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We solve the Dirac equation for a massive charged fermion in the near-extremal charged Nariai black
hole with the near-horizon geometry dS2 × S2. At the one-loop level, contrary to the catastrophic emission
of charged spinless bosons in C.-M. Chen et al., [Phys. Rev. D 110, 085020 (2024)], we show that the
emission of fermions in a narrow timelike inner region between the cosmological horizon and black hole
horizon saturates the bound from the Pauli blocking and does not give an amplification (quantum
superradiance). Using the reciprocal relation, we find the Schwinger emission of fermions from AdS2 × S2,
and compare the Schwinger emission of fermions and bosons from near-extremal Nariai black holes.
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I. INTRODUCTION

Extremal or near-extremal black holes have enhanced
symmetry [1,2]. The near-extremal Reissner-Nordström
(RN) black holes in an asymptotically flat space or anti–
de Sitter (AdS) space have the near-horizon geometry of
AdS2 × S2, whereas RN black holes in a de Sitter (dS)
space with three horizons have two coincident limits: one is
the coincidence of inner (Cauchy) and outer (event) horizon
of black hole with the near-horizon geometry of AdS2 × S2

and the other is the coincidence of black hole horizon and
cosmological horizon, the so-called Nariai limit, with the
geometry dS2 × S2.
The low temperature quantum theory of charged black

holes with AdS2 horizons provides an effective theory of
the Einstein-Maxwell theory [3]. Recently the enhanced
symmetries have been used to study quantum corrections of
the near-extremal black holes and their entropies [4–11]. It
is argued that two-dimensional Jackiw-Teitelboim gravity
is an appropriate effective field theory that dominates
the near-extremal black holes at low temperature, and

furthermore, this description may go away from the
horizon [12,13].
The authors have studied Schwinger emission of charged

scalars (spin-0 bosons) from near-extremal charged black
holes [14], in which the extremely low Hawking temper-
ature suppresses Hawking radiation of charged particles as
well as charge neutral particles while the electric field on
the horizon provides a channel for charge emission via
Schwinger mechanism [15]. In fact, the enhanced sym-
metry allows one to solve the Klein-Gordon equation for
massive charged scalars in near-extremal RN black holes
[16–19] and in near-extremal Kerr-Newman black holes
[14,20–22], both in terms of hypergeometric functions.
Recently we have found the Schwinger effect of sponta-
neous pair production of massive spinors (spin-1=2 fer-
mions) by a uniform electric field in the ðAÞdS2 [23].
In this paper, we will study the spontaneous production

of spin-1=2 massive charged fermions from near-extremal
charged Nariai black holes. RN black holes in a dS space
have three horizons: the inner (Cauchy) horizon, the outer
(event) horizon, and the cosmological horizon. Near-
extremal charged Nariai black holes have the black hole
horizon close to the cosmological horizon, in which the
black hole horizon emits Hawking radiation with Hawking
temperature and the cosmological horizon emits with
Gibbons-Hawking temperature. Though they are extremely
small with slightly higher Hawking temperature than the
Gibbons-Hawking temperature, the electric field that
threads out from the black hole forces the black hole
horizon to emit charges with the same sign as the black hole
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and the cosmological horizon to emit charges of the
opposite sign (for the scalar case, see Refs. [14,19]). We
solve the Dirac equation in the near-extremal charged
Nariai black holes, find the Bogoliubov coefficients and
the mean number of spontaneously produced fermions in
the inner and outer regions. We then show that two narrow
horizons produce fermion pairs still obeying the Pauli
exclusion principle and saturating the Pauli blocking when
two horizons coincide.
The organization of this paper is as follows: in Sec. II, we

solve the Dirac equation for spin-1=2 massive charged
fermion in the spacelike outer region of near-extremal
Nariai black holes, find the Bogoliubov transformation and
relation, and compute the mean number of fermion pair
production. In Sec. III, we find the Bogoliubov trans-
formation and relation, and then compute the mean number
of fermion pair production in the timelike inner region of
near-extremal Nariai black holes. In Sec. IV, we compare
the fermion production in an exact Nariai black hole and in
a uniform electric field in dS2 space, and apply the
reciprocal relation1 of mean numbers to find the fermion
production in AdS2 space. In Sec. V, we compare the
fermion emission with catastrophic scalar emission from
near-extremal Nariai black holes.

II. OUTER REGION OF NEAR-EXTREMAL
NARIAI BLACK HOLES

A. Dirac equation

The Dirac equation for a massive charged spinor field,Ψ,
in a charged black hole is given by

γaeaμð∂μ þ Γμ − iqAμÞΨþmΨ ¼ 0; ð1Þ

where m and q are the mass and charge of the spinor field,
respectively, and Aμ is the gauge potential of black hole.
The tetrad eaμ, one-form Γ, and connection one-form ωab
are defined as

ηab¼ eaμebνgμν; Γ¼Γμdxμ ¼
1

4
γaγbωab;

dϑa¼−ωa
b ∧ ϑb; ð2Þ

where the gamma matrices satisfy γaγb þ γbγa ¼ 2ηab.
Below, Greek letters will denote coordinate indices, and
Latin letters denote frame indices.

For the RN-dS black holes,

ds2 ¼ −FðrÞdt2 þ dr2

FðrÞ þ r2dΩ2
2; A½1� ¼

Q
r
dt; ð3Þ

where the lapse function can have maximally three positive
horizons and a negative root, as follows:

FðrÞ¼ 1−
2M
r

þQ2

r2
−
r2

L2

¼−
ðr− r−Þðr− rþÞðr− rcÞðrþ r−þ rþþ rcÞ

L2r2
: ð4Þ

The Nariai limit corresponds rþ ¼ rc ≡ rn which can be
parametrized by charge Qn as

r2n ¼
L2

6

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 12Q2

n=L2

q �
;

Mn ¼
rn
3

�
2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 12Q2

n=L2

q �
: ð5Þ

We can further consider the near Nariai limit (near-extremal
Nariai black hole) with a slight derivation as

rþ ¼ rn−ϵB; rc ¼ rnþ ϵB;

M¼Mn− ϵ2B2
2rn
L2

; Q2 ¼Q2
n− ϵ2B2

Mn

rn
: ð6Þ

We first consider the Dirac equation in the spacelike
outer region as r ¼ rn þ ϵτ; t ¼ ϵ−1r2dsρ of the near-
extremal Nariai black hole, which, after taking ϵ → 0, is
described by the geometry of dS2 × S2 [19], for τ∈ ðB;∞Þ
as follows:

ds2 ¼ r2ds

�
−

dτ2

fðτÞ þ fðτÞdρ2
�
þ r2nðdθ2 þ sin2θdφ2Þ;

fðτÞ ¼ τ2 − B2; ð7Þ

and the gauge (vector) potential is given by

A ¼ r2dsQn

r2n
τdρ ¼ ϕðτÞdρ; ð8Þ

where

r2ds ¼
L2

6

 
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 12Q2
n=L2

p þ 1

!
: ð9Þ

In the orthonormal frame ϑa ¼ eaμdxμ, we define the
tetrad as

e0τ¼
rdsffiffiffi
f

p ; e1ρ¼rds
ffiffiffi
f

p
; e2θ¼rn; e3φ¼rnsinθ; ð10Þ

and then write the term γaeaμΓμ as

1The reciprocality of Schwinger effect of either scalar or spinor
between the dS and AdS space,N dSðE;RÞN AdSðE;RÞ ¼ 1 with
R denoting either the dS or AdS scalar curvature, is the inverse
proportionality and should not be confused with the same
terminology used in other contexts, such as the Lorentz recip-
rocality, Onsager reciprocal relation, etc.
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γaeaμΓμ ¼ γ1e1ρΓρ þ γ3e3φΓφ ¼ γ0

4rds
ffiffiffi
f

p df
dτ

þ γ2

2rn
cot θ:

ð11Þ

Setting the spinor field as

Ψ ¼ f−1=4ðsin θÞ−1=2Φ; ð12Þ

the Dirac equation can be written as

�
γ0

ffiffiffi
f

p
rds

∂τ þ
γ1

rds
ffiffiffi
f

p ð∂ρ − iqϕÞ þ γ2

rn
∂θ

þ γ3

rn sin θ
∂φ þm

�
Φ ¼ 0: ð13Þ

B. Exact solution

We expand the spinor field (12) in terms of the
orthonormal spherical spinors

Φþ
υ;nðθ;φÞ ¼

�
iY n

j∓1=2ðθ;φÞ
0

�
;

Φ−
υ;nðθ;φÞ ¼

�
0

Y n
j�1=2ðθ;φÞ

�
; ð14Þ

where each entry is a two-component spherical spinor
defined in terms of the spherical harmonics. The parameter

υ ¼∓
�
jþ 1

2

�
for j ¼ l� 1

2
; ð15Þ

is determined by the quantum number of the angular
momentum j and its projection n, where −l ≤ n ≤ l and
l is an integer. Moreover, the spherical spinors satisfy the
following properties:

γ0Φ�
υ;n ¼ ∓iΦ�

υ;n; γ1Φ�
υ;n ¼�iΦ∓

υ;n;�
γ2∂θþ γ3

∂φ

sinθ

�
Φ�

υ;n ¼ iυΦ∓
υ;n: ð16Þ

Now, we assume that the solution of the spinor field Φ is
given by

Φðτ; ρ; θ;φÞ ¼ ξþðτÞ expðikρÞ
�
iY n

j−1=2ðθ;φÞ
0

�

þ ξ−ðτÞ expðikρÞ
�

0

Y n
jþ1=2ðθ;φÞ

�
: ð17Þ

Hereafter we will consider only υ ¼ −ðjþ 1=2Þ.

Then the Dirac equation can be separated into a pair of
coupled equations� ffiffiffi

f
p d

dτ
� imrds

�
ξ�þ

�
ik− iqϕffiffiffi

f
p ∓ υ

rds
rn

�
ξ∓ ¼ 0: ð18Þ

To solve Eq. (18), we first introduce new functions

T�ðτÞ¼ ξþðτÞ�ξ−ðτÞ⇒ ξ�ðτÞ¼
TþðτÞ�T−ðτÞ

2
; ð19Þ

and then obtain� ffiffiffi
f

p d
dτ

� ik− iqϕffiffiffi
f

p
�
T�þ

�
imrds�υ

rds
rn

�
T∓¼ 0: ð20Þ

Note that the function f have been combined in Eq. (20).
To further simplify Eq. (20), we introduce a new variable

and apply a transformation to the functions T� as

z¼ τþB
2B

; T�ðzÞ¼Σ∓1T̃�ðzÞ;
Σ¼ z−iðκ̃þκÞ=2ðz−1Þiðκ̃−κÞ=2; ð21Þ

where κ̃ ¼ k=B and κ ¼ r2dsðqQn=r2nÞ ¼ r2dsEn is the
dimensionless electric field on the horizon. Substituting
these into Eq. (20), we obtain

Σ∓2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zðz − 1Þ

p dT̃�
dz

þ
�
imrds � υ

rds
rn

�
T̃∓ ¼ 0: ð22Þ

Finally, after decoupling T̃�, we find the solutions of
Eq. (22) in terms of the hypergeometric functions

T̃� ¼C�F
�
�iðμþ κÞ;∓iðμ− κÞ;1

2
∓iðκ̃− κÞ;1− z

�

þD�Σ�2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zðz−1Þ

p
F
�
1∓ iðμþ κÞ;1� iðμ− κÞ;3

2

� iðκ̃− κÞ;1− z

�
; ð23Þ

where μ2 ¼ κ2 þm2r2ds þ υ2r2ds=r
2
n. The relations of coef-

ficients C� and D� can be determined by Eq. (22), as
follows:

D� ¼ −C∓
imrds � υrds=rn
1=2� iðκ̃ − κÞ : ð24Þ

C. Asymptotic and near-horizon behaviors

Now we find the Bogoliubov relation between the modes
at τ → B and τ → ∞ in the near-horizon region. To do so,
we identify the ingoing mode at the horizon τ → B and the
outgoing mode at the future infinity τ → ∞. In the region of
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τ → B (z → 1), the function T�ðzÞ has the asymptotic form

lim
z→1

T�ðzÞ ¼ C�ðz − 1Þ∓iðκ̃−κÞ=2: ð25Þ

Then the spinor field Φ can be decomposed into two
modes, as follows:

Φð�Þ
B ¼ C�

2
expðikρÞðz − 1Þ∓iðκ̃−κÞ=2

"
iY n

j−1=2

�Y n
jþ1=2

#
; ð26Þ

where the upper (lower) sign corresponds to the positive
(negative) frequency modes. Note that we need to consider
the magnitudes of κ̃ and κ, which will be discussed later. In
the other region τ → ∞ðz → ∞Þ, the function T�ðzÞ can be
written as

lim
z→∞

TþðzÞ ¼
�
CþΞþ þ C−

imrds þ υrds=rn
iðμþ κÞ Ω−

�
z−iμ

þ
�
CþΩþ − C−

imrds þ υrds=rn
iðμ − κÞ Ξ−

�
ziμ;

ð27Þ

lim
z→∞

T−ðzÞ ¼
�
C−Ω− þ Cþ

imrds − υrds=rn
iðμ − κÞ Ξþ

�
z−iμ

þ
�
C−Ξ− − Cþ

imrds − υrds=rn
iðμþ κÞ Ωþ

�
ziμ;

ð28Þ

where

Ξ� ¼ Γð1=2 ∓ iðκ̃ − κÞÞΓð∓2iμÞ
Γð1=2 ∓ iðκ̃ þ μÞÞΓð∓iðμ − κÞÞ ;

Ω� ¼ Γð1=2 ∓ iðκ̃ − κÞÞΓð�2iμÞ
Γð1=2 ∓ iðκ̃ − μÞÞΓð�iðμþ κÞÞ : ð29Þ

Then the spinor field ΦB can be decomposed into the

positive frequency mode ΦðþÞ
∞ and the negative frequency

mode Φð−Þ
∞ , as follows:

ΦðþÞ
∞ ¼CþΞþ

2
expðikρÞz−iμ

ffiffiffiffiffiffiffiffiffiffi
2μ

μ−κ

s "
iΛ1Y n

j−1=2

Λ4Y n
jþ1=2

#

þC−Ω−

2
expðikρÞz−iμ

ffiffiffiffiffiffiffiffiffiffi
2μ

μþ κ

s "
iΛ3Y n

j−1=2

−Λ2Y n
jþ1=2

#
; ð30Þ

Φð−Þ
∞ ¼ CþΩþ

2
expðikρÞziμ

ffiffiffiffiffiffiffiffiffiffiffi
2μ

μþ κ

s "
iΛ�

2Y
n
j−1=2

Λ�
3Y

n
jþ1=2

#

þ C−Ξ−

2
expðikρÞziμ

ffiffiffiffiffiffiffiffiffiffiffi
2μ

μ − κ

s "
iΛ�

4Y
n
j−1=2

−Λ�
1Y

n
jþ1=2

#
; ð31Þ

where

Λ1 ¼
ffiffiffiffiffiffiffiffiffiffiffi
μ − κ

2μ

r �
1þ imrds − υrds=rn

iðμ − κÞ
�
;

Λ2 ¼
ffiffiffiffiffiffiffiffiffiffiffi
μþ κ

2μ

r �
1 −

imrds þ υrds=rn
iðμþ κÞ

�
;

Λ3 ¼
ffiffiffiffiffiffiffiffiffiffiffi
μþ κ

2μ

r �
1þ imrds þ υrds=rn

iðμþ κÞ
�
;

Λ4 ¼
ffiffiffiffiffiffiffiffiffiffiffi
μ − κ

2μ

r �
1 −

imrds − υrds=rn
iðμ − κÞ

�
: ð32Þ

Note that a necessary condition for pair production is that
the parameter μ should be real; otherwise, the particle
concept for spinors cannot be defined.
In the region of B ≪ 1, the positive and negative modes

depend on the relative magnitude of κ̃ and κ, and we will

assume that κ̃ ≫ κ, so ΦðþÞ
B and Φð−Þ

B represent the positive
and negative frequency modes, respectively. To find the
Bogoliubov coefficients, we impose the boundary condi-
tion that a positive frequency mode outgoes from the
horizon:

Φð−Þ
B ¼ 0 ⇒ C− ¼ 0: ð33Þ

Then, from the Bogoliubov transformation

ΦðþÞ
B ¼ αΦðþÞ

∞ þ β�Φð−Þ
∞ ; ð34Þ

we obtain the corresponding Bogoliubov coefficients

α ¼
ffiffiffiffiffiffiffiffiffiffiffi
2μ

μ − κ

s
Ξþ ⇒ jαj2 ¼ sinhðπμ − πκÞ coshðπκ̃ þ πμÞ

coshðπκ̃ − πκÞ sinhð2πμÞ ;

ð35Þ

β� ¼
ffiffiffiffiffiffiffiffiffiffiffi
2μ

μþ κ

s
Ωþ ⇒ jβj2 ¼ sinhðπμþ πκÞ coshðπκ̃ − πμÞ

coshðπκ̃ − πκÞ sinhð2πμÞ :

ð36Þ

They satisfy the Bogoliubov relation jαj2 þ jβj2 ¼ 1 for
fermions.
For κ̃ > κ, introducing the Unruh and effective temper-

atures2 similarly as the scalar case [19], as follows:

2These are not temperatures associated to black holes. The
Unruh temperature corresponds to the acceleration of produced
particles. However, the effective temperatures appearing in the
mean number should include corrections by the gravitational
curvature effects.
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TU ¼ κ

2πm̄r2ds
; Teff ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
Uþ

1

ð2πrdsÞ2
s

þTU;

T̄eff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
Uþ

1

ð2πrdsÞ2
s

−TU; ð37Þ

where m̄ is the effective mass in the dS space

m̄2 ¼ m2 þ ðjþ 1=2Þ2
r2n

; ð38Þ

we express the mean number in terms of thermodynamic
variables as

jβj2 ¼ ð1 − e−m̄=T̄eff Þð1þ em̄=Teff e−ðk−qΦHÞ=THÞ
ðem̄=Teff − e−m̄=T̄eff Þð1þ e−ðk−qΦHÞ=THÞ ; ð39Þ

where the Hawking temperature and chemical potential are

TH ¼ B
2π

; ΦH ¼ B
Qr2ds
r2n

: ð40Þ

The temperature TH measured in the black hole coordinates
is TH ¼ B=2π × ϵ=r2ds. Note that the effective mass for
scalars have m2 − 1=ð4r2dsÞ and lðlþ 1Þ instead of m2 and
ðjþ 1=2Þ2 for fermions.
The emission formula (36) in the extremal case, i.e.,

(B → 0, TH → 0, and κ̃ → ∞), is

jβj2 ¼ e2πκ − e−2πμ

2 sinhð2πμÞ : ð41Þ

A few comments are in order. First, in the Nariai limit of an
uncharged black hole (Q ¼ 0) that is the Nariai limit of a
Schwarzschild black hole in dS space, the fermion pro-
duction reduces to the Fermi-Dirac distribution with TC ¼
1=2πrds and cannot saturate the Pauli blocking since
TC ≥ 0. Second, the emission of fermions from an extremal
charged Nariai black hole can saturate the Pauli blocking
(jβj2 ¼ 1) provided that κ → ∞ which corresponds to
rds → ∞ and the Nariai black hole gets close to the
ultracold limit below. Third, in the ultracold limit, where
the three horizons are degenerate, r− ¼ rþ ¼ rc, so that
rn ¼ L=

ffiffiffi
6

p
, Mn ¼

ffiffiffiffiffiffiffiffiffiffi
2=27

p
L and Qn ¼ L=

ffiffiffiffiffi
12

p
, the near

horizon dS2 geometry reduces to two-dimensional
Minkowski spacetime as rds → ∞. Accordingly the param-
eters μ, κ become infinite, which leads to jβj2 ¼ e−2πðμ−κÞ.
Moreover, in this limit we have μ − κ ¼ ðm2 þ υ2=r2nÞ=
ð2qQ=r2nÞ ¼ ðm2 þ υ2=r2nÞ=2qEn, which gives the
Schwinger formula for charge with transverse momenta
υ2=r2n [15]; therefore, the pair production is exponentially
suppressed when m2 ≫ qQ=L2. One may compare this
exponential suppression of the Schwinger effect with the

Festina-Lente bound m2 ≫ qMP=L with MP denoting the
Planck mass that protects Nariai black holes from evapo-
rating into a big crunch [24]. It corresponds to the
Planckian scale electrostatic potential at the cosmological
horizon. However, the slow (adiabatic) emission of charges
from Nariai black holes violates the weak gravity con-
jecture (for instance, Ref. [25]).

III. INNER REGION OF NEAR-EXTREMAL
NARIAI BLACK HOLES

A. Dirac equation

The timelike inner region, r ¼ rn þ ϵρ; t ¼ ϵ−1r2dsτ with
−B < ρ < B, of the near-extremal Nariai black hole, after
taking ϵ → 0, is still described by the geometry of
dS2 × S2, as follows:

ds2 ¼ r2ds

�
−fðρÞdτ2 þ dρ2

fðρÞ
�
þ r2nðdθ2 þ sin2θdφ2Þ;

fðρÞ ¼ B2 − ρ2; ð42Þ

and the gauge (Coulomb) potential is given by

A ¼ −
r2dsQn

r2n
ρdτ ¼ ϕðρÞdτ: ð43Þ

Similarly to Eq. (10) and replacing e0τ → e1ρ and
e1ρ → e0τ, we define the tetrad as

e0τ ¼ rds
ffiffiffi
f

p
; e1ρ¼

rdsffiffiffi
f

p ; e2θ ¼ rn; e3φ ¼ rn sinθ;

ð44Þ

and write

γaeaμΓμ ¼ γ0e0τΓτ þ γ3e3φΓφ ¼ γ1

4rds
ffiffiffi
f

p df
dρ

þ γ2

2rn
cot θ:

ð45Þ

Using the spinor field (12), the Dirac equation now takes
the form

�
γ0

rds
ffiffiffi
f

p ð∂τ − iqϕÞ þ γ1
ffiffiffi
f

p
rds

∂ρ þ
γ2

rn
∂θ

þ γ3

rn sin θ
∂φ þm

�
Φ ¼ 0: ð46Þ

B. Exact solution

Now, we assume the positive frequency solution of the
spinor field Φ, as follows:
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Φðτ; ρ; θ;φÞ ¼ ξþðρÞ expð−iωτÞ
�
iY n

j−1=2ðθ;φÞ
0

�

þ ξ−ðρÞ expð−iωτÞ
�

0

Y n
jþ1=2ðθ;φÞ

�
; ð47Þ

and only consider υ ¼ −ðjþ 1=2Þ below. Then the Dirac
equation equals two coupled equations:

� ffiffiffi
f

p d
dρ

�υ
rds
rn

�
ξ�−

�
iωþ iqϕffiffiffi

f
p � imrds

�
ξ∓ ¼ 0: ð48Þ

As in the spacelike outer region, a linear combination

R�ðρÞ¼ ξþðρÞ� ξ−ðρÞ⇒ ξ�ðρÞ¼
RþðρÞ�R−ðρÞ

2
; ð49Þ

leads to

� ffiffiffi
f

p d
dρ

∓ iωþ iqϕffiffiffi
f

p
�
R�þ

�
υ
rds
rn

� imrds

�
R∓¼ 0: ð50Þ

Again, by introducing a new variable and a factor into the
functions R�, as follows:

z¼ ρþB
2B

; R�ðzÞ¼Σ∓1R̃�ðzÞ;
Σ¼ z−iðκ̃þκÞ=2ð1− zÞiðκ̃−κÞ=2; ð51Þ

where

κ̃ ¼ ω

B
; κ ¼ qQn

r2ds
r2n

; ð52Þ

we obtain

Σ∓2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1 − zÞ

p dR̃�
dz

þ
�
υ
rds
rn

� imrds

�
R̃∓ ¼ 0: ð53Þ

Finally, the solutions of Eq. (53) are given by the hyper-
geometric functions

R̃� ¼C�F
�
�iðμþ κÞ;∓ iðμ− κÞ;1

2
� iðκ̃þ κÞ;z

�

þD�Σ�2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1− zÞ

p
F

�
1∓ iðμþ κÞ;1� iðμ−κÞ;3

2

∓ iðκ̃þ κÞ;z
�
; ð54Þ

where

μ2¼ κ2þm2r2dsþυ2
r2ds
r2n

; D� ¼−C∓
υrds=rn� imrds
1=2∓ iðκ̃þ κÞ :

ð55Þ

C. Near-horizon behaviors

As z → 0 ðρ → −BÞ, the function R�ðzÞ has the asymp-
totic form

lim
z→0

R�ðzÞ ¼ C�z�iðκ̃þκÞ=2: ð56Þ

Then, the spinor field Φ can be decomposed into the

outgoing (ingoing) modes Φð�Þ
−B as

Φð�Þ
−B ¼ C�

2
expð−iωτÞz�iðκ̃þκÞ=2

"
iY n

j−1=2

�Y n
jþ1=2

#
: ð57Þ

As z → 1 (ρ → B), the function R�ðzÞ can be written as

lim
z→1

R�ðzÞ ¼ ðC�Ξ� − C∓Ω�Þð1 − zÞ∓iðκ̃−κÞ=2; ð58Þ

where

Ξ� ¼ Γð1=2� iðκ̃þ κÞÞΓð1=2� iðκ̃−κÞÞ
Γð1=2� iðκ̃þμÞÞΓð1=2� iðκ̃−μÞÞ ;

Ω� ¼
�
υ
rds
rn

� imrds

�
Γð1=2∓ iðκ̃þ κÞÞΓð1=2� iðκ̃− κÞÞ
Γð1∓ iðμþ κÞÞΓð1� iðμ− κÞÞ :

ð59Þ

Then the spinor field Φ can be decomposed into two
modes:

ΦðþÞ
B ¼

�
CþΞþ
2

−
C−Ωþ

2

�
expð−iωτÞð1 − zÞ−iðκ̃−κÞ=2

×

"
iY n

j−1=2

Y n
jþ1=2

#
; ð60Þ

Φð−Þ
B ¼

�
C−Ξ−

2
−
CþΩ−

2

�
expð−iωτÞð1 − zÞiðκ̃−κÞ=2

×

"
iY n

j−1=2

−Y n
jþ1=2

#
: ð61Þ

In the near-extremal limit B → 0, we assume that κ̃ ≫ κ
and impose the boundary condition

Φð−Þ
B ¼ 0 ⇒ C− ¼ Cþ

Ω−

Ξ−
: ð62Þ
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By applying the Bogoliubov transformation,

ΦðþÞ
−B þ αΦð−Þ

−B ¼ β�ΦðþÞ
B ; ð63Þ

we obtain the corresponding Bogoliubov coefficients:

α ¼ Ω−

Ξ−
⇒ jαj2 ¼ sinhðπμþ πκÞ sinhðπμ − πκÞ

coshðπκ̃ þ πμÞ coshðπκ̃ − πμÞ ; ð64Þ

β� ¼ 1

Ξ−
⇒ jβj2 ¼ coshðπκ̃ þ πκÞ coshðπκ̃ − πκÞ

coshðπκ̃ þ πμÞ coshðπκ̃ − πμÞ : ð65Þ

They satisfy the Bogoliubov relation. Remarkably, as
κ̃ → ∞ in the exact Nariai limit, the mean number
approaches the unity that saturates the bound from the
Pauli blocking due to the exclusion principle. That is, as two
spherical shells of the cosmological and black hole horizons
collapse, the mean number jβj2 ¼ 1, while jαj2 ¼ 0.

IV. FERMION PRODUCTION IN ðAÞdS2 × S2

We have shown that as the near-extremality disappears
(B → 0) and Nariai black holes become an exact limit, the
fermion production saturates the bound from the Pauli
blocking between the black hole horizon and cosmological
horizon, i.e, jβj2 → 1. In the exact Nariai limit, the outer
region reduces to dS2 × S2.
With a rescaling τ ¼ rdset=rds ; ρ ¼ r−2ds x, the exact Nariai

metric (7) (B ¼ 0) can be written as

ds2 ¼ −dt2 þ e2t=rdsdx2 þ r2ndΩ2
2; ð66Þ

which is dS2 × S2 in the planar coordinates. In other words,
the outer region of a Nariai black hole corresponds to the dS
space in the planar coordinates. One may thus expect that in
the exact Nariai limit ðκ̃ ¼ ∞Þ, the mean number

jβj2 ¼ sinhðπμþ πκÞ
eπμ−πκ sinhð2πμÞ ð67Þ

has the same form as that of fermions in the planar
coordinates of dS2 [23].
On the other hand, the extremal RN black hole in dS

space has the near-horizon geometry [17]

ds2 ¼ −
ρ2

r2ads
dτ2 þ r2ads

ρ2
dρ2 þ r2ndΩ2

2; ð68Þ

which, after rescaling the coordinate ρ ¼ radsex=rads , can be
written as the product AdS2 × S2 in the planar coordinates

ds2 ¼ −e2x=radsdτ2 þ dx2 þ r2ndΩ2
2: ð69Þ

According to the reciprocal relation N dsðRÞN adsðRÞ ¼ 1
[23], the mean number of spontaneously produced fermion

(spinor) pairs becomes

N ðspÞ
eRN ¼ sinhð2πμðradsÞÞ

eπκ−πμðradsÞ sinhðπκ þ πμðradsÞÞ
; ð70Þ

where

μðradsÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2ads− m̄2r2ads

q
; κads¼ qQn

r2ads
r2n

: ð71Þ

The result (70) agrees with the mean number for fermion
production by a uniform electric field in AdS2.
It should be noted that the spontaneous production of

fermion pairs is blocked by the Pauli exclusion principle
both in extremal charged Nariai and RN black holes in an
asymptotic dS space. Assuming the reciprocal relation
between the near-extremal Nariai black hole and the
near-extremal RN black hole, the mean number for fermion
production in near-extremal RN black hole would
become

N ðspÞ
neRN ¼ coshðπκ̃ads þ πμðradsÞÞ coshðπκ̃ads − πμðradsÞÞ

coshðπκ̃ads þ πκadsÞ coshðπκ̃ads − πκadsÞ
;

ð72Þ

where κ̃ads ¼ ω=B.
The spontaneous fermion production can be compared

with the spinless boson production. In the inner region of a
near-extremal Nariai black hole, the mean number of
bosons for κ̃ ≫ 1,

N ðscÞ
in ¼ e2πκ̃

coshðπμþ πκÞ coshðπμ − πκÞ; ð73Þ

exponentially explodes. The catastrophic boson production
is a strong contrast to fermion production with saturation of
unity. The mean numbers of bosons from the Nariai black
hole and extremal RN black hole have the same forms as
in dS2 and AdS2 [26] and also satisfy the reciprocal
relation [23].

V. COMPARISON OF EMISSION OF SPINORS
AND SCALARS

The mean number (65) of fermions emitted in the inner
region may be written in terms of the Hawking temperature
for near-extremal Nariai black holes, the Unruh temper-
ature for charge acceleration, and the Gibbons-Hawking
temperature for dS2 space as

NðspÞ
in ¼

cosh
�

ω
2TH

þ m̄TU
2T2

C

�
cosh

�
ω

2TH
− m̄TU

2T2
C

�
cosh

�
ω

2TH
þ m̄

ffiffiffiffiffiffiffiffiffiffiffi
T2
CþT2

U

p
2T2

C

�
cosh

�
ω

2TH
− m̄

ffiffiffiffiffiffiffiffiffiffiffi
T2
CþT2

U

p
2T2

C

� :

ð74Þ
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The leading terms up to e−ω=TH are approximately given by

NðspÞ
in ≈ 1 − 4e−

ω
TH sinh

�
m̄Teff

2T2
C

�
sinh

�
m̄T̄eff

2T2
C

�
: ð75Þ

Thus, the spinor emission rapidly reaches the limit ðjβj2 ¼
1Þ due to the Pauli blocking when B ðTHÞ approaches zero,
as shown in Fig. 1.
It is interesting to compare the spinor emission with that

of the scalar emission [19] in the region of B ≪ 1, which
may be written as

NðscÞ
in ¼

e−
qΦH
TH sinh

�
ωþqΦH
2TH

�
sinh

�
ω−qΦH
2TH

�
e
−m̄TU

T2
C cosh

�
m̄Teff
2T2

C

�
cosh

�
m̄T̄eff
2T2

C

� : ð76Þ

Indeed, there is a catastrophic emission of the form
eðω−qΦHÞ=TH provided that ω > qΦH, which is the opposite
of superradiance [27], which is shown in Fig. 1.

VI. CONCLUSION

In the in-out formalism [28] (for review, see Ref. [29]),
the pair production of scalars and spinors in background
fields is determined by the Bogoliubov relations between
the in-vacuum and the out-vacuum that obey the spin
statistics. The Bogoliubov coefficients satisfy the relations

jαj2 ∓ jβj2 ¼ 1; ð77Þ

where the upper (lower) sign is the boson (fermion). Thus,
the mean number for boson production can have, in
principle, an amplification greater than 1 while the mean
number of fermion production cannot be greater than 1.
Near-extremal Nariai black holes have a timelike region
between two horizons while near-extremal RN black holes

have a spacelike region between two horizons. It has been
shown that the emission of charged bosons from (near-)
extremal black holes exhibits the characteristic of the
Schwinger formula jβj2 ¼ e−πm

2=qE in a constant electric
field in Minkowski spacetime, which is not greater than 1
and whose leading Boltzmann factor is given by nonzero
instanton action [16–19], even the rotation of black holes
also does not change this feature [14,20–22]. This no-
bosonic amplification seems contradictory to our intuition.
However, we have shown in Ref. [19] that near-extremal
Nariai black holes emit charged bosons catastrophically,
similar to two narrow spherical shells with a high potential
difference.
In this paper, we have studied the spontaneous produc-

tion of spin-1=2 fermions from near-extremal Nariai black
holes. The scattering of fermions contrasts with that of
bosons in the black hole background. Bosons can have
superradiance modes, in which the reflected flux becomes
greater than the incident flux due to pair production [30].
Hence it is interesting to study the emission of charged
fermions from Nariai black holes. We have found that the
mean number of fermions in the near-extremal Nariai black
holes still satisfies the Bogoliubov relation but saturates the
bound jβj2 ¼ 1 from Pauli blocking due to the exclusion
principle. The extremal charged Nariai black hole saturates
the bound as it approaches the ultracold limit in which
black hole has the maximal charge. However, the extremal
Nariai limit of Schwarzschild black hole in dS space emits
fermions in accordance with the Fermi-Dirac distribution,
which cannot saturate the bound.
From the view of quantum field theory, spontaneous pair

or particle production is the result of complex one-loop
effective action, as explicitly shown by Heisenberg-Euler
and Schwinger QED action for charged bosons or fermions
in a constant electromagnetic field [15,31]. Our formulation
of Schwinger effect in near-extremal Nariai or RN black
holes is related to the imaginary part of one-loop effective
action, since 2ℑLð1Þ ¼ �PD lnð1� jβj2Þ, where D
denotes the density of states per unit volume available
for given quantum number and the upper (lower) sign is for
bosons (fermions).
We have assumed here that black holes are large enough

to neglect the backreaction of emitted charges and that the
Schwinger emission processes are adiabatic. The back-
reaction may be found by calculating the loss rates of
black hole charge Q and mass M due to the Schwinger
emission of charge q with m: dQ=dt ∝ −qjβj2 and
dM=dt ∝ −mjβj2, which explain quantitatively the evolu-
tion of charged black holes [32,33]. A systematic approach
to the backreaction of the emission would be the energy-

momentum tensor Tð1Þ
μν ¼ ð−2= ffiffiffiffiffiffi−gp Þ × δLð1Þ=δgμν at one

loop. Another approach to the backreaction is the proba-
bility for emission processes P ¼ eΔS in terms of the
entropy change ΔS before and after the emission [34].

FIG. 1. Comparison of the emission of fermions and scalars in
near-extremal Nariai black holes. Dotted lines for scalars and
solid lines for fermions. Figures are drawn for m ¼ q ¼ 1; Qn ¼
10;ω ¼ 2 and the s-wave l ¼ 0.
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The quantitative description and comparison of both
approaches requires further study that is beyond the scope
of this paper.
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