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CP violation in hadronic multibody decays has been extensively studied, and the experimental
breakthrough in the heavy baryon sector was made recently. Partial-wave CP asymmetries (PWCPAs) in
multibody decays of heavy hadrons, which although provide us with more interference information, suffer
from the normalization problem, as is pointed out in this paper. We propose a novel solution to this
problem. We introduce a set of extra factors to rescale the PWCPAs to the proper sizes. Instead of
determining the set of factors according to the normalization requirement, we demand that all the PWCPAs
have the same statistical errors. In this way, we obtain a set of quasi-normalized PWCPAs, in the sense that
they are close to the ideal normalized ones. As an application, we perform an analysis of PWCPAs in the
decay channel B� → πþπ−π�. We focus on the phase space region where the invariant mass of the πþπ−

pair varies around the vector resonance ρ0ð1450Þ. Based on the data of the LHCb Collaboration, the
interference patterns among the resonances ρ0ð1450Þ, f2ð1270Þ, and f0ð1500Þ and their contributions to
the quasinormalized PWCPAs are analyzed. The analysis indicates that the quasi-normalized PWCPAs can
avoid potential misleading or distorted results comparing with some other alternatively defined ones.
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Introduction. CP violation (CPV) plays a crucial role in the
Standard Model (SM) and cosmology. In the SM, CPV
originates from the complex elements of the Cabibbo-
Kobayashi-Maskawa (CKM) matrix, which are associated
with quark-level transition amplitudes [1,2]. The exper-
imental observations of CPV have been firmly established
in the decays of K, B, and D mesons [3–10] to date.
Recently, the first observation of CPV in baryon decays was
reported [11], providing valuable insights into the matter-
antimatter asymmetry puzzle in the Universe.
CPV occurs via different mechanisms and can be

expressed by different CPV observables in the decay
processes of hadrons. Typically, CP asymmetries (CPAs)
are induced by the interference of decay amplitudes with
different weak phases. The most extensively studied type of
CPV is the direct CPV which is characterized by the

difference between the branching ratios of a pair of
CP-conjugate decay processes. However, the interference
terms containing CPV sometimes do not show up in this
type of CPV. For example, some of the interference terms
become zero after the differential decay widths are inte-
grated over the whole phase space, rather, they show up
nontrivially in the angular distributions, such as the triple
product asymmetries of the momenta and/or spins of the
involved particles [12–22]. Consequently, it is necessary to
study the angular distributions in the case of direct CPV
more extensively.
There are also some other typical examples of CPAs

corresponding to the angular distributions. The first one
corresponds to the Lee-Yang decay parameters in the
baryon decay Λ → pπ− [23], where the CPV observable
is conventionally defined as [24]

ACP;αðΛ → pπ−Þ≡ αþ ᾱ

α − ᾱ
: ð1Þ

The second example is the partial-wave CPAs (PWCPAs),
which are introduced in multibody decays of heavy
hadrons [25]. Take a three-body decay as an example.
One first performs the Legendre expansion to the decay
amplitude squared [see Eq. (4) below], then the PWCPAs
are conventionally defined as
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Aconv
CP;l ¼

wl − w̄l

wl þ w̄l
; ð2Þ

where wl and w̄l are the weights in the Legendre expansion
of the decay amplitude squared for a pair of CP-conjugate
processes, respectively.
The definition of CPAs in the above examples are clearly

not normalized, since neither the decay parameters such as
α nor the weights in the Legendre expansions wl are
positive definite. The allowed values of ACP;α and Aconv

CP;l

are in principle in the range ð−∞;þ∞Þ. The normalization
problem for CPAs corresponding to the decay parameters
of the hyperon decays is not serious since the CPAs in this
case were measured to be small [26,27]. Furthermore, this
problem can be overcome by redefining the CPA observ-
able as ACP;α ¼ 1

2
ðαþ ᾱÞ, since α and ᾱ are normalized by

definition. However, the PWCPAs defined in Eq. (2) cannot
be solved in this way because wl and w̄l are not normalized.
There are also alternative definitions for these CPAs. For
example, the PWCPAs can also be defined as [28]

ÅCP;l ¼
wl − w̄l

w0 þ w̄0

: ð3Þ

However, such definitions cannot solve the normalization
problem either. One of the motivations of the present paper
is to solve such a normalization problem.

The partial wave CP asymmetries and their normalization.
For a three-body decay process M → M1M2M3, the decay
amplitude, M ¼ Mðs12; s23Þ, generally depends on the
invariant masses of M1M2 and M2M3, denoted by s12
and s23, respectively. The invariant mass squared s12
can be expressed as s12 ¼ Δ12 cos θ þ Σ12, where θ is the
helicity angle which is defined as the angle between the
momenta of M1 and M in the center-of-mass frame
of the M1M2 system, Δ12 ¼ ðs12;max − s12;minÞ=2, and
Σ12 ¼ ðs12;max þ s12;minÞ=2, with s12;max and s12;min, respec-
tively, being the kinematically allowed maximum and
minimum values of s12. The kinematical parameter s23 is
irrelevant to our discussion here, so we simply ignore it in
the following discussion.
The decay amplitude squared can be expanded by the

Legendre polynomials as

jMj2 ¼
X
l

wlPlðcθÞ; ð4Þ

where Pl is the lth Legendre polynomial, wl is, as is
introduced in the previous section, the corresponding
weight in the expansion. We define the PWCPAs as

ACP;l ¼ ηlÅCP;l ¼
ηlð2lþ 1Þ R ½jMj2 − jM̄j2�PlðcθÞd̃cθR ½jMj2 þ jM̄j2�d̃cθ

;

ð5Þ

where M̄ is the decay amplitude for the CP-conjugate
process, d̃cθ ≡ Δ12dcθ, and ηl can be viewed as a set of
normalization factors. The motivation for introducing the
factors ηl is to ensure that the PWCPAs are comparable
with each other, as well as with other CPA observables, so
that one can compare these CPA observables in a reason-
able way, and determine which CPAs are expected to be
observed more easily in experiments. The guidelines for
determining these factors ηl will be presented in the
following.
In order to obtain a proper form of the factors ηl, let us

first introduce a set of experiment-friendly CPA observ-
ables,

ÂCP;l ≡
R ½jMj2 − jM̄j2�sgnðPlðcθÞÞd̃cθR ½jMj2 þ jM̄j2�d̃cθ

¼
P

iðNi − N̄iÞsgnl;i
N þ N̄

; ð6Þ

where in the second equality we have divided the interval of
cθ into small bins (denoted by i in the subscript), and
express ÂCP;l by Ni and N̄i, the event yields of the
CP-conjugate processes in each bin, respectively, and N
and N̄, the corresponding total ones. The sign functions in
Eq. (6) are defined as sgnðxÞ ¼ �1, if x≷ 0, and sgnl;i is
the abbreviation for sgnðPlðcθiÞÞ. It can be easily seen that
(i) ÂCP;l’s satisfy the normalization condition
−1 ≤ ÂCP;l ≤ þ1, (ii) for l ¼ 0, ÂCP;l is just the direct
CPA, and (iii) the statistical errors of ÂCP;l ’s are approx-
imately the same, i.e., σÂCP;l

≈ σ̂, where the σ̂ is the

statistical error which takes the familiar form 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ N̄

p
in the absence of the background. In principle, both sets of
observables fACP;lg and fÂCP;lg are equivalent. Moreover,
the latter can be expressed in terms of the former as

ÂCP;l ¼
X
k

ΩlkACP;k; ð7Þ

where Ω is the matrix connecting these two sets of CPA
observables, the elements of which can be easily shown to
take the form Ωlk ¼ ωlk

ηk
, where

ωlk ¼
1

2

Z þ1

−1
sgnðPlðcθÞÞPkðcθÞdcθ: ð8Þ

The matrix elements ωlk have the following properties:
(i) they take non-zero values only when l and k are both
even or odd; (ii) the diagonal elements are much larger than
the off-diagonal ones in the same rows or columns.
As a first approximation, we demand that the diagonal

elements of Ω equal 1, so we have
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ÂCP;l ¼ ACP;l þ
X
k≠l

ΩlkACP;k: ð9Þ

The advantages for this choice is clear, the elements of Ωlk
are quite smaller than 1 for k ≠ l, hence one can see
transparently that ÂCP;l will get the most important con-
tribution from ACP;l. Since ÂCP;l are clearly normalized, we
conclude that ACP;l are now roughly normalized. The
choice of the diagonal elements of Ω implies that the
factors ηl are chosen as

η̃l ¼ ωll ¼
1

2

Z þ1

−1
sgnðPlðcθÞÞPlðcθÞdcθ

¼ 1

2

Z þ1

−1
jPlðcθÞjdcθ; ð10Þ

where the tilde above ηl indicates that η̃l should be viewed
as the first approximation for the factors ηl.
Interestingly, besides the fact that ACP;l’s are roughly

normalized, one can also see that they share roughly the
same statistical errors with ÂCP;l. This loose correlation
inspires us to pursue more practical and reasonable esti-
mations of ηl. To this end, we assume that the Legendre
expansion is truncated at some finite number L, so that the
matrix Ω and ω become dimension Lþ 1 ones, which will
be denoted asΩL and ωL, respectively. It can be shown that
the matrices ΩL and ωL are reversible. This allows us to
express ACP;l inversely in terms of ÂCP;k:

ACP;l ¼
XL
k¼0

ðΩ−1
L ÞlkÂCP;k ¼ ηl

XL
k¼0

ðω−1
L ÞlkÂCP;k; ð11Þ

where Ω−1
L and ω−1

L are the inverse matrices of ΩL and ωL,
respectively, and the relation ðΩ−1

L Þlk ¼ ηlðω−1
L Þlk has been

used. The errors of ACP;l can be expressed as

σ2l ¼ ½Ω−1
L ρ̂ðΩ−1

L ÞT �llσ̂2 ¼ η2l ½ω−1
L ρ̂ðω−1

L ÞT �llσ̂2; ð12Þ

where ρ̂kk0 are the correlation coefficients between ÂCP;k

and ÂCP;k0 , which, as will be shown below, can be well
estimated as

ρ̂kk0 ≈
1

2

Z þ1

−1
sgnðPkðcθÞÞsgnðPk0 ðcθÞÞdcθ: ð13Þ

Instead of the requirement of normalization, it would be
practically more useful to choose the ηl’s in such a way that
the statistical error of ACP;l also equals to σ̂, i.e., σl ¼ σ̂.
This means that ηl should be chosen as

ηðLÞl ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ω−1

L ρ̂ðω−1
L ÞT �ll

p ; l ¼ 0; 1;…; L; ð14Þ

as is indicated by Eq. (12), where the subscript “L”
indicates that the results are truncation dependent.
Equation (14) provides a more accurate estimation for

the factors ηl compared with Eq. (10), in the sense that the
statistical error of ACP;l is brought closer to that of ÂCP;l. In

our approach, the role of the rescaling factors ηðLÞl is
therefore not to ensure that ÂCP;l is normalized to unity,
but to serve as a practical calibration condition: they are
chosen so that the statistical uncertainties of the redefined
ACP;l match those of the experiment-friendly observable
ÂCP;l. This ensures that the quasinormalized observables
ACP;l are experimentally comparable across different par-
tial waves.
In the following we present the reasons for the expres-

sion of the correlation coefficients ρ̂kk0 in Eq. (13). The
correlation matrix is defined according to

σ̂2ρ̂lk¼
X
i

�
∂ÂCP;l

∂Ni

∂ÂCP;k

∂Ni
σ2Ni

þ∂ÂCP;l

∂N̄i

∂ÂCP;k

∂N̄i
σ2N̄i

�
: ð15Þ

Hence ρ̂lk takes the form

ρ̂lk ¼
1

ðN þ N̄Þ2
X
i

�σ2Ni
þ σ2N̄i

σ̂2

�
sgnl;isgnk;i þ

P
jðNj − N̄jÞsgnl;j

P
j0 ðNj0 − N̄j0 Þsgnk;j0

ðN þ N̄Þ2
�

−
σ2Ni

− σ2N̄i

σ̂2

�
sgnl;i

P
jðNj − N̄jÞsgnk;j þ sgnk;i

P
jðNj − N̄jÞsgnl;j

N þ N̄

��
: ð16Þ

In the limit of CP symmetry, we obtain1

1Note that this equation also works when the contributions of the background are included in the statistical errors. Typically, the
background may rescale the statistical errors, for example, the error σ̂ would be rescaled to λ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ N̄

p
, where λ is the rescale factor.

Meanwhile, the errors σNi
and σN̄i

will also be rescaled to λ
ffiffiffiffiffi
Ni

p
and λ

ffiffiffiffiffi
N̄i

p
. Consequently, because of the cancellation of the rescale

factors, one obtain
σ2Ni

þσ2
N̄i

σ̂2
¼ ðNi þ N̄iÞðN þ N̄Þ. Note that we have assumed a universal rescaling factor λ across the phase space.

Although this is a strong assumption, the correlation matrix, and hence ηl, is insensitive to it. The reasons are (i) the diagonal elements
ρ̂kk ¼ 1 are independent of this assumption by construction; and (ii) the off-diagonal elements of ρ̂lk are always much smaller than 1,
regardless of whether this assumption holds or not.
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ρ̂lk ≈
1

ðN þ N̄Þ2
X
i

�σ2Ni
þ σ2N̄i

σ̂2

�
sgnl;isgnk;i

¼
P

iðNi þ N̄iÞsgnl;isgnk;i
N þ N̄

: ð17Þ

This is clearly a very good approximation if the CPAs
are not quite large. In fact, the statistical of ÂCP;l takes the

more precise form σÂCP;l
¼ σ̂

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

	P
i
ðNi−N̄iÞsgnl;i
NþN̄


2
r

¼

σ̂
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðÂCP;lÞ2

q
, which is approximately equal to σ̂ in

the limit of CP symmetry. Consequently, the adoption of
the CP symmetry limit in the estimation of ρ̂lk makes our
discussion here more consistent. Not only that, at the end of

this section we will show that we can obtain ηðLÞl in an
alternative approach without the assumption of CP sym-
metry at all. At first sight, ρ̂ depends on the event
distributions, or the decay amplitudes, which is a disad-
vantage since it means that ρ is not universal. However, as
one will see that this dependence is quite mild and can be
neglected safely. First of all, one can see that the diagonal
elements of ρ̂ equal 1, hence are independent of the decay
amplitudes and are universal. Second, although the off-
diagonal elements depend on the decay amplitudes, they
are much smaller than the diagonal ones, which means that
we can safely assume plain distributions of the event yields
for estimation, so that a universal estimation of the matrix
elements of ρ̂ are obtained in Eq. (13). Based on the same

argument, it is expected that the factors ηðLÞl obtained in
Eq. (14) should be close to the uncorrelated limit, i.e.,
ρ̂kk0 ¼ δkk0 .
Taking L ¼ 4 as an example. One first calculates the

numerical values of the matrix ω and ρ̂, respectively,
according to Eqs. (8) and (13), which read

ω¼

0
BBBBBB@

1 0 0 0 0

0 0.5 0 −0.1250 0

−0.1547 0 0.3849 0 −0.0642
0 −0.1 0 0.3250 0

−0.0400 0 −0.0768 0 0.2866

1
CCCCCCA
;

ð18Þ

and

ρ̂¼

0
BBBBBB@

1 0 −0.1547 0 −0.0423
0 1 0 −0.5492 0

−0.1547 0 1 0 −0.2475
0 −0.5492 0 1 0

−0.0423 0 −0.2475 0 1

1
CCCCCCA
;

ð19Þ

respectively.2 Then substituting these results into Eq. (14),
one obtains

ηð4Þ0 ¼ 1; ηð4Þ1 ¼ 0.5418; ηð4Þ2 ¼ 0.3847;

ηð4Þ3 ¼ 0.3312; ηð4Þ4 ¼ 0.2829: ð20Þ

For comparison, the factors ηl for the uncorrelated limit
read

ηð4Þ0 jρ̂¼1 ¼ 1; ηð4Þ1 jρ̂¼1 ¼ 0.4308; ηð4Þ2 jρ̂¼1 ¼ 0.3540;

ηð4Þ3 jρ̂¼1 ¼ 0.2942; ηð4Þ4 jρ̂¼1 ¼ 0.2674; ð21Þ

and the first few η̃l’s based on the rough estimation in
Eq. (10) take the following values:

η̃0 ¼ 1; η̃1 ¼ 0.5; η̃2 ¼ 0.3849;

η̃3 ¼ 0.3250; η̃4 ¼ 0.2866: ð22Þ

The comparison of Eqs. (20), (21), and (22) shows that
(i) the contributions to the factors ηl from the correlation
between the statistical errors of different CPA observables
ACP;l are small, (ii) the rough estimation of the ηl based on

Eq. (10), i.e., η̃l, works pretty well. The results of ηð4Þl in
Eq. (20), together with the numerical values of η̃l in
Eq. (22), will be adopted in the application in the next

section. More numerical values of ηðLÞl , ηðLÞl jρ̂¼1, and η̃ are
presented in the Table I. As one can clearly see from this

table, the truncation dependence of ηðLÞl and ηðLÞl jρ̂¼1

is small.
At the end of this section, we want to point out that the

factors ηl in fact reflect the bound of the ratio wl=w0. Hence
our mathematical conclusion is that jwl=w0j is bounded
roughly by 1=ηl, with ηl (at least approximately) taking the
forms in Eq. (14), or even more simply, in Eq. (10). This
means that the introduction and the determination of the
factors ηl can be done without the introduction of
PWCPAs. To see this, we first introduce the PWCPAs
alternatively as ÃCP;l ¼ ðAl − ĀlÞ=2, where Al ¼ ηlwl=w0

and Āl ¼ ηlw̄l=w̄0 [29].3 Let us focus on Al. One can
introduce a set of experiment-friendly observables

Âl ≡
R
½jMj2�sgnðPlðcθÞÞd̃cθR

½jMj2�d̃cθ
¼

P
i
Nisgnl;i
N , and perform almost

exactly the same procedure, in this way one can obtain

almost exactly the same expressions for η̃l and ηðLÞl for

2One can see from ρ̂ that the largest correlation occurs
between ÂCP;1 and ÂCP;3.

3Clearly, ÃCP;l and ACP;l are equivalent. However, the physical
meaning of Al and Āl for even l seems not transparent. This is the
reason why we did not perform the analysis with ÃCP;l, as well as
Al and Āl, in the main text.
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l ¼ 1, 2, � � �, L.4 Moreover, the same procedure clearly also

applies to Āl, so that both η̃l and η
ðLÞ
l should be the same for

the pair of CP-conjugate processes, regardless how large

the CPAs are. Clearly, neither η̃l nor η
ðLÞ
l can ensure that Al

or Āl, as well as ÃCP;l or ACP;l, are normalized, but with our

choices of η̃l or ηðLÞl , they must be not far away from
normalization. Consequently, we will call them quasinor-
malized ones. For example, with our choices of ηl in
Eqs. (10) or (14), ACP;l will be called as quasinormalized
PWCPAs.

Application to B� → πþπ−π� decays. As an application,
we present the analysis of the PWCPAs for the decays
B� → πþπ−π� in this section. We perform this analysis
based on the data of the LHCb Collaboration in Ref. [30],
focusing on the phase space where the invariant mass of the
πþπ− pair mππ;low is around the vicinity of the ρ0ð1450Þ
resonance. There are several resonances that may contribute
to this decay, including f0ð1370Þ, f0ð1500Þ, f2ð1270Þ,
f2ð1430Þ, f02ð1525Þ, etc. After various fitting scenarios
were attempted, we found that the best fit to the LHCb data
of Fig. 12 in Ref. [30] formππ;low ranging between 1.262 and
1.676 GeV can be obtained with the resonances ρ0ð1450Þ,
f0ð1500Þ, and f2ð1270Þ with the quantum numbers JPC

being 1−−, 0þþ, and 2þþ, respectively. This means that the
Legendre expansion of the decay amplitude squared should
be truncated at l ¼ 4, which reads

jM�j2 ¼
X4
l¼0

w�
l PlðcθÞ; ð23Þ

where “�” in the superscript indicates the electric charge of
the Bmeson. The weights of the expansion w�

l are found to
take the forms

w�
0 ¼

�
jM�

f0
j2 þ 1

5
jM�

f2
j2 þ 1

3
jM�

ρ0
j2
�
;

w�
1 ¼

�
2Re½M�

ρ0
M�

f0
�� þ 4

5
Re½M�

ρ0
M�

f2
��
�
;

w�
2 ¼

�
2

3
jM�

ρ0
j2 þ 2

7
jM�

f2
j2 þ 2Re½M�

f0
M�

f2
��
�
;

w�
3 ¼ 6

5
Re½M�

ρ0
M�

f2
��; w�

4 ¼ 18

35
jM�

f2
j2; ð24Þ

where M�
R represent the decay amplitudes of the cascade

decaysB� → Rð→ πþπ−Þπ�, withR ¼ f0, ρ0, and f2 repre-
senting the resonances f0ð1500Þ, ρ0ð1450Þ, and f2ð1270Þ,
respectively. The decay amplitudes are parametrized as

M�
R ¼ c�RF

BW
R eiδ

�
R PlðcθÞ; ð25Þ

where FBW
R is the Breit-Wigner line shape of resonance R, c�R

and δ�R are the corresponding amplitude and the relative phase,
respectively.
With the fitted values of the parameters c�R and δ�R in

Supplemental Material [31], we are able to make
predictions for the quasinormalized PWCPAs, which are
defined in Eq. (5), and the results with ηl taking the

values ηð4Þl are presented in Fig. 1. The comparison of
PWCPAs with different definitions are presented
in Fig. 2.
One simple fact about the quasi-normalized PWCPAs

from Fig. 1 is that all the five PWCPAs, ACP;l (l ¼ 0, 1, 2,
3, 4), range roughly around [−0.20, 0.20].5 Note that this is
a quite strong conclusion and depends crucially on the
choice of the factors ηl. The four diagrams in Fig. 2, for
l ¼ 1, 2, 3, and 4, respectively, together with the l ¼ 0 case
shown in Fig. 1, provide strong evidences that the choices
of the factors ηl in Eqs. (10) and (14) lead to quite
reasonable relative sizes of all the four quasi-normalized
PWCPAs in Fig. 1. These evidences, as can be seen from
Fig. 2, include 1) ACP;ljηl¼ηð4Þl

and ACP;ljηl¼η̃l
are very close

to ÂCP;l; 2) ACP;ljηl¼ηð4Þl
and ACP;ljηl¼η̃l

are very close to each

other; and 3) ÅCP;l are quite different form ACP;ljηl¼ηð4Þl
,

ACP;ljηl¼η̃l
, and ÂCP;l.

From Fig. 2(a) one can also see that the largest difference
between ACP;ljηl¼ηð4Þl

(ACP;ljηl¼η̃l
) and Âl occurs when

l ¼ 1. This is understandable. According to Eq. (9),

FIG. 1. Predictions of the quasinormalized PWCPAs
ACP;ljηl¼ηð4Þl

for B� → πþπ−π� as a function of the invariant

mass mππ;low. The solid, dotted, dashed, dash-dotted, and long-
dashed lines correspond to l ¼ 0, 1, 2, 3, and 4, respectively.

4Note that l no longer takes values 0, since both A0 and Â0

equal exactly to 1, hence the corresponding statistical errors
equal to 0.

5It is clear that the PWCPAs for l ¼ 0 are just the extensively
studied direct CPAs defined by the difference of the branching
ratios.
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we have ÂCP;1¼ACP1þðω13=η̃3ÞACP;3¼ACP1þð−0.1250=
0.3250ÞACP;3≈ACP1−0.385ACP;3. Since ACP;3 takes the
value of about 0.2, the deviation of ÂCP;1 from ACP;1 is
as large as about 0.08, which is just the difference between
ÂCP;1 and ACP;1 in Fig. 2(a).

Summary. In this paper, we pointed out the problem of the
normalization of the PWCPAs in multibody decay proc-
esses of heavy hadrons. To solve this problem, we
redefined the PWCPAs according to Eq. (5), which are
called as the quasinormalized ones in this paper. To obtain
the proper forms of the normalization factors ηl, the
experiment-friendly CPV observables ÂCP;l’s, which are
clearly normalized and have a proper form of the stat-
istical errors, were introduced. These properties of ÂCP;l,
together with the correlation between ÂCP;l and ACP;l,
allowed us to derive reasonable estimations of the factors
ηl in Eqs. (10) and (14), where the former was obtained
based on rough estimation, while the latter was obtained
by requiring that the statistical errors of ACP;l and ÂCP;l be
approximately the same. The numerical values of the
factors ηl were also presented in Table I for future
reference. Interestingly and reasonably, the numerical
values of ηl obtained based on Eqs. (10) and (14) are
quite close to each other.
As an illustration, we presented an analysis of the

quasi-normalized PWCPAs in Eq. (5) for the decay
processes B� → πþπ−π�. With the amplitudes extracted
from the data of the LHCb Collaboration in Ref. [30], we
were able to obtain the quasinormalized PWCPAs
in the region around the intermediate resonance
ρ0ð1450Þ. The results illustrated in Figs. 1 and 2 show
clearly that the quasinormalized PWCPAs indeed can
overcome the deficiencies of some other alternatively
defined PWCPAs.

FIG. 2. Comparisons of various definitions of PWCPAs, where
the solid, dotted, dashed, and dot-dashed lines correspond to
ACP;ljηl¼ηð4Þl

, ACP;ljηl¼η̃l
, ÂCP;l, and ÅCP;l, respectively. (a), (b), (c),

and (d) correspond to l ¼ 1, 2, 3, and 4, respectively. Note that
ACP;ljηl¼ηð4Þl

and ACP;ljηl¼η̃l
almost coincide with each other. The

l ¼ 0 case is not presented here because all the aforementioned
four definitions of PWCPAs coincide for l ¼ 0, which are the
same as the solid line in Fig. 1.

TABLE I. The numerical values of ηðLÞl , ηðLÞl jρ̂¼1 (for truncation L ≤ 8), and η̃l (for l ≤ 8).

l

L 0 1 2 3 4 5 6 7 8

ηðLÞl
0 1
1 1 0.5
2 1 0.5 0.3896
3 1 0.5418 0.3896 0.3312
4 1 0.5418 0.3847 0.3312 0.2829
5 1 0.5552 0.3847 0.3332 0.2829 0.2615
6 1 0.5552 0.3899 0.3332 0.2807 0.2615 0.2345
7 1 0.5656 0.3899 0.3312 0.2807 0.2630 0.2345 0.2205
8 1 0.5656 0.3967 0.3312 0.2793 0.2630 0.2322 0.2205 0.2064

ηðLÞl jρ̂¼1
0 1
1 1 0.5
2 1 0.5 0.3804
3 1 0.4308 0.3804 0.2942
4 1 0.4308 0.3540 0.2942 0.2674
5 1 0.4383 0.3540 0.2787 0.2674 0.2441
6 1 0.4383 0.3200 0.2787 0.2423 0.2441 0.2131
7 1 0.4256 0.3200 0.2668 0.2423 0.2232 0.2131 0.1998
8 1 0.4256 0.3252 0.2668 0.2378 0.2232 0.1986 0.1998 0.1915

η̃l 1 0.5 0.3849 0.3250 0.2866 0.2592 0.2385 0.2220 0.2086
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