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Causality, the Kovtun-Son-Starinets bound, and a novel sum rule for
spectral densities
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We directly show that the local ratio of the shear viscosity to the entropy density for Unruh radiation at a
finite distance from the horizon is universal and satisfies the relation /s = 1/(4xc?), which involves the
speed of sound c,. Since ¢ < 1 by causality, this establishes the close connection between the famous
Kovtun-Son-Starinets bound and causality. Moreover, we show that the ratio of bulk to shear viscosity
saturates another well-known bound for the bulk viscosity, predicted within holographic approach. We also
show that the condition of isotropy of thermal radiation in the Rindler space leads to a novel sum rule relating

the ¢ (u) and ¢ (u) spectral densities, generally considered as independent objects, and we explicitly
demonstrate its validity for conformal field theory and free massive Dirac fields in any number of
dimensions. The sum rule provides the validity of Pascal law and bears some similarity with Burkhardt-
Cottingham sum rule for spin-dependent parton distributions. Our result suggests a new perspective on
dissipative transport phenomena in media undergoing extreme acceleration, such as quark-gluon plasma

created in relativistic heavy-ion collisions.
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Introduction. A deep connection between the properties of
matter and gravity has become one of the central paradigms
of fundamental physics. A striking example of this relation-
ship, established using the holographic principle, is the
celebrated Kovtun-Son-Starinets (KSS) bound on the ratio
of shear viscosity to entropy density [1-3]
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In this paper, we establish—outside the holographic
context—a direct connection between the KSS bound
and causality. Namely, by analyzing thermal radiation from
a causal horizon, we show that (1) holds as long as the speed
of sound remains below the speed of light. Interestingly, this
extends a similar link between causality and viscosity, found
in holographic models with Gauss-Bonnet gravity dual [4],
where a weaker viscosity bound is broken by superluminal
gravitons.

Historically, the saturation of the KSS (prior to its proof
in holographic framework) bound was first demonstrated
just for black holes within the membrane paradigm [5,6].
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Some time ago, in [7] followed and generalized recently in
[8], the saturation was demonstrated by direct application of
linear-response theory to the thermal radiation in Rindler
space—the simplest flat-space analog of a black hole
[9-11]. As a result, it appeared, surprisingly, that the rad-
iation itself has some finite viscosity saturating the bound.
This may imply an intriguing correspondence between the
properties of a classical membrane and the quantum
radiation above it. It may be also interesting to compare
this with the seminal results for entanglement entropy
[12,13]. Given the origin of the thermal radiation, this
viscosity was called [7] the “entanglement viscosity.”

In [14], the results of [7,8] were further generalized to a
broad class of field theories, providing explicit formulas for
the entanglement viscosity in terms of the spectral func-
tions of the universal spectral representation. This provided
an additional support of the deep relationship [15,16]
between irreversibility and unitarity.

In this paper, we address the local transport properties at
a given point above the horizon, and show that the ratio of
entanglement viscosity to entropy density satisfies the
relation’

'It is interesting to notice that if we consider integrated
(and therefore two-dimensional) quantities with an appropriate
regularization near the horizon the entanglement viscosity “glob-
ally” saturates the KSS bound [7,8,14]. This demonstrates the
universality of (1), which is realized in different ways for “local”
(three-dimensional) and global (two-dimensional) quantities.
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which includes the ratio ¢/ c, of speed of light to the speed
of sound.” We show the validity of (2) for a wide class of
theories, including nonconformal and interacting ones, in
any number of dimensions, provided the pressure isotropy
condition (which must hold for fluids) is satisfied. We also
briefly discuss possible phenomenological implications. It
is instructive to note that, in our framework, (2) is
equivalent to another relation
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where cy is the specific heat at constant volume.
Comparing (2) and (1), one can immediately see that for
the KSS bound to be violated, the speed of sound should
become greater than the speed of light ¢, > ¢, which would
mean a violation of causality [17,18]. Thus, (2) indicates
the relationship between the bound (1) and the causality.
As another important consequence, we find that the
entanglement bulk viscosity { saturates the well-known
bound also proposed in holographic approaches [19]
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These derivations rely on an observation regarding the
isotropy of the thermal radiation. In general, Unruh
radiation can be anisotropic with different longitudinal
and transverse (relative to the direction of acceleration)
pressures. However, by imposing the isotropy condition,
we derive a novel sum rule relating the spectral functions
¢ (u) and ¢® () from the correlator of two stress-energy
tensors, and explicitly verify its validity for any conformal
field theory, as well as for free massive Dirac fields in any
number of dimensions.

We use the system of units ¢ = 7 = ¢ = kz = 1, and the
metric signature (+,—, —, —), restoring the dimensionful
quantities where it is appropriate.

¢

n

Isotropy sum rule for spectral functions.

Thermodynamics in rindler space: A medium with a proper
temperature 7 and acceleration a can be described by
considering quantized fields in the Euclidean Rindler
space. We will consider the general d-dimensional case

ds? = p*de® + (dx')? + - - + (dx®2)? + dp*,  (5)

where the coordinates have a hydrodynamic interpretation:
the period of the Euclidean time 7 is determined by the

“Recall, that KSS bound does not depend on the speed of light.

inverse proper temperature 1/7, and the radial coordinate
defines the inverse acceleration p = 1/a.

This manifold M = R%2 @ C? contains a 2D cone C?
and is an example of a well-known conical space [20,21].
The angular deficit 2z(1 — ') of the cone is described by
the parameter

v=2xT/a. (6)

Considering quantum fields living in the space (5), one can
find the mean value of the energy-momentum tensor as a
function of acceleration and temperature’

(T’,f>(a,T) = diag(e, —Pisees=D)))- (7)

In (7) symmetry guarantees EMT to be diagonal and having
the equal transverse components of pressure [22]. When the
temperature is equal to the Unruh temperature the cone in
(5) unfolds into a plane and (7) vanishes due to the
normalization to the Minkowski vacuum

Ty =~ (8)

(TV)(a, T =Ty) =0,
2

which is a manifestation of the well-known Unruh effect,
that is, the Minkowski vacuum is perceived by an accel-
erated observer as a thermal bath with a temperature 7',
[9,10,23]. Let us emphasize that, in general, acceleration
(or T;) and temperature 7 are two independent parameters
that determine the concrete state of the system. To illustrate
(7) and (8), we present a well-known result for massless
Dirac fields in four dimensions [20,24,25]
TnT*

A T2a*> 17a*
TV(a, T) = -
(1){a.T) ( 60 | 24 9607r2>

-diag(1,-1/3,-1/3,-1/3).  (9)

In particular, it is easy to see that (9) vanishes at T = T,.
The first derivatives with respect to 7 determine the
specific heat, entropy density, and speed of sound*

JAfter calculating the averages, it is necessary to restore the
Lorentz metric signature.

“There are various approaches to find the entanglement
entropy [21], and we use the one, based on the relativistic spin
hydrodynamics [8,14,26]. Also in the considered case with zero
chemical potentials y = 0, the squared speed of sound can be

op/oT

defined as ¢ = BT [27,28], where we fix the acceleration a, as

constant during sound wave propagation.
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cyla, T) = ag((;z]:T) g
s(a,T) = % 2
op| _9p (a,T)/0T s
(e T) =57, de(a.T)/oT ¢y (10)

It is not difficult, for example, to find cy,s and c? for
massless Dirac field from (10), (7) and (9).

Below we will consider the case of general quantum field
theory (including nonconformal and interacting ones) in an
arbitrary number of dimensions.

Isotropy sum rule: When v = 1, the space (5) transforms
into ordinary d-dimensional flat Euclidean space, for which
there is a well-known universal spectral representation for
the vacuum mean value of the product of two energy-
momentum tensors [16] (see also [14,29])

<?aﬂ ()C) T/)o’ (x/)>
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where
O () = 5,48
aff.po - F(d) affPpo-
@) _d-=1
Ha/},/)a(a) - 2F(d _ 1) (SapSﬁa + Saerﬂp
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Saﬂ(a) = aaaﬂ - naﬂa ) (12)

according to which all the differences between the specific
theories are accumulated in the spectral densities c(*) (u)

2
and ¢®(u). Here A, = W, Q= 2(;/;) M and

M1 are the corresponding differential operators of spin-0
and spin-2 parts, and G,(x — x', u) is the propagator of a
scalar field with mass p. The representation (11) follows
from general symmetry principles and is universal, while
the explicit form of the spectral functions ¢(®(x) and
c®(u) is known explicitly only for a limited number of
cases, including the conformal case, as well as the non-
conformal case of free massive scalar and Dirac fields.

In [29,30], the response of the < ,) to a small deviation
of v in (6) from unity was found using the method of
expansion in powers of the modular Hamiltonian. In the
developed perturbative technique, everything is expressed
through the correlators at v = 1, which allows to use of the

representation (11). Using the relationship of v with
temperature (6), we can immediately obtain from the
resulting formulas (6.9) in [29] the derivatives of the
components of (7)

de 27pA 0 u
ool = [ ko) 4 K
A (u) + (d=1)(d =2)cP (u)},
ap | —27pA 0
o e = @@= 1T@) 1)21“‘251)[) dp > Ko (up)

O () = (d = 1) ()},
de - 27A ©0
Ol ~ = 17T 1)2dr(d)[) du pK (up)

A ) + (d = 1)(d = 2)eP ()}, (13)

where all derivatives are taken at the point5 T =Ty, ie.,
v =1, and we use the equality p = 1/a. For example, one
can verify (13) using the known spectral functions ¢(©) (u)
and ¢® (u) for massless Dirac field [29], and comparing
with a calculation based on the direct application of
(10) to (9).

The key observation is the anisotropy following from the
equations (13). Indeed, the temperature derivatives of the
longitudinal and transverse pressures are, generally speak-
ing, not equal for arbitrary spectral densities. Requiring
(that is, by introducing that as a sort of criterion) isotropy

op| _ 9py

= 14
JaT T’ (14)

we obtain from (13) the equation

7 00 A )+ 0 A )} 0. (15

AP (u, p) = =(d = 1)Ko (up)

+(d- 1)(d—2)gK1(ﬂp),

AO (u, p) = p?Ko(up) +5K1(ﬂp),
f(up) = O () A (, p) + ¢ () AP (u, p). ~ (16)

Condition (15) identifies a class of theories for which
radiation in the Rindler space is isotropic. It relates the
integrals of the spectral densities ¢(®) (i) and ¢(®(x) and
can be considered as a novel sum rule for spectral
functions. As we show below, this sum rule holds for

SAll subsequent formulas in the current paper also refer to this
case, that is, the Minkowski vacuum.
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any conformal field theory and for massive Dirac fields in
any number of dimensions. At the same time, it is nothing
but a reformulation of the familiar Pascal’s law and can be
considered as (one of) the signatures of the hydrodynamic
behavior.

This isotropy sum rule can also be compared, in
particular, with the Burkhardt-Cottingham sum rule [31]
playing the important role in nonperturbative QCD [32-35],
which is also closely related to rotational symmetry. The
latter property was stressed in the famous textbook [36] by
R. P. Feynman and is clearly manifested in QCD factori-
zation [32] when the integration over momentum fraction x
makes the operator local, so that the difference between
longitudinal and transverse directions disappears.

A natural guess would be that the sum rule (14) also
guarantees isotropy of viscosity (compare with [37,38]).
However, the situation is more subtle. In fact, a direct
analysis shows that the correlator 7, , . , ~ <Tx,-/)Tx,-/J> (with
one index corresponding to the distance to the horizon, and
the other to the transverse coordinate in the horizon plane)
vanishes identically, suggesting that the corresponding
direction (when considering friction between layers parallel
to the horizon) is nondissipative. A detailed derivation will
be presented elsewhere [39].

Below we will demonstrate, that by taking into account
the sum rule (15), the ratios /s and {/n can be obtained in
a surprisingly simple way.

Local ratios with viscosities.

Shear viscosity: In [14], the shear viscosity of thermal
radiation in the Rindler space was found, using the spectral
representation (11). It is expressed through the spectral
function ¢®(4) and depends on the distance from the
horizon p

n(p) = kap [) " @ (Ko up), (17)

A ﬂd/Z
where Ky = 3r(q) = e @@

the spectral function ¢ (u) > 0, fixed by unitarity (in
Minkowski space), ensures thermodynamic irreversibility
in this case through the non-negativity of # > 0, demon-
strating a close relationship with the renormalization group
irreversibility [15,16]. A similar situation holds also for
bulk viscosity, as it will be shown below.

The specific heat can be found from (13) and (10). When
we additionally impose the isotropy sum rule on the system
(15), the specific heat is expressed only through the spectral
function ¢ (u)

. The non-negativity of

cylp) = Zg(p;)d Aw dp ¢ (W) Ko(pup).  (18)

Comparing (17) and (18) we obtain (3)

1_ (19)

Equation (19) is actually the most general one. It is useful to
rewrite it in terms of entropy density and speed of sound.
Under the sum rule (14), the derivatives of the different
pressure components coincide. This allows us to find the
entropy density from (10) and, for example, the second
relation in (13)

s(p) = %Am dp 1 Ko (up)
A(d=1)eP (u) = O (u)}. (20)

Note that (20) is in accordance with a slightly different
approach based on the conformal anomaly [14], as well as
with the special cases [8].

Substituting (10) into (19), we obtain (2)

n 1

s dnct

(21)

It is interesting to note that the obtained result can be
compared to the spirit of holographic calculations, where
central charges play important role [40—42]. Remarkably,
the example with entanglement clearly shows the source of
the relationship between viscosity and entropy (or specific
heat): both quantities turn out to be of the same nature,
being a response to a change in geometry—in one case to
off-diagonal fluctuations of the metric, in the other to a
small angular deficit—in both cases governed by (77
correlators.

Bulk viscosity: Entanglement bulk viscosity was also
derived in [14] from (11) and is expressed in terms of

O (p)

£(p) = % |7 e ko). (22)

Next, we again assume the validity of the sum rule (14),
(15), which allows us to determine the speed of sound
according to (10). Comparing (22), (17), (10), (18), and
(20), we immediately obtain (4)

%2(%-&). (23)

Discussion and applications.

Causality and kss bound: Comparing (21) and (1), we can
conclude that KSS bound may be considered as following
from causality. Indeed, since the speed of sound is less than
the speed of light ¢2 < 1, then /s > 1/(4x) from (21). It is
interesting to compare this with the result [4], which

L081701-4
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considered viscosity for conformal field theories with

Gauss-Bonnet gravity dual. It was shown that n/s < £~

t occurs only when superluminal gravitons appear in the
dual theory. Our result is similar, although we work outside
the holographic context, and instead of gravitons, the
violation could be caused by superluminal phonons.
Finally, it should be emphasized that, unlike [4], we do

not have the factor 16/25.

Tests of the isotropy sum rule:
1. Conformal field theory. For conformal field theory we
have [16,29]

) =T e, oy

O (u) ~ pt=25(n),
where Cr is the conformal central charge. Substituting (24)
into (15), it is easy to verify that (15) holds for any d > 2,
since the integrand reduces to the total derivative.

Figure 1 shows the behavior of the integrand in (15) in
this case.

2. Massive free Dirac field. The spectral functions for
free massive Dirac fields are [16]6

2L472) (g% — 1)1 (9)? 4m>\ 5
C(0)<M’m): ) pi 2 mz/,td_5<1——)
™ K
O —2m),
214721 (g — 1) (2)? 4m*\ 5
) = 2 d-3(p 2 1
¢ 1. m) oo (12
8 m?
A1+ —"=-=)0(u—2m). 25
(14522 ot =2m) (25)

Substituting (25) into (15), we can verify that (15) is
satisfied, since the integrand again reduces to a derivative,
and the integral equals zero for any d > 2. The graph of the
integrand is shown in Fig. 1.

The fulfillment of the sum rule for the massive Dirac
field corresponds to the known isotropy of radiation in this
case [22,44.,45].

3. Massive free scalar field. For massless conformally
symmetric scalar field, the sum rule (15) is satisfied, since
this is a particular case of the conformal theory considered
in the previous Sec. IV B 1.

However, the nontriviality of condition (15) is empha-
sized by the existence of a counterexample. The spectral
functions for massive scalar field are given in [16] in
Eq. (3.32). Naively substituting them into (15), one can
check that the sum rule is violated.

6Compared to [16], an additional normalization factor
I'(d/2)?/(4z%) is introduced in accordance with the normaliza-
tion of the central charge in [43] and [29].

f s p)p°
A
0.03 conformal
0.02
0.01 massive Dirac

\

v — -
/ \\78/10 o
w=2m

FIG. 1. Integrand of the sum rule (15) for d = 4. Solid (blue):
conformal field theory; dashed (orange): free massive Dirac field
(as an example, the mass is set equal to m = 1/p). The vanishing
integral ensures the isotropy sum rule. Quantities are made
dimensionless using p.

-0.01

However, for a scalar field, there is an additional
unaccounted contribution. It is well known that in the case
of a scalar field, the boundary term in the modular
Hamiltonian plays a significant role [46]. This boundary
term was not included in (13) and, for finite mass, it will
provide an additional contribution to (15) beyond the terms
with spectral densities. The corresponding contribution is
found in [39], but it can be shown that even with the
boundary terms included, the sum rule is violated.

This violation for massive scalar field is not accidental—
it is known that for a massive scalar field the energy-
momentum tensor contains a term 7, ~ a,a, along the
acceleration four-vector, which makes an additional con-
tribution to the longitudinal pressure [22,47]. The origins of
this anisotropy appear to be an interesting mystery for future
research.

Possible phenomenological applications: While Egs. (2)
and (3) were derived for a particular case (accelerated
system at T = T;), they are expressed in terms of general
hydrodynamic quantities. One may therefore speculate that
they might represent a lower bound, potentially relevant
beyond this specific context.”

As is well known, quark-gluon plasma is a fluid that is
closest to the KSS-bound (1). In this case, the ratio /s has
been studied in detail in numerous studies, based on
experimental data, and it is approximately equal to 0.05 <
n/s < 0.2 [48]. The corresponding uncertainties are quite
large, and it is possible both that 77/s practically saturates
the bound 1/(4xz) ~ 0.08 or exceeds it several times. From
this perspective, it is interesting (very naively) to compare
these estimates with (2). Taking ¢ ~ 1/3 as a reasonable

7Though in our case Eqgs. (2) and (3) are equivalent, (3) is more
general, since (2) was obtained from (3) using definitions (10)
(which are not entirely universal).
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estimate, we obtain #/s ~ 0.24. This value is about three
times larger than the KSS bound, which is also intriguingly
close to the ratio extracted from lattice data at temperatures
above the critical one [49], where a similar factor is
observed (with fairly large uncertainties).

At the same time, the entanglement viscosities (17) and
(22), describing transport in an accelerated medium, may
also be of independent interest. Indeed, transport phenom-
ena and related effects in accelerated and/or rotating media
are currently being actively studied in the context of physics
in heavy ion collisions [50-57]. Moreover, given that the
viscosities (17), (22) are roughly estimated to be 7, £ ~ @’ in
four dimensions, and since the acceleration « is predicted to
be extremely high in heavy-ion collisions [58-60], one
could expect their non-negligible contributions, which
requires the further investigations.

Conclusions. We have shown that the general spectral
representation results in the ratios of the shear viscosity of
thermal radiation in Rindler space to the entropy density
and to the specific heat locally satisfy expressions (2) and

(3). The resulting expression demonstrates the connection
between the KSS bound and causality. Furthermore, we
demonstrated that the bulk viscosity of the this radiation
saturates another famous bound for bulk viscosity.

By imposing the condition of isotropy of thermal
radiation in the Rindler space, we find a novel sum rule
relating the spin-O and spin-2 spectral functions, and
explicitly verify it for conformal field theories and free
massive Dirac fields in any number of dimensions. Finally,
we discussed possible phenomenological consequences.
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