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Saturation of Pauli blocking in near-extremal charged Nariai black holes
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We solve the Dirac equation for a massive charged fermion in the near-extremal charged Nariai black
hole with the near-horizon geometry dS, x S%. At the one-loop level, contrary to the catastrophic emission
of charged spinless bosons in C.-M. Chen et al., [Phys. Rev. D 110, 085020 (2024)], we show that the
emission of fermions in a narrow timelike inner region between the cosmological horizon and black hole
horizon saturates the bound from the Pauli blocking and does not give an amplification (quantum
superradiance). Using the reciprocal relation, we find the Schwinger emission of fermions from AdS, x S,
and compare the Schwinger emission of fermions and bosons from near-extremal Nariai black holes.
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I. INTRODUCTION

Extremal or near-extremal black holes have enhanced
symmetry [1,2]. The near-extremal Reissner-Nordstrom
(RN) black holes in an asymptotically flat space or anti—
de Sitter (AdS) space have the near-horizon geometry of
AdS, x S?, whereas RN black holes in a de Sitter (dS)
space with three horizons have two coincident limits: one is
the coincidence of inner (Cauchy) and outer (event) horizon
of black hole with the near-horizon geometry of AdS, x S?
and the other is the coincidence of black hole horizon and
cosmological horizon, the so-called Nariai limit, with the
geometry dS, x S

The low temperature quantum theory of charged black
holes with AdS, horizons provides an effective theory of
the Einstein-Maxwell theory [3]. Recently the enhanced
symmetries have been used to study quantum corrections of
the near-extremal black holes and their entropies [4—11]. It
is argued that two-dimensional Jackiw-Teitelboim gravity
is an appropriate effective field theory that dominates
the near-extremal black holes at low temperature, and
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furthermore, this description may go away from the
horizon [12,13].

The authors have studied Schwinger emission of charged
scalars (spin-0 bosons) from near-extremal charged black
holes [14], in which the extremely low Hawking temper-
ature suppresses Hawking radiation of charged particles as
well as charge neutral particles while the electric field on
the horizon provides a channel for charge emission via
Schwinger mechanism [15]. In fact, the enhanced sym-
metry allows one to solve the Klein-Gordon equation for
massive charged scalars in near-extremal RN black holes
[16-19] and in near-extremal Kerr-Newman black holes
[14,20-22], both in terms of hypergeometric functions.
Recently we have found the Schwinger effect of sponta-
neous pair production of massive spinors (spin-1/2 fer-
mions) by a uniform electric field in the (A)dS, [23].

In this paper, we will study the spontaneous production
of spin-1/2 massive charged fermions from near-extremal
charged Nariai black holes. RN black holes in a dS space
have three horizons: the inner (Cauchy) horizon, the outer
(event) horizon, and the cosmological horizon. Near-
extremal charged Nariai black holes have the black hole
horizon close to the cosmological horizon, in which the
black hole horizon emits Hawking radiation with Hawking
temperature and the cosmological horizon emits with
Gibbons-Hawking temperature. Though they are extremely
small with slightly higher Hawking temperature than the
Gibbons-Hawking temperature, the electric field that
threads out from the black hole forces the black hole
horizon to emit charges with the same sign as the black hole
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and the cosmological horizon to emit charges of the
opposite sign (for the scalar case, see Refs. [14,19]). We
solve the Dirac equation in the near-extremal charged
Nariai black holes, find the Bogoliubov coefficients and
the mean number of spontaneously produced fermions in
the inner and outer regions. We then show that two narrow
horizons produce fermion pairs still obeying the Pauli
exclusion principle and saturating the Pauli blocking when
two horizons coincide.

The organization of this paper is as follows: in Sec. II, we
solve the Dirac equation for spin-1/2 massive charged
fermion in the spacelike outer region of near-extremal
Nariai black holes, find the Bogoliubov transformation and
relation, and compute the mean number of fermion pair
production. In Sec. III, we find the Bogoliubov trans-
formation and relation, and then compute the mean number
of fermion pair production in the timelike inner region of
near-extremal Nariai black holes. In Sec. IV, we compare
the fermion production in an exact Nariai black hole and in
a uniform electric field in dS, space, and apply the
reciprocal relation’ of mean numbers to find the fermion
production in AdS, space. In Sec. V, we compare the
fermion emission with catastrophic scalar emission from
near-extremal Nariai black holes.

II. OUTER REGION OF NEAR-EXTREMAL
NARIAI BLACK HOLES

A. Dirac equation

The Dirac equation for a massive charged spinor field, P,
in a charged black hole is given by

rie (0, + T, —iqA,)¥Y +m¥ =0, (1)

where m and ¢q are the mass and charge of the spinor field,
respectively, and A, is the gauge potential of black hole.
The tetrad e,*, one-form I', and connection one-form w,,
are defined as

1
Nap = eaﬂebvgyw = Fydxﬂ = Z}/aybwaln

A9 =—w, A9, (2)

where the gamma matrices satisfy y%y? + yby® = 257
Below, Greek letters will denote coordinate indices, and
Latin letters denote frame indices.

"The reciprocality of Schwinger effect of either scalar or spinor
between the dS and AdS space, N g5 (E, R)N ags(E, R) = 1 with
‘R denoting either the dS or AdS scalar curvature, is the inverse
proportionality and should not be confused with the same
terminology used in other contexts, such as the Lorentz recip-
rocality, Onsager reciprocal relation, etc.

For the RN-dS black holes,

dr? (0]

ds? = —F(r)dt2 + F(I‘) + I‘de%, A[]] = Tdt, (3)

where the lapse function can have maximally three positive
horizons and a negative root, as follows:

M QZ 2

F)=1-=2+5 -7
=)=ttt
- 12,2 : ( )

The Nariai limit corresponds r, = r. = r, which can be
parametrized by charge Q, as

r%:%z(l—l—\/l—lZQ%/Lz),
Mn:%(Z—\/l—IZQﬁ/LZ). (5)

We can further consider the near Nariai limit (near-extremal
Nariai black hole) with a slight derivation as

ry=r,—€B, r.=r,+e€B,
2 M
M:M,,—eZBZ%, 0>=Q2—2B2" (6)
rl’l

We first consider the Dirac equation in the spacelike
outer region as r=r,+er,t=¢€'rjp of the near-
extremal Nariai black hole, which, after taking ¢ — 0, is
described by the geometry of dS, x S? [19], for 7 € (B, o)
as follows:

d 2
ds®> = r3 (—j% + f(T)dp2> + ri(d6* + sin*dg?),
T

f(r) =7 =B (7)

and the gauge (vector) potential is given by

2
A="C000, — p)ap. ®)

n

where

L? 1
= | —————+1]. 9

In the orthonormal frame 94 = e“,dx*, we define the
tetrad as

o _Tas g

e‘r_\/f, el =re\f, o=r,, &,=r,sind, (10)

and then write the term y“e /I, as
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7° df

“e T, = e”F—i— 3e,7T
4 7 e vestl, = 4rdg\/_d1' 2rn

(11)
Setting the spinor field as
Y = f~1/4(sin9)"1 2@, (12)
the Dirac equation can be written as
(Lo, + L0, iap)+Lay
+rnsj 66 +m)d):0. (13)

B. Exact solution

We expand the spinor field (12) in terms of the
orthonormal spherical spinors

e |

where each entry is a two-component spherical spinor
defined in terms of the spherical harmonics. The parameter

1 1
=F <j+§> for j =15, (15)

is determined by the quantum number of the angular
momentum j and its projection n, where —/ < n </ and
[ is an integer. Moreover, the spherical spinors satisfy the
following properties:

0t
chn

0,
29, o
( 6‘+7/ 9) ov.n

Now, we assume that the solution of the spinor field ® is
given by

Fi0L,, yOf =+id),,

= iv®; . (16)

iV, (0.9) ]
0

D(r2p.0.9) = £, (5) explt) |

e >exp<zkp>[ (17)

Vo120, (p)]

Hereafter we will consider only v = —(j + 1/2).

Then the Dirac equation can be separated into a pair of
coupled equations

<\/_ :I:lmrdb>§i+ ( \/}quq:v%)éjF =0. (18)

n

To solve Eq. (18), we first introduce new functions

T, (7)xT_(z)

Ti() =& (0)+E ()= Eu(n) = 7 . (19)

and then obtain

d  ik—ig¢

—+
(ﬁdr vii
Note that the function f have been combined in Eq. (20).

To further simplify Eq. (20), we introduce a new variable
and apply a transformation to the functions 7 as

) T, + (imrds + u@) T.=0. (20)
rn

7+ B

Z:W’ T4(2) :ZjFlTi(Z)’
= Z—i(fc+:<)/2 (Z _ l)i(fc—K)/Z’ (21)
where & =k/B and « =r}(qQ,/r2) =riE, is the

dimensionless electric field on the horizon. Substituting
these into Eq. (20), we obtain

dT _
F2/z2(z - l)d—i + (imrdS + vrds> T-=0. (22
z "

Finally, after decoupling 7., we find the solutions of
Eq. (22) in terms of the hypergeometric functions

~ 1
T, :CiF<:|:i(,u+K),qu(;4—K);§:Fi(fc—K);1 —z)
+2 ; : 3
+D, 3\ /z(z—1)F 1:|:z(,u+1<),liz(y—1<),§
ii(fc—K);l—Z>, (23)

where p? = k> + m*r3, + v*r},/r3. The relations of coef-
ficients C, and D, can be determined by Eq. (22), as
follows:

imrgs £ 0rgs/ry,

D, =—-C.—S & n
* T12+i(®-«)

(24)

C. Asymptotic and near-horizon behaviors

Now we find the Bogoliubov relation between the modes
at 7 — B and 7 — oo in the near-horizon region. To do so,
we identify the ingoing mode at the horizon 7 — B and the
outgoing mode at the future infinity 7 — oo. In the region of
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7 — B (z — 1), the function 7', (z) has the asymptotic form

im74(z) =

=1

Cy(z— 1)FEH/2, (25)

Then the spinor field @ can be decomposed into two
modes, as follows:

Y 1)

+Y"

C .
<I>gi) = —iexp(ikp)(z — 1)FiE=)/2
2 Jj+1/2

. (26)

where the upper (lower) sign corresponds to the positive
(negative) frequency modes. Note that we need to consider
the magnitudes of & and «, which will be discussed later. In
the other region 7 — oo (z = ), the function 7', (z) can be
written as

. —_ imrds+vrds/rn —i
IimT =(C.E C.——M— 220 i
T = (G2 v gL,
imryg + 0rgs/ry — )
C.Q —C_.——m—"F_ |7,
+< I i(n—x) )Z
(27)
. imrygs — Orgs/Fy — »
limT = Q — 2 TF i
— imrds_vrds/rn i
CE -C,———2Q i,
+< T i(u+x) +>Z
(28)
where
_ T2 F iF - 0)T(F2i)

(" —

T T2 F iR+ ) (F (= x)
_ T(1/2 F i(& = x))0(£2ip)
FT /2 F iR - )

(29)

Then the spinor field ®5 can be decomposed into the
(+)

positive frequency mode @4’ and the negative frequency

mode d>£; ) , as follows:

iNY!

C. E ) 2
@) == =Fexp(ikp)z i a 2
2 \Vi=x| A2,
cC.Q. . 2 iNY"
+ exp(ikp)z* a e (30)
Pk | =AYy
o C.Q o 2u [
@) = =" exp(ikp)z* H sl
RN
CE. o | IAGY)
+ exp(ikp)z™* K A Y] 12 (31)
H—= j+1/2

where
I —x imrgg — 0rgs/ 7y
A = 1
s e e ]
A = /12—LK<1 lmrds—l—vrds/r)
A = /12—;1<<1+lmrds—|—urds/r>
I —x imrgq — 0rgs/ 7y
Ay = 1-— . 32
e (e G2)

Note that a necessary condition for pair production is that
the parameter yx should be real; otherwise, the particle
concept for spinors cannot be defined.

In the region of B < 1, the positive and negative modes
depend on the relative magnitude of & and x, and we will

assume that K > k, so CDS;) and CI)E;) represent the positive
and negative frequency modes, respectively. To find the
Bogoliubov coefficients, we impose the boundary condi-
tion that a positive frequency mode outgoes from the
horizon:

o) =0= C_=0. (33)
Then, from the Bogoliubov transformation

d)gj) =a

oY) + o), (34)

we obtain the corresponding Bogoliubov coefficients

2u _ ,  sinh(zu — 7k) cosh(zk + mp)
a= B, = |a* = _ . ,
U—K cosh(zk — zk) sinh(27zu)
(35)
y 2u sinh(zp + 7x) cosh(zk — mu
pr= [, = jpp = S ) CoiaR ~ )
H+K cosh(zk — zk) sinh(27zu)

(36)

They satisfy the Bogoliubov relation |a|> + |f|*> =1 for
fermions.

For & > «, introducing the Unruh and effective temper-
atures’ similarly as the scalar case [19], as follows:

These are not temperatures associated to black holes. The
Unruh temperature corresponds to the acceleration of produced
particles. However, the effective temperatures appearing in the
mean number should include corrections by the gravitational
curvature effects.
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K

1
Ty = . Ter=4 T3+ ——— 4Ty,
v 2rmryg eff U (27ry)? v
] , 1
Tetr= /TG + W —Ty, (37)
S

where m is the effective mass in the dS space

(j+1/2)

b
7

(38)

m? = m? +

we express the mean number in terms of thermodynamic
variables as

( e_'h/Teff) (1 + eﬁ"/Teffe_(k_qq)H)/TH)

R = e
e~ m eff)(1+e qPu H)

. (39)

( m/Ter _
where the Hawking temperature and chemical potential are

TH: ®H:

org
B,

n

B
3 (40)
The temperature 7T measured in the black hole coordinates
is Ty = B/2rm x €/r3,. Note that the effective mass for
scalars have m* — 1/(4r%;) and [( + 1) instead of m* and
(j + 1/2)? for fermions.

The emission formula (36) in the extremal case, i.e.,
(B—0,Tg — 0, and &k = o), is

2 e—2ﬂﬂ

2 _
pI” = 2sinh(2zp)

(41)

A few comments are in order. First, in the Nariai limit of an
uncharged black hole (Q = 0) that is the Nariai limit of a
Schwarzschild black hole in dS space, the fermion pro-
duction reduces to the Fermi-Dirac distribution with 7¢c =
1/2xry, and cannot saturate the Pauli blocking since
Tc > 0. Second, the emission of fermions from an extremal
charged Nariai black hole can saturate the Pauli blocking
(B> = 1) provided that k — co which corresponds to
rgs — o0 and the Nariai black hole gets close to the
ultracold limit below. Third, in the ultracold limit, where
the three horizons are degenerate, r_ = r, =r,, so that
r, =L/\6, M, = \/2/27L and Q, = L/+/12, the near
horizon dS, geometry reduces to two-dimensional
Minkowski spacetime as rq, — 0. Accordingly the param-
eters u, k become infinite, which leads to [§|> = e 27(+=%),
Moreover, in this limit we have yp — k = (m?> + v?/r2)/
(2qQ/r%) = (m® + v*/r%)/2qE,, which gives the
Schwinger formula for charge with transverse momenta
v?/r2 [15]; therefore, the pair production is exponentially
suppressed when m? > qQ/L?. One may compare this
exponential suppression of the Schwinger effect with the

Festina-Lente bound m? > gMp/L with Mp denoting the
Planck mass that protects Nariai black holes from evapo-
rating into a big crunch [24]. It corresponds to the
Planckian scale electrostatic potential at the cosmological
horizon. However, the slow (adiabatic) emission of charges
from Nariai black holes violates the weak gravity con-
jecture (for instance, Ref. [25]).

III. INNER REGION OF NEAR-EXTREMAL
NARIAI BLACK HOLES

A. Dirac equation

The timelike inner region, r = r,, + €p, t = €~ r3;r with

—B < p < B, of the near-extremal Nariai black hole, after
taking ¢ — 0, is still described by the geometry of
dS, x S?, as follows:

2
ds2-—'ﬁs<—f( )dz? %—é%—;)-+'%(d92+‘9“29d¢zl

flp) =B =p?, (42)

and the gauge (Coulomb) potential is given by

75O

A === pdr = ¢(p)dr. (43)

Similarly to Eq. (10) and replacing ¢, —¢', and

e!, —» ", we define the tetrad as

r
0 _ 1 _ds 2 _ 3 _ :
er_rdsﬁ’ e ,= e“g=r,, e(p—r,,sme,

(44)

=

and write

r! f .
ds\/_ dp 2

7aeaﬂrﬂ = J’Oeofrr + 7/3 e3lpr(p
(45)

Using the spinor field (12), the Dirac equation now takes
the form

0 | f 2
<rds\/_(a —lq¢)+y Ta + (39

3
0 o =0. 46
+r 519‘/’+m> (46)

B. Exact solution

Now, we assume the positive frequency solution of the
spinor field ®, as follows:
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Y 1/2(‘9, ®) ]
0
0

j+l/2(9 )

O(c.p.0.9) = &, (p) expl—iar) [

=) exp(-ion)| | @

and only consider v = —(j + 1/2) below. Then the Dirac
equation equals two coupled equations:

<\[_ rds)gi <%i—imrds>§¢=0. (48)

As in the spacelike outer region, a linear combination

R.(p)+R_(p)

Ri(p)=E (p)Eé_(p)=>Ei(p) = 5 . (49)
leads to

J i
(ﬁd—p T %) R, + (u’r—fi imrdS>RjF —0. (50)

Again, by introducing a new variable and a factor into the
functions R, as follows:

_p+B

=5 Ri(Z)ZZqE]Ri(Z),
> — Z—z(K+K /2(1 Z)z( )/2, (51)
where
. ras
K:E, K:anﬁ, (52)
we obtain
dR -
xF2 (1—z)d—i+ < r—sﬂ:imrds>R¢—0. (53)

Finally, the solutions of Eq. (53) are given by the hyper-
geometric functions

- 1
Ri:ciF(iiwmi(u—x>;5ii<r<+:<>;z)

3
+ D EF2/7(1 —z)F(l Fi(u+x),1 :I:i(ﬂ—K);z

:Fi(z%+z<);z>, (54)

where

2 .
2 2 2 Ids OFgs/ Ty £ imrgg
= o D, =—C.————.
e SV E TS
(55)

C. Near-horizon behaviors

As 7z = 0 (p - —B), the function R.(z) has the asymp-
totic form

limR_(z) =

+i(R+K)/2
R CiZ . (56)
Then, the spinor field ® can be decomposed into the

outgoing (ingoing) modes CI)%) as

C o 1YY"
%) = “Eexp(—iwr)HE2 | T sy
2 :EY7+1/2

As z = 1 (p — B), the function R, (z) can be written as

limR. (z) = (CoEs — Cx)(1 - z)FER2 - (58)
where
_ _D(1/2+i(k+K)C(1/2+i(k=x))
T 2+i(R+

)
(2% (k)
Tas o I(1/2Fi(k+x)(1/2+i(k—x))

= ( i ) (LT it R)E(1 £ iu—x)
(59)

n

Then the spinor field ® can be decomposed into two
modes:

(+) C B2, C.Q
o)) = (=

B < 2 2
iYL,

Y,;lJr 1/2

+) exp(—iwz)(1 — z)~(k=%)/2

, (60)

_ CE. C,Q -

(DI(B) = ( _ =+ ) exp(—iwr)(l _ Z)z(K—K)/2
2 2

zY] 12

Yj+1/2

X

(61)

In the near-extremal limit B — 0, we assume that K > «
and impose the boundary condition

(62)
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By applying the Bogoliubov transformation,
o) + adl) = o, (63)
we obtain the corresponding Bogoliubov coefficients:

sinh(zu + 7x) sinh(zpu — 7x)
cosh(zk + zu) cosh(nk — mu)’

a= = |af* =

(64)

—_
=
—_

cosh(zk + 7x) cosh(zk — 7k)

1
=g == (65)

E_ cosh(zk + zu) cosh(nk — mp)

They satisfy the Bogoliubov relation. Remarkably, as
K — oo in the exact Nariai limit, the mean number
approaches the unity that saturates the bound from the
Pauli blocking due to the exclusion principle. That is, as two
spherical shells of the cosmological and black hole horizons
collapse, the mean number |3|*> = 1, while |a|> = 0.

IV. FERMION PRODUCTION IN (A)dS, x S?

We have shown that as the near-extremality disappears
(B — 0) and Nariai black holes become an exact limit, the
fermion production saturates the bound from the Pauli
blocking between the black hole horizon and cosmological
horizon, i.e, |$]> — 1. In the exact Nariai limit, the outer
region reduces to dS, x S%.

With a rescaling 7 = rye"/"s, p = r32x, the exact Nariai
metric (7) (B = 0) can be written as

ds? = —dt* + /" dx? + r2dQ3, (66)

which is dS, X S2 in the planar coordinates. In other words,
the outer region of a Nariai black hole corresponds to the dS
space in the planar coordinates. One may thus expect that in
the exact Nariai limit (K = o), the mean number

,  sinh(zu + 7k) 6
= 7
A e™ ™ sinh(27u) (67)
has the same form as that of fermions in the planar
coordinates of dS, [23].
On the other hand, the extremal RN black hole in dS
space has the near-horizon geometry [17]
e 2,
ds® = — Zdrz T ndRs(68)

which, after rescaling the coordinate p = r,q,e*/ ", can be
written as the product AdS, x S? in the planar coordinates

ds? = —e?/rasdr? + dx? + r%dQ% (69)

According to the reciprocal relation N g (R)N 34s(R) = 1
[23], the mean number of spontaneously produced fermion

(spinor) pairs becomes

sinh(27p(ryq))
K= (Fags) sinh(zk + mp(raqs))

N = . (70)

where

ds
2

2

r

_ 2 ~2.2 _ a
ﬂ(rads) =V Kads =M Tags» Kads_an 2

n

(71)

The result (70) agrees with the mean number for fermion
production by a uniform electric field in AdS,.

It should be noted that the spontaneous production of
fermion pairs is blocked by the Pauli exclusion principle
both in extremal charged Nariai and RN black holes in an
asymptotic dS space. Assuming the reciprocal relation
between the near-extremal Nariai black hole and the
near-extremal RN black hole, the mean number for fermion
production in near-extremal RN black hole would
become

N(sp) o COSh(”’?ads + ”/"(rads)) COSh(”’?ads - ﬂﬂ(rads))
neRN ~ ~ — s
cosh(mRyg, + 7Kyqs) COSh(7Ryas — 7K oq5)

(72)

where K4, = w/B.

The spontaneous fermion production can be compared

with the spinless boson production. In the inner region of a

near-extremal Nariai black hole, the mean number of

bosons for & > 1,
(s0) eZﬂfc

in " cosh(zu + k) cosh(mu — 7x),

(73)

exponentially explodes. The catastrophic boson production
is a strong contrast to fermion production with saturation of
unity. The mean numbers of bosons from the Nariai black
hole and extremal RN black hole have the same forms as
in dS, and AdS, [26] and also satisfy the reciprocal
relation [23].

V. COMPARISON OF EMISSION OF SPINORS
AND SCALARS

The mean number (65) of fermions emitted in the inner
region may be written in terms of the Hawking temperature
for near-extremal Nariai black holes, the Unruh temper-
ature for charge acceleration, and the Gibbons-Hawking
temperature for dS, space as

T T
cosh(L—i—m U) cosh(L— U)
NﬁSp) _ 2Ty ' 2T% 2Ty 2T%

in N _ e\
2Ty 272 2Ty 272

(74)
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FIG. 1. Comparison of the emission of fermions and scalars in

near-extremal Nariai black holes. Dotted lines for scalars and
solid lines for fermions. Figures are drawn form = ¢ =1,0, =
10, w = 2 and the s-wave [ = 0.

The leading terms up to e=/7# are approximately given by

e nT, 1T o
N & 1 — de i sinh | T ) sinh ( 2oST) . (75)
272 272

Thus, the spinor emission rapidly reaches the limit (|]> =
1) due to the Pauli blocking when B (T';) approaches zero,
as shown in Fig. 1.

It is interesting to compare the spinor emission with that
of the scalar emission [19] in the region of B < 1, which
may be written as

9Py
_®n o\ . —g®
e Tn smh(—“””’ ”) smh(—“’2‘T1 ”)
H

2T
NS = ——— (76)
e ¢ cosh(%%f") cosh (%ZC“)

Indeed, there is a catastrophic emission of the form
e(@=4%u)/Tu provided that @ > ¢®p, which is the opposite
of superradiance [27], which is shown in Fig. 1.

VI. CONCLUSION

In the in-out formalism [28] (for review, see Ref. [29]),
the pair production of scalars and spinors in background
fields is determined by the Bogoliubov relations between
the in-vacuum and the out-vacuum that obey the spin
statistics. The Bogoliubov coefficients satisfy the relations

laf? F 1B = 1. (77)

where the upper (lower) sign is the boson (fermion). Thus,
the mean number for boson production can have, in
principle, an amplification greater than 1 while the mean
number of fermion production cannot be greater than 1.
Near-extremal Nariai black holes have a timelike region
between two horizons while near-extremal RN black holes

have a spacelike region between two horizons. It has been
shown that the emission of charged bosons from (near-)
extremal black holes exhibits the characteristic of the
Schwinger formula |$]> = e=*""/4E in a constant electric
field in Minkowski spacetime, which is not greater than 1
and whose leading Boltzmann factor is given by nonzero
instanton action [16—-19], even the rotation of black holes
also does not change this feature [14,20-22]. This no-
bosonic amplification seems contradictory to our intuition.
However, we have shown in Ref. [19] that near-extremal
Nariai black holes emit charged bosons catastrophically,
similar to two narrow spherical shells with a high potential
difference.

In this paper, we have studied the spontaneous produc-
tion of spin-1/2 fermions from near-extremal Nariai black
holes. The scattering of fermions contrasts with that of
bosons in the black hole background. Bosons can have
superradiance modes, in which the reflected flux becomes
greater than the incident flux due to pair production [30].
Hence it is interesting to study the emission of charged
fermions from Nariai black holes. We have found that the
mean number of fermions in the near-extremal Nariai black
holes still satisfies the Bogoliubov relation but saturates the
bound |B|*> =1 from Pauli blocking due to the exclusion
principle. The extremal charged Nariai black hole saturates
the bound as it approaches the ultracold limit in which
black hole has the maximal charge. However, the extremal
Nariai limit of Schwarzschild black hole in dS space emits
fermions in accordance with the Fermi-Dirac distribution,
which cannot saturate the bound.

From the view of quantum field theory, spontaneous pair
or particle production is the result of complex one-loop
effective action, as explicitly shown by Heisenberg-Euler
and Schwinger QED action for charged bosons or fermions
in a constant electromagnetic field [15,31]. Our formulation
of Schwinger effect in near-extremal Nariai or RN black
holes is related to the imaginary part of one-loop effective
action, since 23JLU) = £33 DiIn(1 £ |p?), where D
denotes the density of states per unit volume available
for given quantum number and the upper (lower) sign is for
bosons (fermions).

We have assumed here that black holes are large enough
to neglect the backreaction of emitted charges and that the
Schwinger emission processes are adiabatic. The back-
reaction may be found by calculating the loss rates of
black hole charge O and mass M due to the Schwinger
emission of charge ¢ with m: dQ/dt < —q|p|*> and
dM/dt « —m|p|?, which explain quantitatively the evolu-
tion of charged black holes [32,33]. A systematic approach
to the backreaction of the emission would be the energy-

momentum tensor T,(,ly) = (=2//=g) x 6L1) /5¢" at one
loop. Another approach to the backreaction is the proba-

bility for emission processes P = e®S in terms of the
entropy change AS before and after the emission [34].
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The quantitative description and comparison of both
approaches requires further study that is beyond the scope
of this paper.
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