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We consider the energy loss of a high-energy parton in the early anisotropic plasma in heavy-ion
collisions. Working in the harmonic approximation, we compute the change in the mean energy of an
emitted gluon in the presence of an anisotropic background, characterized by anisotropic jet quenching
parameters q̂x ≠ q̂y. Evaluating the resulting integrals numerically, we compare with isotropic media, and
obtain a simple pocket formula to estimate the impact of anisotropy on the mean emitted gluon energy,
which is generally small. We then combine our results with the values of the jet quenching parameter
extracted from QCD kinetic theory simulations and show that the medium length dependence of this mean
energy loss exhibits the characteristics of limiting attractors, which can be obtained by extrapolating to zero
and infinite coupling. Our study thus relates energy loss of jet partons to universal dynamics of anisotropic
plasmas.
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I. INTRODUCTION

Relativistic heavy-ion collision experiments produce an
exotic state of deconfined matter that consists of quarks and
gluons, referred to as the quark-gluon plasma. By studying
its properties in these collision experiments, we aim to learn
more about the strong interaction (QCD) under extreme
conditions, both in and out of equilibrium [1]. These
collisions create a QCD plasma in an initially far-from-
equilibrium state, which quickly isotropizes, and a hydro-
dynamic description becomes applicable [2]. Its properties
can be probed by measuring the modification of jets from
which features of this exotic phase of QCD matter can be
deduced.
While most studies focus on the hydrodynamical

description of the plasma, the initial nonequilibrium stages
encode interesting physics and may offer a unique labo-
ratory for studying features of nonequilibrium QCD [2,3].
The plasma in this regime is neither sufficiently strongly

nor weakly coupled, such that in practice, extrapolations of
strongly coupled or weakly coupled methods need to be
performed (see, e.g., [2,4,5]). In this work, we focus on
the weakly coupled picture. There, the initial stages after
the collision are dominated by classical gluon fields [6,7]
until an effective kinetic description in terms of gluons
and quarks becomes applicable [8,9]. This QCD kinetic
theory [10] can be solved numerically to follow the system
from an initial far-from-equilibrium state to isotropy,
when a hydrodynamic description of the plasma becomes
applicable [11–15].
Possible experimental probes of the prehydrodynamic

dynamics consist of jets, which are particle showers
originating from highly energetic partons created in the
initial collision. While an energetic parton traverses the
plasma, it interacts with the medium and loses energy, a
phenomenon called jet quenching [16–18]. This energy
loss is dominated by inelastic gluon emissions, for which
several formalisms have been put forward to describe this
process. For highly energetic partons, and in the often-
employed harmonic approximation, the effect of the
medium is encoded in a single jet quenching parameter
q̂, which has the physical interpretation of quantifying the
momentum broadening of partons traversing the plasma.
Phenomenological studies of jets mostly focus on the

hydrodynamic stage of the QGP evolution, ignoring or
drastically simplifying the initial nonequilibrium stages in
the plasma time evolution. However, recent works have
indicated the possibility of sensitivity of jets to the initial
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stages [19–22]. Additionally, the medium parameter q̂,
which characterizes jet momentum broadening and plays a
crucial role in energy loss calculations [19,23–29], has
further been extracted in the early glasma and kinetic theory
stages [30–38]. In particular, it has been reported to be
anisotropic and large compared to the later hydrodynamic
values. We will discuss how this parameter enters the
calculation of jet energy loss in Sec. II.
As the community keeps moving forward toward the

initial stages, partly triggered by the new smaller collision
systems studied at LHC, several calculations have been per-
formed to include anisotropies in this formalism [22,39–44].
In this paper, we consider the effect of the plasma anisotropy
on the energy spectrum, which is less differential but
provides a simple and straightforward way to study the
effect of the anisotropy. In particular, we demonstrate that the
moment of this energy spectrum, corresponding to the mean
energyof one emitted gluon, shows features of the previously
introduced limiting attractors [45].We also study the effect of
the anisotropy on the quenching weights, which are a way of
quantifying the difference between the parton cross section in
vacuum and in the presence of a medium [46,47].
This paper is structured as follows. In Sec. II, we discuss

how the probability of a single gluon emission is calculated
in the harmonic approximation. We generalize the isotropic
calculation to an anisotropic plasma, and provide numerical
results for the mean energy of an emitted gluon in an
anisotropic static plasma. We further study its impact on the
quenching weights. In Sec. III, we then use the previous
results to compute the mean gluon energy of jets traversing
the nonequilibrium plasma described with QCD kinetic
theory. We also discuss the relation to limiting attractors.
We conclude in Sec. IV. The Appendices provide explicit
details on the Dokshitzer–Gribov–Lipatov–Altarelli–Parisi
(DGLAP) splitting functions used in the main text, and on
the numerical techniques employed in this paper, in par-
ticular on how we extrapolate the integration boundaries.

II. GLUON EMISSION IN THE HARMONIC
APPROXIMATION

A. Isotropic medium

The energy loss of energetic partons is dominated by
inelastic gluon emissions.
These are triggered by elastic kicks with the medium,

which result in a change of the transverse momentum of
the parton, characterized by the jet quenching parameter

q̂ ¼ dhp2⊥i
dt . The typical momentum of these transverse kicks

is given by the screening massmD. The formation time tform

of such an emission process increases with the energy ω

of the emitted gluon, tform ∼
ffiffiffiffiffiffiffiffiffi
ω=q̂

p
[3]. While these

small momentum kicks off the medium occur at a rate
of Γel ∼ q̂=m2

D, for the emission of a sufficiently energetic
gluon, the formation time becomes longer than the time
between two elastic scatterings. This happens when

ω≳m4
D=q̂, and leads to a quantum-mechanical interfer-

ence effect known as the Landau-Pomeranchuk-Migdal
(LPM) suppression [48,49], first developed for QED and
later for QCD [50–53]. In this regime, the gluon emission
spectrum dI=dω, which represents the probability of the
energetic parton to emit a gluon with energy ω during its
time evolution, is given by [51]

ωPðωÞ ¼ ω
d
dω

ðI − IvacÞ ¼
αsxPs→gðxÞ
½xð1 − xÞE�2 ReΛ; ð1Þ

with

Λ ¼
Z

∞

0

dt0
Z

∞

t0
dt∇r∇r0 ½Kðr0; t0; r; tÞ

−Kvacðr0; t0; r; tÞ�
����
r¼r0¼0

; ð2Þ

where αs ¼ λ
4πNC

represents the strong coupling constant
while λ denotes the ’t Hooft coupling. Throughout our
numerical analysis, we use NC ¼ 3 for QCD.
The energy fraction of the emitted gluon compared to the

total energy of the energetic parton E is denoted by
x ¼ ω=E. The DGLAP splitting function Ps→gðxÞ depends
on the species s of the initial particle, which can be either a
gluon (g) or a quark (q), and is provided explicitly in the
Appendix A. In Eq. (2), the functions Kðr0; t0; r; tÞ and
Kvacðr0; t0; r; tÞ are Green’s functions of a time-dependent
Schrödinger equation in two dimensions,

i
∂Ψðr; tÞ

∂t
¼ HΨðr; tÞ; ð3Þ

satisfying the initial condition

Kðr2; t; r1; tÞ ¼ δðr2 − r1Þ: ð4Þ

Here, H is the associated Hamiltonian, which can be
decomposed into H ¼ δE − iΓ3, where

δE ¼ p2
r

2xð1 − xÞE þ m2
sðtÞ

2ð1 − xÞE þm2
gðtÞ
2xE

−
m2

sðtÞ
2E

ð5Þ

represents the energy difference between the gluon and the
parton after the emission and the parton before the process,
and iΓ3 is a complex-valued potential. We have defined the
effective momentum pr ¼ ðpk⊥ − kp⊥Þ=E. This separa-
tion of the Hamiltonian is reminiscent of the usual split in
kinetic and potential energy, where the latter is due to the
interactions.
The vacuumGreen’s functionKvacðr0; t0; r; tÞ corresponds

to the special case of vanishing interactions Γ3 ¼ 0, while
Kðr0; t0; r; tÞ includes the medium-dependent interaction
potential Γ3. It is convenient to express Γ3 in terms of the
dipole cross section or two-body potential Γ2 [54,55]
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Γ3ðr; tÞ ¼
1

2
Γ2ðr; tÞ þ

�
Cs

CA
−
1

2

�
Γ2ðxr; tÞ

þ 1

2
Γ2ðð1 − xÞr; tÞ; ð6Þ

where

Γ2ðr; tÞ ¼
Z

d2q⊥
ð2πÞ2 Cðq⊥; tÞð1 − eiq⊥·rÞ ð7Þ

denotes the dipole cross section, and Cðq⊥Þ ¼ ð2πÞ2 dΓ
d2q⊥

is the probability of receiving a transverse momentum
kick q⊥. The Casimir factors are given by CA ¼ NC,
CF ¼ ðN2

C − 1Þ=ð2NCÞ. At leading logarithmic approxima-
tion, and for an isotropic system, the full Hamiltonian
reduces to that of a harmonic oscillator,

Ĥ ≈
p2
r

2M
þ 1

2
MΩ2ðtÞr2; ð8Þ

with the complex and time-dependent frequency [52]
given by

Ω2ðtÞ ¼ −i
ð1 − xÞ þ x2 Cs

CA

2xð1 − xÞE q̂ðtÞ ≈x≪1
−

i
2ω

q̂ðtÞ: ð9Þ

The jet quenching parameter q̂ entering here encodes
the transverse momentum broadening of a gluon. Here, we
have employed the additional approximation x ≪ 1, corre-
sponding to the emitted gluon having a small energy ω
compared to the jet energy E. Within this approximation,
M ¼ xð1 − xÞE ≈ ω, and the dependence on the jet energy E
drops out. Additionally, we have assumed ω ≫ ms, i.e., that
the energy of the emitted gluon is much larger than the
screening scales of the plasma, such that we may neglect the
mass-dependent corrections appearing in the energy differ-
ence (5). Since we work in the LPM regime, where the
emitted gluon energy is sufficiently large,ω ≫ m4

D=q̂, this is
well justified. For instance, for a thermal system where
m4

D=q̂ ∼ T, this implies that the emitted gluon is energetically
well separated from the medium, ω ≫ T. To summarize, we
thus work in the limit maxðms;m4

s=q̂Þ ≪ ω ≪ E.
The (isotropic) jet quenching parameter q̂ appearing in

the frequency (9) is related to the probability Cðq⊥Þ via

q̂ðtÞ ¼
Z

Λ⊥ d2q⊥
ð2πÞ2 Cðq⊥; tÞðq⊥Þ

2 ð10Þ

and emerges in the expansion of Eq. (7) for small values of
q⊥ · r. In practice, Eq. (10) needs to be supplemented by a
momentum cutoff Λ⊥ to render q̂ finite. However, a closer
inspection of the small-distance behavior of the potential
(7) reveals that a cutoff is not necessary if, in addition to the
quadratic behavior, a logarithmic correction related to q̂ is

taken into account [56]. However, the simpler harmonic
approximation (8) is often used, which only assumes a
quadratic dependence on r. For simplicity, we will follow
here the same strategy and employ a specific cutoff for q̂,
which we will detail later. We note that in the limit x ≪ 1,
the splitting function appearing in Eq. (1) can also be
simplified to

xPs→gðxÞ ≈ 2CR; ð11Þ

where CR ¼ CA for an initial gluon, and CR ¼ CF for a
quark. Using the harmonic oscillator approximation (8), we
may then simplify the gluon emission spectrum (1) using
the Green’s function of the time-dependent one-dimen-
sional harmonic oscillator [57],

K1Dðx0; t0;x;tÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M
2πiSðt0; tÞ

s
exp

�
iM

2Sðt0; tÞðx
02Ṡðt0; tÞ−x2Ṡðt; t0Þ−2xx0Þ

�

ð12Þ

to [58]

ωPisoðωÞ¼−
2αsCR

π
Re
Z

∞

0

dt0
Z

∞

t0
dt

�
1

S2ðt; t0Þ−
1

ðt− t0Þ2
�
;

ð13Þ

where Sðt; t0Þ is a solution to the following differential
equation with boundary conditions

S̈ ¼ −Ω2ðtÞS; Sðt ¼ t0; t0Þ ¼ 0; Ṡðt ¼ t0; t0Þ ¼ 1:

ð14Þ
The crucial insight from Ref. [58] is that the 1=S2-term
appearing in Eq. (13) can be written as a total derivative,
reducing the inner integral to the boundary terms,1

1

S2
¼ −∂t

�
C
S

�
; Cðt; t0Þ ¼ −∂t0Sðt; t0Þ: ð15Þ

This allows explicitly evaluating Eq. (13) for any time-
profile of q̂ðtÞ, to obtain

ωPisoðωÞ ¼
2αsCR

π
ln jcð0Þj; ð16aÞ

where the function cðtÞ solves the differential equation

c̈ðtÞ ¼ −Ω2ðtÞcðtÞ; cðt → ∞Þ ¼ 1; ċðt → ∞Þ ¼ 0:

ð16bÞ

1These functions are conventionally called S and C because
they reduce to sine and cosine functions for a static brick in the
interior, see Eq. (27).
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This is the simple formula obtained in Ref. [58]. We would
like to emphasize that the trick (15) for the integrand of the
gluon emission spectrum requires an isotropic jet quench-
ing parameter to obtain the simple expression (16). In an
anisotropic system, the integrand cannot be easily written
as a total derivative, and hence, the appearance of an
anisotropic (direction-dependent) jet quenching parameter
q̂ij requires an extension of the formalism, which will be
the focus of the following sections.

B. Generalization to an anisotropic plasma

In order to take the plasma anisotropy into account, we
promote the jet quenching parameter to a tensor, a common
technique for anisotropic broadening [22,36,41,43,59–61],

q̂ijðtÞ ¼
Z

Λ⊥ d2q⊥
ð2πÞ2 Cðt;q⊥Þqi⊥qj⊥: ð17Þ

From its definition, the jet quenching parameter q̂ij is
symmetric, and we work here in a basis in which it is
diagonal. Thus, we describe the anisotropy only with its
two diagonal elements (17) q̂x ¼ q̂xx and q̂y ¼ q̂yy, repre-
senting the rates of change of the transverse momentum in
the x and y direction, respectively, with the parton moving
in the z-direction.
We will frequently compare to an isotropic system and

study the respective deviations using the isotropized and
relative jet quenching parameters

q̂ ¼ q̂x þ q̂y; Δq̂ ¼ q̂x − q̂y: ð18Þ
In the anisotropic case, the Hamiltonian of the Schrödinger
equation (8) is given by

Ĥ ¼ p2
x þ p2

y

2M
þM

2
Ω2

xðtÞx2 þ
M
2
Ω2

yðtÞy2: ð19Þ

Here, we have generalized Ω2
x ¼ −i q̂xω , Ω

2
y ¼ −i q̂yω . For a

two-dimensional anisotropic harmonic oscillator, the gluon
emission spectrum (13) becomes

ωPanisoðωÞ ¼ −
αsCR

π
Re
Z

∞

0

dt0
Z

∞

t0
dt

×

�
1

S1=2x S1=2y

�
1

Sx
þ 1

Sy

�
−

2

ðt − t0Þ2
�
; ð20Þ

where the functions Sxðt; t0Þ and Syðt; t0Þ are defined as the
solutions of the differential equations with initial conditions

S̈x ¼ −Ω2
xðtÞSx; Sxðt; tÞ ¼ 0; Ṡxðt; tÞ ¼ 1;

S̈y ¼ −Ω2
yðtÞSy; Syðt; tÞ ¼ 0; Ṡyðt; tÞ ¼ 1: ð21Þ

By construction, Eq. (20) reproduces Eq. (13) in the limit
q̂x → q̂y. However, as mentioned above, we were not able

to further simplify this integrand in the spirit of (16)
because the integrand in the anisotropic case cannot be
easily written as a total derivative.

C. Mean energy loss due to single gluon emission

Nevertheless, in both cases, we may approximate the
mean energy loss of the jet due to a single emission as the
mean energy of the emitted gluon,2

Eiso;aniso ¼
Z

∞

0

dωωPiso;anisoðωÞ: ð22Þ

While realistically, jets lose energy via multiple emissions
instead of just one, we employ this simplified description to
obtain a single number, E, allowing us to easily compare
and assess the effects of the anisotropy. For a discussion of
the relation of this quantity to energy loss due to multiple
emissions, we refer to Ref. [62]. To compare the differences
between the isotropic and the anisotropic formalism, we
consider the differences in the mean energy loss, which we
denote as ΔE,

ΔE ¼ Eaniso − Eiso ¼
Z

∞

0

dω½ωPanisoðωÞ − ωPisoðωÞ�:

ð23Þ

Note that for compactness, we will frequently abbrevi-
ate E≡ Eiso.

D. Special case: A static anisotropic brick of QGP

We consider the special case of static media of size L
characterized by constant q̂x and q̂y within the medium,
such that [58]

ωPisoðωÞ ¼
2αs CR

π
ln j cosΩLj: ð24Þ

With the characteristic gluon frequency ωc,

ωc ¼
1

2
q̂L2; ð25Þ

2Performing the integral here in the region ω∈ ½0;∞Þ con-
stitutes another approximation and simplification. As discussed
above, our formalism is only valid for maxðms;m4

D=q̂Þ ¼
ω1 ≪ ω ≪ E. However, since PðωÞ ∼ ω−1=2 for ω ≪ ωc, with
the characteristic gluon frequency ωc from Eq. (25), changing
the lower integration boundary results in corrections of
Oð ffiffiffiffiffiffiffiffiffiffiffiffiffi

ω1=ωc

p Þ ∼Oð1=ðαsTLÞÞ. Thus, for sufficiently large
lengths L ≫ 1=ðg2TÞ these corrections to the typical result
∼ωc can be ignored. Note that 1=ðg2TÞ ∼ 1=Γel is also the typical
time between the elastic collisions triggering the splitting process.
Since PðωÞ ∼ ω−2 for ω ≫ ωc, changing the upper boundary
results in an error of Oðωc=EÞ ∼Oðα2sT3L2=EÞ, which can be
ignored for sufficiently large parton energies E.
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it follows that Ω2L2 ¼ −i ωc
ω , and thus Eiso scales linearly

with ωc [63]

Eiso ¼
2αs CR

π

Z
∞

0

dω ln j cosΩLj ¼ χαs CRωc; ð26Þ

with χ ¼ 0.5. The same substitutions as for the isotropic
system, ω̃ ¼ ω=ωc, t̃ ¼ t=L, and t̃0 ¼ t0=L, are applicable
to the integrals in the anisotropic case forωPanisoðωÞ in (20)
and the differential equations (21). This eliminates any L
dependence apart from the same linear scaling Eaniso ∝ ωc.
However, in contrast to the isotropic case, Eaniso addition-
ally depends on the anisotropy Δq̂=q̂, which is a conse-
quence of the substitutions applied to Eq. (21). Moreover,
as we have not found an analytic expression for ωPanisoðωÞ
even for a static medium, we will evaluate the integrals
numerically.
Let us now consider Eq. (20) for such an anisotropic

static “brick.” To solve the differential equations (21), we
have to distinguish between four regions:
(a) t < L, t0 < L;
(b) t < L, t0 > L;
(c) t > L, t0 < L;
(d) t > L, t0 > L.
The region (b) does not contribute, since this region is not
included in the domain of integration. Additionally, region
(d) corresponds to the vacuum region, where we find
Sx;dðt; t0Þ ¼ Sy;dðt; t0Þ ¼ t − t0, which cancels in the inte-
grand. For (a) and (c) we find

Sx;aðt; t0Þ ¼ Ω−1
x sin ðΩxðt − t0ÞÞ; ð27aÞ

Sy;aðt; t0Þ ¼ Ω−1
y sin ðΩyðt − t0ÞÞ; ð27bÞ

Sx;cðt; t0Þ ¼ cosðΩxðL− t0ÞÞðt−LÞþΩ−1
x sinðΩxðL− t0ÞÞ;

ð28aÞ

Sy;cðt; t0Þ ¼ cosðΩyðL− t0ÞÞðt−LÞþΩ−1
y sinðΩyðL− t0ÞÞ:

ð28bÞ

Hence, we obtain the following expression for the aniso-
tropic energy loss of static media with size L

Eaniso ¼ −
αsCR

π

Z
∞

0

dωRe
Z

L

0

dt0

×

�Z
L

t0
dt

�
1

S1=2x;a S
1=2
y;a

�
1

Sx;a
þ 1

Sy;a

�
−

2

ðt − t0Þ2
�

þ
Z

∞

L
dt

�
1

S1=2x;c S
1=2
y;c

�
1

Sx;c
þ 1

Sy;c

�
−

2

ðt − t0Þ2
��

:

ð29Þ

We evaluate these integrals using extrapolation techniques,
where we start from finite ωmin, ωmax and tmax:
The inner integral of region (c) [bottom line in Eq. (29)]

is evaluated up to a finite tmax, which is then extrapolated
numerically for large tmax → ∞. Similarly, for the outer
integral, we integrate from a carefully3 chosen ωmin up
to ωmax and then extrapolate using analytic expressions of
the spectrum at low and high frequencies given in the
Appendix B. Details on our numerical calculations and the
extrapolation procedures are provided in the Appendix C.

E. Numerical results: Mean energy loss
in a static anisotropic plasma

We present our numerical evaluation of Eq. (29) in
Fig. 1, where we depict the relative energy loss difference
ΔE=Eiso as a function of anisotropy. Note again that we
approximate the energy loss of the parton here by the mean
energy of a single emitted gluon. As Eiso and Eaniso exhibit
the same linear scaling with ωc, as discussed below
Eq. (26), their fraction is independent of the medium size
L. The relative energy loss difference due to anisotropy,
ΔE=Eiso, turns out to be negative and rather small (less
than 0.2% in magnitude for Δq̂=q̂ < 0.2). In general, we
observe that Eaniso < Eiso, which is consistent with other
recent studies employing the full collision kernel instead of
the harmonic approximation [42,56]. Even for extremely
large anisotropies Δq̂=q̂ ≃ 0.8, we find that taking into
account the anisotropy reduces the mean energy loss by
about 3%, as compared to using an isotropic q̂. Evaluating
this at a realistic coupling of αs ¼ 0.3 and for rather large
values of the parameters, i.e., a medium length of L ≃ 8 fm,
an anisotropy of Δq̂

q̂ ≃ 0.75, and for q̂ ¼ 5 GeV2=fm, we
find that the change due to the anisotropy isΔE ≃ −9 GeV,
amounting to only 2% of the total energy loss, making this
effect experimentally challenging to measure. We now
further aim to provide a convenient semianalytic expression
forΔE=E as a function of the anisotropyΔq̂=q̂. To this end,
we formally expand Eaniso in Δq̂=q̂ around an isotropic
background ðq̂x; q̂yÞ ¼ ððq̂þ Δq̂Þ=2; ðq̂ − Δq̂Þ=2Þ [see
Eq. (18)]. Using this symmetric ansatz, any odd powers
vanish, such that the energy change due to anisotropy can
be expressed as

ΔE ¼ Eaniso − Eiso

¼ Eiso

�
a

�
Δq̂
q̂

�
2

þ b

�
Δq̂
q̂

�
4

þO
��

Δq̂
q̂

�
6
��

: ð30Þ

Neglecting higher-order terms, the energy loss for the
anisotropic system reads

3Here, ωmin and ωmax must be chosen in the regions where the
scaling form (B2) provides a good approximation.
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Eaniso ≈ χαsCRωc

�
1þ a

�
Δq̂
q̂

�
2

þ b

�
Δq̂
q̂

�
4
�
: ð31Þ

We determined the dimensionless parameters a and b by
fitting Eq. (31) to the numerically evaluated Eq. (29), which
resulted in

a ¼ −0.0237; b ¼ −0.0376; ð32Þ

with the coefficient of determination R2 ¼ 0.9973. Even
though we neglect higher-order terms in (30), this estimate
seems to accurately represent the numerical data, as can be
seen in Fig. 1. We note again that throughout this paper, our
analytical expressions rely on theω ≪ E limit, such that the
expression is independent of the parton energy E.4 For
maximum anisotropy Δq̂=q̂ ¼ 1, performing a simple
extrapolation using our analytic formula (30) yields a
deviation of roughly 6%.
Although our derivation and discussions focused on a

static medium, we anticipate Eq. (30) to provide useful
results also for time-varying q̂: Instead of solving Eq. (21)
for two different, time-dependent q̂xðtÞ ≠ q̂yðtÞ, one may
decompose the anisotropic mean energy loss into the
isotropic part and the difference, Eaniso ¼ Eiso þ ΔE, and
use the simple formula (16) for the isotropic part Eiso, while
employing the static approximation Eq. (30) for ΔE. We
expect this approximation to lead to only minor deviations
for a suitable mapping of the time dependent q̂ profile to a
corresponding constant q̂static. It has been shown that a
convenient mapping may be given by [64]

q̂static ¼ 2

L2

Z
L

0

dt t q̂ðtÞ ð33Þ

for an isotropic jet quenching parameter, and we propose to
use a similar mapping for the individual components. Such
matching procedures to static systems are often considered
good approximations and are frequently employed in the
literature [24,29,64–67], and we will use them below in our
application to expanding nonequilibrium plasmas.

F. Impact on quenching weights

To calculate the suppression of energetic partons in
heavy-ion collisions, it is convenient to introduce the
concept of quenching weights [46,47]. They quantify the
difference between the parton cross section in vacuum and
its medium-modified counterpart,

dσmedðp⊥Þ
dp2⊥

¼ Qðp⊥Þ
dσvacðp⊥Þ

dp2⊥
: ð34Þ

They can be obtained by considering the probability DðεÞ
that a parton loses an additional energy ε when traversing
the medium as

Qðp⊥Þ ¼
Z

dεDðεÞ
�
dσvacðp⊥ þ εÞ=dp2⊥
dσvacðp⊥Þ=dp2⊥

�
; ð35Þ

taking into account that a parton with momentum p⊥ was
initially produced with momentum p⊥ þ ε. Assuming
independent emissions, this probability DðεÞ can be
expressed as

DðεÞ ¼
X∞
n¼0

1

n!

�Yn
i¼1

Z
∞

0

dωi
dIðωiÞ
dωi

�

× δ

�
ε −
Xn
i¼1

ωi

�
exp

�
−
Z

∞

0

dω
dIðωÞ
dω

�
: ð36Þ

Assuming that the particle spectrum falls off with a
sufficiently large exponent n ≈ − d

d lnp⊥ ln
dσvac
dp2⊥

, the quench-

ing weights can be obtained via [47]

Qðp⊥Þ ≈ e−nSðp⊥Þ=p⊥ : ð37Þ

Here, Sðp⊥Þ is called the shift factor and can be approxi-
mated by the mean energy loss S ≈ E from Eq. (22) for
large transverse momenta p⊥ ≳ nωc. In analogy to our
discussion before, we define the difference between the
quenching weights of the anisotropic and the corresponding
isotropic medium as ΔQ ¼ Qaniso −Qiso. It is shown as a
function of transverse momentum p⊥ for different jet
quenching anisotropies in Fig. 2, making use of the
anisotropy expansion (30) with fitted values (32). We find
that the anisotropy leads to a small positive contribution to
Q, i.e., ΔQ is positive. This is in agreement with decreased
energy loss: a larger Q implies less modification of the
vacuum cross section. However, the anisotropy only leads

FIG. 1. Relative difference between isotropic and anisotropic
energy lossΔE=Eiso ¼ Eaniso−Eiso

Eiso
as a function of anisotropyΔq̂=q̂.

The fit using Eq. (30) is depicted as a dashed line. The anisotropic
energy loss Eaniso is generally smaller than Eiso. For maximum
anisotropy Δq̂=q̂ ¼ 1 we find ΔE=E ≈ −6%.

4The parton energy E can, however, have an implicit influence
in the applications of this formula via a parton energy dependence
of the jet quenching parameter q̂. For instance, this will be the
case in the next section where we will use the momentum cutoff
model (41) that enters logarithmically into q̂i.
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to a slight increase of Q of the order of one percent. As
expected, particles with larger energy become less
modified.
Using ΔE ≪ p⊥=n leads to

ΔQ=Qiso ≈ −nΔE=p⊥: ð38Þ

Thus, the relative change to the quenching weight can be
estimated from the simple expression (30).

III. RENDEZVOUS WITH q̂ FROM QCD
KINETIC THEORY

So far, we have expressed our results for the energy loss
and the quenching weights in terms of the plasma
anisotropy, measured by the change of the jet quenching
parameter in different directions Δq̂=q̂. We will now
employ more realistic values for this anisotropy parameter.
For that, we use the evolution of the jet quenching
parameter q̂ during the early stages in heavy-ion collisions
that was numerically computed using QCD kinetic theory
in Refs. [36,37].

A. Kinetic theory and timescales

In the QCD kinetic theory description of the plasma
background, all information on the plasma time evolution is
encoded in the distribution function fðp; τÞ, which follows
the Boltzmann equation for a homogeneous, longitudinally
expanding plasma [10,68]

∂fðp; τÞ
∂τ

−
pz

τ

∂fðp; τÞ
∂pz

¼ −C1↔2½fðp; τÞ� − C2↔2½fðp; τÞ�;

ð39Þ

which can be solved numerically [11–13,69]. The jet
quenching parameter q̂i is obtained via [36]

q̂i ¼
Z

q⊥<Λ⊥
p→∞

dΓ ðqiÞ2jMj2fðkÞð1þ fðk0ÞÞ; ð40Þ

where medium-effects are included in the gluon-gluon
scattering matrix element jMj2 using the isoHTL5

screening prescription [38]. We use the data provided
in [37,70] for a Yang-Mills plasma with ’t Hooft coupling
λ ¼ g2NC ∈ f0.5; 1; 2; 5; 10; 20g and perform new simula-
tions for λ∈ f0.25; 0.75; 1.5g. For the transverse momen-
tum cutoff Λ⊥, we take the LPM cutoff model from
Ref. [37,71],

ΛLPM⊥ ðE; TεÞ ¼ ζLPMg × ðET3
εÞ1=4; ð41Þ

with the jet energy E and where the instantaneous temper-
ature Tε is obtained from the energy density ε of the kinetic
theory simulation via the Landau matching condition

Tε ¼
�
30ε

νπ2

�
1=4

; ð42Þ

i.e., it is the temperature of an equilibrium plasma with
the same energy density. The proportionality constant is
chosen to be6 ζLPM ¼ 0.70. Here, ν ¼ 2ðN2

C − 1Þ counts
the number of gluon degrees of freedom. Note that in
Ref. [37], the jet direction was chosen to be the x-direction,
leading to broadening along the y and z directions, which
corresponded to q̂yyEKT and q̂zzEKT. In the present study, we
align the coordinate system such that the jet moves in
the z-direction, which implies that we need to identify
q̂x ¼ q̂zzEKT and q̂y ¼ q̂yyEKT.
We initialize the distribution function at time τ0 ¼ 1=Qs

using the initial condition [12]

fðp⊥; pzÞ ¼
2AhpTi
λpξ

e
−

2p2
ξ

3hpT i2 ; ð43Þ

with pξ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2⊥ þ ðξpzÞ2

p
using ξ ¼ 10, A ¼ 5.24171, and

hpTi ¼ 1.8Qs. Here, Qs is the saturation momentum and
should not be confused with the quenching weight Q
introduced in Sec. II F.
It is often convenient to express time in units of the

relaxation time

τR ¼ 4πη=s
Tε

; ð44Þ

FIG. 2. DifferenceΔQ ¼ Qaniso −Qiso of the quenching weight
in an anisotropic (Qaniso) and corresponding isotropic system
(Qiso) as a function of p⊥=ðnωcÞ. The anisotropy effects decrease
with increasing rescaled momentum. The inset shows the
quenching weight in an isotropic system, which converges to
Qiso → 1 for large p⊥=ðnωcÞ.

5For the time evolution, the data provided in [37,70] uses
Debye-like screening in the matrix elements entering C2↔2.

6Ref. [37] includes a typo when referencing the jet energy,
which we have corrected here. For E ¼ 100 GeV, one should use
ζLPM ¼ 0.70 for the LPM cutoff.
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which is defined in terms of the specific shear viscosity η=s
and the effective temperature (42).
Note that while anisotropic QCD plasmas generically

develop plasma instabilities [72,73], currently they cannot
be treated consistently within kinetic theory, and we neglect
their effect by employing an isotropic screening prescrip-
tion [38,69]. For more details on QCD kinetic theory, we
refer to [10], and for the implementation we use, to
[13,36,37,69]. The values of the specific shear viscosity
used in this paper are given in the Appendix D.
There exists a different timescale associated with the

bottom-up thermalization scenario [9], where thermaliza-
tion occurs parametrically at τ ∼ τBMSS, with

τBMSS ¼ α−13=5s =Qs: ð45Þ
We will use the symbols w̃ and ṽ to denote time rescaled
with these timescales, i.e.,

w̃ ¼ τ=τR; ṽ ¼ τ=τBMSS: ð46Þ
The interplay of these timescales in the context of numeri-
cal kinetic theory simulations of the bottom-up equilibra-
tion process has been discussed in Ref. [45], where the
notion of limiting attractors was introduced. These attrac-
tors are obtained by extrapolating observables O to
vanishing (weak-coupling bottom-up limiting attractor)

OðṽÞ ¼ ÃðṽÞ þ λB̃ðṽÞ ð47Þ

and infinite (strong-coupling hydrodynamic limiting attrac-
tor) coupling,

Oðw̃Þ ¼ Aðw̃Þ þ 1

λ
Bðw̃Þ; ð48Þ

where the extrapolation is performed at fixed rescaled time
ṽ or w̃. In particular, the weak-coupling limiting attractor
was found to provide a good description of the jet
quenching parameter ratio q̂x=q̂y over a large time period
and coupling parameter range as well as for different initial
conditions [45].
Note that the approach of different initial conditions to a

universal curve for simulations with the same value of the
coupling in kinetic theory has been established before
[74,75], which generalizes the earlier notion of a hydro-
dynamic attractor [76]. The hydrodynamic limiting attrac-
tor emerges when considering how these universal curves
for different couplings approach a limiting curve when
rescaled with the relaxation time (44). Similarly, attractors
emerging at weak couplings during the last stages in the
bottom-up thermalization scenario [9,12] lead to a limiting
curve of their own, the bottom-up limiting attractor, when
rescaled with τBMSS (45).
Before discussing how this applies to energy loss, we

reconsider the evolution of the jet quenching parameter in
these simulations.

B. Mapping the evolving q̂ðτÞ to a static medium

While we have described in Sec. II B how to obtain the
spectrum (29) for an arbitrary time evolution of q̂iðτÞ, for
simplicity, our numerical evaluation focused on a static
plasma brick with constant q̂i. For that, we have obtained
the simple expression for the difference in the energy loss
(30). To map the time-evolving system to a static brick, we
define the effective jet quenching parameters to be

q̂effx ðLÞ ¼ 2

L2

Z
Lþτ0

τ0

dτðτ − τ0Þq̂xðτÞ; ð49aÞ

q̂effy ðLÞ ¼ 2

L2

Z
Lþτ0

τ0

dτðτ − τ0Þq̂yðτÞ: ð49bÞ

Note that this estimate is a minimal anisotropic generali-
zation of Eq. (33), which is based on the results of Ref. [64]
in an expanding plasma with isotropic jet quenching
parameter q̂x ¼ q̂y. There, it is shown to provide good
agreement for the spectrum and quenching weights. In the
diagonal basis of q̂ij, requiring the map to the effective
static medium to be linear, to act componentwise, and to
reduce to Eq. (33) for q̂x ¼ q̂y, naturally leads to Eqs. (49a)
and (49b). Hence, this choice of mapping the individual
components not only reduces to the isotropic result (33) for
q̂x ¼ q̂y, but additionally preserves the ratio q̂x=q̂y when
the time-dependence can be factorized into a common
function, q̂x;yðτÞ ¼ fðτÞax;y. In general, the mapping places
more weight on later times, diminishing the effect of large
anisotropies at early times. Nevertheless, we emphasize that
this procedure (49) is a modeling choice motivated by the
isotropic case. In these expressions, we vary the upper
boundary L to model different medium lengths. Effectively,
L denotes the maximum distance (time) that the jet travels
while quenching occurs. Note that we must be careful when
interpreting the results from these effective jet quenching
parameters: The resulting curves and spectra do not
represent the instantaneous energy loss at length L, but
rather the mean energy loss of an energetic parton due to a
single gluon emission in a medium with an extent L.
Figure 3 displays the ratio of the time-averaged jet

quenching parameters q̂effx and q̂effy (solid lines) as a func-
tion of ṽ ¼ ðLþ τ0Þ=τBMSS in comparison to the ratio of
the “instantaneous” jet quenching parameters q̂x and q̂y
(dashed lines) as a function of ṽ ¼ τ=τBMSS for different
couplings λ, where τ0 ¼ 1=Qs is the initial time of the
kinetic theory simulation. We observe that the averaged
jet quenching parameters exhibit the same qualitative
behavior as the instantaneous jet quenching parameters.
Additionally, Fig. 3 reveals an interesting “crossover point”
without anisotropy, q̂x=q̂y ¼ 1 and q̂effx =q̂effy ¼ 1 respec-
tively, early in the time evolution. The anisotropy then
increases again before the ratio converges to unity in
equilibrium. The maximum values of jΔq̂eff j=q̂eff range
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from ≈0.3 for λ ¼ 0.5 to below ≲0.1 for λ ¼ 10, where
Δq̂eff and q̂eff are obtained for every L from Eq. (18). A
remarkable feature of the results for the jet quenching
parameter q̂i from Ref. [37] is the appearance of a weak-
coupling limiting attractor [45], which emerges when
extrapolating the ratio q̂x=q̂y to vanishing coupling at fixed
rescaled time ṽ using Eq. (47). It can be expected that this
limiting attractor related to the anisotropy in q̂x=q̂y may
influence the energy loss ratio, which is obtained from this
anisotropy ratio. However, since to obtain the spectrum
(and, thus, the energy loss) we need to integrate over
the entire time evolution of the jet path, it is a priori
unclear how much of this limiting attractor survives the
averaging procedure (49). First, we consider the effect of
the averaging procedure on the limiting attractor. For that,
we additionally show in Fig. 3 the linear extrapolation of
the ratio of the effective jet quenching parameters for λ → 0,

q̂effx

q̂effy
ðṽ; λÞ ¼ Ãq̂ðṽÞ þ B̃q̂ðṽÞλ; ð50Þ

obtaining again a limiting attractor Ãq̂ðṽÞ according to
Eq. (47) for sufficiently late times.
The extrapolation procedure is illustrated in Fig. 4 for

different rescaled times ṽ. For each of these distinct times,
we plot the value of q̂effx =q̂effy for different couplings, and
perform a linear regression to (47). The error band shows
the error estimate of this procedure, i.e., the deviation
from the linear form. We observe in Fig. 4 that for our
couplings, this extrapolation procedure works well for
rescaled times 3 × 10−3 < ṽ < 10−1, thus spanning several

orders of magnitude. We will discuss this attractor in more
detail in the next section.
Next, we discuss the quenching weights introduced in

Sec. II F. We obtain them from the energy loss calculated
via (31) using the averaged jet quenching parameters (49)
as input. Figure 5 presents the quenching weight Q as a
function of the transverse momentum p⊥ for λ ¼ 10,
n ¼ 3, and different medium sizes L. Characteristically,
larger medium sizes correspond to smaller quenching
weight values, implying larger deviations from the vacuum
cross section and, thus, more quenching. Particles with
larger transverse momenta p⊥ are less quenched. Figure 5
also includes the absolute difference ΔQ ¼ Qaniso −Qiso as

FIG. 3. Comparison between the effective jet quenching
parameters q̂effx =q̂effy (solid lines) as well as the instantaneous
jet quenching parameters q̂x=q̂y (dashed lines) for various
couplings λ. The curves indicate larger anisotropy at earlier
times together with a “turning point,” where the curves pass from
q̂x > q̂y to q̂x < q̂y, and similar for q̂effx =q̂effy . The time axis is
rescaled with the bottom-up timescale τBMSS, i.e., ṽ ¼ τ=τBMSS
[Eq. (46)]. We also show the limiting weak-coupling attractor
(47) as a black curve denoted by λ → 0.

FIG. 4. The ratio of the effective jet quenching parameters
q̂effx =q̂effy for fixed rescaled times ṽ ¼ τ=τBMSS. We also show the
linear extrapolation to the weak-coupling limiting attractor (47).

FIG. 5. Quenching weight Q as a function of p⊥ for λ ¼ 10 for
various fixed medium sizes L. For smaller medium sizes, the
convergence to 1 goes more rapidly. The inset shows ΔQ ¼
Qaniso −Qiso as a function of medium size L for various trans-
verse momenta p⊥. The impact of the anisotropy mostly
increases with larger medium sizes.
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a function of τ0 þ L for λ ¼ 10 and fixed transverse
momenta p⊥ in the inset. We obtain only small deviations
ΔQ ∼ 10−6 for realistic values of L.

C. Energy loss meets limiting attractors

As we have discussed before, the ratio of effective jet
quenching parameters q̂effx =q̂effy approaches a weak-cou-
pling limiting attractor, which can be obtained by extrapo-
lating to vanishing coupling at fixed rescaled times ṽ using
Eq. (50). To study the emergence of limiting attractors in
energy loss, we now compare energy loss observables for
different couplings λ rescaled with appropriate timescales.
Recall that we consider the length of the jet path Lþ τ0 as
the natural time variable, where τ0 denotes the starting time
of quenching, which is the initialization time of the QCD
kinetic theory simulations in Ref. [37].
Figure 6 displays the mean energy loss Eaniso as a

function of w̃ ¼ ðLþ τ0Þ=τR for various couplings. Note
that the ordering of the coupling appears to be in a
seemingly unintuitive way compared to what one would
expect from the scaling law E ∼ L2 in a static brick; the
smallest coupling shows the largest mean energy loss and
the largest coupling the smallest. The reason for this
phenomenon is that the medium size also enters in τR,
which generally grows for decreasing coupling. Hence, the
same ðLþ τ0Þ=τR corresponds to much larger medium
sizes for smaller couplings, which explains the observed
L-dependence.
These curves allow us to extrapolate to large coupling

λ → ∞ to obtain the hydrodynamic limiting attractor,
according to Eq. (48). More concretely, we take the mean
energy loss Eaniso in units of Qs at a fixed value of the
rescaled time w̃ ¼ ðLþ τ0Þ=τR as a function of the cou-
pling λ, and perform a linear regression to

Eaniso

Qs
ðw̃Þ ¼ AEðw̃Þ þ BEðw̃Þ ×

1

λ
; ð51Þ

with the function AEðw̃Þ identified as the strong-coupling
limiting attractor. In practice, we use the λ ¼ 1, 2, 5, 10
results for the extrapolation, which is shown as a black
solid line in Fig. 6. The curves for λ ¼ 5 and λ ¼ 10 almost
overlap and nearly coincide with the limiting attractor
curve. An error estimate of the regression procedure is also
included in the plot. Note that the ordering of the λ ¼ 5 and
λ ¼ 10 results seems to be slightly off, which we attribute
to late-time discretization effects and numerical uncertain-
ties coming from the extraction of the specific shear
viscosity η=s, as is also discussed in Ref. [38]. Let us
now illustrate how this hydrodynamic limiting attractor can
be used for simple estimates. We aim to provide a rough
estimate of the mean energy loss due to single gluon
emission as depicted in Fig. 6. For simplicity, we fit the
hydrodynamic limiting attractor curve with a power law,

Elim
aniso=Qs ≈ 6.73 × w̃1.8; ð52Þ

with a coefficient of determination R2 > 0.999. We will
now rewrite this relation in terms of more physical
quantities related to different collision systems. When
hydrodynamics becomes applicable, hτsi ≈ const, i.e., no
more entropy is produced during a hydrodynamic evolution
close enough to ideal hydrodynamics, and the constant will
depend on the specific collision system under consider-
ation. Using Eq. (44) and the temperature dependence in
ideal hydrodynamics,

T ¼ ΛT

ðΛTτÞ1=3
; ð53Þ

we can derive a simplistic estimate. In a thermal system
with ν degrees of freedom, the entropy density is given by
s ¼ 2νπ2T3=45, which can be used to fix the constant
Λ2
T ¼ 45

2π2ν
hsτi. The scale variable is then given by

w̃ ¼ τ=τR ¼ τ2=3
�

45

2π2ν

�
1=3

hsτi1=3 1

4πη=s
: ð54Þ

Together with the identification τ ≈ L, this yields

Elim
aniso ≈ 6.73 ×

�
45

2π2

�
3=5

Qsν
−3=5L6=5hsτi3=5 1

ð4πη=sÞ9=5
ð55Þ

≈ 54 GeV ×

�
Qs

1.4 GeV

�� hsτi
4.1 GeV

�
3=5

×

�
ν

40

�
−3=5

�
L

5 fm

�
6=5
�
4πη=s
2

�
−9=5

: ð56Þ

This formula provides a simple way to estimate the mean
energy loss of an energetic parton as a function of the

FIG. 6. The mean energy loss Eaniso as a function of the rescaled
medium size w̃ ¼ ðLþ τ0Þ=τR. We also show the extrapolation
λ → ∞ to the strong-coupling limiting attractor (51) with an error
bar, as well as its fit (52). Note that equal w̃ correspond to
different medium sizes for different couplings.
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medium length L, the saturation momentum Qs, the
number of degrees of freedom ν, the specific shear viscosity
η=s, and the entropy density (multiplied by time) hτsi,
for which we have included typical values, also used in
similar estimates in several recent studies [77–84]. While
Eq. (56) is a very naive and simplistic estimate, it highlights
the simplifying features of attractors and scaling behavior
in heavy-ion collisions, and how they may be used in
modeling heavy-ion collisions [29,79].
We note that there are several reasons why the resulting

estimate in Eq. (56) might be too large. First, we use the
values of q̂ obtained in Ref. [37], where the proportionality
constant in the cutoff in Eq. (41) was fitted to reproduce the
value of q̂ from the JETSCAPE collaboration [26]. In this
reference, no jet quenching before the hydrodynamic stage
was assumed. In contrast, we also consider quenching in the
preequilibrium stage, and it has been observed previously in
the literature that taking this into account requires a smaller
value of q̂ when fitting to experimental data [24,85].
Furthermore, we work in the limit in which the energy of
the emitted gluon ω is small with respect to the jet energy,
ω ≪ E.Within this approximation, theparton energyE drops
out, and equivalently, we consider an infinitely energetic
parton. In practice, apart from corrections to the splitting
function and to the frequencies Ωi, the integral over ω in
Eq. (29)will be bounded by E, leading to an overall reduction
of the resulting energy loss for finite parton energy.
We now turn to the relative change in the mean energy

loss due to the anisotropy, ΔE=E, which we show in Fig. 7
as a function of the rescaled time ṽ ¼ ðLþ τ0Þ=τBMSS. We
perform the extrapolation to the weak-coupling bottom-up
limiting attractor, using

ΔE
E

ðṽÞ ¼ ÃΔEðṽÞ þ B̃ΔEðṽÞ × λ; ð57Þ

and identifying ÃΔEðṽÞ as the weak-coupling bottom-up
limiting attractor. Although the fitting procedure using the
couplings λ∈ f0.25; 0.5; 0.75; 1g results in a larger uncer-
tainty than for the limiting attractor in the q̂eff ratio of
Fig. 3, the extrapolation leads to a well-defined curve,
which is shown as a black dashed line in the bottom panel.
The large error bar of the extrapolation reflects the fact that
the relative energy loss difference is badly described within
a linear relation to the ratio of the effective jet quenching
parameters. A more precise estimate for the weak-coupling
limiting attractor of ΔE=E can be obtained from Eq. (30)
with the limiting attractor found for the jet quenching
parameter ratio q̂effx =q̂effy in (50),

ΔE=EðλÞ ¼ a

 
Ãq̂ þ B̃q̂λ − 1

Ãq̂ þ B̃q̂λþ 1

!
2

þ b

 
Ãq̂ þ B̃q̂λ − 1

Ãq̂ þ B̃q̂λþ 1

!
4

:

ð58Þ
The resulting limiting attractor,

Ã ¼ a

 
Ãq̂ − 1

Ãq̂ þ 1

!
2

þ b

 
Ãq̂ − 1

Ãq̂ þ 1

!
4

ð59Þ

is shown as a black solid line in Fig. 7. While at very small
coupling one retrieves a linear dependence, the nonlinear
terms quickly become important. Both of these extrapola-
tion procedures are illustrated in Fig. 8. There, we show the
relative mean energy change due to the anisotropyΔE=E as
a function of the coupling λ for various distinct rescaled
times ṽ. We show both the results and error estimates for

FIG. 7. The relative change in energy loss ΔE=E due to the
anisotropy as a function of the medium length ṽ ¼
ðτ0 þ LÞ=τBMSS for different couplings λ. We also show the
extrapolated λ → 0 curve, comparing the form from Eq. (58),

which we write as λ !q̂x=q̂y0 and an intrinsically linear fit (57)

denoted as λ !ΔE=E0.

FIG. 8. The λ → 0 extrapolation for fixed times ṽ of the relative
energy loss ΔE=E to obtain the bottom-up limiting attractor: We
compare a purely linear fit (57) with the intrinsic fit form (58),
where we used the limiting attractor (50) of the jet quenching
parameter ratio q̂effx =q̂effy .
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the linear fit (57) (dashed line) and the more complete
nonlinear result (58). The linear fit slightly overestimates
the value at λ → 0. However, we observe that both
approaches lead to similar results with overlapping uncer-
tainties. We have therefore shown that the recent concept of
limiting attractors appears in simple jet energy loss
calculations and thus drawn it closer to phenomenological
applications.

IV. CONCLUSION

In this work, we have studied how jets lose energy when
traversing an anisotropic plasma. Using the harmonic
approximation, we have computed the corrections to the
mean energyof an emitted gluon due to the anisotropy,which
is an important ingredient for jet energy loss calculations.We
found that when comparing with the corresponding isotropic
system, the anisotropy in the jet quenching parameter Δq̂=q̂
leads to relative changes in the mean energy loss ΔE=E due
to a single gluon emission of less than six percent. By fitting
the resulting values, we have obtained a simple expression
for this quantity given by Eq. (30).
Using the time evolution of the jet quenching parameter

recently extracted during the initial stages in heavy-ion
collisions, we estimated the resulting mean energy loss
during the early stages within this formalism. In particular,
we first mapped the time-dependent and anisotropic jet
quenchingparameters q̂xðτÞ ≠ q̂yðτÞ onto a static anisotropic
plasma.We then showed that both the anisotropic energy loss
Eaniso and, while still small in size, the relative change in
energy loss due to the anisotropy ΔE=E follow the recently
introduced limiting attractors, obtained by extrapolation to
infinite and vanishing coupling, respectively. This universal
behavior allowed us to propose a simple estimate of themean
energy loss of a jet given by Eq. (56). Our findings imply that
the anisotropyduring the early stages of a heavy-ion collision
leaves only a modest imprint on the mean energy of emitted
gluons. Therefore, in order to test anisotropy effects, more
differential observables that, for example, depend on the
azimuthal angle should be considered. A natural next step
would be to consider the entire time dependence of the jet
quenching parameter and go beyond the static brick limit
employed in the present study, which we leave for future
work. In particular, it will be interesting to examine whether
this influences the emergence of limiting attractors. This will
also be interesting in the context of more differential
observables. Such universal behavior may provide useful
input to phenomenological models or Monte Carlo event
generators.
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APPENDIX A: DGLAP SPLITTING FUNCTIONS

The DGLAP splitting functions, which enter Eq. (1), are
given by [87]

Pq→gðxÞ ¼ CF
1þ ð1 − xÞ2

x
; ðA1Þ

Pg→gðxÞ ¼ CA
1þ x4 þ ð1 − xÞ4

xð1 − xÞ ; ðA2Þ

where x is the energy fraction of the emitted gluon. For
x ≪ 1, they can be simplified to Ps→gðxÞ ≈ 2CR=x, with
CR ¼ CA or CR ¼ CF depending on the particle species s.

APPENDIX B: ASYMPTOTIC BEHAVIOR
OF THE SPECTRUM

In a static brick, the gluon emission probability is given
by

ωPðωÞ ¼ 2αsCR

π
ln j cosðΩðωÞLÞj; ðB1Þ

where Ω2L2 ¼ −i ωc
ω . It is straightforward to consider the

limiting cases of small and large gluon energies ω,

ωPisoðωÞ ∝ ω−1=2 for ω ≪ ωc; ðB2aÞ

ωPisoðωÞ ∝ ω−2 for ω ≫ ωc: ðB2bÞ

For jΩjL ≪ 1, we can use a simple Taylor expansion to
recover (B2b). In the opposite case jΩjL ≫ 1, we can write
cosðΩLÞ ∼ eiΩL, which results in (B2a) after application of
the logarithm.
In the anisotropic case, we do not have such a compact

formula, but we numerically find good agreement with
these analytic limits. These scaling laws are useful for our
numerical implementation, as outlined in the following
section.
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APPENDIX C: NUMERICAL IMPLEMENTATION
OF THE SPECTRUM

Here, we describe how we numerically obtain the
spectrum in practice. Our implementation is openly acces-
sible [86]. We directly compute Eq. (29) using a standard
numerical integrator. The inner integral

Z
∞

L
dt

�
1

S1=2x;c S
1=2
y;c

�
1

Sx;c
þ 1

Sy;c

�
−

2

ðt − t0Þ2
�

ðC1Þ

requires special treatment due to the upper integration
boundary. We regularize it, evaluating the finite integral

Z
tmax

L
dt

�
1

S1=2x;c S
1=2
y;c

�
1

Sx;c
þ 1

Sy;c

�
−

2

ðt − t0Þ2
�

ðC2Þ

for tmax mainly ranging from 300 GeV−1 to 1000 GeV−1,
where a linear extrapolation in 1

tmax
is possible. Moreover,

we approximate the outer integral (23) as ΔE ¼ Eaniso − Eiso ¼
Z

ωmax

ωmin

dω½ωPanisoðωÞ − ωPisoðωÞ�:

ðC3Þ

We then perform a two dimensional extrapolation of the
form,

ΔEðωmin;ωmaxÞ ¼ ΔEþ Aωþ1=2
min þ Bω−1

max; ðC4Þ

stemming from the integration of the assumed scaling laws
(B2). In particular, we fit ΔE, A and B simultaneously for
each anisotropy Δq̂=q̂ and fixed tmax, which corresponds to
sending ωmin → 0 and ωmax → ∞. This is illustrated in
Fig. 9, where we show the ωmin and ωmax extrapolations in
the top and bottom panel, respectively. Note that, while the
fitting procedure seems to work well, the ωmin and ωmax
extrapolations induce a small systematic shift of the data

FIG. 9. Two projections of the extrapolation procedure for the
boundaries ωmin and ωmax using Eq. (C4). Top: extrapolation for
fixed ωmax and L as a function of ωmin. ΔE is observed to be
roughly independent of the lower integral bound ωmin. Bottom:
extrapolation for fixed ωmin and L as a function of ωmax. ΔE
depends as expected on the inverse power of ωmax.

FIG. 10. Evaluation of the inner integral (C2) with L ¼ 10 fm
and q̂ ¼ 1 GeV3 for tmax ¼ 160; 300; 400; 600; 1000 GeV−1 and
the corresponding extrapolation 1

tmax
→ 0.

FIG. 11. The energy loss EisoðLÞ in an isotropic system
calculated from (29), and compared to (26) for different tmax

and q̂ ¼ 1 GeV3. Using a linear extrapolation (see Fig. 10), we
recover the analytic result (26).
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points for large anisotropies visible in the panels. The tmax
extrapolation is conducted subsequently and shown in
Fig. 10. To verify the quality of our numerical results,
and particularly the tmax and previous extrapolations, we
computed the isotropic energy loss using Eq. (29) for finite
tmax and compared it to the analytical form (26). As
depicted in Fig. 11, we accurately retrieve the analytical
exact results for this case.

APPENDIX D: VALUES OF THE SPECIFIC
SHEAR VISCOSITY

To obtain the relaxation time (44), we need the value of
the specific shear viscosity η=s, which, in general, is a
function of the coupling λ. For several couplings, this value
was extracted and tabulated in Refs. [5,38]. Since we
perform simulations with additional couplings, we follow
the same procedure as in Ref. [38] to extract the corre-
sponding values of the specific shear viscosity η=s. In
particular, it can be obtained from the late-time behavior of
the pressure anisotropy,

PL

PT
¼ 1 −

2τR
τπ

; ðD1Þ

where the pressure ratio is obtained from

PL ¼ ν

Z
d3p
ð2πÞ3

p2
z

p
fðpÞ; PT ¼ ν

Z
d3p
ð2πÞ3

p2
x

p
fðpÞ:

ðD2Þ

The resulting numerical values used in the present work are
provided in Table I.

[1] Wit Busza, Krishna Rajagopal, and Wilke van der Schee,
Heavy ion collisions: The big picture, and the big questions,
Annu. Rev. Nucl. Part. Sci. 68, 339 (2018).

[2] Jürgen Berges, Michal P. Heller, Aleksas Mazeliauskas, and
Raju Venugopalan, QCD thermalization: Ab initio ap-
proaches and interdisciplinary connections, Rev. Mod.
Phys. 93, 035003 (2021).

[3] Soeren Schlichting and Derek Teaney, The First fm=c of
Heavy-Ion Collisions, Annu. Rev. Nucl. Part. Sci. 69, 447
(2019).

[4] Michal P. Heller, David Mateos, Wilke van der Schee, and
Diego Trancanelli, Strong coupling isotropization of non-
Abelian plasmas simplified, Phys. Rev. Lett. 108, 191601
(2012).

[5] Liam Keegan, Aleksi Kurkela, Paul Romatschke, Wilke van
der Schee, and Yan Zhu, Weak and strong coupling equili-
bration in nonabelian gauge theories, J. High Energy Phys. 04
(2016) 031.

[6] Larry D. McLerran and Raju Venugopalan, Computing
quark and gluon distribution functions for very large nuclei,
Phys. Rev. D 49, 2233 (1994).

[7] F. Gelis, Color Glass Condensate and Glasma, Int. J. Mod.
Phys. A 28, 1330001 (2013).

[8] J. Berges, K. Boguslavski, S. Schlichting, and R.
Venugopalan, Turbulent thermalization process in heavy-
ion collisions at ultrarelativistic energies, Phys. Rev. D 89,
074011 (2014).

[9] R. Baier, Alfred H. Mueller, D. Schiff, and D. T. Son,
‘Bottom up’ thermalization in heavy ion collisions, Phys.
Lett. B 502, 51 (2001).

[10] Peter Brockway Arnold, Guy D. Moore, and Laurence G.
Yaffe, Effective kinetic theory for high temperature gauge
theories, J. High Energy Phys. 01 (2003) 030.

[11] Aleksi Kurkela and Egang Lu, Approach to equilibrium in
weakly coupled non-Abelian plasmas, Phys. Rev. Lett. 113,
182301 (2014).

[12] Aleksi Kurkela and Yan Zhu, Isotropization and hydro-
dynamization in weakly coupled heavy-ion collisions, Phys.
Rev. Lett. 115, 182301 (2015).

[13] Aleksi Kurkela and Florian Lindenbauer, EKTqhat—
effective kinetic theory solver with jet quenching parameter
(Zenodo, 2023), 10.5281/ZENODO.10409474.

[14] Charles Gale, Sangyong Jeon, and Bjoern Schenke,
Hydrodynamic modeling of heavy-ion collisions, Int. J.
Mod. Phys. A 28, 1340011 (2013).

[15] Ulrich Heinz and Björn Schenke, Hydrodynamic
description of the quark-gluon plasma, arXiv:2412
.19393.

[16] Guang-You Qin and Xin-Nian Wang, Jet quenching in
high-energy heavy-ion collisions, Int. J. Mod. Phys. E
24, 1530014 (2015).

[17] Liliana Apolinário, Yen-Jie Lee, and Michael Winn, Heavy
quarks and jets as probes of the QGP, Prog. Part. Nucl. Phys.
127, 103990 (2022).

[18] Yacine Mehtar-Tani, The physics of jet quenching in
perturbative QCD, arXiv:2509.26394.
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