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We propose measuring the jet electric charge of jet regions, defined within the framework of global event
shapes, as a probe of quark flavor dynamics within the nucleon and the hadronization process. In particular,
we consider a measurement of the jet region charge while simultaneously keeping track of the energy flow
throughout the event, as characterized by the global event shape. As a concrete example, we focus on the
measurement of the 1-Jettiness jet charge (Q), the jet charge of the jet region (J) defined within the
framework of the 1-Jettiness global event shape (τ1) for the deep inelastic scattering (DIS) process,
e− þ p → e− þ J þ X, with unpolarized or longitudinally polarized protons. The 1-Jettiness distribution,
binned according to jet charge, allows for enhanced quark flavor separation of the initial-state unpolarized
or polarized PDFs. On the other hand, the jet charge distribution binned by 1-Jettiness can serve as a probe
of quark flavor dynamics in the final-state hadronization process. We derive a factorization theorem for
simultaneous measurements of τ1 and Q in the resummation region, τ1 ≪ PJT , where PJT denotes the
transverse momentum of the jet region. The correlation between the jet region charge and the charge of the
struck quark is expected to be the strongest in the resummation region. The factorization theorem contains a
new universal charged jet function, generalizing the standard jet function to include a jet charge
measurement. Therefore these universal functions can be extracted from a global analysis of N-jettiness and
thrust at e

bþe− colliders. We provide simulation studies to demonstrate the sensitivity of the 1-Jettiness jet

charge observable to quark flavor dynamics in nucleon structure and explore the possibility of probing the
final-state hadronization process. This observable is well-suited for applications with existing HERA data
and the future Electron-Ion Collider (EIC).

DOI: 10.1103/668t-9jv3

I. INTRODUCTION

Global event shapes are infrared and collinear safe
observables that characterize the geometric pattern of
hadronic energy flows in the final state. They act as a
continuous measure of how pencil-like, planar, or spherical
the “shape” of the final-state radiation is. Examples of
global event shapes include thrust [1,2], heavy jet mass [3],
C-parameter [4], Broadening [5], N-Jettiness [6], and
1-Jettiness [7–14] for deep inelastic scattering (DIS).
They have been studied in a variety of applications,
including precision extractions of the strong coupling
constant αs [15–20] and the top quark mass [21–25].
Such global event shapes have also been computed to very
high accuracy and compared to data [15,26,27], providing
important tests of perturbative QCD and hadronization
models. Recently, there have also been many developments

in the use of energy-energy correlators (EEC) [28–31] as a
probe of QCD and hadronization, complementing tradi-
tional global event shapes. Detailed and comprehensive
reviews of EECs can be found in Refs. [32,33].
Due to the light quark flavor symmetry of QCD,

global event shapes do not provide much information on
light-quark flavor dynamics in initial-state nucleon struc-
ture or final-state hadronization. Typically, a global QCD
analysis over a wide range of observables is employed to
extract universal initial-state structure functions and final-
state fragmentation functions, separated by flavor. These
include inclusive observables as well as more exclusive
ones that involve tagging a final-state hadron. For example,
the neutral current and charged current fully inclusive
DIS processes, e− þ p → e− þ X and e− þ p → νe þ X,
respectively, are sensitive to different flavor combinations
of initial-state parton distribution functions (PDFs).
Similarly, using polarized protons in these processes allows
for disentangling initial-state helicity PDFs by flavor. More
exclusive observables, such as semi-inclusive DIS (SIDIS),
e− þ p → e− þ hþ X, where a final-state hadron, h, is
tagged, allows for additional flavor separation of initial-
state nucleon structure functions. Additionally, it acts as a
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probe of fragmentation functions by flavor. Tagging final-
state hadrons also allows for measuring charge-charge
correlations [34] or EECs of charged particles [35].
Measurements at the Relativistic Heavy Ion Collider
(RHIC) and Large Hadron Collider (LHC) have shown
that jets can also be a powerful probe of nucleon structure,
including nucleon spin structure [36–38]. Such jet based
probes have now also been developed for use at the EIC
[39–47]. However, without tagging final-state hadrons,
flavor separation remains challenging in inclusive jet
measurements.
The idea of jet charge was first explored [48] more than

four decades ago. More recently, the jet electric charge has
been shown [49,50] to be able to provide discrimination
between jets initiated by up-type and down-type quarks at
the LHC. Jets are initiated by energetic partons emerging
from a hard collision process, subsequently producing a
parton shower through perturbative soft and collinear
emissions which is followed by hadronization into a cluster
of hadrons. A suitable definition of the measured jet charge
will correlate with the electric charge of the jet-initiating
parton, providing a jet tagging tool that discriminates
between jets initiated by different parton flavors. Jet charge
has been used for DIS studies [51–56], measurements of
the charge asymmetry [57,58], tagging b-quarks in jets
[59–62] and hadronically decaying W bosons [63,64],
probing anomalous Z [65] and Higgs [66] boson couplings,
discriminating between Higgs production mechanisms
[67], testing aspects of perturbative [49,50,68–70] and
nonperturbative [71] QCD, probing nuclear-medium-
induced jet quenching effects in heavy ion collisions
[72–78], and probing the quark flavor structure of unpo-
larized and polarized [79,80] transverse momentum de-
pendent parton distribution functions (TMDPDFs). The jet
charge has also been used as one of a variety of jet sub-
structure tools [77,81–83] for jet discrimination [84–86],
with enhanced performances using machine learning
techniques [64,70].
The standard definition of the jet charge [49,50] for a jet

with transverse momentum, PJT , is given by

Qκ ¼
X
h∈ jet

zκh Qh; ð1Þ

where the sum is over all the hadrons in the jet, Qh denotes
the electric charge of the hadron, h, and zh ¼ pTh

=PJT or
zh ¼ Eh=EJ for pp and ep or eþe− colliders, respectively.
These correspond to the jet transverse momentum fraction
relative to the beam axis or jet energy fraction carried by the
hadron. The parameter κ > 0 ensures that the contribution
to the jet charge from soft hadrons is suppressed, ensuring
infrared safety. It was shown that κ ∼ 0.3 provides the best
discrimination [87] between jets initiated by different quark
flavors and will be the default value used in our analysis. A
modified definition of the standard jet charge, the Dynamic

Jet Charge [86], allows for the κ parameter to be a function
of some property of the jet constituents. It can be chosen as
a function of zh, κ ¼ κðzhÞ, to improve discrimination
between quark and gluon jets and make jet discrimination
more resilient against the contamination from underlying
events. We will often drop the κ subscript in Eq. (1) and
refer to the jet charge as simply, Q, for brevity in notation.
In our analysis, we consider both the Standard and
Dynamic jet charge definitions, as they have different jet
discrimination capabilities and sensitivity to soft radiation,
serving as complementary probes.
Recently, it was shown that the jet charge property

can be used for flavor separation of the unpolarized
and polarized transverse momentum dependent PDFs
(TMDPDFs) [79]. The unpolarized TMDPDFs describe
the 3D momentum space distribution of partons in the
nucleon. The polarized TMDPDFs, in addition, encode
quantum correlations between the parton momentum
distributions and the proton spin. The electron-proton
scattering process, e− þ p → e− þ J þ X, in the limit of
small electron-jet transverse momentum imbalance,
qT ¼ jp⃗ e

T þ P⃗JT j ≪ p⃗ e
T ∼ PJT , defined relative to the beam

axis in the center of mass frame, is sensitive to TMDPDFs.
The factorization formula for the qT-distribution is sensi-
tive to a particular flavor combination of TMDPDFs, a
universal soft function, and a universal jet function. The
jet function describes the dynamics of the leading jet that
recoils against the electron, and in general depends on the
jet radius, R, and the jet clustering algorithm. Flavor
separation of the TMDPDFs is achieved through a jet
charge measurement on the leading jet and binning the
qT-distribution by jet charge. The positive and negative jet
charge bins provide enhanced sensitivity to the u-quark
and the d, s quark TMDPDFs, respectively, compared to
the qT-distribution integrated over all jet charge values.
It was also recently explored that, charge and flavor

correlation among hadrons is sensitive to details of under-
lying hadronization processes [88] therefore it can be used
to test hadronization models in Monte Carlo implementa-
tions. While the studies require tagging individual hadron
flavors, i.e., particle identifications, jet charge or subjet
charges could provide more inclusive information about
quark flavors.
In this work, we build on these ideas and propose a new

class of observables that incorporates the flavor discrimi-
nation power of jet charges within the framework of global
event shapes as a probe of quark-flavor dynamics in nuclear
structure and hadronization. We propose measuring the jet
charge (Q) of jet regions as defined by the global event
shape. This allows for measuring the jet region charge
while simultaneously keeping track of the energy flow
throughout the event, as quantified by the global event
shape. In particular, one can bin event shape distributions
according to the jet region charge. Conversely, one can bin
jet region charge distributions according to the global event
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shape value. Such observables can allow for disentangling
flavor dynamics in the initial-state nucleon structure func-
tions and in the final-state hadronization process.
We focus on the 1-Jettiness [7–13] global event shape for

the neutral current DIS process, e− þ p → e− þ J þ X.
The transverse momentum and rapidity of the jet region,
J, are denoted by PJT and yJ, respectively. The usual
1-Jettiness cross section, differential in ðτ1; PJT ; yJÞ, is
denoted by

dσ½τ1; PJT ; yJ�≡
d3σðe− þ p → J þ XÞ

dyJ dPJT dτ1
: ð2Þ

The resummation region of the τ1-distribution,
τ1 ≪ PJT , corresponds to events with a single jet topology
such that energetic radiation, E ∼ PJT ≫ τ1, is collimated
either along the proton beam or the leading jet direction,
and only soft radiation, E ∼ τ1 ≪ PJT at wide angles from
the beam and jet directions is allowed. It requires resum-
mation of large Sudakov logarithms of the form
αns ln2mðτ1=PJT Þ, for m ≤ n, arising from the τ1 ≪ PJT
restriction on final-state radiation. This restriction effec-
tively acts as a veto on additional jets at wide angles from
the leading jet and beam directions. In this resummation
region, the differential cross section has the schematic,
factorized form

dσresum½τ1; PJT ; yJ� ∼H ⊗ B ⊗ J ⊗ S; ð3Þ

where H denotes the hard function describing the hard
partonic scattering, J denotes the jet function describing the
energetic radiation collinear with jet region, S denotes the
soft function describing the soft radiation throughout
the event, and B denotes the beam function [89] describing
initial-state collinear radiation along the beam. The beam
function can be further factorized as [6,89]

B ∼ I ⊗ f; ð4Þ
where I describes the perturbatively calculable initial-state
collinear radiation and f denotes the PDF.
On the other hand, the fixed-order region, τ1 ∼ PJT ,

corresponds to events with additional energetic radiation at
wide angles from the beam and leading jet directions. In
this region, calculations are done in the fixed-order per-
turbative QCD framework. The resummation and fixed-
order regions can be matched to give a smooth 1-Jettiness
spectrum over the entire range of τ1. Most recently, results
for the 1-Jettiness spectrum was obtained at the N3LLþ
Oðα2sÞ level of accuracy [13].
We extend this 1-Jettiness framework by, in addition,

measuring the charge, Q, of the jet region, J. We refer to it
as the “1-Jettiness jet charge.” The cross section is now
differential in four variables, ðQ; τ1; PJT ; yJÞ, and is
denoted as

dσ½Q; τ1; PJT ; yJ�≡
d3σðe− þ p → J þ XÞ

dyJ dPJT dτ1 dQ
: ð5Þ

The correlation between the 1-Jettiness jet charge, Q, with
the electric charge of the hard-scattered quark, allows for
enhanced flavor separation of the initial-state PDFs through
the jet-charge-binned 1-Jettiness distributions. This corre-
lation is expected to be the strongest in the resummation
region, τ1 ≪ PJT , where the struck quark evolves into the
final-state jet region through collinear and soft splittings
without any hard emissions at wide angles. In this resum-
mation region, using the soft-collinear effective theory
(SCET) [90–95], the differential cross section for the
1-Jettiness jet charge distribution has the schematic form,

dσresum½Q; τ1; PJT ; yJ� ∼H ⊗ B ⊗ G ⊗ S; ð6Þ

which has the same form as Eq. (3), except for the
replacement J → G, corresponding to replacing the stan-
dard jet function with a jet charge jet function. This formula
will receive power suppressed contributions from the
contribution of soft radiation to the jet region charge, as
discussed in Appendix B. The jet charge jet function, G, is
obtained through the insertion of a jet charge measurement
operator in the standard jet function. The new jet charge jet
function G is in general nonperturbative since the jet charge
measurement is made on final-state hadrons, making it
sensitive to the hadronization process. However, it is
universal therefore it can be extracted from other jet-based
global event shapes such as the N-Jettiness [6] global event
shape at eþe− colliders or the LHC. The differential cross
section in Eq. (5) can be integrated over Q-bins to give the
jet-charge-binned 1-Jettiness distribution. In the resumma-
tion region, the jet-charge-binned 1-Jettiness distribution
has the schematic form,

dσresum½Qbin; τ1; PJT ; yJ� ∼H ⊗ B ⊗ Gbin ⊗ S; ð7Þ

where Gbin denotes the jet charge function integrated over a
jet charge bin. The positive jet charge bin (QJ > 0.25) will
give more weight to the contribution of the u-quark to the
1-Jettiness spectrum, corresponding to its positive electric
charge. The negative jet charge bin (QJ < −0.25) will give
more weight to the contribution of the d, s-quarks to the
1-Jettiness spectrum, corresponding to their negative
electric charge. Thus, binning the 1-Jettiness distribution
according to the 1-Jettiness jet charge allows for disen-
tangling initial-state proton structure functions by flavor.
For scattering of unpolarized protons, this corresponds to
separating the collinear PDFs by flavor. The longitudinal
single spin asymmetry constructed from scattering off
polarized protons will allow for flavor separation of
helicity PDFs.
Alternatively, with the multidifferential cross section

in Eq. (5) one can integrate over τ1-bins to give the
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1-Jettiness-binned jet charge distribution. This allows one
to study the jet charge distribution as a function of the shape
of energy flow in the final state as characterized by the
value of τ1. Such studies can probe flavor dynamics in the
hadronization process, providing a new tool for distinguish-
ing between different hadronization models.
We also note that this observable can be adapted to the

charged current DIS events, e− þ p → νe þ J þ X since
the undetected neutrino, tagged as missing energy, does not
contribute to the τ1;Q; PJT , or yJ observables. Such a
charge current DIS observable will complement the analy-
sis of neutral current DIS as it probes different combina-
tions of initial-state proton structure functions, allowing for
further separation of structure functions by flavor. We leave
the charge current DIS analysis for future work.
Finally, we note that the formalism for the 1-Jettiness

charge observable developed here is ideally suited for the
proposed EIC and can also be readily applied to the existing
HERA data.

II. 1-JETTINESS GLOBAL EVENT SHAPE

For completeness, we give a brief review of the formal-
ism and notation for the 1-Jettiness global event shape for
DIS which has been extensively studied [7–13]. For more
detailed explanations of the relevant notation used in this
work, see Ref. [13]. We consider the neutral current (NC)
DIS process:

e−ðkÞ þ pðPÞ → e−ðk0Þ þ J þ X; ð8Þ

in the center-of-mass frame, where the initial-state proton
and electron momenta, Pμ and kμ, respectively, are given by

Pμ ¼
ffiffiffi
s

p
2

nμB; nμB ¼ ð1; n⃗BÞ;

kμ ¼
ffiffiffi
s

p
2

n̄μB; n̄μB ¼ ð1;−n⃗BÞ; ð9Þ

where n⃗B ¼ ẑ is a unit vector point along the z-axis in the
proton beam direction. The 1-Jettiness global event shape,
τ1, is defined as

τ1 ¼
X
k

min

�
2qB · pk

QB
;
2qJ · pk

QJ

�
; ð10Þ

where the sum is over all final-state particles except the
scattered electron. The qμB and qμJ denote the beam and jet
reference vectors, respectively, whose explicit expressions
will be given shortly below. The QB and QJ are energy
scales at the order of the hard scale. Different choices for
these quantities correspond to different definitions of
1-Jettiness. Each final-state particle of momentum pk is
grouped with either the beam region or the jet region
according to the minimization condition in Eq. (10), and

accordingly contributes to τ1. In particular, the jet region is
defined as the set of particles with momenta, pk, that satisfy
2qJ · pk=QJ < 2qB · pk=QB. Correspondingly, the total jet
momentum of the jet region is given by

Pμ
J ¼

X
k

pμ
k θ

�
2qB · pk

QB
−
2qJ · pk

QJ

�
: ð11Þ

The largest contributions to τ1 come from final-state
particles with large energies, and at wide angles from both
the beam and jet reference vectors. On the other hand,
energetic particles closely aligned with either the beam or
jet reference vectors give relatively small contributions to
the τ1 value. Thus, events with small τ1 values have
energetic radiation closely aligned with the beam or jet
reference vectors. Events with large τ1 have additional
energetic radiation at wide angles from both the beam and
jet reference vectors. Therefore, τ1 quantifies the pattern of
final-state energy flow.
We choose the beam reference vector

qμB ¼ xPμ ¼ ωB
nμB
2
; ð12Þ

aligned with the beam direction. Here x denotes the proton
momentum fraction carried by the parton participating in
the hard interaction, and from Eq. (9) we have ωB ¼ x

ffiffiffi
s

p
.

The jet reference vector is chosen as

qJ ¼ ðKJT cosh yK; K⃗JT ; KJT sinh yKÞ; ð13Þ

where Kμ
J is the four-momentum of the leading jet defined

by a standard jet algorithm. In our analysis, we have used
the anti-kt algorithm with a jet radius of R ¼ 1. Here KJT
and yK denote the transverse momentum and rapidity of the
leading jet, and are used to construct the null jet reference
vector, qμJ. Since qμJ is a null vector, it can be written as

qμJ ¼ ωJ
nμJ
2
; nμJ ¼ ð1; n⃗JÞ; ð14Þ

where n⃗J is a unit vector along the leading jet direction,
and ωJ ¼ 2KJT cosh yK.
Different choices of jet algorithms only affect the

determination of the reference vector qμJ. The impact of
different choices is power suppressed in the resummation
region, τ1 ≪ PJT , corresponding to events with the top-
ology of a single jet, but can lead to order one differences in
the fixed-order region τ1 ∼ PJT , characterized by more than
one jet. The jet algorithm with jet radius R, is only used to
determine the jet reference vector, qμJ ¼ ωJn

μ
J=2. The final

set of particles in the jet region is then determined by using
this qμJ in Eq. (11), as illustrated in Fig. 1.
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We choose the constants QB and QJ as

QB ¼ ωB; QJ ¼ ωJ: ð15Þ

For this choice ofQB andQJ, the definition of τ1 reduces to
the simpler form

τ1 ¼
X
k

minf2nB · pk; 2nJ · pkg; ð16Þ

so that the choice of the beam and jet reference vectors
corresponds to the choice of directions n⃗B and n⃗J, since the
timelike components are fixed to be n0B ¼ n0J ¼ 1, as seen
from Eqs. (9) and (14). In this case, these directions could
be determined through a minimization procedure, requiring
that they minimize the value of τ1 in Eq. (16). One might
also consider fixing the direction of n⃗B to be along the
proton beam axis, varying only the direction of n⃗J during
the minimization procedure. We note that through such
minimization procedures, it is possible to define τ1, and the
corresponding jet and beam regions, without the use of any
jet algorithm. However, for convenience, in our analysis we
have made use of a jet algorithm to determine n⃗J, as
described earlier. Ultimately, differences in the methods
used to define the jet reference vector qμJ=QJ will yield
power suppressed effects in the resummation region,
τ1 ≪ PJT , so that the structure of the corresponding
factorization theorem does not explicitly depend on them
at leading power in τ1=PJT .
The factorization formula for the τ1 distribution in the

resummation region is given by [13]

dσresum½τ1;PJT ;yJ�

¼ σ0Hðξ;μ;μHÞ
Z

dsJ

Z
dta S

�
τ1−

ta
Qa

−
sJ
QJ

;μ;μS

�

×

�X
qi

Lqi J
qiðsJ;μ;μJÞBqiðx�; ta;μ;μBÞ

þ
X
q̄i

Lq̄i J
q̄iðsJ;μ;μJÞBq̄iðx�; ta;μ;μBÞ

�
; ð17Þ

where Q2
qiσ0 is the partonic Born-level cross section due to

single photon exchange for an electron scattering off a
quark, qi, with electric charge, Qqi , in units of the proton
electric charge. For single photon exchange, Lqi ¼ Q2

qi , but
it can include additional terms corresponding to the relative
additional contributions arising from including Z-boson
exchange. Explicit expressions for σ0 and Lqi;q̄i can be
found in Refs. [13] and [9,13], respectively.H, S; Jqi;q̄i , and
Bqi;qi denote the hard function, soft function, quark and
antiquark jet functions, and quark and antiquark beam
functions, respectively, and

x� ¼
eyJPJTffiffiffi

s
p

− e−yJPJT

; ξ ¼ x�
ffiffiffi
s

p
PJTe

−yJ : ð18Þ

Note that the hard, soft, jet, and beam functions are all
evaluated at the common renormalization scale μ after
renormalization group evolution from the scales μH ∼
PJT ; μS ∼ τ1; μJ ∼ μB ∼

ffiffiffiffiffiffiffiffiffiffiffi
PJT τ1

p
which eliminates large

logarithms in each of the respective functions. The
renormalization group evolution sums large Sudakov
logarithms arising from ratios of these scales. The quark
and antiquark beam functions (Bq;q) are matched [89] onto
the PDFs as

Bðqi;q̄iÞðx; ta; μ; μBÞ ¼
X
i

Z
1

x

dz
z
I ðqi;q̄iÞj

�
x
z
; ta; μ; μB

�

× fj=Aðz; μBÞ; ð19Þ

where the I ðqi;q̄iÞj functions are perturbatively calculable.
The hard [96,97], soft [98,99], jet [96,97,100], and beam
functions [101,102] are known to Oðα2sÞ. The jet function
is now known [103] to Oðα3sÞ. Results for this 1-Jettiness
spectrum are known [13] at the N3LLþOðα2sÞ level of
accuracy, and shown in Fig. 2 for typical EIC kinematics.

III. 1-JETTINESS JET CHARGE FACTORIZATION
FRAMEWORK

The 1-Jettiness jet charge distribution corresponds to the
measurement of the jet charge of the jet region as defined
by the 1-Jettiness global event shape, in addition to the
measurement of the 1-Jettiness global event shape itself. In

FIG. 1. Schematic illustration of the jet (J) and beam (B)
regions, separated by the dashed lines, as determined by the
1-Jettiness algorithm. The final-state energetic (red) and soft
(brown) hadronic particles are clustered into either the jet or the
beam region, according to the 1-Jettiness algorithm. The jet
radius, R, refers to the jet algorithm used to determine the jet
reference vector, qμJ .
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the resummation region, τ1 ≪ PJT , its factorization formula
is given by

dσresum½Q;τ1;PJT ;yJ�

¼ σ0Hðξ;μ;μHÞ
Z

dsJ

Z
dtaS

�
τ1−

ta
Qa

−
sJ
QJ

;μ;μS

�

×

�X
qi

Lqi G
qiðQ;sJ;μ;μJÞBqiðx�; ta;μ;μBÞ

þ
X
q̄i

Lq̄i G
q̄iðQ;sJ;μ;μJÞBq̄iðx�; ta;μ;μBÞ

�
: ð20Þ

Compared to Eq. (17), the jet function JqðsJ; μÞ is now
replaced with the charged jet function, GqðQ; sJ; μÞ, which
corresponds to the insertion of a jet charge measurement
operator in the standard jet function. Its field-theoretic
definition is given in Eq. (A2). Note that the jet charge
contribution from soft particles in the jet region is power
suppressed compared to that of the energetic collinear
particles. This can be understood from the definition of jet
charge in Eq. (1) which weighs the charge of each particle
by its jet energy fraction. The dynamic jet charge allows for
the contribution of the soft particles to be further sup-
pressed by choosing the κ parameter as a dynamic function
of the hadron energy fraction, zh. Therefore, at leading
power, the jet charge measurement operator only acts on the
energetic collinear particles in the jet region. Consequently,
only the jet function, JqðsJ; μÞ, is affected and replaced
with the jet charge jet function GqðQ; sJ; μÞ. We discuss
power suppressed corrections arising from soft particles in
Appendix B.

The charged jet function, GqðQ; sJ; μÞ, is in general a
nonperturbative object since the jet charge measurement
operator is not collinear safe and sensitive to the hadroni-
zation process. However, GqðQ; sJ; μÞ has the same
renormalization scale dependence as JqðsJ; μÞ. This fol-
lows from the renormalization scale independence of the
cross section and the fact that 1-Jettiness jet charge cross
section in Eq. (20) can be obtained simply by replacing
JqðsJ; μÞ with GqðQ; sJ; μÞ in Eq. (17). Integrating Eq. (20)
over all Q should give back the standard 1-Jettiness cross
section in Eq. (17). In particular, integrating GqðQ; sJ; μÞ
over Q gives back the standard jet function,

Z
dQGqðQ; sJ; μÞ ¼ JqðsJ; μÞ; ð21Þ

which also follows from Eqs. (A1) and (A2). In position
space, the jet function, Jqðy; μÞ, and charged jet function,
GqðQ; y; μÞ, are defined through the Fourier transforms,

Jqðs; μÞ ¼
Z

dy
2π

eiys Jqðy; μÞ;

GqðQ; s; μÞ ¼
Z

dy
2π

eiys GqðQ; y; μÞ: ð22Þ

It is useful to define the ratio of the position space charged
and standard jet functions

RqðQ; yÞ≡ GqðQ; y; μÞ
Jqðy; μÞ : ð23Þ

Therefore, GqðQ; y; μÞ and Jqðy; μÞ are related through the
multiplicative function RqðQ; yÞ as

GqðQ; y; μÞ ¼ RqðQ; yÞJqðy; μÞ: ð24Þ

Note that RqðQ; yÞ is renormalization scale independent
due to the cancellation between the renormalization group
running, which is multiplicative in position space, of
GqðQ; y; μÞ and Jqðy; μÞ in the ratio. The multiplicative
relation in Eq. (24) becomes a convolution in momentum
space. Using Eq. (24) in Eq. (22), we get

GqðQ; s; μÞ ¼
Z

ds0 RqðQ; s − s0Þ Jqðs0; μÞ; ð25Þ

where RqðQ; sÞ corresponds to the momentum space
definition

RqðQ; sÞ ¼
Z

dy
2π

eiys RqðQ; yÞ: ð26Þ

Combining Eqs. (21) and (25) leads to the normalization
conditions

FIG. 2. PYTHIA8.312 [104,105] simulation data (blue dots) for
the normalized 1-Jettiness τ1-distribution compared to the theo-
retical prediction at the N3LL level of accuracy with a soft
function model that describes hadronization effects. The scale
variations (pink band), describing the theoretical uncertainty, are
normalized to the central curve (red) over the displayed range.
The relevant EIC kinematics chosen are:

ffiffiffi
s

p ¼ 90.0 GeV,
PJT ¼ ½20.0; 30.0� GeV, and yJ ¼ ½−2.5; 2.5�.
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Z
dQRqðQ; sÞ ¼ δðsÞ;

Z
dQRqðQ; yÞ ¼ 1: ð27Þ

From Eq. (25), we see that the function RðQ; sÞ acts as the
integral kernel that transforms the standard jet function,
Jqðs; μÞ, distribution in the mass squared variable, ‘s’, to
the new distribution, GqðQ; s; μÞ, where the final state is
restricted to, in addition, have a jet charge value ofQ. It is a
universal, nonperturbative function that can be extracted
from data on other jet-based global event shapes, as
explained in Sec. V.
Using Eq. (25) in Eq. (20), the resummed factorization

formula differential in jet charge takes the form:

dσresum½Q;τ1;PJT ;yJ�

¼σ0Hðξ;μ;μHÞ
Z

dsJ

Z
dta

Z
ds0JS

�
τ1−

ta
Qa

−
sJ
QJ

;μ;μS

�

×

�X
qi

Lqi R
qiðQ;sJ−s0JÞJqiðs0J;μ;μJÞBqiðx�;ta;μ;μBÞ

þ
X
q̄i

Lq̄i R
q̄iðQ;sJ−s0JÞJq̄iðs0J;μ;μJÞBq̄iðx�;ta;μ;μBÞ

�
:

ð28Þ
From the above factorization formula, we can also obtain
the 1-Jettiness distribution integrated over a jet charge bin.
Correspondingly, we can define the charged jet function
integrated over a jet charge bin in momentum and position
space as

Gq
binðs; μÞ ¼

Z
ds0 Rq

binðs − s0Þ Jqðs0; μÞ;

Gq
binðy; μÞ ¼ Rq

binðyÞ Jqðy; μÞ; ð29Þ

where the binned Rq
binðsÞ and Rq

binðyÞ functions are given by

Rq
binðsÞ ¼

Z
bin

dQRqðQ; sÞ;

Rq
binðyÞ ¼

Z
bin

dQRqðQ; yÞ: ð30Þ

The factorization formula for the jet-charge-binned
1-Jettiness distribution is now given by

dσresum½Qbin;τ1;PJT ;yJ�

¼σ0Hðξ;μ;μHÞ
Z

dsJ

Z
dta

Z
ds0JS

�
τ1−

ta
Qa

−
sJ
QJ

;μ;μS

�

×

�X
qi

Lqi R
qi
binðsJ−s0JÞJqiðs0J;μ;μJÞBqiðx�;ta;μ;μBÞ

þ
X
q̄i

Lq̄i R
q̄i
binðsJ−s0JÞJq̄iðs0J;μ;μJÞBq̄iðx�;ta;μ;μBÞ

�
:

ð31Þ

IV. 1-JETTINESS JET CHARGE DISTRIBUTION
WITH POLARIZED PROTONS

The 1-Jettiness jet charge formalism can be straightfor-
wardly extended to DIS with longitudinally polarized
protons. The 1-Jettiness distribution of the longitudinally
polarized nucleon asymmetry serves as a probe of the
helicity PDFs. The Q-binned 1-Jettiness distribution then
allows enhanced flavor separation of the helicity PDFs.
The resummation formula for the 1-Jettiness distribution,

τ1, of the longitudinally polarized nucleon asymmetry is
schematically given by [106]

dΔσresum½τ1; PJT ; yJ� ∼ ΔH ⊗ ΔB ⊗ J ⊗ S; ð32Þ

where Δ denotes the polarization dependence in hard and
beam functions needed to obtain the longitudinal nucleon
polarization asymmetry. The polarized beam function
[6,89,106], ΔB, can be factorized as

ΔB ∼ ΔI ⊗ Δf; ð33Þ

where ΔI is perturbatively calculable and Δf denotes the
helicity PDF. The corresponding factorization and resum-
mation formula for the 1-Jettiness jet charge distribution, in
addition to the standard 1-Jettiness distribution, is given by
replacing the standard jet function, J, with the charged jet
function, G:

dΔσresum½Q; τ1; PJT ; yJ� ∼ ΔH ⊗ ΔB ⊗ G ⊗ S: ð34Þ

Note that the charged jet function G that appears here is
identical to the one that appears in the 1-Jettiness Jet
Charge formalism with unpolarized protons, corresponding
to its universality property. Similarly, studying the jet-
charge-binned 1-Jettiness distribution of the longitudinally
nucleon spin asymmetry facilitates disentangling the flavor
structure of the helicity PDFs. We leave detailed phenom-
enological studies of the flavor structure of the helicity
PDFs using the 1-Jettiness jet charge formalism for future
work. In this work, we focus on introducing the main ideas
and formalism of 1-Jettiness jet charge in DIS of unpolar-
ized protons only.

V. UNIVERSALITY OF THE CHARGED JET
FUNCTION

Equations (28) and (31) are key results, providing
factorization formulas for the 1-Jettiness jet charge dis-
tribution. They give the fully differential cross section
dσ½QJ; τ1; PJT ; yJ� and the jet-charge-binned cross section
dσ½Qbin

J ; τ1; PJT ; yJ�, respectively, in the resummation
region τ1 ≪ PJT . The predictive power of this factorization
framework is enhanced due to the universality of the
various functions appearing in the factorization formulas.
The hard function Hðξ; μÞ describes universal QCD
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corrections to the hard scattering quark current vertex due
to single photon or Z-boson exchange in standard fully
inclusive DIS. It is perturbatively calculable with results
known [96,97] to Oðα2sÞ. The universal quark beam
functions [89], Bqðx; t; μÞ, describe the physics of pertur-
bative initial-state radiation, collinear with the proton beam
direction, and the initial-state collinear PDF, as seen in
Eq. (19). The quark beam functions are also known
[101,102] to Oðα2sÞ. The jet function describes the physics
of the energetic radiation in the jet region, and collinear
with the leading jet direction, and is known [96,97,100] to
Oðα2sÞ. Note that for the jet functions initiated by light
quarks, the light quark flavor symmetry of QCD in the limit
of massless quarks, leads to the additional universality,
Jqiðs; μÞ ¼ Jqðs; μÞ, so that the jet functions are indepen-
dent of quark flavor. The soft function Sðτ1; μÞ describes
the soft radiation, E ∼ τ1, throughout the event. In the
resummation region, τ1 ≪ PJT , the soft function is pertur-
batively calculable when τ1 ≫ ΛQCD. When τ1 ∼ ΛQCD the
soft function becomes nonperturbative and requires the
introduction of a nonperturbative model. In the tail region,
τ1 ∼ PJT ≫ ΛQCD, it can be expanded [107–111] through
an operator product expansion (OPE) in powers of
ΛQCD=τ1. The first term in the OPE is perturbatively
calculable and the dominant nonperturbative effects come
from the first correction term in the OPE. However, the soft
function, and its associated nonperturbative effects, are
universal since it is the same soft function that appears in
Eq. (17) for the standard 1-Jettiness distribution where no
jet charge measurement is made.
The new ingredients in the 1-Jettiness jet charge fac-

torization formula are the RqðQ; sÞ functions appearing in
Eq. (28). In general, they are nonperturbative objects since
the jet charge measurement is not collinear safe and
sensitive to the hadronization process. However, these
nonperturbative functions are universal and renormaliza-
tion scale independent. They can be extracted from other
observables that also make jet charge measurements on the
jet regions of global event shapes. N-Jettiness [6] is an ideal
global event shape for such purposes. It characterizes how
closely the pattern of final-state radiation resembles a N-jet-
like event. Small values of N-Jettiness, τN , correspond to
events that closely resemble an exclusive N-Jet event. Large
values of τN correspond to events with additional jets or
energetic radiation in different directions. The resummation
region corresponds to small values of N-Jettiness, τN ≪ Q,
where Q denotes the hard scale in the problem. For eþe−
colliders, in the resummation region, the N-Jettiness differ-
ential distribution has the schematic form,

dσresum
dτN

∼H ⊗ J ⊗ � � � ⊗ J ⊗ S; ð35Þ

where H describes the hard scattering process, J denotes
the standard jet function, and there are N such factors each

corresponding to one of the N jet directions, and S denotes
the soft function that describes soft radiation throughout the
event. Note that the case of N ¼ 2 can be related to the
thrust global event in eþe− colliders in the limit τ2 ≪ Q.
In order to access the universal GqðQ; s; μÞjet charge

function, and the corresponding RqðQ; sÞ functions needed
for the 1-Jettiness jet charge distribution, one can general-
ize the N-Jettiness observables at eþe− and hadron col-
liders to include a jet charge measurement on one or more
of the jet regions. For example, if a jet charge measurement
is made on the jet region with the highest energy EJ or
transverse momentumPJT , the formula in Eq. (35) becomes

dσresum
dτNdQ

∼H ⊗ G ⊗ � � � ⊗ J ⊗ S: ð36Þ

The factor of the jet charge jet function, G, replaces the
standard jet function, J, in the jet region where the jet
charge measurement is made. These formulas at eþe−
colliders can be compared to Eq. (6) for the 1-Jettiness jet
charge distribution, and the same universal jet charge jet
function, G, appears in all these observables.
One can also consider the N-Jettiness distributions in a

give jet charge bin, where we integrate over the jet charge of
measured jet region. The corresponding jet-charge-binned
N-Jettiness distributions for eþe− colliders take the form

dσQ−bin
resum

dτN
∼H ⊗ Gbin ⊗ � � � ⊗ J ⊗ S: ð37Þ

Here Gbin denotes the jet charge jet function integrated over
a jet charge bin and is the same as the one that appears in
Eq. (7) for the jet-charge-binned 1-Jettiness distribution in
electron-proton collisions.
Furthermore, one can also consider different definitions

of the N-Jettiness event shapes, associated with the choice
of parameters in their definitions. For example, the dimen-
sionless τ1a event shape [9,11–13] differs from the defi-
nition of τ1 in Eq. (10) in the choice of the QJ;B values.
Similarly, one can work with dimension one τN or
dimensionless T N . For all of these different definitions,
corresponding to different partitioning of final-state radi-
ation into beam and jet regions, the same universal jet
functions or charged jet functions appear in the factoriza-
tion formulas.
Thus, the jet charge jet functions Gq and Gq

bin, and
correspondingly the functions RqðQ; sÞ and Rq

binðsÞ are
universal and can be extracted from a comprehensive and
systematic global analysis of the wide range of N-Jettiness
global event shape observables at eþe− colliders.

VI. NONPERTURBATIVEMODEL FOR CHARGED
JET FUNCTION

In order to calculate the 1-Jettiness jet charge distribu-
tion, we need to quantify the nonperturbative component of
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the charged jet function GqðQ; y; μÞ, or equivalently, its
Fourier transform, GqðQ; s; μÞ. From Eqs. (24) and (25),
this corresponds to specifying the nonperturbative func-
tions, RqðQ; yÞ, and their Fourier transform functions,
RqðQ; sÞ. In the next three subsections, we present the
general parametrization of a phenomenological model for
RqðQ; yÞ and RqðQ; sÞ and consider the simplest case of
these function being independent of y or s, as well as a
phenomenological parametrization of additional y or s
dependence beyond the simplest model.

A. General model parametrization

The form of the nonperturbative functions, RqðQ; yÞ and
RqðQ; sÞ, is constrained by the normalization conditions in
Eq. (27). Given any arbitrary function KqðQ; yÞ, the
normalization condition on RqðQ; yÞ can be satisfied by
constructing it from KqðQ; yÞ as follows:

RqðQ; yÞ ¼ KqðQ; yÞR
dQKqðQ; yÞ ; ð38Þ

as long as
R
dQKqðQ; yÞ ≠ 0. The corresponding RqðQ; sÞ

function is obtained via the Fourier transform of Eq. (38)
with respect to the y variable, as seen in Eq. (26)

RqðQ; sÞ ¼
Z

dy
2π

eiys
�

KqðQ; yÞR
dQKqðQ; yÞ

�
; ð39Þ

from which it follows that RqðQ; sÞ satisfies the required
normalization condition in Eq. (27).

B. Simple model parametrization

In this section, we consider the simplest case where the
charged jet functions GqðQ; y; μÞ or GqðQ; s; μÞ have the
same y or s dependence as the standard jet functions,
Jqðy; μÞ or Jqðs; μÞ, respectively. This corresponds to the
RqðQ; yÞ being independent of y, as seen from Eq. (23).
Equivalently, RqðQ; sÞ will be proportional to δðsÞ, which
follows from Eq. (26). In this special case, the RqðQ; yÞ and
RqðQ; sÞ functions can be written as

RqðQ; yÞ ¼ rqðQÞ; RqðQ; sÞ ¼ rqðQÞδðsÞ; ð40Þ

where the function rqðQÞ satisfies the normalization
condition,

Z
dQ rqðQÞ ¼ 1: ð41Þ

From Eqs. (24) and (25), the charged jet functions then
reduce to the separable form

GqðQ; y; μÞ ¼ rqðQÞ Jqðy; μÞ;
GqðQ; s; μÞ ¼ rqðQÞ Jqðs; μÞ; ð42Þ

where the charged jet function, G, and the ordinary jet
function, J, having the same dependence in the y or s
variables.
Using this model in Eqs. (40) and (42), the factorization

formula in Eq. (28) can be written as

dσresum½Q;τ1;PJT ;yJ�

¼ σ0Hðξ;μ;μHÞ
Z

dsJ

Z
dtaS

�
τ1−

ta
Qa

−
sJ
QJ

;μ;μS

�

×

�X
qi

Lqi r
qiðQÞJqiðsJ;μ;μJÞBqiðx�; ta;μ;μBÞ

þ
X
q̄i

Lq̄i r
q̄iðQÞJq̄iðsJ;μ;μJÞBq̄iðx�; ta;μ;μBÞ

�
; ð43Þ

where the jet charge information is now contained entirely
in the rqðQÞ functions. The jet-charge-binned cross section
in Eq. (31) then takes the following form:

dσresum½Qbin
J ;τ1;PJT ;yJ�

¼ σ0Hðξ;μ;μHÞ
Z

dsJ

Z
dtaS

�
τ1−

ta
Qa

−
sJ
QJ

;μ;μS

�

×

�X
qi

Lqi r
qi
binJ

qiðsJ;μ;μJÞBqiðx�; ta;μ;μBÞ

þ
X
q̄i

Lq̄i r
q̄i
binJ

q̄iðsJ;μ;μJÞBq̄iðx�; ta;μ;μBÞ
�
; ð44Þ

where the rqbin constants are given by the integration of the
rqðQÞ function over the jet charge bin

rqbin ¼
Z
bin

dQ rqðQÞ; ð45Þ

and satisfy the constraint

X
bins

rqbin ¼ 1; ð46Þ

for each quark and antiquark flavor, q, as required by
Eq. (41). Thus, the rqbin values can be interpreted as the
fraction of jets initiated by a parton of flavor q in the given
jet charge bin. Based on the PYTHIA8.312 simulations of five
million events of the unpolarized DIS process, e− þ p →
e− þ J þ X, for the typical EIC kinematics of

ffiffiffi
s

p ¼
90.0GeV, PJT ¼½20.0;30.0�GeV, and yJ¼½−2.5;2.5�, we
show in Tables I and II the rqbin bin fractions for the standard
and dynamic jet charge definitions, respectively. The rqþ;−;0
bin fractions correspond to the fraction of jets in the
positive ðQ > 0.25Þ, negative ðQ < −0.25Þ, and central
ð−0.25 < Q < 0.25Þjet charge bins, respectively.
We can write the jet-charge-binned 1-Jettiness jet charge

cross section in the resummation region as
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dσresum½Qbin; τ1; PJT ; yJ� ¼
X
q

rqbin dσ
q
resum½τ1; PJT ; yJ�;

ð47Þ

where the sum over q runs over all the quark and antiquark
flavors. The cross section dσqresum½τ1; PJT ; yJ� corresponds
to the contribution from the q-parton flavor to the standard
1-Jettiness distribution:

dσqresum½τ1;PJT ;yJ�

¼σ0LqHðξ;μ;μHÞ
Z

dsJ

Z
dtaJqðsJ;μ;μJÞBqðx�;ta;μ;μBÞ

× S
�
τ1−

ta
Qa

−
sJ
QJ

;μ;μS

�
; ð48Þ

while rqbin determines the weight given to this contribution
based on the fraction of jets initiated by the corresponding
parton flavor in the given jet charge bin.
We note that the form of Eq. (47) is similar to that in

Ref. [79] which studied e− þ p → e− þ J þ X, in the limit
of small electron-jet transverse momentum imbalance,
qT ¼ jp⃗ e

T þ P⃗JT j ≪ p⃗ e
T ∼ PJT , in different jet charge bins

to probe the flavor structure of TMDPDFs. There the jet
was defined with a jet algorithm and fixed jet radius. In our
case, where the jet charge binning is applied to a jet region
of a global event shape, the form in Eq. (47) only applies in
the special limit of Eq. (42) where the charged jet function
has the same y or s dependence as the standard jet function.
The more general parametrization allows for a more non-
trivial dependence of the charged jet function, Gðs; μÞ and
Gðy; μÞ on the variables s or y that goes beyond the
dependence in the standard jet function Jðs; μÞ and

Jðy; μÞ, respectively. In general, this leads to the nontrivial
convolution structure in Eqs. (28) or (31).

C. A useful model parametrization

The form of the jet-charge-binned 1-Jettiness cross
section in Eq. (47) is the direct result of the special case
of the nonperturbative model, as shown in Eq. (40). In
particular, the rqbin parameters are constants, independent of
s. We test how well this model works using PYTHIA

simulations. Note that the variable s is the mass squared of
all the energetic collinear particles in the jet region, arising
from the charged jet function, Gðs; μÞ. However, the true
measurable jet mass squared of the jet region also includes
the contribution of soft particles in the jet region. The jet
mass squared can bewritten asM2

J ¼ ðpc þ psÞ2 where pμ
c

and pμ
s denote the total sum of the momenta of the

collinear and soft particles, respectively. We can write
M2

J ¼ sþ 2pc · ps þ p2
s , where s ¼ p2

c. We note that
while the soft particles in the jet region make a significant
contribution to jet mass, MJ, via the 2pc · ps ∼ s term,
their contribution to the jet charge is suppressed since the
contribution of each particle is weighed by its energy as
seen in Eq. (1). Thus, the fraction, rqbin, of jets initiated by
parton flavor, q, in a given jet charge bin is primarily
determined by the energetic collinear particles, with the
contributions from soft particles being power suppressed.
Thus, the behavior of rqbin as a function ofM

2
J ¼ ðpc þ psÞ2

will be similar to that as a function of s ¼ p2
c such that we

can write

rqbinðM2
JÞ ≃ rqbinðsÞ: ð49Þ

In Figs. 3 and 4, we show the jet mass dependence of the jet
charge bin fractions based on PYTHIA8.312 simulations for
ruþ;−;0ðM2

JÞ ≃ ruþ;−;0ðsÞ and rdþ;−;0ðM2
JÞ ≃ rdþ;−;0ðsÞ for the

Standard and Dynamic jet charge definitions, respectively.
We again choose typical EIC kinematics with

ffiffiffi
s

p ¼
90.0 GeV, PJT ¼ ½20.0; 30.0� GeV, and yJ ¼ ½−2.5; 2.5�.
The results in Figs. 3 and 4 suggest that the rqbin do have a

nontrivial dependence onM2
J, and correspondingly suggest

a nontrivial dependence on s. This dependence is stronger
for the Dynamic Jet Charge compared to the Standard Jet
Charge. These results shows that the simplified charged jet
function model in Eq. (42) which predicts constant rqbin
values that are independent of s, is only an approximation
and the more general model parametrization in Eqs. (38)
and (39) is appropriate, where KðQ; yÞ has a nontrivial
y-dependence.
However, as seen in Figs. 3 and 4, while the rqbin values

are not constant, the dependence onM2
J, or equivalently on

s, is still mild. This suggests a model parametrization for
RqðQ; yÞ as a sum of a constant term and a y-dependent
correction term as

TABLE I. Standard Jet Charge binned fractions for different
quark flavors. The relevant EIC kinematics chosen areffiffiffi
s

p ¼ 90.0 GeV, PJT ¼ ½20.0; 30.0� GeV, and yJ ¼ ½−2.5; 2.5�.

u ū d d̄ s s̄

riþ 0.62 0.18 0.13 0.50 0.19 0.52
ri− 0.08 0.50 0.48 0.13 0.43 0.13
ri0 0.30 0.32 0.39 0.37 0.38 0.35

TABLE II. Dynamic Jet Charge binned fractions for different
quark flavors. The relevant EIC kinematics chosen areffiffiffi
s

p ¼ 90.0 GeV, PJT ¼ ½20.0; 30.0� GeV, and yJ ¼ ½−2.5; 2.5�.

u ū d d̄ s s̄

riþ 0.39 0.15 0.15 0.29 0.15 0.35
ri− 0.11 0.36 0.29 0.15 0.33 0.14
ri0 0.49 0.49 0.55 0.55 0.52 0.51
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RqðQ; yÞ ¼ rqðQÞ þ fqðQ; yÞ: ð50Þ

The y-dependent function fqðQ; yÞ characterizes the
deviation of RqðQ; yÞ from the being a constant, indepen-
dent of y as characterized by the rqðQÞ term. Equivalently,
as seen from Eq. (24), fqðQ; yÞ describes the additional
y-dependence in the charged jet function, GqðQ; y; μÞ,
compared to that of the standard jet function, Jqðy; μÞ.
In order to satisfy the normalization condition on RqðQ; yÞ
in Eq. (27), and given the normalization condition already
satisfied by rqðQÞ in Eq. (41), the function fqðQ; yÞ must
satisfy

Z
dQ fqðQ; yÞ ¼ 0: ð51Þ

Since this condition on fqðQ; yÞ must be satisfied for all
values of y, it must either be a function that is separable in
the variables y and Q, or more generally, be built out of a
sum of separable functions as

fqðQ; yÞ ¼
X
n

gqnðyÞ χqnðQÞ: ð52Þ

The functions χqnðQÞ can be chosen to form a complete set
of basis functions, satisfy the conditions

FIG. 3. The fraction of jets initiated by the u-quark (top panel)
and d-quark (bottom panel) in the positive ðQJ > 0.25Þ, negative
ðQJ < −0.25Þ, and central ð−0.25 < QJ < 0.25Þ Standard Jet
Charge bins as a function of the squared jet mass,M2

J . The dashed
lines indicate the corresponding average values from the fraction
of jets over all squared jet mass bins. The relevant EIC kinematics
chosen for generating the PYTHIA8.312 simulation data areffiffiffi
s

p ¼ 90.0 GeV, PJT ¼ ½20.0; 30.0� GeV, and yJ ¼ ½−2.5; 2.5�.

FIG. 4. The fraction of jets initiated by the u-quark (top panel)
and d-quark (bottom panel) in the positive ðQJ > 0.25Þ, negative
ðQJ < −0.25Þ, and central ð−0.25 < QJ < 0.25Þ Dynamic Jet
Charge bins as a function of the squared jet mass,M2

J . The dashed
lines indicate the corresponding average values from the fraction
of jets over all squared jet mass bins. The relevant EIC kinematics
chosen for generating the PYTHIA8.312 simulation data areffiffiffi
s

p ¼ 90.0 GeV, PJT ¼ ½20.0; 30.0� GeV, and yJ ¼ ½−2.5; 2.5�.
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Z
dQ χqnðQÞ ¼ 0;

Z
dQ χqnðQÞ χqmðQÞ ¼ δm;n: ð53Þ

The first condition ensures the required constraint in
Eq. (51). The second orthonormality condition allows
the coefficient functions, gqðyÞ, for a given fqðQ; yÞ, to
be determined as

gqnðyÞ ¼
Z

dQ fqðQ; yÞ χqnðQÞ: ð54Þ

In momentum space, the RqðQ; sÞ function is para-
metrized as

RqðQ; sÞ ¼ rqðQÞ δðsÞ þ fqðQ; sÞ; ð55Þ

where fqðQ; sÞ are the Fourier transforms of fqðQ; yÞ

fqðQ; sÞ ¼
Z

dy
2π

eiys fqðQ; yÞ; ð56Þ

and fqðQ; sÞ satisfy the condition

Z
dQ fqðQ; sÞ ¼ 0; ð57Þ

which follows from Eq. (51), and is required by the
underlying normalization condition in Eq. (27). The
momentum space function fqðQ; sÞ can also be expressed
as a sum over separable functions in terms of a complete set
of basis functions as

fqðQ; sÞ ¼
X
n

gqnðsÞ χqnðQÞ; ð58Þ

where the coefficient functions gqnðsÞ are related to the
gqnðyÞ functions via the Fourier transform as

gqnðsÞ ¼
Z

dy
2π

eiysgqnðyÞ: ð59Þ

Having identified some of the key structural features of the
nonperturbative functions, RðQ; yÞ and RðQ; sÞ, we leave a
more detailed model building analysis for future work.

VII. NUMERICAL RESULTS

In this section, we demonstrate the sensitivity of the
1-Jettiness jet charge,Q, to probe quark flavor dynamics in
nucleon structure and explore ways of probing the hadro-
nization process. All the numerical results presented
here are based on the PYTHIA8.312 simulations of five
million events of the unpolarized DIS process, e− þ p →
e− þ J þ X, for the typical EIC kinematics of

ffiffiffi
s

p ¼ 90.0 GeV, PJT ¼ ½20.0; 30.0� GeV, and yJ ¼
½−2.5; 2.5�. In this analysis, we only present results for
unpolarized DIS which probe the unpolarized PDFs of the
initial-state nucleon. These results can be straightforwardly
generalized to studies with longitudinally polarized initial-
state nucleons to probe the polarized PDFs, using the
formalism described in Sec. IV.
We consider the standard jet charge definition with

constant κ ¼ 0.3 in Eq. (1). We will also present results
based on the dynamic jet charge [86] definition, corre-
sponding to κ ¼ κðzh; ξcut; k<; k>Þ where

κðzhÞ ¼
�
k<; zh < ξcut

k>; zh ≥ ξcut
ð60Þ

and ξcut; k<, and k> are three constant parameters. We
choose the default values of ξcut ¼ 0.3; k< ¼ 1.0; k> ¼ 0.3.
The standard and dynamic jet charge definitions have
different jet discrimination capabilities and sensitivity to
power corrections from soft radiation effects, thereby
serving as complementary probes of quark flavor dynamics
in nuclear structure and hadronization.

A. Probing nucleon flavor structure

In Fig. 5, we show the normalized 1-Jettiness distribution
(upper black curve). We also show the contributions to
the 1-Jettiness distribution from scattering off quarks of
different flavors in the initial-state nucleon. We see that the
1-Jettiness distribution is overwhelmingly dominated by
the u-quark flavor due to the dominance of its unpolarized
PDF in the proton in the valence region. As a result, this
distribution is not very sensitive to the dynamics of the
d-quarks and the sea quarks and antiquarks.

FIG. 5. The normalized 1-Jettiness τ1-distribution (black) using
PYTHIA data along with the relative contributions of different
quark flavors. The relevant EIC kinematics chosen are:ffiffiffi
s

p ¼ 90.0 GeV, PJT ¼ ½20.0; 30.0� GeV, and yJ ¼ ½−2.5; 2.5�.
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One can gain enhanced sensitivity to the u-antiquark
and the d- and s-quark unpolarized PDFs by binning
the 1-Jettiness distribution according the value of the
1-Jettiness Standard jet charge, Q. In Fig. 6, we show
the 1-Jettiness distribution binned according to Q. We see
the relative contribution to the total 1-Jettiness distribution
from each jet charge bin. The dominant contribution comes
from the positive ðQ > 0.25Þjet charge bin, corresponding
to the fact that the 1-Jettiness distribution is dominated by
the contribution from the u-quark which initiates jets with a
standard jet charge distribution peaked in the positive jet
charge bin. Note that u-quark initiated jets still have a
nonzero probability of having a standard jet charge value in
the negative ðQ < −0.25Þ or central ð−0.25 < Q < 0.25Þ
jet charge bins, as indicated by the fact that the contribution
of the positive jet charge bin is not as dominant compared
to the contribution from the u-quark in Fig. 5.
In Fig. 7, we show the relative contributions to the

1-Jettiness distribution from different quark flavors in each
standard jet charge bin. We see that in the positive (top
panel) and central (middle panel) jet charge bin, the
1-Jettiness distribution is overwhelmingly dominated by
the u-quark contribution. However, we see that in the
negative (bottom panel) jet charge bin, the contribution
from the d-quark is comparable to that from the u-quark,
indicating that one has enhanced sensitivity to the d-quark
PDF when the 1-Jettiness distribution is restricted to the
negative jet charge bin. In Fig. 8, we show the correspond-
ing results using the dynamic jet charge definition. Once
again, we see enhanced sensitivity to the d-quark PDF in
the negative dynamic jet charge bin. Similarly, studying the
1-Jettiness distribution for DIS on longitudinally polarized
protons, according to jet charge bins can help disentangle

the flavor structure of the helicity PDFs. In this manner, the
1-Jettiness jet charge measurement can be used as a new
probe of the quark flavor structure in the nucleon.

B. Probing flavor dynamics in hadronization

One can also consider the 1-Jettiness jet charge distri-
bution binned according to the 1-Jettiness value character-
izing the shape of the energy flow in each event. This
allows us to study the jet charge, Q, as a function of the
shape of the overall energy flow as characterized by τ1.
Such studies can provide constraints on hadronization
models, allowing us to probe correlations between flavor
dynamics and energy flow. We use the same PYTHIA8.312

simulation data for the EIC kinematics of
ffiffiffi
s

p ¼ 90.0 GeV,
PJT ¼ ½20.0; 30.0� GeV, and yJ ¼ ½−2.5; 2.5� to explore
observables that can probe hadronization models.
In Fig. 9, we show the total Q-distribution (black) and

the Q-distribution binned (colored) in different τ1-bins for
the standard (top panel) and dynamic (bottom panel) jet
charge definitions. The total unbinned Q-distribution
(black) is normalized to unity. The τ1-binned Q-distribu-
tions in turn are normalized to the unbinned distribution so
that we can see the relative fraction of events in the different
τ1-bins, characterizing the pattern of energy flow, as a
function of the jet region charge.
Another potentially interesting observable is the average

jet charge as a function of 1-Jettiness. Theoretically, it can
be defined via the probability distribution in the 1-Jettiness
jet charge, Q:

PðQ; τbin1 ; Pbin
JT
; ybinJ Þ ¼ dσ½Q; τbin1 ; Pbin

JT
; ybinJ �

dσ½τbin1 ; Pbin
JT
; ybinJ � ; ð61Þ

where the bin superscript indicates an integration over the
corresponding bin. Note that dσ½Q; τ1; PJT ; yJ� and
dσ½τ1; PJT ; yJ� are defined in Eqs. (5) and (2), respectively.
This probability distribution satisfies the required normali-
zation condition

Z
dQPðQ; τbin1 ; Pbin

JT
; ybinJ Þ ¼ 1: ð62Þ

This probability distribution can be used to define moments
of the jet charge. The nth moment is defined as

hQni ¼
Z

dQQn PðQ; τbin1 ; Pbin
JT
; ybinJ Þ; ð63Þ

with the first moment corresponding to the average jet
charge

Qavgðτbin1 ; Pbin
JT
; ybinJ Þ ¼ hQi: ð64Þ

Similarly, the standard deviation of the jet charge is in any
bin is given by

FIG. 6. The normalized 1-Jettiness τ1-distribution (black) using
PYTHIA data along with the relative contributions from the nega-
tive (blue), central (gray), and positive (red) standard jet charge
bins corresponding to Q < −0.25, −0.25 < Q < 0.25, and
Q > 0.25, respectively. The relevant EIC kinematics chosen are:ffiffiffi
s

p ¼ 90.0 GeV, PJT ¼ ½20.0; 30.0� GeV, and yJ ¼ ½−2.5; 2.5�.
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FIG. 7. The normalized 1-Jettiness τ1-distribution (black) using
PYTHIA data in the positive (Q > 0.25, top panel), central
(−0.25 < Q < 0.25, middle panel), and negative (Q < −0.25,
bottom panel) Standard Jet Charge bins, along with the relative
contributions of different quark flavors. The relevant EIC kin-
ematics chosen are:

ffiffiffi
s

p ¼90.0GeV, PJT ¼ ½20.0; 30.0� GeV,
and yJ ¼ ½−2.5; 2.5�.

FIG. 8. The normalized 1-Jettiness τ1-distribution (black) using
PYTHIA data in the positive (Q > 0.25, top panel), the central
(−0.25 < Q < 0.25, middle panel) and negative (Q < −0.25,
bottom panel) Dynamic Jet Charge bins, along with the relative
contributions of different quark flavors. The relevant EIC
kinematics chosen are:

ffiffiffi
s

p ¼90.0GeV, PJT ¼ ½20.0;30.0�GeV,
and yJ ¼ ½−2.5; 2.5�.
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Qstd devðτbin1 ; Pbin
JT
; ybinJ Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hQ2i − hQi2

q
: ð65Þ

Using PYTHIA8.312 simulation data, in Fig. 10 we show the
jet region charge average (top panel) and standard deviation
(bottom panel) as a function of τ1 for the standard (blue)
and dynamic (red) jet charge definitions. We see that the
standard and dynamic jet charge definitions give rise to
different behavior of the jet charge moments as a function
of τ1. Such correlations between the pattern of energy flow,
characterized by the τ1 global event shape, and the jet
region charge, Q, could probe hadronization models. In
particular, the distribution of various moments of the
1-Jettiness jet charge with different jet charge definitions,
and over a wide range of ðτ1; PJT ; yJÞ bins could provide
nontrivial constraints on hadronization models. We leave a

more detailed study exploring these distributions for
future work.

VIII. CONCLUSIONS

We have proposed bringing together the flavor discrimi-
nation power of the jet charge observable with global event
shapes that characterize the shape and pattern of energy
flow throughout the event. This framework provides a new
way to probe the quark flavor structure of the nucleon and
the quark flavor dynamics in the hadronization process. It
allows for a measurement of the jet region charge while
simultaneously keeping track of the energy flow through-
out the event, as characterized by the global event shape.
We focused on the measurement of the 1-Jettiness jet

charge (Q), the jet charge of the jet region (J) defined
within the framework of the 1-Jettiness global event shape
(τ1) for the Deep Inelastic Scattering (DIS) process,
e− þ p → e− þ J þ X, with unpolarized or longitudinally

FIG. 9. 1-Jettiness jet charge distributions according to
1-Jettiness bins for the Standard Jet Charge (top panel) and
the Dynamic Jet Charge (bottom panel). The binned curves are
normalized to the total unbinned jet charge distribution curve
which in turn is normalized to unity over the displayed range.
The relevant EIC kinematics chosen are

ffiffiffi
s

p ¼ 90.0 GeV,
PJT ¼ ½20.0; 30.0� GeV, and yJ ¼ ½−2.5; 2.5�.

FIG. 10. The average (top panel) and standard deviation
(bottom panel) values of jet charge distributions binned according
to the value of 1-Jettiness, τ1. The relevant EIC kinematics chosen
are

ffiffiffi
s

p ¼90.0GeV, PJT ¼½20.0;30.0�GeV, and yJ ¼ ½−2.5;2.5�.
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polarized protons. The 1-Jettiness distribution, τ1, binned
according to jet charge, Q, allows for enhanced quark
flavor separation of the initial-state unpolarized or polar-
ized PDFs. Alternatively, the jet charge distribution binned
by 1-Jettiness serves as a probe of quark flavor dynamics in
the final-state hadronization process. We derived a factori-
zation theorem that simultaneously measures τ1 and Q in
the resummation region, τ1 ≪ PJT , where the correlation
between the jet charge and the charge of the struck quark is
the strongest (PJT denotes the transverse momentum of the
jet region). We also discussed the formulation of power
corrections to this factorization framework. We considered
both the standard and dynamic jet charge definitions in our
analysis, serving as complementary probes with different
jet discrimination capabilities and sensitivity to power
corrections from soft radiation.
The factorization theorem gives rise to new universal

and field theoretically well-defined charged jet functions
that describe the evolution of the struck quark into a final
state of given jet mass and charge values. The charged jet
functions are nonperturbative but have the same renorm-
alization group evolution as the ordinary jet function. We
developed a general model parametrerization for the
nonperturbative component of these charged jet func-
tions and studied its general structure and properties. We
described how these universal functions can be extracted
from a wide range of N-Jettiness global event shape
observables at eþe− colliders, including the thrust global
event shape. We provided numerical results through
simulations studies using PYTHIA8.312 to demonstrate
the sensitivity of this observable to probe flavor dynam-
ics in nucleon structure and explore the possibility of
probing quark flavor dynamics in the final-state hadro-
nization process.
The 1-Jettiness jet charge framework can be applied to

longitudinal nucleon spin asymmetries to probe the flavor
structure of helicity PDFs. It can also be applied to
charged current DIS, providing additional handles on
constraining quark flavor dynamics in the nucleon and
the hadronization process. This observable is ideally
suited for the proposed EIC and can be applied to existing
HERA data. We leave such further theoretical and phe-
nomenological studies of the 1-Jettiness jet charge observ-
able for future work.
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APPENDIX A: CHARGED JET FUNCTION

The field-theoretic definition of the standard jet function
[96,97,100,103,112], Jqiðs; μÞ, is given by

δab
�
=n
2

�
βα

Jqiðs;μÞ¼ 1

π

X
X

ð2πÞ4δðω− n̄ ·PXÞδ2ðP⊥
X Þ

× h0jχqi;an;β jXihXjχ̄qi;bn;α j0iδðs−ωn ·PXÞ;
ðA1Þ

where χqi;an ¼ ðW†
nξ

qi
n Þa is the collinear jet field after

decoupling from the soft fields. The index a corresponds
to the color index in the fundamental representation. We are
using the standard SCET [90–95] notation. For brevity in
notation, we have set nμJ ¼ nμ in the above equations,
dropping the J subscript. Thus, the collinear jet field χqin
and the perpendicular direction of P⊥

X , should be under-
stood to be defined with respect to the jet direction.
The charged jet function, GqiðQ; s; μÞ, is defined with an

additional insertion of a jet charge measurement function
δðQ −QXÞ in the above expression

δab
�
=n
2

�
βα

GqiðQ;s;μÞ

¼ 1

π

X
X

ð2πÞ4δðω− n̄ ·PXÞδ2ðP⊥
X Þ

×h0jχqi;an;β jXihXjχ̄qi;bn;α j0iδðs−ωn ·PXÞδðQ−QXÞ; ðA2Þ

where QX denotes the total jet charge of the state jXi

Q̂jXi ¼ QXjXi; hXjQ̂† ¼ hXjQX; ðA3Þ

and the jet charge operator is Hermitian, Q̂† ¼ Q̂, with real
eigenvalues.

APPENDIX B: POWER CORRECTIONS
TO 1-JETTINESS JET CHARGE

The factorization formula in Eq. (20), in the resumma-
tion region τ1 ≪ PJT , will receive power corrections
from the contribution of soft particles to the jet charge.
Since the jet charge definition includes a weight of the
energy fractions of the particles in the jet region, as seen in
Eq. (1), the contribution of soft particles (zh ∼ τ1=PJT ) to

YANG-TING CHIEN and SONNY MANTRY PHYS. REV. D 113, 114004 (2026)

114004-16



the jet charge is formally suppressed compared to that of
the collinear particles (zh ∼ 1) by ðτ1=PJT Þκ. Thus, for given
choices of the τ1 region and the parameter, κ, the effects of
the power corrections can be suppressed by choosing a
large enough value of PJT . We also note that the effects of
power corrections are expected to be further suppressed in
the dynamic jet charge definition where κ ¼ κðzhÞ is a
dynamic function of zh that allows one further suppress the
contributions of soft particles, compared to the standard jet
charge definition. In fact, it has been shown [86] that the
dynamic jet charge is very insensitive to soft radiation by
noting that the jet discrimination power of the dynamic
jet charge is essentially the same in pp-collisions and
PbPb-collisions even though the latter have significantly
more soft contamination from MPI. By contrast, some
degradation in the discrimination power was observed
for the standard jet charge in PbPb-collisions compared
to pp-collisions.
In this appendix, we articulate the general form of the

power correction due to the contribution to the jet region
charge from soft particles, in the resummation region,
τ1 ≪ PJT . The 1-Jettiness jet charge, Q, measurement is
incorporated by the insertion the delta function δðQ −
QJ

c −QJ
sÞ in the 1-Jettiness factorization framework that

requires that the sum of the jet charge contributions from
the collinear and soft particles add up to the measured jet
region charge, Q. Here QJ

c and QJ
s denote the contribution

from the collinear and soft particles in the jet region.
Correspondingly, the delta functions δðQJ

c − Q̂J
cÞ and

δðQJ
s − Q̂J

sÞ are inserted in the field-theoretic matrix
element definitions of the jet function and soft function
to obtain the charged jet function, GqðQJ

c; s; μÞ, and charged
soft function Sðτ1;QJ

s ; μÞ, respectively. Here Q̂J
c and Q̂J

s
are the jet region charge operators that act on the collinear
and soft particles in the jet region to obtain the charges QJ

c

and QJ
s , respectively. For the charged jet function, this is

seen in Eq. (A2).
The standard soft function is given in terms of the

generalized hemisphere soft function [7–9] as

Sðτ1; μÞ ¼
Z

dka

Z
dkJ δðτ1 − ka − kJÞ

× Sðka; kJ; μÞ; ðB1Þ

where hemisphere soft function is given by

Sðka; kJ; μÞ ¼
1

Nc

X
Xs

Tr h0jT̄½Y†
nAYnJ �ð0Þ

× δ

�
ka −

qA · KðaÞ
Xs

Qa

�
δ

�
kJ −

qJ · K
ðJÞ
Xs

QJ

�
jXsi

× hXsjT½Y†
nJYnA �ð0Þj0i: ðB2Þ

Here we have defined the total soft momentum in the jet
and beam regions as

KðJÞ
Xs

¼
X
k∈Xs

pk θ

�
2qA · pk

Qa
−
2qJ · pk

QJ

�
;

KðaÞ
Xs

¼
X
k∈Xs

pk θ

�
2qJ · pk

QJ
−
2qA · pk

Qa

�
; ðB3Þ

respectively. The YnJ and YnA denote soft Wilson lines that
sum up soft eikonal emissions along the jet and beam
directions, respectively. Correspondingly, the charged soft
function can be obtained via

Sðτ1;QJ
s ; μÞ ¼

Z
dka

Z
dkJ δðτ1 − ka − kJÞ

× Sðka; kJ;QJ
s ; μÞ; ðB4Þ

where Sðka; kJ;QJ
s ; μÞ denotes the charged hemisphere

function which involves the jet charge measurement
operator δðQJ

s − Q̂J
sÞ acting on the soft particles in the

jet region as

Sðka;kJ;μÞ¼
1

Nc

X
Xs

Tr h0jT̄½Y†
nAYnJ �ð0Þ

×δ

�
ka−

qA ·K
ðaÞ
Xs

Qa

�
δ

�
kJ−

qJ ·K
ðJÞ
Xs

QJ

�
jXsi

× hXsjδðQJ
s − Q̂J

sÞT½Y†
nJYnA �ð0Þj0i: ðB5Þ

We then also integrate over all possible values of QJ
c and

QJ
s , subject to the constraint δðQ −QJ

c −QJ
sÞ. This results

in the general factorization formula,

dσresum½Q;τ1;PJT ;yJ� ¼ σ0Hðx�
ffiffiffi
s

p
PJTe

−yJ ;μ;μHÞ
Z

dQJ
c

Z
dQJ

s δðQ−QJ
c−QJ

sÞ

×
Z

dsJ

Z
dtaS

�
τ1−

ta
Qa

−
sJ
QJ

;QJ
s ;μ;μS

�

×

�X
qi

Lqi G
qiðQJ

c;sJ;μ;μJÞBqiðx�; ta;μ;μBÞþ
X
q̄i

Lq̄i G
q̄iðQJ

c;sJ;μ;μJÞBq̄iðx�; ta;μ;μBÞ
�
: ðB6Þ
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Next, in the above factorization formula, we can expand
δðQ −QJ

c −QJ
sÞ in the limit QJ

s ≪ QJ
c as

δðQ−QJ
c−QJ

sÞ¼δðQ−QJ
cÞþδ0ðQ−QJ

cÞQJ
sþ��� ; ðB7Þ

where the ellipses denote terms suppressed by higher
powers in QJ

s . The first term in Eq. (B7), δðQ −QJ
cÞ,

along with the normalization condition on the charged soft
function,

Z
dQJ

s S
�
τ1 −

ta
Qa

−
sJ
QJ

;QJ
s ; μ; μS

�

¼ S
�
τ1 −

ta
Qa

−
sJ
QJ

; μ; μS

�
; ðB8Þ

reproduces the leading power factorization formula in
Eq. (20). The first power correction comes from the second
term in Eq. (B7) and is given by

dσPCresum½Q; τ1; PJT ; yJ� ¼ σ0Hðx�
ffiffiffi
s

p
PJTe

−yJ ; μ; μHÞ
Z

dsJ

Z
dta

Z
dQJ

s QJ
s S

�
τ1 −

ta
Qa

−
sJ
QJ

;QJ
s ; μ; μS

�

×

�X
qi

Lqi

Z
dQJ

c δ
0ðQ −QJ

cÞGqiðQJ
c; sJ; μ; μJÞBqiðx�; ta; μ; μBÞ

þ
X
q̄i

Lq̄i

Z
dQJ

c δ
0ðQ −QJ

cÞGq̄iðQJ
c; sJ; μ; μJÞBq̄iðx�; ta; μ; μBÞ

�
: ðB9Þ

In this manner, power corrections from the contribution of
soft particles in the jet region to the jet charge can be
systematically incorporated. We note however that this
power correction will also require incorporating a non-

perturbative model for the new charged soft function. We
also note that this power correction only involves the first
jet charge moment of the new charged soft function, as seen
in the second line of Eq. (B9).
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