following properties: it

is antisymmetric in the pairs of indices (i, j), (k,I), and
(s,1), and symmetric under the interchange of any two of
these pairs. The tensor also vanishes if any three indices
are antisymmetrized. Finally, it can be checked that it is
traceless using the flat metric. We find that the triple copy in
this case is given by

3) 5

ijklst — _W (3-44)

C[F ] ijkist-

There are obvious generalizations of the tensor triple
copy, studied in various examples above, to higher spins,
defining a spin s field strength using s derivatives of the
appropriate function & times s copies of the Kerr-Schild
vector k;, and showing that this is reproduced by the sum of
products of s copies of the Maxwell tensor which shares the
same symmetry and trace features. This will involve an
increasing number of terms. We will see in the following
sections that this is much simplified in the spinor approach,
which will also allow a study of generalized Petrov types
for the Maxwell, spin two and higher spin spinor field
strengths, and show how multicopies lead to relations
between these.

IV. THE SPINOR MULTICOPY

A. Four dimensions

We now show how many of the above results can be
derived using a spinor-based approach. Firstly consider
four dimensions. Then the spinor form of the Maxwell
tensor is a two index symmetric spinor ¢4, along with its
conjugate ¢ [(A, B,A’, B' = (1,2)] and the spinor equiv-
alent of the Weyl tensor is a four index symmetric spinor
¢apcp along with its conjugate ¢4 pcp- One can immedi-
ately construct a symmetric four index spinor from the

Maxwell spinor as an object proportional to ¢ pdc pr).-
Using twistor space results, an understanding of how and
under what conditions this maps between solutions of the
spin one and two equations and with what proportionality
factor has been given in [30] (see also [14]), and we will use
the results of that paper, and their notation, here.

Using the Penrose transform, one can derive the scalar,
and electromagnetic and gravitational spacetime field
strength spinors in terms of the spacetime principal spinors

ay = (1,&),pp = (1,5) as

N N?
N3
bapcp = ( ¢ _(2)5 a(A’ﬂB’aC’/}D’)’ (4-1)

where N(x) is the normalization factor arising from the
twistor/spinor incidence relation. An advantage of the
twistor approach is that it identifies this function explicitly;
a simple example is the Schwarschild metric where one can
derive the result ¢ « 1/r [30], as can be seen in the tensor
equation (3.13) earlier. Notice also that in this construction
the Weyl double copy is restricted to type D spacetimes,
i.e., those with two pairs of repeated principal spinors.*

Using the spin s Penrose transform (see Eq. (13) of [30]),
one can derive the general result

-1 st—H X
Paip,. a8, = LZS(JQ(A’I:BB’] an Py (42)
(& -&)
Using this and the previous equation one can immediately
write down the spin s multicopy,5

(& = &)
IR rpl = Iplo... rply. 43
¢A]Bl..,AxB,‘. N"'_l(x) ¢(A]B] ¢A\.BS) ( )
One can also consider equivalent expressions

which could be interpreted as a “mixed” multicopy, e.g.,

for spin three ¢upcppr = (5,{,;53)) - ¢(A’B’¢C’D’¢E’F’) =

%qﬁm/gc/nqﬁgp). A particular example then takes the

form of a recursion relation,

N(x)

bap,..aB, :_mﬁb(A’,B’lmA’ B Pap). (44)

s=1"7s—1

For an explicit example, consider the Eguchi-Hanson
metric of Sec. III B. In [5] it was shown that in this case the

“More general double copies which yield a variety of space-
time types have been found in [14] and the Weyl double copy
with sources studied in [31].

The spin s spinor multicopy for AdS, black holes was first
studied in [23], and a more recent discussion of the flat and AdS
cases is in [32].
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W§yl spinor is proportignal to thg prod}lct Qf two Maxwell Hyu oy, = (V vm)¢v1 vy — traces)| o] (4.6)
spinors. To connect with the discussion just above and
the higher spin copies, define the spin-s spinor field
trengths b
strengths by where ¢, ., =k, ...k, ¢ is the Kerr-Schild spin-s ficld
and the notation indicates antisymmetrization in the pairs
(ISA’IB’I..AA"\.B’A = 50’””' (A!B, N 3Y : P (4.5) (pi,v;) for i = 1...s. [Note that the spinor index symmet-
rization in (4.5) projects out the traces of H.] Now consider
with the (unscaled) Newman-Penrose spinors6
by = (= V1Y), Py = (04 X (0= X)) (47)
ay =—=w—iY, u+1iY), r=—(v+iX,—(v—iX)). .
V) VG
Then &. := &, = —(uv — XY) and one can derive the results
p=-"0 g Pu @ i
e _j’ A'B' = A/ B/ A'B'C'D’ = —A—,\a(A/ B/ac/ D/)7
a.p (ﬂ) (@.py
15m &
bapcpEr = g ﬂB’aC’ﬂD’aE’ﬁF’
(@)’
105m A
PapcpEFGH =~ T Ao Q AﬂB’ac’ﬂD’aE’ﬁF’aG’ﬂH’ (4.8)
(@.p)
|
leading to the conjecture that with
m(2s — 1)
bap. ap, = —— mavr AP aa P (4.9)
(a.p) bap = Potat + 2¢10(atg) + hr0405.  (4.11)

This reproduces the relations (4.2) for the Eguchi-
Hanson case, up to purely numerical factors, noting that
aBy=—(& - &)

Both the Maxwell and Weyl spinors may be assigned to
different classes reflecting how algebraically special they
are, using the Petrov classification (see, for example, the
discussions in [33,5] and references therein). This can be
presented using a Newman-Penrose tetrad of null vectors
k*, n#, m*, m" which can be written in terms of a pair of
two-spinors 14,54 and their conjugates.

The Maxwell spinor ¢,5 can then be described by the
three scalars

b0 = Ppago’o®, Oy = B,

(4.10)

¢, = ¢A30Ale

Yo = ¢ABCDGAUBGCGD
Y3 = ¢ABCD0AZBZCZD7

®Forming the null vectors k, n, m,m in the usual way from these, the only nonzero inner products are k.n =

m.in = (uv — XY)2.
"These formulas also follow for the linearized case, with partial
the spinor versions of the formulas in Sec. III B.

065

= B _C,D
w1 = Papcpo’oPo

W4 = Qapepl” U101

There are then two distinct types of nontrivial Maxwell
tensor: type I where ¢y =0 (which can always be
arranged in four, but not higher, dimensions) but ¢; # 0,
and type II, where both are zero. This can also be described
in terms of spinor alignment: generically one can write
$ap = aaPp) for some choice of spinors ay, fp. If these
are proportional then the Maxwell spinor is of type II,
and if not it is type I. Note that the three quantities
¢o. P, ¢, depend on the choice of tetrad, so that the
classification of Maxwell types is more transparent using
spinor alignment.

There is an analogous well-known classification of the
Weyl spinor ¢4pcp in curved spacetimes. This can be
described by the five complex scalars

= B,C,D
w2 = Ppapcpo’e?i€e

ABCP (4.12)

—(uv — XY)? and

derivatives in (4.6) and the flat space sigma matrices in (4.5), giving
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(the NP spinors 14, ¢ are the curved spacetime versions
here) with

®apcp = Wolalplclp + Y11 (alplcOp) + OWat(alpocOp)

+ 4y31400c0p) +W4040p0c0D. (4.13)
There are then five different Petrov classes of Weyl spinor:
type I when yy =0, type Il when yy =y =0, type D
when vy, = v = w3 = 4 = 0 (here there are two distinct
pairs of aligned spinors), type IlIl when yy =y =y, =0,
and type N when yy=w; =y, =y3 =0. As in the
Maxwell case, the quantities g, ..., 4 depend on the
choice of tetrad, and the classification of Weyl spinor types
can alternatively be made by studying spinor alignment:
type I when there is no alignment, type II when there is one
|

— B, C D, E_F
X0 = ¢ABCDEF<7A0 6 0°00 ,

— B,C, D,EF
X2 = ¢ABCDEFUAU o o ',

— B.,C,D,E,F
X4 = ¢ABCDEFUA0 e,
— A,B,C,D,E F

X6 = Qapcpert 171717171

with

aligned pair, type D when there are two different aligned
pairs, type III when there is a triplet of aligned spinors, and
type N when there is a quartet.

The standard Weyl double copy is based on two copies of
the same Maxwell tensor, with ¢ppcp ~ Pappcp) and this
imposes restrictions on which type of Weyl spinor arises,
depending on the different types of Maxwell spinor. A type
II Maxwell spinor, when double copied, yields a type N
Weyl spinor, for example. The double copy in this case
yields examples of radiation regions of isolated gravita-
tional systems [9]. A type I Maxwell spinor, on the other
hand, yields a type D Weyl spinor under the double copy,
since this yields two pairs of aligned spinors.

The triple copy analog has @apcper ~ PapPcpPer)
with similar conditions arising. One has seven quantities,

D aBcpEF = Xolalplclplelr + 61 11alplcipleor) + 15021 alglcipOEoE) + 20)314lglcOpOEOT)

+ 15)(4L<A130C0'D0'E0'F) + 6){51(A636C6D6E6F> + X60(A0BOCODOEOF).

One can then define different types of spin three field
strength spinors based on the vanishing of sets of the seven
quantities above, or using spinor alignment: a type II
Maxwell spinor will triple copy to a null type spin three
field strength, with six aligned spinors, and a type I
Maxwell spinor will triple copy to a field strength with
two triplets of aligned spinors. This generalizes to multi-
copies in the obvious way. Spinor alignment will also come
into play for multicopies here and in higher dimensions as
there are only a finite number of independent spinors in
each dimension.

B. Higher dimensions

In more than four dimensions the spinor double copy
again follows from transforming the tensor version into
spinor coordinates. In five dimensions, for example, the
spinor indices A, B, ... run from 1 to 4, reflecting the
relationship SO(5) ~ Sp(2). We then have the Maxwell
and Weyl spinors

Pap = Fijo" ap, $Papep = Cijio” a0 cp, (4.16)
using the Lorentz generators ¢/ , 5. Inserting a double copy
formula for C;j;;, such as those given in examples earlier,

X1= ¢ABCDEF0AGBO'C0DUE1F,
X3 = ¢ABCDEF6AO'BO'CZD1E[F,
X5 = ¢ABCDEFO'AlBlClDlElF7
(4.14)
(4.15)

|
into the second equation above then leads to the spinor
double copy relationship ¢apcp ~ PapPcp)-

In dimensions greater than four the classification of the
Maxwell and Weyl spinors is more detailed, since the little
groups are non-Abelian (c.f. [33] and references therein). In
the five-dimensional case, the little group is SU(2), and we
will use the two-spinor indices a, b, ... = 1,2. Here the
Newman-Penrose pentad can be defined using null vectors
ki,ni, (i =1,...5), together with “polarization” vectors
€', symmetric in (a,b). This pentad can be formulated
in terms of spinors ki, n!, carrying little group indices.
Contracting these into the field strength spinors then yields
little group-valued quantities that can be used to classify the
field strengths into different types.

For the Maxwell spinor ¢4 this yields the bispinors

0
DY) = papkt KBy, B = pagkd By,

‘15512};) = ¢ABnAaan7 (4-17)
with

¢AB = qﬁES?)nA“an -+ 2¢[(11b)7l?AkB)b -+ ¢£{2h)kAuth. (418)
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While ¢%) and ¢2) are symmetric in (a. b) and in the 3
of SU(2), the bispinor qﬁilh) has two irreducible compo-
nents: the symmetrized piece ¢EZ)) and the trace %eahgbfr]).

The Petrov-like classification here is then type G when
none of the little group-valued bispinors in (4.17) vanish,

type I when only gbgl? = 0, and type II when both gbfl%) =0

and qbilb) = 0. However, there is a further subclassification
|

0

d)ih)cd = Papepk® (kB k€ kP 4,
2

¢1<1b)cd = Papepk® kB pn€onP .,

Cc ,D

4 A B
¢abcd = apepn” n°pnt  n" g,

with the expansion

of type I as ¢Ei>b) or ¢Erl) may independently vanish or not.
An example is a constant electric field which has 45227) =0

but qﬁt(rl) # 0, whereas a constant magnetic field has
gLl # 0 but ¢ =0 [33]

For the Weyl spinor ¢4pcp one follows an analogous
path, defining five little group-valued quantities

1
452;1)6-(1 = Papcpk® (kB ,kC .nP 4,

0 1 2
Dasco = P anangncnp? + 49 nangtnctkp + 645 i ng ke kp)?

+ 45 na ks k) + Bl kakskc k.

The little group-valued quantities in Eq. (4.19) may be
further broken down into irreducible representations, and a
detailed classification given of the separate types and
subtypes of Weyl spinor depending on which of these
vanish. One can also describe these, in complex Minkowski
spacetime, in terms of spinor alignment [33].

For the higher spin field strengths there is a similar, albeit
more complex structure of field types. For example, for
spin three the field strength ¢4 5cppr Will give rise to seven
little group-valued quantities ¢<a‘2)cdef, (g=1,...7) upon
contracting with the n¢, k4§ fields, which will then generate
arange of little group irreducible components and a variety
of types of field depending on which of these vanish.
The double copy and multicopy will yield relationships
between the types of Maxwell spinor and higher spin field
strength. The Maxwell spinor for the constant electric
field mentioned above, for example, is not of the most

general type as ¢EZ;}> = 0, and this is reflected in the result

that the only nonzero gravitational quantity is q’;gzb)c a~
L (€ac€pa + €pc€aq) (TrgM)2. Similarly, for the Maxwell
field for the Myers-Perry solution in (3.40), the symmetric
part of qbgllb) vanishes.

An analogous discussion to the above applies to the
multicopy for a spin s field strength, based on the relation-
ship ¢A1 By ™ ¢(A1A2 " '¢A25—lvA2x).

V. VECTOR SUPERSPACE AND
CONTINUOUS SPIN

Returning now to four dimensions, the classification
of massless particles includes a ‘“continuous spin” particle

3
¢Ezb>cd = Papcpk® ;n®,n€.n,,
(4.19)
(4.20)
|
with nonzero spin Casimir W? = —p?, for a parameter

p > 0 [34]. In this case one has an infinite tower of helicity
states which are mixed under Lorentz transformations, with
the mixing depending on p. A gauge theory construction of
a bosonic CSP was found in [16] (see also [35-38] for
reviews). This approach uses a vector superspace, and has
been generalized in various ways [36,39-42], see also [43]
for references. Alternative approaches to the CSP have
been presented in [44,45] and the relationships between the
different formulations discussed in [35,41,46]. Interactions
have also been explored in a number of papers [43,47-54].

The vector superspace approach to the bosonic continu-
ous spin particle uses a vector coordinate n* (u =1, ..., 4),
and the continuous spin field

W) =D dinl (5.1)
s=0

with spin s component spacetime fields ¢;(;1)u; The CSP
action, equations of motion, and gauge invariances for the
field ¥ have been presented in [16], and further discussed in
[47]. The theory contains the continuous spin parameter p,
and for p — 0 and a partial gauge-fixing the equations of
motion and symmetries reduce to the Fronsdal equa-
tions (2.6) for each component of ¥. In the following we
highlight some key points of this discussion, notably from
Sec. 2 of [47], before applying this to the Kerr-Schild field.
The equations of motion for the case p = 0 are

8>+ 1)O¥ - %A((S(nz +1)AY) =0, (5.2)

065017-9



GRAHAM R. BROWN and BILL SPENCE

PHYS. REV. D 113, 065017 (2026)

where A = 0. 0 with 0 The symmetries of (5.2) are

017“

6.¥ = De := (n.a - % (n* + I)A) e(n,x), (5.3)

where ¢ can be expressed as an expansion of coefficient
fields times powers of . Gauge invariance follows straight-
forwardly using the identities

A(De) = Oe — % (* +1)A\%e

&'(* +1)D =—A(5(11 + 1e). (5.4)

The formulation uses certain polynomials in the #
coordinates

Pl‘(/lyllj“”" — 2"/2 <]/Iﬂl . J/Iﬂn _n(n4_ 1)g</‘]”21/],u3 . _.nﬂn)(nz + 1))

(5.5)
(to avoid potential confusion with the » coordinates, g,,

denotes the flat space metric in this section). It is conven-
ient to expand the field ¥ in components as

n>0

(5.6)

This shift in the definition of the component fields has
the effect of decoupling them at each level, simplifying the
analysis. We similarly define the component fields of the
gauge parameter as

€=y Ppu(me(x)

n>0

(5.7)

The equations of motion for the component fields of ¥ at
each level are then obtained by applying the polynomial
P, to the equations of motion (5.2) and integrating over
the 5 coordinates. The P, satisfy certain orthogonality
relations which have the effect of projecting the equations
of motion onto individual and independent equations for
the component fields of W. The outcome is the Fronsdal
equations (2.6) for each component. This requires a partial
gauge-fixing which imposes a double tracelessness con-
dition on the component fields and reduces the gauge
symmetry to the standard one

5.0 = n.09e(n, x), (5.8)
with the components of € now traceless. We note in passing
that the # integrals may be evaluated using the results

/ dns(P + 1DF(n) = >, F ()]0,

n=0

[ =@ (59)
for any function F(n), with ¢, = 4"rE'(n+1 yand d, = 4; i%

Now define E(¥) to be the left-hand side of the
equations of motion (5.2). Then

o (5.10)

Bl (0) = [ Py )
are the spin s Fronsdal equations of motion, and the relation
(2.5) then implies that Ejy* (®XS) vanishes for all s > 2,

since the equations for s = 0, 1, 2 are satisfied. Thus all the
components of E(®XS) are zero and the Kerr-Schild field
satisfies the equations of motion (5.2).

We can also translate our higher spin Kerr-Schild
solutions to the superspace approach

¥ = f(k-n)g.

where k* and ¢ satisfy the properties (2.2), (2.4) and f is an
arbitrary function. We can show that this satisfies the higher
spin field equations (5.2) directly for p = 0. First we rewrite
the equation of motion (5.2) as follows:

(5.11)

6’(172+ 1)[D‘P—(;1~6)A‘P] —%5(112+ I)AZ‘P:O. (5.12)
Now we find that
AW =0-9f(k-n)p = f'(k-n)e*(k,¢). (5.13)

where we have used the fact that (k - 9)k, = 0. Similarly, it
is immediate that

AP = (k- ) (k0 (k) = f" (k- )0 (k,k,g)).

(5.14)

If we contract the flat metric ¢** into the last relation
of (2.4) we find

glw(D<kﬂku¢) - zapa(u(ku)

kp¢) + auau(kpkp¢)> -
= 0 (k k) = 0.

(5.15)

where we have used k> = 0. Comparing (5.14) and (5.15)

we find that A2¥ = 0. Now let us consider the first term in
(5.12) which is proportional to

OW — (- 9)AW. (5.16)
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This also turns out to be zero for the field (5.1). For the first and second terms above we find
(k-m))(0,(k-m)g] + f'(k-n) "Dk, )],
= f"(k-n)[(n-o(k-n))(0" (k)] + f'(k-n)[n - 00" (k,p)].

O = £ (k- n)[(0"

(n-0)A¥

(5.17)

(5.18)

When combined the second terms in the expressions above cancel due to the spin-one equation in (2.4) and we obtain

OF — (1 9)A¥ = f (k- m)[( (k- m)(9, (k- m))p — (- ok - n))(&* (k,h))]. (5.19)
To simplify this, note that we can write the nonzero terms of the spin-two equation in (2.4) as
0 Ok ky ) = 2(k - m)nO(kup) + 2(0 (k- 1)) (9u(k - 1)) b, (5.20)
W20, (ko k) = 201+ 0 - ) (@ (k) + 200 K - 9 (k). (5:21)
which allows us to express (5.19) as
A N 1
0% — (7 0)a% = (k1) [577"11” (Do) =200,k ko)) = (k- (k) =, (ap<k,,¢>))} =0 (522)
[
This is zero since the terms in brackets above are exactly i il i
the spin-one and spin-two field equations from (2.4). By apn(l) = 21| 57~ 2! / dxe™"(k.e.)"¢(x),
taking f(k - n) = (k - n)* we recover the result from [22,24] P
that the Fronsdal equations are satisfied by the higher spin a_y(1) =2)1| =~ = 5 J / dxe™ " (k.e_)"¢(x), (5.26)
copies of the Kerr-Schild fields. 2"h!

Now consider the plane wave solutions discussed in [47].
These take the form

Y= e_”'xllfh,l('l) =

e (in-e )" (h>
W = e My (n) = e (—in-el)

0),
h<0) (5.23)

where £ is the helicity. We use the symbol / rather than the
traditional k to avoid confusion with the Kerr-Schild
vector k. We use the null complex frame vectors
(", q", €, e"), where ¢ is the complex conjugate of €
and the nonzero inner products are ¢g-/=1 and
€, -€_ =2. The fields (5.23) satisfy (5.2) since both [J
and A annihilate them.
One can expand a general field ¥(7, x) in modes as

d’1 .
Y(n,x) = / 32|l| Z a, My (n)e 1 + c.c) o

(5.24)
where the coefficients a,(1) are given by
ap(l) =21 / a3 0F + D 0¥ D), (525)

As an example, for the Kerr-Schild solution ®XS := ek¢
one finds the formulas

where k here is the Kerr-Schild vector, which depends on
the coordinates x*.

A. Continuous spin

Now consider the continuous spin case where p # 0.
Here the equations of motion and gauge symmetries are
obtained by simply replacing A by A + p [16,47], whence

SO+ 1)OW =3 (A + p)(O07 + 1)(B + p)¥) =0,

(5.27)

and

5. ¥ = (n.a —%(nZ +1)(A +p))€(77, x).  (5.28)

This introduces interactions between the particles of
different spin. Note that we can rewrite the equations of
motion (5.27) as

S+ 1) (D‘P —1n.0(A +p)¥

+ (5.29)

G+ 1)(A +p>2w> o,

| =
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where we have used the distributional identity

>+ D)8 (> +1) = =8(p* +1). (5.30)
This also implies that (7> + 1)28'(n* + 1) = 0.

Using the fact that the Kerr-Schild field ®XS satisfies the
p =0 equations of motion, we would like to find a
generalization of this which solves (5.27). While we have
not succeeded in this, we note that there are some known
solutions—these are the plane waves given in [47], which
are a simple extension of the solutions (5.23) given by

P = e, (n) = e7 e (i e, ) (h > 0),
(I)h,l = ey, (n) = e e (—in - e_ )" (h<0)
(5.31)

where ¢* is one of the null frame vectors introduced above.
These plane waves are annihilated by both [1 and A + p
and so solve the equations of motion (5.27).

If a solution ¥ of (5.27) has the component-field

expansion
lP(/)) — Z¢I(£>ﬂ\’7ﬂl ”.;7."{57 (5'32)
s=0
then the Fourier modes are given by
) hz m m h
1) =21)i / dx—
m>h 2 (m h)
X eljrl . .eﬂhql’h+l q/‘m /81) Hm
m—h
(r) —ip)
o = 2=y Y [l
m>h m h)
x e etghic gl (5.33)

Vb, = SV VD, )y
+ As(s —

with the double trace of ¢ vanishing. These have the gauge
invariance

5(15”]_#“_ = SV( A

i )

(5.37)

for a traceless gauge parameter field A, .

One can then consider field strengths in this AdS
background. Considering four dimensions for the moment,
the spin one field strength is just H,, = ZVWSD], while for

spin two the gauge invariant field strength is

1
+§s(s -1V, V

1)9(/41/42‘/1)/43-4-#3-)/)/) + i(((s -

where the component fields have been assumed to be
traceless in the above. As would be expected, these
formulas reflect the fact that the parameter p mediates
interactions between particles of different helicities. It may
be possible to take the Fourier coefficients for ®XS at p = 0
in (5.26) and multiply them by the p-dependent Fourier
modes of (5.33) to generate a CSP version of the Kerr-
Schild solution. However, we were not able to perform the
inverse Fourier transform to obtain this result.

B. AdS

We now turn to consider how the discussions above
may generalize to anti-de Sitter (AdS) backgrounds.
(Formulations of a continuous spin particle in AdS space
using the alternative light-cone, framelike, and Becchi-
Rouet-Stora-Tyuyin (BRST) approaches have been given in
[44,52,55-62].)

Higher spin field equations with Kerr-Schild solutions
for the AdS spacetime have been studied in [24,63]. We
will use the notation of [24] in the following (however we
will use the metric with signature + — ——). Thus consider
the d-dimensional metric g, given by8

Gudxtdx’ = (14 Ar?)di* — sdrr — r?dQ_,,

1+ /1
(5.34)
with dﬂi_z the metric on the unit sphere in (d —2)-

dimensions and A the cosmological constant. The AdS
covariant derivative V, satisfies

V. VX, = 24g,,X,), (5.35)

for a covector X,. The higher spin equations on this
spacetime are

P
Mz¢ﬂ3~~#x)ﬂ

2)(d+s=3)=9))¢,. . =0, (5.36)
H}HJ[)(T = 4(vpvﬂ¢zzo- + /"’g/)ﬂ¢bﬂ)|j" (538)
(u,v)

and (p, o).
The Kerr-Schild higher spin solutions are given by

Dy, =k b, (5.39)

where the scalar field and Kerr-Schild vector are given by

*We have also changed the sign of A relative to [24].
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2 1
%k, =(1,——,00]). (540
¢ r H < 1+/1r2 ) ( )

The field strength (5.38) is then traceless and divergence-
free when the solution ¢, = k,k, ¢ is inserted.

In a similar way one can write down the gauge invariant
spin-3 field strength

Huupo‘i‘r = S(V(ivpvu)qﬁvaf + 4)“9(/1pv;4)¢u61)|s’

(5.41)
where here |; means to antisymmetrize in the pairs (u,v),
(p.o).(A.7). Then H ), is traceless and divergence-free
when the spin-3 solution ¢,,, = k, k,k.¢ is inserted into its
definition. These results generalize to higher spins with
additional terms coming in; for example for spin-4 the
invariant on-shell traceless and divergence-free field
strength is given by

H;u//m/lraﬁ = 16(V(,IV/1VPV#) + IOAg((lleVﬂ)

+ 9/12g((zlg/)ﬂ) )¢bo"rﬂ|x s (5 42)

where here |, means to antisymmetrize in the pairs (u,v),
(p,0), (4,7), (a.f).

When the Kerr-Schild solutions (5.39) are inserted into
these field strengths, one can derive tensor expressions for
the multicopies. For example the double copy is given by

Hﬂ,,p,,(gbKS) = 2rC[H| (5.43)

Hvpo?
where C[H],,,, is the expression on the right-hand side of
(3.5), with F,, replaced by H,, and the AdS metric used
throughout instead of the flat metric. Similarly the triple
copy is given by

H/wpa/l-t(d)KS) = 30r2C[H] (544)

Hvpoizr
where C[H],,,,,;. is the expression on the right-hand side of
(3.10), with again F,, replaced by H,, and the AdS metric
used instead of the flat metric. Note that these expressions,
and their generalization to higher spin, are tensor forms of
the spinor multicopy formula given in [23].°

The above results generalize to a Kerr black hole in AdS
where it is useful to write the AdS metric in spheroidal
coordinates [24]

r> + a® cos’ 6
gﬂ,,dx”dx = W(l + ﬂ’,l)dll - Fdr2 — m 2
_ (P + a?) sin? 9d¢2’

5.45
1= d? (5:45)

*We thank Slava Didenko for pointing this out, which led to
multicopy results above being added.

. _ 1-2d® cos*(0) _ r’+a’cos*(0) .
with W = 1ol and F = W, and with the

scalar field and Kerr-Schild vector now given by

2 in?
! k,,:(F,W,o,—M). (5.46)

¢:r2+a200529’ 1 —Ja?
The equations of motion and field strengths are then given

by the formulas presented above for AdS, but using the
scalar and Kerr-Schild vector from (5.46).

C. Vector superspace

Returning to d dimensions, a vector superspace equation
of motion in AdS space has been given in [64], and
generalized to fermionic fields in [65] (along with cor-
recting a factor in [64]). Both [64] are [65] are based on the
derivative

Vv, =0, + un,d (5.47)

with I}, the spacetime connection. This derivative fails to

satisfy some expected identities such as [V, g,,JA% % =0
and [VL,;"]D]A“I"'“" =0, where A%% is any function of
the spacetime coordinates and the 7,.

Let us instead define a covariant derivative as'

V, =V, +un,d =V, -V,(n,) (548)

(we assume that 57, = 0), where V,, is the usual spacetime
covariant derivative for some metric g,,. In flat space the
1, vectors are simply coordinates in an additional vector
space. However, in curved space it is natural to identify 7,
with coordinates on the cotangent bundle associated with a
particular coordinate patch (as noted in [64]). To be
concrete, given a chart with coordinates x* for some
manifold M there are canonical coordinates on the cotan-
gent bundle T*M given by (x,7) where

(x,n) = (x*,n,dx*)€T*M. (5.49)

The two coordinates are independent so d,;, = 0, and any
particular fixed choice of 7, defines a one-form (at least
locally) to which we can apply the usual covariant
derivative, as used in (5.48). We will raise and lower
indices on up using the metric and, from the above
definitions, under a coordinate transformation x* — x*
(and the induced transformation 7, — 7,/) we have

"“This type of covariant derivative has also appeared in [66,67].
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ox# Pxv ~ oxH
A (awrae 2 0= g

-, W _ Ho_
3 _ ox V 6x/v.

ax” o (5.50)
Note that the extra term in the transformation law of the
spatial derivative d, implies that the usual derivative V,
does not transform covariantly when acting on a function of
x and 7. Indeed, this is one motivation for introducing
(5.48) in the first place (see Appendix for more details). It is
also worth mentioning that (5.48) is useful even in flat
space when using coordinates where I}, is nonzero. As will
be made clear in later examples, Vﬂ acts on expressions
with indices in the usual way including those indices on 7,
and ¢*. (The definition (5.48) may be compared with the
natural metric on the co-tangent bundle, discussed in
[68,69] for example.) This definition has several nice
properties which we list below'":

V10 gpol A% = 0, (5.51)

V., )A% @ =0, (5.52)

V,,d"]A%a =0, (5.53)

Vi VIS = R, 0401, (5.54)

V. VX, = RS 1. X, + RiyuXar  (5.55)
vﬂ(Aal...a,,Bﬂ]...ﬂm) _ (vMAal...an)Bﬁl...ﬂm

+ A% (Y BPrPn) (5.56)

V(g - 1 A%) = 11, -1, V, AS %, (5.57)

where all of the tensors A%, f,X* Y* are arbitrary
functions of x and 5. If VM acts on an expression that
does not depend on 7 it simply reduces to the usual
covariant derivative.

Acting on a scalar superfield, one then has the identities

[A,;N] =V 4+ Raﬂnaéﬁ - R% ”Dnanﬂéﬁé”,
(V2 n.V] = Ry, NV, + V(R "),
+ 2R”/5 ﬂyrlvnaéﬂvu’
V2, A] = (vvRWaﬂ)na%ﬁ - (V”R,,ﬂ)éﬁ

— R,V +2R,,* V0, (5.58)

o

Equatlon (5.54) indicates that there is torsion in this super-
space, if we think of ¢’ as the covariant derivative in the 7
direction.

where A = 0.V and V? =
reduce to'?

V”V,,. In the AdS case these

A, n.V] = V2 +((d = 1).0 + 19,0, — n*3*),
[V2,1.V] = 4(2n.Vn.0 = 20?A + (d — 1)3.V),

V2, A] = 2(2p.VP = (d = 1)A = 25.0A). (5.59)

Using these, one can show that the following equation of
motion"®

S +1) |V - (n-V)A‘P+%(n2 +1)A%Y

+2((#.0)* + (d—6)n.0—2(d = 3) +1n?0* +20*)¥| =0

(5.60)
is invariant under the gauge transformations
— 1 —
6. ¥ = <;7.V—§(;72—|— 1)A>e—|— (* +1)%¢,  (5.61)
with the second-order gauge symmetry

se = (n* + 1)A, 8¢ = ~AA. (5.62)

Nl*—‘

The equation of motion (5.60) can be obtained by varying
the action"*

[ dtaatn 32 1T + 3308 + 1(A)

SR+ 1) %‘P((n.?))Z b (d=6).9—2(d-3)

+1?d* + 252)lp] . (5.63)

Note that since we are integrating over the cotangent bundle
the integration measure no longer contains any factors of

/g, as would be expected when just integrating over just
the base manifold. This is due to the fact that, under a
coordinate transformation (x*,7,) = (x*,1,),

PIn AdS space we have R,,,, = i(gﬂpgw
= A(d = 1)
ThlS is equivalent to Eq. (2.25) in [65] but is based on the
covariant derivative (5.48) rather than (5.47).
"“We thank Mojtaba Najafizadeh for asking if our equation of
motion could be obtained from an action, which led us to add the
explanation below.

- g;wgu/l) and
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!

oxH oxH

' 02)6"
W — H ) = — - #
dx* = E dx s d?’]ﬂ P) 7 di’]” + <a " ”,>11Ddx .

When we wedge dx and dp the extra term in the trans-
formation rule of di disappears and so the correct invariant
measure is

(5.65)

d Ld — dixd?
(V1gld )<mdn) d’xdn,

which is just the standard measure on phase space. This
measure also has the property that the derivative (5.48)
satisfies the usual integration-by-parts relations. To show
this consider

/ d?xdnV,(X*) = / dixdnV,,(X*)
- / dixdmV ,(n,)0"(X*),  (5.66)

where X* is an arbitrary vector field depending on x, 7.
The two terms above cancel each other, as we will now
demonstrate. First we write

/ dixd iV, (n, ) (X¥) = / dxd'n¥ (V,(n,)X¥)
- / dixd i (V,,(n,)) X"
= / d¥xdnry, X+, (5.67)

where we have discarded a total derivative in 5. If we
combine this with the first term in (5.66) we find

/ d?xdnV ,(X*) = / d'xd'nV,(X*) - T, X*

= /ddxddxaﬂ(X”) =0 (5.68)

where the result vanishes since it is a total spacetime
derivative. This gives the integration-by-parts identity

/ d'xdyV,(X") =0 = / dxdnfV ,(X")

. / dxd'n¥,(f)X". (5.69)

With this one can show explicitly the equation of motion
(5.60) can be obtained by varying the action (5.63).
Equivalently, one can also show that the operator in
(5.60) is Hermitian.

We can now show that there is a generalized AdS Kerr-
Schild solution analogous to the flat space expression
(5.11) ie,

W= f(k-n)g, (5.70)
where k> =0 = k*V k" here. Inserting this expression
into (5.60), and using similar manipulations to those

below (5.11), we find that these equations of motion are
satisfied if

V2 —2(d — 3)i = 0,
V2 (k') = VIV, (k) = (d = 1)A(k"¢) = 0,

V2(k'kvp) — 2V UV, (KD k ) — 2A(K'k*p) = 0. (5.71)
These are precisely the spin zero, one and two equations
from (5.36) if one substitutes the Kerr-Schild fields ¢ — ¢,
¢, =k, and ¢, — k,k,p, with the ¢ on the right-
hand sides the field in (5.70), satisfying the first equation

in (5.71). If we choose ¥ = (k - 57)*¢p we recover the result
of [24] that the spin s Kerr-Schild field satisfies the AdS
higher spin equation of motion (5.36), assuming the spin
zero, one and two equations above are satisfied.

It is not clear if there is a continuous spin generaliza-
tion of (5.60); if one replaces A — A+ p in these
equations of motion and in the gauge invariance (5.61),
the order p3, p*> terms cancel in the variation of the
equations of motion, but there is a noncancelling order p
term —pAd' (> + 1)(21.0 + d — 1)(i> + 1)e. We note that
this contains no space-time derivatives, and so given the
presence of these in the gauge transformations it appears
unlikely that there is any local correction term that can be
added to the equations of motion to obtain invariance.

Another way to explore this question is to consider the
Pauli-Lubanski vector

WH = %e"””"JWPp. (5.72)
In [16] it was shown that for their flat space action and
symmetries W? = —p? up to gauge transformations, as
required to describe a CSP (see also [36] for a related
discussion). This result does not appear to immediately
generalize to AdS.

VI. CONCLUSIONS

In this paper we have discussed a generalization of the
Weyl double copy to higher spin “multicopies,” with the
linearized higher spin field strengths given by sums of
powers of the Maxwell tensor. This utilized Kerr-Schild
formulations of the fields. The Fronsdal equations for
higher spin fields guarantee that the field strengths are
traceless and divergence-free. Various examples were
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given. The spinor formulation provided further insights,
working from the Penrose transform. The multicopy was
seen to provide information on admissible spacetime types
under classification schemes. We studied the Schuster-
Toro vector superspace formulation of the continuous
spin particle, giving a generalized Kerr-Schild solution
involving an arbitrary function. We then discussed the case
of an anti—de Sitter background and gave examples of the
tensor multicopy, corresponding to the spinor formulations
of [23]. We clarified the vector superspace formulation of
the theory, using a different definition of the covariant
derivative, with a generalized solution given in terms of the
AdS-Kerr Kerr-Schild vector and scalar. We then described
some of the obstacles to a continuous spin formulation.

Whether the multicopy generalizes beyond linearized
field strengths in flat space, or the AdS case, is one
question. It would be interesting to study whether imposing
some self-duality constraints does allow a multicopy,
notably using the spinor formalism and the Penrose trans-
form on self-dual spaces, linking this for example to the
discussion of the Eguchi-Hanson case in Sec. IVA.
Regarding nonlinear extensions, multicopy formulas
involving corrections to the linearized higher spin black
brane have been found in [70].

A further question is the formulation of continuous
spin particles in nonflat spacetimes. The AdS formulation
of the Schuster-Toro theory for p =0 does not give a
CSP formulation upon shifting A — A+ p, as worked in
flat space. However, continuous spin solutions in AdS
have been studied in alternative approaches (see, e.g.,
[60,71,72]) and it would be interesting to see if these
results can be translated into the superspace formalism. It
was interesting that the general function in (5.11) solves the
higher spin equations and it may be possible to use this
freedom to explore CSP solutions. However, in the case of
CSPs the equations of motion for different spins will mix
and thus the general function we found for p = 0 may be
constrained. It is also worth exploring possible CSP
formulations on backgrounds such as the Schwarschild
metric, although we found that solving the equations
iteratively in p did not prove possible. This is perhaps not
surprising given that there are significant obstacles when
coupling conventional massless higher spins to gravity
beyond (A)dS backgrounds; see for example reviews given
in [26,73]. However CSPs naturally incorporate a tower of
higher spins, a property expected of higher spin fields
which interact consistently with gravity [26,73]. Thus one
might hope that the gravitational interactions of CSPs are
better behaved; see [48,51] for first steps in this direction.
We leave investigations of this last point to future work.

ACKNOWLEDGMENTS

We thank Slava Didenko for helpful comments and for
drawing our attention to some earlier work. Thanks also to
Ricardo Monteiro for helpful remarks. This work was

supported by the Science and Technology Facilities
Council (STFC) Consolidated Grants ST/P000754/1
“String theory, gauge theory and duality” and ST/
T000686/1 “Amplitudes, strings and duality.” The work
of G. R. B. is supported by the U.K. Royal Society through
Grant URF\R1\ 201009.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX: APPENDIX THE COTANGENT
BUNDLE AND COVARIANT DERIVATIVE

Here we compile some useful properties about the
cotangent bundle 7*M and its symplectic and geometric
structure which we used in Sec. V C to define a covariant
derivative. The material found here is covered in many
standard textbooks, e.g., [74].

First let us restate our notation from the main text. Given
a manifold M, in each chart (with coordinates x*) one can
define natural coordinates on 7*M given by (x*, 1,)

(x,n) = (x*,n,dx*) €T*M. (A1)

From the definition of 7, under a change of coordinates
/ .
x* — x* coordinates we have

oxH
= N, (A2)

’7/4/ - a_xﬂ/ 2

_ 0 0
The vectors d, = 5% and 0" = n, then naturally span the

tangent space to 7*M. However, this basis of vectors does
not transform in a nice way under a change of coordinates

(. 7") = (. my),

Ox* on, ~  ox* P -
o, xa+ﬂay—xa+( a )n,ay,

W W o Y W " oxt dx”

~,  oxt -

o =—0" A3
ox* (A3)

A better basis is given by a splitting into horizontal and
vertical vectors

H,=0,+Thn,e,  V'=0, (A4)

which now have the simpler transformation properties

ox* . oxF <
= (T
H ot I 14 oxH .

(A5)
For the connection coefficients Iy, we simply choose the
usual Levi-Civita connection coefficients from M. There is
also a dual basis
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H" := dx*, V, = dn, — Tiun,dx”, (A6)
which transforms similarly
- oxt _ _ o
)= W= e

due to the transformation laws

. ox ox* 0% x*
dx* = ax—ﬂdx”, dn, = i,dnﬂ + < o ,>11Ddx”.
by X 0x

We extend the covariant derivative from M to T*M so
that it is compatible with the horizontal and vertical
splitting defined above,

Vi (V) = T0,V

P

Vi, (V¥) = —T%, V7,

Vi (H,) =ThH,
Vi (HY) = —TY AP,

u

(A9)
and

Vw (H,,) — VVM(Vﬂ) — O, VVM(HU) — VV/A(VD) — 0

(A10)

With this choice Vyu = ¢ and Vy; =V, defined in the
main text. For example

Vi, (X"H,) = (H,(X*) + T},X")H,

= (0,(X¥) + Thon,0°X* + T, XP)H,. (All)

This covariant derivative also preserves the canonical
symplectic form

w=dn, Ndx* =V, A H, V0= Vo =0

(A12)

which looks the same in any choice of coordinates, and in
the second equality above we have used the torsionless
condition of Fﬁy. We can use this to relate the horizontal/
vertical basis and its dual

w(V*, ) = H*, (-, H*) = V. (A13)
The metric on the manifold M can also be lifted to a
Sasaki metric [75]15 on T*M (see also [68,69]) given by
ds3.y = gu(X)H'HY + ¢*(x)V,V,.  (Al4)
With this definition the metric component g,, and its
inverse ¢"¥ transform in the usual way. In addition, the
metric above has vanishing covariant derivative as expected
since the connection coefficients I, come from the Levi-
Civita connection on M. Due to the compatibility of the
covariant derivative with the symplectic form and the
metric, we will write component fields as X* without
specifying whether they belong to a vector or covector.
Indeed, VX* takes the same value regardless of whether X*
was the component of X*H,, or X* Vﬂ, and similarly for X,.
For concreteness, one can exclusively use either the
horizontal basis or the vertical one.

The Sasaki metric was originally defined for TM not T*M
but the structure is essentially the same.
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